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Abstract We present in this paper a generalised PC (GPC) equation which includes several known models.
The corresponding traveling wave system is derived and we show that the homoclinic orbits of the traveling
wave system correspond to the solitary waves of GPC equation, and the heteroclnic orbits correspond to the
kink waves. Under some parameter conditions, the existence of above two types of orbits is demonstrated and
the explicit expressions of the two solutions are worked out.
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1 Introduction

In this paper we consider the following generalized PC equation.

Uit — Uttpr — (alu + agup+1 + a3u2p+1)xm =0. (11)
When a; =1, ay = 1% and a3 = 0, (1.1) becomes the equation
Utt — Uttgpr — (U + Lu’”“) =0 (12)
p + 1 T ’

which was studied in [1,3]. Bogolubsky!!l and Clarkson et all® gave some solitary-wave solutions
of (1.2) with p = 1,2,4 and studied the interaction of two solitary waves numerically. When

a; =0,a0 = *%,ag =0, and p =1, (1.1) reduces to the equation
Lo
Ut — Utper + E(U oz = 0. (1.3)

Parker[9 also studied the solitary wave and exact solutions of (1.3). If p=1or p=2, then
(1.1) becomes the equation

Uty — Uttzx — (alu + a2u2 + 0:3U3)a:a: =0, (1-4)
or
Uty — Uttzr — (alu + a2u3 + a3U5)m =0, (1-5)

which were studied in [5,7]. Zhang and Mal™l gave some explicit solitary wave solutions of (1.4)
and (1.5). Li and Zhang!® obtained more explicit formulae of solitary wave solutions and kink
wave solutions.
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In this paper, we study solitary wave solutions and kink wave solutions of Eq.(1.1). To this
end, substituting u = p(§) with £ = x — ¢t into (1.1), we have

2

c 4,0” _ 624,0,”/ _ (a1<p+ a2<pp+1

+ azp* )" = 0. (1.6)

Note that the solitary wave solutions and kink wave solutions tend to some constants when
|€] tends to oco. This implies that ¢’(£),¢”(€) and ¢"'(£) tend to zero when |£| tends to oo.
Therefore integrating (1.6), once we get

2 — " — (a1 + aspP ! + azp®th) = 0. (1.7)
Further integrating (1.7) once we have
1
¢ = S [(* —a)p — " —agp™ " 4 g]. (1.8)
Letting y = ¢’, we obtain a planar system
dyp dy _ [(¢? —a1)p — aspP™ — azp® ™ + g]
_— = y7 _— = ) . (19)
dé e c

It is well known that if ¢(&) has a extreme value and . lim (&) = glim »(&) = A which

is a constant, then u = ¢(x — ct) is called a solitary wave solution; if ¢©(€) is monotonic and
) lim ¢(¢) = B # 5lim ©(&) = D, where B and D are two constants, then u = ¢(z — ct) is
— —00 —00

called a kink wave solution. These two types of traveling wave solutions will be called long-wave
solutions.

We will show the relationship between long-wave solutions and some orbits of System (1.9)
in Section 2. In Section 3 we will give some bifurcation phase portraits. In Section 4 we will
derive some explicit expressions of long-wave solutions. Moreover, We also give some conditions
under which Eq.(1.1) has no long-wave solution. A short conclusion will be given in Section 5.

2 The Relationship of Long-wave and Some Orbits

In this section, we show the relationship of long-wave of Eq.(1.1) and some orbits of System
(1.9).

Proposition 1.  Consider Eq.(1.1) and System (1.9).

(i) If o = (&) and y = y(&) is the parameter expression of a homoclinic orbit of System
(1.9), then u = p(x — ct) is a solitary wave solution of Eq.(1.1).

(ii) If o = (&) and y = y(§) is the parameter expression of a heteroclinic orbit of system
(1.9), then u = p(x — ct) is a kink wave solution of Eq.(1.1).

Proof. It is easily seen that all singular points of System (1.9) are on the ¢ axis. From the

qualitative theory of dynamical systems we know that if ¢(&) and y(§) denote a homoclinic

orbit of System (1.9), then certainly this homoclinic orbit starts and returns to one of the

singular points of System (1.9). Thus 5lim w(&) = Elim »(§) = « which is a constant and
——00 — 00

lim y(&) = lim ¢'(£) = 0. On the other hand, since ¢(&) and y(§) satisfy System (1.9), p(£)

€] —o0 €] —o00
satisfies Eq.(1.8). Further, u = o(x — ct) satisfies Eq.(1.1). This implies that u = (2 — ct) is
a solitary wave solution of Eq.(1.1).

