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Abstract In this paper, we consider the empirical likelihood-based inferences for varying coefficient models
Y = X7a(U) + € when X are subject to missing at random. Based on the inverse probability-weighted idea, a
class of empirical log-likelihood ratios, as well as two maximum empirical likelihood estimators, are developed
for a(u). The resulting statistics are shown to have standard chi-squared or normal distributions asymptotically.

Simulation studies are also constructed to illustrate the finite sample properties of the proposed statistics.
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1 Introduction

Missing data are frequently encountered in many statistical applications due to various reasons!*2.
To handle the missing data, the current practice is only using the complete subjects and ig-
noring those with missing values, known as complete case analysis (CCA). However, it is well
known that, in the presence of missing data, CCA can not only lose efficiency, but also generate
considerable bias, especially when the missing mechanism depends on the outcome variables;
see [11,19] for more details. Therefore, it is important to develop some new methods which can
take the partially incomplete data into account.
In this paper, we are interested in the following varying-coefficient model

Y =X a(U) +e. (1)

where Y is a response variable, X a p-variate random covariate vector, U a scalar covariate,
and a(-) = (a1(+), az(-), -+, ap(-))” an unknown vector of some smooth functions. The model
error ¢ satisfies F(¢|X, U) = 0 and E(2|X, U) < co. A™ denotes the transposition of a matrix
A. We focus mainly on the case that the covariates X may be missing at random (MAR). That
is, the available incomplete data are

(6i7 Xi7}/:£7 U1)7 7;:1727...’/'17

where ¢; = 0 if the X; is missing, otherwise §; = 1. 0; satisfies that P(5; = 1|X;, Vi, U;) =
P(6; =11Y;, U;) = w(Z;) = m; with Z; = (Yi, U;). MAR is commonly assumed in the literature;
see for example [9,11,12,18,22,26].
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As introduced in [7], Model (1) provides a natural and useful extension of the classical linear
regression model by allowing the regression coefficients to depend on certain covariates. Due
to the flexibility, this model has been intensively studied by many authors in the past decades.
For example, [4] considered a two-step estimating procedure for Model (1) when the coefficient
functions have possibly different degrees of smoothness. [1] developed an efficient estimating
procedure for this model in the framework of generalized linear models. When X may be
missing at random, [26] proposed a locally weighted estimator for this model based on the
inverse probability-weighted ideal®l. For more details, we refer the readers to [5]. Nevertheless,
to our best knowledge, there is few research in the literature concerning the empirical likelihood-
based inferences in Model (1). What we know is the work by [28]. However, their method is
not directly applicable in the setting of missing data.

In this paper, we propose three locally weighted empirical log-likelihood ratio (ELR) statis-
tics relying on the inverse probability-weighted idea. The first statistic uses an auxiliary random
vector similar to [26]. For this naive statistic, it is shown that the Wilks’ theorem for ELR is no

no .«
longer available due to the mismatch between the variance of the quantity \/1" > H; and the
i=1

probability limit of ! HHT (see Section 2). A similar phenomenon has also been found by
i=1

[20] in a more general sense. To resolve this problem, we define an another new ELR which has
a standard y2-distribution asymptotically, inspired by [10] and [18]. However, since the range of
the corresponding bandwidth h does not contain the optimal bandwidth, undersmoothing be-
comes necessary. Aim at avoiding the undersmoothing, we also propose a residual-adjusted ELR
motivated by [28]. Furthermore, from the first two ELR’s, two maximum empirical likelihood
estimators are developed and shown to be asymptotically equivalent to those of [26].
Empirical likelihood is first introduced by [14,15]. Our motivation of using EL is that,
although EL is computer-intensive, it is a powerful tool for statistical inferences due to it
involves no explicit variance estimation, which is difficult especially when missing data are
present26! and it produces confidence regions with natural shape and orientation. There are
many literature concerning the EL method. See, for example, [15,17,20,24,28] among others.
Many of the early results are summarized in [16], and the updated results can be found in [2].
The rest of this paper is organized as follows. In Section 2, we present three empirical-
likelihood-based statistics for Model (1) with missing at random covariates X, and derive their
asymptotic distributions. Two maximum empirical likelihood estimators (MELE) are also de-
veloped. In Section 3, we construct some simulation studies to illustrate the finite sample
properties of the proposed statistics. In Section 4, we conclude this paper with a brief discus-
sion. The technical details of the proofs of the main results are provided in the Appendix.

