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Abstract The aim of this paper is to study the exact controllability of the Petrovsky equation. Under some
checkable geometric assumptions, we establish the observability inequality via the multiplier method for the

Dirichlet control problem.
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1 Introduction

Consider the initial/boundary value problem:
u” + A%u+u = xg(z)h(z,t), (z,t) € Q x (0,T),
u(z,t) = Au =0, (z,t) €' x (0,T), (1)
w(0) = ug, v’ (0) = uq, x € Q,
where 2 is a bounded domain in R™ with the boundary I', T is a positive constant, G is a sub
domain, xg(x) is the eigenfunction of the set G, x¢(z)h(z,t) is the locally distributed control.
In this paper, we use the geometric assumptions and the piecewise multiplier method to
establish inequality for the Petrovsky equation. For the conservative systems, How to choose
the control subregion so that the system has exact controllability, this problem has been studied

(3:6] The locally distributed control for the Petrovsky equation was studied by Liul®.

extensively
Very recently, a novel control approach is utilized to solve the control problem!*7].

We study the Petrovsky equation, and the geometric conditions on ) and G were introduced
by Liul®. In the system (1), due to the increase of the general term w and the initial value
condition, this makes its analysis much more complicated than that of the Petrovsky system
with the simply supported boundary conditionl®]. So we are faced with new difficulties: to set
up appropriate geometric conditions for the observability estimates and to derive the control
inequality for the solution u of (1).

Set

V@, el = ([ 1aPa) s m=rr@). el = ([ pPd)’
Q Q
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where
H2(Q)={uec H*Q), u=0,u=0, €T},

H?(Q) is 2-order Sobolev spacell). Then, H and V are complex Hilbert spaces, the correspond-
ing derived inner product denoted as <, >y and <, >p . Introduce the space U =V x H, with
the norm ||(u,v)|lv = (|lul|2 + [|[v]|%)2. It is obvious that U is also a complex Hilbert space
with the inner product <, > .
It is clear that for each h € L*(Q x (0,7)) and (u°,u') € U, the Problem (1) has a unique
solution satisfies
u € CY[0,T]; H)nC([0,T); V).

Define the energy of the System (1) by

B = [ (P + 80P + o) 2)

Remark 1.1. For S CR™, ¢ >0, let

N(8) = Jlye B fy —a] < <. 3)
zesS

Remark 1.2. For xé eR™,Q; CQ, 1<5<J, set

Ty =Ty(ap) = {z €09 : (x — j) - () > 0}, (4)

where 7 (z) is the unit normal vector of 9§, at z, = - y denotes the inner product of z € R™
and y € R". We know that when ; with Lipschitz boundary, 17 (x) € L>(9%;; R™)E.

Remark 1.3. Geometric conditions on Q and G 1°: (a) € is sufficiently smooth; (b) there
exists € > 0,Q; with Lipschitz boundary 9€); and point x% eR™ 1< j < J, such that

QiﬁQj:Q], 1<i<y <, (5)

J
GDQﬂM[UQ@@Um\UQﬂ. (6)

First, we consider dual version

' + A%u+u =0, (x,t) € Q x (0,7T),
u(z,t) = Au =0, (z,t) e T x (0,T), (7)
u(0) = ug, v/ (0) = uy, x e
Let
{D(A):{uGV:AzuGH}, ®)
Au = N2u, Yu e D(A).
And on U by

D(A) = D(A4) x V,
0 I 9)
(0.
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The solution of (7) is given by
(u(-,t),u' (-, 1)) = eM(uo,u1), ¥ (up,u1) € U. (10)
By (10), we readily have
u(ug,ur) € C2([0,T); H) N CY([0,T); V) N C([0,T]; D(A)), ¥ (ug,ur) € D(A).  (11)

From the regularity results on elliptic problems[?, we know that the geometric Condition (a)

implies

D(A) = HY(Q) N H2(Q). (12)

In general, if the solution of (1) and (7) are real valued, then (7) is conservative, i.e.

