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Abstract Frankl and Fiiredi in [1] conjectured that the r-graph with m edges formed by taking the first m
sets in the colex ordering of N(™) has the largest Lagrangian of all r-graphs with m edges. Denote this r-graph
by Crm and the Lagrangian of a hypergraph by A(G). In this paper, we first show that if (tgl) <m< (;), G
is a left-compressed 3-graph with m edges and on vertex set [¢], the triple with minimum colex ordering in G°¢
is (¢t — 2 —4)(t — 2)¢t, then A(G) < A(C3,m). As an implication, the conjecture of Frankl and Fiiredi is true for

(5) ~6<m= ().
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1 Introduction and the Main Results

For a set V and a positive integer r we denote by V(") the family of all r-subsets of V. An
r-uniform graph or r-graph G consists of a set V(G) of vertices and a set E(G) C V(G)(") of
edges. An edge e = {ay,aq,...,a,} will be simply denoted by ajas---a,. An r-graph H is
a subgraph of an r-graph G, denoted by H C G if V(H) C V(G) and E(H) C E(G). The
complement of an r-graph G is denoted by G°. Let Kt(r) denote the complete r-graph on ¢
vertices, that is the r-graph on ¢ vertices containing all possible edges. A complete r-graph
on t vertices is also called a clique with order ¢t. Let N be the set of all positive integers. For
an integer n € N, we denote the set {1,2,3,...,n} by [n]. Let [n](") represent the complete
r-graph on the vertex set [n]. When r = 2, an r-graph is a simple graph. When r > 3, an
r-graph is often called a hypergraph.

Definition 1.1. For an r-graph G with the vertex set [n], edge set E(G) and a vector & =
(x1,-+,2n) € R"™, define

/\(G,f) = Z Lijy Lijg ** T,

7;17;2~~~1;r,~€E(G)

Definition 1.2. Let S = {f: (1,29, xp): Y x; =1, 2; >0 fori =1,2,---,n}. The
i=1
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Lagrangian of G, denoted by A\(G), is defined as
AMG) = max{\(G, %) : T € S}.

The value x; is called the weight of the vertex i. We call & = (z1,z2, -, x,) € R™ a legal
weighting for G if ¥ € S. A vectorij € S is called an optimal weighting for G if \(G,3) = A(G).
The following fact is easily implied by the definition of the Lagrangian.

Fact 1.1. Let Gy, G2 be r-graphs and G; C Go. Then M(G1) < M(G2).
In [4], Motzkin and Straus provided the following simple expression for the Lagrangian of
a 2-graph.

Theorem 1.2/4.  If G is a 2-graph in which a largest clique has ordert then A\(G) = )\(Kt(Q)) =
la -1
’ Baéed on this connection, they provided a new proof of the classical result of Turdn on Turan
densities of complete graphs. This new proof aroused interests in the study of Lagrangians of
r-graphs. Since then the Lagrangian of a hypergraph has been a useful tool in hypergraph
extremal problems. However, the obvious generalization of Motzkin and Straus’ result to hy-
pergraphs is false because there are many examples of hypergraphs that do not achieve their
Lagrangian on any proper subhypergraph. Lagrangians of hypergraphs has been proved to be a
useful tool in hypergraph extremal problems. In most applications, an upper bound is needed.
Frankl and Fiiredil!! asked the following question. Given » > 3 and m € N how large can
the Lagrangian of an r-graph with m edges be? For distinct 4, B € N(") we say that A is
less than B in the colex ordering if max(AAB) € B, where AAB = (A\ B)U (B\ A). For
example we have 246 < 156 in N since maz({2,4,6}A{1,5,6}) € {1,5,6}. In colex ordering,
123 < 124 < 134 < 234 < 125 < 135 < 235 < 145 < 245 < 345 < 126 < 136 < 236 < 146 <
246 < 346 < 156 < 256 < 356 < 456 < 127 < ---. Note that the first (f,) r-tuples in the colex
ordering of N(") are the edges of [t](").

The following conjecture of Frankl and Firedi (if it is true) proposes a solution to the
question mentioned above.

Conjecture 1.301.  The r-graph with m edges formed by taking the first m sets in the colex
ordering of N") has the largest Lagrangian of all r-graphs with m edges. In particular, the
r-graph with (f) edges and the largest Lagrangian is [t] (),

This conjecture is true when r = 2 by Theorem 1.2. For the case r = 3, Talbot in [5] proved

the following.
Theorem 1.45,  Let m and t be integers satisfying (tgl) <m< (tgl) + (t;2) —(t—1). Then
Conjecture 1.8 is true for r = 3 and this value of m. Conjecture 1.3 is also true for r =3 and
m = (é)—l orm = (é) - 2.

For the case r = 3, Tang, Peng, Zhang, and Zhao in [6] proved the following.

Theorem 1.56.  Let m and t be positive integers satisfying (tgl) <m< (tgl)—i— (t;2) —(t—4).
Then Conjecture 1.3 is true for r = 3 and this value of m.

It turns out this natural conjecture seems to be very challenging to verify. The truth of
Frankl and Fiiredi’s conjecture is not known in general for » > 4. In the case r = 3, the case
when (‘3') + (*3%) — (t = 5) <m < (&) — 3 is still open in this conjecture. Before we state our
main results below, let us introduce some further notations and terminologies.

Let C; ., denote the r-graph with m edges formed by taking the first m sets in the colex
ordering of N("). Denote

A, = max{A(G) : G is an r — graph with m edges}.

m

T
m-*

Definition 1.3. An r-graph G with m edges is called an extremal r-graph if \(G) = A
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Frankl and Fiiredi’s conjecture says that A7, = A(C}.,,). To verify the truth of Conjecture
1.3, it is sufficient to show that A(G) < A(C},,) holds for every extremal r-graph G with m
edges.

Definition 1.4. Anr-graph G = ([n], E) is left-compressed if j1j2 - - - jr € E implies iyis---i, €
E provided i, < j, for every p,1 <p <.

The following lemma implies that we only need to consider left-compressed extremal 7-
graphs to verify that A(G) < A(Cy. ) holds for every extremal r-graph G with m edges.

Lemma 1.55).  There ezists a left-compressed r-graph G with m edges such that \(G) = Al
To emphasize this, let us make a remark.

Remark 1.6. To verify Conjecture 1.3, it is sufficient to show that for a left-compressed
extremal r-graphs G with m edges, A(G) < A(C, ) holds.

Applying the following result showed in [5], we can further reduce the classes of 3-graphs
to verify in order to verify Conjecture 1.3.

Lemma 1.7, Let m be a positive integer. Let G = ([n], E) be a left-compressed extremal
3-graph with m edges. If & = (x1,xa,...,Ty,) is an optimal weighting for G satisfying x1 >
To >+ 2> Tk > Tyl =...=x,=0. Then

|E|>(k;1)+<k;2>—(k—2).

