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ABSTRACT

The article is a contribution to the local theory of geometric Langlands duality. The main result is a categorifica-
tion of the isomorphism between the (extended) affine Hecke algebra associated to a reductive group G and Grothendieck
group of equivariant coherent sheaves on Steinberg variety of Langlands dual group G; this isomorphism due to Kazhdan—
Lusztig and Ginzburg is a key step in the proof of tamely ramified local Langlands conjectures.

The paper is a continuation of the author’s joint work with Arkhipoy, it relies on the technical material developed
in a joint work with Yun.
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1. Introduction and statement of the result

1.1. Affine Hecke algebra and its two categorifications. — Let k be a field, and let I =
k((2)) D O = [[¢]] be the field of functions on the punctured formal disc over £ and its
ring of integers. Let G be a split reductive linear algebraic group over £; let B C G be
a Borel subgroup, and I C G(F) be the corresponding Iwahori subgroup (thus I is the
preimage of B under the evaluation map G(O) — G).

If £ 1s finite then the group G(F) is a locally compact topological group, I is its
open compact subgroup, and the space H of C-valued finitely supported functions on
the two-sided quotient I\G(F)/I carries an algebra structure under convolution; this is
the Iwahori-Matsumoto Hecke algebra. Also H=H ®z,+11 G where H is the (extended)
affine Hecke algebra and the homomorphism Z[¢*'] — C sends ¢ to |£|.

Based on Grothendieck “sheaf-function” correspondence principle, one can con-
sider the category of /-adic complexes (or perverse sheaves) on an F,-scheme (or on its
base change to an algebraically closed field) as the categorical counterpart, or categorifi-
cation, of the space of functions on the set of F -points of the scheme; in particular, the
space of functions is a quotient of the Grothendieck group of the category. This approach
yields a certain derived category of étale sheaves (respectively, constructible sheaves or
D-modules) which should be viewed as a categorification of the affine Hecke algebra H.

On the other hand, as was discovered by Kazhdan and Lusztig (and independently
by Ginzburg), the affine Hecke algebra can be realized as the Grothendieck group of
equivariant coherent sheaves on the Steinberg variety of the Langlands dual group, thus
the corresponding derived category of coherent sheaves provides another categorification
of H.

The goal of the present paper is to construct an equivalence between the two trian-
gulated categories which categorify the affine Hecke algebra. A step in this direction has
been made in the previous works [1], [12], where a geometric theory of the anti-spherical
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(Whittaker) module over H was developed;' in the present paper we extend this analysis
to the affine Hecke algebra itself.

The possibility to realize the affine Hecke algebra H and the “anti-spherical”
module over it as Grothendieck groups of (equivariant) coherent sheaves on varieties
appearing in the Springer theory for G” plays a key role in Kazhdan—Lusztig’s proof of
classification of irreducible representations of H, which constitutes a particular case of
local Langlands conjecture, see [35] and exposition in [24].? Thus one may hope that
the categorification of these realizations proposed here can contribute to the geometric
Langlands program. In fact, since the result of the paper was announced, it has been
applied and generalized by several authors working in that area, see [28], [10], [19]; see
also [13] for a survey of some applications and related results and [33] for a discussion of
related dualities in gauge theory. Let us point out that existence of (some variant of) such
a categorification was proposed as a conjecture by V. Ginzburg, see Introduction to [24].

1.2. Statement of the result. — Let us now describe our result in more detail.

1.2.1. Categories of [-adic sheaves (the “Galois side”). — Recall the well known group
schemes Go D I over £ (of infinite type) such that Go (k) = G(O), I(k) =1, and a group
ind-scheme Gg with Gg(k) = G(F). We let I’ be the pro-unipotent radical of I; if £ = F
then I° = I°(k) is the pro-p radical of I. We also have the quotient ind-varieties: the affine
Grassmannian G, the affine flag variety /¢ = Gg/I and the extended affine flag variety
Ft = Gg/I, see e.g. [29], Appendix, §A.5. Thus Gt, F¢, F{ are direct limits of finite
dimensional varieties with transition maps being closed embeddings, in the case of Gt
and F¢ all the finite dimensional varieties in the direct system are projective. We have
Gr(k) = G(F)/G(O), FL(k) = GF) /1, FL(k) = GF)/1°.

From now on we assume that the base field k is algebraically closed.

Let D(F¥¢), D(F¢), D(Gv) be the constructible derived categories of /-adic sheaves
({ % char(k); see [25, §1.1.2], [8, §2.2.14-2.2.18]; and [29, §A.2], for a (straightforward)
generalization of the definition of an /-adic complex to a certain class of ind-schemes) on
the respective spaces.’

The protagonists of this paper are as follows. Let Dy = Dy (F¥¢) be the I-equivariant
derived category of /-adic sheaves on F¢; Dp; = Dp(F¥€) be the I’-equivariant de-
rived category of /[-adic sheaves on F¢, and let Dpp be the full subcategory in the
I’-equivariant derived category of F¢ consisting of complexes whose cohomology is

! In loc. cit. the group G is assumed to be simple. However, its arguments apply also to the case of a general reductive
group G.

2 In fact, some of the key ideas of this theory already appeared in an earlier work of Lusztig [39], [40] where
certain modules over the affine Hecke algebra were realized via K-groups of Springer fibers; also the relation between the
¢-deformation of the K-group and dilation equivariance was described in loc. cit.

3 1f char(k) = 0 we can also consider the corresponding derived categories of D-modules and if £ = G we can work
with the derived category of constructible sheaves in the classical topology. All our results, excepts for some statements in
Section 11 which explicitly involve a Frobenius action, hold in these settings, the proofs are identical.
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monodromic (or weakly equivariant, see [47]) with respect to the right T = I/I° action
with unipotent monodromy.

The categories Dy and Dy are equipped with an associative product operation
provided by convolution; Dy is unital while Dyop lacks the unit object.* We have com-
muting actions of Dpp and Dy on Dyoy by left and right convolution respectively. The
convolution operation will be denoted by *.

Let Py C Dy, Proy C Dyop, Prop C Dpop be the subcategories of perverse sheaves.
A standard argument (see e.g. [9, Proposition 1.5] for the first equivalence, the second
one follows by a similar argument using e.g. [23, Corollary A.4.7]) shows that

D’(Pur) = Dy,

(1) ) ~
D (PIOIO) = DIOIO,

while the natural functor D’(Py;) — Dy is not an equivalence.

1.2.2. The dual side. — Let G” be the Langlands dual group over the field Q. The
goal of the paper is to provide a description for the above categories in terms of G". To
formulate the answer we need to recall the following construction.

Let X = Y, X’ = Y be morphisms of algebraic varieties. We will assume that
X, X','Y are varieties over a field £, Y is smooth and morphisms X — Y, X' — Y are

proper.
L
One can consider the derived fiber product X xy X' which is a differential graded scheme

L
(DG-scheme for short), and the triangulated category DGCoh(XxyX').
If TorloY(OX, Ox) =0 for 7 > 0 then the derived fiber product reduces to the

L
ordinary fiber product and DGCoh(X xyX') = D’(Coh(X xy X')).

L
The triangulated category DGCoh (X xyX) has a natural monoidal structure pro-
vided by convolution. The category D’(Coh(X)) is naturally a module category for the

L
monoidal category DGCoh(XxyX). [For example, when X is a finite set and Y is a
point the induced structures on the Grothendieck group amount to matrix multiplication
and the action of n X n matrices on n-vectors respectively]. More generally, the category

L L

DGCoh(XxyX’) has two commuting actions: the action of DGCoh(XxyX) on the left
L

and an action of DGCoh(X’xyX') on the right.

* Notice that convolution with an object of Do involves direct image under a non-proper morphism, thus con-
volution could be defined in two different ways, using either direct image or direct image with compact support; we use
the version with the ordinary direct image. However, the convolution diagram involved in the definition of convolution in
Dyoyo is a composition of a T bundle and a proper morphism, while the sheaves to which we apply the direct image are
T-monodromic. The direct image under projection to the base of a T-monodromic sheaf on a principal T-bundle can be
expressed as derived invariants of monodromy, cf. Lemma 44, while direct image with proper support is a Verdier dual
operation. Since derived invariants with respect to a symmetric algebra action is a self-dual operation, up to homological
shift, we see that the two definitions produce equivalent monoidal categories.
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Given an action of an affine algebraic group H on X, X', Y compatible with the
maps, one gets equivariant versions of the above statements.

We will apply this in the following situation. We let Y = g~ be the Lie algebra of
G, X=g={(b,x)|beB,xeb}, X =N ={(b,x) | b € B, x € 1ad(b)}, where B is the
flag variety for G” parametrizing Borel subalgebras in g".

A standard complete intersection argument shows that Torfg((’)x, Ox/) =0 for
X=§,Y=g and X' = § or X' =N, thus the corresponding derived fiber products
coincide with the usual fiber product of schemes. However, it fails for X = X' = N ,

~_ L ~ ~ ~
Y =g, so the derived fiber product N x ;- is essentially different from N x o N.

We set St=§" x4 §, St =§ x4 N.

1.2.3. Statement of the result. — We now formulate the main result of the paper.

For an algebraic variety X and a closed subset Z C X we will let Cohz(X) denote
the full subcategory in Coh(X) consisting of sheaves set-theoretically supported on Z. For
amap f : X — Y and a closed subset Z C Y we will abbreviate Coh-1(7)(X) to Cohy(X).

Theorem 1. — There exist natural equivalences of categories:
(2) ®yp : Dpp = D’ (Coh (SV),
(3) ®yop : Doy = D’ (Coh® (St')),
BN
(4) @1 : Dy = DGCoh® (N x -N).

Equivalences (2) and (4) are compatible with the convolution product, while (3) is compatible with the
action of the categories from (2) and (4).

1.3. The action on the Twahori-Whittaker category. — It was pointed out above that

L
the monoidal category of DG coherent (equivariant) sheaves on a fiber product X xyX
admits a natural action on the derived category of (equivariant) coherent sheaves on

X. In particular, monoidal category DGCOhGV(./\?’ ;gv/\N/’ ) acts on Db(Coh(./\T )), while
D’(Coh® (St)) acts on D’(Coh® (§")).

To describe the corresponding structures on the loop group side, recall the category
of lwahori-Whittaker sheaves. The quotient of I’ by its commutant is the sum of copies of
the additive group indexed by vertices of the affine Dynkin graph. Fix an additive charac-
ter ¥ of I’ which is trivial on the summand of I’ /(I’)’ corresponding to the affine root(s)
and is non zero on the other summands. We denote by Dy, the I-equivariant derived cat-
egory of [-adic sheaves on the principal homogeneous space Gg/(I") which satisfies the
Y -equivariance condition with respect to the right action of I'/(I'), see [1]. (Conven-
tions here differ from those of [1] by switching the roles of left and right multiplication.)
We let D%(\)v denote the category of I monodromic sheaves with unipotent monodromy
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on Gg/(I')’ which are v-equivariant with respect to the right action of I°/(I°), this is
a particular case of the category considered in [23] (again, one needs to switch left with
right to get from the present setting to that of [23]).

The categories Dyopo, Dy act on ng, D}, respectively by convolution.

Theorem 2. — There exist equivalences of categories
5) @l : D! (Coh® (W) = Djy,,
(6) o}y, : D'(Coh% (§)) =D,

satispying the following compatibilities: the equivalence CD%QV s compatible with the action of
DbCohJ(\}/v (St) comang from the action of Doy on D{(\)v and equivalence (2).

e o~ L.
The equivalence ®, is compatible with the action of DGCoh® (N x g N') coming from the
action of Dy on Dl and equivalence (4).

Another useful compatibility between the equivalences in Theorems 1 and 2 is
stated at the end of Section 10.

A variant of equivalence (5) has been established in [1], and (6) can obtained by a
similar argument, see below. More precisely, in [1] a functor F : D’ (Coh® (./\7 )) = Dy is
constructed, below we construct its “monodromic” counterpart ® 4, : D}’(Cthv @) —
D, where D is a certain “pro”-completion of Do and ﬁ? (a version of) the formal neigh-
borhood of N in §” (see Section 2.1 for a precise definition). One can consider the com-
position of I with either left or right Whittaker averaging, both compositions turn out
to be equivalences, the proofs of these two facts are parallel. In [1] we worked with left
Whittaker averaging, while here we work with the right one (this allows us to work with
modules over the monoidal category Dy rather than modules over its opposite).

1.4. Description of the strategy: the Hecke algebra perspective. — Some of the constructions
exploited here are sheaf-theoretic analogs of known results in the theory of affine Hecke
algebras.

Recall that H has a standard basis ¢, indexed by elements w in the extended affine
Weyl group W.

Let A be the coweight lattice of G and A* C A be the set of dominant weights.
There exists a unique collection of elements 8, € H, A € A, such that 6,0, = 6,,, for
all A, u € A and 6, =T, for A € A™. The categorification of the elements 6, are the
so-called Wakimoto sheaves, see [1] and Section 3.3 below.

The elements 6, span a commutative subalgebra A C H which contains the center
Z(H) of the affine Hecke algebra. Categorification of the center is provided by the work
of Gaitsgory [29]. Categorification of the formula expressing central elements as linear
combinations of 6, is the fact that central sheaves of [29] admit a filtration whose associ-
ated graded 1s a sum of Wakimoto sheaves, see [1] and Section 3.5 below. This filtration
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plays a key role in our construction, see [1] and Section 4.2, yielding a categorification
of:

(7) AZK’(Coh% ) = K°(Coh® (S1)),

where § : §"— St is the diagonal embedding,
Another ingredient important to us is the g-analog of the Schur anti-symmetrizer, or

anti-spherical projector € = Y (—1)™¢,. Its relevance to representation theory of p-adic
weW,

groups comes from the fact that the left ideal HE is canonically isomorphic to I invariants
in the space of Whittaker functions on G(F), while its relation to canonical basis in the affine
Hecke algebra, thus to perverse sheaves on F¢ goes back to [38].

The categorical counterpart of & is the maximal projective object in the category
of perverse sheaves on G/B = Gg/I equivariant with respect to I, it is discussed in Sec-
tion 5. Under the equivalence with the coherent sheaves category that object corresponds
to the structure sheaf of Steinberg variety.

Let H,,, C H be the two-sided ideal generated by &. The full subcategory
D;,}(St) C Db(Cthv(St)) of perfect complexes can be considered as a categorification
of Hy,,,. Furthermore, it is easy to see that H,, is freely generated by & as a module over
A ®z A. This allows one to deduce an equivalence between the two categorifications of
H,,, from the categorification of (7). The subcategory DﬁGe;f(St) is dense in D?(Coh® (St))
in an appropriate sense, which allows to extend the equivalence from the subcategory to
the whole category.

In this text we follow the original plan conceived more than a decade ago and
treat the issues of homological algebra by ad hoc methods, using explicit DG models
for triangulated categories of constructible sheaves based on generalized tilting sheaves.
While the properties of tilting sheaves established in the course of the argument are (in the
author’s opinion) of an independent interest, it is likely that recent advances in homotopy
algebra can be used to develop an alternative approach.

2. Outline of the argument

2.1. Further notations and conventions. — We let B D N be a Borel subgroup in G and
its unipotent radical, and N” C B” be similar subgroups in G”; we assume that B is the
image of I under the evaluation map Go — G.

Let A be the coweight lattice of G, i.e. the coweight lattice of the abstract Cartan
group of Gj; thus A 1is identified with the weight lattice of (the abstract Cartan group
of) G". We let W, denote the Weyl group and W =W, x A the extended affine Weyl
group; £ : W — Z. is the length function, and A™ C A is the set of dominant coweights,
wy € Wy is the longest element.

We let W C W be the subset of minimal length representatives of right cosets
W/W;. Notice that AT C W/.
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We let B = G'/B" be the flag variety. The set of isomorphism classes of G-
equivariant line bundles on B is identified with A; for A € A we let Op(A) be the corre-
sponding line bundle. Recall that O(}) is semi-ample iff A € A™. For A € AT we let V,
denote the corresponding irreducible G-module, thus V; = B, o0n)).

The ind-schemes F¢ = Gg/1, Ft = Gr/I’ and the categories Dy D 7711, Dy D
Prow, Dpp D Prop were introduced above. We abbreviate P = Pjo; and let 77 D be the
pro-completions of Dy and Prop respectively, see Section 3.

Let w : F£ — F¥ be the projection.

The I orbits on F¥¢ are indexed by W, for w € W we let 3, : F£,, — F£ be the
embedding of the corresponding orbit. We have dim(F¥¢,,) = £(w).

We have standard objects j, = j@z(@[ﬁ(w)]) and costandard object j,. =

Jws (Q[Z(w)]) in P. Their counterparts in D are the free monodromic (co)standard ob-
jects V,,, Ay, see Sections 3.1, 3.2.
We also consider the Iwahori-Whittaker categories Diw 2 Pl D%(\)x 7711&, the

pro-completions D, Prw of; respectively, DIW PIW (co)standard objects jo, /W e PL;
and free monodromic (co)standard object AD, VIW € PIW, w € W (see Section 3 for
further details).

Recall that St =" X - g, let Pspr1 - St — g, Pspr2 1 St—> g be the two prQ]CCthIlS
Also St =9 x4 ./\/w1th two prOJectlons[osprl St — g, Dpra - St — . Letg =g X4

g St = St X g g , where g is the spectrum”’ of the completion of the ring of functions
O(g) at the ideal of the point 0.

For an algebraic group H acting on an (ind)-scheme X we let Dy (X) denote
the equivariant derived category of H-equivariant constructible sheaves on X and let
Pervy (X) C Du(X) be the subcategory of perverse sheaves. Given a subgroup K C H we
have the functor of restricting the equivariance Resg :Dg(X) — Dk (H) and the left ad-
joint functor AVE : Dk (X) = Du(X) (the latter can be thought of as the !-direct image for
the morphism of stacks X/K — X/H). In particular, we have a functor Av}, : Doy — Dy
(to unburden typography we will write Avy).

In order to introduce a similar functor involving Iwahori-Whittaker sheaves we fix
an Iwahori subgroup I C Gg which is opposite to (in general position with) the sub-
group I. We also fix a nondegenerate additive character ¥_ of I'. The pair (I”,v_)
is conjugate to (I’, %) by an element in G(F) which is unique up to right multipli-
cation by an element in I”. Thus the categories Dy, DKV are canonically equivalent
to the derived categories Dy, , D}“ of right (I_, ¥_)-equivariant sheaves. We define

5 Alternatively we could work with completion defined as a formal scheme, the resulting category of coherent
sheaves would be equivalent. In more detail, by [34, Théoreme 5.4.1] the scheme @, St is the inductive limit in the
category of schemes over g~ of nilpotent thickenings of N in § (respectively, St’ in St). By [34, Théoreme 5.1.4(1)] the
category of coherent sheaves on §” is equivalent to the category of coherent sheaves on the formal scheme completion of

N in § and similarly for St, this readily extends to the category of G™-equivariant sheaves; cf. the discussion at the end of
Introduction to [20].
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10

IO . 10 ~ 10 W . 10 . IO _
the functors Avyy, : Dy = Dy = Dyop, Av™ 2 Dyopp — Dy by setting Aviyy = Avp o,

0

I\ ) S 1/ . .. .. . .
AV = Avy, 1o - Here we used that ¥|pnpo 1s trivial; the restriction of equivariance func-
r,

tor is omitted from notation, and Av, m‘f{ is the left adjoint to the restriction of equiv-

ariance functor from D%:M to the corresponding I’ N I -equivariant category. The result

. 10,
if we replace Avg ey
sponding right adjoint to the restriction of equivariance functor: the Whittaker averaging
functor is clean. We also have a similarly defined functor on I-equivariant categories:
IAVIW' : DHO — D%“y.

Notice that the definition of D}, involves the left action of I, while Avk,, Av™
have to do with the right action; when the action used may not be clear from the context

. left right
we use notation AVI{ , Avlgf'

IAY

of [16] implies that we get the same functor Av by the corre-

to distinguish between the two.

