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1. Introduction and main results

The purpose of this paper is to establish a completely new partial regularity the-
ory on certain homogeneous complex Monge-Ampere (HCMA) equations. Our par-
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tial regularity theory will be obtained by studying foliations by holomorphic curves
and their relations to homogeneous complex Monge-Ampere equations. As an appli-
cation, we prove the uniqueness of extremal Kiahler metrics in each Kihler class and
prove a necessary condition for the existence of extremal Kahler metrics: Namely, the
existence of constant scalar curvature (cscK) metric implies the existence of a uniform
lower bound of the K energy functional which in turns implies the semi-K stability
of the underlying polarization (in the algebraic case). Further applications will be dis-
cussed in our forthcoming papers.

1.1. A brief tour of extremal Rdihler metrics

According to Calabi [4], a Kdhler metric is called extremal if the complex gradi-
ent vector field of its scalar curvature is holomorphic. When this vector field vanishes,
it 13 called constant scalar curvature Kahler (cscK) metric. It follows from the stan-
dard Hodge theory that any cscK metric must be Kahler-Einstein (KE) in canonical
Kaihler class.

In the 50%, E. Calabi proposed the problem of studying existence of Kéhler—
Einstein metrics on compact Kahler manifolds with definite first Chern class (We al-
ways use C; to denote the first Chern class in this paper). In 1976, S. T. Yau solved
this famous Calabi conjecture when C; = 0. Around the same time, both T. Aubin
and S. T. Yau independently proved the existence of KE metric on compact Kahler
manifolds with C; < 0. The remaining case is technically more involved. In [26], the
second named author proved that, in any Fano Kahler surface with reductive auto-
morphism group, there always exists a KE metric in the canonical Kéhler class. For
higher dimensional Kédhler manifold, he proved in [27] that the existence of KE met-
rics in Fano manifold is equivalent to an analytic stability of the underlying Kahler
manifold. It remains open how this analytic stability is related to certain algebraic
stability from geometric invariant theory (cf. [27], [29], [12], [24], etc.). In [4], Calabi
also asked if there always exists an extremal Kéhler metric in any Kahler class. There
has been extensive study on the issues related to the extremal metrics today. However,
not much progress was made on the general existence of extremal metrics via direct
PDE method. Very little is known even in Kahler surfaces. One possible reason is that
the corresponding equation is highly nonlinear and it is of 6th order in full generali-
ties.

On the other hand, there have been many partial results on the uniqueness of
extremal metrics. Using maximum principle, E. Calabi observed in 50’s that KE met-
ric is unique when G, < 0. In [1], Bando and Mabuchi proved that KE metrics are
unique modulo holomorphic automorphisms when C; > 0. In [30], X. H. Zhu and
the second named author proved uniqueness of Kihler—Ricci solitons (KRS) on any
Kahler manifolds with C; > 0. Following a suggestion of Donaldson, the first named
author proved in [9] uniqueness for cscK metric in any Kihler class when C; < 0.
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In [12], S. K. Donaldson proved that cscK metric is unique in any rational Kahler
class on any projective manifold without non-trivial holomorphic vector fields'.
In this paper, we prove

Theorem 1.1.1. — Let (M, [@]) be a compact Kéhler manifold with a Kihler class [w] €
H2(M, R)NH"“'(M, C). Then there is at most one extremal Kihler metric with Kihler class [w]
modulo holomorphic transformations. Namely, if @, and wy are two extremal Kéhler metrics with
the same Kahler class, then there is a holomorphic transformation o such that o*w; = ws.

In [20], T. Mabuchi introduced the K energy function: For any ¢ with w, =
w4+ /—139¢ > 0, set

1
E,(¢) = — f f P(s(wy,) — Wy Ad,
0 M

where wy, 13 any path in [w] joining @ and w,. Here we use s(wy,) to denote the scalar
curvature and p to denote its average. Then,

_ [GiMDT- [w]"
[a)]n :

Theorem 1.1.2. — Let (M, [w]) be a compact Kéihler manifold with a cscK metric. Then
E,(¢) > 0 for any ¢ with wy > 0.

