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Abstract Nearly orthogonal Latin squares are useful for conducting experiments eliminating heterogeneity in
two directions and using different interventions each at each level. In this paper, some constructions of mutually
nearly orthogonal Latin squares are provided. It is proved that there exist 3 MNOLS(2m) if and only if m > 3
and there exist 4 MNOLS(2m) if and only if m > 4 with some possible exceptions.
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1 Introduction

A Latin square of order n is an n X n array in which every row and column is a permutation of
a set N of n elements. We assume that N ={0,1,2,---,n—1}. Let L = (I, ;) and M = (m, ;)
be two Latin squares of order n, based on the set N. Define the superposition of L onto M to
be the n xn array A = (I; j,m; ;). Then L and M are said to be orthogonal if the superposition
of L onto M has every ordered pair (i,7) appearing exactly once. A set of Latin squares in
which each pair is orthogonal, is called a set of mutually orthogonal Latin squares. Mutually
orthogonal Latin squares have been extensively studied!®.

The concept of two Latin squares being nearly orthogonal was introduced by Raghavarao et
all?). Latin squares L and M of even order n are said to be nearly orthogonal if the superposition
of L onto M has every ordered pair (i,j) appearing exactly once except for ¢ = j, when the
ordered pair appears 0 times and except for i —j = n/2 (mod n), when the ordered pair appears
2 times. A set of ¢ Latin squares of order n is called a set of mutually nearly orthogonal Latin
squares, denoted by t MNOLS(n), if the ¢ Latin squares are pairwise nearly orthogonal.

Nearly orthogonal Latin squares are useful for conducting experiments eliminating hetero-
geneity in two directions and using different interventions each at each levell®!.

The upper bound on the number of a set of MNOLS(v) is given by Raghavarao et al.’l. Li
and van Rees!® gave a new proof of this bound.

Lemma 1.189,  Let m > 2 be a positive integer.
(a) If there exists a set of t MNOLS(2m), then t < m + 1.
(b) If m is even and there exists a set of t MNOLS(2m), then t < m + 1.
For t = 3,4, Li and van Rees[® proved the following.
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Lemma 1.28l. (i) There exist 3 MNOLS(2m) for any 3 <m < 10 and m > 179;

(ii) There exist 4 MNOLS(2m) for m = 5,6.

In this article, we further investigate the existence of ¢ MNOLS(2m) for ¢ = 3,4 and prove
that the necessary condition of the existence of 3 MNOLS(2m) is also sufficient, which provides
a positive answer to Conjecture 5.1 given by Li and Rees in [8]. It is also true for ¢ = 4 with
several undetermine cases. Specifically, we obtain the following.

Theorem 1.3. There exist 3 MNOLS(2m) if and only if m > 3.

Theorem 1.4. There exist 4 MNOLS(2m) if and only if m > 4 with some possible exceptions
me E={4,11,13,14,17,18,19, 21, 22, 23, 25, 26, 27, 29, 31, 33, 34, 37, 38, 39, 41,43, 44, 46} .

Some terminology and known results are introduced in Section 2. In Section 3, some re-
cursive constructions of HMOLS and MNOLS are provided. The proof of our main results are
given in Sections 4 and 5, respectively. Some remarks are mentioned in Section 6.

2 Preliminaries

In this section, we shall give some terminology and some known results which will be used in
the proof of the main results.

A group divisible design (or GDD) is a triple (X, G, B) which satisfies the following prop-
erties:

1. G is a partition of a set X' (of points) into subsets called groups;

2. B is a set of subsets of X (called blocks) such that a group and a block contain at most
one common point;

3. Every pair of points from distinct groups occurs in exactly A blocks.

The group type (or type) of GDD is the multiset {|G|: G € G}. We shall use an “exponen-
tial” notation to describe types: so type gi* ---g,* denotes u; occurrences of g;, 1 <14 < k, in
the multiset. A GDD with block sizes from a set of positive integers K is called a (K, A)-GDD.

A transversal design TD(k, \;n) is a (k, \)-GDD of group type n¥. When \ = 1, we simply
write TD(k,n). It is well known that a TD(k,n) is equivalent to k& — 2 mutually orthogonal
Latin squares (MOLS) of order n. The following results will be used.