Remark 1.8. Let G be a left-compressed extremal 3-graph with m edges. Let t be a positive
integer such that (tgl) <m< (é) To show A(G) < A(C3 ), we can assume G is on vertex set
[1].

Proof. Let G = ([n], E) and t satisfy the conditions in this remark. Let & = (1,22, -+, Zn)

be an optimal weighting for G satisfying z1 > x9 > -+ >z > 41 = -+ =z, = 0. We claim
that £ <t. Otherwise k£ > t 4+ 1 and Lemma 1.8 implies that

mote=( ) () -
SOMEPREEN®

which contradicts to the assumption that (tgl) <m< (é) So to show A(G) < A(Cs,1m), we can
assume G is on [t]. O
In this paper, we first give the following partial result.

Theorem 1.9. Letm, t, a and i be positive integers satisfying m = (é) —a,3<a<t—2and
i >1. Let G = ([t], E) be a left-compressed 3-graph with m edges. If the triple with minimum
colex ordering in G¢ is (t —2 —i)(t — 2)t. Then A(G) < A(Cs,m).

In [5], the following result was proved.

Theorem 1.100.  Let m, t and a satisfy —(t —2) < a < (t — 5) and

_(t—1 n t—2 n
m={ 4 5 a
Suppose G is a left-compressed extremal 3-graph with m edges. Then G and Cs , differ in at

most 2(t —a — 2) edges, i.e., |[E(G)AE(Cs )| <2(t—a—2).
We show that
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Theorem 1.11. Let m be any positive integer. Let G be a left-compressed extremal 3-graph
with m edges satisfying |E(G)AE(C3 )| < 6. Then AM(G) < AN(C3 ).

In the proof of Theorem 1.12, we will prove several lemmas in Section 3. These lemmas
themselves provide partial results to Conjecture 1.3 as well.

Using Theorem 1.12, we can prove Conjecture 1.3 holds for (é) —-6<m< (é) — 3 when
r=3.

Corollary 1.12. Let m and t be positive integers satisfying (é) —-6<m< (é) —3. Let G be
a 3-graph with m edges, then A(G) < AN(C3 ).
All proofs will be given in Section 3.

2 Useful Results

We will impose one additional condition on any optimal weighting & = (21, x2,...,x,) for an
r-graph G:

[{i : z; > 0}| is minimal, i.e. if ¥ is a legal weighting for G satisfying

[{i:y; >0} < [{i:xz; >0}, then \(G,¥) < A(G). S

For an r-graph G = (V,E) we denote the (r — 1)-neighborhood of a vertex ¢ € V by
E; ={A eV Au{i} € E}. Similarly, we will denote the (r — 2)-neighborhood of a
pair of vertices i,j € V by E;; = {B € V'=2 : BU {i,j} € E}. We denote the complement
of B; by Ef = {A € V=D . AU {i} € VID\E}. Also, we denote the complement of E;; by
E5 ={Be VU2 :BU{i,j} € VI\E}. Denote

Clearly, an r-graph G' = ([n], E) is left-compressed if and only if Ej\; = () for any 1 <i < j < n.
When the theory of Lagrange multipliers is applied to find the optimum of A(G, &), subject
to Z x; = 1, notice that A(E;, Z) corresponds to the partial derivative of A\(G, &) with respect

i=
to xl The following lemma gives some necessary conditions of an optimal weighting for G.

Lemma 2.12. Let G = ([n],E) be an r-graph and ¥ = (x1,%2,...,7,) be an optimal
weighting for G with k positive weights x1,xa, ..., xy satisfying Condition (1). Then for every
{i,5} € [k]?, (a) N(E;, %) = \(E;, %) = r\(G), (b) there is an edge in E containing both i and

Remark. (a) In Lemma 2.1, part(a) implies that
TN Eij, T) + MEpj, T) = 2\ Eij, ©) + M Ej\, T).-
In particular, if G is left-compressed, then
(331' — Jij)/\(Eij, .f) = /\(Ei\ja .f)
for any i, j satisfying 1 <i < j < k since Ej\; = (.
(b) If G is left-compressed, then for any ¢, j satisfying 1 <i < j <k,

A Eij, ©)

Ti— Tj =

holds. If G is left-compressed and E;; = 0 for i, j satisfying 1 <4 < j <k, then 2; = x;.
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(¢) By (2), if G is left-compressed, then an optimal legal weighting ¥ = (x1, 2, -, x,) for
G must satisfy
T1 > X9 > >y >0, (3)

We also need the following lemma from [5] in the proof of our main results.

Lemma 2.3°.  For integers m,t, and r satisfying (t;l) <m < (tzl) + (f,:zl), we have
MCrom) = [t — 1]™).

3 Proof of Main Results

The partial ordered diagram (Figure 1) on all triples on [t] as described below is useful to help
us to analyze all possible left-compressed 3-graphs on [¢] systematically.

An r-tuple iyis-- -4, is called a descendant of an r-tuple jijo---j, if iy < js for each
1<s<r,andi1+is+- -+ < Jj1+Jjo+---+Jjr. In this case, j1j2 - - j, is called an ancestor
of 449 -+ -i,.. The r-tuple i1io--- i, is called a direct descendant of jijo---j. if 4104, is a
descendant of j1j2 - j, and j1 + jo+ -+ Jr =91 +i2+-- -+ i+ 1. We say that jijo - - - j, has
lower hierarchy than iyis - -4, if j1jo - j, is an ancestor of i1io---4,.. This is a partial order
on the set of all r-tuples. Figure 1 is a Hessian diagram on all triples on vertex set [t]. In this
diagram, 414293 and j;joj3 are connected by an edge if and only if 419273 is a direct descendant

of jij2j3.
21

Figure1l. Hessian Diagram on [t](®)

3.1 Proof of Theorem 1.10

Proof. Since G is left-compressed, in view of Figure 1, then we have a > 2i + 1.

