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Abstract In this paper, we propose a class of stable finite difference schemes for the initial-boundary value
problem of the Cahn-Hilliard equation. These schemes are proved to inherit the total mass conservation and
energy dissipation in the discrete level. The dissipation of the total energy implies boundness of the numerical
solutions in the discrete H! norm. This in turn implies boundedness of the numerical solutions in the maximum
norm and hence the stability of the difference schemes. Unique existence of the numerical solutions is proved by
the fixed-point theorem. Convergence rate of the class of finite difference schemes is proved to be O(h? + 72)
with time step 7 and mesh size h. An efficient iterative algorithm for solving these nonlinear schemes is proposed

and discussed in detail.
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1 Introduction
The Cahn-Hilliard equation

u  u
81:—q8;::8x2¢(u), (z,t) € (0,L) x (0, 7], (1.1)

o(u) = pu + ru?, (z,t) € (0,L) x (0,7, (1.2)

where p < 0, ¢ < 0 and r > 0 are constants, arises in the study of phase separation in cooling
binary solutions such as alloys, glasses and polymer mixtures®2%28 and the references cited
therein. Here u(x,t) is a perturbation of the concentration of one of the phases. Initial and
boundary conditions are

u(z,0) = ug(x), x €0, L], (1.3)
Ouwty= 2 w@)=0,  (e.0) € 0.1} x (0.7) (1.4)
5 t@t) = g sul@t) =0, x, , ,T1. )
(1.4) leads to
0

o d(u(z,t)) =0, (x,t) € {0,L} x (0,T].
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By simple calculation we can see that ¢(u) + qgi“; is the variational derivative of

1 1 1 /0u\?2
G(u(z,t)) = 2pu2 + 47"u4 — 2q(8x>

with respect to u(x,t), i.e., ¢(u)+ qgi?j = ‘;f, where the functional G means a local free energy

called a Ginzburg-Landau free energy.
The important features of the Cahn-Hilliard equation are that the total mass fOL u(zx,t)dx

is conserved and the total free energy fOL G(u(z,t))dr decreases with time. Namely,

M = /L u(x, t)dx = /L uo(z)dz, t>0, (1.5)

0 0
L
F(u) ::/0 G(u(x,t))dz, jt]-'(u) <0. (1.6)

The conservation of mass (1.5) and the dissipation of the total energy (1.6) can be shown easily
as follows:

d [ L gu(z, t) L 92 §G 9 6G1L
dt/o u(, t)de _/0 o @ _/0 922 ou ™ = [ax §u]0 =0, (17)
d [* Lsa ou Lo 6Gq2

= = — < 0. .
dt/o Glule, O)dw= |50 do /0 [833 &J dz <0 (1.8)

Remark 1.1. We see from (1.8) that the total energy can be employed as a Lyapunov func-
tional of the system!!.

Since the pioneering work of Cahn and Hilliard®!, the Cahn-Hilliard equation has been
extensively studied by Wang and Shi*?), Jabbari and Peppas?¥, Puri and Binder[?% for the
study of interfaces. Global existence and uniquiness of the solution have been shown by Elliott
and Zheng!'%l. Yin[3%l has shown the existence of the continuous solution for the problem
with degenerate mobility. Finite element Galerkin solutions have been obtained by Elliott and
French'>13] and French and Jensen!'8l. Elliott et al.l'¥ have obtained optimal order bounds
using a second order splitting method. Elliott and Larsson!*? have discussed the error estimates
with smooth and nonsmooth data for a finite element method for the Cahn-Hilliard equation.
Mixed finite element method has been applied by Dean et al.?). A finite difference scheme has
been studied by Furihata et al.l?) who have examined the boundedness of the solution. Sun!?7)
has proposed an interesting linearized conservative finite difference scheme which is uniquely
solvable and convergent with the convergence rate of order two in discrete Ly norm. Choo et
al.[%7] have proposed a nonlinear difference scheme based on the Crank-Nicolson scheme for the
Cahn-Hilliard equation. Their schemes are proved to be unconditional stable and conserve the
total mass. Dehghan and Mirzael'® have described a numerical method based on the boundary
integral equation and dual reciprocity methods for solving the one-dimensional Cahn-Hilliard
equation. A time-stepping method and a predictor-corrector scheme have been employed to
deal with the time derivative and the nonlinearity respectively. In [23,32], a combined spectral
and large time-stepping methods have been proposed and studied for the nonlinear diffusion
equations for thin film epitaxy. In [21], the convergence of the spatial discretization of the Cahn-
Hilliard has been considered. In resent study!®729 the unconditionally stable algorithms have
been developed for Cahn-Hillard equation. These algorithms allow for an increasing time step
in Cahn-Hillard systems as time proceeds. He and Liul??! have proposed a class of fully discrete
dissipative Fourier spectral schemes for solving the two-dimensional Cahn-Hilliard equation, and
presented semi-implicit prediction-correction schemes. Yel*3=35 has studied numerically the
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Cahn-Hilliard equation by using the Fourier collocation method, Fourier spectral method and
Legendre spectral method, respectively. Both the semi-discrete and the fully discrete schemes
derived in [33-35] are uniquely solvable and inherit the energy dissipation property and the mass
conservation property. The optimal error bounds of numerical solutions has also been obtained.
Ceniceros and Romal* present a nonstiff, fully adaptive mesh refinement-based method for the
Cahn-Hilliard equation. Yinhua Xia et al.?¥ develop local discontinuous Galerkin methods for
the fourth order nonlinear Cahn-Hilliard equation and system. In [19], Furihata has designed
a difference scheme which inherits the conservation of the total mass and the decrease of the
total energy, and proved that the designed scheme preserving characteristic properties of the
original equation are numerically stable. Adopting the idea of Furihatal'®l, Choo, Chung and
Leel® have proposed a nonlinear difference scheme for the viscous Cahn-Hilliard equations
with nonconstant gradient energy coefficient ¢ and showed the scheme preserves the energy
dissipation property and mass conservation as for the classical solution.