2 Methodology and Main Results

In this section, three locally weighted empirical log-likelihood ratio statistics are suggested
relying on the inverse probability-weighted idea. Two maximum empirical likelihood estimators
are also defined as by-products.

2.1 A Naive Locally Weighted Empirical Log-likelihood Ratio

Motivated by [26] and [28], we have the following observation:

E{ w(%) (Y; — XTa(U:)X;

under the assumption of MAR, where v(u) denotes the density function of U;. Using this, an

Ulzu}’Y(u)ZO, 12152777’% (2)
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auxiliary random vector can be defined as follows:

0
(Z:)

i=1,2,---, n, where Kj(-) = K(-/h) and h is the bandwidth. For the sake of convenience, in
the sequel we drop the arguments a(u) and Z; from H;(a(u)) and m(Z;), respectively.

Note that {H;}?_; are independent and satisfy EH; = 0 if and only if «(u) is the true
parameter. By Owen (1991)777, a naive locally weighted ELR for a(u) can be defined as

pi > 0, Xn:pi =1, zn:piHi = O}.
=1 =1

Since L, (a(u)) contains an unknown function 7(-), it can not be utilized directly in the sta-
tistical inferences for a(u). A natural idea to solve this problem is to replace w(-) with its
estimator, namely[22],

Hila(w) = { 7 (Vi = X]a(u) X } Kn(U; - u),

Ly(a(u)) = —2max { Z log(np;)

zwz Z)/zwz ).

The corresponding estimated ELR is then as follows:

Lu(a(u) = —2max{ Y log(np) | pi 2 0, > pi =1, Y piHs = 0}.
i=1 i=1 i=1
Assume that 0 lies inside in the convex hull of 7—71, e H. By the Lagrange multiplier
method, £, (a(u)) can be represented as
Lo(a(u) =23 log(1+ \"H;), (3)
i=1

where X is a p X 1 vector given as the solution to

1}: - (4)
n< 14 ATH,

The following theorem gives the asymptotic distribution of Ly, (a(u)).

Theorem 2.1. Suppose that Assumptions A2-A6 hold (see the Appendiz), and that nh — oo
and nh® — 0 as n — oo. If a(u) is the true parameter, then we have

~

Lo(o(u)) =" wixiy +waxTo+ -+ wpxi,,

where —L denotes the convergence in distribution, {x3:, 1 <i < p} are the independent X3
variables, and w;’s are the eigenvalues of ¥ (u) = Qa(u) ™1 (u), which will be specified in the
Appendiz.
In order to utilize Theorem 2.1 in practice, one needs to estimate the unknown weights w;’s

consistently. Denote

5 d; . i — 0~ N

Ri@w) = {2 (v = x7a() X+ " "8 (20 &) | Kn(Us — ),
K2

TG
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where a(u) denotes a consistent estimator of a(u) such as the locally weighted estimator pro-
posed by [26], ®,,(z, a(u)) = Y1 (2) — Ga(2)a(u), §1(z) and §a(z) denote the Horvitz-Thompson
(HT) bivariate local linear estimators of ¢g1(z) = E(X|Z = z) and g2(2) = E(XX"|Z = 2),
respectively. By adopting [11], g;(-) (¢ = 1, 2) converge to g;(-) at order nt uniformly. Then it
is easy to show that fl(u) =, (u)*lﬁl(u) is a consistent estimator of ¥ (u) (see Lemma A.3),
where

Therefore, one can take the eigenvalues of fl(u) to be the consistent estimators of w;’s.
However, the accuracy of this procedure depends on the values of w;’s. Along the line of [23],
we will give an adjusted ELR, which is exactly standard chi-squared distributed asymptotically.
Denote . N ~ ~
r(a(u)) = tr{Qfl(u)V(u)}/tr{Qz_l(u)V(u)},
where