Et) = ; /Q(|u’|2 + |Aulf* + |u)?)dz = E(0), vVt >0. (13)

2 The Main Results and Proofs
In this section, we give the observability inequality and its proof. First, we prove Theorem 2.1.
Because of the limit of the length of the paper, some obvious derivation is omitted.

Theorem 2.1. Let the function u € HE (R; HY(Q)) satisfy
'+ A%u+u =0, (z,t) € Q x (0,T), (14)

q: Q — R" is a vector function of calss C2, then for any given 0 < T < oo, the following
identity holds true

T
/ / T —t)[(q v)u; —2(8,Au)g - Vu — 2(q - v)u®] dTdt

(T — 2t)usq - Vuda:dt—i—/ / T —t)(divg) [ui — (Au)® — 2u?] dzdt

n

!
—1—2/0 /Qt(T—t){Z Aq)(Ou)(Au) + 2 Z 0iqx)(0;0ru) (Au)}dmdt. (15)

i=1 i,k=1

)
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Proof.  'We multiply (14) by 2¢(T — t)q - syu and we integrate by parts

T
0 :/ / 2(u” + A%u+u)t(T — t)q - yudadt, (16)
0o Jo

T
/ / 2ut(T — t)q - SJudxdt
0 Jo
T

2(T — 2t)uq - Vu + 2ut(T — t)q - Ju]dxdt

Iy
- /oT /Q[Z(T = 2t)urg - Vu + (T — t)q - uidedt
/]

T
2(T — 2t)upq - Vudzdt — / / t(T —t)(q - v)uidldt
r

T
+/ /t — t)(divq)u?dzdt, (17)
0 JQ
T
/ /2ut —t)q - Judxdt
o Ja
T
z/ /2t —t)q - yuldzdt
0 JQ
T T
= / / 26(T -v)uldldt — / / 2H(T — t)(divq)u?dxdt. (18)
0 JT o Ja

Applying

n

q Vu Z (9 qkaku =2 Z lqk (9 8ku Z(Aqk)(aku) +qu8k(Au),

ik=1 ik=1 i=1 i=1
We have
2(Au)A(q - Vu) = q- V(Au)? —l—ZZ Agi)(0u)(Au) 4 4 Z 0iqx ) (0:0ku) (Au). (19)
i=1 i,k=1

Use of (19) yields

/OT /Q 2(A*u)t(T — t)q - yudxdt

T T

- / / 20y AT — 1)q - Vudl'dt — / / (T — #)(VAW) - V(g - Vi) dadt
0 T 0 Q
T T

:/ / 20, Lu)t(T — t)q - Vudl'dt + / / 26(T — t)(Au)A(q - Vu)dxdt

/ /2t —t)(0,Au)q - Vudldt — / / T — t)(divg)(Au)*dzdt

/ / T —1t) QXH: Aqi)(0u)(Au) +4Z iqk) 88ku)(Au)}dxdt (20)

1,k=1

We deduce from (16)—(18) and (20) that (15). O
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Theorem 2.2. For any T > 0,there ezists a C = C(Q,T, J, xg,Qj,G), 1 <j < J such that

for every solution u of (7) with initial value (ug,u1) € U satisfying

/T/ |u'|*dzdt > C'E(0). (21)
0 G

Proof. First of all, using piecewise multiplier method, will justify that for any given T > 0,

there exists a constant M > 0, such that the solution u of (7) satisfies

<M/ /u + | Vul? da:dt+M/ /ufda:dt (22)

Putting
T = (xh'"»xn)» QC'(]) = ("'U(])17”.7‘,'C.(])’I’L)7
m? = (m},---,mb), mj, = xj, — x), I1<k<n, 1<j<J,
Vj:(yf,w-,yfl), 1<j<J

We choose €p,e1 > 0 such that 0 < g1 < g9 < €, and set

J J

Qo= N | U u(2\ U )],
=t =t (23)

B J O J Q)]

@ = Gu o))