In this paper, we mainly do three things. Firstly, we propose a class of finite difference
schemes which are stable and preserve both of the two properties (1.5) and (1.6). Secondly, we
prove the unique existence and convergence of the numerical solutions. Lastly, we construct
and discuss in detail an iterative algorithm for solving the proposed nonlinear schemes.

The remainder of this paper is arranged as follows. In Section 2, we propose a class of finite
difference schemes which are proved to inherit the properties (1.5) and (1.6) in the descrete level,
and consequently the stability of them is obtained. In Section 3, the unique existence of the
numerical solutions is discussed by Brouwer fixed-point theorem. In Section 4, the convergence
of the class of finite difference schemes is proved. In Second 5, an iterative algorithm for solving
the proposed nonlinear schemes is constructed and discussed in detail, and then a prediction-
correction scheme is proposed based on the iterative algorithm.

2 Finite Difference Schemes

For a positive number N, let time step 7 = T/N and denote time steps ¢, = n1, n =
0,1,2,---, N. Given a temporal discrete function {u" |n=0,1,2,---, N}, we denote &; u" =
(untt —u™) /7, S um = (ut —u Y /7, S = (u Tt —unl) /27

For a positive integer J, let mesh size h = L/J and denote mesh points z; = jh, j =
0,1,2,---,J. To approximate the boundary conditions, let x_o = —2h, x_1 = —h, 541 = (J+
1h, z42 = (J+2)h. Given a grid function u = (ug, u1, -+, uy), denote 6 u; = } (uj41 — u;),
6;uj = }L(uj — uj,l), 5g<51>uj = 21h (’U,j+1 — uj,l), 5§2>UJ‘ = hlz (uj,l - 2UJ‘ + uj+1)7 5é3>uj =
b (W2 = 241+ 21— wjo0), 05wy = L (w40 — dugpn + 6uy — dujg +uo0),

For two grid functions u = (ug, u1,---,uy) and v = (vg, vy, -+, vy), we define discrete inner
product and semi-norms as

J J—1

1 1
(u,v)h _ hz //ujvj = h[Q’u,OUO + Z u;v; + 2'LI,JUJ:|,
§=0 j=1
J—1 9
"= Vo on, ol i= max ol 6ol = [0 (650;)
0<5<T
7=0
In this paper we denote CY, ék, k =0,1,2,---, as general positive constants which may

have different values in different occurrences but independent of discrete parameters. We denote

U}' and uj be the numerical approximation, and respectively the exact solution of u(x,t) at

the point (x;,t,) for j=0,1,2,---,J and n=0,1,2,---, N.
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For simplicity of notations, as [22], we denote

u—+v

5 )(r(au2 + (1 —a)?) +p).

Sp(u7 U7 a) = (
Clearly, ¢(u,u,0) = ¢(u). In particular,

SD(U;M?U% ;) _ (U;L+12+ Uf)(T(U}L“)Q; (Um)? +p>.