Lemma 2.1[4,

1. A TD(q+1, q) exists, consequently, a TD(k,q) exists for any positive integer k (k < q+1),
where q is a prime power.

2. A TD(5,n) exists for alln and n ¢ {2,3,6,10}.

3. A TD(6,n) exists for alln > 5 and n ¢ {6,10,14,18,22}.

4. A TD(7,n) exists for alln > 7 and n ¢ {10, 14,15, 18, 20, 22, 26, 30, 34, 38, 46, 60}.

Let S be a set and H = {S1,52,---,5,} be a set of disjoint subsets of S. A incomplete
Latin square having hole set H is an |S| x |S| array L, indexed by S, satisfying the following
properties:

(1) Every cell of L either contains a symbol of S or is empty;

(2) Every symbol of S occurs at most once in any row or column of L;

(3) The subarrays indexed by S; x S; are empty for 1 <14 < n (these subarrays are called
holes);

(4) Symbol s € S occurs in row or column ¢ if and only if (s,t) € (S x S)\ U (S; x S;).
1<i<n
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Two incomplete Latin squares L and M on symbol set S and hole set H are said to be

orthogonal if their superposition yields every ordered pair in (S x S)\ U (S x S;). We
1<i<n

shall use the notation IMOLS (s;s1, S2, -+, S,) to denote a pair of orthogonal incomplete Latin

squares on symbol set S and hole set H = {S1,S52,---,S5,}, where s = |S| and s; = |S;] for

1<i<n.If H={, we obtain a pair of MOLS(s).

If H={51,52, --,S,} is a partition of S, then an incomplete Latin square is called a holey
Latin square, denoted by HLS. The type of the HLS is defined to be the multiset {|.5;|: 1 <7 <

n}. We shall use an “exponential” notation to describe types: so type sj*s5? - - - sin denotes u;

occurrences of s;, 1 < i < n, in the multiset. If any two HLS in a set of ¢t HLS of type T are
orthogonal, then we denote the set by ¢t HMOLS (7).

Some known results on IMOLS and HMOLS are summarized in the following.

Lemma 2.2[4.  There exist 3 IMOLS(m+u,u) form = 6,8, u = 1,2 and 4 IMOLS(12+t,1t)
fort=1,3.

Lemma 2.3%7.  Ifh > 1 andn > 5, then there exist 3 HMOLS(h™), except for (h,n) = (1,6)
and possibly for (h,n) € {(1,10), (3,6), (3,18),(3,28), (3,34), (6,18)}.

Lemma 2.414.  Then there exist 4 HMOLS(h™) for n > 6 and h € {1,2,3,10,12,14,18}
except possibly for the following cases:

1. h=1 and n € {10, 14,18,22,26} (except n =6).

2. h=2 and n € {28, 30, 32,33, 34, 35, 38, 39,40} .

3. h=3 andn € {6,12,18,24, 28,46, 54, 62}.

4. h =10 and n € {32,33,35,38}.

5. h=14 and n = 34.

3 Recursive Constructions

In this section, some recursive constructions of HMOLS and MNOLS are discussed, which will
be used in the proof of our main results.

Construction 3.116,  Suppose (X,G,B) is a GDD and let weighting function w : X —
ZT U {0}. Suppose there exist t HMOLS of type {w(x) : x € B} for every B € B. Then there
exist t HMOLS of type { > w(z) : G € G}.

zeG

Construction 3.2(12.  Suppose there exist k+1 MOLS(t), and k IMOLS(m +u;, u;), where
t—1

u; >0, 1<i<t—1. Then there exist k HMOLS(m!u'), where u = i U;.
i=1

For the construction of MNOLS, the following construction can be found in [8].

Construction 3.3, Suppose that there exist k MOLS(n), k MOLS(2m) and k MNOLS(2m),
then there exist k MNOLS(2mn).

Construction 3.4 (Filling Holes). Suppose there exist k HMOLS(g1g2 - - - g+) and there exist
t
k MNOLS(g;), 1<1i<t. Then there exist k MNOLS(v), where v =3 g;.
i=1
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Proof. For each i, 1 <i <t, by the definition of MNOLS(g;), we know that g; is even. Let

i—1
mgo =0, mi:%, ai:Zmu, 1<i<t, h =
u=0

v
5

Without loss of generality, we assume that Ly, Ly, -, Ly are k HMOLS(g192 - - - g¢+) based on
S =1{0,1,---,v—1}, and the holes Hl(l),HQ(l), e ,Ht(l) of L; are based on the sets Si, S, - -, 5,
respectively, where

m,;—l
Si: U{ai+j7ai+j+h}7 7;:1727"'7t~
=0

It is readily checked that [Si[ = g;, i =1,2,---,¢, and Sy, S2,- -+, S; form a partition of S.
Let Agl),Ag), e ,Al(;) be k MNOLS(g;) based on the set {0,1,---,¢;, — 1}, i =1,2,--- ¢
For each 7, 1 <4 <t let

oi(j) = ai + j, oi(j+mi)=a;+j+h, j=0,1,---,m; —1.