To show that AM(G) < A(Cs,,), we will take an optimal weighting & for G, then we take a
legal weighting, say Z for Cs ., by replacing a few coordinators of # and show that M\(G,Z) <
A(C3,m, Z). This would imply that

/\(G) = )‘(Gv f) < /\(03,m72) < /\(03,m)'
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Let us go into the details. Let & = (z1,z2,- -, x;) be an optimal weighting for G satisfying
r1 > 9 > -+ > x¢ > 0. First we point out that

AMEr(t—2-4), %) = ME@—2y(t-1), L) = T2+ T4—1 + 2 — 71 — 242 > 0. (4)
To verify (4), by Remark 2.2 (b), we have

AEn (t-1), T) (Bo + -+ 32y
N, d) ot < @+ 5
A(BEy(p—1y, ) =1 o+ -+ Tpo+ 2y t—1 ¢ (5)

AE (t—2), T)
A(Ey(t—2),T)
Ti—9—i+  + T3 + Te—1 .
-2 -0
Ti—9—i+  + T3 + T .
l—zp 9 —o41 — 24
1+ X2+ -+ T + X2

<zi_9+ Tt; (6)
-2y 90 j—m4 1 — a4

T1 =T¢—1 +

T1 =T¢—2 +

=T¢—2 + t

<zyo +

t (By (9)

and
ME(—2-iy\(t-1), T)
AME(—2-i)(t-1)> T)
(T4—3—(a—i—2) T Tt—3—(a—i—1) T+ T4_3) —Tp_2
l—mpo0 iy —x4—1 — 24
(Tit1 -:xwrz + + Ta1) — xt727ixt (7)
— Tt—2—i — Tt—1 — Tt

Ti_2—; =T¢—1 +

=T¢—1 + Tt

<ziq+

since a <t — 2. Adding (6) and (7), we obtain that

(1 +- +Tay1) — Ti-2—i
l—zp 90— 341 — a4

(14 +xp9) — Zt—Q—ix
l—zy 9 i —241 — 4

1+ X2 ST+ 241+ t

<zp o+ w101+

t

l—zi 1 —2 — 2425
=Ti_2 t+ X1+ Ty
l—2 90 -2 71—

=Xt—2 + Tt—1 + Ty

So, (4) is true. This implies that A(E_2)—1), %) < AM(E1¢—2-4), 7). In what follows, we divide
the rest of the proof into three cases: a =2i+ 1, a = 2i+ 2, and a > 2i + 3.

We first consider the case that a > 2i + 3. By Remark 2.2 (b), we have £y = 23 = -+ =
Tt—q—o4i; and Tp_g9_; = -+ = xy_3. Hence AN(Cs,m, &) — MG, T) = i(Tt—2—iTt—2Tt — T1T4—1T¢).
Also by Remark 2.2 (b), we have

)‘(El\(t727i)af) . (Tp—1 + Tp_2)xy
= = = Tt2—it =
)\(El(t—Q—i)vx) )\(El(t—Q—i)vx)

T1 = Tt—2-5 +

and

ANE—2)\(t-1), T)

AME(—2)(t-1), T)

(To—g—i+ -+ Tp—q14i)T1
ME¢—2)(t—1),T) .

Ty_o =Tt—1 +

=x-1 +
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Recall that a > 2i + 3 and M Ey—2)(t—1),Z) < ME14—2-4),Z). We have xy o — x4 1 >
T1 — Ty—o—;. Hence
MC3,m, %) — MG, %) =i(2t—2iT¢ 2%t — 10 12¢)
=i[p_o_i(Tp—o + Tp_1 — T4—1)Tt — T1XT4_1T¢)
>i[wi_o—i(T_1 + T1 — Tp_o_;)Tt — T1T1_174]

=i(2p—0—i — T4—1)(T1 — Ti_2—3)xs > 0. (8)

Therefore A(Cs. ) > AM(Cs,m, %) > MG, &) = AM(G) in this case.

Next, we consider the case that a = 2i + 2. Let G’ = ([t], F'),E' = EU{(t -2 —14)(t —

DIN{(t — 4 — i)t — 1)t}, then M(G') < A(C3,,) by the case a = 2(i — 1) + 4. (Note that
G’ = C5,, when i — 1 =0.) So it is sufficient to prove that A(G) < A(G’). Clearly,

/\(Gl7f) - /\(G,f) = Tt—2—iXt—2Tt — Tt—4—iTt—1Tt = Tt—2—3Tt—2Lt — L1Tt—1L¢- (9)

Consider a new weighting § = (y1,¥y2,--,¥y) given by y; =z for j#t—4—4, j#t—2—1i
and Y44 =244 — 0, Y—2-i =742+ 0. Then

NG, §) = NG, @) =0NE{ o, &) = MEi_s_j, D)] = P NE(y_4_iy4-2-4)» T)
:5(%744—%72%))\(]5@ 4—i)(t—2—i)r L T) — &2 )‘(E(t 4—i)(t—2—i)1 L ).

Let § = =2==2=2—t Clearly, § = (y1, 2, -+, ¥¢) is also a legal weighting and

2
, . Ti—a—i — Tt—2—4 .
MG, 9) = NG, 7) :( ! 1 - ) )‘(Eét—4—i)(t—2—i)»x)

(1 —wa)?

B2, B)- (10)

Let 2 = (21,22, --,%) given by z; = y; for j # t—2, j #t—1and 2,2 = y—2 + 7,
Zt—1 =Y—1 —n. Then
NG, 2) = MG, 9) =n[ME{_2,9) — ME;_1,9)] — nQ)‘(/E(t—Q)(t—l)vg)
=0[(Ye—2-iYt + Ye—3—iYe + Ye—a-ivt) — Ye—2 = Y—1)ME(1_ay(—1> 9]

- ﬁ2A(EEt_2)(t_1),ﬁ)~ (11)
Let
(Yt—2—i + yr—3—i + Yr—a—i)yt — We—2 = Y1) ME[,_9y(,_1)+ ¥)

2ME( 9 (1-1)2Y)

(eoi+ 235 +Ta i) — (T2 — e 1)NE—2)¢4—1), T)
2N E(—2)(t-1),T) '

’[’]:

By Remark 2.2 (b), we have

Tt—3—iTt
Ty o=T4_1+—7""77T" """ 12
U T N By -1, 7) (12)
Hence, n = @icooibTea—i)Te a0 7= (2, 29, -, 2,) is also a legal weighting and
2A(E(¢—2)(¢—1),T)
) 2.2
AG,2) — NG ) = et i) Ji (13)

ANEq—2y(t-1),T)
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By Remark 2.2 (b), we have

Tt—2T¢ + Te—12¢

—_— . 14
/\(E1(t7i72)7$) (14)

T1 = Tp—i—2 T

Combing (9), (10), (13) and (14), we have

(w0 + @ 1)’2?  (w 2i+xt4iVx?
ANE1(1—i-2), T) AME(t-2)(t-1), )

|zi—omy — Tr2i1 24

MG, 2) = MG, %) =24—9_iT4—2T¢ — X174 124 +
1 — Ti 2%t + Tt—1T¢
)‘(El(t i—2),T )

| (ot a)?ed (%zi+xt40%?

