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1 Introduction

Nonlinear boundary value problems involving p-Laplacian operator −Δp occur in a variety
of physical phenomena, such as non-Newtonian fluids, reaction-diffusion problems, petroleum
extraction, flow through porous in media, etc. Thus, the study of such problems and their far
reaching generalizations have attracted several mathematicians in recent years.

Recall that we employed the perturbation results on sums of ranges of nonlinear maximal
monotone operators of Calvert and Gupta[3], and showed in [7–12] that some kind of nonlinear
Neumann boundary value problems with p-Laplacian operators had solutions in some Sobolev
spaces. This paper can be considered as an extension of our previous ones.

Actually, we have two purposes in this paper. First, in Section 3, we shall show that under
some conditions the following nonlinear Neumann boundary value problem with p-Laplacian
operator has a unique solution in W 1,p(Ω) :

− div(|∇u|p−2∇u) + ε|u|q−2u = f(x) a.e. in Ω,

− 〈ϑ, |∇u|p−2∇u〉 = g(x) a.e. on Γ,
(1.1)

where f(x) ∈ Lp′
(Ω), g(x) ∈ W

− 1
p′ , p′

(Γ), 1
p + 1

p′ = 1 and ϑ denotes the exterior normal
derivative of Γ. Further details will be introduced in Section 3.1.

Later, in Section 4, we shall set up the relationship between the solution of Equation (1.1)
and zero points of maximal monotone operators and construct an iterative sequence converging
strongly to the solution of (1.1), which may help us to know the properties of the solution
better.
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2 Preliminaries

Let X be a real reflexive Banach space with a dual space X∗. We shall use “ → ” and “w− lim ”
to denote strong and weak convergences, respectively. A mapping T : D(T ) = X → X∗ is said
to be hemi-continuous on X (c.f. [5]) if w − lim

t→0
T (x + ty) = Tx, for any x, y ∈ X.

Let J denote the duality mapping from X into 2X∗
defined by

J(x) = {f ∈ X∗ : (x, f) = ‖x‖ · ‖f‖, ‖f‖ = ‖x‖}, ∀x ∈ X,

where (·, ·) denotes the generalized duality pairing between X and X∗. Since X∗ is strictly
convex, J is a single-valued mapping (c.f. [5, 16]).

A multi-valued mapping B : X → 2X∗
is said to be monotone (c.f. [5, 16]) if the inequality

(u1 − u2, w1 − w2) ≥ 0 (2.1)

holds for any ui ∈ D(B) and wi ∈ Bui, i = 1, 2. The mapping B is said to be strictly monotone
if the equality in (2.1) implies that u1 = u2. The monotone operator B is said to be maximal
monotone if R(J + rB) = X∗, for ∀r > 0. The mapping B is said to be coercive (c.f. [5, 16]) if
lim

n→+∞ (xn, x∗
n)/‖xn‖ = +∞ for all xn ∈ D(B), x∗

n ∈ Bxn such that lim
n→+∞ ‖xn‖ = +∞. A point

x ∈ D(B) is said to be a zero point of B if 0 ∈ Bx, and we denote by B−1(0) = {x ∈ X : 0 ∈ Bx}
the set of zero points of B.

Let C be a closed convex subset of X and let A : C → 2X∗
be a multi-valued mapping. Then

A is said to be a pseudo-monotone operator (c.f. [5]) provided that
(i) For each x ∈ C, the image Ax is a non-empty closed and convex subset of X∗;
(ii) If {xn} is a sequence in C converging weakly to x ∈ C and if fn ∈ Axn is such that

limsup
n→∞

(xn − x, fn) ≤ 0,

then to each element y ∈ C, there corresponds an f(y) ∈ Ax with the property that

(x − y, f(y)) ≤ liminf
n→∞ (xn − x, fn);

(iii) For each finite-dimensional subspace F of X, the operator A is continuous from C ∩ F to
X∗ in the weak topology.

Lemma 2.1[5]. If B : X → 2X∗
is a maximal monotone operator such that D(B) = X, then

B is pseudo-monotone.