Then o; is a bijection from {0,1,---,g; — 1} to S;. We operate o; on the elements of Agi) to
get a Latin square Bﬁi) based on S;, 1 < s < k.

Now for each i, 1 <1 < k, we fill ¢ holes Hl(i), HQ(i), cee Ht(i) of L; with Bi(l), Bi(z), e Bi(t)
to get a Latin square M; based on S. We shall show that M, M, ---, My are k MNOLS(v).

In fact, let u, v’ € {1,2,---,s}, u# v and (p,q) € SxS. If (p,q) € (SXS)\( Ltj (Sixsi)),
then (p,q) appears exactly once in the superposition of M, onto M, since Lulaild L, are
orthogonal holy Latin squares. Otherwise, there exists ¢ € {1,2,---,¢} such that (p,q) €
S; x S;, it follows (07 1(p),071(q)) € S; x S;. If p=q, then 0= 1(p) = o7 1(q), (67 1(p),c 1 (q))
doesn’t appear in the superposition of Agf ) and Afj) since Agf ) and Aui/ are nearly orthogonal,
therefore (p,q) doesn’t appear in the superposition of Bq(f) and Bq(f,). Similarly, one can show
that (p, q) appears exactly twice in the superposition of B and ij,) if p—g=h (mod v). So
My, My, ---, Mg are k MNOLS(v). The proof is completed. a

To deal with some cases of 4 MNOLS(2m), we need the following.

Construction 3.5.  Suppose that there exist (s+k+1) MOLS(n), s MOLS(2m), s IMOLS(2m+
h,h), s MNOLS(2m) and s MNOLS(2m + kh), then there exist s MNOLS(2mn + kh).

Proof. By hypothesis, there exist (s+k+1) MOLS(n), s MOLS(2m) and s IMOLS(2m+h, h),
so there exist s HMOLS((2m)"~(2m + kh)!') by Construction 5.6 in [1] (or the references
therein). Since there exist s MNOLS(2m) and s MNOLS(2m+kh), we get s MNOLS(2mn—+kh)
by Construction 3.4. |

4 Proof of Theorem 1.3

In this section, we shall give the proof of Theorem 1.3. By Lemma 1.2, we need only to prove
that there exist 3 MNOLS(2m) for all integers m such that 11 < m < 178. For some small
value m, we shall construct ¢t MNOLS(2m) directly by making use of a (¢, 2m)-difference set.

A (t,2m)-difference set is a set of 2m t¢-tuples in which the ordered differences modulo
2m between elements in two positions form no 0-difference, two m-differences and every other
difference appears once. Raghavarao et al proved the following.
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Lemma 4.1 If there exists a (t,2m)-difference set, then there exist t MNOLS(2m).
By Lemma 4.1, to construct ¢t MNLOS(2m), it suffices to find a (¢, 2m)-difference set.

Lemma 4.2. There is 3 MNOLS(2m) for any m € M = {11,12,13,14,17,22}.

Proof. For each m € M, with the aid of a computer, we find a (3, 2m)-difference set list below,
consequently, 3 MNOLS(2m) are obtained by Lemma 4.1.
m = 11:

13579 111315171921 0 2 4 6 8 10121416 18 20

<01234 5 6 78 9 101112131415161718192021)
203915211619 4 1814 8 7 111720 1 6 10 5 1312

1357 9 11131517192123 0 2 4 6 8 1012 14 16 18 20 22

<01234 56 78 9 1011121314151617181920212223)
2031142120192315 6 18161017 8 1122 5 13 4 9 7 12

1357 9 1113151719212325 0 2 4 6 8 1012 14 16 18 20 22 24

<01234 5 6 7 8 9 10111213141516171819202122232425)
20311221192225 4 2316 8 172018102415 7 13 5 14 6 9 11

1357 9111315171921232527 0 2 4 6 8 1012 14 16 18 20 22 24 26

(01234 5 6 7 8 9 101112131415161718192021222324252627)
2031111622252023 4 8 21 5 181019132427 7 2615 9 6 14 17 12

m=17:

01239 4156 12 5 112428172633 14 7 18 13 31 19 22 16 21 20 25 10 32 23 29 30 8 27
135719 9 31132511231422 0 18322915 2 2728 4 1033 8 6 16 21 30 12 24 26 1720 | .
203123191816 4 203031 5 123224222011331428 9 211017 7 6 2627 13 8 2515

m = 22:

135 7 9 11131517 19 21 23 25 27 29 31 33 35 37 39 41 43 0

(012345678910111213141516171819202122)
)
401282016 28243632 1 40 9 5 172111 3 43 31 39 29 18

2 4 6 8 1012 14 16 18 20 22 24 26 28 30 32 34 36 38 40 42

(23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40 41 42 43)
10 42 2 3541223037 1334262315 7 6 14 27 38 19 25 33

O
Lemma 4.3. There exist 3 MNOLS(2m) for allm € {15,16, 18,20, 21, 24—27, 30, 32, 33, 35, 36}

Proof. For each m € {15,18,21,24,27,30,33,36}, we write m = 3t, where 5 < ¢ < 12. Since
there exist 3 HMOLS(6') from Lemma 2.3 and 3 MNOLS(6) from Lemma 1.2, we obtain 3
MNOLS(2m) by Construction 3.4.