For the Problems (1.1)—(1.4), we propose the following finite difference scheme

51U +BR26P 5 U — Do (U 4 U = 62U U @),

j=0,1,2,---.J, n=01,2,---,N -1, (2.1)
UJO:UJO(Z‘J% j207172a"'a']a
ooy =sVur =6 =68Ur =0, n=0,1,2,---,N. (2.3)

From the boundary Condition (2.3) and the definition of 5;2> and 6;4>, we obtain

2

B2 (u1 — uo), when j =0,
62 = h12 (uj_1 —2uj +ujy1),  whenj=1,2---,J -1, (2.4)
h22 (wj—1—uy), when j = J,
and
2 .
4 (ug — 4uq + Sug), when j =0,
h24 (us — dug + Tug — 4duyp), when j =1,
63<C4>uj = h14 (uj—o — duj_1 + 6uj — dujs1 + ujqo), when j =2,---,J — 2, (2.5)
h24(uJ_3—4uJ_2—|—7uJ_1—4uJ), when j =J — 1,
h24 (ujo —4uy_1 + duy), when j = J.

Obviously, the scheme (2.1)-(2.3) is a nonlinear implicit one. In order to obtain the solution
U;H'l at the level n+ 1, an outer nonlinear iteration for U J’?H needs to be done and the iterative
values of U™ are solved by an inner linear system. Therefore, an efficient iterative algorithm
is required to solve the scheme (2.1)—(2.3). For this purpose, we construct and analyze one in
Section 5.

The boundary Condition (2.3), together with the definition of ¢, gives
n n J
[5§71>S0(UJ +17 Uj ’ a)]o =0.

We now turn to establish the discrete analogues of (1.5), (1.6). Let o >} and 8 < }. If

Uj' is the numerical solution of the scheme (2.1)(2.3), we can obtain the following Lemma.
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Lemma 2.1. The finite difference scheme (2.1)-(2.3) satisfies

J J
M = hZ/IUfEMOZhZI/UO(xj)v TL:071,2,-'-,N, (26)
=0 i=0
J J
[ Z Un+1 hZHGd(UJn)} < 07 n:O71a27'”7N_ 17 (27)
j=0 j=0

where

GalU}) = (U + yr(U) = L6107 + 6, U7 ).

Proof.  Applying summation by parts and noticing the boundary Condition (2.3), we obtain

J J J
RIS S S
T s §=0 Jj=0

<

=h " [ = BR2625 U + D0 (WU 4 UP) 462 (U UF, )

n q n n n n
=h) "0 [ = Bn*6TUT + S0P (U + U + (U7, UF' o)

=[6{"[ - B35 U + 25;2>(Uj UM + U U, )] =0. (2.8)

This gives (2.6). Denoting 5(3) = ; ps? + 4117“34 and applying summation by parts, we obtain

J J
LYy -y Gy
T j=0 =0
J +rrn+1y2 —rrn+1y2 +717n)2 —77n)2
~ q(OFUMT )+ (60U ~ o q (06U + (6 UF)
:hz/,_¢(Uj+l)_2 J 7] 5 J 7 _¢(Uj)+2 J 77 5 J 77

J
[ n n 1 q n n n
=hy "L UT, )+ G 8P U+ U )|orv;

7=0
T 1 J 2
=1 > [ewrttur 0y + 6@ @t up|sruy - (o)) ) RS [ORY - 7))
j=0 =0
N1 < q
_ " n+1 n " n+1 n 2 n+1 n
——<a—2)27_h2 (U712 - +hz [ (U7, U7 0) + 502 (U] +Uj)}
§=0
x 582 [ — BR25FUT + ;’5;2>(U;l+1 +UT) + @(U;‘“, T, a)}. (2.9)