Vi) = (S Ai@w)) (3 Hi@w))
i=1 i=1
Then an adjusted ELR can be defined as follows
Laa(a(w)) = Fla(w)) x Lu(a(w)),
where 7(a(u)) is obtained from 7(a(u)) by replacing a(u) with a(u). Similar to the proof of
Theorem 2 in [23], we can show that

Theorem 2.2. If a(u) is the true parameter, then under the same assumptions of Theorem
2.1, we have R
Laa(a(u)) —* x;.

where Xf, is a chi-squared variable with p degrees of freedom.
Furthermore, from Theorem 2.1, a MELE of «(u), say @, (u), can be defined by minimizing

L (o(w)). Write

n

~ 1 0; -
i=1""

N 1 - §;
Bin(u) = nh Z %4XiYéKh(Ui —u).
i=1 "

Assume that the matrix .,Zl\ln(u) is invertible, then it is easy to show that
G () = A7) () Bin(u) + 0p((nh) ~2).

This further implies that the following theorem.
Theorem 2.3. Under the Assumptions of A1-A6, we have

Vo

Vh{G (1) — (1) — by (u)} —" N(o, ()

() () () ),
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where
1
vg = /Kz(t)dt, U(u) = EXX"|U =), b1(u) = 2h2,ugo//(u) + 0, (h?)
with po = [t K (t)dt.

This theorem can be shown similarly as that of Theorem 3 in [26]. In other words, this
ELME is asymptotically equivalent to the locally weighted estimator proposed by [26].

2.2 A R-type Locally Weighted Empirical Log-likelihood Ratio

To overcome the mismatch problem of the first ELR, inspired by [10] and [18], we suggest an
another new ELR, named R-type locally weighted ELR, by employing the following constrain

E{ Oy, - XTa(U)Xi + (1 - if)(bu(Zi)

T

Ulzu}’)/(u):o, 7,:1,27,71/, (5)

and auxiliary random vector
di

Rila(w) = { 0= Xa@) X+ (1= 2 )@u(2) } (U — ),

i=1,2,---, n, where
®,(Z;) = E((Y: — X[ a(u)Xi| Zi = 2) = Yig1(Z:i) — 92(Zi)a(u).

Similar to Section 2.1, by replacing the unknown functions, i.e. 7(:), ¢1(-) and ga(-), with
their estimators, i.e. 7(:), g1(-), and ga(-), respectively, we obtain the following estimated
empirical log-likelihood ratio

-~

ra(u) =-2 max{ Zlog(npi)
i=1

Y

i=1 i=1

Here R; = ﬁl(a(u)) The following theorem states the asymptotic distribution of Er(a(u)).
Theorem 2.4. If a(u) is the true parameter, then under the same assumptions of Theorem
2.1, we have L, (c(u)) —* x2.

As a byproduct, an another MELE of a(u), write @,(u), can be defined by minimizing
L (a(u)). Denote

-~ 1 & 0; - T — 0 -
Agp (u) = nh > {aXiXi + o4 QQ(Zi)}Kh(Ui —u),
i=1 "

i

N 1 -6 T — 0i .
Banlw) = > {2 XY+ T G20V [ Ka (U — ).
i=1 '

Assume that .%Algn(u) is invertible. Similar to Section 2.1, we have
& (u) = Agpt () Bon (u) + 0p((nh) ~1/?),

The following theorem of @, (u) can be shown similarly as Theorem 4 of [26].

Theorem 2.5. Under the same assumptions of Theorem 2.3, we have

Vo

Vah{@,(u) — a(u) — by (u)} —F N(o, )

qf(u)*lszl(u)qz(u)fl).
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Remark 2.1. The results above show that, although constrain (2) has an advantage over
(5) in terms of establishing estimators (see also Remark 1 of [26]), (5) is more suitable for
constructing empirical likelihood based regions.