For each m € {16,32}, we write m = 4a, a € {4,8}. Since there exist 3 MOLS(a), 3
MOLS(8) by Lemma 2.1 and 3 MNOLS(8) by Lemma 1.2, we get 3 MNOLS(2m) by Construc-
tion 3.3.

For each m € {20,25,35}, we write m = 5t, where ¢ € {4,5,7}. Since there exist 3
HMOLS(10%) from Lemma 2.1 and 3 MNOLS(10) from Lemma 1.2, we obtain 3 MNOLS(2m)
by Construction 3.4.

For m = 26, applying Construction 3.2 with parameters k =3, t =7, m =6, u; = uy =
Uz =ug =2, us =ug =1, u= 26: = 10, we get 3 HMOLS(67(10)!). Here the required 4
MOLS(7) and 3 IMOLS(6 +u;, u;) cl r;es from Lemma 2.1 and Lemma 2.2, respectively. Noting
that there exist 3 MNOLS(6) and 3 MNOLS(10) by Lemma 1.2, 3 MNOLS(52) is obtained by
Construction 3.4. |

Lemma 4.4. There exist 3 MNOLS(2m) for all m € {19,23,37}.
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Proof. For m = 19, since there exist 4 MOLS(5) and 3 IMOLS(6 + 2, 2) from Lemma 2.1 and
Lemma 2.2, respectively, there exist 3 HMOLS(6°8') by Construction 3.2. Applying Construc-
tion 3.4, we obtain 3 MNOLS(38), here the input 3 MNOLS(6) and 3 MNOLS(8) come from
Lemma 1.2.

For m = 23, since there exist 4 MOLS(5), 3 MOLS(8) by Lemma 2.1, 3 IMOLS(8 + 2, 2) by
Lemma 2.2. So there exist 3 HMOLS(8°6') by Construction 3.2. Applying Construction 3.4,
we obtain 3 MNOLS(46).

For m = 37, since there exist 4 MOLS(8) and 3 IMOLS(8+2, 2) from Lemma 2.1 and Lemma
2.2, respectively, there exist 3 HMOLS(8%(10)!) by Construction 3.2. Applying Construction
3.4, we obtain 3 MNOLS(74), here the input 3 MNOLS(8) and 3 MNOLS(10) come from Lemma
1.2. O

Lemma 4.5. There exist 3 MNOLS(2m) for all m € {28,29,31,34}.

Proof. For m € {28,29}, we write m = 25+ a, where a € {3,4}. Delete 5 — a points from the
last group of a TD(6, 5), we obtain a {5,6}-GDD of type 5°a’. Since there exist 3 HMOLS(2°)
and 3 HMOLS(2°) coming from Lemma 2.3, we get 3 HMOLS((10)*(2a)!) by Construction
3.1. By Lemma 1.2, 3 MNOLS(10) and 3 MNOLS(2a). Therefore we obtain 3 MNOLS(2m) by
Construction 3.4.

For m = 31, delete 2 points from the last group of a TD(8, 8), we get a {7,8}-GDD of type
876'. Applying Construction 3.1 with 3 HMOLS(17) and 3 HMOLS(1®) coming from Lemma
2.3, we get 3 HMOLS(876'). Since there exist 3 MNOLS(8) and 3 MNOLS(6) coming from
Lemma 1.2, we obtain 3 MNOLS(62) by Construction 3.4.

For m = 34, delete two points from the last two groups of a TD(9, 8), respectively, we get a
{7,8,9}-GDD of type 8762, Applying Construction 3.1 with 3 HMOLS(1?), ¢t € {7, 8,9}, coming
from Lemma 2.3, we obtain 3 HMOLS(876%). Since there exist 3 MNOLS(8) and 3 MNOLS(6)
coming from Lemma 1.2, we get 3 MNOLS(68) by Construction 3.4. a

Lemma 4.6. There exist 3 MNOLS(2m) for all integers m € [38,178].