When 0 < 3 < 1, it follows from (2.9) that

J J

> rawyy - Y Gy

7=0 7=0
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J J
1\ 1 2
== (a= ) @2 = ) = n Y (6 [e U @) + Lo U+ U] )
§=0 =0
J
~hy [@(U}LH, U a) + 35;2>(Uf+1 + U;l)} x BR2P 5FUT
j=0
1\ 1, <&, n41y2 ny212 L n+l rrn N e A
:—(a—z)QThZ [y — ) =y (5 [ (U7, UF 0) + 502 (U] +Uj)})
j=0 §=0
J
— > s {@(U;l“,Uf, a) + 35§3>(U;+1 + U;fb)} x BR26;UT
=0
1 1 4 7 n+1\2 n\272 ! " n+1 n q (2) n+1 n 2
:—(a—2)2ThZ [y — Up)?)* = > 6] [ (U707 ) + 282 (U] +Uj)D
§=0 =0
J
_ hZIl [5+Un +ﬂh2 §+Un] % ﬂh2(5+Un
=0
1\ 1 &, n41y2 n\272 L n n+l 7rn q o(2) (yrn+1 )
:—(a—2)2ThZ (U2 — Ur?)* =k (5 [ (U707 a) + 582U +Uj)})
§=0 =0
J
—hY V[BRA(GFUN) = B0 (56U
j=0
1 PR g 2
g—(a—2)27h2”[(U5‘“)2—(UJ“)2] —h "(5 [ (UL U, ) + 25§2>(U;’“+U;‘)D
7=0 7=0

J
4
— Y [BnR U - B 6 U
Jj=0

J

<

2
< — ( ) Qi—hjz_:o// Un+1 ?)2]2 _ hj:ZO// <5+[ (Un—i-l’ an’ )_|_ 35§2)(U;L+1 + an)})
- hZ”BhQ(l —4B)(6;UM? < 0. (2.10)

Jj=0

When 8 < 0, denote oo (US, U, ) = —Bh26; U +(U 1, UP, ), then it follows from (2.9)
that

J J
(D SLHCASED SUHCA)
i j=0
) J )

J
1y 1
== (a= )y YU = W 4 1Y [po(U U7 ) + 3 (U7 4 U7

;‘ .
i Mg
| <)

X 63@ {q

25§3> U+ U}) + @o(UM, U a

) J 7

J
hy prreRsturstuy
j=0

J
= (o) WP — W) + NS B

7=0 7=0
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2
- hZ” (5+ [ SEUTHL £ U + o(UrH, U, a)D <o0. (2.11)

Then (2.7) is obtained from (2.10) and (2.11). O
Based on Lemma 2.1, we turn to estimate the numerical solution of the scheme (2.1)—(2.3)
by using the similar method in [20].

Lemma 2.2. The numerical solution of the scheme (2.1)-(2.8) satisfies

J
0By < {(p “ L Ry "Ga(U?)} (2.12)
d(1.2) = min(\, —9) 4r = 7

where X is any a positive number and ||U"||d(1 9) U5 a discrete first-order Sobolev-Hilbert norm
which is defined as

J-1

1f a2y == hZ” 2+hY "OEf)?2 =)L e R >0

7=0

Proof. It follows from the dissipation of the total energy (2.7) that

J
by "Ga(UY)
j=0
J J +77n\2 —77n)\2
—oN? (U + (6707)
> " ny > h ny2 _ (p _ J 77 J 77
hZG U - Z {)\(UJ) 4r 2 2 }
7=0 7=0
. 1 o 1 4 2 (P—2)\)2
> _
(smce 2pX + 47’X > AX Ar )

(07U + (6;UF)? } (p- 2/\)2L

> min (A,—g)i”{(Uﬁ)Q—F I 9

= 4r
o q n12 (p - 2)‘)2
= min ()\,—2) 00— . L (2.13)
where the boundary condition (2.3) has been used. Then (2.12) is obtain from (2.13). ad

Lemma 2.3B37.  For any grid function f, there is

1£lloe < /A1 + 1162 711

Lemma 2.4, For any grid function f, there is

1
1flloe < 2macx (VL) fllar.2)

VL’
Applying Lemma 2.4 to (2.11) we obtain the following inequality.
Theorem 2.1. The numerical solution of the scheme (2.1)-(2.3) satisfies

2 J
U [loo <2 mm(i ’L)){(p _43” L+hZ~Gd(U§)}. (2.14)
Y j:0
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Theorem 2.1 implies that the proposed difference scheme (2.1)-(2.3) is stable.

3 Unique Existence of the Numerical Solutions
To show the existence of the numerical solutions U, U?,---, U for the scheme (2.1)-(2.3), we
shall use the following Brouwer-type theorem!2.

Lemma 3.1. Let (H,(-,-)) be a finite-dimensional inner product space, ||-|| be the associated
norm, and g : H — H be continuous. Assume, moreover, that

dk >0, VzeH, [|Iz]| = &, Re(g(z),z) > 0.