Theorem 1.1.2 was proved first for KE metrics on Fano Kiahler manifolds [1]
(cf. [27]). It was first generalized by the first named author [9] to the case of cscK
metric in any Kéhler manifold with C; < 0% This theorem can be also generalized to
the case of extremal Kihler metrics if we modify the K energy function accordingly. It
also answers partially a conjecture posed by the second named author earlier. Namely,
(M, [w]) has a cscK metric in [w] if and only if the K-energy is proper® in the space
of Kahler metrics in [w]. Combining Theorem 1.1.2 with results in [29] and [24], we
prove

Corollary 1.1.3. — Let (M, L) be a polarized algebraic manifold, that is, M s algebraic
and L. 15 a positive line bundle. If there is a cscK metric with Kihler class equal to ¢, (L). Then
(M, L) is asymptotically K-semistable or CM-semistable in the sense of [27] (also see [29])*.

! During preparation of this paper, we learned from T. Mabuchi that he is able to remove the assumption
on non-existence of holomorphic vector fields in the special case of projective manifolds.

2 After we finished the first draft of this paper, we learned that S. K. Donaldson proved this theorem in the
case of projective manifolds without holomorphic vector fields [13]. His method is completely different from ours.

% A function is called proper if it dominates some suitable norm function on the Kahler potential.
* According to [24], the CM-stability (semistability) is equivalent to the K-stability (semistability).
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1.2. Space of Rihler metrics

In next few subsections, we will explain main ideas to prove the first two theo-
rems. First, let us briefly discuss a direct approach suggested by S. K. Donaldson. This
method is used in [9] first by the first named author. It follows from Hodge theory that
the space of Kahler metrics with Kéhler class [w] can be identified with the space of
Kahler potentials

H, = ¢ | wy = w~+/—183¢ >0 on M}/ ~.

Here ¢ ~ ¢, if and only if ¢, = ¢o+¢ for some constant ¢. We will drop the subscript
o if no possible confusion may occur. A tangent vector in Ty, is just a function ¢,

such that
M

Its norm in the L*-metric on %, is given by (cf. [20])

2 2
lgol2 = f o’
M

A straightforward computation shows that the geodesic equation of this L metric is

1
P (1) — §(a’¢’, ')y = 0.

Here (-, -)4 denotes the natural inner product on T*M induced by the Kéhler metric
wg, @(1),t € [0, 1] denotes a continuous path in J7,; while ¢', ¢” denote the partial
derivatives of ¢ on variable . Set ¢(¢, 6, x) = ¢(£)(x) for any ¢ € [0, 1], any § € S!
and any x € M. Then, the path {¢(¢)(¢ € [0, 1])} represents a geodesic segment if and
only if the function ¢ on [0, 1] x S' x M satisfies the HCMA equation

(1.1) (myw ++/—133¢)""' =0, on T xM,
where ¥ = [0,1] xS m : TxMr X and 7 : ¥ x M — M are the natural
projections.

In [11], Donaldson conjectured that the geodesic segment is always smooth be-
tween any two smooth Kihler potentials in .7Z,. He also pointed out that the K-
energy is convex along any smooth geodesic segment; moreover, both Theorem 1.1.1
and 1.1.2 would follow once his conjecture is established. However, this turns out to
be a very difficult problem and it remains open until now. In fact, one can consider
(1.1) over a general Riemann surface ¥ with boundary condition ¢ = ¢, along 0%,
where ¢, is a smooth function on 9 x M such that ¢,(z, -) € F, for each z € 3%.°

> We often regard ¢ as a smooth map from ¥ into JZ,.
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This solution has also natural geometric interpretation. Solution to (1.1) can be re-
garded as the infinite dimensional analogue of the WZW equation for maps from X
into %, (cf. [11]).° The following theorem was proved by the first named author in [9]
which plays a fundamental role in this paper.

Theorem 1.2.1 [9]. — For any smooth map ¢y : 90X — H.,, there exists a unique C'!
solution ¢ of (1.1) such that ¢ = ¢y on 3% and ¢(z, -) € H,, for each z € .