ANEy(1—i-2), T) ANEq(_2) (1), T)
TAN B (t—i—2), T) t= t—1)%t-2 t—2 i1 2,
af

— (g —24-1)? > 0.
DB a7 )( t—2 — Tp—1)" >
Hence A(G') > MG, 2) > A(G, %) = A(G) in this case.
What remains is the case that a = 2i + 1. Let G” = ([t],E"),E" = EJ{(t —2 —i)(t —
DIN{(t — 3 —0)(t — 1)t}, then A(G”) < A(Cs,m) by the case a = 2(i — 1) + 3. (Note that
G" = C5,, when i —1 =0.) So it is sufficient to prove that \(G) < A(G"). Clearly,

MG, T) = MG, %) = T4 iT4—2T4 — T4—3_iT4—1T4 = Tp—2—iTp—2Ty — T1T4—1T4. (15)

Consider a new weighting @ = (u1,u2, -+, u) given by u; = x; for j #t—2—4, j#t—3—1i
and Us_o_; = XT4—2_; +Q, Us_3_; = T4_3—; — . Then

NG, @) = NG, 8) = a3 — T2 ) ME(_3_i)(1-2-i), T) = CNE(_3_i)(1-2-i)» )-

Let o = #2222t Clearly, @ = (u1,uz, -+, u) is also a legal weighting and

(It—i—s - xt—Q—i)Q
4

- (71 — xt—Q—i)Q

N 4

)‘(Gl/7ﬁ) - )‘(Gl/v'f) =

ME(G—3-i)(t—2—i)» T)
A By (t—2—4), T). (16)

Let ¥ = (vi,v2,---,v) given by v; = wj for j # ¢t —2, j #t—1and v;0 = w2 + 0,
v;_1 = us—1 — (3. Then

NG, 8) = MG, @) =BINE_y, @) = ME{_y,@)] — BN E(;_gy 11y, @)
=B —g— iy + up—3_iur) — 3 )\(E(tfz)(tq)? ). (17)
Let f = W Clearly, 8 < u;. Hence, @ = (vy,va,...,v:) is also a legal weighting

(t—2)(t—1)"
and 2,2 2.2
(ug—2—i+up—3-¢)*u;  (T49 i+ x4 3 )]

MG, 7) - NG, @) = - (18)
4)‘(E& 2)(t—1)° ) 4)‘( 2)(t— 1) )
By Remark 2.2 (b), we have x¢_o = 24— and
20
X1 = T_2_; + i (19)

A By (t—2—4), T) .
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Combing (15), (16), (18) and (19), we have

o R Ti_o—i + Ty_3_;)?a? x7 @}

A GH,’U - A G7£C =X4_2_;Tt_2X+ — L1 T¢—1T+ + ( g e

( )~ MG, D) =a ANE(—2)(t-1),T) M E1(t—2-4), T)
227z} (Tp—2—i + @—3-;)%a} T} g1}

A E1(t—2-4), T) ANEq—2y(t-1),T) A E1(t—2-4), T)
>0

since A(E—2)(t—1),T) < ME1¢—2-4),T). Hence NM(G") > NG",Z) > ANG,Z) = M\G). This
completes the proof of Theorem 1.10. O

3.2 Proof of Theorem 1.12

Remark 3.1. Let G be a left-compressed extremal 3-graph with m edges satisfying
|[E(G)AE(Csm)| < 6.

Let ¢ be a positive integer such that (*;') <m < (%). To show A(G) < M(C5,n), We can assume
G is on vertex set [t].

Proof. The proof is excatly the same as the proof of Remark 1.9. ]
Let us be aware of the following simple observation for left-compressed r-graphs.

Remark 3.2. An r-graph G is left-compressed if and only if all descendants of an edge of G
are edges of G. Equivalently, if an r-tuple is not an edge of GG, then none of its ancestors will
be an edge of G.

By analyzing possible cases under the assumption that G is a left-compressed extremal
graph on [t] satisfying |E(G)AE(Cs,,)| < 6, we give several lemmas to cover the possible cases
below.

Using Theorem 1.10, we deal with the case when the graph G contains a clique of order
t — 1 in Lemma 3.3.

Lemma 3.3. Let m, a andt be positive integers satisfying m = (é) —a, where 3 <a <t—2.
Let G = ([t], E) be a left-compressed 3-graph with m edges and a clique of order t — 1. If
|[EAE(C3.)| <6, then A(G) < A(Cs,m).

Proof.  If the triple with the minimum colex ordering in G¢is (t—2—i)(t—2)¢, where ¢ = 1,2, 3.
Then A\(G) < A(Cs,,) by Theorem 1.10. So we can assume that the triple with the minimum
colex ordering in G¢ is (t — 4)(t — 3)t. Let & = (x1,2,...,2+) be an optimal weighting for G
satisfying ©1 > x2 > ... > x4 > 0.

First we consider the case a > 7. Let G’ = ([t], E'), E' = EU{(t—4)(t=3)t}\{(t—5)(t—2)t},
then A(G') < A(Cs,,) by Theorem 1.10. So it is sufficient to prove that A(G) < A(G’). Note
that

MG, %) — MG, T) = 2y_a4T4_37 — Ty_5T4_oT4. (20)

Consider a new weighting § = (y1,y2,...,y:) given by y; = x; for j #t -5, j #t —4 and
Yi—5 = Ti—5 — 0, Yp—a = T4—a + 0. Therefore

MG, §) = NG, 8) =0[NE{_y, ) = ME_5,%)] = °ME{(;_5)(1—a), T)
=0(t—5 = Te-)ME{_5)(1—a), ) = P MNE(y_5(1—1) T)-
Let § = Z=25%=4 Clearly, i = (y1, 2, -, ¥¢) is also a legal weighting. Note that

ME(—5)(t—1) T) = ME(t—5)(1-4), T),
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SO

2 2
- - Ti—5 — Tt—4 - Ti—5 — Tt—4
MG 5) ~ M@ 7) = T =Tl g = %

1 MEq—s5)(t—4),T). (21)

Let Z = (z1,%2,---,2) given by z; = y; for j # ¢t —3, j #t—2 and 23 = yi—3 +n,
Zt—o = Yt—o —n. Then

)‘(le 2) - )‘(le 27) :ﬂ[)\(Ei—s» 27) - )‘(Eé—Qv 37)] - 772)‘(E2t—3)(t—2)727)
=n(Yt—ayt + Yt—5yt) — 772)\(Eft—3)(t—2)  9)- (22)

Let n = jlt=s¥utv i Clearly, n < ;. Hence, Z = (21, 20,---, %) is also a legal weighting
2M(E {3y (s—2)F)

and 2,2 2,2
(Ye—s5 +ye—a)’y; (5 +x4-4)°T]

)\(G/7 Z) - )\(G/737) = — =\ (23)
4/\(Eét_3)(t_2)7 y) 4)‘(E(t73)(t72)71‘)
By Remark 2.2 (b), we have ¢;_4 = x4_3 = x;_2 and
274 914