2.3 A Residual-adjusted Locally Weighted Empirical Log-likelihood Ratio

Although Theorem 2.4 has removed the mismatch problem, the range of h is within the interval
(cln’1/2,02n*1/5) for some positive constants ¢; and co, which does not contain the optimal
bandwidth hg = n~/5. Similar to [28], we propose a residual-adjusted locally weighted ELR
relying on Section 2.2.

Let & = &i(a(u)) = Ri(a(u)) — ¢i(uw) (i=1,2,---,n), where

(57; T (571 ~ ~ -~
$i(u) = {%i XX+ (1- %i) G2(Z0) } @ (U3) = @ () Kn(U = ).
with @,(u) being the MELE given in Section 2.2. Clearly, &;(a(u))’s are adjustments of

Ri(a(u))’s. Similarly, by substituting the unknowns, we obtain the following estimated residual-
adjusted locally weighted ELR

-~

Le(a(u)) = —2max { Z log(np;)
i=1

p; >0, En:]?i =1, En:]?igi = 0}.
=1 i1

The asymptotic result of Zg(a(u)) is provided as follows.

Theorem 2.6. Under the Assumptions of A1-A6, we have
Le(ofw) =" x;.

Let X?D(l —0) be the 1 — 0 quantile of X?D (0 < 0 < 1). Using the results of Theorems 2.2,
2.4 and 2.6, an approzimate 1 — 0 pointwise confidence region for a(u) can be given as

wola(u)) = {B € R |1(B) < x2(1-0)},

where 1 denotes Ead, ER or Eg, respectively.

2.4 Partial Profile Empirical Log-likelihood Ratio

In order to construct the pointwise confidence interval for a component, say ax(u), of a(u),
we utilize the partial profile empirical likelihood method, and define an estimated empirical
log-likelihood ratio as follows

Leplar(u) =2 log(1+ A& k(an(w)),
i=1
where 1 <k < p, & r(an(u) = e[ Ay} ()& (@L(u), -+, aF (), an(u), & (u), -, A8 (u)), ex
is a p-dimensional vector with k-th component 1, and &’ (u) = ejay(u) is the j-th component
of @, (u). Similar to [28], we have

Theorem 2.7. Under the same assumptions of Theorem 2.6, we have

L

ZS,k(ak(u)) — ;.
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This theorem implies that an approzimate 1 — 6 confidence interval of ay(u) can be defined
as follows:

vo.x(ar(u) = {8 € R Len(B) <X3(1—0)}.

3 Simulation Studies

To investigate the finite sample properties of the proposed methods, some simulation studies
are constructed in this section.
Suppose that
Y = OZ1(U)X1 + Of2(U)X2 + e,

where a1 (u) = sin(27u), az(u) = exp(—(3u — 1)?), X; and X5 are uniformly distributed over
[—1,1], U subjects to uniform distribution over [0, 1] and the model error €, independent of U
and X, follows the normal distribution N (0, 0.5%).

Three methods are compared: (a) CCA, (b) normal approximation (NA), see [26], and (c)
resident-adjusted locally weighted empirical log-likelihood ratio (RAELR). The average lengths
and coverage probabilities of the pointwise intervals, with a nominal level 1 — 6 = 95%, are
computed based on 1000 simulations. We choose the following two missing data mechanisms:

Case I. mi(y,t) =exp(l+0.15y +0.2t)/(1 + exp(1 + 0.15y + 0.2y)).

Case II. ma(y,t) =exp(0.5+0.15y + 0.2t)/(1 + exp(0.5 + 0.15y + 0.2¢)).
For each case, the sample size is n = 200. The kernel function K(-) is taken to be K(z) =
K1 (y)ng(u) with
KCi(t) = 15/16(1 — t*)2I(|t| < 1), i=1,2.

The bandwidth bcy is selected by minimizing

n

CVi(b) = rlL 2(51 —70(Zy)?,

i=1

where 7(=9)(2) is a “delete one out” version of 7(z). While the kernel function K (u) is taken
to be K(u) = 0.75(1 — u?)I(Ju| < 1) with hoy selected by minimizing

1 = 6 e
v = 1 3 - xpal

where a4 % (u, h) is a “delete one out” version of MELE @&y, (u). Furthermore, we choose n=e
as the bandwidth for estimating g1(-) and ga(-).

