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1 Introduction

It is well known that Sobolev equations have been found applications in many physical problems,
such as the porous theories concerned with percolation into rocks with cracks[4], the transport
problems of humidity in soil[16], the heat-conduction problems[19] in different mediums and so
on.

However, all of the above studies using finite element methods rely on the regularity as-
sumption or the quasi-uniform assumption[4]. i.e., hK

ρK
≤ C1, h

hK
≤ C2, where K is an element,

hK , ρK denote the diameter of K and the biggest circle contained in K, respectively. C1 and
C2 are two constants independent of h = max

K
{hK} and the function considered. But when the

domain concerned is very narrow, if we employ the regular partition, the computing cost will
be very high. The obvious idea to overcome this difficulty is to use the anisotropic meshes with
fewer degrees of freedom[1−3,6,7,17,18].

H1-Galerkin mixed finite element method was proposed by Pani[13] to solve parabolic partial
differential equations. This method allows the approximation spaces to be polynomial spaces
with different orders and there is no need to satisfy the LBB condition[8] (see [5,9,10,14]).
But so far only the conforming elements with regular meshes are considered and Ritz-Volterra
projection is an indispensable tool.

In this paper, we will focus on nonconforming finite element approximation to the Sobolev
equations without requiring the above regularity assumption. In next section, we check the
anisotropic interpolation properties. In Section 3, based on the good properties of the elements,
we derive the error estimates for semidiscrete scheme by using interpolate operator directly,
that is, getting rid of the Ritz-Volterra projection. At last, a backward Euler discrete scheme
is considered and the same error estimates as those in previous articles are obtained.
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2 Construction of the Element

For the sake of convenience, let Ω ⊂ R2 be a convex polygon domain composed by a family
of rectangular meshes Jh, which does not need to satisfy the regular conditions. For all K ∈
Jh, denoted the barycenter of element K by (xK , yK), and the length of edges parallel to x-
axis and y-axis by 2hx and 2hy, respectively. a1(xK − hx, yK − hy), a2(xK + hx, yK − hy),
a3(xK + hx, yK + hy) and a4(xK − hx, yK + hy) are the four vertices, and l1 = a1a2, l2 = a2a3,
l3 = a3a4 and l4 = a4a1 are the four edges. Let ̂K = [−1, 1]× [−1, 1] be the reference element,
the four vertices be â1 = (−1,−1), â2 = (1,−1), â3 = (1, 1) and â4 = (−1, 1). Let ̂l1 = â1â2,
̂l2 = â2â3, ̂l3 = â3â4 and ̂l4 = â4â1. Then there exists an reversible mapping FK : ̂K → K

x = xK + hxx̂, y = yK + hy ŷ. (2.1)

The shape function spaces and interpolation operators of the finite elements on ̂K are
defined by (see [12,15,17])

̂P 1 = span{1, ξ, ŷ, ϕ(x̂), ϕ(ŷ)}, 1

| ̂K|

∫

K̂

(v̂ − ̂I1v̂)dx̂dŷ = 0,
1

|̂li|

∫

l̂i

(v̂ − ̂I1v̂)dŝ = 0,
(2.2)

̂P 2 = span{1, x̂, ŷ} × span{1, x̂, ŷ}, 1

|̂li|

∫

l̂i

̂I2v̂dŝ =
1
2
(

v̂(âi) + v̂(âi+1)
)

, (2.3)

where ϕ(t) = 1
2 (3t2 − 1), i = 1, 2, 3, 4, j = 1, 2.

It can be easily checked that the interpolations defined above are well-posed. If we denote
v̂i = 1

|̂li|
∫

l̂i
v̂dŝ, v̂5 = 1

|K̂|
∫

K̂
v̂dx̂dŷ, v̂i+5 = v̂(âi), i = 1, 2, 3, 4, the interpolation functions can

be expressed as follows

̂I1v̂ = v̂5 +
1
2
(v̂2 − v̂4)x̂ +

1
2
(v̂3 − v̂1)ŷ +

1
2
(v̂2 + v̂4 − 2v̂5)ϕ(x̂) +

1
2
(v̂3 + v̂1 − 2v̂5)ϕ(ŷ) (2.4)

and

̂I2v̂ =
1
4
(v̂6 + v̂7 + v̂8 + v̂9) +

1
4
(v̂7 + v̂8 − v̂6 − v̂9)x̂+

1
4
(v̂8 + v̂9 − v̂6 − v̂7)ŷ. (2.5)

