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Abstract In this paper, we consider the existence of positive solutions of second-order periodic boundary
value problem

u” + (; + E)2u = Ag(t) f(u), te[0,27], u(0)=wu(27), v (0)=1u/(27),

where 0 < € < %, g :[0,27] — R is continuous, f : [0,00) — R is continuous and X > 0 is a parameter.
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1 Introduction

In recent years, nonlinear periodic boundary value problems have been widely studied by many
authors, see, for instance, [1,3-8] and the references therein. However, in most of these papers,
the existence of positive solution was mainly dependent on the positivity of Green’s function
(see, for instance [3-8]). In particular, by using Krasnosel’skii’s fixed point theorem, Jiang!4!,
Zhang and Wang[®! discussed the existence and multiplicity of positive solutions to the periodic
boundary value problem

{u”—l—p%zf(t,u), 0<t<2m, 0<p<i,

u(0) = u(27), ' (0) = v/ (2m).

One can see 0 < p < } is the optimal condition to guarantee the Green’s function K(t,s) > 0,

since when p = ;, the minimum of K (¢, s) is zero, where
sinp(t — s) +sinp(2m —t + s)

. 0<s<t<o2m
2p(1 — cos 2pm) =s=t=em

K(t,s) = (1.1)
. _ i o2 —
sin p(s — t) + sin p(27 s—|—t)’ 0<t<s<om
2p(1 — cos2pm)
for p #1,2,---. Thus, under the condition 0 < p < é, Krasnosel’skii’s fixed point theorem can

be used to prove the existence and multiplicity of positive solutions.
In 2009, under the assumption that the Green’s function has zero points, Graef, Kong and
Wang!!! studied the existence of positive solutions to the periodic boundary value problems
v’ 4+ a(t)u = g(t) f(u), 0 <t <2m,
u(0) = u(2m), u’'(0) = w'(27),
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where a : [0, 27] — [0, 00) is continuous, g : [0,27] — [0, 00) is continuous and n = %151 ]g( ) >
te T
0.

In [2], for suitable A > 0, D. D. Hai considered the existence of positive solutions to the
following problems

{ Au+ a(t)f(u) =0, teq,
u =0, t € 09,

where a is continuous, changes its sign on {2 and also satisfies

(1.3)

at (s s)ds a (s s)ds
| o @attas >k [ = @at.s)d

Q

for some constant k > 1, and g¢(t, s) is the Green’s function of (1.3). It is worth noting that the
Green’s function g(t,s) of (1.3) is positive on {.

Motivated by the above papers, we want to discuss the existence of positive solutions to
second-order periodic boundary value problems

u"—i—(é—i—E)Qu:)\g(t)f(u), 0<t<2m,
u(0) = u(2m), uw'(0) = ' (27),

(1.4)

where 0 < € < é is a constant and A > 0 is a parameter, g : [0,27] — R is continuous and

changes its sign.
The Green’s function of

0<t<s<2m,

)

u”—|—(;—|—6)2u=0, 0<t<2m (15)

u(0) = u(27), u'(0) (2m)

can be expressed by
sin( +e)(t—s)+sin(} +e)(2m —t+ 3)
x(L4e)(locos2(lae)ry 0 CO=FSE=Rm

G(t,s)=1q . - (1.6)

bm( g)(s —t) +sin(} +e)(2r —s+1)

£)

x (3 +

see [1]. By direct computing, one can see the Green’s function G(t, s) defined in (1.6) changes
its sign on [0, 27] x [0, 27], and this will be done in Section 2.
To get the existence of positive solutions of (1.4), we make the following assumptions:
(H1) f:]0,00) — R is continuous and f(0) > 0.
(H2) ¢ : [0,27] — R is continuous, g # 0, and there exists a number k£ > 1 such that

(1 —cos2(} +e)m)

2m 2
/ (G(t,s)g(s))Tds > k/ (G(t,s)g(s)) " ds, t €0, 27},
0 0

where
_ [ G(t,s)g(s),  G(t,5)g(s) =0,
(G(t,8)g(s))t = { 0. G(t, $)(s) < 0. for ¢ € [0, 27],
_f —G(t;s)g(s) G(t,s)g(s) <0,
(G(t,s)g(s))” = { 0. G(t.5)g(s) > 0, for ¢ € [0, 27].

The main result of this paper is:
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Theorem 1.1. Suppose that (H1), (H2) hold. Then there exists a positive number \* such
that (1.4) has a positive solution for A < A*.

The rest of this paper is organized as follows. In Section 2, we will discuss the properties of
G(t,s) in (1.6) and give some notations and preliminary results. Finally, in Section 3, we will
prove Theorem 1.1.

2 Preliminaries

Let C[0,27] := {u]u is continuous on [0, 27|}, and the norm of C[0, 27] is the maximum norm
lullo = rr[%)aéx] |u(t)]. Throughout the paper, we assume that f(u) = f(0) for u < 0.
te|0,27

Lemma 2.1. The Green’s function G(t,s) defined in (1.6) satisfied the following properties:
(i) G(t,s) changes its sign on [0, 2] x [0, 27|, specifically, it can be expressed by the following
graph.