Tis = Tp_g + ——t20 24

T T X(Bl—sy-1), D) 29
Also,

ME¢—5)(t—1),T) — ME@—_3)(t—2), %) > T2+ 2t — 45 > 0 (25)
since

AMEN -1, T 4,
Ti_5 <1 =T4—1 + M Ti—1 + (w2 Ti-2)21 <zt ax L xp—o0+ T4,

AMEy(-1),7) ~ e R T

Combining (20), (21), (23) and (24), we have

- . 5 + 2-4)’a} T} o}
MG, 2) = \NG, ¥ zx_a:_a:—a:_a:_a:+(xt5 -t —
( ) ( ) t—4Tt—3T¢ t—5Lt—2T¢ 4)\(E(t—3)(t—2)7x) )\(E(t—B)(t—4)7x)
_ 20} o} (Te—s + x1-a)?a7 r}_ot}
ME(—5)(t-1),T)  4ANMEu—3)i-2),T)  ME(@—s5)(t—1),T)

>0

since A(E—s)(t—1), T) > ME(¢—3)(t—2), T) in view of (25). Hence A(G') > A(G',2) > NG, %) =
AG).

Next, we consider the case when a < 6. Clearly the lemma holds if a = 3, 4 and 5 in view of
Theorem 1.10. So the only remaining case is that @ = 6. In view of Figure 1, we have F(G) =
E = [t]®N\{(t=2)(t—1)t, (t=3)(t—1)t, (t—4)(t—1)t, (t—3)(t—2)t, (t—4)(t—2)t, (t—4)(t—3)t}.
In this case, E(C3,m) = E" = [t]®)\ {(t — 2)(t — 1)t (t — 3)(t — )¢, (t —4)(t — V)t (t — 5)(t —
Dt, (t—6)(t — 1)t,(t —7)(t — 1)t}. By Remark 2.2 (b), we have

Ty =Tpg = =Ty5 =0 Ly 4=Tp 3==Tp 2==o4 1 =00 Tp="7;
and
. . ME—s)\(t—4), T) 2%t + T3t + Te—_alt
o — =245 — Ti_4 = - = r
M E(t—5)(t—1), T) M E(t—5)(t—4), T)
38y

== <7
ME—5)(t—4),T)
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Then

96%~° 96%+*
MCsm, T) — MG, T) =36%y — 3afBy = — — = — =
(Ca.m, 2) (@) 7 7 ME(—5)(t—4),T) ME¢—6)(t—1), T)
987y

ME¢—7y(t—1), T) (@7)

Let @ = (u1,uz,- -, u) given by u; = a; for j #t -7,
j#Ft—4and w7 =w4-7— 0, Up—gq = x4—4+d. Then

MCs,m, @) = MCs,m, @) =0[NE;_4, @) = ME{_7,7)] = S ME(_7)(1—4), )

U

=0(zt-7 = T )N B _7)(1—2), T) = P NE( 1)1y, D)-

Let § = H-T=t=4 O‘T_ﬂ Clearly, @ = (u1,us,--,u) is also a legal weighting, )\(Ez’t_7)(t_4),

f) = )\(E(t—7)(t—4)7x) and

Il

MNCs.m, ) = M(Cs . T) Z% NElr08)
987+ ; .
- A
ANE(t—7)(t—1), T)]? (Ei—7)(t—1)> )
932~2

_ . 28
ANE—7y(t—a),T) (28)

o—

Similarly, let v = (v, va,...,v¢) given by v; = u; for j #t—6,j #t—3 and v;_¢ = us—6 — “5-,
Vi3 = Us_3 + O‘—;ﬁ Then

9&2,)/2
)\Cm,ﬁ—)\c,m7ﬁ: prenlt 29
( 3, ) (Cs ) 4)\(E(t,7)(t74)7x) )
Lot 1if — (wl,IUQ,""wt) given by w; = vy fOI'j 7é t— 57 ] 7é t—2 and Wi—5 = Vt—5 — O‘_;ﬁ,
Wi—2 = Vg—2 + oz_;ﬁ' Then
9 2.2
ACs,m, @) = MC3.m, ¥) = 4 - o

ME(—7)(t—1), L)

Let ﬁ = (p17p27"'7pt) given by pj = wj fOI‘j 7& t— 17 ] 7& t and Pt—1 = Wt—1 — =5
Py = wy + 62;7 Then

964)‘(EE:&71)1&’
ANE—1y, D)2

—»
T

)‘(CS,m>ﬁ> - /\(CB,mv w) = (31)

Frankl and Fiiredi’s conjecture holds for ¢ < 8 by [3], so we assume ¢ > 9 next. By Remark 2.2

(b), 35 »
g i _ Y
o b ME(—5)(t-4),T) (t—6)a+38+7 =

3p

so a < %6. Also,
AME—1)\¢, T) 332

N =y 4 — Ty = = . 33
B—v=z4-1— x4 )\(E(t—l)mf) (t—5)a ( )
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Hence .
Yo, _38 ~ 0
ﬁ_l (t—5)a§t—5' (34)
So
)‘(Eégfl)tv'f))‘(E(t75)(t74)7f)
ME(t-1)1, T)]?
_(t=8aft—6)a+38+9] _ (t—8)(t—4)o® (t—8)(t—4)
- (t — 5)2a2 = (t-522  (t—5)2
(t—1)?* _
> 5 > — (35)
Combining (27)-(31) and (35), we have
9 4)\ E//
ACom )~ NGy = 0 M) 957 (36)

ANE 16 D)]? AME—s)(t-1),T)

Hence A(Cs,m) > AN(Cs,m,P) > MG, &) = A(G). This completes the proof of Lemma 3.3. ad
Using Lemma 3.3, we prove the next four lemmas which cover the cases when the 3-graph
G does not contain a clique of order ¢t — 1.

Lemma 3.4. Let G = ([t], E) and G' = ([t], E') be left-compressed 3-graphs with m = (}) —a
edges, where 5 < a <t — 2, satisfying |[EAE(Cs )| = |E'AE(Cs,m)| = 4 and the triples with
the minimum colex ordering in G¢ and G'® are (t—3)(t—2)(t—1) and (t—4)(t—2)t respectively.
Then A\(G) < MG') < A(Cs.m).