Then we define the interpolation operators on the general element K as

Π1
h : H2(Ω) → Vh, Π1

h|K = Π1
K ,Π

1
Kv = (̂I1v̂) ◦ F−1

K , ∀v ∈ H2(K),
Π2
h : (H2(Ω))2 →Wh,

Π2
h|K = Π2

K ,Π
2
Kq = ((̂I2q̂1) ◦ F−1

K , (̂I2q̂2) ◦ F−1
K ), ∀q = (q1, q2) ∈ (H2(K))2,

and the associated finite element spaces Vh and Wh as

Vh =
{

v, v|K = v̂ ◦ F−1
K , v̂ ∈ ̂P 1,

∫

F

[v]ds = 0, F ⊂ ∂K
}

,

Wh = {q = (q1, q2), q|K = (q̂1 ◦ F−1
K , q̂2 ◦ F−1

K ), q̂ ∈ ̂P 2 × ̂P 2, q(a) = 0, for any node a ∈ ∂Ω},
where [v] denote the jump value of v across the boundary F and [v] = v when F ⊂ ∂Ω.

The following lemma will play an essential role in our forthcoming analysis on anisotropic
meshes.

Lemma 2.1. Operator ̂Ii(i = 1, 2) defined above has the following anisotropic interpolation
property, i.e., for multi-index α = (α1, α2), when |α| = 1, there hold

‖ ̂Dα(v̂ − ̂I1v̂)‖
0,K̂

≤ C| ̂Dαv̂|
1,K̂

, ∀v̂ ∈ H2( ̂K), (2.6)

‖ ̂Dα(q̂ − ̂I2q̂)‖
0,K̂

≤ C| ̂Dαq̂|
1,K̂

, ∀q̂ ∈ (

H2( ̂K)
)2
. (2.7)
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Proof. We can obtain (2.6) by [17]. When α = (1, 0), for all q̂ = (q̂(1), q̂(2)) ∈ (H2( ̂K))2,

̂Dα
̂I2q̂ =

(1
2
(q̂(1)2 − q̂

(1)
4 ),

1
2
(q̂(2)2 − q̂

(2)
4 )

)

=
1
4

(

∫

l̂2

q̂(1, ŷ)dŷ −
∫

l̂4

q̂(−1, ŷ)dŷ
)

=
1

| ̂K|

∫

K̂

∂q̂

∂x̂
dx̂dŷ.

For all ŵ ∈ (H1( ̂K))2, let

F (ŵ) =
1

| ̂K|

∫

K̂

ŵdx̂dŷ.

Apparently F ∈ ((H1( ̂K))2)′, employing the basic anisotropic interpolation theorem [6] yields

‖ ̂Dα(q̂ − ̂I2q̂)‖
0,K̂

≤ C| ̂Dαq̂|
1,K̂

, ∀q̂ ∈ (H2( ̂K))2.

Similarly, we can prove that (2.7) is valid for α = (0, 1). The proof is completed.

3 Anisotropic Error Estimates for Sobolev Problem

Now, let us consider the following problem
⎧

⎪

⎨

⎪

⎩

ut −∇ · (a∇ut + b∇u) = f(X, t), X ∈ Ω, t ∈ (0, T ],
u(X, t) = 0, X ∈ ∂Ω, t ∈ [0, T ],
u(X, 0) = u0(X), X ∈ Ω,

(3.1)

whereX = (x, y), a = a(X, t) and b = b(X, t) are continuous functions with bounded derivatives
and subject to

|b(X, t)| ≤ a1, 0 < a0 ≤ |a(X, t)| ≤ a1, X ∈ Ω, (3.2)

for some positive constants a0 and a1.
Introducing the auxiliary variable q = a∇u, and rewriting (3.1) as:

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

∇u = αq, X ∈ Ω, t ∈ (0, T ],
ut −∇ · (qt + βq) = f, X ∈ Ω, t ∈ (0, T ],
u(X, t) = 0, X ∈ ∂Ω, t ∈ [0, T ],
u(X, 0) = u0(X), X ∈ Ω,

(3.3)

where α = 1/a, β = (b− at)/a.
We denote the natural inner production in L2(Ω) by (·, ·) and the norm by || · ||0, and let

H1
0 (Ω) = {v ∈ H1(Ω) : v|∂Ω = 0}, H(div; Ω) = {q ∈ (L2(Ω))2,∇ · q ∈ L2(Ω)}. Further, we use

the classical Sobolev spaces Wm,p(Ω), 1 ≤ p ≤ ∞, denoted by Wm,p, with norm || · ||m,p. When
p = 2, we simply write || · ||m,p as || · ||m.

To derive the H1-Galerkin mixed finite element method, we consider the following weak
formulation of (3.3).

Find {u, q} : [0, T ] −→ H1
0 (Ω) ×H(div; Ω) such that

⎧

⎪

⎨

⎪

⎩

(∇u,∇v) = (αq,∇v), ∀v ∈ H1
0 (Ω),

(αtq, w) + (αqt, w) + (∇ · (qt + βq),∇ · w) = −(f,∇ · w), ∀w ∈ H(div; Ω),
u(X, 0) = u0(X), X ∈ Ω.

(3.4)
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The discrete problem of (3.4) reads as: {uh, qh} : [0, T ] −→ Vh ×Wh, such that

⎧

⎪

⎨

⎪

⎩

(∇uh,∇vh) = (αqh,∇vh), ∀vh ∈ Vh,

(αtqh, wh) + (αqht, wh) + (∇ · (qht + βqh),∇ · wh) = −(f,∇ · wh), ∀wh ∈Wh,

uh(0) = Π1
hu0(X), X ∈ Ω.

(3.5)

We define

‖qh‖H̃(div;Ω)
=

(
∑

K∈Jh

‖qh‖2
0,K + ‖∇ · qh‖2

0,K

) 1
2
, ∀qh ∈ Wh,

|vh|h =
(

∑

K∈Jh

|vh|21.K
) 1

2
, ∀vh ∈ Vh,

then it is easy to see that || · ||
H̃(div;Ω)

and | · |h are the norms over Wh and Vh, respectively.

Theorem 3.1. Problem (3.5) has a unique solution.

Proof. Let {φj}r1j=1 ⊂ Vh and {ψi}r2i=1 ⊂ Wh be bases of Vh and Wh, respectively. Then uh
and qh may be expressed as

uh =
r1

∑

j=1

hj(t)φj(x), qh =
r2

∑

i=1

gi(t)ψi(x).

Substituting these expressions into (3.5) and choosing vh = φi(x), wh = ψj(x).
With

H(t) = (h1(t), · · · , hr1(t))′, G(t) = (g1(t), · · · , gr2(t))′, A = ((∇φi,∇φj))r1×r1 ,
B = ((αψi,∇φj))r1×r2 , D = ((αtψi, ψj))r2×r2 , E = ((αψi, ψj))r2×r2 ,
F = ((∇ · ψi,∇ · ψj))r2×r2 , J = ((∇ · βψi,∇ · ψj))r2×r2 , M = −(f,∇ · ψj)r2×1,

then (3.5) can be stated as follows: Find {H(t), G(t)} such that, for all t ∈ (0, T ),

⎧

⎨

⎩

(a) AH(t) = BG(t),

(b) (E +M)
dG(t)
dt

+ (D + J)G(t) = M.
(3.6)

Since (E+F ), (D+J) and M are Lipschitz continuous, by the theory of differential equations,
(3.6) has a unique solution[11], and equivalently (3.5) has a unique solution.