2.2, Idea of the argument: structural aspects. — The functor from the coherent cate-
gory to the constructible one stems from certain natural structures on the constructible
category. To describe the mechanism of obtaining such a functor from the additional
structures on the target category it is convenient to use the concept of a triangulated
category C over a stack X.

2.2.1. Lunear structure over a stack. — We refer to [31] for the notion of an abelian
category over an algebraic stack, and to [32] for a generalization to triangulated (or rather
homotopy theoretic) context. For our present purposes it suffices to use the following sim-
plified version of this concept. Let S be an algebraic stack and C a triangulated category
(in all our example S = X/G where X is a quasi-projective algebraic variety and G is a
reductive algebraic group). The subcategory of perfect complexes D,,r(S) C D’(Coh(S))
is a triangulated tensor category under the usual tensor product of coherent sheaves. By
an S-linear structure on C we will mean an action of the tensor category D,,/(S) on C
compatible with the triangulated structure.

We now list basic classes of examples of such a structure to be used below.

(1) If S = Spec(R) is an affine scheme, then for an R-linear abelian category A
the triangulated category D’(A) acquires a natural S-linear structure.

(2) Let S = pt/H where H is a linear algebraic group. If an abelian category A
is a module category for the tensor category Rep(H) of algebraic (finite di-
mensional) representations acting by exact functors, then D’(A) is an S-linear
triangulated category.

(3) Combining the first two examples, assume now that S = Spec(R)/H is a
quotient of an affine scheme by a linear algebraic group action. Let A be
an abelian category which is a module category for Rep(H) acting on A
by exact functors. Then we can define a new (in general not abelian) “dee-
quivariantized” category Ay, by setting Ob(A,,,) = Ob(A), Hom,,,(X,Y) =
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Homy,g.4) (X, Oy(Y)) where Ind(A) stands for the category of Ind-objects in
A and Oy, € Ind(Rep(H)) denotes the space of regular functions on H with H
acting by left translations, see Section 4.2.1 for further details.

Then A,,, is a category enriched over the category of algebraic (not nec-
essarily finite dimensional) representations of H. Then an R-linear structure
on Ay, which is compatible with the H-action induces an S-linear struc-
ture on D’(A). To see this observe that Homg oyt specry(V ® O, V' ® O) =
(V' ® V¥ ® R)H, thus an equivariant R-linear structure on A, induces
an action of the tensor category Coh;(S) on A by exact functors; here
Coh;(S) C Coh(S) = Coh'! (Spec(R)) is the full subcategory consisting of ob-
jects V. ® Ogpecry, V € Rep(H). Since D, (S) is the Karoubi (idempotent)
completion of the homotopy category of finite complexes Ho(Coh,(S)), the
action of Coh;(S) on A induces an S-linear structure on D’(A) (notice that
D’(A) is necessarily Karoubian).

(4) Suppose we are given an open embedding of algebraic stacks S < S’ and a
category C with an S'-linear structure; assume for simplicity that S’ is a quotient
of a quasi-projective variety over a field of characteristic zero by an action of
a reductive group and S comes from an invariant open subvariety therein. By
results of [46] (see also [43, §2.1.4, esp. proof of Lemma 2.6]°) we have

(8) D, (S) Z Idem(Dyoy (S') /Dy () 1)

where Idem denotes the Karoubi (idempotent) completion and D,/ (S")ys is
the full subcategory of perfect complexes on S" whose restriction to S vanishes.
Thus if C is a Karoubian (idempotent complete) category, then an S'-linear
structure on C such that D,,(S")ss acts by zero induces an S-linear structure
onC.

(5) One can use a variant of Serre’s description of the category of coherent sheaves
on a projective variety as a quotient of the category of graded modules over
the homogeneous coordinate ring to devise a procedure for constructing an
S-linear structure for more general stacks S.

Suppose that S = X/H where X is a quasi-projective variety with an action
of an affine algebraic group H. Assume that a linearization of the action, i.e.
a linear action of H on the linear space A"™!' together with an equivariant
locally closed embedding X — P” is fixed. Let C C A"™! be the cone over the
closure X of X in P". Then C is an affine variety acted upon by H x G,, and
we have an open embedding S — S'=C/(H x G,,). Using (8) we see that an
S-linear structure on C = D’(A) can be constructed by providing .4 with a
Rep(H x G,,) action by exact functors, introducing an R-linear structure on

% The result is only claimed in /oc. cit. for a subscheme in a scheme but the case of stacks of the described type follows
by the same argument.
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Adeeq where R = O(C) is the homogeneous coordinate ring of the projective
variety X, and verifying that the resulting S'-linear structure sends D,,,r(S")ss
to zero.

Remark 3. — Most of the statements in the main Theorem of the paper assert an
equivalence between (a subcategory of) D?(Coh(S)) for an algebraic stack S and D?(.A)
for an abelian category A (with the exception of (4) which involves coherent sheaves on a
DG-stack and an equivariant derived category of constructible sheaves).

We first construct the S-linear structure on C = D?(A) and then consider the ac-
tion on a particular object of C to get an equivalence. The construction of the action
almost follows the pattern of example (5). The difference is as follows. We have S = X/G”
where X admits an affine equivariant map to B°. Though B?* is a projective variety
there is no preferred choice of an equivariant projective embedding, so to keep things
more canonical we work with the “multi-homogeneous” coordinate ring and consider
open embeddings of our stacks into Y/(G” x T™) for an appropriate affine variety Y.
A more essential difference is that while Rep(G”) acts by exact functors on our abelian
category A, the action of Rep(T™) is only defined on the triangulated category C, it is
not compatible with the natural z-structure on C = D’(A).

An additional argument based on properties of tilting modules is needed to deal
with this issue (see Section 4.4.2).

2.2.2. The list of structures. — We concentrate on the equivalence (2), the equiva-
lence (3) is similar, and (4) will be deduced formally from (2).
Consider the following sequence of maps

St/G'=§/G — g /G — /G

Moving from right to left in this sequence, we successively equip D with the linear
structure for the corresponding stack.

The pt/G -linear structure comes from an action of the tensor category Rep(G”) on
the abelian category Ppj. Such an action was defined in [29] where the central sheaves cat-
egorifying the canonical basis in the center of the affine Hecke algebra were constructed;
an extension of the action to Ppop is sketched in Section 3.5 below.

By a version of the Tannakian formalism, lifting an action of the tensor category
Rep(G”) to a g'/G™-linear structure amounts to equipping the Rep(G”) action with a
tensor endomorphism. Such an endomorphism comes from the logarithm of monodromy
acting on central sheaves: recall that the central sheaves are constructed by nearby cycles
which carry a monodromy automorphism.

We now discuss the two structures of a stack over §'/G". The starting point here
is the familiar observation that for a representation V of G” the trivial vector bundle
V ® Op with fiber V on the flag variety B = G'/B” carries a canonical filtration whose
associated graded is a sum of line bundles. This filtration can be lifted to a similar filtration
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for V® Op-. Under our equivalences this filtration corresponds to a filtration on (mon-
odromic) central sheaves by (monodromic) Wakimoto sheaves (the non-monodromic version
was presented in [1], and the monodromic generalization is presented below in Sec-
tion 3.3). It turns out that the filtration defines a monoidal functor D? (Cthv(ﬁv)) —D.
We then get two commuting actions of Db(Cthv (§)) on Dpp from the left and the right
action of the monoidal category D on itself: combining the two actions we see that D is
naturally a category over ﬁVQ /G". Since Rep(G") acts by central functors and the tensor en-
domorphism 1s compatible with the central structure, we conclude that the f;VQ /G linear
structure factors through the one for the fiber square (§° x4 §)/G" = St/G".

More precisely, we get the monoidal functor D’ (Coh® @) — D from the filtra-
tion following a strategy similar to the one in Example (5) above. The first term of the
filtration (the “lowest weight arrow”) determines a functor from D;;,fXT (C) where C is a
certain affine scheme with an action of G” x T with an open G” X T -equivariant embed-
ding G'/U" — C. The fact that the lowest weight arrow extends to a filtration satisfying
certain properties implies that complexes supported on 9(G'/U") = C \ (G'/U") act by
zero. These ideas have already been used in [1].

The fact that the action of the log monodromy endomorphisms on the category
Dypop of monodromic sheaves is nilpotent, allows us to show that the St/G -linear struc-
ture on Dyop, D factors through a canonical §t/ G -linear structure, where St is formal
completion of St at the preimage of N.

Once the St/ G-linear structure on D is constructed, any object M € D defines a
functor D¢ of (St) — D F = F(M). We use the functor (denoted by @) corresponding

to the choice M = E where & is a certain tilting pro-object discussed in Section 5. ThlS
choice can be motivated by the requirement of compatlblhty with the equivalence <I>m
the object & is obtained from the unit object in D by projection to Diw composed with its
adjoint, on the dual side this corresponds to the sheaf D780 0T spr, 24 (B ((’)g v)) = Og;, where
3:9 — St is the diagonal embedding. Thus the compatibility implies that ®,,,,(O) = g.
The object & can also be thought of as a categorification of the element § in the affine
Hecke algebra, thus it is closely related to Whittaker model, see Section 1.4.

The fact that ®,,,; constructed this way is compatible with projection to Dy, fol-
lows from the properties of g.

We then establish the equivalence CDR)V as in [1]. Together with compatibilities
between ®,,,, and @{&, this implies that ®,,, is a full embedding.

Once ®,,,, is constructed and shown to be full, we get functors in the opposite
direction W : D — D?(Coh® (St)), ¥ : Dy — D?(Coh® (St)). (The logic here is rem-
mniscent of arguments in functional analysis where a map between spaces of (smooth
rapidly decreasing) test functions induces a map between spaces of generalized functions
going in the opposite direction.) We show existence of W, W and check that they are
equivalences based on a general result relating the categories D’(Coh(X)) and Dy (X)
for an algebraic stack X. We show that D’(Coh(X)) embeds into the category of functors
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D,,s(X) — Vect and characterize the image of this embedding. The characterization
makes use of the standard /-structure on the derived category of coherent sheaves. In or-
der to apply the general criterion in our situation we show that, although the functor ®,,,
is not ¢-exact with respect to the natural {-structures on the two triangulated categories, it
satisfies a weaker compatibility (see Section 8).

At this point the equivalence (2) is constructed, it remains to check its compatibility
with the convolution monoidal structure. We use presentation of D as homotopy category
of complexes of free-monodromic tilting (pro)sheaves introduced in [23] and recalled
below. Using the observation that convolution of two free monodromic tilting sheaves is
also a free monodromic tilting sheaf we get an explicit monoidal structure on the category
of tilting complexes, which is identified with the monoidal structure on D. It turns out
that W sends a free monodromic tilting sheaf to a coherent sheaf (rather than a complex).
Thus the monoidal structure on the equivalence Py follows from compatibility with the
action on Dm, since a sheaf in D’ (Coh(’ (St)) can be uniquely reconstructed from the
endo-functor of D’(Co /\7(9 ")) given by convolution with F.

2.3. Description of the content. — Sections 3 and 5 mostly recall the results of [23]
while Section 4 recalls the material of [1] and extends it to the present slightly more
general setting,

As was indicated above, it 1s technically convenient to enlarge both categories in
(2) and construct the equivalence

9) D = D!(Coh® (Sv)).

In Section 3 we recall the definition of D and an extension of the formalism of
tilting sheaves to this setting. We also present a “monodromic” generalization of central
sheaves [29].

Section 4 provides a generalization of the main result of [1] to the monodromic set-
ting. Namely, it establishes a monoidal functor D iag from the derived category of equiv-
ariant coherent sheaves on the formal completion g~ of g at N toD. (The composition
of this functor with the equivalence (9) which will be established later is the direct image
under the diagonal embedding g~ — St, see Lemma 43(b).) A variation of the argument
allows us to define the action of the tensor category (D Wf(St) ®p) on Dy and D.

We also consider the projection of D to the Iwahori-Whittaker category Dy and
show that the Composmon of ®,, with this projection induces an equivalence CDIW :
D(Coh® (§)=> Dy .

Section 5 is devoted to a particular object & € P which will correspond to the
structure sheaf of St under the equivalence.

In Section 6 we define a functor ®,,, from the subcategory of perfect com-
plexes G}(S\t) C D’(Coh® (S) to D by sending an object in the tensor category
(D (,,f(St) ®) to the result of its action on .
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We then make a step towards establishing monoidal structure on our functors:
the functor ®,,, allows to define an action of D f(St) on DIw while the category
D”(Cohj\’[ (§")) also carries such an action; we use properties of & £ to show that CIZ'KV
is compatible with these module structures. Here (in contrast with the previous para-
graph) ]wf(St) is equlpped with the convolution product (notice that the subcategory
(St) C D!(Coh® (St)) 1s easily seen to be closed under convolution).

This compatibility allows us to deduce that @, is a full embedding and endow it

/Mf

with the structure of a monoidal functor.

In Section 8 we check a property of ®,, with respect to the natural #-structures
on the two categories. In Section 7 we give a general criterion allowing to extend an
equivalence from the category of perfect complexes to the bounded derived category of
coherent sheaves.

In Section 9 we show that the criterion of Section 7 applies, by virtue of prop-
erties established in Section 8, to the present situation yielding (9). We then deduce (3)
and (4) by means of a general lemma describing the equivariant constructible category
via the monodromic one. Section 10 deals with technicalities on DG-models for convo-
lution monoidal categories of sheaves needed to equip our equivalences with a monoidal
structure. The final Section 11 describes additional properties of our functors in relation
to the Frobenius automorphism (where £ = F_'q) and t-structures, as well as conjectural
generalizations and relation to Hodge D-modules.

3. Monodromic sheaves and pro-object

3.1. Generalities on monodromic sheaves. — Objects of Py are by definition perverse
sheaves monodromic with respect to both the left and the right action of T on F¢. Thus
we get two actions of the group A x A by automorphisms of the identity functor of Py
coming respectively from the left and the right monodromy. Both actions on each object
are unipotent.

Let P be the category of pro-objects M in Ppp such that the coinvariants of the
left (equivalently, right) monodromy action belongs to P. It is easy to see from the defini-
tions that P is identified with the heart of the natural ¢-structure on the pro-completion
of the derived category Dpp introduced in [23, Appendix A]. Furthermore, [23, Corol-
lary A.4.7] implies that the category D = D’(P) is identified with that completion.” Thus
the construction of loc. cit. shows that D is monoidal and contains Dyop as a full subcat-
egory closed under the convolution product. An object F € D belongs to Dy iff the

7 This way to define D relies on the formalism of triangulated subcategories in the category of pro-objects in the
derived category of constructible sheaves developed in [23, Appendix A] by Z. Yun. Alternatively one could first define
the category P as a subcategory in the category of pro-objects in P and use free monodromic tilting objects to equip
D:= D’(P) with a monoidal structure.
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monodromy automorphisms of F are unipotent. The formalism of loc. cit. applies also
to Iwahori-Whittaker sheaves yielding the definition of an abelian category 751\»* and tri-
angulated category lA)Iw = Db(ﬁlw), so that 751W is a full subcategory in the category
of pro-objects in PIIVUV consisting of pro-objects with finite coinvariants of monodromy
automorphisms, while D 2\ is a full subcategory on Dy consisting of objects where mon-
odromy automorphlsms are unipotent. Convolution action of Dy on Dm extends to an
action of D on DIW

Let & be the fiee prounipotent rank one local system on T (see [23]), thus €& = l(iglé‘n
where &, is the local system whose fiber at the unit element 11 € T is identified with
the quotient of the group algebra of tame fundamental group m{”“(T) by the n-th
power of augmentation ideal, where the action of monodromy coincides with the nat-
ural structure of 7{""(T) module. Let F¢, denote the preimage of F¢, in F¢. The
quotient I\ F¢,, is a _torsor over I, choosing an arbitrary trivialization of the torsor
we get a projection zﬁw — T which we denote pr,. Set A, = j,pri (E)[dim FL,],
Vi =Juwsprs (€)[dim F L, ]. The objects A, V,, are defined uniquely up to a non-unique
isomorphism, we call them a free-monodromic standard and costandard object respec-
tively. One similarly defines ABV, VBV € 751\»’-

__ 3.2, More on monodromic (co)standard pro-sheaves. — A free prounipotent local system
on F{, is defined uniquely up to a non-unique isomorphism, thus so are the (co)standard
sheaves A,,, V,,. We now present geometric data allowing to fix these objects up to a
canonical isomorphism.

Fix a maximal torus T C B (recall that I maps to B under the evaluation map
Go — G); we get a canonical identification of T with the abstract Cartan group of G,
thus the group of coweights of T is identified with A. Thus for w =2 € A CW the choice
of a uniformizer ¢ € F defines an element #, = A(¢) € Ty C G(F); its image in F{ = G/] I’
lies in the orbit of I corresponding to A. This yields the choice of a point A(7) € I°\ F¢,
which gives a trivialization of the T-torsor, and hence the choice of objects A;, V, defined
uniquely up to a unique isomorphism. We use the same notation for those canonically
defined objects and the objects defined earlier uniquely up to a non-unique isomorphism.

Lemma 4. — (a) We have isomorphisms Ay, % Ay = Ay iy Vi, * Vi, = Vi 0, when
L(wiwy) = £(wy) + £(wy).

(b) Assume that wy = Ay, we = Ay € AT and let A, V., (i =1, 2) be the canonically
defined objects as above. We have canonical isomorphisms A;| % Ay, = Ay 12,5 Vi, * Vi, = Vi 1,
which satisfy the associatioily identily for a triple Ay, Ao, As.

(c) Ay = Vy s the unit object m D and we have a canonical isomorphism V., % A -1 = V.

(d) We have A, % V,,, € 73 Vi, * Ay, € Pﬁrall wp, wy € W.

(e) T.(Viy) = Juss (D) = Jup canonically.
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Proof. — (a) and the first claim in (c) follow from [23, Lemma 4.3.3], [23, Corol-
lary 4.2.2]. A noncanonical isomorphism in the second statement in (c) follows from the
similar non-monodromic statement . * Ju-11 = Ju = J« by using (10), (11) below and
the observation that any object X in D with 7.(X) = J,« 1s isomorphic to Ag. The non-
monodromic statement is standard, in the case of a finite dimensional flag variety it goes
back to [7]; to check it directly one can reduce to the case when w is a simple reflection,
then it amounts to an easy calculation based on the fact that H* A"\ {0}) =

Now given kl, Ay € A™_consider the locally closed subvariety in the convolutlon
diagram: F¥¢;, =Y F,, 2y = Fe J+ie- Using the above trivializations of the T torsors
IO\]:EM, IO\}_ZAQ, I’ \]:EMﬂ\z,Wf: can identify the quotient of fﬁ,\l X }_EM by I’ with
T x T and the quotient of F¥;,,,, by I' with T; the quotient of the convolution map
is readily seen to be the multiplication map T x T — T. Since the convolution & *y &
is canonically isomorphic to £[—dimT] (here %1 denotes convolution of sheaves on the
group T) we get the desired canonical isomorphism. Verification of the associativity iden-
tity 1s straightforward.

Part (d) follows once we know that the functors M +— M *V,,, M+ V,, x M are
right exact, while M > M x A,,, M — A, x M are left exact. These follow from their
nonmonodromic analogues by virtue of (10), (11), which are standard, see e.g. [1, §5.1] (in
loc. cit. only wy, wy of a special form are considered, but the argument applies generally).
Alternatively, the statement follows from (4.4), (4.5) in the proof of [23, Proposition 4.3.4].

Finally, part (e) easily follows from the fact that cohomology of the free prounipo-
tent local system on T is zero in degrees other than » = dim(T) and r-th cohomology is
one dimensional. 0J

3.3. Wakimoto pro-sheaves. — Recall Wakimoto sheaves J; € Py characterized by: J; *
Ju =T for A, w e A and J, =, for A € Ay, see [1, 3.2]. The following monodromic
version follows directly from Lemma 4(b,c).