Proof.  For each integer m € [38,178], we can write m = 5n+ (z +y), where n € {7, 9, 11, 13,
16, 17, 19, 25, 27} and z,y € [3,n] U {0}. The parameters are listed below.

m n r+y
[38,49] 7 [3,14]
[50, 63] 9 [4,18]
[60, 79] 11 [5,22]
[80,91] 13 (15, 26]
[91,112] 16 [11,32]

[113,133] 19 (18, 38]
(134,175] 25 19, 50]
(176,178] 27 [41,43]

By Lemma 2.1, there exists a TD(7,n). Delete n — z and n — y points from the last two
groups of the TD(7,n), respectively, we get a {5,6,7}-GDD of type n’z'y'. By Lemma 2.3,
there exist 3 HMOLS(2?) for t € {5,6,7}, we get 3 HMOLS((2n)?(2x)*(2y)!) by Construction
3.1. Noting that there exist 3 MNOLS(2n), 3 MNOLS(2z) and 3 MNOLS(2y) coming from
Lemma 1.2 and Lemmas 4.2-4.5, we obtain 3 MNOLS(2m) by Construction 3.4. O

Combine Lemma 1.2 and Lemmas 4.2-4.6, we get the proof of Theorem 1.3. O
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5 Proof of Theorem 1.4

In this section, we shall give the proof of Theorem 1.4. For some small values m, the corre-
sponding 4 MNOLS(2m) are obtained by finding a (4, 2m)-difference set directly.

Lemma 5.1. There exist 4 MNOLS(2m) for all m € {7,9,10,15}.

Proof.  For each m € {7,9,10,15}, with the aid of a computer, we find a (4, 2m)-difference set
listed below. Hence 4 MNOLS(2m) are obtained by Lemma 4.1.

m="T:
012345 6 7 8910111213
104611 91231327 5 10 8
521107 1213 9 6 1 4 10 8 3
127641 0111028 3135 9
m=9
0123456 7 8 9 10111213141516 17
4 3111621514105 8 1712 0 6 1 9 7 13
2130115 91516 1 12 7 3 17 8 1014 4 6
112 517137 11214 3 8 0 1610 4 6 15 9
m = 10:
0123456 7 8 9 10111213141516 17 1819
1211 4 2 81517 5 13 6 1918 0 9 7 1610 3 1 14
165124 9 2 014 3 19181311 6 17 1 8 15 7 10
104 11713 9 161514 2 6 8 3 1119 7 1812 5 0
m = 15:

52017181222 3 2125 7 1327 2 28 4 1623 1 111419 9 2615 6 0 2924 10 8
20171812 5 3 2125 7 2227 2 28 4 1323 1 111416 9 26 15 6 192924 10 8 0
171812 5 202125 7 22 3 2 28 4 1327 1 111416232615 6 19 9 2410 8 0 29
1812 5 201725 7 22 3 2128 4 1327 2 11141623 1 15 6 19 9 26 10 8 0 29 24
For m =0 (mod 4), to find a (4, 2m)-difference set, we shall make use of the following useful
construction.

Construction 5.2. Suppose that m = 0 (mod 4), let Cx = (aak, Gak+1, Qak+2, Qak+3), k =
0,1,--,% =1 and Cy, Cy, -+, Cm 1 form a partition of {0,1,---,2m — 1}. Let

=1

My = U {a4k+1 — A4k, Q4k+2 — Q4k+1, A4k+3 — A4k42, A4k — a4k+3},
k=1
m_]

My = U {a4k+2 — A4k, Q4k+3 — Q4k+1, A4k — A4k+-2, A4k+1 — a4k+3},
k=1

here the operations are all taken modulo 2m. If for each i = 1,2, each number of {0,1,---,2m—
1} appears exactly once in M; except for 0 and m, where 0 ¢ M; and m appears exactly twice,
then there exists a (4,2m)-difference set over {0,1,---,2m — 1}.

Proof. For eachk, 0 <k <3 —1,let 0= (012 3)be acomponent permutation of C. Let
A= (AQ, Al, Tty A%,ﬂ, where

Ck G4k O4kt1  Gakt2  Qdkt3
A — o(Cr) | | Gakt1 Qakt+2 Qap+s  Qai k=01 m_y
k — 2 C - ) - Y i y o L
o?(Ck) A4k+2 Q4k+3 A4k A4k+1 2
a3(Cy) Q4k+3 G4k G441 (dk42
It is easy to check that A is a (4, 2m)-difference set. a

Lemma 5.3. There exist 4 MNOLS(2m) for all m € M = {8,12,16, 20, 24, 28, 32}.
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Proof. For each m € M, to construct a (4,2m)-difference set, by Construction 5.2, we need
only to find 4-tuples Co, C1, - -+, Cm_; satisfying the conditions described in Construction 5.2.
We list the 4-tuples as columns of a 4 x 2 array below.