Remark 2.1. For u ∈ W 1,p(Ω), we use ‖u‖1,p,Ω to denote the norm of u in W 1,p(Ω). For
v ∈ W

1
p′ ,p(Γ), which is the trace space of W 1,p(Ω), we use ‖v‖

W
1
p′ ,p

(Γ)
to denote the norm of

it.

Lemma 2.2[1]. Let Ω be a domain of RN with its boundary Γ ∈ C1, then we have the following
results:
(i) If u ∈ W 1,p(Ω), then the trace γu ∈ W

1
p′ ,p(Γ) and ‖γu‖

W
1
p′ ,p

(Γ)
≤ K1‖u‖1,p,Ω;

(ii) If v ∈ W
1
p′ ,p(Γ), then there exists u ∈ W 1,p(Ω) such that v = γu and ‖u‖1,p,Ω ≤

K2‖v‖
W

1
p′ ,p

(Γ)
, where γ : W 1,p(Ω) → W

1
p′ ,p(Ω) denotes the trace operator and 1

p + 1
p′ = 1.

Lemma 2.3[5]. If B : X → 2X∗
is a maximal monotone and coercive operator, then B is

surjective.
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Theorem 2.1[2]. Let T : X → X∗ be a bounded and pseudo-monotone operator, K be a
closed and convex subset of X. Suppose that Φ is a lower-semi-continuous and convex function
defined on K which is not always +∞ such that for any v ∈ K, Φ(v) ∈ (−∞, +∞]. Suppose
there exists v0 ∈ K such that Φ(v0) < +∞, and satisfies the following:

(v − v0, T v) + Φ(v)
‖v‖ → ∞ as ‖v‖ → ∞, v ∈ K,

then there exists u ∈ K such that

(u − v, Tu) ≤ Φ(v) − Φ(u) for ∀v ∈ K.

3 Solution of Equation (1.1)

3.1 Explanation of Equation (1.1)

In this paper, unless otherwise stated, we shall assume that 2N
N+1 < p < +∞, 1 ≤ q < +∞ if

p ≥ N, and 1 ≤ q ≤ Np
N−p if p < N, where N ≥ 1. We use 〈·, ·〉 to denote the inner product in

RN .
In Equation (1.1), Ω is a bounded domain of a Euclidean space RN , where N ≥ 1. Γ

is the boundary of Ω such that Γ ∈ C1 (see [10]). We shall assume that Green’s Formula is
available. f(x) ∈ Lp′

(Ω) is a given function. ε is a non-negative constant, g(x) ∈ W
− 1

p′ , p′
(Γ) =

(W
1
p′ , p(Γ))∗ and ϑ denotes the exterior normal derivative of Γ. Moreover, 1

p + 1
p′ = 1.

3.2 Discussion of Equation (1.1)

Lemma 3.1. Define the mapping Bp,q : W 1,p(Ω) → (W 1,p(Ω))∗ by

(v, Bp,qu) =
∫

Ω

〈|∇u|p−2∇u,∇v〉dx + ε

∫
Ω

|u(x)|q−2u(x)v(x)dx

for any u, v ∈ W 1,p(Ω). Then, Bp,q is everywhere defined, strictly monotone, hemi-continuous
and coercive.

Proof. We only need to show that Bp,q is strictly monotone since we have proved in [9] that
Bp,q is everywhere defined, monotone, hemi-continuous and coercive.

In fact, for any u, v ∈ W 1,p(Ω),

|(u − v, Bp,qu − Bp,qv)| ≥
∫

Ω

(|∇u|p−1 − |∇v|p−1)(|∇u| − |∇v|)dx

+ ε

∫
Ω

(|u|q−2u − |v|q−2v)(|u| − |v|)dx ≥ 0. (3.1)

Now we can see from (3.1) that if (u − v, Bp,qu − Bp,qv) = 0, then u(x) = v(x) and
∂u
∂xi

= ∂v
∂xi

(i = 1, 2, · · · , N), a.e. in Ω, which implies that u(x) = v(x) in W 1,p(Ω). Therefore,
Bp,q is strictly monotone. �

From Lemmas 3.1 and 2.3, we have the following result:

Lemma 3.2. Bp,q : W 1,p(Ω) → (W 1,p(Ω))∗ is maximal monotone and R(Bp,q) = (W 1,p(Ω))∗.
From Lemmas 3.1 , 3.2 and Lemma 2.1, we can easily get the following result:
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Lemma 3.3. Bp,q : W 1,p(Ω) → (W 1,p(Ω))∗ is pseudo-monotone and for v0 ∈ W 1,p(Ω), we
have

lim
‖v‖1,p,Ω→+∞

(v − v0, Bp,qv)
‖v‖1,p,Ω

= +∞.

