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1 Introduction

It is well known that Sobolev equations have been found applications in many physical problems,
such as the porous theories concerned with percolation into rocks with cracks!¥), the transport
problems of humidity in soil'®, the heat-conduction problems'?) in different mediums and so
on.

However, all of the above studies using finite element methods rely on the regularity as-
sumption or the quasi-uniform assumption(®. i.e., ’;I’i < (1, h}; < C5, where K is an element,
hx, px denote the diameter of K and the biggest circle contained in K, respectively. C7 and
C5 are two constants independent of h = m}?{xx{h k } and the function considered. But when the

domain concerned is very narrow, if we employ the regular partition, the computing cost will
be very high. The obvious idea to overcome this difficulty is to use the anisotropic meshes with
fewer degrees of freedom!! —3.6:7:17,18]

H'-Galerkin mixed finite element method was proposed by Pani('?! to solve parabolic partial
differential equations. This method allows the approximation spaces to be polynomial spaces
with different orders and there is no need to satisfy the LBB condition® (see [5,9,10,14]).
But so far only the conforming elements with regular meshes are considered and Ritz-Volterra
projection is an indispensable tool.

In this paper, we will focus on nonconforming finite element approximation to the Sobolev
equations without requiring the above regularity assumption. In next section, we check the
anisotropic interpolation properties. In Section 3, based on the good properties of the elements,
we derive the error estimates for semidiscrete scheme by using interpolate operator directly,
that is, getting rid of the Ritz-Volterra projection. At last, a backward Euler discrete scheme
is considered and the same error estimates as those in previous articles are obtained.
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2 Construction of the Element

For the sake of convenience, let Q C R? be a convex polygon domain composed by a family
of rectangular meshes Jj, which does not need to satisfy the regular conditions. For all K €
Jn, denoted the barycenter of element K by (xf,yx), and the length of edges parallel to x-
axis and y-axis by 2h, and 2h,, respectively. a1(xx — he,yx — hy), a2(Tx + ha, yx — hy),
az(xx + ha, Y + hy) and as(rx — hy, Y + hy) are the four vertices, and Iy = a1a2, lo = asas,
l3 = asaq and Iy = aqaq are the four edges. Let K = [—1,1] x [=1,1] be the reference element,
the four vertices be a3 = ( 1,-1), a3 = (1,-1), a3 = (1,1) and a3y = (—1,1). Let I, = @1ay,
12 = axas, 13 = azay and l4 = aua. Then there exists an reversible mapping Fi : K> K

r=rK +hT,  y=yx+hy (2.1)

The shape function spaces and interpolation operators of the finite elements on K are
defined by (see [12,15,17])

P 1 1
P = span{L.£,7,0(@). 0(@)}, - [(a—ﬁa>dfd§:o, ! %(a—flmdgzo,
K|k |L:] (2.2)

P? = span{1,7, 7} x span{1,Z, 7}, % 1?5ds = _ (0(@;) + 9(a@i11)), (2.3)

where p(t) = J(3t> — 1), i =1,2,3,4, j = 1,2.
It can be easily checked that the interpolations defined above are well-posed. If we denote

= A fA vds, U5 = ‘,1\‘ ff? vdzdy, U5 = 0(a;),i = 1,2,3,4, the interpolation functions can
be expressed as follows

A~

PN 1 . o1 1 = =N . 1 = =N
I'0 =75 + 2(1}2 —04)T + 2(1}3 —01)y + ) (Vg + V4 — 205)(Z) + 2(1}3 + 01 —205)0(y) (2.4)
and

1 . N . N 1 . N . .1 . N PN
4(v6+v7—|—v8+vg)—|— 4(v7+vg — Vg — V)T + 4(vg—|—v9—v6 — 7)Y. (2.5)

Then we define the interpolation operators on the general element K as
I}, : H2(Q) — Vi, T} |x = M, kv = (I'0) o Ftl, Vo e HX(K),
I : (H*(2))? — Wh,
I} = Wi, Mieq = (IP@) o Fi ', (P@) 0 FrY), Vg = (a1,q2) € (HP(K))?,

and the associated finite element spaces V}, and W), as

i}\:

Vi, = {1},1}|K ZﬁoFgl,%\EPl, /
F

Wi ={q=(q1,42), qlx = (@10 Fx', @20 F'), 7€ P2 x P? q(a) = 0, for any node a € 99},

[v]Jds =0, F C 8K},

where [v] denote the jump value of v across the boundary F and [v] = v when F' C 9.
The following lemma will play an essential role in our forthcoming analysis on anisotropic
meshes.