To construct a confidence region for a(u) by using the NA method, we first estimate the
asymptotic covariance matrix X (u) of the locally weighted estimator given in [26]. That is,

~

()~ () ¥ (),

Eﬂ)
=
|

)
<

where

~

5 1 R
Y(u) = n ZKhov (Ui —u), U(u) = n Z %Xle Kney (Ui — ).
i=1 i=1""

The bias term o’ (u) is estimated by using the method proposed in Remark 2 of [26]. For the
quasi-kernel function, we set vg = 5/7, pu2 =1/7.
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The average missing rates of these two cases are approximately 0.25 and 0.354, respectively.
Figure 1, corresponding to Case (I), reports the 95% pointwise average confidence intervals
over [0, 1], as well as the average lengths and coverage probabilities of these intervals, for a; (u)
and as(u). While Figure 2 reports analogous results corresponding to Case (II). The dashed,
dash-dotted and plus curve correspond to RAELR, CCA and NA, respectively.

From Figures 1 and 2, we can see that RAELR and CCA give much narrower confidence
pointwise intervals than NA, although NA can yield higher coverage probabilities. Compared
with RAELR, CCA performs poorly since its pointwise intervals may not cover the true curve
with a high probability, especially when the curvature is larger; see, for example, 2 (e) of Figure
2. Furthermore, as the missing rate increases, the lengths of the pointwise intervals increase
and the coverage probabilities decrease for both a4 (u) and as(u). This implies that the missing
rate also has an impact on the performance of the proposed methods.

a(u)
aful

Jesgth
Jesgth
e

- |
1

ruge prohability
ruge prohability

Figure 1. The 95% Pointwise Average Confidence Intervals, and the Corresponding Average Lengths
and Coverage Probabilities of a;(u) (i = 1,2) for Case (I). 1(a), 1(c), 1(e) Correspond to ai(u), the Others
Correspond to aa(u).

To provide more information on the comparison of these three methods, we also consider
the asymptotic confidence regions of (aq(u),as(u)). Here, we only consider the asymptotic
confidence regions at u = 0.2, because the other case with a different u can be investigated
similarly. The simulation results are reported in Figure 3, which shows that RAELR performs
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best among these three methods. Therefore, we recommend RAELR for constructing confidence

pointswise regions/intervals for Model (1.1) when there are missing covariates.
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of (a1 (u), a2(u)) with u = 0.2, where 3(a) and (3b)
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4 Concluding Discussions

In this paper, we applied the empirical likelihood method to the varying coefficient models
when the covariates X may be missing at random. A class of empirical log-likelihood ratios for
a(u) have been proposed relying on the locally weighted estimating equations and the nonpara-
metric version of the Wilks’ theorem has also been derived. So the confidence regions for the
nonparametric part a(u) with asymptotically correct coverage probabilities can be constructed.
In addition, we also obtained the asymptotic normality of the maximum empirical likelihood
estimators of a(u). Interesting works for further researches include applying the empirical like-
lihood method to inferences for «(u) when the responses Y may be missing at random, and
developing variable selection procedures for such models with missing data, since the existing
procedures (see, for example, [21]) can not be used directly any more when missing data are
present.

Appendix: Proofs of the Main Results

For the sake of convenience, let ¢ be a positive constant which may be a different value at each
appearance throughout this paper. To derive the main results, we need the following technical
assumptions.

A1. The bandwidth satisfies h = cn=1/5 for a constant ¢ > 0.

A2. The kernel K(-) is a bounded and symmetric probability density function, and satisfies
JutK (u)du < oc.

A3. The density, say v(u), of U is bounded away from 0, and has continuous first derivatives
at u. The density m(-) has bounded partial derivatives up to order k(> 2) almost surely,
with inf, m(z) > 0.

A4. o)), g1(-), g2() and ¥(:) are twice continuously differentiable. Furthermore, assume
of(u) #0, for j =1, .-, p, and ¥() is a p x p positive definite matrix for any given w.