Then, there exists a z* € H such that g(z*) =0 and ||z*]| < k.
For fixed j, we rewrite (2.1) in the form

n+1 n n+1 n n+1 n
Uj ; vy UT + Bh?6? (Uj ; vy an) B ;q53<04> Uj 2+ Uj
urtt+ur urtt+ur\s  urtt+ur o UM U 2
T n
—25922)[;0 j , J +4ra(1—a)( J ) J) Lpd ) I (907 ) J _Uj)i|

=0.
The mapping f : R/T1 — R/,

(F(V)); =V; — U + Bh2CV; — Bh252 U7 — ;q5;4>vj

B

— 0P [PV +4ra(l —a) (V) +1V;(2aV; = U7, 0<j<J

(3.1)
is obviously continuous. In (3.1), V = (Vp,V4,---, V) and operators 552,659 are defined as
(2.4) and (2.5). If the mapping f has a zero-point V*, then 2V* — U™ is the solution U"*! of
the proposed scheme (2.1)—(2.3). From Theorem 2.1 we know that the ||[V*||w is bounded if

there exists a numerical solution for the scheme (2.1)—(2.3). In the mapping (3.1), we assume
IVllee < C(U™) where C(U™) > S |[U"|.

Theorem 3.1. If 7 is sufficiently small, then the scheme (2.1)-(2.3) has an unique solution.
Proof. Computing the inner product of (3.1) with V' and noticing

J—1
AV, U = —h > 6FU;65V; = (V,62 U, (3.2)
j=0
(6P [4ral — a)(V)?],V)n
J—1
=2rra(l — a)hY (65 Vi) [(Vigr)? + Vi Vi + (V)2 (3.3)

7=0
(62 [rV;(2aV; = UF)L V)

-
2

. T
2

Tlg 2
> T servP -

Tr

4lq|
Tr

4lq

IV(2aV — U™

T\q 2 n
> Tls@vi? - ey - U2 v
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r

7|V |3, 3.4
1 V1| (3.4)

7lq| @112
> —

g N8 VIE=Co,
where (V)3); = (V;)3, (67V); = 67Vi, (682'V); = 682V, and Cp = (2a + DAC(U™)]*, we
have

(F V), V)n =(V. V)i = (U V) + B GOV, V) = B (GPU V) = a0V, V)

— TPV +dra(l — a)(V))? + 7V, (2aV; — UP)?, V),

2
=[[VI[? = U, V)n = B1||5F V][
ORI n U 5V D ala@ v
J—1
2l — Y (33 )? + ViV (V)7
=0
.
=, (V5 + 7V (20V; - U}, 53V
1 1, . 58 2 a2 T 2
SIVIE — S IVIE 1o = P2y — g on - Talo@ v

r Tlal | sy 2 P 2
T||V|? - S2v|T = ||V
e VI =l | e 4l

1 1, . 2
> VIR = U™ = S8R IV = 48R3 |02 — CrrV 2

s - ey

1 1
>(, =518l = Cur) VI = (, +4181) 02, (3.5)
2 . n n .
where Cy = Co, [ + [,- Taking 8 < [, 7 < 40 ancll cun) > \1/0L||U1 ||, we obtain
(F(V),V)p > 0 for |[|[V]| > 5||[U"||. The existence of U™"2 satisfying [|[U"" 2|, < C(U™)
follows from Lemma 3.1 and consequently the existence of U"*! is obtained.

Using the similar proof of Theorem 4.1 in the next section, we can obtain the uniqueness of
the numerical solution. a

4 FError Estimate

The purpose of this section is to discuss the convergence of the numerical solutions. We denote

ul = u(zj,tn) and define the error as

eyl —UP, j=-1,0,1-,J,J+1, (4.1)

where u(x;,t,) is the solution to the Cahn-Hilliard equation at the point (z;,%,). We define
an extension of u by

u(z —2mL,t), for 2mL < x < (2m+ 1)L,

1) =
u(@,?) { u(2mL — z,t), for 2m — 1)L < x < 2mlL,

where m € Z. Define the truncation error of the scheme (2.1)-(2.3) as follows

P2 4 R 5 — 52, (4.2)
n+1/2 n n n q n n
77;'+ / =Y —SO(UjH,Uj,Oé)_ 25932)(%“4’“1')’ (4.3)
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where o2
+3 U
;l = {pu—kru?’—!—qaxQ}
Using Taylor expansion, we can obtain

= om + %), gt =00t + ). (4.4)

v for j=0,1,---,J.