Lemma 2.1. Operator ﬁ(z = 1,2) defined above has the following anisotropic interpolation
property, i.e., for multi-index o = (a1, a2), when |a| = 1, there hold
ID*(@ = T'0)]l, z < CID°B], . Vo€ HY(K), (2.6)
no (o @ ~ 7>\ 2
1D*(q — q)lloﬁ <CID%G, 7 Yie (H(K)). (2.7)
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Proof. We can obtain (2.6) by [17]. When a = (1,0), for all § = (g1),§®) € (H2(K))2,

~o~ 1 1 1 e ~ g

DT’ =<2(EI§1) -3y, 2(?22) - 51512))) = 4(ﬁ q(L, y)dy — % q(—l,y)dy>

l2 l4
1 [ 97

- 1 dzdy.
|K| j}@x

For all @ € (H'(K))2, let
1
@)= * /A Gdad.
K| /&
Apparently F € ((H*(K))?), employing the basic anisotropic interpolation theorem [6] yields
Vg € (H*(K)).

1D*(@ ~ I*q)ll, z < CID*@l, 7.

Similarly, we can prove that (2.7) is valid for a = (0, 1). The proof is completed.

3 Anisotropic Error Estimates for Sobolev Problem

Now, let us consider the following problem

uy — V- (aVug + bVu) = f(X, 1), X e te(0,7],
u(X,t) =0, X € 0Q,t € 0,T], (3.1)
u(X,0) = up(X), X e,

where X = (z,y), a = a(X,t) and b = b(X, t) are continuous functions with bounded derivatives
and subject to

[b(X,t)| < aq, 0<ap<la(X,t)| <ay, Xe, (3.2)

for some positive constants ag and a;.
Introducing the auxiliary variable ¢ = aVu, and rewriting (3.1) as:

Vu = agq, X eQ,te(0,T],

uy — V- (g + Bq) = [, X eQ,te (0,1, (3.3)
w(X,t) =0, X €00, € [0,T],

u(X,0) = up(X), X e,

where « = 1/a,8 = (b—a;)/a.

We denote the natural inner production in L?(Q) by (-,-) and the norm by || - ||o, and let
H} () = {v e H Q) : v|gq = 0}, H(div; Q) = {q € (L*(Q))?,V - q € L*(2)}. Further, we use
the classical Sobolev spaces W™P(Q), 1 < p < oo, denoted by WP, with norm || - ||, p. When
p = 2, we simply write || - ||m.p as || - ||m-

To derive the H'-Galerkin mixed finite element method, we consider the following weak
formulation of (3.3).

Find {u,q} : [0,T] — H}(Q) x H(div;Q) such that

(Vu, Vo) = (aq, V), Yo € HH(Q),
(aeq,w) + (age, w) + (V- (¢ + Bq), V- w) = =(f, V- w), Vw e H(div;Q2),  (3.4)
u(X,0) = ug(X), X €.
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The discrete problem of (3.4) reads as: {un,qn} : [0,T] — Vj, x W}, such that

(Vup, Vur) = (agp, Vug), Yo, € Vi,
(eqn,wn) + (aqne, wn) + (V- (que + Ban), V - wn) = = (f, V - wp), Ywp, € Wy, (3.5)
up(0) = Miug(X), X eq.
We define

ol iy = (22 Nanl e+ 1V -aullf ) "o Van € Wa,

KeJn
ol = (D lonlixe)”s von € Va,
KeJn

then it is easy to see that || - || and | - |, are the norms over W, and V},, respectively.