Corollary 5. — There exists a monoidal functor ® : Rep(T") — D sending a dominant
character A to V. and an anti-dominant character v to A, Such a functor is defined uniquely up to a
unique isomorphism.

The image of a character A of T" under this functor will be called a free mon-
odromic Wakimoto sheaf and will be denoted by 7.
Some of the basic properties of Wakimoto sheaves are as follows.

Lemma 6. — We have:

(@) J,ePcD.
(b) Hom®*(J.., J,.) =0 for i £ X where < s the standard partial order on (co)weights.
(c) m(J1) =Js canonically.
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Progf: — (a) follows from Lemma 4(d). (b) is clear since

Hom. (\7)u ju) = HOI’I’I. (‘7)\a+n’ j,wrn) = HOI’I’I.(V)\+,7, Vqun)’

where 7 € A is chosen so that A + 1, u +1n € A™T. The latter Hom space vanishes when
w 2 A because in this case F¥€,, is not contained in the closure of F¢;,. The special
case of part (c) when £ € A" is contained in Lemma 4(e). To deduce the general case
we use isomorphisms:

(10) Fxm.(G)=n(F*xG)eDp, F,GeDpp,
<1 1) F * RCSI[)(g) ﬂ*(F) * g S DIOI, Fe D[O]O, g S DH,

which are easily checked using base change and transitivity of direct image. Given A € A
we write it as A = Ay —A_, Ay € A" and apply (10) to F = J,,, G = J-_. Applying
then (11)to F = 7., G =]_,_ we get statement (c). O

3.4. Generalized tilting pro-objects. — Recall that an object of P is called #lting if it
carries a standard and also a costandard filtration; here a filtration is called (co)standard
if its associated graded is a sum of (co)standard objects, see e.g. [9].

An object of P is called free-monodromic tilting if it carries a free-monodromic
standard and also a free-monodromic costandard filtration; here a filtration is called
(co)standard if its associated graded is a sum of free-monodromic (co)standard objects,
see [23].

Let 7 C P be the full subcategory of tilting objects and 7 C P denote the full
subcategory of free-monodromic tilting objects [23, Definition A.7.1(1)].

Let Ho(T), Ho(7) denote the homotopy category of bounded complexes of ob-
jectsin T, T respectively.

The next proposition summarizes the properties of tilting objects that will be used
in the argument.

Proposition 7. — (a) The natural functors Ho(T) — D!(P) =D, H0(7Aﬂ) — D’ (73) =
D are equivalences.

(b) The convolution of two object in T liesin T, thus Ho(T) has a natural monoidal structure.
The natural functor HO(T) — D is a monoidal equivalence.

(c) More generally, assume that F,G € D are represented by bounded complexes F*, G* of
objects in P, such that F' x G € P. Then F x G is represented by the total complex of the bicomplex
F' 5 G The same statement holds for F € D and ge DIW or G € Dyoy represented by F*, G* with
FixG e 751W (respectively, F' % G/ € Pyoy). Given three complexes F, F3, G the two isomorphisms
between JF\ * JFy * G and the object represented by the complex C' = € Fi * .Fé * G' coincide.

i+jti=d
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Proof. — The first statement in (a) appears in [9, Proposition 1.5], the second one
(whose proof'is similar) is a particular case of [23, Proposition B.1.7].

The first statement in (b) follows from [23, Proposition 4.3.4], while the second
statement in (b) and (c) follow from [23, Proposition B.3.1] applied to the functor of
push-forward under the convolution (or triple convolution) map and the twisted product
of the corresponding class of sheaves, cf. also [23, Remark B.3.2]. U

Remark 8. — Implicit in Proposition 7(a) is Ext vanishing:
x0Ty, Ty) = 0 = Ex(T,, Ty)
forT,,ToeT, Tl , TQ eT. A stronger statement will be used later:
xt"O(M,, My) = 0 = Ext™*(M,, My)

where Ml , MQ € 73101, M, admits a standard filtration while M, admits a Costandard filtra-
tion, Ml, MQ € 77 M1 admits a free-monodromic standard filtration, while Mg admits a
free-monodromic costandard filtration. The proof is immediate from Ext>0(Awl, Vu,) =

0= EXt>0(].w1!7jw2*)'

Proposition 9. — An object M € D admits a Jree-monodromic (co)standard filtration iff
7. (M) € Doy lies in P and admuts a (co)standard filtration.

Proof. — The “only if” direction follows from Lemma 4(e), while the “if”” direction
is checked in [23, Lemma A.7.2]. 0

Corollary 10. — An object M € D liesin T Y. (M)eT.

Proposition 11. — (a) For T € T the Sunctors F T x F and F +— F T are t-exact
(i.e. send Py to Py and P to 73)

(b) For any w € W there exists a unique (up to an isomorphism) indecomposable object T,eT
whose support is the closure of FL,,. There also exzsts a unique indecomposable object T, € T whose
support us the closure of F €. We have ,(T,) =

(c) For' T e T and w € W the objects A, * T T %Ay € P have a free-monodromic standard
Sfiltration, while the objects V,, * T, T % V,, € P have a free-monodromic costandard filtration.

Progf. — Parts (a,c) follows from the proof of [23, Proposition 4.3.4]. The first
statement in (b) is standard, see e.g. [9, Proposition 1.4]. The second one then follows
from [23, §A.7] which shows that the functor M +— m,(M) induces a bijection between

isomorphism classes of indecomposable objects in T and T [23, Lemma A.7.2] shows
that w, : T — T, by [23, Lemma A.7.3] it induces a surjective map on isomorphism
classes of objects, and [23, Lemma A.7.4] implies that this map is also injective, as it shows
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that for Tl , TQ €T an isomorphism 7, (Tl) =7, (TQ) can be lifted to an isomorphism
T, = Ty. Alternatively, the second statement in (b) follows from [23, Corollary 5.2.2]. [J

Corollary 12. — Convolution with a_free-monodromic tilting object preserves the categories of
objects admatting a_free-monodromic (co)standard filtration.

3.5. Monodromic central sheaves. — We need to extend the central functors of [29] to
the monodromic setting.

3.5.1. A brief summary of [29]. — Recall first the main result of [29]. In our present
notation it reads as follows.

For V € Rep(G") one defines an exact functor Zy : P;; — Pyi. One then constructs
canonical isomorphisms

(12) ZV*.FQZV(.F) 2.7-"*2\;, .FEPIIQ
<13> ZV@\V = ZV (e] Z\M,

where Zy = Zy(8,), where 8, =j, = J,, is the skyscraper at the point F¥,.

The two isomorphisms satisfy natural compatibilities (some are demonstrated in
[30]) which amount to saying that V + Zy is a tensor functor from Rep(G”) to Drinfeld
center of Dyy.

The goal of this subsection is to extend these results to the monodromic setting.

Construction of the functor Zy; is based on existence of a certain deformation of
the affine flag variety /¢ and the convolution diagrams.

Let C be a smooth algebraic curve over £ and fix a point xy € C(k) and set C* =
C\ {x}. The ind-schemes Flc, fﬁg), Convc, Conv,, were constructed in [29]. They
are defined as moduli spaces parametrizing the following collections of data:

Fle ={(x, &, ¢,B)}, where x € C, £ is a G-bundle on C, ¢ is a trivialization of
EonC\ {x} and B € (G/ B)f0 1s a point in the fiber of the associated fibration with fiber
G/B at x.

HS) ={(x,&,¢’, B)}, where x, £, B are as above and ¢’ is a trivialization of £ on
G {x, xo}.

Convg = {(x,E,E&", ¢, ¥, B, B)} where x, £, B, ¢ are as above, £ is another G
bundle on C, ¥ is an isomorphism &|c\(y = &' |c\(y, while B € (G/B)fol

Conv, ={(x,E,&, ¢, ¥, B, B)} where x, &, ¢, E', B, B are as above, while ' is
an isomorphism &|c\ (.} = €|\ frxg)-

These ind-schemes come with a map to C satistying the following properties.

The preimage of x; in F ¥ is identified with F¢, while the preimage of C \ {xo} is
identified with G/B x Gtco, where Greo is the Belinson-Drinfeld global Grassmannian; thus
the fiber of Fl( over y € C°(k) is (noncanonically) isomorphic to G/B x Gr.
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The preimage of x, in FL£S is identified with F¢, while the preimage of C° is
identified with F€ x Gro; thus the fiber of F£3 over y € C°(k) is (noncanonically) iso-
morphic to F£ x Gr.

To spell out the properties of Conve, Convy, recall the convolution space F€ x* Fe,
which is the fibration over F¢ with fiber F¢ associated with the natural principal I bundle
over F£ using the action of I on F€. We have the projection map pr, : F€ x* Ft — F¢
and the convolution map conv : F€ x* F€ — F€ coming from multiplication map of the
group Gg.

The fiber of both Conve and Convg, over xy is F£ x1 Fe; the preimage of co
in Convg is the product ((G/B) x! F€) x Greo, while the preimage of C° in Convy, is
identified with (F¢ x* (G/B)) x Grco.

One has canonical ind-proper morphisms conve, : Conve, — F€P, contf, : Conv), —
F£? whose fiber over x; is the convolution map cona.

Starting from V € Rep(G”) one can use the geometric Satake isomorphism to pro-
duce a semi-simple perverse sheaf S(V) on Greo. For F € Perv(F¥) one gets a sheaf
F R S(V) on FL x Geeo C FEE. Taking nearby cycles of that sheaf with respect to a
local coordinate at x; one obtains a sheaf Zy(F) on FL.

The spaces Convc, Convy, and the maps conog, conv, are used in [29] to show that
the functor Zy|p, is isomorphic to both left and right convolution with a certain object
7y € PH-

3.5.2. The monodromic case. — A straightforward modification of the definition

from [29] yields spaces .7?@0, ﬁg), Convc, Conv/c, whose definition repeats the defi-
nition of ind-schemes in Section 3.5.1 with the only difference that 8, B’ are replaced
by B € (G/U);, B' € (G/U)S.

by an argument similar to that of [29] which deals with parallel statements about ind-
schemes from Section 3.5.1.

The following facts about these ind-schemes are proven

The ind-schemes Fec, F ZC , Convc, Convc come with a map to C satisfying the
following properties.

The preimage of x; in Fi {¢ is identified with Fi ¢, while the preimage of C \ {xo}
is identified with G/U x Grcp; thus the fiber of Flc over » € C°(k) is (noncanonically)
isomorphic to G/U x Gr.

The preimage of xy in .7’?@22 ) is identified with ﬁ, while the preimage of C \ {xo}
is identified with Ft x Greo; thus the fiber of .7?5(62 " over 9 € C°(k) is (noncanonically)
1somorphic to Fi x gr.

We will now use the convolution space F x! ]:E which 1s a fibration over Fe
with fiber F associated with the natural prmc1pal I0 bundle over Fe using the action of
I’ on .7: L. We have the projection map pr, : Ft x¥' Ft — Ft and the convolution map
cono : Ft xY Fe — Fe coming from multiplication map of the group G.
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The fiber of both (To\r;@ and Conv/C over Xy 1s Fe < ﬁ; the preimage of C°

in Convg is the product ((G/U) x F) x Gren, while the preimage of C” in Convy, is
identified with (F¢ x* (G/U)) x Greo.

One has canonical morphisms w’\n/v( Conve — ]:EC , Convg, Convc — .7?@(2)
whose fiber over ¥ is the convolution map conv.

The main technical difference with the setting of [29] recalled in the previous
subsection is that in contrast with the maps conve, conv, the maps convc, conv, are not
ind-proper. »

For V € Rep(G") and F € Dpp we can form a complex F X S(V) on F£€ X Greo C

7,2 . . .
FL . Taking nearby cycles with respect to a local coordinate on C near x; we get a

complex which we denote Z,A’V (F).
The functor Zy obviously extends to the category D. We set Zv = Zv(A,).

Proposition 13. — (a) Recall that 7 : Ft — FC is the projection. Then we have
ZV(JT*]:) = ¥ (2y(F)) canonically.

(b) Zy is canonically isomorphuc to the functors of both left and right convolution with Zv.

(c) The map V 7 extends to a central functor Rep(G”) — D, i.e. to a tensor functor from
Rep(G™) to the Drinfeld center of D.

(d) We have a canonical isomorphism 7, (Zn) = Zy.

Progf: — (a) follows from the fact that nearby cycles commute with pull-back under
a smooth morphism.

The proof of (b,c) is parallel to the argument of [29] and [30] respectively, with
the following modification. The argument of loc. cit. uses that the convolution maps and
its global counterparts (denoted presently by convc, conv,) are proper in order to apply
the fact that nearby cycles commute with direct image under a proper map. The maps
¢onv, ¢onvc, Convg, are not proper, thus we do not a’priori have an isomorphism between
the direct image under conve or conv, of nearby cycles of a sheaf and nearby cycles of its
direct image. However, we do have a canonical map in one direction. If we start from a
sheaf on F¢ which is the pull-back of a sheaf on F¥¢, then the map is an isomorphism
because the sheaves in question are pull-backs under a smooth map of ones considered in
[29]. Since all objects of Dy can be obtained from objects in the image of the pull-back
functor Dy — Dy by successive extensions, the map in question is an isomorphism for
any J € Dy, and claims (b,c) follows.

Using (b) we see that Z,;V(JT*.F ) =Ea*(F xm, (2 (V))); thus (d) follows from (a). [

3.5.3. Monodromy endomorphisms. — Being defined as (the inverse limit of) nearby
cycles sheaves, the objects Zy, V € Rep(G”) carry a canonical monodromy automorphism. It is
known that the monodromy automorphism acting on the sheaf Zy is unipotent, it follows
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that the one acting on ZV 1s pro-unipotent. We let my : Zv — ZV denote the logarithm of
monodromy.

It will be useful to have an alternative description of this endomorphism. Consider
the action of G,, on F¢ by loop rotation. Since each I x I orbit on F¥¢ is invariant under
this action, every object of Ppp is G,, monodromic with unipotent monodromy. Thus
every J € Ppp acquires a canonical logarithm of monodromy endomorphism which we
denote by pr. By passing to the limit we also get a definition of ur for F € P.

Proposition 14. — (a) We have my = — ., .
(b) The logarithm of monodromy defines a tensor endomorphism of the_functor 7., i.e. we have
myow = Ny * Idzw + IdzV X mwy.

Progf: — (a) follows by the argument of [1, 5.2], while (b) is parallel to [29, Theo-
rem 2]. U

3.5.4. Filtration of central sheaves by Wakimoto sheaves. — It will be convenient to fix a
total ordering on A compatible with addition and the standard partial order. This allows
to make sense of an object in an abelian category with a filtration indexed by A and of
its associated graded.

Recall that the object J; was defined canonically up to a unique isomorphism
starting from a fixed uniformizer ¢ of the local field F, while the central functor Zy was
defined using an algebraic curve C with a point x; together with a fixed isomorphism
between I and the field of functions on the punctured formal neighborhood of %, in C. In
the next proposition we assume that ¢ is given by a local étale coordinate. We abbreviate
Ly, Zw to Z,;, ZA respectively.

Proposition 13. — (a) For any A there exists a canonical surjective morphism @, 7, — T
1t i compatzble with convolution m the following way: the composition of @y, with the canonical
map 7, * Z — ZHM coming from the canonical map V, @ V, = T'(Op(A)) @ T'(Op(n)) —
Vigu = F(OB(A + ) equals @, * w,.

(b) The surjection @;,_extends to a unique filtration on 7. indexed by A\ with associated graded
womorphic to a sum of Wakimoto sheaves J,.

(c) The filtration on Z; is compatible with the monoidal structure on the functor V +— Zv,
making V +— gr(zv) a monoidal_functor.

Progf- — (a) follows from the following standard geometric facts. Let (F ﬁg ), be
the closure of F¥, x (Gto), C ]:Eg), where ¢ € W is the unit element and (Gro), is
the locally closed subscheme in the Beilinson-Drinfeld global Grassmannian Gtco whose
intersection with a fiber of the projection to C° is the Go orbit Grt, (recall that such a
fiber is identified with Gt). Then F¢, C F{ (where F¢ is identified with the fiber of
fﬂg) over xp) is contained in the smooth locus of (.Fﬁg))l, it is open in (.Fﬁg))x X
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{xo}. It follows that Z, which is by definition the nearby cycles of §, X IC; (where 8, is
the skyscraper at F¥,) is constant on F¥¢; which is open n its support; see [1, 3.3.1,
Lemma 9]. Likewise, con51der1ng the preimage (.7: 7 ) x of (.7: (D), in F E " we see that
Fi ¢, 1s open 1n the support of ZA and the restriction of Z; to F ;. 1s a free pro-unipotent
local system (shifted by dlm(]: £;)). This yields a surjection as in (a). To see existence of a
canonical choice of the surjection it suffices to see that the stalk of 7, over the point A(£)
has a canonical generator as a topological 7, (T) module. This follows from the fact that
the section (17, Ag.) : C° — FL¢ extends to C and its value at xq is A(£) 7.

Uniqueness of the filtration in (b) follows from the fact that Hom*(7,, J,,) = 0 for
n Z A (Lemma 6(b)). Together with the isomorphism 7, * J, = J,, this also implies
compatibility with convolution and the monoidal property. Existence of the filtration is
equivalent to the fact that ju * Z,\ admits a free-monodromic costandard filtration when
w18 deep in the dominant chamber (more precisely, when @ + v is dominant for any
weight v of V,). This follows from Proposition 9 and the corresponding fact about the
sheaves Z; established in [1, §3.6]. U

Remark. — It is shown in [1] that the multiplicity of J,, as a subquotient of Zy; equals
the multiplicity of the weight p in representation V. It is clear that the same multiplicity
also equals the multiplicity of j . as a subquotient of Zv. This is also a consequence of (9),
since that equivalence sends Zy o V® OA which admits a filtration whose associated

graded is a direct sum of line bundles on g with the above multiplicities.

The objects Z;, 7., can be thought of as a categorification of the central elements
S, in the affine Hecke algebra introduced by Lusztig in [38]; the filtration by Wakimoto
sheaves with the above multiplicities categorifies formula (8.2) of loc. cit.

3.5.5. Torus monodromy. — Every sheaf in Ppop is monodromic with respect to
T x T with unipotent monodromy, since every irreducible object in Ppp 1s equivari-
ant. Thus taking logarithm of monodromy we get an action of Sym(t @ t) on Ppp by
endomorphisms of the identity functor.

Lemma 16. — (a) The action of the two copies of t on A, V., differ by twist with the element
w € Wy, where we use the notation w +— w jfor the projection W — Wp. In particular, the left action
of t on the objects A, V,, A € A, coincides with the right one.

(b) The lefi action of t on the objects T, h € A, Zu: w € A coincides with the right one.

(¢c) The action of loop rotation monodromy on A;, V., T coincides with the image of coweight
dA € t under the above action of t.

Progf: — Let x,, be a point in Fi £,, such that the orbit of x,, with respect to the left
and the right action of T coincide. Then restriction from Fi ¢, to T(x,) 1s an equivalence
between I x I unipotently monodromic sheaves on Ft,, and unipotent local systems
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on T(x,). Also for ¢ € T we have #(x) = x(w(?)) in the self-explanatory notation. This
implies (a).

The statement about 7, in (b) for £A € A™ follows from (a), this yields the general
case because of compatibility of torus monodromy with convolution.

The statement about Z; in (b) follows from the construction with nearby cycles,
since the action of T2 on F€ x Greo (where T? acts trivially on the second factor) extends
to an action on JF ¢ L.