Theorem 3.1. Equation (1.1) has a unique solution in W 1,p(Ω), for f ∈ Lp′
(Ω) and g(x) ∈

W
− 1

p′ ,p′
(Γ).

Proof. Let γ : W 1,p(Ω) → W
1
p′ ,p(Γ) be the trace operator. Define T : W 1,p(Ω) → (W 1,p(Ω))∗

as follows:

(v, Tu) = (v, Bp,qu) −
∫

Ω

fvdx + (γv, g)Γ for ∀u, v ∈ W 1,p(Ω),

then T : W 1,p(Ω) → (W 1,p(Ω))∗ is everywhere defined, monotone, hemi-continuous and bounded.
Therefore, it is pseudo-monotone.

Define Φ1 : W
1
p′ ,p(Γ) → (−∞, +∞] by Φ1(u) ≡ 0, for ∀u ∈ W

1
p′ ,p(Γ). Denote by ∂Φ1 :

W
1
p′ ,p(Ω) → W

− 1
p′ ,p′

(Ω) the subdifferential of Φ1.
Define Φ2 : W 1,p(Ω) → (−∞, +∞] by Φ2(v) ≡ Φ1(γv), for ∀v ∈ W 1,p(Ω). It is obviously

that Φ2 is a lower-semi-continuous and convex function defined on W 1,p(Ω). Moreover, for any
given w0 ∈ W 1,p(Ω), ∀w ∈ W 1,p(Ω), we have

(w − w0, Tw) + Φ2(w)
‖w‖1,p,Ω

→ ∞ as ‖w‖1,p,Ω → ∞.

Then from Theorem 2.1, we know that there exists u(x) ∈ W 1,p(Ω) such that for ∀v ∈
W 1,p(Ω), there holds the following inequality:

(u − w, Tu) ≤ Φ2(w) − Φ2(u) = 0. (3.2)

Putting w = u±ϕ ∈ K, where ϕ ∈ C∞
0 (Ω), into inequality (3.2), then (ϕ, Tu) = 0. That is,

∫
Ω

〈|∇u|p−2∇u,∇ϕ〉dx +
∫

Ω

ε|u|q−2ϕdx −
∫

Ω

fϕdx = 0.

From the properties of generalized function, we have :

−div(|∇u|p−2∇u) + ε|u|q−2u = f(x) a.e. in Ω. (3.3)

Notice Green’s formula, we have for ∀w ∈ W 1,p(Ω),
∫

Ω

[div(|∇u|p−2∇u)]wdx +
∫

Ω

〈|∇u|p−2∇u,∇w〉dx =
∫

Γ

〈ϑ, |∇u|p−2∇u〉γwdΓ(x), (3.4)

where u(x) is the function which satisfies (3.3).
Then we have from (3.2) that

∫
Γ

〈ϑ, |∇u|p−2∇u〉γ(u − w)dΓ(x) + (γ(u − w), g)Γ ≤ 0 = Φ1(γw) − Φ1(γu),

which implies that

−〈ϑ, |∇u|p−2∇u〉 − g(x) ∈ ∂Φ1(γu) ≡ 0, ∀w ∈ W 1,p(Ω).
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That is, −〈ϑ, |∇u|p−2∇u〉 = g(x).
Therefore, u(x) ∈ W 1,p(Ω) is the solution of Equation (1.1).
Next, we shall prove the uniqueness. In fact, it suffices to show that if u, v ∈ W 1,p(Ω) satisfy

the Equation (1.1), then u(x) = v(x) in W 1,p(Ω).
For this, notice that

(u − v, Bp,qu − Bp,qv)