Choose ¢’ such that

¢ € C°(R"), 0< ¢ <1, (24)
¢ =1, r € Q5 \ Qo, (25)

For each j, we insert Q := ;, h(z) = ¢’ (z)m? (x) into (15), we obtain
/ / [(¢"m? - v )i —2(¢"m? - 7 )u?] dldt
o0
- 2/ / T —t)(ds Au)(¢*m? - Vu)dD'dt
89,
=-2 / / (T — 2t)us ¢/ m? - Vudadt
/ / — t)[div(¢! m!)|[uf — (Au)® — 2u?]dxdt
+2 HT -t (@'m)] (9su)(Lu)
I, z

7

+4 / / Z [0;(¢/m,)] (8;0u) (Au)dadt. (27)
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J
As Q\ (U ©Q;) 209, \ T, combining with (23) and (26) we find that

j=1

& =0, z € N, [(09,\T)UT};)]. (28)

We deduce from the second equation of (7) that
T
/ / HT = 1)(8,s Au)(@Fm? - Vu)dadt
o J@o\r;)nr

= /T/ tH(T — t)(¢'m? - V7 - Vu) Audzdt = 0. (29)
99, \T;
Notice
0Q; = (0; \T) U (I'; NI) U (0% \ I';) N T,

Utilizing the second equation of (7) and (27)—(29), we have

T
/ / HT — #)(¢Imd - 7 )u2dTdt
0 (8Qj\Fj)ﬁF

T
=—2 / / (T — 2t)us ¢/ m? - Vudadt

/ / T — &) [div(¢/m?)[u? — (Bu)? — 20| dedt

n

e / / ~ 1) DA )} Ou)(Bu)dads

+ 4/0 /Qj (T Z ¢Jmk 1(0; 0 w) (Au)dxdt. (30)

i,k=1

Using (4) and (24) we obtain that

/ / —t)(¢'m? - v utdadt < 0.
AU\, )mr

Pay attention to integral on £; N Q1 is zero, by (30) can be introduced

T
- 2/ / (T — 2t)us ¢/ m? - Vudzdt
0 Qj\Ql

T
_ iv jmj u2_ ’LL2— u2x
[ T Ol @ (B 2
T " |
" 2/ /Q.\Ql UT=1) ;[A(ng)](aiu)(ﬁu)dazdt

4 / /Q IRCEUD M (&9 m)) 9y Ohu) (Du)dadt < 0. (31)

i,k=1

Furthermore, we have

J
S [ [ 4w 2
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<2 / / —2t) utgb]mj Vudxdt
Z Q; \Q1

- — v (P mINu? — (Auw)? — 2u2ldx

_22 / /Q ! i i) (Au)dadt
) > 1o

(2

n

—t)
/ /(; mQO\Ql 1,k:1
SCl/ /|ut|Vu|dxdt

e Z / /Q L Au)? + u?|dedt, (32)

qumk 1(0; 0 w) (Auw)dxdt

where C1 = C1(T,n,m?,¢’) > 0 is a constant independent of u, and used here from (25)
div (¢'m?) = divm? = n, z € Q;\Qo,
(I m) _{ 1, k=i, z€Q;\Qo,
dxi L0, K#i, z€Q;\Qo.

On the other hand, multiplying the first equation of (7) by (n—2)t(T —t)u, and we integrate
on Q x (0,T), then using the second equation of (7) we obtain that

T T
—(n— 2)/0 /Q(T — 2t)upudzdt + (n — 2)/0 /Qt(T —[(Au)® — uy + u’]dxdt = 0.