)
(@,t)=(xj,tnt1/2)

Especially for g = 112 and o = ;, there is

r;z+1/2 — O(h* + 72), n;l+1/2 = O(h* + 7). (4.5)

Lemma 4.1.

1 n n n n
Al P = pR%lag e HIZ) — (lle”[* — Bh%[|0F e*) }

< (eI + e ||2}+q||<P(U Tt a) = (UL U )|+ (I ||2+q||77 1%,

(4.6)
where o
QSJ = {pU, + ru3}|(aj,t):(a:j,tn+1/2)7 for ] = 07 1a Tty J.
Proof.  Denote " q
Vi = UL U ) + 62 (U + U7, (47)
then (2.1) can be written as
STUT + BR8P 5 UT = 5V e, (4.8)
Denote
GE -V, j=-1,01- 0 41, (4.9)
then it follows from (4.7) and (4.1)—(4.3) that
n n n+1/2 n+1/2
5Fen + BhAR5 e = 6P 2 (4.10)
nti _ ~n q n n n+1/2
G = g2 Lo et en) (4.11)

where gnt1/2 = go(u?“,u;-l,a) — @(U}L+1,U}L,0¢)~
Taking the inner product of (4.10) and (4.11) with j(e"™ +€") and 25"4‘% respectively,

then adding the results together, we obtain

o (e = GR216em %) — (2 — r2)l6f eI P)} AGaelli
:;(5;2>§n+1/27en+1 + e+ ;(rn+1/27en+1 +em), — ;(&n—Fl/Q’gn—l—é)h
_ ;(5552)6"“ 4en, gnt2), Cll(nn+1/2’§n+1/2)h
- — 61](@"+1/2’§n+5 Y+ ;(r"“/?, el L eny, — 1 (12 gntr2),

1 1 1 1
< ~n+1/2(|2 n+12 n+1/2(|2
e [ R |

+ (e P+ 1P + [ T2+ 2q 16 el (4.12)

2q
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Hence the inequality (4.6) is obtain from (4.12).

Lemma 4.2.
1
qll@(un“,un,a) — (U™ U™, a)||? < Cs([[e" 1 + [[e™]]?),

where

__1 _ 2\2 _ n n
Co=—y (p+2(C Co= max {07l [}

Proof.
n+1 n n+1 n
QO(U] 7uj ,Oé) - QO(UJ ) UJ ) Oé)
n+1 n n+1 n
u; '+ u; U

Ty e T e+ (- ()]

urtl e urtl 4 pur
—p J ) J r 7 ) J [Oz(U;H_l)? =+ (1 _ a)(U;L)?]
n+1 n n+1 n
e+ e A
J J J J
=p +7r
2 2
n+1 n
Urtt
2

=p

[a(uf*1)? + (1 — a)(u})?]

+r [a(u”‘“ =+ UJTLH)e

n+1 n n\ ,n
] vt + (1 —a)(u] +Uj )ej].

J
It follows from (4.13) that

e’?“ + e
(ol ) — (U U )] < (-p2r(@)) [T

Hence the inequality (4.13) is obtain from (4.15).

873

(4.13)

(4.14)

(4.15)

O

Theorem 4.1. If (1.1) has a solution such that u(z,t) € C®3([0,L] x [0,T]), B< [, and T
is sufficiently small, then the solution of the difference scheme (2.1) converges to the solution
of (1.1) in the sense of discrete La-norm, and the convergence rate is O(h? + 72) for a = 1/2

and O(h® + 1) for a # 1/2.
Proof. It follows from Lemma 4.1 and Lemma 4.2 that

1 n n n n
AUl M2 = gr[laFem %) — ([le™[]* — Bh2[|07 e"([*) }

1 n n n 1 n
<(5 +Co) Qe P+ 1l + 1+ 11

Denote
Bn+1 _ ||en+1||2 _ ﬂh2||5;€n+1||2.