A5. b satisfies nb* — oo and nbh? — oo, h/b — 0, b*/h — 0 and nb?**1 — 0 for k > 2.

A6. sup, E[|| X||*|U = u] < oo, where || - || denotes the Euclidean distance. The model errors
satisfy sqp(Esf) < 00

Assumption Al, A2, A4, A6 are regular and often seen in the literature; see [26] and [28].
A3 and A5 are usually utilized when missing data are present (see [22]). An example for A5 to
be satisfied is that h = n~1/% (or n='/*) and b = n=1/6,

The proofs of Theorems 2.1-2.5 rely on the following lemmas.

k
Lemma 1 (Abel). Let {a;}’,, {bi}, be two sequences of real numbers, Sy, = > a;. Then
i=1

2 aib

max
1<i<n

|b| max |S|

Lemma 2. Let v; be i.i.d. r.v.s. with Ev; = 0 and Ev? < co. Then for any permutation
(j17 Y ]n) Of (]-7 Tty n), we have

max
1<k<n

= n? logn).

E :sz
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This lemma comes from [6].
Lemma 3. Under the same assumptions of Theorem 2.1, we have

\/nhZH —L N0, v(u)Qy (),

where v(u) = v(u)vo,

Q1 (u) = E(jr{x&}@ S 'B(xe)z)®2|U = u).

Proof.  Clearly

n

1 . 1 0
Hiz ~ XiﬁiK Ui—u
\/nhz \/nh;m nl )

=1
i iéiXXT T(u) Ky (U; — u)
Vnh & w0 "
=A1+A2.

Hereafter, we denote I';(u) = a(U;) — a(u) and T'; (u) = ax(U;) — ax(u) for convenience.
Similar to the proof of Theorem 4 in [22], we can prove that

Al \/11]12{5 Xiei + 7T‘7r—i§iE(X€|Zi)}Kh(Ui—u)—|-0p(1)_ (6)

Next, for term A, we have

IR
2= 2 XU =)

n

1 0 .
+ ﬂi—FiXiXZ—Fi’U,K U;—u
2 2RI W)

I <& 0 S
i — )" X X Ui (u) K (U —
F o 2o i (5 = BT KT,
=Ao1 + Aoy + Aos,

Since we have

n p

Bz = L B(3 % x (}j Xialia(w)) K30 ~w)})

=1 k=1

# P02 (3 riato) i =)

i#£j
% {WJ" XJ}S<ZXj’ij7k(U))Kh(Uj - u)})
J k=1

1 2
=4, + A3

@1\7@
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for any 1 < s < p. Here Ag; 5, X; s and a,(-) denote the s-th component of A1, X; and o)
respectively. Then similar to the proof of Lemma 1 in [27], one can show that

A[Qll] s 71nf2 nh ZE( (éXi’kFi’k(u ) Kh(U u))

=i 'nh3 AL+ 0,(1)} — 0

and

where Wy 1, (u) denotes the (s, k)-th component of ¥(u). This proves
Ag1 = op(1). (7)

For term Ass, since

n

1 R 6GXa XD (u) Ky (U —
Az = > Lot =) > (w5 = 6)Ke(Z; — Zi)

Vnh = anWffz(Zi) =
1 8 X XTT;(u) =
+ o(Z; — Zi) + 0p(1
\/nh; nb2r 2fz ; ol )+ o)

=ald + a8 + 0,(1).

By interchanging the summation, we obtain

n

: > 5JE(XXT|Z) L (u)Kn(Uj —u) + 0p(1).

A[l] _
22 \/’/lh i ;

Then following a similar fashion of (7), we have A[212] = 0p(1). Next, similar to (81) (see [22,
p.77]), we obtain A[222] = 0p(1). This proves

Azz = 0p(1). (8)

By the fact that sup{|m — 7|} = O,((nb?)~2) 4+ O, (b*), we have

|Aza.i| < C\/nh(bup{lﬂ —a[})? Z [ Xl (12Xl - T ()} - Kn (Ui — ) = op(1).