Lemma 3.2. Suppose that ut ∈ H2(Ω), then on anisotropic meshes, for all ψ ∈ Wh we have

∣

∣

∣

∑

K

∫

∂K

utψ · nds
∣

∣

∣ ≤ Ch|ut|2‖ψ‖0. (3.7)

Proof. For all ψ = (ψ1, ψ2) ∈ Wh, we have

∑

K

∫

∂K

ut(ψ · n)ds =
∑

K

∫

∂K

(utψ1n1 + utψ2n2)ds =
∑

K

(A1 +A2 +A3 +A4),
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where

A1 =
∫

l1

−
(

ut − 1
|l1|

∫

l1

utdx
)(

ψ2 − 1
|l1|

∫

l1

ψ2dx
)

dx,

A2 =
∫

l2

(

ut − 1
|l2|

∫

l2

utdy
)(

ψ1 − 1
|l2|

∫

l2

ψ1dy
)

dy,

A3 =
∫

l3

(

ut − 1
|l3|

∫

l3

utdx
)(

ψ2 − 1
|l3|

∫

l3

ψ2dx
)

dx,

A4 =
∫

l4

−
(

ut − 1
|l4|

∫

l4

utdy
)(

ψ1 − 1
|l4|

∫

l4

ψ1dy
)

dy.

On the one hand,

A1 +A3 = −
∫ xK+hx

xK−hx

[

ut(x, yK − hy) − 1
2hx

∫ xK+hx

xK−hx

ut(x, yK − hy)
]

·
[

ψ2(x, yK − hy) − 1
2hx

∫ xK+hx

xK−hx

ψ2(x, yK − hy)
]

dx

+
∫ xK+hx

xK−hx

[

ut(x, yK + hy) − 1
2hx

∫ xK+hx

xK−hx

ut(x, yK + hy)
]

·
[

ψ2(x, yK + hy) − 1
2hx

∫ xK+hx

xK−hx

ψ2(x, yK + hy)]dx.

On the other hand, we have

ψ2(x, yK − hy) − 1
2hx

∫ xK+hx

xK−hx

ψ2(x, yK − hy)dx

=
1

2hx

∫ xK+hx

xK−hx

ψ2(x, yK − hy)dt− 1
2hx

∫ xK+hx

xK−hx

ψ2(t, yK − hy)dt

=
1

2hx

∫ xK+hx

xK−hx

[ψ2(x, yK − hy) − ψ2(t, yK − hy)]dt

=
1

2hx

∫ xK+hx

xK−hx

(

∫ x

t

∂ψ2

∂z
(z, yK − hy)dz

)

dt.

Note that ∂ψ2
∂x is a constant, by the technique of [17] we have

|A1 +A3| ≤ 4h2
x

3

∥

∥

∥

∂2ut
∂x∂y

∥

∥

∥

0,K

∥

∥

∥

∂ψ2

∂x

∥

∥

∥

0,K
.

Similarly, we get

|A2 +A4| ≤
4h2

y

3

∥

∥

∥

∂2ut
∂x∂y

∥

∥

∥

0,K

∥

∥

∥

∂ψ1

∂y

∥

∥

∥

0,K
.

Then the desired result (3.7) comes from the following inequalities

∥

∥

∥

∂ψ2

∂x

∥

∥

∥

0,K
≤ Ch−1

x ||ψ2||0,K ,
∥

∥

∥

∂ψ1

∂y

∥

∥

∥

0,K
≤ Ch−1

y ||ψ1||0,K ,

which completes the proof.
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Lemma 3.3. For all u ∈ H2(Ω), q, qt ∈ (H2(Ω))2, there hold

|u− Π1
hu|h ≤ Ch|u|2, ‖q − Π2

hq‖0 ≤ Ch|q|1, ‖qt − Π2
hqt‖0 ≤ Ch|qt|1,

(3.8)

‖∇ · (q − Π2
hq)‖0 ≤ Ch|q|2, ‖∇ · (qt − Π2

hqt)‖0 ≤ Ch|qt|2. (3.9)

Proof. On the one hand, by using the Bramble-Hilbert Lemma, we can get

||q − Π2
hq||0 ≤ Ch|q|1, ||qt − Π2

hqt||0 ≤ Ch|qt|1.
On the other hand, using the property of the affine mapping FK and the anisotropic interpolate
property of operator ̂I1 in Lemma 2.1, we have

|u− Π1
hu|2h =

∑

K∈Jh

∑

|α|=1

h−2α
K (hxhy)‖ ̂Dα(û− ̂I1û)‖2

0,K̂

≤C
∑

K∈Jh

∑

|α|=1

h−2α
K (hxhy)| ̂Dαû|2

1,K̂

≤C
∑

K∈Jh

∑

|α|=1

∑

|β|=1

h2β
K ‖Dα+βu‖2

0,K ≤ Ch2|u|22.