ﬁ(div;Q)
Theorem 3.1.  Problem (3.5) has a unique solution.

Proof. Let {¢;}7L, C Vi and {¢;};2; C Wy be bases of V}, and Wj, respectively. Then uj,
and ¢, may be expressed as

un =Y b5 (@), an =) gi(t)i(x)
=1 i=1

Substituting these expressions into (3.5) and choosing v, = ¢;(x), wp, = ¥;(x).
With

H()_(hl() e he (1) ()Z( 1(8), 5 0n®), A= ((Vei, V)))rixr,
((O‘wHVQSJ))Tl X1y = (O‘t¢lij))7’2><7’27 E = ((O‘wi7¢j))7’2><7’27
(( V'%))mxm —((V'ﬁ%,v'%))rzxm MZ—(f,V'%')rle,

then (3.5) can be stated as follows: Find {H(¢), G(t)} such that, for all ¢ € (0,T),

(a) AH(t) = BG(t),

dG(t) (3.6)

(b) (B+M)7 7 4+ (D+ D)G(t) = M.

Since (E+ F), (D+J) and M are Lipschitz continuous, by the theory of differential equations,
(3.6) has a unique solution'", and equivalently (3.5) has a unique solution.

Lemma 3.2.  Suppose that uy € H?(QQ), then on anisotropic meshes, for all » € W, we have

);/@K wth - nds' < Chlugla|[¥]o- (3.7)

Proof.  For all ¥ = (¢1,12) € W}, we have

;/@K u(p - n)ds = ; /aK(utwlm + uprhansg)ds = Z(z‘h + Ay + As + Ay),

K
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where

441::]£-—(ut lhl | e <¢Q IhJ wgdx)dx,

A= /l (ue - |12| “tdy> (v |z2 w1dy>dy’
‘/; “3| 1%dx)(¢@ Ihl l3¢gdx)dx,
/‘ (e - W|MW@XM “|/¢my@

On the one hand,

T +he 1 T +he
A+ Az =— / [ut(x,yK —hy) — / ue(z, yx — hy)}

K—ha 2ha K—ha

. [¢2($,y1{ —hy) — ! /wKHL Yoz, yx — hy)}dx

T +he 1 Tr+he
+/ {ut(x,yK +hy) — 9% / u(z, Yy + hy)}
T —hg €T K—hg

1 TK+he
[patec e h) = [T e e
4 K—hg

On the other hand, we have

T i +h,

Yoz, yr — hy) — oh / oz, yx — hy)da
z K*hm

1 TR +he

% |
1 T +he

1 T +he x 8’(/12
= — hy)dz |dt.
2h, /gCKhw (/t 0z (Z 9 = hy) Z)

Note that 881!; 2 is a constant, by the technique of [17] we have

rr+h
Va(z,yx — hy)dt — 9% / Ya(t, yx — hy)dt
T K—ha

[Vo(2,yx — hy) — a(t, yx — hy)]dt

2, 92
|A1+A3|§4h 0“uy Haw2H
0,K 0K
Similarly, we get
4h2 | 5%u o
<3 auoy ol oy |
|42+ Aaf = 3 1 0zoyllo,k 0K

Then the desired result (3.7) comes from the following inequalities

] o0

Ch el lo.x, < Chy Mo,

which completes the proof.

339
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Lemma 3.3.  For allu € H*(Q),q,q: € (H*(Q))?, there hold

lu—Mpulp < Chlula,  |lg—gllo < Chlgli,  |la: — Miaello < Chlais,

IV (q—135q)lo < Chlgla, IV (@& — ae)|lo < Chlglo. (3.9)

Proof.  On the one hand, by using the Bramble-Hilbert Lemma, we can get

llg — I qllo < Chlgls, llg: — M7 qello < Chlgel.