Finally, part (c) is a consequence of the following observation. Let R denote the
loop rotation action of G,, on F£. Then for A € A let 4, : G,, — T be the corresponding
homomorphism (see Section 3.2). Then we have R(s)(xy) = £, (s) (x3). ]

4. Construction of functors

4.1. A functor from Db(Cthv (§)). — Recall that E;\V denotes the formal completion
of g~ at N,

In this subsection we construct a monoidal functor ®, : D’(Coh% (gv)) - D.
The functor we presently construct is compatible with the equivalence
®: D’ (Coh(’ (St)) = D that will be established in Section 9 as follows: D iyg = @ 0 8,
where § : g — St is the diagonal embedding, see Lemma 43(b).

The construction is parallel to that of [1, §3], so we only recall the main ingredients
of the construction referring the reader to [1] for details.

Following the strategy outlined in Section 2.2, we first list compatibilities satisfied
by the functor ®,, which characterize it uniquely.

4.1.1. Line bundles and Wakimoto sheaves. — Recall that for A € A the corresponding
line bundle on B is denoted by Og(A), while Ogv (A) is its pull-back to §". The functor
D jiq satisfies:

(Ddiag(OgA“()")) = \7)»

This isomorphism is compatible with the monoidal structure on the two categories, 1.e. it
provides a tensor isomorphism between the functor ® (see Corollary 5) and the compo-
sition of @, with the tensor functor A Og? (A).

4.1.2. Twisis_by representations and central functors. — We have a tensor functor
Rep(G”) — Coh® (§") sending a representation V to V ® O. Composition of D jiqe With

this functor is isomorphic to the tensor functor V Iy (see Section 3.5).

4.1.3. The lowest weight arrow. — We have a familiar morphism of G™-equivariant
vector bundles on B: O ® V; — Op(1). We can pull it back to §” to get a morphism in
Coh® (g ). The functor ® 4, sends this arrow to the map @ (notations of Proposition 15).
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4.1.4. Log monodromy endomorphism. — Notice that for x € g, F € Coh® (g") the
centralizer of x in G” acts on the fiber F, of F at x. Differentiating this action one gets
the action of the Lie algebra of the centralizer 3(x). In particular, x € 3(x) produces a
canonical endomorphism of F,, it is easy to see that it comes from a uniquely defined
endomorphism of F, which we denote by mz (in [1] we used notation N%%). Tt is clear
that restricting m to sheaves of the form F =V ® Og one gets a tensor endomorphism
of the tensor functor Vi—> V® Og.

We require that ®,, sends mygo to the monodromy endomorphism my.

4.1.5. Projection to £ and torus monodromy. — We have a canonical map g — t,
thus the category D?(Coh® (§") is canonically an O(€)-linear category, i.e. £ = t acts
on it by endomorphisms of the identity functor. This induces a pro-nilpotent action of t
on D?(Coh® (§")). )

According to Section 3.5.5, we have two commuting pronilpotent t actions on P
and hence on D. The functor ® 4, Intertwines the action of t described in the previous
paragraph with either of the two monodromy actions.

4.2. Monoidal functor from sheaves on the diagonal. — We use a version of homogeneous
coordinate ring construction and Serre description of the category of coherent sheaves
on a projective variety.

Let C- be the preimage of §” C g~ x B under the morphism g"x G/U" — g" x B.
Let G'/U” denote the affine closure of G'/U". Notice that G'/U" can be realized as a
locally closed subscheme, namely as the orbit of a highest weight vector in the space V

of a representation of G. Moreover, if the representation V is chosen appropriately, the
closure of G'/U” in V is isomorphic to G'/U". Define the action of the abstract Cartan
t on V such that ¢ € t" acts on an irreducible summand with highest weight A by the
scalar (A, ?). Then define a closed subscheme® Cg- C g” x £ x G7/U" by the equation
x(vV)=tv),xeg,tet,ve WUV C V. It is easy to see that Cj- is an open subscheme
in Cz-. More precisely, without loss of generality we can assume that representation V is

multiplicity free, i.e. it is a sum of pairwise non-isomorphic irreducible representations;
then Cj- is identified with the intersection of C- with the open set of vectors which have
a nonzero projection to each irreducible factor.

We leave the proof of the following statement to the reader.

Proposition 17. — (A) The scheme Cg- does not depend on the choice of V' subject to the above
conditions.

(B) Consider the category of commutative rings over O(t) equipped with a G~ action which fixes
the image of O(t).

% Here notations diverge from that of [1], there “hat” was used to denote the affine cone, while in the present paper
it is used to denote completions.
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The following two functors on that category are canonically isomorphic:

(1) R+ Hom(Spec(R), Cy-) where Hom stands_for maps compatible with the G action
and the map to ¢

(2) R+ {(Ey,ty) | V€ Rep(G)}. Here for V € Rep(G”), Ey € Endg(V ® R) and
ty s a map of R-modules R — V @ R. This data is subject to the requirements:
(@) functoriality in V;
(b) Evegw = Ev ® Idw + Idy ® Ew;
(©) tvew =ty ® tw;
(d) The action of Ev;, on the image of vy, coincides with the action of the element in R

which is the image of & € £ under the map £~ — R.

4.2.1. Deequivaniantization. — (cf. Section 2.2.1(3)) We will make use of the follow-
ing construction. Let C be an additive category linear over the field £, with an action of the
tensor category Rep(H) of (finite dimensional algebraic) representation of H, where H is
a reductive algebraic group over 4. (Recall that £ is algebraically closed of characteristic
zero; the definition is applicable under less restrictive assumptions.)

We can then define a new category C,, by setting Ob(C.,) = Ob(C),
Homg,,, (A, B) = Homp,qcc) (A, O(H)(B)), where Ind(C) is the category of Ind-objects
in C and O(H) is the object of Ind(Rep(H)) coming from the module of regular func-
tions on H equipped with the action of H by left translations. Using that H is reductive
over an algebraically closed field of characteristic zero we can write the Ind-object O(H)

as @ VR V* where IrrRep(H) is a set of representatives for isomorphism classes
VelrrRep(H)

of irreducible H modules and for a representation V € IrrRep(H) we let V denote the
underlying vector space. Thus we have

Hom,,(X.Y)= €5 Hom(X,V(Y))®V".
VelrrRep(H)

For example, if C = D’(Coh" (X)) where X is a scheme equipped with an H action
then for F, G € C we have Homyg,,(F, G) = Hompconx)) (F, G).

When we need to make the group H explicit in the above definition we write
Homgﬂl instead of Homy,,.

The category Cy,, is enriched over H-modules, i.e. every Hom space carries the
structure of an H-module compatible with composition. We refer the reader to [3] for
further details and to [31] for a more general construction (cf. also [1], proof of Proposi-
tion 4).

This formalism comes in handy for deducing the following statement.

Let Coh}(;’vXTv (") be the full subcategory in Cooh® T (Cj-) consisting of objects of

the form V® O, V € Rep(G” x T). In other words, objects of Coth;’VXTV (G@v) are repre-
sentations of G"x T” and morphisms are given by Hom(Vy, Vy) = Homgcr g ) (Vi®
O, V, ® O). This is a tensor category under the usual tensor product of vector bundles.
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Corollary 18. — Let C be a k-linear additive monoidal category. Suppose we are given

(1) A tensor functor F : Rep(G™ x T") — C.

(2) A tensor endomorphism E of Flrepcy, Ev,gv, = Ev, ® Idgw,) + Idpry,) ® Ey,.

(3) An action of O(Y) on ¥ by endomorphisms, so that for f € Q) we have fy,gv, =
Sy @ Idrvy) = Idrvy) ® Ay

(4) A “lowest weight arrow” @, : F(V,) — F(X) making the following diagrams commutative:

F(V, ®V,) —— F(Viq,)
D, Qcy, l J/ Wh+u

F\) ®c F(u) — F(h + )

F(V,) —— F(0)

Ev, l l A
w,

F(Vy) ——= F(1)

where the right vertical map is the action of the element A € £ C O(Y)) coming from (3).

Then the tensor functor ¥ extends uniquely to a tensor functor Cohﬁ’vXTv(C i) — C, so that
E goes to the tautological endomorphism w (see Section 4.1.4), the action of t comes from the projection
Cgv — t and the lowest weight arrow comes from the map described in Section 4.1.3.

Progf: — Extending the functor F to a functor Cohﬁ’vXTv (va) — C is equivalent to
providing a G x T -equivariant homomorphism O(Cj) — Homf;;qXTv(lc, l1¢), where
we used the action of Rep(G™ x T7) on C given by V : X > F(V)X. We now apply
Proposition 17 to the ring R := Homg;qXTv(lc, l¢). The action described in (3) provides
it with a structure of a ring over O(t"); the tensor endomorphism E from (2) yields the
collection (Ey) and the arrows @; induce the maps ty as in Proposition 17. The commu-
tative diagrams in part (4) of the corollary imply identities (c,d) in Proposition 17. Thus
existence of a unique functor I with above properties follows from Proposition 17. U

4.2.2. The functor P4 — We now construct a monoidal functor <I>’ng :

Coh};’vXTv (Cy) — P (more precisely, a monoidal functor to D taking values in 75)

The functor is provided by Corollary 18: we have a tensor functor from Rep(G”)
toD coming from the central functors (Section 4.1.2), and another commuting one from
Rep(T") to D coming from Wakimoto sheaves (3.3); the logarithm of monodromy endo-
morphisms (Section 4.1.4) provide endomorphism E while the torus monodromy (Sec-
tion 3.5.5) gives an action of t = t™ (notice that due to Lemma 16(b) we get the same ac-
tion by using either left or right torus action). The morphisms described in Section 4.1.3
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yield arrows @;. The conditions of Corollary 18 are checked as follows. Condition (2) fol-
lows from Proposition 14(b). Condition (3) is clear from compatibility of the convolution
map with the torus action. The first commutative diagram in condition (4) follows from
Proposition 15(a), while the second one is obtained by comparing Proposition 14(a) with
Lemma 16(c).

4.3. “Coherent” description of the anti-spherical (generalized Whittaker) category. — Con-
sider the composition Ho(Coh_}(;’vXTv (va)) — Ho(P) — D where Ho denotes the homo-
topy category of complexes of objects in the given additive category and the first arrow is

induced by P

dlag’
Let Acycl C Ho(Coh};’ < (C3")) be the subcategory of complexes whose restric-
tion to the open subscheme Cj- is acyclic.

this composition will be denoted by ®%e .

dag*

Proposition 19. — The functor ®*° diag Sends the subcategory Acycl of acyclic complexes to zero.

Proof. — Proposition follows from existence of a filtration on 7, with associated
graded being the sum of Wakimoto sheaves (Proposition 15(b)) by an argument parallel
to [1, 3.7]. O

The perfect derived category of modules over a positively graded algebra (by which
we mean a Z-graded algebra with vanishing negative components and component of
degree zero generated by the unit element) over a field of characteristic zero is well known
to be equivalent to the homotopy category of free graded modules, the same applies to
equivariant modules, where an algebra is assumed to be equipped with an action of a
reductive group. Applying this to O (6 -) we see that D[S,,fXT (C i) = Ho(Coh}fVXTV (éﬁv)).
Since g~ is smooth, D?(Coh% @) =D mf(g ), thus (8) shows that”

D’(Coh® (")) = Idem(Ho(Cohy " (Cj))/Acycl).

Thus Proposition 19 yields a functor D’ (Coh® @) — D. The log monodromy action
of t on the identity functor of D is pro-unipotent, thus it extends canonically to an action
of the completion of O(t") at the maximal ideal of 0. Itis easy to deduce that the functor
factors canonically through a functor D?(Coh® (gv)) — D, we denote the latter functor
by q)dzag-

A closely related functor F : D’ (Coh® (./\7 )) — Dy was constructed in [1, §3].

9 In fact, K° (Coh® @) =K° (Coh® (b)) = K°(Coh™ (p1)) is generated by the classes of equivariant line bundles,
thus the functor Ho(Coh‘;’vxle (Egv)) — Db(Cthv(gv)) induces a surjection on K’. By a standard argument (see e.g. [44,
Corollary 0.10]) this implies: D’(Coh® (§) = Ho(Cohy’ *" (C4-))/Acycl.



ON TWO GEOMETRIC REALIZATIONS OF AN AFFINE HECKE ALGEBRA 29

Lemma 20. — Let i : N — av be the embedding. The following diagrams commute up to a
natural isomorphism:

o (bding A
D’(Coh® (§)) D
\LV 5 Rcsiool*‘ L
D’(Coh® (N)) Doy
o~ F
D’(Coh% (N)) Dy
Iy \L \L Res}ooﬂ*[r]
A P iag A
D?(Coh® (§)) D

where Res stands for restriction of equivariance, and r = rank(g).

Progf: — To check commutativity of the first diagram it suffices to prove the simi-
lar commutativity for functors on the categories of finite complexes in Coh};’vXTv (Cy).
This follows from the isomorphisms i, (ZV) = Zv (Proposition 13(d)), m.(J.) = J.
(Lemma 6(c)) which are easily seen to be compatible with monodromy endomorphism
and lowest weight arrows.

Now using commutativity of the first diagram we get a natural transformation
between the two compositions in the second diagram due to the isomorphisms:

Hom(Res}on*(F(]:))[f], q)diag(i*(f)))
= Hom (Resyy F(F)[7], 7, D (in(F)))
= Hom(Res%oF(}—)[r], RGS%OF(i*i* (}—)))’

which yield the desired arrow since Id[r] is a canonical direct summand in the func-
tor ¢*%,. The constructed arrow is nonzero, hence it is an isomorphism for F = Oy, as
both compositions are then isomorphic to the skyscraper §, = j, =, and Hom(3,, 3,)
1s one dimensional. Also it is easy to see that the arrow is compatible with action of the
tensor category CohﬁvXTv (Cs), thus it is an isomorphism for F in a generating set of

D?(Coh® (./\7 )), hence it is an isomorphism for all F. O

4.3.1. Equivalences Dy, QKM. — We are now ready to establish (6).
The functor Av'"Y : Dyop — D%QV introduced at the end of Section 2.1 extends to a

functor between the completed categories D, Dy introduced in Section 3.1, we will use
the same notation for this extension.
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Proposition 21. — (a) The _functor 61“, =Av" o D gy D’ (Cthv (av)) — lA)lw s an
equivalence. R
(b) The functor @ restricts to an equivalence CD%(\)M : D’(Coh (@) = Dﬁ\,.

Progf. — We first show that Av'" o @, is fully faithful. It suffices to show that
Hom(f, g)gHom(AVI\VCDdiag(F)’ Avlwycbdiag(g))

when F = i,(F'), F € D!(Coh® (N)), then the statement follows since the im-
age of i, generates Db(Coh/(;I;(ﬁv)) under extensions, so we get the isomorphism for
F,GeD’ (Cohy(g). Passing to the limit we then get the isomorphism for all 7, G €
D’(Coh® (g")).

Using the parallel statement in the non-monodromic setting proved in [1, §4] and
the first commutative diagram in Lemma 20 (or rather the statement obtained from it by
left-right swap) we get:

Hom(i,(F'), G) = Hom(F',7*G[—1])
= Homyy, (' AVWF(F'),! AVYF(*G)[—r])

= Homp, (AVWF(F), (Avh) A (©,(9)) 1)

v

= HomDR)V ((Resy) “ (IAVIWF(]: ). AV™ (D iy (§)) [—11)

= Hom (AVIWCDdiag (F), AVIWq)diag (g/))’

where we used that ¢*[—7r] is 7ght adjoint to .. Here (Avio)ffj " is the right adjoint to the
restriction of equivariance functor which can be thought of as a direct image under the
morphism of stacks I°\F¢ — I\ JF¢ (recall that Av stands for the !-direct image under
that morphism).

This shows that the functor is fully faithful. Again using the parallel statement in
the non-monodromic setting and Lemma 20 we see that the essential image of ®,, con-
tains the image of the functor of restricting the equivariance Djy, — D}iv, since D{(\]v is
generated by irreducible perverse sheaves which are I-equivariant, the essential image
contains ng, this proves part (b). Any object in Dy is an inverse limit of objects in DRJN,
moreover, its image under the functor between the categories of pro-objects Pro(D}SV) —
Pro(D},,) induced by the averaging functor lies in D}, C Pro(Dyy). This shows that
such an object is isomorphic to the image of a pro-object in Db(Coh%(gv)) whose

image under 7* : Pro(D’(Coh (§))) — Pro(D*(Coh® (N))) lies in D?(Coh® (N)).
An object El Pro(Db(Coh/C\i;(gv))) satisfying the latter property is easily seen to lie in
D’(Coh® (§)) C Pro(Db(Cohii/ (§))), this implies essential surjectivity in part (a). O
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4.4. D is a category over St/G”, Dy is a category over St'/G”. — The goal of this
section 1s to construct an action of the tensor category Dﬁ:f(St) on D and of Dﬁ;/(St’) on
Dyor, both categories are equipped with the tensor structure coming from tensor product
of perfect complexes.

4.4.1. The action of the tensor categories Coh_}(;’vXTv (Cs)), Coh](;;’vXTv (Csy). — We let Cg,

be the preimage of diagonal under the map Cg- x Cz- — g° x g, and let Cs; be the

preimage of 0 under the second projection to t. We have open subsets Cg, C Cs, and

Csy C Csy where the action of T” x T" is free and St = Cs, /T, St = Cg,/T".
Notation Cohj(;’VXTV (va), was introduced in Section 4.2.1, tensor categories

Cohfcr’vXTVQ (Cs)), Cohﬁ’vXTv2 (Cy) etc. are similarly defined as full subcategories in the
categories of equivariant coherent sheaves whose objects are obtained from the structure
sheaf by tensoring with a representation.

We apply Corollary 18 in the following setting: the group G is replaced by G~
and C is the category of functors D—D (respectively Doy — Dyoy).

We have two actions of Rep(T") coming from, respectively, left and right convolu-
tion with Wakimoto sheaves. We consider the action of Rep(GVQ) obtained as composition
of restriction to the diagonal copy of G™ and the action by central functors. The nearby
cycles monodromy acting on the cental functor defines a tensor endomorphism E of the
G” action, while the torus monodromy defines an action of 7. It is not hard to see that

conditions of Corollary 18 are satisfied. Thus we get an action of Cohj?szTv2 (Gg) on ]5,
Dyoy.

The fact that the action of G” factors through restriction to diagonal is easily
seen to imply that the action factors canonically through a uniquely defined action of
Coh® T (Ezv). Furthermore, since the isomorphism between the two actions of G™ is
compatible with the tensor endomorphism E, both actions factor through a uniquely
defined action of Coh[C;VXTVQ (Csy). Finally, since the second (right monodromy) action of
t" on Dyo; vanishes, the action of Coh;;’VXTVQ (Cs,) factors through CohﬁvXT& (Csr). We
denote the two actions by @, @ respectively.

4.4.2. Extending the actions to the perfect derived categories. — Our next goal is to extend
the action described in the previous subsection to complexes. We encounter the standard
non-functoriality of cone issue, which we circumvent in the following way.

We use the equivalences Ho('fd):>f), Ho(7)~—Dyy.

Assume given a finite complex JF* of objects in CohC*T" (Cs,), where each term
F'is a trivial vector bundle twisted by a representation U’ of G” x T?. Pick A, 1 € A so
that for each character (A, ;) of T appearing in one of the representations U’ we have
A+re(=AY), n+peAr.

In view of Corollary 12 and Lemma 4(d) the functor ®;(F") o J, 0 J, . sends T
to 73, where J!: X > T, X, J, : X'+ X * J; thus one gets a functor Ho(7A-) —
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Ho(P) sending a complex T* to the total complex of the bicomplex ®;(F*®) o J} o
T ().

We now define a functor D — D as the composition:

L TLedr, N O4(F*)oT} 0T},

D——~D~— Ho(T) Ho(P) — D.