Similarly, we obtain

|q − Π2
hq|h ≤ Ch|q|2, |qt − Π2

hqt|h ≤ Ch|qt|2.
Therefore, we have

‖∇ · (q − Π2
hq)‖0 ≤ 2|q − Π2

hq|h ≤ Ch|q|2,
‖∇ · (qt − Π2

hqt)‖0 ≤ 2|qt − Π2
hqt|h ≤ Ch|qt|2.

Theorem 3.4. Assume that u, ut,∈ H2(Ω), q, qt ∈ (H2(Ω))2. Then on anisotropic meshes,
there hold

|u− uh|h
≤Ch

[

|u|2 + |q|1 +
(

∫ t

0

(|q(τ)|21 + |qt(τ)|21 + |q(τ)|22 + |qt(τ)|22 + |ut(τ)|22)dτ
) 1

2
]

,
(3.10)

and

‖q − qh‖H̃(div;Ω)

≤Ch
[

|q|1 + |q|2 +
(

∫ t

0

(|q(τ)|21 + |qt(τ)|21 + |q(τ)|22 + |qt(τ)|22 + |ut(τ)|22)dτ
) 1

2
]

.
(3.11)

Proof. Let u− uh = (u−Π1
hu)+ (Π1

hu− uh) = η+ ξ, q− qh = (q−Π2
hq)+ (Π2

hq− qh) = ρ+ θ.
From (3.1) to (3.5), we obtain the following error equations

(∇ξ,∇vh) = (α(ρ+ θ),∇vh) − (∇η,∇vh), ∀vh ∈ Vh (3.12)

and
(

(αθ)t, wh
)

+ (∇ · (θt + βθ),∇ · wh)
= − (∇ · (ρt + βρ),∇ · wh) +

∑

K

∫

∂K

utwh · nds− (αtρ, wh) − (αρt, wh), ∀wh ∈ Wh.
(3.13)
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Choose vh = ξ in (3.12), and use the Young’s inequality and (3.2) to obtain

||∇ξ||20 ≤ C(||ρ||20 + ||θ||20 + ||∇η||20). (3.14)

Taking wh = θ in (3.13) and noticing that ((αθ)t, θ) = 1
2 (αtθ, θ) + 1

2
d
dt (αθ, θ), we have

1
2
||α 1

2
t θ||20 +

1
2
d

dt
||α 1

2 θ||20 +
d

dt
||∇ · θ||20

= − (∇ · βθ,∇ · θ) − (β∇ · θ,∇ · θ) − (αtρ, θ) − (αρt, θ) − (∇ · ρt,∇ · θ)
− (∇ · βρ,∇ · θ) − (β∇ · ρ,∇ · θ) +

∑

K

∫

∂K

utθ · nds. (3.15)

By the Young’s inequality, the positive definiteness of β and Lemma 3.2, we get

d

dt
||α 1

2 θ||20 +
d

dt
||∇ · θ||20 ≤C(||ρ||20 + ||ρt||20 + ||∇ · ρ||20 + ||∇ · ρt||20

+ ||θ||20 + ||∇ · θ||20 + h2|ut|22). (3.16)

Further, integrating (3.16) with respect to time from 0 to t, and noticing θ(0) = ∇ · θ(0) = 0,
we obtain

||θ||20 + ||∇ · θ||20 ≤C
∫ t

0

(||ρ||20 + ||ρt||20 + ||∇ · ρ||20 + ||∇ · ρt||20 + ||θ||20
+ ||∇ · θ||20 + h2|ut|22)dτ. (3.17)

Using Gronwall’s inequality and Lemma 3.3, we finally get

||θ||20 + ||∇ · θ||20 ≤ Ch2

∫ t

0

(|q(τ)|21 + |qt(τ)|21 + |q(τ)|22 + |qt(τ)|22 + |ut(τ)|22)dτ. (3.18)

The results (3.10) and (3.11) follow from the triangle inequality and Lemma 3.3.