2
m = 8:

02 4 6
115 9 12
310 5 11 ’
7 8 1314

01121191 7
12 3 9 1814 8
2223 4 201716 | °

2 6 15 5 1013

273121 51029 1 8

11 30 14 23 15 12 22 2
(20 18 3 25 7 2816 17)
2426 0 13 9 19 6 4

6 3 36 8 39201438 1 32

21262437 7 16 9 22 2 10
(35 132912 5 0 11 17 31 28)
15 4 27 2519 33 30 23 34 18

19 1 2737164514 9 3532 0 33

3 41 47 46 30 8 20 4 42312215
(626539121371811172123)
2 29 38 10 36 40 43 28 24 34 44 25

20 28 19 24 15 37 47 44 51 4 26 25 10 33
49 5 133914 7 16 50 0 41 21 53 22 34

(4252 2 31173529 6 3218 43 36 3 9)
46 8 48 23 30 55 1 40 11 54 12 27 45 38

39 14 53 46 49 10 42 21 56 31 23 11 15 12 30 33
59 26 27 1 37 19 25 47 29 2 20 34 16 63 62 48

(8 45 7 54 51 52 35 18 13 17 24 22 50 40 5 6)
3 32614358 4 41 0 9 5760 36 55 44 28 38

Lemma 5.4. There exist 4 MNOLS(2m) for any m > 30 and m =0 (mod 6).

Proof.  For m = 30, since there exist 4 MOLS(5), 4 MOLS(12) by Lemma 2.1 and 4 MNOLS(12)
by Lemma 4.1, we get 4 MNOLS(60) by Construction 3.3.

For m > 30 and m = 0 (mod 6), we write m = 6n, where n > 6. Since there exist 4
HMOLS(12") and 4 MNOLS(12) coming from Lemma 2.4 and Lemma 1.2, respectively, we
obtain 4 MNOLS(2m) by Construction 3.4. a

Lemma 5.5. There exist 4 MNOLS(2m) for any m € {35,40,45,50,51}.

Proof.  For each m € {35,40,45,50}, we can write m = 5¢, where ¢ € {7,8,9,10}. Since there
exist 4 HMOLS(10") coming from Lemma 2.4 and 4 MNOLS(10) coming from Lemma 1.2, we
get 4 MNOLS(2m) by Construction 3.4.

For m = 51, since there exist 7 MOLS(8), 4 MOLS(12) coming from Lemma 2.1, 4
IMOLS(12+43,3) coming from Lemma 2.2 and 4 MNOLS (12) coming from Lemma 1.2, we
get 4 MNOLS(102) by Construction 3.5. a

Lemma 5.6. There exist 4 MNOLS(2m) for any m € {47,49,52,57}.

Proof. For each m € {47,49}, it can be written m = 42 4+ x, where z € {5,7}. Delete 7 — z
points from the last group of a TD(7,7) from Lemma 2.1, we get a {6,7}-GDD of type 7°z".
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Applying Construction 3.1 with 4 HMOLS(2°%) and 4 HMOLS(2") coming from Lemma 2.4, we
get 4 HMOLS((14)%(2x)'). Since there exist 4 MNOLS(14) and 4 MNOLS(2z) coming from
Lemma 5.1 and Lemma 1.2, we obtain 4 MNOLS(2m) by Construction 3.4.

For m = 52, delete 2 points from the last two groups of a TD(8,7), respectively, we get a
{6,7,8}-GDD of type 7552, Applying Construction 3.1 with 4 HMOLS(2¢) for t = 6,7, 8 coming
from 2.4, we get 4 HMOLS((14)%(10)?). Since there exist 4 MNOLS(14) and 4 MNOLS(10)
coming from Lemma 5.1 and Lemma 1.2, respectively, we obtain 4 MNOLS(104) by Construc-
tion 3.4.

For m = 57, delete 7 points which belong to a block from a TD(8,8), we get a {7,8}-
GDD of type 778. Applying Construction 3.1 with 4 HMOLS(27) and 4 HMOLS(2®) coming
from Lemma 2.4, we get 4 HMOLS((14)7(16)!). Noting that there exist 4 MNOLS(14) and 4
MNOLS(16) coming from Lemma 5.1 and Lemma 5.3, respectively, we obtain 4 MNOLS(114)
by Construction 3.4. a

Lemma 5.7. There exist 4 MNOLS(2m) for all integers m € [53,64]\ {57}.