We claim that different choices of A, u produce canonically isomorphic func-
tors. This follows from existence of a canonical up to homotopy quasi-isomorphism
JaxT—=T,T — T=xJ,, where T, T" are finite complexes of objects in T and T'
representing the object in the derived category corresponding to J_; * T (respectively,
TxTu), A, €A™,

Thus we get a well defined functor Ho((]oh;fv”v2 (Cs)) = End(f)). It is not hard
to see from the definition that the last arrow carries a natural monoidal structure.

Let Acyclg, C Ho(CohﬁvXTQ (Cs)) be the subcategory of complexes whose restric-
tion to Cg, 1s acyclic. As in Proposition 19, the fact that the lowest weight arrow @
extends to a filtration by Wakimoto sheaves compatible with convolution implies that
Acyclg, acts on D by zero. In view of (8) we have

Idem(Ho(Coh$ ™" (Cs)) /Acycl) = DS (S0).

Thus we obtain an action of Dg,}(St) on D. Finally, since the action of the log mon-
odromy endomorphism is pro-nilpotent, we conclude that the action factors through
DS (.

A parallel argument (with the last sentence omitted) endows Dyo; with an action of
Djf’;;[(St’).

4.4.3. Compatibility between the two actions. — For future reference we record a com-
patibility between the two actions.

Lemma 22. — For F € D& (§(), XeDadyY e Doy we have canonical isomorphisms

perf
7 (F (X)) = i5,(F) (7.(X)),
7 (i (FH(Y) = F (7" (Y)),

where s, denotes the closed embedding St — St. The womorphism is_functorial in F, X,'Y it is also
compatible with the monoidal structure of the action_functor.

Progf: — Comparing the procedures of extending the action to the category of
complexes for D and Dy and using that 7, sends 7 into 7 we see that to get the first
isomorphism it suffices to construct a functorial isomorphism for F € Cohf(;’ (St). This
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follows from m, (ZV) = Zv, m.(J:) =], where the second isomorphism is compatible
with the log monodromy endomorphism and the last two isomorphisms are compati-
ble with the lowest weight arrows. The second isomorphism can be deduced using the
adjunction

Hom(F(X), X) = Hom(X, F*(X))

which holds for both actions; here F* = RHom(F, O). In view of the isomorphism
F(F*) = ("(F))* the second isomorphism follows from the first one. O

5. The anti-spherical projector

Set & = Two, E="T,,.
Recall that Dm 1s the derived Category of Iwahori-Whittaker sheaves on F¢. We
have averaging functors AV'" : Dyopo — DIW and AVIW : DRV — Dyop.

5.1. E and Whitiaker averaging.

Proposition 23. — (a) Rught convolution with & is wsomonphic to AVIV\ o Av'"W,

(b) Convolution with = s zsomorp/m to its left and right adjount.

(c) The full subcategory in T consisting of direct sums of copies of Eisa subcategory closed
under the convolution product. It is tensor equivalent to the full subcategory in Coh(t* X/t*/T\ t*) whose
objects are sheaves isomorphic to OPN for some N; here “hat” stands_for completion at zero.

(d) Consider the full subcategory 77010 C Prop of sheaves supported on G /U C F L, and let

771010 be its Serre quotient by the Serre subcategory generated by all vrreducible objects except for L,, the

urreductble object supported on the closed cell F €,. Then the endofunctor of P/OIO induced by the functor

Fr>FxEis isomorphic to the funcior O () oy F» where OEYWW C O acts on 77010
by log monodromy with respect to the right T action.

Proof. — Part (a) follows from [23, Lemma 4.4.11(3)]. To check part (b) we use
part (a) and adjunctions in [23, Lemma 4.4.5], which show that the right adjoint to the
functor AVi:v o AV is isomorphic to (Av{:\,)* o Av"; here (AV{\]M)* 1s the right adjoint to
the pull-back functor defined using the * direct image. The isomorphism AV%SM o AV =
(AViSV)* o Av™"Y follows from the relation between the two convolutions on Dyop explained
in footnote 4 and [23, Corollary 5.4.3].

Part (c) is a consequence of [23, Proposition 4.7.3].

Part (d) follows from parts (b,c) since & is the projective cover of L, in Pﬁ,nlo. U
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n

Remark. — Beilinson-Bernstein Localization Theorem identifies Pﬁ)w with category

O of modules over the Lie algebra g with a regular integral generalized central charac-
ter A. It is easy to see that convolution with Sisa projective functor isomorphic to the
composition of two translation functors: translation from A to the singular central char-
acter —p followed by translation from —p to A. Properties (b,d) of this functor are well

known and play a central role in Soergel bimodules method.
5.2. Tilting property ofé * 7.

Proposition 24. — For V € Rep(G") we have

(a) *Z\/ET.
b) ExZyveT.

1> [

I

Progf. — Recall that Py C Dy is the category of perverse sheaves, let 7Py be the
Serre quotient of Pyy by the Serre subcategory generated by irreducible objects with sup-
port F¢,, where w is not the minimal length element in its coset Wrw. Let Zy be the
image of Zy in/Py. It follows from [1, Theorem 7] together with [1, Theorem 2] that
Zv admits a standard and a costandard filtration. Here a filtration is called (co)standard
if its associated graded is a sum of j,, (respectively, ju. ), Where jui, Jus is the image of ji,
respectively j,,., under the projection Py —/ Pp. Itis easy to see (either by combining [1,
Lemma 4(a)] with a “left-right swap” of Proposition 23(a), or directly) that the functor
Pu — Puor, F = E * F factors through /Py It follows that E % Zy admits a filtration
whose subquotients are of the form & *j,, and another one with subquotients of the form

E * Jux. [t is also easy to see that E %, carries a filtration such that gr(E * j,) = P Jou
veWs

and similarly for & * j,,. This proves part (a).
Part (b) follows from Proposition 9, compatibility of central functors with direct
image and part (a) of this proposition. 0J

Remark. — The proof of Proposition 24 is the only place in this article where we
use the results of [1] directly, without applying the “left-right swap”.

Corollary 25. — For T € T, T e T we have
Ext™(J, * Ex], xZ,,T) =0,
Ext™ (7, * & * T * Z,,T)=0
provided (—1), (—) € AT, i.e. A, L are anti-dominant.
Progf- — We have

Ext*(J, % 8% T, % Z,, 1) ZExt*(J, * Ex 2, T* J_,).
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Comparing Proposition 24 with Corollary 12 we see that J; * & % 7, admits a free mon-
odromic standard filtration, while T % J_,, admits a free-monodromic costandard filtra-
tion, which implies the second vanishing. The first one is similar. U

5.3. Convolution with & and the Springer map. — We let pgp,, denotes the projection
§g—g.

Proposition 26. — The equivalence (6) intertwines the endo-functor F +—> 8 x F with the

endo-functor ps, psprs-
We start with

Lemma 217. — Recall that ;(31W denotes the equivalence D° (Cthv (E;\V)) = ]A)Iw.

(a) The object D1\ (AV™ (E)) is canonically isomorphic to O(£) B oy O-
R (b) The composed functor F > & * (Prw o p§, (F)) is isomorphic lo the functor F >
Oy (O(F) ®O(tv/\\,’\/) ngr)- ) _

(¢) For F € Dy we have & % F = 0 iff (Prw) ™' (F) € Ker(pspr)-

Proof of Lemma 27. — (a) The restriction of the functor Av"™" to the category POIU

factors through the category Pfolo notations of Proposition 23). Thus Proposition 23(d)
shows that AV™W(E) = O(¢) Rowyw AV (A,). Since AVV(A,) = 6lw((’)@v), the claim
follows. .

(b) The functor $IW o p’s‘pr : D}’(CthV(gv)) — ]51W comes from the central action of

D”(Cthv (g;v)) on D. Since this action commutes with the functor of convolution with @,
(b) follows from (a).

(c) The kernel of psp 1s the (rlght) orthogonal to the objects O @ V, V €
Rep(G). So we need to show that E * F = 0 < Homy, AV (Zx) F)=0
for all A € AT, First, if Ex F =0 then by self-adjomntness of convolution with g,
Hom(E * AVW(Z,), F) = 0. We have E x Z, =7, * £ and AVV(Z, % E) admits a
filtration where each subquotient is 1som0rphlc to AV™(Z,). By a standard argument

(see e.g. [15, Lemma 5]) it follows that Homyp AV™(Z,), F) =0. Conversely, suppose
that & % F # 0. We need to show that Homp AV (ZA) F) # 0 for some A. Wlth-
out loss of generality we can assurpe that F € Py (recall that convolution with E

exact). Then, since HomDIw(Vg“, = * J) depends only on the 2-sided coset Wy wa,
we see that Homﬁm,(VBV, Ex F ) # 0 for some w which is maximal in its 2-sided W;-
coset. Using the tilting property of & % 7, one sces that for such w the object VIV is a
quotient of g x AVIW(Z)L) if A € W,wW,. Thus Hom(& * AVIW(ZA), g x F) # 0, hence
Hom(AVV(Z; * 2), F) # 0 and Hom(AVV(Z,), F) # 0. ]
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Proof of Proposition 26. — Set Fg : F — 61};(@ % Pry (F)). Our goal is to show that
Fg = Fy,,, where Fgp,, 1= p’s‘prpspr*. Notice that both functors are self-adjoint: for Fz this
is Proposition 23(b) and for Fg,, this follows from the fact that both g and g have trivial
canonical bundle and their dimensions coincide, which yields an isomorphism pg§, = pépr.

Lemma 27(b) shows that Fz o p, = Fy, o 5, (notice that ps,ups, (F) =
o) Ry F canonically), which implies Fz o Fg,, = Fg,, o Fg,,. Self-adjointness of
Fgp,, yields the adjunction arrow Fg,, o Fs,, — Id, thus we get an arrow Fz o Fg,, — Id.
Applying self-adjointness of Fz we get an arrow ¢ : Fg,, — Fgz.

Lemma 27(b) provides an isomorphism Fz o g5 = Fs;, 0 5, a diagram chase
shows that this isomorphism coincides with the arrow induced by ¢. Also, Lemma 27(c)
shows that Fglkers,) = 0. Thus ¢z : Fs, (F) — Fz(F) is an isomorphism when J €
Im(Fsp,,) or F € Ker(Fsp,). Again using self-adjointness of F,, Fz we see that for any
F the object Cone(Fs,, (F) - Fz(F)) lies in the left orthogonal to both Ker(Fs,)
and Im(Fs,). However, LIm(ngr) = Ker(Fsp,) due to self-adjointness of Fy,; thus
LI{er(Fslm) Nt Im(Fs,,) = 0, which shows that Fg,,(F) —Fz(F) for all F. O

6. Properties of @,/

Recall the actions defined in Section 4.4.2 and objects g = Tw(], &="T,,. We
define @, : Dg;f(St) — D, &,,/(F) =F(E) and ], : D/(;;;J,\(St/) — Dyop, @4 (F) =
F(8).

6.1. Compatibility of @, with projection St — §'. — We start by recording some of
the compatibilities following directly from the definitions.

Lemma 28. — The following diagrams commute up to a natural isomorphism:

DLy (S — D (80)

6 perf \L l CD/Wf

D - D

K
pr Spr, 1

D'(Coh® (§)) —— D (SY

Drw l l Dpor
Avn'gh[

N 10
DIW

A

D
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(brepe )
DY(Coh® (§) ——= D o (SOV

Prw l Pperr
ng/zl

s oAv
D D

Progf: — Commutativity of the first diagram follows from the corresponding com-
patibility for action (Lemma 22) and the isomorphism n.(8) = & (Proposition 11(b)).
To see commutativity of the second one observe that the functor Avnght of averag-
ing with respect to the right action of I commutes with convolution on the left. For
F e D!(Coh" (g")) the object prspr (F)eD§ of (St) actson D by the left convolutlon with

D igo(F), thus the required commutativity follows the isomorphism AV (AIW = E,
which is a consequence of Proposition 23(a). The third diagram is obtamed by concate-
nation of the first two: the left (respectively, right) vertical arrow in the third diagram
coincides with the left (right) arrow in the second (respectively, first) one, the horizontal
arrows are compositions of the corresponding horizontal arrows in the first two. UJ

The goal of this subsection is the following

Proposition 29. — The functor &Spe,f 15 compatible with the convolution action of
D’(Coh® (St) on DY(Coh® (@) and the action of D on Diw; ie. for F € DS (S0, G €
D”(Cthv (8")) we have an isomorphism

(14) a31\\"(‘7: *G) = apwf(]‘—) * as1w(g)
Sunctorial in F, G.

Proof. — When F = O, so that ®(F) = &, the isomorphism (for any G) is provided
by Proposition 26. Since the functors commute with twist either by a line bundle or by
a representation of G we get an isomorphism for F of the form O, n) ® V, V €
Rep(G"), this isomorphism is functorial in F, G.

By a standard argument'’ (attributed, in parucular to Kontsevich, see also [43],
Theorem 2.1 and Example 1.10) any object in DY f(St) is a direct summand in one rep-
resented by a finite complex of sheaves of the form O, ;) ® V,, where A;, u; are
antidominant, thus we can assume without loss of generality that F is of this form.

10 More generally, for a reductive group H acting linearly on AN*' and an H-invariant locally closed subscheme
X C PN every object F in the perfect equivariant derived category D/Ijr/ (X) is a direct summand in an object represented
by a finite complex of equivariant bundles of the form ®V; ® Ox(n;), V € Rep(H). To see this one constructs a bounded
above complex F* whose terms are finite sums of bundles V; ® Ox (#;) representing F, then denoting by F» _ the “stupid”
truncation of F* we get for N > 0 a distinguished triangle (15). For large N we have Ext™"'(F, Fy) = 0, so the triangle
splits.



38 ROMAN BEZRUKAVNIKOV

Pick v € AT such that u; +v € A" for all i. We can choose a finite complex of free-
monodromic tilting objects in Prw representlng Ty % Prw(G), then D(G) is represented

by a finite complex of objects 7, * 'I;, where T € P is free-monodromic tilting.
We claim that

(J, x & *j )*(J»*T)epm,
i (F * Ex T, % (T +'T)) € Con® @).

Here the first claim follows from Lemma 4(d) the second one follows from
Lemma 30(a) below.
Now (14) follows by comparing Proposition 7(c) to Corollary 47(c) below. 0J

Lemma 30. — (a) (Pr) (8 % T, +T) € Coh® @) for w € A and T € Poy a
free-monodromic tilting object.
() (Phy) ™' (i) € Coh® N) for amy w € W/W;.
(c) (<1>m) H(VIW) € Coh® &) foramy w € W/W,.
(d) n : Prw = D=0(Coh® (A1) N D= (Coh® ()
By 1 Py — D=0(Coh® (N)) N D=@) (Coh®’ @).

Progf. — (a) An object F € D*(Coh® (av)) lies in the abelian heart iff for large A
we have RT(F ® O(L)) = 0 for z;é 0. Since R'T'(F) = Homdeeq(o F), it suffices to

show that Hom (j * AVWY(Z,), E * T * T) =0 for #0and A, u,v € AT. Using

Propositions 24(b) and 11(c) we see that J_, * AV (Z,) has a free-monodromic standard
filtration, while 7, Lk T and hence 2% T % T has a free-monodromic costandard filtration,
this implies the desired vanishing

Similarly, the first statement in (b) follows from Ex‘[;)%W A (I %Z,), W) =0 for

i # 0, A € AT. The latter Ext vanishing is clear from the fact that "Av""¥(Z,,) is tilting in
PLy [1, Theorem 7], hence 'Av™(J_; * Z,,) admits a costandard filtration. The proof of
(c) is parallel to that of (b), with (co)standard replaced by free monodromic (co)standard.

The inclusion @y (Pry) C D=(Coh® (N )) follows from part (b). To check the other
inclusion we use that (O (1) ® V) € Py for all A € A, V € Rep(G) thus for
F € Prw we have Extc ¢ N)((I)R\l,(]-' ), Ok (1)) = 0. Applying Grothendieck-Serre duality

we conclude that Ext>" - (O), S(®ny(F))) = 0, where S(G) = RHom(G, O). Thus

Coh(\N) -
S(P(F)) € D=2(Coh® (N)), so Pri(F) = S(S(Ppt(F))) € DMV This proves the
first formula in (d), the second one is checked in a similar way. 0J

6.2. The functors Drs CD[,e,f are_fully fazt/yM — In this subsection we establish full
faithfulness of ®,,/, CDM Since D’ (Coh ,(St)) 1is a full subcategory in D’(Coh% (St))

while Dyop is a full subcategory in D, it is enough to do so for d{w only.
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It suffices to show that the map

Hom*(V® Og(A, 1), V'® O (1, 1))

— Hom" (Z\;*ﬂ*u*ju,zv/*ﬂ/* * Jy)

induced by q)p(,f is an isomorphism.

The functor CDM sends twisting by a line bundle to convolution by Wakimoto
sheaves, and twisting by a representation of G™ to the central functor. Since adjoint to
such a twist 1s twist by the dual representation, and similar adjunction holds for the central
functors and convolution by Wakimoto sheaves, we see that it suffices to consider the case
when A =0 =’ and V is trivial.

Then we have:

Homﬁ(@ * Iy, T * AT IO)
= Homy,, (A (& x 7,), A™( Ty % Zy))
= Hompy o @ (Espebsors (O (). O (M) @ V)
= Hompy o6 (@) (pspr,z*/?;pr,l (05 (w). O5(¥) @ V).

Here the first isomorphism comes from the fact that right convolution with g is
isomorphic to Avi:\, o Av™ (Proposition 23(a)). The second isomorphism uses the “co-
herent” description of the Iwahori-Whittaker category (6) along with the fact that left
convolution with & corresponds to fig,, pspr 0N the coherent side (Proposition 26). Finally,
the last isomorphism comes from: ngr/?spr* = pspr, 205, 1, Which follows from base change

for coherent sheaves and the fact that Tor_ (g ) (O, O3)=0.
Using adjointness we get:

Homyy one™ gy (MQ*IWT (O@“(M))’ O@“()‘/) ® V/)
= Homypy cones) (077 (O (1)) 5 (O () @ V'),

where we used that pry = pr) since the target of pr, is smooth, while both its source
and target have trivial dualizing complexes (more precisely, in both cases the dualizing
complex is 1somorph1c to O[d], d = dlm(g ) = dim(St)).

Since q)j,g,f i O () = J, * &, @l,g,f Oy M)V > T x ZV/ g , we have
constructed an isomorphism between the two Hom spaces. A routine d1agram chase
shows that this isomorphism coincides with the map induced by 5{,&]{.
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7. Extending an equivalence from the subcategory of perfect complexes

7.1. A criterion for representability. — Let algebraic stack X be given by X = Z/H
where Z is a quasiprojective scheme over an algebraically closed field of characteristic
zero and H is a reductive group. [The results of this section are likely valid in greater
generality but we present the setting needed for our applications]. We fix a H-equivariant
ample line bundle L on Z, such a bundle exists by Sumihiro embedding Theorem (though
in examples considered in this paper Z comes equipped with a supply of such line bun-
dles).

Set D = D’(Coh(X)) and let D, (X) C D be the subcategory of perfect com-
plexes. Set D;Zf = D="(Coh(X)) N D, (X), and let D;;Zf C D,,r(X) be the full subcate-
gory of objects represented by complexes of locally free sheaves placed in degree n and
higher, and their direct summands.

Remark 31. — It is obvious that D;ff C D#"(Coh(X)) N D,,/(X). Using [45,
Theorem 3.2.6] (“finiteness of finitistic dimension”) one can also show that D;ZF(X) D

D==dm@ NP, - This implies that most of the statements below hold with D;gp replaced
by D="(Coh(X)) N D,,(X). We neither prove nor use this point.

Proposition 32. — (a) The natural functor from D*(Coh(X)) to the category of contravariant
Sunctors_from D, (X)? to vector spaces is_fully faithful.

(b) A cohomological functor ¥ from D, (X) o vector spaces is represented by an object of
D’(Coh(X)) if and only if the following conditions hold:

(1) For any n the functor F|Dﬁ§ is represented by an object of D, (X) (not necessarily by an
object of D;ff ).