Similarly, if ¢(£) and y(¢) denote a heteroclinic orbit of System (1.9), then certainly this
heteroclinic orbit starts from one of singular points of System (1.9) and goes into some one
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of others. This implies that élim ©(§) = B and élim ©(§) = v, where 8 # ~ are constants.
— —00 — 00
Meanwhile we have 5lim y(€) = lim ¢'(§) = 0. On the other hand, since ¢(&) and y(§)

€] |€]—o00
satisfy System (1.9), u = (&) satisfies Eq.(1.8). Further, u = ¢(x — ct) satisfies Eq.(1.1). This
implies that u = ¢(z — ct) is a kink wave solution of Eq.(1.1). This completes the proof.

From Proposition 1 we see that the homoclinic orbits and heteroclinic orbits can be used to
seek the long-wave solutions of Eq.(1.1). In other words, the problem is converted into seeking
expressions of homoclinic orbits and heteroclinic orbits. In next section we will discuss some
bifurcation phase portraits.

3 Some Bifurcation Phase Portraits

In this section, we discuss some bifurcation phase portraits of System (1.9). Suppose

fle) = (% = a1)p — azpP ! — azp™ T, (3.1)

(1.9) is reduced to
do_ - Ay _ 19ty
d¢ ’ dg 2

Thus, to study the distribution of singular points of (1.9), we need to investigate the zero
points of f(¢)+g. As mentioned in Section 2, the case az = 0 is discussed in [1,2]. Now suppose
as # 0. From f(¢) = 0 we get

(3.2)

—ag £ \/ag — 4az(ay —CQ))l/P (3.3)

po=0, ox==%( 5
as
(3.3) may be used to determine the number of zero points of f(p). For example, when p is

even and
2

as < 0, as > 0, 9z <ap—c2 <0, (3.4)
4(1,3

/() has five zero points ¢g, 1, t¢o and their expressions are given as follows

B _(—az — /a3 — daz(a; — )\ /P
wo =0, p1 = ( s ) ) (3.5)
(a2 + /a3 —daz(ar — )\ /P
Suppose
. —(p+1Das — /(p+1)2a2 —4(2p + 1as(a; — c2)\1/p
<P1=(( Jaz — +/(p +1)a3 — 4( Jas(ax )) , (3.7)
2(2p+1)a3
. —(p+Daz ++/(p+1)2a2 — 4(2p + 1)az(ay — c2)\1/»
@2:( (p+ Daz + /(p +1)%a3 — 4( Jas(ax )) , (3.8)
2(2p + 1)as
gi=1f(eD)l, i=12, (3.9)

then it is easily seen that g; and go are the extreme values of f(yp). Assume that g; > go (for
the case g1 < go is similar). Using the above information the graph of F(p) = f(¢) + ¢ can be
drawn easily. For example, subject to (3.4) and p is even, the graph of z = F(y) is as that in
Fig.1.
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Fig.1 The graph z = f(¢) + g, when p is even and the parameters satisfy (3.4)

On the other hand, when g = 0, (1.9) has the following first integral

as 2 2(12 2
H =c2y? + ( P+ ——pP+a —c):h. 3.10
(py) =Py + 1t g e (3.10)
From H(p2,0) =0, we get
0 (p+1)a3

ay = (3.11)

(p+2)% (a1 —c?)
Suppose (g,0) is a singular point of (3.2), then at (,0) the eigenvalue of the linearized

system of (3.2) is

()

c2

N (,0) = (3.12)

According to the theory of dynamical systems (e.g.[2,4]), we obtain the following conclu-
sions.

(i) When f'(@) <0, (#,0) is a center point.
(i) When f'(@) > 0, (@,0) is a saddle point.
(iii) When f'(@) =0, (g,0) is a degenerate saddle point.