4 The Backward Euler Method for Sobolev Problem

In this section, we will describe the backward Euler method and discuss related error estimates.
Let �t = T/N for some integer N , and tn = n�t, n = 0, · · · , N . For a smooth function φ
on [0, T ], Un and Qn are the approximations to u(t) and q(t) at t = tn, respectively. Define
φn = φ(tn), ∂tφn = (φn − φn−1)/�t.

Given {Un−1, Qn−1} ∈ Vh ×Wh, we now determine a pair {Un, Qn} in Vh ×Wh satisfying

⎧

⎪

⎨

⎪

⎩

(∇Un,∇vh) = (αnQn,∇vh), ∀vh ∈ Vh,

(∂tαnQn, wh) + (αn∂tQn, wh) + (∇ · (∂tQn + βnQn)),∇ · wh) = −(fn,∇ · wh), ∀wh ∈ Wh,

U0 = Π1
hu0(x),

(4.1)
where αn = α(X, tn), βn = β(X, tn), ∂tαn = (αn − αn−1)/�t.

In order to get the desired error estimates, we write Un − u(tn) = (Un − Π1
hu(tn)) +

(Π1
hu(tn) − u(tn)) = ξn + ηn and Qn − q(tn) = (Qn − Π2

hq(tn)) + (Π2
hq(tn) − q(tn)) = θn + ρn.

Since estimates of ηnand ρnare given by Lemma 3.3 at t = tn, it is sufficient to estimate ξn and
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θn. Note that the equations for ξn and θn may be written as

(∇ξn,∇vh) = (αn(ρn + θn),∇vh) − (∇ηn,∇vh), ∀vh ∈ Vh, (4.2)
(∂tαn(ρn + θn), ωh) + (αn(∂tQn − qt(tn)), ωh) + (∇ · (∂tQn − qt(tn)),∇wh)
+ (∇ · (βnρn + βnθn),∇wh)

=
∑

K

∫

∂K

ut(tn)ωh · nds, ∀wh ∈Wh. (4.3)

Theorem 4.1. Under assumption of the Theorem 3.4, for any notural number 0 ≤ n ≤ N
we have

|Un − u(tn)|h ≤C(�t)
(

∫ tn

0

|qtt|20dτ
) 1

2

+ Ch
[

(�t) 1
2

(

∫ tn

0

(|utt(τ)|22 + |qt(τ)|21 + |qt(τ)|22)dτ
) 1

2

+ |u0|2 + |q|1 +
∫ tn

0

|ut(τ)|2dτ

+
(

∫ tn

0

(|q(τ)|21 + |q(τ)|22 + |ut(τ)|22)dτ
) 1

2
]

, (4.4)

and

|Qn − q(tn)|H̃(div;Ω)
≤C(�t)

(

∫ tn

0

|qtt|20dτ
) 1

2

+ Ch
[

(�t) 1
2

(

∫ tn

0

(|utt(τ)|22 + |qt(τ)|21 + |qt(τ)|22)dτ
) 1

2

+ |q|1 + |q|2 +
(

∫ tn

0

(|q(τ)|21 + |q(τ)|22 + |ut(τ)|22)dτ
) 1

2
]

.
(4.5)

Proof. By Lemma 3.3 at t = tn, we get

|ηn|h = |Π1
hu(tn) − u(tn)|h ≤ Ch|u(tn)|2 ≤ Ch

(

|u0|2 +
∫ tn

0

|ut(τ)|2dτ
)

. (4.6)

Choose vh = ξn in (4.2) to obtain, for n = 0, · · · , N ,

(∇ξn,∇ξn) = (αn(ρn + θn),∇ξn) − (∇ηn,∇ξn).
Use the Cauchy-Schwartz’s inequality and the Young’s inequality to obtain

||∇ξn||20 ≤ C(||ρn||20 + ||θn||20 + ||∇ηn||20). (4.7)