Proof. By Lemma 3.3, A\(G') < A(C3,,). So it is sufficient to show A(G) < A(G’). Let
Z = (w1, 9, -+, ;) be an optimal weighting for G satisfying 7 > z9 > --- > 2 > 0. By
Remark 2.2 (b), 4—2 = x;—3 and z;_1 = x;. Hence

)\(G/,{f) - )\(G7 f) = ("Et,g, - xt,4)xt,2xt,1. (37)

Consider a new weighting ¢ = (y1,y2,--,y:) given by y; = x; for j #t —4, j #t—3 and
Yt—a = Ty—4 — 0, Y4—3 = 24—3 + 6. Then

MG, §) = NG, 8) =0[NE]_3, &) = ME;_y, B)] = S MNE(;_ay(1—3), §)
=0(x1—a = Te—3)NE{ sy -3y, T) = O ME(_ay4—3): ©)- (38)

Let § = =223 Clearly, ¥ = (y1,¥2,---,y:) is also a legal weighting. Also note that
)‘(Egtle)(tf?;)"f) = )\(E(t_4)(t_3),f). Hence

. . Ti_g — Ty_3)> . Ti_g — Ty_3)> .
NG, §) = NG, %) = %/\(Eét,@(t,g),x) = %/\(E(pzt)(tf:z)ﬂﬁ)- (39)

Let 2= (21,22, -+,2t) begiven by z; =y; fori £t —1, i Ztand z¢—1 =y—1+1, 2t =Yt — 1.
Then

)‘(le Z) - )‘(le 37) :77[)\(E2—17 37) - )‘(Ezv 37)] - 772)‘(E2t—1)t7 37)
=0(ye—3Yt—2 + Ye—ayi—2) — A E{_1y, §)
=n(T¢—_3Ti—2 + Ty_aTi_2) — 772)\(E(t71)t7 ) (40)
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in view of y—4 + -3 = Te—s + T1-3, Y2 = T2 and M(E[,_,y,,¥) = AME-1), 7). Let
n= w“;ié;iﬁ;g‘*z. By the condition of |[EAE(C3,,)| = 4 we have {1,2} C E;_1), s0

Tt—2

<
=73

Applying Remark 2.2 (b), we have
)‘(E(t72)\t7f)

M Eg—2yt, )
(Te—a + -+ x3)T1-1

Ty =Tt +

<z +
-z -2 1 -2 20— 143
Sﬂft +xiq1 = 2.13t. (41)
. Recall that n < w‘ 2. Therefore, n < x¢. Hence, Z = (21,22, -, 2¢) is also a legal

welghtmg, and
(w14 + 2e-3)%2f_,

MG, 2) = NG, 7) = — 42
(G",2) = MG, 7)) By, D) (42)
By Remark 2.2 (b), we have
274 214
Ty = Bp_g + 22T 43
A AME(t—1)(t—3), T) (43)
In addition,
AME(—y(t-3),T) = AM(E(—1)¢, T)
>(1—wp—g —x4—3) — (L —2p—a — Tp—3 — Tp—2 — T4—1 — x¢) > 0. (44)
Combing (37), (39), (42), (43) and (44), we have
(21—4 — 23’ ME(—ay(t—3), &)  (T4—a + 2-3)%27 ,
MG, Z) = MG, 7) = .
(@2 = XG0 1 DY
_ 22f_ya}
ME¢—1)(t—3), T)
_ a}_yu} (Te—a +a3)%27 5 B 207y}
AME(t—a)(t—3), T) ANE—1yt, T) M E(t—1)(t—3), T)
>0. (45)
Hence A\(G) = MG, %) < MG, 2) < XNG). a

Lemma 3.5. Let G = ([t], E) be the left-compressed 3-graphs with m = (5) — 4 edges (where
t>5)and G¢ = {(t—2)(t—1)t,(t —3)(t — )¢, (¢ — 3)(t — 2)t,(t — 3)(t — 2)(¢t — 1)}. Then
)‘(G) S /\(CB,m)

Proof. The lemma holds if ¢ = 5 from the result of [4], so we can assume ¢ > 6. Let & =
(z1,22,...,2¢) be an optimal weighting for G satisfying x; > x2 > ... > z; > 0. By Remark
2.2 (b), we have

TI =Ty =" =Ty_5 =Tp_4 =0, T4_3=7=T4_2==Tp_1 =Tt =3,

and

E 7 2
ME—a)\(-3),T) 33 <5

a— =44 —T4_3= — = — <
A s ME(t—ayt-3), %)  ME—ayt-3),T)
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Therefore,
a < 24. (46)

Note that E(Cs,,) = E' = [t]®\{(t — 2)(t — 1)t, (t — 3)(t — 1)t, (t — 4)(t — V)t, (t — 5)(t — 1)t},

MC3,m, B) = NG, T) = (T4—3T1—2%1—1 +Tp—3T1—2%) — (Tp—aTy— 174 + Tp—57—124) = 2(8— ) B2

Let ¥ = (y1,y2, -+, yt) be given by y; = x; for i #t—3, i #t and yt,3=xt73+aT_ﬂ = _a—05257

Yt = xTp — % = 467—&. Clearly, ¥ = (y1,¥2,---,yt) is a legal weighting, and

L, o_a—p S o a— B2 -
NGy §) = M(Com &) =" NEL_, 8) = ME[ 2)] = (F55 ) AE{ . D)
a— o — B2 .
=—3 ﬂ(xt72xt71 + a1 + Te-5T-1) — ( 3 ﬁ) AME{;_3), T)
a—p (a—B)* q
=— (82 + 2ap) — T)\(Egt_g)t,ac).
Let 2= (21,22,...,2t) begiven by z; = y; fori #t—2,i £ t—1and 2;_9 = yt,g—l—aT_ﬂ = &325,
241 = Y1 — O‘T_ﬂ = MT_Q. Clearly z' = (21, 22,..., 2t) is also a legal weighting, and
= L a—p . . a—3\2 .
MCs,m; 2) = AM(Cs.m, 9) :T[)‘(Eé—zay) ~ME{_1,9)] - (T) A Et—2)(t—1)7y)
a—0 a—pf _
=3 (Yt—3Yt + Yt—ayt + Yr—5Yt) — (T)2)‘(Eét—2)(t—l)7 y)
a—Bra+28 AP-—a (a=p>* ., q
3 ( 5 20‘) 5~ 9 e
Let @ = (w1, wa,---,w;) be given by w; = z; fori #t—4, i #¢t—3 and wy_4 :zt,4—°‘T_ﬂ =
20‘;6, Wy 3 = 2p_3+ "‘—gﬁ = @ Clearly, W = (w1, ws, -+, w;) is also a legal weighting, and
~ L a—p . . a— ()2 .
NCms @) = A(Coms 2) === 5 2) = A(EL 4 2)] = (555) MElpiye—y )
a—pf . a— [B\2 ,
=5 (24— 2-3)ME (1) (1—3) 2) — (T) AE{y—1)(1-3)+ %)
a—p a+ 206 o — 3\2 ’ >
:[ 3 (O‘ T3 ) - ( 3 ) })‘(E“—‘l)(t—?’)’z)
(a = B)? -
ZTA(E@—@@—:;) , Z). (50)
Let @ = (u1,ug, -, u) be given by u; = w; for i £t —5, i At — 2 and up—5 = we_5 — "‘gﬁ =
%, Up_o = Wy_o + "‘Tfﬁ = % Clearly, @ = (u1,us,- -+, ut) is also a legal weighting, and
, . a—p . . a—3\2 .
MC3,m, @) — M(C3,m, W) = 3 NEi_y, @) = N(Ey_5,W)] — ( 3 ) ANE(i_5)(t—2), W)
a—pf . a— [3\2 .
=—3 (We—s5 = we—2)ME{;_5) (-2, ¥) — (T) ANE(—35)(t—2), W)
a—f a+20 o — [\?2 / -
|50 557) - (557) PEeaea )
(a —B)?