This, together with (6)—(8), proves

1 <~ 1 5, T — 0,
Vnh ;H \/nh;{m &t ™ (Xel )} n(Ui —u) + 0p(1)

Finally, this lemma follows immediately by using the central limit theorem. o
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Lemma 4. Under the same assumptions of Lemma 3, we have
1 n
o D HHT =7 v(u)a(u),
i=1

where —P denotes the convergence in probability, and

Qs (u) = E(}T{XE}W‘U - u)

Proof. Clearly
I &~ oo
nh ;HM Li

J . N
=1 7

1 1 T T
o XXT (XT3 () PRR(U: - w)

nh

i=1

2 O S
., > o XiX[eiX; Li(w) K2 (U; — u)
=1 ?

=By + By + Bs,
where
‘r2 7'2
B nhz X XT2KAU; nhZ{ - }XX KU — u)
=B11+B12~
Note that
[&,1] (71'1‘ + %1)(7(@ — %z)
1Bk |_‘ ;XllelaKh(U w) i
1
<s i_/\i Xz Xl K
<swplm =7l G Z|k1khw )

:Op(l)»

which implies that
1 <~ 0; ~
= Z 2 X, XTeIKR(U; —u) + 0p(1).

For term B, we have
B—ln&XXTXTF 2 12
Q_nh;m? i X7 (X7 Ti(w) K (Ui = u) 4 0p(1)
t —
<c- bupHoz /E XU = ¢)(t — )2K2< u)dt
h
SchQ/SQKQ(s)dS —0.

Similarly, we can show B3 = op,(1). Finally, this lemma follows immediately by using the
law of large number. ]
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Lemma 5. Under the same assumptions of Lemma 3, we have

max [Hil = op((nh)*)  and A= Op((nh)™%).

Proof. Denote U;(u) = X;e,Kp(U; — u), Vi(u) = X; X7 Ti(u)Kp(U; — u) and
1

TG

Fn :{ max

1<i<n

By Assumption A3, it is easy to show that
" 1, A 1,
P(Iir,,=1) < P( U |7 — i > 5 1nf7r) < P(sup|7ri — 7| > 5 1nf7r) — 0.
i=1 ? ?

Then by using arguments as Lemma 1 of [28], we can obtain

0; 1
P(lrg%xn %iui(u)H > c(nh)?)
<P(Iz,) = 1) + P max "y (W) > et Tz, =0)
— {-7:71} 1<i<n %1 ? {]:n}

<P(Lizy =1) + (s W] > elnh)?) — 0.

This leads to

0ip, 1
< /2
11;1?5{" Az H op((nh)™/<).
Similarly, we obtain
5
max || . H < 0,((nh)?).
1<i<n m

This completes the first part. Since the proof of the second part follows a similar fashion
as (2.14) in [15], so we omit it.

Proof of Theorem 2.1. By applying Taylor expansion to (3), we obtain

. PO
Lola(u) =23 [A Hi— Hi)ﬂ +o,(1).
=1
By (4), it follows that
1 o ~ ~ 1 & ﬁi()\Tﬁi)Q
= = Hi— HHIA + S
nhZHAT nhZ ; nh = 1+ XH,;

The application of Lemmas 3-5 yields that

S (R, Z)\TH +o,(1), A= (Zﬁiﬁl‘)_lZﬁi—i—op(n*%).

i=1 i=1 i=1 i=1
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where

and My = (9 (1)) (R (u)) ™1 (Qu (u)) 2.
Denote Dy = diag {w1,ws, - -,wp}, where w; (1 <7 < p) denote the eigenvalues of matrix
M. Then there exists an orthogonal matrix @ such that Q" M1Q = Dy. Thus

Lo(a(u)) = (Q7 x H,)™ x Dy x (Q7 x H,,) + 0,(1).

From Lemma 3, we have

Q" (v(w)Qy (u)) 2 ZHT — N(0,1,).

\/nh

Theorem 2.1 now follows immediately. O

Lemma 6. it Under the same assumptions of Lemma 3, we have

m ZR — 5 N(0, o(u) (u),

Proof. Recall that

Jnh Z I - ;1 ) (Yig1(Z;) — 92(Zs)a(w)) K (U — u)
1)

=C7 + Csy + Cs.