Since
4
loe I < e,

we obtain that B"+1 > 2||e"*!||2 if 8 < | . Hence, it follows from (4.16) we obtain

3

B’nJrl_BnS (
4

3 1
+508) 7B 4B (Il

(4.16)

(4.17)

(4.18)
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Using Gronwall inequality, we obtain

N

1

B" <<BO ( n||2 n 2)) (3+6C3)T

omax, BY <(BY+r ) ([P + lIn"l?) )e
k=1

N+1

N
1
_(3+6C3)T <|| n||2+ || n 2) f <
e E r n"||* )7, or 7< .
ot q B+6CIN (419)

It follows from (4.2), (4.3), (4.17) and (4.19) that Theorem 4.1 is hold. a

5 Iterative Algorithm

Computing the numerical solutions U!,U?,--- U™ satisfying (2.1)—(2.3) requires solving at
each level a nonlinear system with J + 1 unknowns, so it is necessary to construct an effective
iterative algorithm to solve it in implementation. In this section, we will construct two iterative
algorithms based on which two predication-correction schemes will be proposed. The first
iterative algorithm is as follows:

5t_UJn+1(s+1) i ﬂh25g(c2)§t—U;l+l(s+l) _ géﬁc‘l)(U;H(SH) i an)

:6§2>§0(U;l+1(8)7U;L705)7 0 S ] S ']7 n= Oa 172a t 'aN - 1a (51)
U = uo(x), j=-2,-1,0,---,J,J+1,J +2, (5.2)
shupr =sun =BUp =6PUr =0, n=0,1,2,---,N, (5.3)
with
O _ ur, for n =0,
J QUJ"—U;Hl, for n>1,
where

n+1(s+1) n
5_Un+1(s+1) o Uj - Uj
t 7 - T

Theorem 5.1.  Suppose that the solution u(z,t) of (1.1)-(1.4) belongs to C®3([0, L] x [0,T7]),

B < L and 7,h are sufficiently small, then the solution of the iterative method (5.1)-(5.3)

converges to the numerical solution of the scheme (2.1)-(2.3).

Proof. Denote 05! = g™ —yr+l 5 = 0,1,2,--- N ~1; s = 0,1,2,---. Then sub-
tracting (2.1) from (5.1), we obtain
19;}+1(s+1) n 1ﬂh253<02)9;z+1(s+1) B q5g<04)9ﬁ+1(s+1)
T T 2 J
_ 52 n+1(s) rrn 2 n+l yrn
—5g<c >90(Uj Uj , Q) — 5g<c >90(Uj Uj ;)

p n S T n S n n
:25;2>9j+1( ) 4 25;2){% +1( )[a(Uj Y2 4 (1 — ) (U] )2]

+ ;a(Uf““) +UMUTTE 4 U;H)Q;?“(S)}. (5.4)

Noticing, when n = 0,
1(0) _ 771(0) 1_ 770 1
;7 =U;" - U; =U; -
=[(UJQ - u(J)) + (u(JJ — ujl) + (u]1 - Ujl)]
=0+ 0(1)+O(h?> +7) = O(h? + 1), (5.5)
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and when n > 1,
n+1(0) _ yrn+1(0) n+l _ n n—1 n+1
0; =U; Ui =205 - U —Uj
=207 —u}) + (up™ = U™ + (™ = UPT) + 2uf — Tt =)
=0(h* +71)+O(h* +7)+O(h* +7) = O(h* + 7). (5.6)
If taking o = 1/2, we have

070 = O(h? +7%),  for n>1. (5.7)

It follows from (5.5)—(5.7) that
|71 O < Co(h® +7),  forl/2<a<1 (5.8)

and _
2 —
||9n+1(0)||oo < gﬂ(h +T)7 for n =0,
T Co(h? + T, for n>1,

if we take a = 1/2. In next study, we just only discuss the case « = 1/2, the case 1/2 < o < 1
can be discussed by the similar method.
Now, suppose

07| < Cy(h® +72), n=1,2,---,N—1; s=0,1,---. (5.10)

(5.9)

It follows from Sobolev estimate, we obtain

019w <Cop /im0 jot 20 -+ Jgm 100
2
<cuyflmrio o+ oo

2 ~
<Cs \/1 + h||9"+1(s)|| < OsCs(1+ 207 12)(h® + 7%)

n=12--- N—-1; s=0,1,2---. (5.11)
Thus
U1 g U™ oo + 16719 oo < Co + C5Ca(1+ 207 2) (1 + 72),
n=12---N—1; s=0,1,2---, (5.12)
where
0y =2, | (oD {(p_2)\)2L+h§J:”G (UO)}
t min(\, —2) 4r Ay

=0
Computing the inner product of (5.4) with gn+1(s+1),

n S n S q n S
||9 +1( +1)||2 —ﬂh2||5;r@ +1( +1)||2 _ 27_”50(62)9 +1( +1)||2

=m0, 626D ([ 4 (1= @)U, 626 D),
+ ;T(O{(Un+1(s) + Un)(UnJrl(s) + Un+1)0n+1(s)’ +6g<g2>9n+1(5+1))h
< _ qT||5<2>9n+1(S+1)||2 _ p27_||0n+1(s)||2 _ qT||5<2)9n+1(s+1)||2 _ r? (04)47_||0n+1(s)||2
- 4" 4q 8 F 2q