(i) There exists m such that F|D;j; =0.

Proof. — Fix F, G € D’(Coh(X)) and let ¢ 7, ¢g be the corresponding functors on
D,,r(X). Fix a bounded above complex F* of locally free sheaves representing F. Let
Fsn= rﬁéj; (F*) denote the stupid truncation.

Given a natural transformation ¢r — ¢g we get morphisms F-_, = G, com-
patible with the arrows F._, = F>_(,+1). Choose n such that 7 € D”7"(Coh(X)).
Then for N > n we have a canonical isomorphism F = 7._,(F>_x). Assuming also that
G € D”7"(Coh(X)), we get an arrow F = 7-_,(F>_N) = T=_,(G) = G. A standard argu-
ment shows that bounded above complexes representing a given F € D?(Coh(X)) form
a filtered category (i.e. given two such complexes F7, Fy, there exists a complex JF; with
maps of complexes F; — F7, Fg — F3 inducing identity maps in the derived category).
This implies that the arrow F — G does not depend on the choice of F°.

Thus we have constructed a map Hom(¢r, ¢g) — Hom(F, G). It is clear from
the construction that the composition Hom(F, G) — Hom(¢x, ¢g) — Hom(F, G) is
the identity map. It remains to see that the map Hom(¢r, ¢g) — Hom(F, G) is injective.
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Let 2 € Hom(¢r, ¢g) be a nonzero element. Thus for some P € D, (X) and
@ : P — F we have 0 # h(¢) : P — G. Fix again a complex F*, for N as above we get a
distinguished triangle

(15) FNIN] = Fon— F = AN+ 1]

for some Fy € Coh(X). For large N we have Hom(P, N[N + 1]) = 0, thus ¢ factors
through an arrow P — F._y. It follows that for N >> 0 applying /% to the tautological
map F-_x — F we get a nonzero arrow F-_ny — G. Since Hom(Fy[N],G) =0 =
Hom(Fx[N + 1], G) for large N, we see that the induced arrow F — § is nonzero. This
proves (a).

We now prove (b). We first check the “only if” direction. Condition (ii) is clear,
and to check condition (i) let F be the representing object, and choose a bounded
above complex F* representing JF; we can and will choose F* so that its terms
are locally free sheaves. Setting again Fon = fzbf‘\?e (F*) € Dyy(X), we claim that
Hom(G, F)—Hom(G, F-x) when G € D;Zf, N < m — d, where d = dim(Z). This fol-
lows from the fact that Ext'(€, K) = 0 for i > d, where &£, K € Coh(X) and & is locally
free.

To check the “if” direction, given a functor F satisfying the conditions take » in
(i) satisfying n < m — d where m is as in (i) and d = dim(Z). Let 7’ € D,,;(X) be a
representing object for FID;;[. We claim that F = t,(F") represents F.

First observe that

(16) F € D7"(Coh(X)),

to check this we need to see that H(F') =0 for i =n,...,m. If H(F') # 0 for
such an 7, we can find a locally free sheaf & such that Hom(&, H(F')) # 0 and
Ext™(&, H/(F")) = 0 for all j (in fact, we can take & = L®N ® V where L is an anti-
ample H-equivariant line bundle on Z and V is a representation of H). Then we get
Hom(&E[—i], F') = F(E[—1]) # 0, which contradicts (ii).

We now construct a functorial isomorphism F(G) = Hom(G, F), G € D,/ (X). Fix
such G, and fix a finite complex G* of locally free sheaves representing G. The desired
isomorphism is obtained as the following composition:

Hom(G, F) = Hom(z*“(G*), F) = Hom(z"¢“(G*), F")

= F(2%(G*) = F(G).

Here the first isomorphism follows from (16), which implies that Hom(z"%¢(G*), F) =
0 = Hom(z%(G*)[-1], F).

<m

The second isomorphism follows from the distinguished triangle t_,(F") - F —

F — 1_,(F)[1] and the fact that Hom(D;—e;(Coh(X)), D="(Coh(X))) = 0, since m —

n> d and Ext'(£, K) = 0 for i > d, where £, K € Coh(X) and & is locally free.
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The third isomorphism is the assumption on F’, and the last isomorphism follows
from (11). It is easy to see that the constructed isomorphism is independent on the auxiliary
choices and is functorial. 0J

Let X =Z/H be as in the previous proposition. We assume that 7 admits a projec-
tive H-equivariant morphism Z — Y where Y is affine. Let L be an H-equivariant ample

line bundle on Z. We have the homogeneous coordinate ring @(Z) =@ r@®). The

n=0
assumptions on Z imply that O (Z) 1s Noetherian.

We now assume that C is a triangulated category with a fixed full triangulated
embedding 7 : D, (X) — C.

For M € C we can form a module for the homogeneous coordinate ring

(M) = P Hom (L2 ® O(H),), M),

n>0,A

where A runs over the set of dominant weights of H and O(H); denotes the correspond-
ing isotypic component of the translation action of H on O(H). A section of L#" defines
an element in Homgenx) (L% @ O(H),, L @ O(H),) for every A and m, thus

"
U (M) does carry a natural action of the homogeneous coordinate ring.

Notice that if C is equipped with a Rep(H) action making ¢ a functor of module
categories for Rep(H) then we have: U (M) = @ Hom dw(z(L® ", M).

n>0

We also set: U,,(M) = &P Hom;;q(i(L@_" ® O(H);), M).

n>m,A

Proposition 33. — For M € C the following are equivalent.

(a) For any m the functor on D;;(X), F = Hom(«(F), M) is represented by an object of
Dy (X).

(b) The module U (M[n)) is Sfinately generated for all n and W (M[n]) =0 forn > 0.

(c) We have W(M[n]) = 0 for n>> 0 and for any n there exists m, such that W,,(M[n]) is
Sfinately generated.

The proof of the proposition is based on the following

Lemma 34. — If\il(M[n]) =0 for n > s, then Hom@(F),M) =0 for F € D;j;rd,
d =dim(Z).

Proof. — We claim that any objectin F € D;jfd is isomorphic to a direct summand

in an object represented by a complex placed in degree s and higher, with each term
isomorphic to L& ® V, i <0, V € Rep(H). This clearly implies the lemma.

It remains to check that claim. Let F € D;f;rd. By a standard argument there exists

a bounded above complex F* representing F whose terms are of the form L% ® V,
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n < 0. Then using the fact that Ext' from a locally free sheaf to any sheaf vanishes for
¢ > d, we conclude the argument by a standard trick: consider the distinguished triangle
F.ls1— Ti)eji(f‘) — F and use that Hom(F, F,[s+ 1]) = 0. O

Proof of Proposition 33. — (a) clearly implies (b), while (b) implies (c). We proceed to
prove that (c) implies (a).

Assume that (c) holds. In view of the lemma, it suffices to find for every m an object
Fyin € Dy, (X) and a morphism ¢, : i(Fyr,,) — M so that ‘iJ(Cone(cm)[l]) =0forl>m.
Moreover, it suffices to do so after possibly replacing the full embedding : by the functor
7 F > io(F QL) for some p € Z (notice that conclusion of Lemma 34 is not affected
by such a substitution).

Let dy be the largest integer such that \iJ(M[dO]) # 0. We argue by descend-
ing induction in dy. Using the finite generation condition we find a locally free sheaf
& € Coh(X) and a morphism «(€)[—dy] — M, such that the induced map U, (i(E)) —
\iJm(M[a’o]) is surjective for some m € Z. Fix my > 0 such that RT'(L® @ £) =0 for
¢ > my. We can assume without loss of generality that m, > m. Then upon replacing the
embedding 7 by 7 : F — i((F ® L¥ ) we get that M’ := Cone(i(£) — M) satisfies:
@(M’[i]) =0 for 7 > dj. Also it is clear that the finite generation condition is satisfied for
M’, 7. Thus we can assume that the statement is true for M’ by the induction assumption.
Then the statement about M follows from the octahedron axiom. U

7.2. A characterization of D*(Coh(X)) as an ambient category of Dy, (X). — We con-
tinue working under the assumption that ¢ is fully faithful. Assume also that equiva-
lent conditions of Proposition 33 hold, thus the condition of Proposition 32(b)(i) is sat-
isfied. Assume also that assumption (b,ii) holds. In view of Proposition 32 we get a func-
tor ¥ : C — D’(Coh(X)) sending M € C to F € D?(Coh(X)) representing the functor
G — Hom(i(G), M) on D,,+(X).

It is not hard to see that W is a triangulated functor.

We now assume that C is equipped with a bounded ¢-structure 7. Consider the
following properties of the functor W in relation to the {-structures.

(A) The functor W is of bounded amplitude, i.e. there exists d such that W :
D= - D<¢4(Coh(X)), ¥ : D"z — D>"4(Coh(X)).

(B) There exists d € Z such that for F € C we have: W(F) € D=Y(Coh(X)) = F €
cr=l,

(C) There exists @ > 0 such that for 7 € C we have: H(W(F)) =0 for i €
[—0,0] = H"*(F) = 0. Here H' (¥ (F)) € Coh(X) is the cohomology with respect to
the standard ¢-structure on D?(Coh(X)).

Proposition 35. — (a) Property (B) implies that \V s _fully faithful.
(b) Properties (A), (C) imply that W is an equivalence.
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Proof. — (a) To unburden notation we assume without loss of generality that d =0,
this can be achieved by replacing the /-structure t with its shift by —d.

Recall that 7 is assumed to be a full embedding, which implies that W oi = Idp,,,x).-
It follows from the definition of W that for F € D,,,;(X) we have:

Hom(:(F), M) = Hom(F, ¥ (M)) = Hom(WVi(F), ¥ (M)).

Thus the map Hom(M,, My) — Hom(¥(M,), ¥ (M,)) is an isomorphism when M, €
Im(2).

Fix M;, M, € C. Fix n such that My, € C*”" and ¥ (M,) € D”"(Coh(X)). Fix a
bounded above complex F* of locally free sheaves representing F = W(M,), and let
Fox € D,y (X) be the naive truncation as above. We have an exact triangle Fy[—N] —
Fs-x — F for some Fy € Coh(X).

Assuming N < n, we get

Hom(W(M)), ¥(M,)) = Hom(F=n, ¥(My)) = Hom(:(F>n), My).

We have a morphism i(Fsy) — M; whose cone lies in D™=N"! in view of condi-
tion (B). [Notice that W sends this cone to Fx[—N + 1].] Thus Hom(M;, My) =
Hom(i(F=x), My), so composing the above isomorphisms we get that Hom(M;, My) =
Hom(W(M,), ¥ (My)). It is easy to see that this map coincides with the map induced
by W, so (a) is proved.

(b) Property (C) implies (B), thus W is fully faithful by (a), it remains to show that
it is essentially surjective. Fix F € D’(Coh(X)) and a bounded above complex of locally
free sheaves F* representing F. Let n be such that F € D="(Coh(X)). Fix N < n and
let A =i(F>n). We assume as we may that N < n — 20, then condition (C) implies that
H""(A) =0 for me [N+ 0+ 1,2 — 0 — 1]. Pick such an m and set B = 7-,(A). We
have an exact triangle A — B — C where A € C*="° and C € C*<~"?, Thus applying
condition (A) we get an exact triangle W(A) — W(B) — W(C), where V(B) = F.y,
W (A) € D="°"4(Coh(X)) and ¥(C) € DN (Coh(X)). Assuming as we may that
N <n—2(®+d), we see that W (A) = F which proves that W is essentially surjective. [J

8. Compatibility between the ¢-structures and construction of the functor
from constructible to coherent category

8.1. Almost exactness of @ p,y.

Proposition 36. — For some d > 0 the following holds. If F € D s such that
Hom'(®,,,,(O(A, u) ® V), F) =0 for all ., € A, V € Rep(G") and i € [—d, d], then
HM(F)=0€eP.

The proof of proposition is preceded by some auxiliary results.
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Lemma 37. — For X € Doy there exists a finite subset S C W, such that for A € A we have
(17) S XxJ)#0=>weS - (1) CW.

Progf: — By the !-support of an object X € D we mean the set of points i, : {x} —
JF€ such that i£(X) # 0. Proper base change shows that the !-support of X  J, lies in the
convolution of sets supp(X) and F¢;. This implies (17). O

Lemma 38. — Let F be as in Proposition 36.
For large & and n € [—d + 2dim(g"), d — 2dim(g")] we have

(18) Ext"(jy, F *J3) =0
Jor all w.

Proof. — According to Lemma 37 there exists a finite set S C W such that for large
A the left hand side of (18) vanishes for all #» unless w € S - (1). Also for large A we have
S- () CW;- (A") and each element in this set is the minimal length representative of
its right W, coset. Hence for all w € W we have

EXt{)(].w!, -F *JA) = EX%(AU) 3k E, 'F*JA),

(19)
or Exthy Gty F *J,) =0,

which follows from the fact that A, * E admits a filtration with associated graded
b jwwf!, and for wy # ¢ we have Ext'wafy, F % J;) = 0 provided that Ext®(j,, F *

wreWr

J5) # 0. We can rewrite the right hand side of (19) as
Extl (A % B, 7 (F % J)[D) = Ext(Aviw(A,), Avig (7 (F 5 J,) ),

r =rank(G), where we used Proposition 23(a) and isomorphisms 71*( ) = m(u)[r] =g,
!t Z 2] R R

Now @0 (Aviw(A,)) € D=°(Coh® (§)) N D<dimﬁ“(cthv(gV)) by Lemma 30(d),
while the condition of Proposition 36 implies that CDI“ (m*(F *JA))[r] is concentrated in
homological degrees less than —d and greater than 4. Since Coh® (§") has homological

dimension dim(g"), we get the desired vanishing. O

Proof of Proposition 36. — In the assumptions of part (a) Lemma 38(a) implies that for
large A the object F %], is concentrated in homological degrees less than —d 4 2 dim(g")
and greater than d — 2dim(g").

We finish the proof by invoking a result of Lusztig [36] saying that Lusztig’s
a-function for the affine Weyl group is bounded by dim(G/B), thus convolution of
two object in Py lies in perverse degrees from —dim(G/B) to dim(G/B). Thus F =
(F *J;) *]J_, has no cohomology in perverse degree zero provided that d > 2dim(g") +
dim(G/B). O
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8.2. The functor from constructible to coherent category. — Applying the general con-
struction of Section 7.1 (see notation introduced prior to Proposition 33) in the present
situation: X = St'/G”, C = Dy, L = O(&, p) for strictly dominant weights A, i, we get
a functor W from Dyo to G ™-equivariant modules over the homogeneous coordinate ring
of St

Proposition 39. — For F € Pervn(G/B) C P we have U(F * ], [n]) =0 for n# 0.

Proof. — It suffices to check that for F = jy1, ju«, w € W, we have U(F x]J,[n]) =0
for n# 0. This reduces to showing that for dominant A, , v with p strictly dominant
we have Ext'(J_;, * E *x Z, * J_,, F) = 0 for ¢ # 0. We have £(wun) = €(n) — £(w),
L(Aw) = £€(A) + £(w) for w € W/. Thus for such w we have

EXti(j—A * E * Zv *J—p,»jw!) == EXti(j—A * E * Zv ujw!].u*)
= Exti(j—k * E * Zv 7].wu*)7
Ext'(J s % E*Zy %] _prjwe) = Ext' (B *Z, %] s frafun)
= Ext'(E % Zy %] frue)-
Since E*Z, is tilting, J_; * & % Z, admits a standard filtration, which shows that the first

Ext group vanishes for i # 0. Likewise, E * Z, * J_, admits a standard filtration which
shows vanishing of the second Ext group for z # 0. 0J

Proposition 40. — The module U (F) is finitely generated for any F € D.

Proof. — Yor F in the image of @, this is clear from the fact that ®,,, is a full
embedding. Every irreducible object in Pervy(G/B) is a subquotient of E. Then it fol-
lows from the previous proposition that if £ is such an irreducible object, W(£ *J,) is a
subquotient of W (& * J,), hence it is finitely generated (since the homogeneous coordi-
nate ring of Steinberg variety is Noetherian), while ¥ (£ * J,[n]) = 0 for n # 0. It follows
that the same is true for any £ € Pervy(G/B). Now it follows from Proposition 33 that
U(T, * F * J,[n]) 1s finitely generated for F € Pervn(G/B) and any A, p € A, n € Z.
Such objects generate D, so the claim follows. 0J

Proposition 41. — There exists d, such that for all F € Prop we have
Hom$ ¥ (&, F[i)) = 0
Jorié[—d,d].
Proof. — We need to check that for some d € Z we have

Ext%(j,x %2y % Bx T 4, F) =0,



ON TWO GEOMETRIC REALIZATIONS OF AN AFFINE HECKE ALGEBRA 47

for i ¢ [—d, d], F € P. According to a result of Lusztig [36], Lusztig’s a-function for an
affine Weyl group is bounded by dim(G/B), which implies that the convolution of any
two objects in Py is concentrated in perverse degrees from — dim(G/B) to dim(G/B). It
follows that J, * F * J, € D=72dmG/B) (Do) N D=2dm(G/B) (P ),

Thus it suffices to show that for some d > 0 we have

Ext,(Z, * & E,F)=0 forid[—d,d], F e Pup.
Using Proposition 23(a) we can rewrite the right hand side'!

Ext OV, Dy (F)).

chG(g>

Now the statement follows from Lemma 30(d). 0J

9. The equivalences

9.1. Equwvalence (3). — We use the criterion of Proposition 32(b) to show that
for F € Dy the functor M +— Hom(®,,(F),M) is represented by an object of
D’(Coh® (St)); this object is then defined uniquely up to a unique isomorphism in
view of Proposition 32(a) and we obtain a functor ¥’ : Doy — D’ (Cthv(St/)) sending
M € Dy to the corresponding representing object.

We need to check that conditions of Proposition 32(b) are satisfied. Condi-
tion 32(b)(1) (representability of the restriction to D;Zf for all n) follows from Proposi-
tions 40 and 41 (finite generation and bounded amplitude) in view of Proposition 33.

Condition 32(b)(ii) (vanishing on D

lml for m < 0) follows from Proposition 41.

Functor ¥’ is now defined.

Proposition 35(b) shows it is an equivalence, conditions (A) and (C) are provided
respectively by Proposition 41 and Proposition 36.

For future reference we record another favorable property of W’ in relation to the
standard ¢-structures on the triangulated categories involved.

Corollary 42. — (a) Ifor}" € Pervn(G/B) C P we have V' (F) € Coh" (St).
(b) W' (jus) € Coh® (St) for w € W and W'(j,1) € Coh® (St) when w € Wyv,
ve—AT.

Progf: — (a) follows from the Proposition 39.

(b) follows from (a) since w € W/ can be written as w = w'A, A € AT, w’' € Wy,
so that £(w) = £(w’) 4+ £(X). Then we get W' (Jux) = V' Guws ¥ Jax) = ¥ (uws) @ O(0, A).
Similarly, if w = w'v, v € =A™, then £(w) = £(w') + £(v). O

"'In fact, the main result of [12] (see [12, Theorem 2], cf. a related statement Theorem 54(b) below) shows that
for an irreducible F this Ext group is an isotypic component in the cohomology of a coherent IC sheaf on the nilpotent
cone N in particular, it shows that in this case required vanishing holds with d = % dimN.
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9.2. Equwalence (2). — We again use the criterion of Proposition 32(b) to show
that the functor F — Hom(CDpwf(]: ), M) is represented by an object of Db(Coh (St))
here F denotes pull back of F under the morphism St — St. The representing object
is then defined uniquely up to a unique isomorphism in view of Proposition 32(a) and
we obtain a functor ¥ : Dy — D? (Cohj(\}; (St)) sending M € Dyop to the corresponding
representing object.