From the above analy51s, subject to (3.4) and p is even, we obtain the bifurcation phase
portraits as presented in Table 1.
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Table 1. The bifurcation phase portraits of System (1.9), when p is even,

g1 > g2 and the parameters satisfy (3.4)

g9 g<-9, §=-9; 9K 9<-9, g=-9, ~9,< 9<0 g=0

wa | e yhe el el ’da@* €D
ai-a} 4% }1—%' ?@-‘% ?@‘}}*‘ ’@F@*‘ ?@I@(‘

g 0< g4 9, 9=9, 9, 9<4, 9=4, 9,< 9

Using the bifurcation phase portraits and Proposition 1 we can determine the existence of
solitary waves and kink waves. Under certain conditions, we can give their explicit representa-
tions.

4 Some Explicit Expressions of Long-waves

In this section, we look for some explicit expressions of solitary waves and kink waves. We will
always assume g = 0 in what follows.

4.1 Solitary Wave Solutions

When a3 > a3, p is even and (3.4) holds, from Table 1 we see that (1.9) has two homoclinic
orbits I'; and T's which connect with singular point (0,0). To facilitate further discussions, we
redraw the T';(i = 1 — 2) as Fig.2.

Figure 2. Homoclinic orbits, when g = 0, a3 > a§ and condition (3.4) holds
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In ¢ —y plane, I'; and I'y are described as

2(.2 2a3 ,.p _ _asz . 2p
90 (C ap — 2('0 1@ ) * *
Y’ = L PR pe-¢h il (4.1)
where
. (—(p-i—l)ag +p+1 a3 +a3(02—a1))1/p (4.2)
AT 2as - oas (pr2?2 T il ‘ |
Substituting (4.1) into ‘fl—“g =y, we have
2
+ : dip = de. (4.3)
o (¢~ — 230 — i)

Assuming ¢(0) = ¢f and integrating (4.3) along homoclinic orbit 'z, we also got

% ||
ds = ds for € <0, (4.4)
\/02 —a 2“2 2 5P — ‘f’l 52p

and

® |c| 3
—/ ds :/ ds for € >0. (4.5)
@5 s\/02 —a; — 29250 — S s%P 0

p+2

Completing above two integrals we obtain

)=t = (LI 00 ) as

where
- \/ 2+ 1) + 0+ 2P~ e, (1)
g-bve—a (4.8)

]
From the above derivations we have the following theorem.

Theorem 1.  Eq.(1.1) has solitary wave solutions +uy (x,t) when p is even, ¢> > a1 and one
of the following conditions is satisfied

(1°) a2 >0 and az > a3,

(2°) a2 <0 and az > 0.
Proof.  For Condition (1°), we have already obtained Equations (4.4) and (4.5). For Condition
(2°) and g = 0, using (3.1) and (3.6), we know that System (1.9) has three singular points,
namely, (0,0) and (£¢2,0). It follows from that from (3.12), (0,0) is saddle point, and (2, 0)
are center points. Therefore System (1.9) has two homoclinic orbits which are similar to that
depicted in Fig.2. Now we study the integrals in (4.4) and (4.5). Let

2&2 - as
p+2’ T p+1

A=c2—a, B=-— , (4.9)

and
=5 To=(p5)P, T =¢", X(r)=A+Br+Cor? (4.10)
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Thus (4.4) and (4.5) merge into

/m: dr __pl¢
- T/ X(7) 4
By completing the integral in (4.11), we get

xfﬁiiig:(VZ+4§ﬂ@ﬂmww_4§7

1 7'70 2V A WA

VA pl¢]

le]

Letting n = , we have

VA B

v oD ) L)

7o 2V A VA

It follows from solving (4.13) that

. 2040\/Z e
v = a? e — 2apdpe + 63 — Cp’
where
o \/ (p+1)a3 + (p+2)°asA
(p+1) ’
and s as
" pr2vA

From (4.9), (4.15) and (4.16) we see that
58 - Co = Oég.

Applying (4.17) to (4.14), we find

131

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)

(4.18)

From (4.15), (4.16) and (4.18) we obtain ¢(z — ct) as that in (4.6). According to above
analysis and Proposition 1 we confirm that dwuq(z,t) are solitary wave solution of Eq.(1.1).

This completes the proof.

4.2 Kink Wave Solutions

Similar to the above approach we can prove the following theorem.