Similar to (6), we show that

n

1 o 1 51'
1= gy 2 DBV ) = D { ez K )

(1= ) B@u2)Z)KnUs ~ )} + 0,(1) = 0,(1).

T3
Next,

n

Ca= > (1= ) Vi@ (2) — 9 (Z) KU =)
=1 i

1 %1 — T -
i Vnh ; T 0:Yi(91(Z:) = 91(Zi)) Kn (Ui — w)

=Cs1 + Cas.
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For term Cyy, by the fact that sup |§1(z) — g1(2)| = 0p(n~4) (see [11]), a direct use of Lemmas
1 and 2 yields that

1

Ca1| <e(nh)™2 -sup[gi(2) — g1(2)] - max

S (- %),
i, Ji

:c(nh)_é -op(n_i) -n2logn — 0.

Similar to (9), we have Ca2 = 0,(1). This proves Co = 0,,(1). Similarly, we can show C3 = 0,(1).

Finally, we obtain
n

1 ~ 1 o~
Ri= Hi + op(1).
Vnh ; Vnh ; (1)
By Lemma 3, this lemma follows immediately. ]
Lemma 7. Under the same assumptions of Lemma 3, we have

S ORIR] —7 v(u) (u).

i=1
Proof. By using similar arguments as that of Lemma 4 and (11), we show that
Il s 10 5 5
RiRT = {Gxxre+2) (1= )X B(Xel 2,

nh ; (3 h ; 7_‘_12 K3 gl + T T € ( E| )

0;\ 2

+ (1 - ) E(X5|Zi)®2} K2(U; — u) + 0,(1).
U

Then a simple derivation leads to this lemma. O

Proof of Theorem 2.4. Based on Lemmas 6 and 7, this theorem can be showed similar to
Theorem 2.1. O

Proof of Theorem 2.6. Using the Taylor expansion to «(U;) — a(u) and @, (U;) — a.-(u) at w,
some simple calculations lead to

a(U;) — a(u) — (@, (U;) — ar(uw) = (o (u) — @, (w))(U; — u) + Op(U; — u)?.

By Assumptions A1-A6, we show that

n

1 0;
o (u) —al.(u) —P 0, (U = w)' Kp(U; — u) = 0,(1
(4) () o 2o O KU =) = 0,01
and
1 =0
g ! Z(Ui—u)lKh(Ui—u)zop(l), 1=1,2.
Vnh = T
Note that

1 1 <
¢nh;5i:A1+Cl+CQ+C‘°’+(A2_¢nh;¢i(“)>'
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Then similar to Lemma A.8 of [29], we can prove that

2 \/nh Z¢l

This, combined with Lemmas 3 and 6, proves that

1 - 1 &~
E = H; + 1
Vi 25 2T oY

The rest of the proof follows a similar fashion as that of Theorems 2.1 and 2.4, so we omit

it. o

Proof of Theorem 2.7.  For simplicity, write aj(u) = (Qk(u),---,a 1 (u), ap(u), @+ (u),
-, 02(u))7. Obviously,

Eorlon(u)) =e A5, () (& o)) — (2

X Kn(Us =) @ (u) - a(u)))

By Theorem 2.6, we have

with 02 = v™(u)efQ;  (u)ex. O
Next,

n

1 (2 T 67, ~
\/nh ZW _ekAzn w) X Vnh ; (%XiXi + <1 a %>92(Zi))
x Kn(Ui — u)(ag(u) — a(u))

—eJ A5 (u) - Ao (u) - Vnh - (@ (u) — a(u)) = 0.
Then we obtain that

o S Euslanw) — N(0.02)

Next, as Lemma A.2 of [3], a tedious but technically not very challenging derivation yields
that
@ (1) — a(u)|| = Op(log(1/h)/nh)*? + k%) + O, ((nb*) =12 + b%).

Using this, it is easy to show that

nhzg”“ v (u)E (g () =7 o2,

The rest of the proof is similar to that of Theorem 2.6. a
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