=
∫

Ω

〈|∇u|p−2∇u,∇u〉dx + ε

∫
Ω

|u(x)|q−2u(x)u(x)dx

−
∫

Ω

〈|∇v|p−2∇v,∇u〉dx − ε

∫
Ω

|v(x)|q−2v(x)u(x)dx

−
∫

Ω

〈|∇u|p−2∇u,∇v〉dx − ε

∫
Ω

|u(x)|q−2u(x)v(x)dx

+
∫

Ω

〈|∇v|p−2∇v,∇v〉dx + ε

∫
Ω

|v(x)|q−2v(x)v(x)dx

=
∫

Ω

[−div(|∇u|p−2∇u) + ε|u(x)|q−2u(x)]u(x)dx

−
∫

Ω

[−div(|∇v|p−2∇v) + ε|v(x)|q−2v(x)]u(x)dx

−
∫

Ω

[−div(|∇u|p−2∇u) + ε|u(x)|q−2u(x)]v(x)dx

+
∫

Ω

[−div(|∇v|p−2∇v) + ε|v(x)|q−2v(x)]v(x)dx = 0.

Since Bp,q is strictly monotone, then u(x) = v(x). �

Remark 3.1. Compared to the related work in [3, 7–12], we may notice that the boundary
condition in (1.1) is more general. That is, the function g(x) in (1.1) is no longer required to
be the subdifferential of a proper, convex and lower-semi-continuous function as ever before.
This makes difference in proving the existence of solution of (1.1). Specifically, if in (1.1), Ω is
reduced to be a bounded interval of R+ = (0, +∞), p = q = 2 and g(x) = 0, we can get the
following special example of (1.1), which can be found in [5]:

− u′′ + εu = f ∈ L2(Ω),
− u′ = 0.

(3.5)

From the discussions of both Theorem 3.1 in our paper and that in Chapter 3 in [5], we know
that (3.5) has a solution in H1(Ω). However, the methods used are different since ours based
on the Theorem 2.1 and theirs not. In a word, our method is a complement and continuation
of the previous work.

4 Iterative Construction of the Solution of Equation(1.1)

Definition 4.1[4]. Let X be a real smooth Banach space. Then the Lyapunov functional
ϕ : X × X → R+ is defined as follows:

ϕ(x, y) = ‖x‖2 − 2〈x, Jy〉 + ‖y‖2, ∀x, y ∈ X.
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Lemma 4.1[4]. Let X be a real reflexive, strictly convex and smooth Banach space, C be a
nonempty closed and convex subset of X and let x ∈ X. Then there exists a unique element
x0 ∈ C such that

ϕ(x0, x) = min{ϕ(z, x) : z ∈ C}.

Define a mapping πC from X onto C by πCx = x0 for all x ∈ X. πC is called the generalized
projection mapping from X onto C. It is easy to see that πC is coincide with the metric
projection PC in a Hilbert space.

Theorem 4.1. Suppose that X is a real smooth and uniformly convex Banach space and
A : X → 2X∗

is a maximal monotone operator with A−1(0) �= ∅. Let {xn} be a sequence
generated by the following iterative scheme:

x1 ∈ X, r1 > 0,

xn+1 = J−1[βnJx1 + (1 − βn)J(J + rnA)−1Jxn], ∀n ≥ 1.
(4.1)

If {rn} ⊂ (0, +∞) with lim
n→∞ rn = +∞, {βn} ⊂ [0, 1] with

∞∑
n=1

βn = +∞ and βn → 0 as n → ∞,

then {xn} converges strongly to πA−1(0)(x1), where πA−1(0) is the generalized projection operator
from X onto A−1(0).

Theorem 4.1 is a special case of Theorem1 in [13], therefore, the proof is omitted.

Definition 4.2. Define the mapping Cp,q : W 1,p(Ω) → (W 1,p(Ω))∗ by

(v, Cp,qu) =
∫

Ω

〈|∇u|p−2∇u,∇v〉dx + ε

∫
Ω

|u(x)|q−2u(x)v(x)dx −
∫

Ω

f(x)v(x)dx + (γv, g)Γ

for any u, v ∈ W 1,p(Ω), where f ∈ Lp′
(Ω) and g(x) ∈ W

− 1
p′ ,p′

(Γ) are the same as those in
Equation (1.1).