On the other hand, using the property of the affine mapping Fx and the anisotropic interpolate
property of operator I T! in Lemma 2. 1, we have

u—Mhuls = > > i (hahy)| D@~ T'a)|7 ~

KeJy |al=1

<c > > h;fa(hzhy)@amig

KeJn |al=1

<C 3 ST ST RZID T ulE e < Ch2Juf?.

KeJy |a|=1|6|=1

Similarly, we obtain
lg = Whgln < Chlgl2, |gr — Wqeln < Chlgelo.
Therefore, we have
V- (q ~ 1)l < 2l — gln < Chlgl,
IV - (g = Moo < 2lgr — I geln < Chlgslo-

Theorem 3.4.  Assume that u,us, € H*(Q2), q,q: € (H*(Q))?. Then on anisotropic meshes,
there hold

|u—uh|h
1

<On[Jula-+lals + ([ (ar)ft + )+ a0 + la (D) + () B)ar) ], o

and
||q —qn ||ﬁ(div;ﬂ)

1

<Chllals +lalz + ( / (la(7)3 + (P + a(r)I3 + lan(T) + lue(r)3)ar ) . 3.11)

Proof. Let u—wup = (u—10u)+ I} u—up) =n+&q—qn = (q—13q)+ (II3qg—qn) = p+0.
From (3.1) to (3.5), we obtain the following error equations

(VE, Vo) = (alp+0),Vuy) — (Vn, Vuy), Yo, € V, (3.12)
and

((aB),wn) + (V- (6: + 86),V - wp,)

— = (V- (4 00V wn) + 3 [ e nds = (apywn) — (apwn), Y € W,
< JoK (3.13)
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Choose v, = € in (3.12), and use the Young’s inequality and (3.2) to obtain
IVENG < Clpllg + 110115 + [IVallp)- (3.14)

Taking wy, = 6 in (3.13) and noticing that ((a):,0) = 1(a:0,0) + 1 & (af,0), we have
Jllaf ol + ) % lla6lz + V-6l
=—(V-80,V-0)=(BV-0,V-0) = (up,0) = (apt,0) = (V- p1, V - )
—(V-ﬂp,V-@)—(ﬁV-p,V-9)+Z/ uf - nds. (3.15)
7 Jox

By the Young’s inequality, the positive definiteness of 5 and Lemma 3.2, we get

d

1 d
ROl + 117 - 613 <ClolE + lpnllg + 1V pll3 + 117 - il

015 + 11V - 0115 + 72[uel3). (3.16)

Further, integrating (3.16) with respect to time from 0 to ¢, and noticing 6(0) = V - 8(0) = 0,
we obtain

t
16115 + 11V - 6115 SC/O (ollg + lloellg + 11V - pllg + 11V - pel 5 + 116115
+[|V - 0||2 + h%|uy|3)dr. (3.17)

Using Gronwall’s inequality and Lemma 3.3, we finally get
t
1615 + 11V - 01l < ChQ/0 (la(n)IF + lae(7)IT + la(T)3 + la (T3 + Jue(7)[3)dr. (3.18)
The results (3.10) and (3.11) follow from the triangle inequality and Lemma 3.3.

4 The Backward Euler Method for Sobolev Problem

In this section, we will describe the backward Euler method and discuss related error estimates.
Let At = T/N for some integer N, and t, = nAt,n = 0,---,N. For a smooth function ¢
on [0,T], U™ and Q™ are the approximations to u(t) and ¢(t) at t = ¢, respectively. Define
¢" = d(ty), 019" = (¢" — ")/t

Given {U"1, Q" 1} € V}, x W, we now determine a pair {U™,Q"} in Vj, x W), satisfying

(VU",VUh) = (a"Q”,Vvh), Yoy € Vi,
(0™ Q™ wp) + (a"0Q™, wp) + (V- (0:Q" + 3"Q™)), V -wp) = —(f*,V -wp),  Ywy, € W,
UY =11} up (),
(4.1)
where " = a(X,t"), B" = 3(X,t"), 0;a" = (a™ — o™ 1)/ At.
In order to get the desired error estimates, we write U™ — u(t,) = (U™ — I} u(ty,)) +