:T)‘(Eét—5)(t—2)>w)~ (51)



On Frankl and Firedi’s Conjecture for 3-uniform Hypergraphs 109

Adding (47)-(51), we have

AMCs3 m, @) — MG, T)

_(a—p)’ INE! 2) + A(E! ) — NE, ., %) — ME! T
=79 (t—)(t—3)> Z) + ME(1—5)(1—2)» ) = ME(1_3)1: T) — ME{(1—2)(1-1) )]
a—0, 5 a—p0Fra+206 40 — « 9
+ T(ﬁ +2af) + 3 ( 3 +2a) 3 +2(8—a)B
_ (a - ﬂ)z ( _ _ _ _
=g W2ty F Yt s b T W — Wi — 2z Zi—4)
+ %(375 7a)
_(a=p)? 4B — a+2ﬁ a+203 (a—p)?
_T(2g+ 136 —a- —a) + (378~ Ta)
_(a=p)?
>0 (52)
since a < 26. Hence AN(C.m) > A(Cs.m, %) > MG, Z) = MG). a

Lemma 3.6. Let G = ([t], E) and G' = ([t], E') be left-compressed 3-graphs with m = (}) —a
edges (where 7 < a < t — 2) satisfying |EAE(Cs.m)| = |[E'AE(Cs )| = 6 and the triples with
the minimum colex ordering in G¢ and G’ are (t—3)(t—2)(t—1) and (t—5)(t —2)t respectively.
Then N(G) < XG') < X (C3.m).

Proof. By Lemma 3.3, \(G') < A(C3,,). So it is sufficient to show )\( ) < MG'). Let
Z = (z1,22,...,2¢) be an optimal weighting for G satisfying 1 > 2o > ... > z; > 0. We have
MG, %) — MG, T) = 24_3T4_2T4_1 — Ty_5T—_2T4. (53)

Consider a new weighting ¥ = (y1,y2,...,¥:) given by y; = x; for i # ¢t —5, i #t— 3 and
Y5 = T4—5 — 0, Ys—3 = 243 + 6. Then
)\(le?j) _/\(Glaf) :5[)\(E£—3,f) _)‘(Et 5, 2)] — 52 /\(E(t 5)(t—3)> )
=0(x1-5 — Te-3)AE{;_g5)(1—3), T) — O ME{s_5)(1—3)s ©)- (54)

Let § = #=252=3 Clearly, § = (y1, 2, -, ¥¢) is also a legal weighting. Also

AE ) - M@ @) = Ees Ty 7 55
Y @) = 4 ( (t75)(t73)7ﬂ3>- (55)

Let 2= (21,22,...,2t) be given by z; =y, fori #t—1, i #tand z,—1 =yi—1+n, 2t =y — 1.
Then

NG9 - NE )

NAE{ 1, ¥) — MEL §)] — 772)‘(Eét—1)t»g)

NYs—3Ye—2 + Ye-ayi—2 + Yr—5Yi-2 — Ye-1 = Y)AE{ 1y D)) — 1PAE( 131, F)
=n[T1_3T4—2 + Te_aTy—2 + Ty—5T1—2 — (11 — T)NEG—1)0, T)] — P°ANE(—1), T)

ME(t—1)\t, T) 2
— 2 \(E , —n*MEq—1¢, T
)\(E(t 0o T ) ( (t—1)t> T )] n ( (t—1)t )

=n[Ti—3Tt—2 + Ti_aTi_2 + Tt_5T4_2 —

=n(T4—3Ti—2 + Ty_5T_2) — 772/\(E(t71)t, r). (56)
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Let n = &t=g5t-2te=sio2 By the condition of [EAE(Cs )| = 6 we have {1,2,3} C Ey_1y,

2M(E(t—1)t,7)
S0 -
< —=.
=73
Applying Remark 2.2 (b), we have
AE(_oni, 7 I B
vr gy MEe200E) L (@t a)nn
ME(4—2)t, T) -2y —®1 — X2 — T4—3 — Ty—a

AMEq—1\¢, T)

< _ =
ST T nemE )‘(E(tfl)tv f)

Tt—4Tt—2

<2z + —————=— <2z (57)
xr1 4+ 29 + 23
So Ttg‘g . Recall that n < z’TJ Therefore, n < x;. Hence 2= (21, 22, -+, 2¢) is also a legal
weighting, and
- _, L5+ 24-3)°T7 o
MG, 2) = MG, g z( — 58
(G, 2) = MG, 7)) DB, D) (58)
By Remark 2.2 (b), we have
(xp—1 + 2¢)x1—2
Ty = qyg + L T T2 59
T T N EB—sy(i-3), ©) (59)
Note that
ME(t-5)(t-3), ) — A E(t-1)1, T)
>(1—w4—5 —w—-3) — (1 — @45 — Tp—a — Ty—3 — Ty — T4—1 — T4) > 0. (60)
Combing (53), (55), (58), (59) and (60), we have
2 / =
Ti—s — Ti—3)° N B!, o\ o, T _ _2)222
NE2) - A7) » Dt B A B s D) | (s +aa)at
4 4A(E(t71)t7 I)
_ 33752,2(3%—1 + zy)
AME(1—5)(t—3): T)
oz z(xt 1+ a)? | (wes taes)’af g afg(we ad)n
4)\( 5)(t—3), L) ANE(4-1)t,T) ME(4—5)(t—3),T)
>0. (61)

Hence M(G) = MG, @) < MG, 7) = \N(G). O
[

Lemma 3.7. Let G = ([t], F) the left-compressed 3-graphs with m = (é) — 6 edges and

be
Ge = {(t—2)(t—1)t, (t=3)(t— L)t, (t—4)(t—D)t, (t—3)(t—2)t, (t—4)(t—2)t, (¢~ 3) (1~ 2)(t—1)}.
Let G = (1], B'), B' = BU{(t—4)(t - tP\{(t = 5)(t — 1)t}. Then A(G) < A(G') < A(Ci,m)-