Similarly to Lemma 3.1 or theorem 3.1, we know that Cp,q is also a maximal monotone
operator. Moreover, we can easily get the following result:

Lemma 4.2. If u ∈ W 1,p(Ω) is the solution of Equation (1.1), then u ∈ W 1,p(Ω) is the zero
point of Cp,q.

Lemma 4.3[6]. Let X be a Banach space and J be a duality mapping defined on X. If J is
single-valued, then X is smooth.

Based on the facts of Lemmas 4.2 , 4.3 and Theorem 4.1, we can construct an iterative
sequence to approximate the solution of Equation (1.1).

Theorem 4.2. Let {un(x)} be a sequence generated by the following iterative scheme:

u1(x) ∈ W 1,p(Ω), r1 > 0, chosen arbitrarily,

un+1(x) = J−1[βnJu1(x) + (1 − βn)J(J + rnCp,q)−1Jun(x)], ∀n ≥ 1.
(4.2)

If {rn} ⊂ (0, +∞) with limn→∞ rn = +∞, {βn} ⊂ [0, 1] with
∞∑

n=1
βn = +∞ and βn → 0 as

n → ∞, then {un(x)} converges strongly to πC−1
p,q(0)(u1(x)).

Remark 4.1. Theorem 4.2 not only tells us that the sequence {un(x)} generated by (4.2) con-
verges strongly to the solution of Equation (1.1), but also that the unique solution of Equation
(1.1) is the generalized projection of the initial function u1(x) onto C−1

p,q (0).

Remark 4.2. If p ≡ 2, then Equation (1.1) reduces to the case of Laplacian operator Equa-
tion. We can get the following Corollaries:
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Corollary A. The following Equation (1.1)′ has a unique solution in H1(Ω), for f ∈ L2(Ω)
and g ∈ (H

1
2 (Γ))∗ :

−�u + ε|u|q−2u = f(x), a.e. in Ω,

− ∂u

∂ϑ
= g(x), a.e. on Γ.

(1.1)
′

Corollary B. Let {un(x)} be a sequence generated by (4.2)′ :

u1(x) ∈ H1(Ω), r1 > 0, chosen arbitrarily,

un+1(x) = βnu1(x) + (1 − βn)(I + rnC2,q)−1un(x), ∀n ≥ 1,
(4.2)

′

where C2,q is a special case of Cp,q defined in Definition 4.2 if p ≡ 2.

If {rn} ⊂ (0, +∞) with lim
n→∞ rn = +∞, {βn} ⊂ [0, 1] with

∞∑
n=1

βn = +∞ and βn → 0 as

n → ∞, then {un(x)} converges strongly to PC−1
2,q(0)(u1(x)), where PC−1

2,q(0)(u1(x)) denotes the

metric projection from H1(Ω) onto C−1
2,q (0).

Remark 4.3. Notice our recent work in [14], the whole discussion can be applied to the
following nonlinear Neumann boundary value problem with generalized p-Laplacian operator:

− div[(C(x) + |∇u|2) p−2
2 ∇u] + ε|u|q−2u = f(x), a.e. in Ω,

− 〈ϑ, (C(x) + |∇u|2) p−2
2 ∇u〉 = g(x), a.e. on Γ,

(1.1)
′′

where 0 ≤ C(x) ∈ Lp(Ω), the other conditions are the same as those in Equation (1.1).

Remark 4.4. Notice our recent work in [15], the whole discussion can also be applied to the
following nonlinear Neumann boundary value problem with so-called generalized p-Laplacian
operator which is different from that in Remark 4.3:

− div(α(grad u)) + ε|u|q−2u = f(x), a.e. in Ω,

− 〈ϑ, α(grad u)〉 = g(x), a.e. on Γ,
(1.1)

′′′

where α : RN → RN is a given monotone and continuous function, and there exist positive
constants k1, k2 and k3 such that for ∀ξ, ξ′ ∈ RN , the following are satisfied:
(i) |α(ξ)| ≤ k1|ξ|p−1;
(ii) |α(ξ) − α(ξ′)| ≤ k2||ξ|p−2ξ − |ξ′|p−2ξ′|;
(iii) < ξ, α(ξ) >≥ k3|ξ|p.

The other conditions are the same as those in Equation (1.1).
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