2+4+2¢ ++

V3
1+2¢ -+
2em

1+2¢

L 1D
O Qe l+287r
1+2& 1+2¢

wuy

Fig.1.

In the above graph, “+’ denotes G(t,s) > 0 on this interior, ‘—’ denotes G(t,s) < 0 on this
interior.

(ii) [2TG(t,s)ds > 0.

Proof. For convenience, let A = 2 X (é -I-E) (1 —cos2(% —|—5)7r). Then A > 0, since 0 < € < %
Now, this proof will be divided into two cases.

Case 1. s <t, then

—(;—i—s)wS (;—f—a)(w—t—ks)ﬁ (;—Fs)w

and
G(t, s) :i(sin (; +E)(t —s) +sin (; +€>(27r—t+s))

:zsin(; +€>7r><cos<<; +s)(7r—t—|—s)).

It is not difficult to see that sin (§ + &) > 0 for 0 < & < 1/2. Now, the proof can be
completed in the following three cases.

Case 1.1. G(t,s)=0if and only if cos ((§ +¢&)(m —t+s)) =0, i.e., t,s satisfy

(1+)( trs)=—" (1+)( t4s)="
o te)m )=y or o te)m )=y



266 C.H. GAO, F. ZHANG, R.Y. MA

which implies ¢, s satisfy

(24 2¢)m 2em
t—s= t—s= .
T 1420 & ST 142

Case 1.2. G(t,s) <0 if and only if cos ((§ +¢)(m —t +s)) < 0. Furthermore,

(1+)<<1+)( t+s)<—" 7T<(1+)( t+)<(1+)
o, te)m<(,te)lm s o or < (,te)m s o te)m
Thus, G(t, s) < 0 if and only if
24 2¢ 2em
t— 2 t—
1—|—257T< § < 2m, or 0< s<1+2€7

which implies (¢,s) € Dy or (¢, 8) € Ds.
Case 1.3. G(t,s) > 0if and only if cos (4 +¢&)(m —t +s)) > 0. Furthermore,

—W<(1+5)( —t+ )<7T
2 =2 T AN

Thus, G(t,s) > 0 if and only if

2em <t <2+28
-5
14 2¢ 1427

which implies (¢, s) € Ds.

Case 2. t<s.
By using the similar methods, we can get that

. _ (242e)w _ 2 —
Case 2.1. Ift,ssatisfy s —t =" 0" or s —t = %7, then G(t,5) = 0.

Case 2.2. If (t,s) € D3 or (t,s) € D5, then G(t,s) < 0;

Case 2.3. If (t,s) € Dy, then G(t,s) > 0.
(i)

21 1 t ) 1 1 t ) 1
/0 G(t,s)ds:A/O sm<2—|—5)(t—s)d5+A/0 sm<2—|—5)(27r—t—|—s)ds

1 27 . 1 1 27 . 1
+A/t sm(?—l—s)(s—t)ds—i—A/t 81n<2+£)(27r—s+t)ds
8 A
—(1+26)A51n (2+E>7T>O.

O
For uw € C[0, 2], define the operator T by Tu(t) = )\fOQW(G(t, $)g(s))t f(u(s))ds. It’s not
difficult to see that T : C[0,2n] — C[0, 2] is completely continuous.

Lemma 2.2. Let 0 < < 1. Then there exists a positive number X such that, for 0 < A < A,
the equation u(t) = Tu(t) has a positive solution Uy with ||ur]lo — 0 as X\ — 0, and wy(t) >
Ao f(0)p(t), t € [0,2x], where p(t) = fo%(G(t, s)g(s))Tds.

Proof.  We shall apply the Leray-Schauder fixed point theorem to prove that T has a fixed
point for A small. Let n > 0 be such that f(u) > 6f(0), for 0 < u < 7. Suppose that

A < n/2|pllof(n), where f(t) = maxo<s<¢ f(s). Then there exists Ay € (0,7) such that

f(AN) 1

Ay 2Mpllo”
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Let u € C[0,27] and 0 € (0,1) such that w = 8Tu. Then we have

- flullo) 1
ullo < Allp u or 2 ’
[ullo < Allpllo.f([ullo) lullo Alpllo

which implies that ||ullo # Ax. Note that Ay — 0 as A — 0. By the Leray-Schauder fixed
point theorem, T has a fixed point @y with ||uy]lo < Ax < 1. Consequently, wx(t) > X6 f(0)p(t),
t € [0, 27], and the proof is completed. O

3 Proof of the Main Result
Proof of Theorem 1.1. Let ¢(t) = O%(G(t,s)g(s))’ds. By (H2), there exist two positive
numbers «, 7 € (0,1) such that

a(®)1f ()] < vp(t)f(0) 3.1
for s € [0,a], t € [0,27]. Fix § € (v,1) and let A* > 0 such that

[axllo + A0 f(0)[pllo < e (3-2)

for A < A*, where w) is given by Lemma 2.2, and

o—n
HOESIOIESOI G (3.3)
for z,y € [—a, af with |z —y| < A*6f(0)]|pllo.