Proof. By Lemma 3.4, \(G') < A(Cs,,). So it is sufficient to show that A(G) < A(G’). Let
Z = (z1,22,...,2¢) be an optimal weighting for G satisfying 1 > 29 > ... > z; > 0. Then

)\(Gl, .f) - /\(G, f) = Lt—4T1—2Xt — Lt_5L¢t—1T¢. (62)

By Remark 2.2 (b), 4—2 = x;_1. Consider a new weighting ¥ = (y1,y2, -, y:) given by y; = x;
fori#t—5, i#t—4and ys_5 =x4-5 — 0, Yt—4 = Tt_4+ 9. Then

)\(G’Jj)_/\(G’,f) :5[)‘(E£—47f)_)‘(Et 5, % )] 52 /\(E(t 5)(t—4)1 )
25($t—5—33t—4))\(E(t 5)(t—4)> L T) — 52 )‘(E(t 5)(t—4)s L ).
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Let § = =224 Clearly, i = (y1,¥2, - - -, ¥:) is also a legal weighting, and

(It—5 - JSt—4)2

2
. o (mes — e .
NG5 - M@ 7) = T I g = e

1 NE(—5) (-1, T)- (63)

Let 27 = (21,29, -+,2) given by 2z, = ym form £t —2, m £t —1and 2,2 = 12 + 1,
zt—1 =1Y—1 —n. Then

)‘(le 2) - )‘(le 27) :ﬂ[)\(ELz» 27) - )‘(Eéflv 37)] - 772)‘(E2t—2)(t—1)727)
=n(Yt—ayt + Yt—5yt) — nQA(EEt—Q)(t—l) , 9)- (64)

Let n = sLs¥teae_ Clearly, < y,. Hence, Z = (21,20,---,2) is also a legal weighting,
2M(E(,_ay(4-1)F)

and 2,2 2.2
(Ye—s5 +ye—a)y; (5 +x4-4)"T]

)\(GIWZ) - )\(Gl7g) = =\ =\ (65)
4/\(Eét_2)(t_1)vy) 4)‘(E(t72)(t71)71‘)
By Remark 2.2 (b), we have
t—5 = Tt—4 N B @) t—a T Tt,
ANE (a1, & _ aTy
s — o+ (E(t—a\(t—1) ic) 4 3Tt + Ty_3Te—2 7 (67)
AME(t—1y(t-1), T) l—mp g — a1 — 14
ME—s)\(@¢-1): T 4t Ty + Ty_2) Ty + Ty_3T4—
Tis = Tp1 + )\( (E=5)\(t-1) H) — 2+ (Tt—a + X453 + T42)T¢ + T4—374 2
(E(t—5)(t-1)>T) l—m 5 — 241 (68)
Combing (66)—(68) we have
_ _ _ _ 204_3T4_
T (Tt—a4 + T4—3 + Tp—2 + Ty—3)T¢ + 204342
l—zpg — 241 — 24
<241 + @ + T3
Hence,
AE(—s5)(t-1); ) = ME@—2)(t-1), F) = Tt—3 + 2041 + Tt — T—g — 45 > 0. (69)
Combing (62), (63), (65), (66) and (69), we have
2 x? (5 + 24_4)%07 2z 2
)\G/,g_)\G,f: t—1%t H_’_ t—>5 t j_ t—1"t ‘,ZO
(@.5)-AG9) ME(—5)(t-1),T)  4ANMEu—2)t-1),T)  ME@—5)(t—1),T)
Hence A\(G') > MG, 2) > MG, T) = \G). O

Now we are ready to show Theorem 12.

Proof of Theorem 1.12. Let G be a left-compressed extremal 3-graph with m edges satisfying
|E(G)AE(C3,m)| < 6. Let t be a positive integer such that (*;') <m < (%). By Remark 1.9,
we can assume that G = ([t], E). If m < (*3") + (*3?), let G’ be obtained by adding the first

(tgl) + (t;2) — m triples in colex ordering in F(G¢) to E(G), then A\(E(G")) > MF(G)) and

|[E(G"AE(Cs,m)| < 6 for m' = (tgl) + (t;2). In view of Lemma 2.3, we may assume that

m > (tgl) +(*37). Then Cs,,, 2 [t—1]PU{1,2,---,¢t—2,t}®). Since |[EAE(Cs,,)| < 6, there
are at most 3 triples in {1,2,---,t—2,t}® U [t — 1]®® — E. Since G is left-compressed, in view

of Figure 1, there are only the following possible cases for {1,2,---,t —2,t}® Ut — 1] - E:
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Case 1. {1,2,---,t =2t} Ut —1]®) — B = {(t - 3)(t — 2)t};

Case 2. {1,2,---,t =2t} Ut —1]®) — E={(t —3)(t — 2)t, (t — 4)(t — 2)t};

Case 3. {1,2,---,t =2t} Ut —1]®) — B = {(t —3)(t — 2)t, (t — 3)(t — 2)(t — 1)};

Case 4. {1,2,---,t—=2,t}OU[t—1]® — B = {(t—3)(t —2)t, (t —4)(t — 2)t, (t = 5)(t — 2)t};
Case 5. {1,2,---,t—=2t}OU[t—1]® — B = {(t—3)(t —2)t, (t —4)(t — 2)t, (t — 4)(t — 3)t};

Case 6. {1,2,---,t—2,t}®Ut—1]®) —FE = {(t=3)(t—2)t, (t—4)(t—=2)t, (t—3)(t—2)(t—1)}.

If Cases 1, 2, 4, 5 happen, then by Lemma 3.3, A(G) < A(Cs ). If Case 3 and a > 5 happen,
then by Lemma 3.4, A\(G) < A(Cs.,,,). If Case 3 and a < 5 happen, then ¢ = 4. By Lemma 3.5,
MG) < A(Cs,m,). If Case 6 and a > 7 happen, then by Lemma 3.6, A(G) < A(Cs ). If Case 6
and a < 7 happen, then a = 6. By Lemma 3.7, A(G) < A(Cs,,). The proof of Theorem 1.12 is
completed. O

Proof of Corollary 1.13. We can assume G is a left-compressed 3-graph on [¢t] by Remark 1.9.

The range of m gurantees that |E(G)AE(C3 )| < 6. Therefore A(G) < A(C3,,,) by Theorem

1.12. a
The following result is also implied by Theorem 1.12.

Corollary 3.8. Let m, t and b be positive integers satisfying

e I ) I
3 2 —\3)
Let G = (V,E) be a left-compressed 3-graph on the vertex set [t] with m edges satisfying
|Et—1)e] <b+3. Then \(G) < A(C3,m).

Proof.  Since |E;_1)y| < b+ 3, we have |[EAE(Cs,,,)| < 6. So AM(G) < A(C3,,,,) by Theorem
1.12. O
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