(Iu(tn) = u(ty)) = &" + 0" and Q" — q(tn) = (Q" — I q(ty)) + (I} q(tn) — q(ta)) = 0" + p™.
Since estimates of nand p™are given by Lemma 3.3 at ¢t = t,,, it is sufficient to estimate £” and
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0™. Note that the equations for {" and #™ may be written as

(VE", Vo) = (a™(p™ +0™),Vuy,) — (Vn", Vuy,), Yy, € Vi, (4.2)
(O™ (p" +0"),wn) + (™ (0:Q™ — qu(tn)), wn) + (V- (8:Q™ — qu(tn)), Vwn)
+ (V- (B"p" + 5"0"), Vwn)

= Z /8K ug(tn)wp - nds, Ywy, € Wy, (4.3)
K

Theorem 4.1. Under assumption of the Theorem 3.4, for any notural number 0 < n < N
we have

tn é
U~ attn)ln <@ ( [ laufidr)
0

1
2

+Ch| (o) / " QiR+ lae(r) + la (7))

t7l
+ uolz + lgh + / g () o
0

1

+( / " () + laB + e (PB)ar) . (4.4)

and

1
2

tn
Q" = 2l ey CO( [ lalar)

+Ch|(an) / " (e + lae () + () Bar)

+lal+lala+ ([ " (g + la(O + lun(r)Bar) .

(4.5)
Proof. By Lemma 3.3 at t =t,,, we get
0" = [Tu(tn) = uta) ln < Chlu(ta)l> < Ch(juolz + / " luDldr). (40)
Choose v, = €™ in (4.2) to obtain, for n =0, -, N,
(VE", VE") = (a™(p" +0"), VE™) — (V" VE™).
Use the Cauchy-Schwartz’s inequality and the Young’s inequality to obtain
Ve (5 < Clp™ I + 11118 + 17" [[5)- (4.7)
Setting wy, = 6™ in (4.3), we have
(0™ (p" +0"),0") + (™ (9:Q™ — i (tn)), 0") + (V- (9:Q" — q(tn)), VO")
(V- (8" + 570", Vo) — ; /8 w(t,)0" s (4.8)

Note that

01Q™ — qi(tn)

= ! |:pn +9n - pn71 - 9"71 + ‘/tn_1 qtt(t -1 — T)d’T:|

n
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and

tn 2 tn
| [ auttars = nrar] < @87 [ llautr)lar
tn—1 0 tn—1
By the Young’s inequality and the boundaries of ;o™ and o™, we have
167115 = 116" 7[5 + 11V - 0" Ig = 11V - 6" H[5
<C(L)([1p" 1§ + 110™[[5 + B2 |ue(ta)3 + IV - 073 + IV - p"I5)

tn

+C(At)/ n (IIpt(T)II3+IIV-pt(T)H%)dTJrC(At)z/ [laee (7)l[3dr. (4.9)

tnfl t'nfl
Summing (4.9) in time from 1 to n and using discrete Gronwall’s inequality, together with
6(0) = 0, we obtain

167115 + 11V - 6" 3

n

<C@n[ I3+ Rl + 19 518)+ [ Ul + 17 - pDlF)ar

i=1
tn
+ €002 [ lau(rliar. (4.10)
0

By Lemma 3.3, we get

n

1671+ 11V - 0"1F <Ch2(20) [ D" (a1} + la(t:) § + huet:) ) + / () + () By ]

1=1
t7l
+C(At)2/ lqee ()| |3 . (4.11)
0
Note that
n ) n 1 ti " ,
; lue(ti)]5 :; ‘ At {/ti_l (1 —ti—1)uy(T)dr + /ti_1 ut(T)dT:| ‘2
</tn <|u (P2 + 1 " (7‘)|2>d7' )
~ 0 tt 2 At t 5 : .
and
n 2 tn 2 1 9 n ) tn ) 1 ,
> lattff < | (lae(r) + At|q<7>|1)d7,i§_;|q<ti> i< | (@B, latr)B)dr

tn

n tn 1 n 1
>l < | (lantolt + N|qt(r>|%)dn;|qt<m|§s | (a0 + ) o

Therefore, we have

t

tn n
167115 + 11V - 013 SChQ(At)/O (|utt(7)|§+|qt(7')|%+|Qt(7)|§)dT+C(At)2/ |que (7)[5dT

0

2 [ ) + ) + () )] (1.13)

Finally, by the use of the triangle inequality, (4.6), (4.7) and (4.13), we complete the proof.