Let A < A*. We look for a solution uy of (1.4) of the form wy + vy. Thus, vy satisfies

27

2m
ua(t) = A ; G(t,s)g(s)f(ux +vx) — )\/O (G(t,s)g(s)T f(uy) ds, t €0, 27].

For each w € C[0, 27, let v = Hw be the solution of

2w

2

o= [ Gt @ w)ds = A [ (Gt s)als)” S ds.
0 0

Then H : C[0,2n] — C[0,27] is completely continuous. Let v € C[0,2x] and 6 € (0,1) such

that v = OHv. Then we have

27 27
v=~0X G(t,s)g(s)f(ur+v)ds — 9)\/ (G(t,8)g(s))t f(uy) ds.
0 0
We claim that ||v]jo # Adf(0)]|pllo. Suppose on the contrary that ||v]o = Adf(0)||p|lo. Then,
by (3.2) and (3.3), we obtain ||ux+vl|jo < ||uallo+||v]jo < e and |f(ux+v) — f(ux)] < f(0) 5;7,
which together with (3.1) implies that

o 7 FO)p(t) + M f(O)p(t) = A TrOp(),  telo,2q] (3-4)

<

In particular |Jvflo < A‘s'g“’f(O)HpHO < A0f(0)|Ipllo, & contradiction, and the claim is proved.
By the Leray-Schauder fixed point theorem, H has a fixed point vy with |luallo < Af(0)||p]lo-
Hence vy, satisfies (3.4) and, using Lemma 2.2, we obtain uy(t) > @y (t) — |va(¢)| = Ao f(0)p(¢) —

A‘s;”f(O)p(t) = A‘Sg”f(O)p(t), i.e., uy is a positive solution of (1.4). This completes the proof
of Theorem 1.1. m]
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4 Examples

Example 4.1. For application, we consider the following second-order periodic boundary
value problem
u'+ (5 +e)?u=ANu+1), te][0,2n], i1
{ u(0) = u(2m), u'(0) = w'(2m). (4.1)
It is not difficult to see that f satisfies (H1). On the other hand, by Lemma 2.1, we get
027T G(t,s)ds > 0. So, by theorem 1.1, there exists a positive number A\* such that (4.1) has a
positive solution for A < A\*.
It is worth to note that we can choose A\* = (1/2 + £)? in this case. In fact, by using the
method of the variation of constant, we get
(i) if A= (1/2 +¢€)?, then (4.1) doesn’t have a periodic solution.
(ii) if A € (0,(1/2+¢€)?), then (4.1) has only one positive solution u = \/((1/2 + €)% — \)
on [0, 27].
(iii) if A > (1/2 +¢)?, then (4.1) has only one negative solution u = \/((1/2 +¢)? — \) on
[0, 27].

Example 4.2. Consider the following second order periodic boundary value problem

u”—|—<;+5>2u=/\(u2+1), t €10, 2],
u(0) = u(27), u’(0) = ' (27).

(4.2)

It is not difficult to see that f satisfies (H1). On the other hand, by Lemma 2.1, we get

fo% G(t,s)ds > 0. So, by Theorem 1.1, there exists a positive number A\* such that (4.2) has a

positive solution for A < A*.
Under this case, we can take \* = 1/2 x (é + 5)2. This can be obtained by the Proposition
3.1, Lemma 3.1, Lemma 3.2 of [3].

References

(1] Graef, J.R., Kong, L.J., Wang, H.Y. Existence, multiplicity, and dependence on a parameter for a periodic
boundary value problem. J. Differential Equations, 245: 1185-1197 (2008)

[2] Hai, D.D. Positive solutions to a class of elliptic boundary value problems. J. Math. Anal. Appl., 227:
195-199 (1998)

[3] Hao, X., Liu, L.S., Wu, Y.H. Existence and multiplicity results for nonlinear periodic boundary value
problems. Nonlinear Analysis: TMA, 72: 3635-3642 (2010)

[4] Jiang, D.Q. On the existence of positive solutions to second order periodic BVPs. Acta Math. Sci., 18:
31-35 (1998)

[5] Ma, R.Y. Bifurcation from infinity and multiple solutions for periodic boundary value problems. Nonlinear
Analysis: TMA, 42(1): 27-39 (2000)

[6] Torres, P.J. Existence of one-signed periodic solutions of some second-order differential equations via a
Krasnosel’skii fixed point theorem. J. Differential Equations, 190: 643-662 (2003)

[7] Xu, J., Ma, R.Y. Bifurcation from interval and positive solutions for second order periodic boundary value
problems. Appl. Math. Comput., 216(8): 2463-2471 (2010)

[8] Zhang, Z.X., Wang, J.Y. On existence and multiplicity of positive solutions to periodic boundary value
problems for singular nonlinear second order differential equations. J. Math. Anal. Appl., 281: 99-107
(2003)