2 ~
- arllser ey ;’q 2Cs + C5Cu(1+ 207 V2) (B2 + 2)A7|0" D2 (5.13)
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When 8 < |, we obtain from (5.13) that

||9n+1(5+1)||2 < 6‘67—||9"+1(5)||27 (514)

where
Co = = 3 (0 + (204 + GO (1 + 20~ V/2) (12 4 72
Ch 4q(4) +(2C4 + C5Cs(1 + )R+ 7).
Thus for sufficiently small 7 and & such that Cg7 < 1, then the solution of the iterative algorithm
(5.1)—(5.3) converges to the solution of the nonlinear scheme (2.1)—(2.3). The convergence in
the case of n = 0 can be proved by the similar method.
In the case of s = 1, we obtain from the iterative algorithm (5.1)—(5.3) the linearized implicit

prediction-correction scheme

67U 4 BR8P 5, T — ‘215;4>(ﬁ;+1 +U7)

__5(2 n n . B
_6§ >90(U] 7Uj ,O[)7 0 S J S J7 n= 0» (515)
57 UM 4 gR26 6, Ut - 35;@(17;”1 +UP)
=02 p(2Ur — UM UM a),  0<j<J, n=12-N, (5.16)
5 UM 4 gR26 6, Ut - 35§4>(U;‘+1 +U)
_ (2 rrn n . o
=02 p(Ur, UM ),  0<j<J, n=0,1,2,--,N, (5.17)
UJOZUO(Z‘J)? .]:_27_17()’7‘]7‘]_'_1"]_"2’ (518)
shup =sVun = 6P upr =6Ur =0,  n=0,1,2,---,N, (5.19)
where
- gntl _pgn
—rm+1 _ 7 J
5O =

Now, we give the second iterative algorithm as follows:
6;U;’+1(S+1) + 6h26§2>6[U;‘+1(5“) _ 35§:4>(U;l+1(8+1) i U;‘)

:(SS) (p(U(rH(erl) + an) T T (U'(LJrl(erl) + UJn)(a(UnJrl(s))Q + (1 _ Oé)(Un)Q)),

2 J 2 J J J
0<j<J, n=01,2---,N—-1, (5.20)
U = ug(x;), j=-2,—-1,0,---, JJ+1,J +2, (5.21)
shup =5y =P up =6PUr =0, n=0,1,2,---,N, (5.22)
with
[H0) :{ ur, for n=0,
J QUJ"—an_l, for n>1.

By the similar proof, we can obtain the following theorem:

Theorem 5.2.  Suppose that the solution u(z,t) of (1.1)-(1.4) belongs to C®3([0, L] x [0,T7]),
B < [, and 7,k are sufficiently small, then the solution of the iterative method (5.20)(5.22)
converges to the numerical solution of the scheme (2.1)-(2.3).
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Similarly, in the case of s = 1, we obtain from the iterative algorithm (5.20)—(5.22) the

linearized implicit prediction-correction scheme:

67Ut 4 ph2sP o, U — 5@t Uy

2 xT
P n n T =n n n .
:5;2>(2(Uj Hun + 07 U)W )2), 0<j<J n=0, (5.23)
— i — 7 n q rrm n
5 UM 4 pr?6 6, Ut — 25§4>(Uj Uy
P r7n n T ~n n n n— n
=3 (DO + U + O+ + U @Uy = Up )2 + (L= a)(U))Y)),
0<j<J, n=1,2--,N—1, (5.24)
5, Ut 4+ B8R0 6, U = Dol (U + U
p n n r n n rrn n
—5(2) (2(Uj U+ U7 U @) + (L= a) (U] )2)),
OS]SJy T'L:O,l,Z,,N—l, (525)
UY =ug(a;), j=-2,-1,0,--,J,J+1,7J +2, (5.26)
shupr =sMuy =sPupr =60 =0,  n=0,1,2,---,N. (5.27)

Obviously, the above implicit scheme is linearized in the practical computation, i.e. at each time
step, we just only use Thomas algorithm to solve two five-diagonal linear systems. Thus, the
prediction-correction scheme can be expected to be more efficient in the practical computation.
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