Hence

T T
—(n-2) /O /F (T — 2ty usudadt + (n — 2) /0 /Q e R

+(n—2) / ' /Q T Dl i et = 0. (33)

J
Combing now (32), (33), and applying (5), (13) and {J (€, \ Qo) = (2\ Qo), we discover

j=1
2T3E(0) — (n — 2) / ' / (T — 2t)usudzdt
T
< / / HT — )[(4—n + C)(Aw)? + (n+ Ol + (4 + C1)u?] dudt
QNQo

T
+Cl/ / lut| |Vuldadt. (34)
0o Ja
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By G D QN Qo, (34) implies

T T
T3E(0) ng[/ /(|utu|—|— |ut||Vu|)da:dt+/ /u,%dxdt
0 Q 0 G

+ /OT /smo H(T — t)(Au)?dwdt + /OT /mQO T — i dodt], (35)

where M7 > 0 is a constant.
Let us estimate fOT Jong, T = t)(Au)?dzdt. Employing (6) and (23),we have (R™\ G) N
Qo = 0. So take a fixed function & satisfies

EeCPRY), 0<E<1; £€=1, z€Qo £=0, z€R"\G.

We multiply (7) by ¢(T — t)éu and integrate on  x (0,7T), we obtain

T
/ / (ugt + A%+ w)t(T — t)éudzdt = 0.
o Jo

Since

/()T/Quttt(T—t)fudxdt
:_/OT/Q(T—zt)gutudxdt—/OT/Qt(T—t)gufda:dt,

/T/(Azu)t(T — t)Eudxdt
0 JQ

T
- /O /Qt(T —)[E(VAU) - yu + u(VAu) - y€]dxdt

T
= [ [ = Vet gupdsa

T

- /O /Q HT — t)[2(Au)(Vu) - V€ + E(Au)® + u(Au) A¢)dadt,

/OT/Qut(T—t)fuda:dt:/OT/Qt(T_t)fuzdmdt’

hence combing three equalities above, we deduce

/OT/Qt(T—t)f(Au)zdxdt

_ /0 ! /Q (T — 26)€upudzdt

T
+ / / HT —t)[Euf — 2(Au)(Vu) - V€ — Eu? — u(Au) AE]dzdt. (36)
0 Q
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Moreover, we have

T
/ / HT — )(Au)>dudt
0o Jonqo
T
— Au)?
< /O /Q HT — £)¢(Au) dadt
T
= / / {(T = 2t)éuwu + (T — t)[€uf — 2(Au)(Vu) - VE — &u® — u(Au)AE] bdadt
0o Ja
T T2,
§M2/0 /Q|utu|dxdt—|—/0 /G 4 uydxdt
T
- / / HT — ) [2(50)(Vu) - 7€ + u(Du) AE + €u?]dudt, (37)
o Ja
where My > 0 is a positive constant. By (35) and (37), we have
T3E(0 <M3/ / (lutu| + |ue] | Vu|)dedt + M3/ / 2dadt

Y /O [3 HT = 8)[2(Au)(Va) - 7€ + Eu® + u(Au) Aldedt

T T
:M3/ /(|utu|+|ut||Vu|)dxdt—|—M3/ /ufdmdt
0o Ja o Ja
T
My / / HT — )&(Au)2dadt
o Jo
T T
_Ml/ /(T—Qt)gutudxdt—Ml/ /t(T—t)fufdxdt
o Ja 0o Jo
T T
§M3/ /(|utu|+|ut||Vu|)dxdt—|—M3/ /ufda:dt
0 Q 0 G
T T
+M1/ /t(T—t)g(Au)2dxdt+M1/ /|T—2t||£||utu|dxdt
o Ja 0o Ja
T 2 2 2 24,2
s/ / [ (u + + (V) )+M1T (Au)? + My 2T ‘;“t]dxdt
o Ja

2 4
T
+M3/ /ufdxdt
o Ja

A R I (RO

M3 2 Tl
+ 3 (V) }dmdt + Ms w2dzdt
2 0 G

T T
<2TSE(0) 4 M, / / (u? + |Vu|?)dzdt + Ms / / uZdxdt. (38)
o Ja o Ja
For any 6 > 0, where M3 > 0 and My > 0 are constants independent of u. By (38), we have
(22).

Secondly, combing with (22) and using the compact uniqueness theorem, we shall obtain

the inequality of Theorem 2.2. This completes the proof of Theorem 2.2. ]
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