We need to check that conditions of Proposition 32(b) are satisfied. In view of
Proposition 33 condition 32(b)(1) (representability of the restriction to Dze; for all n) follows
from Propositions 40 and 41 which provide respectively finite generation and bounded
amplitude properties (Proposition 40 states a similar property for an object of D, the case
of Dyop follows).

Condition 32(b)(i1) (vanishing on D;Zf for m < 0) follows from Proposition 41. Since
the log monodromy endomorphisms act on objects of Dy nilpotently, this object is set
theoretically supported on the preimage of N in St. Thus we get the functor W : Dpp —
D’(Coh§(St)).

It also induces a functor between the subcategories in the categories of pro-objects:
U:D— D/’(Cthv(S\t)). Recall that i5; denotes for the embedding St" — St.

Lemma 43. — (a) The following diagrams commute:

~
A

D D’(Coh® (St)

T J/ l i

Dy D?(Coh® (St))

Dy D?(Coh® (St))

* \L l ISt
v

Dyopo D’(Coh§ (St))

(b) We have To D iy = 8., where § E;\V — St is the diagonal embedding.

Progf. — Lemma 22 implies that both compositions in the first diagram are com-
patible with the action of (ng,/(St) ®), e ifF) = zg1 oW, Fy =V om,, then F; (F(X)) =
*(F) ® F/(X) canonically for F € D f(St) X € D. We also have F, (u) =0= FQ( ),
thus we get a functorial isomorphism F (X) = Fo(X) for X in the image of CD,,e,j

Now given any X € D, choose a bounded above complex of equivariant locally
free sheaves JF* representing the object W(X); then using Proposition 41 and the fact
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that 7., 5, have bounded homological dimension we get for N' < N « 0:
FI(X) = 228D, (122 (F*) = Fo(X).

It is easy to check that the resulting isomorphism does not depend on the choice of F*
and 1s functorial in X, thus commutativity of the first diagram is established.

The proof for the second diagram is similar, this proves part (a).

The same observation that all the functors involved commute with the action of

DE.(St), ®o) reduce (b) to checking that

perf

U(A,) Z8,.(03).
To this end it suffices to construct an isomorphism of O(Cs,)-modules:

20) P Hom;, (&, T A *xT)= @ RI(F. 06 + )

A ueAT A ueAT
compatible with the O(Cyg,) action; here subscript 4, refers to the G™-deequivariantization

(see Section 4.2.1).
Using 23(a,b) we can rewrite the left hand side of (20) as

@ Hom;m Av™(A,), AV (Josn))-

A LEA*

Since AV™(A) = @(05), AV™(Jrs) = Prw(Oz (4 + W), we see that the dis-

played expression is canonically isomorphic to € Homéoh@)((’)a, Oz (A + ),
A EAT
which yields (20); compatibility with the Og_ action is clear from the construction. [

We are now ready to prove that W, and hence ¥ is an equivalence. Since we know
that W' is an equivalence and the essential image of ¢, : Db(Cthv(St’)) — Db(Coh/(;’/v (St))
generates the target category, Lemma 43(a) shows that the essential image of W generates
the target category. Thus it suffices to check that W is fully faithful. It is enough to see
that

Hom(A, B)

Hom(W¥(A), ¥ (B))

is an isomorphism when B is obtained from an object B" € Dyo; by forgetting the equiv-
ariance. This follows from the corresponding statement for ¥" and Lemma 43(a).
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9.3. Equwalence (4).

9.3.1. Passing from monodromic to equivariant category by killing monodromy. — Let X be
a scheme with an action of an algebraic torus A. Let P, be the category of unipotently
monodromic perverse sheaves on X.

We have an action of a = Lie(A) on P,,, by log monodromy. Let K, be the Koszul
complex of the vector space a; in other words, K, is the standard complex for homology
of the abelian algebra a with coefficients in the free module Ua = Sym(a). Thus K, is a
graded commutative DG-algebra with a@® a[1] as the space of generators and differential
sending a[1] to a by the identity map. It is clear that K; is quasi-isomorphic to the base
field £ and its degree zero part is the enveloping algebra Ua.

We define a DG-category P,, as the category of complexes of objects in P,,,
equipped with an action of Ky, such that the action of a C K coincides with the log
monodromy action. Let D(P,,) = Ho(P,,) /Ho,,.(P,,) be the quotient of the homotopy
category by the subcategory of acyclic complexes.

We will also write D(X/A) for the A-equivariant derived category of constructible
sheaves on X (equivalently, constructible derived category of the stack X/A).

Lemma 44. — (a) We have a natural equivalence D(P,,) = D(X/A) (the equivalence will
be denoted by real,,).

(b) Consider the functors Yorg : P,, — Com(P,,,) and Indléz‘u) : Com(P,,,) — P,
where the first one s the_functor of forgetting the K action and the second one s the_functor of induction
JSrom U(a) which acts by log monodromy to K.

T he induced functors on the derived categories fit into the following diagrams which commute up
to a natural isomorphism:

Forg

D(Peq) - Db(Pmon)

reale \L \L real
*

r

D(X/A) —— D(X)

IndgSe, [—d]

D(Peq) -~ Db(Pmtm)

realy \L \L real

pr

D(X/A) —— D(X)

where pr denotes the projection X — X /A, real denotes Beilinson’s realization functor [6] and d =
dim(a).
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(c) Suppose that F, G € P, are such that Exti, (F', G) =0 for all 1, j. Then
Homyo(p,) (F, G)—Hompx/a) (real,, (F), real,,(G)).

Proof. — (a) Assume first that the action of A on X is free and the quotient Y = X/A
is represented by a scheme. The abelian category Perv(Y) of perverse sheaves on Y ad-
mits a full embedding into the category Perv,,,(X) of unipotently monodromic perverse
sheaves on X, and the essential image of the embedding consists of sheaves with zero ac-
tion of log monodromy. Thus we have a natural embedding Com(Perv(Y)) — Com(P,,)
sending a complex of equivariant sheaves to the same complex equipped with zero action
of a and a[1]. We claim that the induced functor D’(Perv(Y)) — D(P,) is an equiva-
lence.

This claim is readily seen to be local on Y, 1.e. it suffices to check it assuming that
X = A x Y where A acts on the first factor by translations. In the latter case the category
Perv,,,(X) is readily identified with the tensor product of the abelian category Perv(Y)
and the abelian category of unipotently monodromic local systems of A, the latter is
equivalent to the category of modules over the symmetric algebra U(a) = Sym(a) set-
theoretically supported at zero (see [26, §5] for the notion of tensor product of abelian
categories). Thus the claim 1s clear in this case.

Let now X be general. Then an object of D(X/A) 1s by definition (see [11])
a collection of objects in D(Y) given for every A-equivariant smooth map X - X
where the action of A on X is free and Y = X/A subject to certain compatibili-
ties. We have the pull back functor P, (X) — Peq(X), composing it with the functor
776,](5() — Db(Perv(S?)) = D(S?) we get the desired system of objects, the compatibilities
are easy to see.

(b) Commutativity of the first diagram is clear from the proof of (a) and commu-
tativity of the second one follows by passing to adjoint functors (notice that in view of
self-duality of Koszul complex the functor Indgzu)[—d] is right adjoint to the forgetful
functor Forg).

(c) By a standard argument the condition in (c) implies that

Homy,p,,,)(F, G) = Hom(Forg(F), Forg(G)).

We have adjoint pairs of functors compatible with the natural functor from the homotopy
category to the derived category:

Ind

Ho(P,,) —= Ho(P,,,) = Ho(P,).

Forg

D(P,,) —% D!(P,..) —> D(P,).

The composition in each case admits a filtration with associated graded Id @ A(a[1]),
ie. for F € Ho(P,) or F € D(P,)) we have
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Ind o Forg(F) € {A%(a) @ F[d]} * {A (a) @ F[d — 11}
*---x {a® F[1]} = F,

where we used the notation of [8]: X x Y is the set of objects z such that there exists a
distinguished triangle x — z — y, x € X, y € Y. Since Homy,(p,)) (Ind o Forg(F), G)—
Hompx/a)(Ind o Forg(F), G), it follows by induction in = that HomHO(p ) (F, =
Homy 0 (F, 9). O

Corollary 45. — Let Tut denote the DG category whose objects are finite complexes of objects in
T equipped with an action of K2 such that the action of K(ZQ = U(t?) coincides with the action induced
by the torus monodromy. Then the homotopy category Ho('Try) is naturally equivalent to Dyy.

Proof. — Lemma 44(c) yields a fully faithful functor Ho(77) — Dy1. To see that this
functor is essentially surjectlve notice that Lemma 44(b) implies that the composition of
the natural functors Ho(TI) — HO(T) — HO(TI) contains identity functor as a direct
summand (more precisely, this composition is isomorphic to tensoring with H*(T?) €
D’(Vect)). Thus every object of Dy is a direct summand in an object which belongs to
the essential image of the full embedding Ho('fﬁ). Thus we will be done if we check that
Ho(7y) is Karoubian (idempotent complete).

Since a direct summand of a free-monodromic tilting object is again free-
monodromic tilting, the category Tn is idempotent complete. For T* € Tii the space
of closed endomorphisms of the complex commuting with the K action is a pro-finite
dimensional ring whose quotient by its pro-nilpotent radical is finite dimensional. The
subspace of endomorphisms homotopic to zero is a two-sided ideal in this ring. By ele-
mentary algebra an idempotent in a quotient of a finite dimensional algebra by a two-
sided ideal can be lifted to an idempotent in the original ring; thus we see that every
idempotent endomorphism of an object in H0(7}1) lifts to an 1dempotent in the ring of
endomorphisms of the corresponding object in TI, this shows that Ho('TI) 1s idempotent
complete. 0J

We are now ready to establish (4).

Consider the category of finite complexes of objects in Coh® (St) equipped with
an action of K extending the action of t? = (t™)? comlng from the action of linear func-
tions on | t* pulled back under the natural map St — t7. (It is easy to see that replacing
Coh® (St) in the previous sentence by Coh" (St) one gets deﬁnltlon of an equivalent cat-
egory.) Let Cohl(; (St) denote this category and Ho(Coh (St)) be the corresponding
homotopy category

It follows from the definition of the derived coherent category of a DG-scheme that
there exists a natural functor

. . L . ~_L ~
real ) Ho(Cohﬁtz (St)) = DGCoh® (Stx 2{0}) = DGCoh® (N x ;-N).
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Moreover, given two complexes F*, G* € CohI(i:Q (St) such that Ext™’ (F,

. Coh®" (Sv
G’) = 0 we have
HomHo(Cohg (St)) (‘F.? g.):)Hom(malcoh(f.)» realw;,(g')).
2

Corollary 25 implies that the functor W sends free-monodromic tilting sheaves to
coherent sheaves; thus equivalence ®pp and Corollary 45 yield a fully faithful functor

.~ L o~
U : Dy — DGCoh® (N x gv/\/ ). The essential image of @y contains the essential image
© ~ —_~ v ~ L ~
of the functor IndK‘z : D!(Coh® (St)) - DGCoh® (N xgv/\/ ), since the diagram

o
A \’I} v _~
D D’(Coh® (St))
A\riooﬂ* l Indl((;(zt“Q)
R 4TI oo L -~
DH DGCoh” (NX gVN)

.o~ L~
is commutative by Lemma 44(b). Since every object of DGCoh® (N x ;N is a direct
KEQ
. . . O(tVQ)
idempotent complete, the functor Wy is an equivalence.

summand in an object which lies in the image of Ind and Dy; has been shown to be

10. Monoidal structure

10.1. A DG-model for convolution of coherent sheaves.

Lemma 46. — Let X, Y be two algebraic stacks and F = Fi : D'(Coh(X)) —
D’(Coh(Y)) be a functor coming from an object K € D’(Coh(X x Y)), ie. F: F
Pro K QY pri(F)). Let M € D*(Coh(X)) be represented by a complex of sheaves M® such that
F(M’) € Coh(Y). Then F(M) is canonically isomorphic to the object represented by F(M®).

Proof. — A functor as above lifts to a functor between filtered derived categories
F'': DF(Coh(X)) — DF(Coh(Y)). Recall that DF contains the category of bounded
complexes in Coh(X) as a full subcategory, the canonical functor from the filtered de-
rived category to the derived category restricted to this subcategory coincides with the
canonical functor from the category of complexes to the derived category. The condi-
tions of the lemma show that F sends the object corresponding to the complex M* to
the object corresponding to F(M?*), which yields the desired statement. UJ

Recall from Section 1.2.2 and [21] that for a proper map X — Y of smooth va-
rieties convolution yields a monoidal structure on the derived coherent category of the
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DG-scheme X>I< yX. If X = Y is semi-small then Torloy((’)x, Ox) =0 for ¢ > 0 thus we
get a convolution monoidal structure on D’(Coh(X xy X)) and on D’(Coh™ (X xy X))
for an algebraic group H acting compatibly on X, Y. These monoidal categories act
on module categories D’(Coh(X)), D’(Coh™ (X)) respectively, the action functor is also
denoted by x*.

Corollary 47. — Let X — Y be a proper semi-small morphism of smooth quasiprojective
varieties equipped with an action of a reductive algebraic group H.

(a) Let F*, G* be finite complexes of H-equivariant coherent sheaves on X Xy X such that the
convolution F' % G/ lies in Coh™ (X xy X) for all i,j. Let F, G be the corresponding objects in the
derwved category. Then F x G is canonically isomorphic to the object represented by the total complex of
the bicomplex F %,

(b) Assume that three complexes F7, Fy, G* of H-equivariant coherent sheaves on X xy X
are such that Fi % Fy, Fy* G' and Fi % Fy % G lie in Coh™ (X xy X) for all i,j, I. Then the
two isomorphisms provided by part (a) between F\ ¥ Fy % G € D*(Coh™ (X xy X)) and the object
represented by the complex C* = @ F,| * Fy * G coincide.

i+j+1=d

(c) Let F* be as in (a) and G* be a finite complex of H-equivariant coherent sheaves on X. Then
F % G is canonically isomorphic to the object represented by the total complex of the bicomplex F' x G/
provided that F' % G € Coh™(X).

(d) Let Fr, F3 beasin (b) and G as in (c). Assume that F| * F, € Coh™ (X xy X), while
Fyx Gl Fix Fy G' € Coh™(X) for all 1,7, l. Then the isomorphism between JF| % Fy x G €
D! (Coh™ (X)) and the object represented by the complex C* = @@ Fi* Fy * G' obtained by

i+j+=d

applying part (c) twice coincides with the isomorphism obtained by applying part (a) and part (c).

Proof: — The convolution product comes from a functor
F:D’(Coh™((X xy X)*)) = D’(Coh"™(X xy X))

of the type considered in Lemma 46, namely we have F = Fx., where K € D’ (Coh™" (X xvy
X)?) is given by K = v*8,(Oxs); here v stands for the embedding (X xy X)* — (X x
X)? =X and § : X* — X% is given by (x1, x9, x3) > (x3, X1, X1, Xo, X9, x3). Thus statement
(a) follows from Lemma 46. Part (b) follows by considering the functor between filtered
derived categories DF(Coh'(X xy X)*) - DF(Coh(X xy X)) corresponding to the
triple convolution. The proof of (c,d) is similar to the proof of (a,b) respectively. U

Lemma 48. — (a) Let X — Y be a semi-small proper morphism of smooth quasi-projective
varieties equipped with an action of a reductive algebraic group H. For F € D*(Coh™ (X xy X)) let
a(F) denole the corresponding functor D° (Coh"(X)) — D?(Coh™(X)).

For F € Coh" (X xy X), F' € D’(Coh (X xy X)) any tsomorphism of functors a(F) =
a(F") comes from a unique isomorphism F = F.
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(b) Given an H-mvarant closed subvariety 7. C Y, the statement mn (a) remains true for
F,F € Coh" (X xy X), a(F), a(F') € End(D*(Coh™(X))), where X, X xv X denote for-
mal completions at the preimage of Z.

Proof. — In the setting of either part (a) or part (b), an equivariant coherent sheaf
F can be reconstructed from the corresponding module M(F) over the homogeneous
coordinate ring, M(F) = @ TI'(F®pri (L") @ pry(L™)), where Lis an equivariant ample

n,m=>0
line bundle on X. Thus lemma follows from the following expression for M(F) in terms
of the functor of convolution by F: M(F) = @ Homy,, (L™, F * L"). ]

m,n
10.2. Monoudal structure on rop.

Lemma 49. — The equivalence ® is compatible with the action on D”(Cthv (E;\V)) = ]A)Iw
via the equivalence Py, i.e. we have a functorial isomorphism

P (F % G) = B(F) x Py (G)
where F € D'(Coh® (S1)), G € D!(Coh® (§)).

Proof. — Yor F € Dﬁ(mf(é\t) this is Proposition 29.

Let now F be general. For any sufficiently large N we can find F' € D/(J}e;l~(§t)
such that F = 7._x(F). The functor D*(Coh® (St)) — D’(Coh® (§)), F > F G has
bounded homological amplitude; the functor D— ﬁlw X X% $Iw(g) has bounded
homological amplitude and by Proposition 36 the functor ® has homological amplitude
bounded above, i.e. it sends DSO(CthV(é\t)) to DS”(']S) for some n. It follows that for
N > m > 0 and F’ as above we have

Py (F+G) = aSIW(TZ*'" (F'%g)) = Tzfmalw (F'*G)
; Tz_m(a(f) * 6“\’(g)) ; 6(;7) k 6“\'(g),

which proves the lemma. O

We are now ready to equip ® with a monoidal structure. We work with the inverse
equivalence W. We need to construct an isomorphism

(21) U(F+G)=U(F)*¥(G)

compatible with the associativity isomorphism.
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Given F,G € D and M € ]A)IW, Lemma 49 provides isomorphisms

W (F % G) s Upy (M) = Wy (F % G % M) Z W (F) 5 Uy (G % M)
= U(F) % U(G) * Upy(M),

where Wy 1s the equivalence inverse to ®py.
Thus we get an isomorphism

(U (F % G)) = a(W(F)) 0 a(¥(G)) = a(WU(F) x ¥(G)),

where we used notations of Lemma 48. This isomorphism is compatible with the asso-
ciativity constraint, since the equivalence @y sends the corresponding equality to an
equality which holds since monoidal category D acts on Dyy.

Since ¥ : 7 — Coh® (St), Lemma 48(b) yields (21) in the case when F,G € T,
which is compatible with the associativity isomorphism for three objects in T Now
Corollary 47(a) compared to Proposition 7(b) yields (21) in general, while Corollary 47(b)
together with Proposition 7(b) shows that the constructed isomorphism is compatible with
associativity constraint.

10.3. Monoidal structure on Pyy.

10.3.1. A monoidal structure on H0(7A}1). — In order to equip ®y; with a monoidal
structure we describe the monoidal structure on Dy in terms of the DG-model 'fﬁ (see
Corollary 45).

Let 7'(2) denote the category of finite complexes of objects in T equipped with
an action of K¢ ® A(t[1]), and T( ) be the category of finite complexes of objects in T
equipped with an action of Ky ® A(tQ[l]). In both cases we require that * C Kg acts by
logarithm of monodromy:

We have a functor 7Aﬁ X '7A}I LI '7;(2) sending (T}, T) to the convolution T * T'y;
the latter complex is equipped with two actions of K, coming respectively from the left
action on T’} and the right action on Ts. To define the action of A(t[1]) observe that the
right monodromy action on T and the left monodromy action on T induce the same
action on T * Ty, the diagonal action of K, kills the augmentation ideal of K(,z = Sym(t),
thus it factors through an action of A (t[1]).

Similarly, we have a functor 7AYI X 7} X 7} N 7;(3) sending (T, Ty, Ts) to T *
Ty * T where the two actions of K, come respectively from the left action on T, and the
right action on T, and the two actions of A(t[1]) come from the diagonal action of K
on the first and the second factor, and the diagonal action of K; on the second and the
third factor respectively. We use the same notation «, %9 for the corresponding functors
on the homotopy categories.
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Furthermore, we have functors u : Ho(’fﬁ@) — Ho(Th), w: M > M ®1Lx(t[1]) k
and u® : Ho(7;”) — Ho(Tn), u® : M > M®} ep F-
The following proposition obviously yields a monoidal structure on the equiva-

lence (4).