Proof.  For each integer m € [53,64]\ {57}, we can write m = 48+ (z+y), where 5 < (z+y) <
16 and z,y € {0,5,6,7,8}.

Delete 8 — z and 8 — y points from the last two groups of a TD(8, 8), respectively, we get
a {6,7,8}-GDD of type 8%z'y'. Applying Construction 3.1 with 4 HMOLS(2%), 4 HMOLS(27)
and 4 HMOLS(2®) from Lemma 2.4, we get 4 HMOLS((16)%(2x)!(2y)!). Since there exist 4
MNOLS(16), 4 MNOLS(2x) and 4 MNOLS(2y) coming from Lemma 5.1 and Lemma 1.2, we
obtain 4 MNOLS(2m) by Construction 3.4. a

Lemma 5.8. There exist 4 MNOLS(2m) for all integers m € [65,90].

Proof. For each integer m € [65,90], we can write m = 54 + (x + y + z + w), where 11 <
(x4+y+z+w)<36and z,y,z,w € {0,5,6,7,8,9}.

Delete 9—xz, 9 —y, 9— 2z, 9 — w points from the last four groups of a TD(10,9), respectively,
we get a {6,7,8,9}-GDD of type 9%zylz1w!. Applying Construction 3.1 with 4 HMOLS(2?),
t € {6,7,8,9}, coming from 2.4, we get 4 HMOLS((18)%(2x)*(2y) (22)' (2w)!).

Since there exist 4 MNOLS(18), 4 MNOLS(2x), 4 MNOLS(2y), 4 MNOLS(2z), 4 MNOLS(2w)
coming from Lemma 5.1 and Lemma 1.2, we obtain 4 MNOLS(2m) by Construction 3.4. O

Lemma 5.9. There exist 4 MNOLS(2m) for all integers m € [91,100].

Proof. For m € {91,98}, we can write m = Tt¢, where ¢t € {13,14}. Since there exist 4
HMOLS(14%) coming from Lemma 2.4 and 4 MNOLS(14) coming from Lemma 5.1, we get 4
MNOLS(2m) by Construction 3.4.

For m € {92,94}, we can write m = 84 + a, where a € {8,10}. Delete 24 — 2a points from
the last group of a TD(8,24) coming from [4, p.186]), we get a {7,8}-GDD of type (24)7(2a)*.
Applying Construction 3.1 with 4 HMOLS(17) and 4 HMOLS(1%) coming from Lemma 2.4, we
get 4 HMOLS((24)7(2a)!). Since there exist 4 MNOLS(24) and 4 MNOLS (2a) coming from
Lemmas 2.4, we obtain 4 MNOLS (2m) by Construction 3.4.

For m = 93, delete two points from the last group of a TD(8,8), we get a {7,8}-GDD
of type 876%. Since there exist 4 HMOLS(3") and 4 HMOLS(3®) coming from Lemma 2.4,
by Construction 3.1, we get 4 HMOLS((24)7(18)!). Since there exist 4 MNOLS(18) and 4
MNOLS(24) coming from Lemmas 5.1-5.3, we obtain 4 MNOLS(186) by Construction 3.4.

For m € {95,100}, we can write m = 5t, where ¢ € {19, 20}. Since there exist 4 HMOLS(10")
coming from Lemma 2.4 and 4 MNOLS(10) coming from Lemma 1.2, we get 4 MNOLS(2m)
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by Construction 3.4.

For m = 96, 4 MNOLS(192) is given in Lemma 5.4.

For m = 97, since there exist 7 MOLS(16), 4 MOLS(12) by Lemma 2.1, 4 IMOLS(12+1,1)
by Lemma 2.2, 4 MNOLS(12) by Lemma 1.2 and 4 MNOLS(14) by Lemma 5.1, we get 4
MNOLS(194) by Construction 3.4.

For m = 99, there exists 4 HMOLS(18!!) by Lemma 2.4 and 4 MNOLS(18) by Lemma 5.1,
we get 4 MNOLS(198) by Construction 3.5. i

Lemma 5.10. There exist 4 MNOLS(2m) for all integers m € [101,206].

11 11
Proof.  For integer m € [101,206], it can be written m = 96 + > g;, where 5 < > g; < 110,

=1 =1
g: €{0,5,6,7,8,9,10}, 1 <i<11.

Remove 16 — g; points from i-th group of a TD(17,16), 1 < ¢ < 11, respectively, we get a
{6,7,-+-,17}-GDD of type (16)(g1)* - - - (g11)'. Applying Construction 3.1 with 4 HMOLS(2%),
6 < u < 17 coming from Lemma 2.4, we get 4 HMOLS((32)%(2g1)" - - - (2¢11)!). Applying
Construction 3.4, we obtain 4 MNOLS(2m). Here, the input 4 MNOLS(32) and 4 MNOLS(2g;),
1 <i <11, come from Lemma 1.2 and Lemmas 5.1-5.3. O

Lemma 5.11.  There exist 4 MNOLS(2m) for all integers m € [207,370].