Setting wh = θn in (4.3), we have

(∂tαn(ρn + θn), θn) + (αn(∂tQn − qt(tn)), θn) + (∇ · (∂tQn − qt(tn)),∇θn)

+ (∇ · (βnρn + βnθn),∇θn) =
∑

K

∫

∂K

ut(tn)θn · nds. (4.8)

Note that

∂tQ
n − qt(tn) =

1
�t

[

ρn + θn − ρn−1 − θn−1 +
∫ tn−1

tn

qtt(tn−1 − τ)dτ
]



Nonconforming H1-Galerkin Mixed FEM Method for Sobolev Equations on Anisotropic Meshes 343

and
∥

∥

∥

∫ tn

tn−1

qtt(tn−1 − τ)dτ
∥

∥

∥

2

0
≤ (�t)2

∫ tn

tn−1

||qtt(τ)||20dτ.

By the Young’s inequality and the boundaries of ∂tαn and αn, we have

||θn||20 − ||θn−1||20 + ||∇ · θn||20 − ||∇ · θn−1||20
≤C(�t)(||ρn||20 + ||θn||20 + h2|ut(tn)|22 + ||∇ · θn||20 + ||∇ · ρn||20)

+ C(�t)
∫ tn

tn−1

(||ρt(τ)||20 + ||∇ · ρt(τ)||20)dτ + C(�t)2
∫ tn

tn−1

||qtt(τ)||20dτ. (4.9)

Summing (4.9) in time from 1 to n and using discrete Gronwall’s inequality, together with
θ(0) = 0, we obtain

‖θn‖2
0 + ‖∇ · θn‖2

0

≤C(�t)
[

n
∑

i=1

(‖ρi‖2
0 + h2|ut(ti)|22 + ‖∇ · ρi‖2

0) +
∫ tn

0

(‖ρt(τ)‖2
0 + ‖∇ · ρt(τ)‖2

0)dτ
]

+ C(�t)2
∫ tn

0

‖qtt(τ)‖2
0dτ. (4.10)

By Lemma 3.3, we get

||θn||20 + ‖∇ · θn‖2
0 ≤Ch2(�t)

[
n

∑

i=1

(|q(ti)|21 + |q(ti)|22 + |ut(ti)|22) +
∫ tn

0

(|qt(τ)|21 + |qt(τ)|22)dτ
]

+ C(�t)2
∫ tn

0

||qtt(τ)||20dτ. (4.11)

Note that
n

∑

i=1

|ut(ti)|22 =
n

∑

i=1

∣

∣

∣

1
�t

[

∫ ti

ti−1

(τ − ti−1)utt(τ)dτ +
∫ ti

ti−1

ut(τ)dτ
]∣

∣

∣

2

2

≤
∫ tn

0

(

|utt(τ)|22 +
1
�t |ut(τ)|

2
2

)

dτ, (4.12)

and
n

∑

i=1

|q(ti)|21 ≤
∫ tn

0

(

|qt(τ)|21 +
1
�t |q(τ)|

2
1

)

dτ,

n
∑

i=1

|q(ti)|22 ≤
∫ tn

0

(

|qt(τ)|22 +
1
�t |q(τ)|

2
2

)

dτ,

n
∑

i=1

|qt(ti)|21 ≤
∫ tn

0

(

|qtt(τ)|21 +
1
�t |qt(τ)|

2
1

)

dτ,

n
∑

i=1

|qt(ti)|22 ≤
∫ tn

0

(

|qtt(τ)|22 +
1
�t |qt(τ)|

2
2

)

dτ.

Therefore, we have

||θn||20 + ‖∇ · θn‖2
0 ≤Ch2(�t)

∫ tn

0

(|utt(τ)|22 + |qt(τ)|21 + |qt(τ)|22)dτ + C(�t)2
∫ tn

0

|qtt(τ)|20dτ

+ Ch2

∫ tn

0

(|q(τ)|21 + |q(τ)|22 + |ut(τ)|22)dτ ]. (4.13)

Finally, by the use of the triangle inequality, (4.6), (4.7) and (4.13), we complete the proof.
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