Theorem 2. If p is even, az > 0, ¢ > a1, a3 = a3, then Eq.(1.1) has four kink wave
solutions ( (& N

_ . p+2)(cc—ay p
" (p+2)( —ar)\ 1/

N . p+2)(c"—ay p

i) = ara ) (4.20)

where 3 is as that in (4.8) and r # —az is an arbitrary constant.
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Proof. From Table 1 we see that when g = 0, az > 0,¢® > a1 and a3 = a3, (1.9) has four
heteroclinic orbits T'; (i = 3,4,5,6) connecting with singular point (0,0). We redraw them as
illus-treated in Fig.3.

Figure 3. When g =0, a2 >0, ¢ > a1 and a3, = a$, the four heteroclinic orbits of system (1.9)

On ¢ — y plane, I's and 'y are given by

2 2

2 P ( 2 2a0 az Qp) 0
= —(c"—a — + , for € (—1,0), 4.21
Yy 02 1 p+2§0 (p+2)2(02_a1)§0 ' ( ¥1 ) ( )

and I's and T'g are given by

2 2
2_90 D as

—(CQ—CL—%L +
ye e 2 T hre@—a

)<p2p), for ¢ € (0,¢Y). (4.22)

Substituting (4.22) into 42 = y and integrating it along I's and ' respectively, we have
g e g g g

i d ‘d
/ i _ = / ﬁ (along T'5), (4.23)
w0 s\ —ay = Baer gt Do I
i d $d
—/ i = = / ﬁ (along T'g), (4.24)
20 s\ —ay = 2mer+ e Jo I
where ¢(0) = ¢o € (0,¢?) is a constant. Similarly, let
2a9 a2
A= —a, B=-"—= = 2 , 4.25
1 pr2 T @ 2
and
v=sP, vy = ¢5, v = P, Z(v) = A+ Bv + C1v°. (4.26)
Thus (4.23) and (4.24) respectively become
V1
_ W _rE (4.27)
Vo v Z(U) ‘C|
v dv pé&
_ __bsS (4.28)
/vo v/ Z(v) ||

Completing the integral in (4.27) and (4.28), we have

,/Z(u;)lJr VA _ N %, (4.29)
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and VA
\/Z A B
L =are — ——, (4.30)
v 2V A
where

and n=——. (4.31)

Solving equations (4.29) and (4.30), we have

2V A

p— T
)
are " — 2(50

(4.32)

and
2V A
o = L (4.33)
aiel — 20q
where dy is in (4.16). From (4.32), (4.33) and Proposition 1 we confirm that @y (z,t) and

G4+ (x,t) are kink wave solutions. This completes the proof.

When p = 2,a; = 44/ % and 7 = ag, the four kink wave solutions 4 (x,t) and
G4 (x,t) become the solutions (5.9) and (5.10) in [5].

4.3 Non-existence of Long-wave Solution

Similarly we can prove the non-existence of long-wave solution of Eq.(1.1).

Theorem 3.  Ifp is even, ¢ — a1 > 0 and ag, as satisfy one of the following conditions,
2
(10) as > 0, az < 1

ag
(a1—c?)’

(20) az <0, a3 <0,
then Eq.(1.1) has no long wave solutions.

Proof. Suppose that u = ¢(£) is a long-wave solution, that is, u = ¢(§) is a solitary wave
solution or kink wave solution. From the limiting propertis of long wave solution, we konw that
@' (), ¢"(€) and ¢"'(£) tend to zero when [€| tends to infinity. Thus ¢(£) and y = ¢'(&) satisfy
System (1.9). This implies that System (1.9) has a homoclinic orbit which surrounds at least
a center point and connects a saddle point, or a heteroclinic orbit which connects two saddle
points.

On the other hand, under one of the above conditions, the function

f(@) = (¢ — a1)p — ag™' — ag™ T, (4.34)

has only a single zero point. Further, the function f(y)+ ¢ has also only a zero point too. This
implies that our initial hypothesis is not sound. Thus the proof is completed.

5 Conclusion

In this paper, we have presented a generalized PC equation which includes several known models
as special cases. We have also employed bifurcation method in dynamical systems to obtain
some explicit expressions of solitary wave and kink wave with some previous results becoming
our special cases.

For example, when p = 2, +u; (z, t) become the solitary wave solutions which are as that in
(5.7) in [5]. The four kink wave solutions @4 (z,t) and 4y (x,t) become the solutions (5.9) and

(5.10) in [5] when p = 2,a9 = 44/ % and r = as.
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