Proof.  For each integer m € [207,370], it can be written m = 192+ igj gi, where 15 < igj gi <
178, g € {0,5,6,7,8,9,10},1 < i < 18.

Remove 32 — g; points from i-th group of a TD(24,32), 1 < i < 18, respectively, we
get a {6,7,---,24}-GDD of type (32)%(g1)'(g2)! -+ (91s)!. Applying Construction 3.1 with 4
HMOLS(2%), 6 < u < 24 coming from Lemma 2.4, we get 4 HMOLS((64)%(2g1)" - - - (2g18)1).
Applying Construction 3.4, we obtain 4 MNOLS(2m). Here, the input 4 MNOLS(64) and 4
MNOLS(2g;), 1< i <18, come from Lemma 1.2 and Lemmas 5.1-5.3. O

i=1 i=1

Lemma 5.12. There exist 4 MNOLS(2m) for all integers m > 371.

Proof. For each integer m > 371, we can write m = 6n + a, where n > 61 and 5 < a < 10.
Delete n — a points from the last group of a TD(7,n) coming from Lemma 2.1, we get a
{6,7,n}-GDD of type 6"a'. Applying Construction 3.1 with 4 HMOLS(25), 4 HMOLS(27) and
4 HMOLS(2") coming from Lemma 2.4, we get 4 HMOLS(T'), where T' = (12)"(2a)*. Since
there exist 4 MNOLS(12) and 4 MNOLS(2a) coming from Lemma 1.2 and Lemmas 5.1-5.3, we
obtain 4 MNOLS(2m) by Construction 3.4. a

Combine Lemma 1.2 and Lemmas 5.1-5.12, we get the proof of the Theorem 1.4. o

6 Concluding Remarks

In this paper, we solved the existence of 3-MNOLS(2m) completely and almost solved the
existence of 4-MNOLS(2m) by direct and recursive constructions. In a similar way, one can
consider the existence of 5 MNOLS(2m). For some small values m, to construct 5 MNOLS(2m),
by Lemma 4.1, we need only to find a (5,2m)-difference set. For m = 0 (mod 5), similar to
Construction 5.2, we have the following.

Construction 6.1.  Suppose that m =0 (mod 5), let Cr = (ask, A5k+1,a55+2, A5k+3, A5k+4),
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k=0,1,---, 2%" —1 and Cy,Cq, - -,C%_l form a partition of {0,1,---,2m — 1}. Let
2m g
M, = U {askt1 — ask, ask42 — Q5415 A543 — A5k42, A5k+4 — A5k43, A5k — A5k+4 ],
k=1
m_g
M,y = U {askt2 — ask, ask+3 — Q511 A5k — A5kt2, A5k — A5k+3, A5k4+1 — A5k+4 )
k=1
here the operations are all taken modulo 2m. If for each i = 1,2, each number of {0,1,---,2m—

1} appears exactly once in M; except 0 and m, where 0 &€ M; and m appears exactly twice, then
there exist a (5,2m)-difference set over {0,1,---,2m — 1}.

Proof. For each k, 0 <k < sz —1,1let 0 = (04 3 21) be a component permutation of Cf.

Let A= (Ao,Al, s ,A2gn71)’ where
Ck ask  A5k+1  O5k+2  O5k+3  O5k+4
o(Cr) A5k41  O5k4+2  A5k43  O5k4d 5k om
Ap=| 0%(Ck) | = | askt2 askts  askya sk syl | k=0,1, i 1.
o3(Cr) ask+3  a5k+d A5k U5k+1  OA5k42
a*(Cy) ask+4 G5k A5k+1  O5k+2  O5k+3
It is easy to check that A is a (5, 2m)-difference set. a
Example 1. There exists a 5 MNOLS(30).

Proof.  With the help of a computer, we find 5-tuples Cy,C1,---,C m satisfying the condi-
tions described in Construction 6.1 which are list as the columns of the following array:

5 22 13 16 19 0
20 3 27 23 9 29
17 21 2 1 26 24
18 25 28 11 15 10
12 7 4 14 6 8

By Construction 6.1, there exits a (5, 30)-difference set. Consequently, there exists a 5 MNOLS(30)

by Lemma 4.1.

O

To determine the spectrum of 5 MNOLS(2m) completely, more computation are needed for
small values m.
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