344 D.Y. Shi, H H. Wang

References

(1] Apel, T. Anisotropic finite elements: Local estimates and Applications. Leipzig: B. G.Teubner Stuttgart,
1999

(2] Apel, T. Dobrowlski, M. Anisotropic interpolation with application to the finite element method. Com-
puting, 47(3): 277-293 (1992)

(3] Apel, T., Serge, N., Joachim, S. Crouzeix-Raviart type finite elements on anisotropic meshes. Numer.
Math., 89: 193-223 (2001)

[4] Barenblatt, G.I., Zheltov, I.P., Kochian I.V. Basic concepts in the theory of homogeneous liquids in fissured
rocks. J. Appl. Math. Mech., 24: 1286-1303 (1960)

[5] Cannon, J., Lin, Y. Non-classical H' projection and Galerkin methods for nonlinear parabolic integro-
differential equations. Calcolo, 25: 187-201 (1998)

[6] Chen, S.C., Shi, D.Y., Zhao, Y.C. Anisotropic interpolation and quasi-Wilson element for narrow quadri-
lateral meshes. IMA J. Numer. Anal., 24: 77-95 (2004)

[7] Chen, S.C., Zhao, Y. C., Shi, D.Y. Anisotropic interpolations with application to nonconforming elements.
Appl. Numer. Math., 49: 135-152 (2004)

(8] Ciarlet, P.G. The finite element method for elliptic problem. Amsterdam, North-Holland, 1978

[9] Douglas, J.J., Dupont, T. F., Wheeler, M. F. H'-Galerkin methods for the Laplace and heat equations.
Mathematical Aspect of Finite Elements in Partial Differential Equations. C. de Boor, ed., Academic Press,
New York, 383-415 (1975)

[10] Guo, L., Chen, H.Z. H!'-Galerkin mixed finite element method for the Sobolev equation. J. Sys. Sci. and
Math. Scis., 26(3): 301-314 (2006) (in Chinese)

[11] Hale, J. K. Ordinary differential equations. New York, Willey-Interscience, 1969

[12] Lin, Y., Lutz Tobiska, Zhou A.H. Superconvergence and extrapolation of non-conforming low order finite
elements applied to the Poisson equation. IMA J. Numer. Anal., 25: 160-181 (2005)

[13] Pani, A.K. An H'-Galerkin mixed finite element methods for parabolic partial differential equations. SIAM
J. Numer. Anal., 35: 712-727 (1998)

[14] Pani, A.K. An H'-Galerkin mixed finite element methods for parabolic partial integro-differential equations.
SIAM J. Numer. Anal., 22: 231-252 (2002)

[15] Park, C.J., Sheen, D.W. Pji-nonconforming quadrilateral finite element methods for second order elliptic
problems. SIAM J. Numer. Anal., 41: 624-640 (2003)

[16] Shi, D.M. On the initial boundary value problem of nonlinear the migration of the moisture in soil. Acta
Math. Appl., 13: 31-38 (1990) (in Chinese)

[17] Shi, D.Y., Mao, S.P., Chen, S.C. An anisotropic nonconforming finite element with some superconvergence
results. J. Comput. Math., 23(3): 261-274 (2005)

[18] Shi, D.Y., Zhu, H.Q. The superconvergence analysis of an anisotropic element. J. Syst. Scie. & Compl.,
18(4): 478-487 (2005)

[19] Ying, T.W. A cooling process according to two-temperature theory of heat conduction. J. Math. Anal.
Appl., 45: 23-31 (1974)




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