Proposition 50. — (a) The product (M, My) > (M x» My) makes Ho('iﬁ) mlo a
monoidal category, where the associativity constraint comes_from the natural isomorphisms

(22) (M) ® My) ® M3 = @ xy (M, My, M3) =M, ® (My ® Mj).

(b) The equivalence real,, : H0(7AI1) = Dy s naturally enhanced to a monoidal functor.

N v o~ L o~
(c) The equivalence Ho(Tp) = DGCoh® (NN ng/\/ ) s naturally enhanced to a monoidal
Junctor.

Progf: — To check (a) and (b) it suffices to provide a bi-functorial isomorphism
real,,(M; x My) = real,,(M,) * real,, (M)

sending the isomorphism (22) to the associativity constraint in Dyy. This follows from the
next Lemma 51.

B
(c) follows from the definition of convolution in DGCoh® (N x ;-A\). O

In order to state the next lemma we return to the setting of Section 9.3.1. Let X be
an algebraic variety equipped with an action of an algebraic torus A and let / : X/A —Y
be a map where Y is an algebraic variety and X /A is the stack quotient. Let pr : X — X/A
be the projection and set f = f o pr: X — Y.

Lemma 51. — (a) Let M* € P, be a complex of monodromic perverse sheaves on X equipped
with a Ky action and let M be the corresponding object in D(X/A) (see Lemma 44).
Assume that f,(M") is a perverse sheaf for all i.

We then have a canonical isomorphism
- ~ L
SeM) = real,,(,(M®) ® k[dim(A)]).
A(all])

(b) Assume also that a torus A" acts on X, Y so that [ is A'-equivariant and the action on X
commutes with A. Let [ be the morphism X /(A x A') = Y/A'.

Let M* € P, be a complex of monodromic perverse sheaves on X equipped with a Kqgq action
and let M be the corresponding object in D(X /(A x A)).

Assume that f,(M) is a perverse sheaf for all 1.

We then have a canonical isomorphism of objects in D(Y /A'):

SoM) = real,, (f,(M®) A(§1D Kdim(A)]).
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Proof. — (a) 1s a particular case of (b), which we will presently deduce from the
following two statements:

(I) The equivalence of Lemma 44(a) satisfies the following functoriality. Consider
an A-equivariant map of schemes f : X — Y and use Lemma 44(a) to identify D5 (X) =
D(P,,(X)), DA(Y) = D(P,(Y)). Then for F* € P, (X) such that f,(F ) € Perv(Y) the
object of P,(Y) obtained from F* by term-wise application of f, corresponds to the
object f.(F) € DA(Y).

The special case of this functoriality where the group A is trivial is checked in [6],
the general case is similar.

(IT) For a subtorus A" of A the functor Resﬁz, : P;?(X) — 'P;;‘/ (X) corresponds un-
der the equivalence of Lemma 44(a) to the restriction of equivariance functor Resy :
DA(X) — Dy (X), while the functor Indﬁz, [dim A’ — dim A] : 'Pe‘;/ X) — P;;(X) corre-
sponds to the functor of direct image under the morphism of stacks X/A" — X/A.

This is a straightforward generalization of Lemma 44(b).

Now (I) applied to the torus A x A’ acting compatibly on X, Y yields a descrip-
tion of an object in P;;XA/ (Y) representing j_fk (M): we have j_fk(l\_/[) = realg,](ﬂ(M')), where
f.(M*) is equipped with the action of Kugq inherited from the action on M*. How-
ever, (M) can also be rewritten as the direct image of f;(M) under the morphism
Y/A"— Y/(A x A'). Using (II) we get an isomorphism

A(al1]) & (realsy) ™" (£ (M) [— dim(A)] = (reall™) ™ (. (M),

where we have adorned real,, with an additional superscript making clear in which equiv-
ariant category it lands. Applying the functor — ®qi7) A[dim(A)] to both sides of the
last isomorphism we get the lemma. O

10.4. Compatibility of (3) with the action of categories from (2), (4). — 'To finish the proof
of Theorem 1 it remains to establish compatibility of equivalence (3) with the structure of
a module category over the monoidal categories appearing in (2) and (4).

To check compatibility with the action of Dy = D’ (COh/C\;/: (St)) we pass to the
pro-completions and check compatibility of (3) with the action of D= Db(CthV(S\t)).
We have an action of the monoidal category of free monodromic tilting complexes 7 on
the category of tilting objects 7 C P which induces a structure of a module category for
Ho(7) on Ho(T). In view of Proposition 7(c) this module structure is compatible with
one arising from the equivalences Ho(7) = D, H0(7A’) =~ D. On the other hand, using
Corollary 47(c,d) we see that the equivalence Ho(7) = D?(Coh% (St)) is compatible
with the action of Ho(7A’) =D’ (CthV(S\t)). This yields compatibility with the action of
categories in (2).

To check compatibility with the action of Dy = DGCthV(./\N/' >12 NN ) we use
Lemma 44 to identify Dy with the homotopy category of complexes in T equipped
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with an action of K¢ compatible with the right log monodromy action. This category of
complexes carries a natural action of the monoidal DG-category of complexes in T with
a compatible action of Ki2. The resulting triangulated module category is module equiv-
alent to both Db(Cthv(St/)) and Dyoy by an argument parallel to that of Section 10.3.
This establishes the compatibilities thereby completing the proof of Theorem 1.

10.5. Compatibility with projections. — We finish the section by recording another
useful compatibility between equivalences of Theorems 1 and 2.

Proposition 32. — The following diagrams commute

A

D (Coh® (St) D

]”Spr,l* i l Aviw

DY (Coh® (§)) — D
(Coh™ (g")) W

S

D!(Coh® (St)) Dyo;

S
Drspr 1% l J/ Aviy

DY (Coh® (W) — DL
IW

Progf: — These diagrams are obtained from the last two diagrams in Lemma 28 by
passing to adjoint functors. Alternatively, the first diagram above follows from compatibil-
ity of the equivalences (9) and QDRJN with the action of the monoidal category on the mod-
ule category, since prspr’l*(}-) =F x Oy and Aviw(G) = Gx AN for F € D!(Coh® (St)),
GeD. O

11. Further properties

In this section we mention further properties and possible generalizations of the
constructed equivalences.

11.1. Frobenius compatibility. — As pointed out in the Introduction, our main result
is inspired by different geometric realizations of the affine Hecke algebra. However, the
Grothendieck group of the categories in Theorem 1 is isomorphic to a less interesting ring
Z[W]. A possible “upgrade” of the theorem involving categories whose Grothendieck
group is related to the affine Hecke algebra is an equivalence between Db(CohJC\’/XGm (St))
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and an appropriately defined mixed version of Dyp. However, for many applications (cf.
[20], [14]) the following simpler version is sufficient.

Fix a finite field F, and assume that the base field £ = F,. Then the categories in
the left hand side of (2)—(6) carry an automorphism coming from the Frobenius automor-
phism of £.

Let g : St = St be the map given by q : (x, by, by) = (g, by, by). We use the same
letter to denote the induced automorphisms of St’, St etc.

Proposition 33. — The equivalences in Theorems 1, 2 intertwine Frobenius automorphism with
the functor q* acting on the derived categories of coherent sheaves.

The proof is parallel to the proof of [1, Proposition 1].

11.2. Category P and the noncommutative Springer resolution. — Recall that the main
result of [20]'? is a construction of a certain noncommutative O(g") algebra A and its
quotient A° with derived equivalences D’(A — mody,) = D’(Coh(g")), D*(A” — mody,) =
D’(Coh(N)), see [20, §1.5.3; Theorem 1.5.1(b)]. The algebras come equipped with a
natural G action and equivalences admit an equivariant version. Furthermore, applying
a version of [20, Theorem 1.5.1(b)] to the group G” x G” one gets an equivalence

D’(Coh® (St)) = D"(A ®@o(gy A’ — mody ).

Composing it with equivalence (3) and recalling that Dp; = D’ (P) we get an equivalence
(23) D'(P) ZD’(A ®o(gy A" — mody”).

We now describe the relation between the natural /-structures on the two sides
of (23).

For a nilpotent orbit O C N consider the full subcategory of complexes such that
each cohomology module considered as a module over the center O(N) C A @y A’
is set theoretically supported on the closure of O. These subcategories define a filtration
by thick subcategories on the triangulated category D(A ® o) A” — mOd}gv) indexed by
the partially ordered set of nilpotent orbits. We will refer to this filtration as the support
filtration.

For an orbit O C N we let j° : O — N be the embedding, do = %, d= %.
Recall the perverse (-structure of middle perversity on D*(Coh® (N)), [4, Example 4.15] and
the minimal extension functor j from equivariant perverse coherent sheaves on O to
those on NV, [4, §4]. A straightforward generalization of loc. cit. produces a functor on
(a subcategory of) the derived category of G ™-equivariant modules over a finite O(N)
algebra equipped with a compatible G -action.

12 Note the difference of notation: the group denoted here by G” is denoted by G in [20].
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Theorem 54. — (a) The support filtration is compatible with the image of the tautological t-
structure on D' (P under the equivalence (23). The induced t-structure on the associated graded category
corresponding to the nilpotent orbit O coincides with t-structure coming from the tautological t-structure
on D'(A @0y A — mody ) shifted by d — do.

(b) Let F € Dyy = DP(P) be an object and M € D*(A R0y A’ — modfgv) be ils tmage
under (23). Then the following are equivalent:

(1) FeP.
(2) Forg(M)[—d] is a perverse coherent sheaf for the middle perversity. Here Forg : A ®o g
A’ — modfgv — Coh® (N) is the forgetful functor.

(c) For F, M as in (b) the following are equivalent:

(1) F s an vrreducible object in P
(2) There exists an orbit O C N and an irreducible object L in the category of G™-equivariant
A ® A\ o-modules, such that M[d] 2]8 (Lldo)).

Progf: — Part (c) follows from (b) by a straightforward generalization of [4, Propo-
sition 4.11], while (b) follows from part (a) by comparing it with the definition of the
perverse coherent ¢-structure in [4]. The proof of part (a) is parallel to the proof of [20,
Theorem 6.2.1] which asserts the similar property of equivalence (5). U

Similar properties hold for the rest of the equivalences (2)—(6).

11.3. Lusztig’s cells. — In order to simplify the statement in this subsection we
assume that G is simply-connected, thus W is a Coxeter group. Recall the notion of a wo
suded cell iIn W. These are certain subsets in W. In [37] Lusztig has established a bijection
between 2-sided cells in W and the set N'/G” of nilpotent conjugacy classes in g". The
set of two sided cells is equipped with a partial order. It has been conjectured by Lusztig
and proved in [12] that this order matches the adjacency order on the set of nilpotent
orbits under the bijection between two-sided cells and N'/G". We now present a stronger
statement relating the 2-sided cells to the support filtration introduced in Section 11.2.

Theorem 55. — Let ¢ be a two sided cell in W and O, C N be the corresponding nilpotent
orbat.

Let D, C Dyoy be the thick subcategory generated by irreducible objects 1C,, € P, w € ¢ <.

Let D’ (Cohg;(St’)) be the full subcategory in D}’(Cthv(St/)) consisting of complexes whose
cohomology s set-theoretically supported on the preimage of the closure of O,.

Then Db(Cohg(St/)) is the image of D <, under the equivalence Wyoy.

Proof- — Fix an orbit O and let W be the set of all we W such that IC,, €
CD(Db(Cohg (St))). Theorem 54(c) implies that CD(Db(Cohg (St'))) is generated as a
triangulated category by IC,,, w € Wo,.
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Thus the theorem follows once we check that Wo, = | ¢, equivalently that for
w € ¢ the closure of the orbit O, coincides with the image in N of the support of
W (IC,). Let S, denote that image.

We deduce this from [12, Theorem 4(a)], which provides the similar statement for
the equivalence (5) of Theorem 2. (In fact, loc. cit. deals with the category”/P, a quotient
category of the category of Iwahori equivariant perverse sheaves on F¢; however,/ P is
equivalent to the category in the left hand side of (5) by [1, Theorem 2].) Thus we see
that
(24) @}y, : D'(Cohg, (M) = (Djy)._..
where (Djy,)<, is the image of D, under the functor the Whittaker averaging functor
AV™ i Dy — DIV (the same notation was used above for the Whittaker averaging func-
tor DIOIO o DBV>.

The second commutative diagram in Proposition 52 yields

(Wi " ACHY) Z o, (Wi (IC,,))  for w € W,
(25) ’
ﬁépr,g*(‘l’lol(lcw)) =0 forwdgW;

here IC,,, w € W and ICYY, w € W/ are irreducible objects in P and P}" respectively.
It is clear that

(26) Su = supp (pspre Py AC) (1, ),
Aot
(27) Sw D supp(®@p; (IC, ) (M % IC,, x N)).

Since D, is invariant under both left and right convolution, we see that (26) combined
with (24), (25) shows that S,, € O,. Also, for any w,, wy € ¢ the object IC,, is a direct
summand in the convolution X *IC.,, * Y for some X, Y; thus (27) shows that S,, 2 O,. [J

11.4. Exactness and Hodge D-modules. — Recall that in view of Corollary 42(a), the
restriction of the functors Wy, Wop to the subcategory of sheaves supported on the finite
dimensional flag variety G/B C F¥ is t-exact, i.e. it sends a perverse sheaf to a coherent
sheaf.

On the other hand, a well known result in representation theory asserts that the
category O for Langlands dual Lie algebras are equivalent, i.e. we have an equivalence
of abelian categories

Y : Pervi(G7/B") — Pervy(G/B) = Pervo (G/B).

This allows to state a relation between the restriction of our equivalence ®p; to
Pervio(G/B) C Pro; and Hodge D-module theory.
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Notice that the stack St'/G” can be interpreted as the cotangent to the stack
U\G/B". Thus for a U™-equivariant D-module M on G'/B" equipped with a U™
equivariant good filtration we get gr(M) € Coh® (St).

Let MH~(G'/B") be the category of mixed Hodge modules on G/B” equiv-
ariant with respect to U". We have the forgetful functor Forg : MH~(G'/B") - D —
mody~(G'/B) = Pervi-(G'/B") where the second equivalence is the Riemann-Hilbert
functor. Recall that a part of the data of a mixed Hodge structure on a D-module is a
good filtration, i.e. for M € MHy-(G”/B") the D-module M = Forg(M) is equipped with
a canonical good filtration. Thus we get a functor gr : MH+(G”/B") — Coh® (St).

Conjecture 56. — For M € MHu-(G”/B) we have a canonical isomorphism
gr(M) ® O(=p) = W (Y (M)).
This conjecture can be compared to the results of Ben-Zvi and Nadler [10].
Example 57. — Recall that the finite Weyl group W, acts on the open subvariety
cyg.

For w € Wy let I',, C St be the closure of the graph of w. Let I'; be the scheme
theoretic intersection I',, N St’. One can show that:

~vireg

lIJIOI ON== (951/,
Wyop 2 Jus = Oy,
\I’IOI :]w! [ Q]“]/‘),

where Qr; is the dualizing sheaf for the Cohen-Macaulay variety I', (the Cohen-
Macaulay property is proven in [21]). Parallel results for associated graded of Hodge
D-modules will be shown in [22].

We finish by sketching some generalizations of the equivalences described in the
paper. We expect they can be obtained by similar methods.

__11.5. Nonunpotent monodromy. — Consider the category of I’ monodromic sheaves
on F€ with a fixed generalized eigenvalues of monodromy. The latter corresponds to
a tame rank one local system on T, such local systems are in bijection with elements
of T” (or a subset of that in the /-adic setting). For 6, 6, € T" let Dy, 4, be the category of
monodromic sheaves on F¢ with corresponding generalized eigenvalues of monodromy.

Let G"C G" x G'/B’ be the closed subvariety given by G™ = {(g, x) | g(x) = x}.
We have a projection G” — T. Set St,, = G" x¢- G, and for 41, & € T let St,,," be the
preimage of (¢, &) under the projection St,, — T~ x T".
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Conjecture 38. — We have a canonical equivalence of triangulated categories:

D9| .09 = Db(COhg:ﬂl?;Q (Stgﬂ)))~

An equivariant isomorphism between the variety of unipotent elements in G” and
N and its extension to the formal neighborhoods in G (respectively, g*) can be used to
identify the category Coh;; ] (St,,) with Cohf\};(St), thus in the special case {, = =1
the conjecture amounts to equivalence (2). One can also state similar generalizations
of (3), (4). Appearance of a group rather than a Lie algebra element here agrees with
Langlands duality where the element is interpreted as the image of a topological gener-
ator of the tame ramification subquotient of the Galois group of the local field. On the
other hand, working with the Lie algebra as we did in the present article, makes it easier
to describe a graded version of the category, Koszul duality etc.

11.6. Parabolic-Whittaker categories. — Let P be a parabolic subgroup in G, and let
Ip C Go be the parahoric subgroup which is the preimage of P under the projection
Go — G. Let F£p = Gg/Ip be the corresponding partial affine flag variety.

Let Q be another parabolic subgroup and let ¥ be an additive character of I’
vanishing on the finite simple roots which are not in the Levi subgroup of Q) as well as on
the affine roots and not vanishing on the simple roots in the Levi of Q. Let Dy, (F¢p)
be the corresponding category of partial Whittaker sheaves.

Let Q, P” be the corresponding parabolic subgroups in G”. Define /\7@ C ./\7’Q C
0o CG/Q x g and Np- C G/P" x g by: 0o ={(,0) | x€q}, Ny ={(p,x) | x€
rad(p)}, ./\7(’2 ={(q,x) | x € rad(q) + 3(q/rad(q))}, where we used the identification be-

tween G'/Q’, respectively G'/P” and the corresponding conjugacy class of parabolic sub-
algebras, rad stands for the nilpotent radical and 3 denotes the center.

Conjecture 59. — We have canonical equivalences
(28) Diwg (Flp) = D (Coh® (F x g Np)),
(29) Dy, (Ftp) = DGCoh® (Noy % N,
(30) Dy, (Fér) = DGCoh® (Ny % ¢ i),

where X, is the dertved subgroup of 1.

There are natural pull-back, push-forward and Iwahori-Whittaker averaging func-
tors between the categories of constructible sheaves which should correspond to the func-
tors between the derived categories of coherent sheaves given by the natural correspon-
dences, Proposition 52 is an example of such a compatibility.
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Example 60. — Some special cases of Conjecture 59 follow from results found in
the literature.

Let P = Q = G. Then the right hand side of (28) is Db(Cthv({O})) =D’(Rep(G)).
In this case (28) is essentially equivalent to the so-called geometric Casselman-Shalika for-
mula established in [27].

The right hand side of (29) for P=Q =G is DGCthV({0}>L<gv{O}). In view of
Koszul duality, this special case of (29) follows from the second equivalence in [17, The-
orem 5], it is discussed in detail (along with equivalences for various Ind-completions of
the two categories) in [5, §12].

For Q = B and P = G the left hand side in (30) is the derived category of I’ equiv-

. L
ariant sheaves on the affine Grassmannian, while the right hand 1s DGCoh® (§"x 4-10}).
This special case of (30) amounts to one of the main results of [2]; again one needs to

apply linear Koszul duality [41] to pass from the coherent side of the equivalence in /loc.
cit. to the right hand side of (30); see also [18, §2.4].

Finally, let us mention the Koszul duality functors which give equivalences between
the graded version of DIWQ(]:EP) and Dy, (F£q), see [23]. Under the first equivalence
of Conjecture 59 these should correspond to linear Koszul duality [41]. In the special case
when P = Q) = B is a Borel subgroup, this would provide a categorification of the main
result of [42].
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