The lack of sufficient regularity limits the geometric application of Theorem
1.2.1. Note that complex Monge-Ampere equations have been studied extensively by
many famous authors (cf. [17], [18], [2], etc.). However, the regularity for homoge-
neous complex Monge—Ampere equations beyond C'! has been missing in the vast lit-
eratures. Indeed, there are some setting that solutions to HCMA equation with smooth
Dirichlet boundary data are only C'!. Here is a simple and well known example: Let
¥ be the unit ball in C* and define

0 it |21, [2f® < %;
— ] 2 . 1.
U= (5 - |,Z1|2)2 if |z > 2
1 : L.
(5= 1) il |2’ =>4

then (39u)> = 0 on ¥ and ulsq is smooth, but « is only C!'. Note that the solution is
unique in this case so that there is no hope to find solution with better regularity in
general!

This example illustrates very powerfully that better regularity beyond C!! is in
general false. Nonetheless, we believe Donaldson’s conjecture on smoothness of geo-
desic 1s likely to be correct because the rich geometry structure presented in this set-
ting. One distinguished feature in our setting is that boundary map ¢, : 0¥ — 7, is
strictly pluri-subharmonic along the boundary (modified by w). This fact plays a cru-
cial role in our approach.

1.3. Partial regularity of HCMA equation

The main task in this paper is to establish a partial regularity theory for HCMA
equation (1.1) in the case that X is a unit disk in C. To do this, we need to introduce
notions of smoothness of different “degree.” These different layers of smoothness are
in one-one correspondence to various notions of smoothness of the moduli space of
holomorphic discs which we will discuss in next subsection. In a way, we encourage
the readers to read this two sections side by side. While there is extensive literatures

% Original WZW equation is for maps from a Riemann surface into a Lie group.
7 Here #, denotes the closure of %, in any C'*(Z x M)-topology (VY € (0, 1)).
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in the subject of HCMA equation, this seems to be the first partial regularity theory
for HCMA equations.

Notations. — Suppose that ¢ is a C''! solution of HCMA equation (1.1), we
denote by %, the set of all (z, x) € ¥ x M near which ¢ is smooth and @] ;xn > 0.
We call Z, the regular part of ¢. It is open, but a pror, the regular part might be
empty. In this regular part, we may introduce a distribution %, C T(X x M):

(1.2) Dyl =0 € T.Z X TM | iy(mjw ++/—130¢) = 0}, (2, x) € Xy,

Here i, denotes the interior product. Since the form is closed, %, is integrable. Let ¥
be any subset of ¥ x M. For our purpose in this paper, 7" usually denotes an open
dense subset of X x M. We say that % is saturated in 7 if every maximal integral
sub-manifold of ¥, in Z,N¥ is a disk and relatively closed in #". By nature of product
manifold, we may write any vector in %, as

0
(1.3) P +X € D4l where X € TM.,
<

Defiition 1.3.1. — A solution ¢ of (1.1) is called partially smooth if it satisfies the fol-
lowing three conditions

1. It has a uniform C"'-bounded on = x M and R, is saturated in T x M;

2. The regular part Zy (DX x M) is open and dense in 9% X M;

3. The varying volume form &y, can be extended to 0 x M as a continuous (n, n) form
on 2% x M, where ° = (T\0X).

Theorem 1.3.2. — Suppose that X is a unit disk. For every smooth map ¢ : 0% — I,
there exists a umique partially smooth solution to HCMA equation (1.1).

Theorem 1.3.2 improves the regularity of the C'! solution by the first named
author in [9]: it must be smooth over some open subset of X X M which is also dense
in 02 x M. We expect this density property holds in interior as well.

Set 74 = X x M\%,.

Definition 1.3.3. — We say that a solution ¢ of HCMA equation (1.1) s almost smooth if

1. 1t 15 partially smooth.

2. The distribution 9, extends to a continuous distribution in an open dense and saturated
set V C % x M, such that the complement 5(; of Y has Whitney extension property
(WEP)E. The set 172 is referred as the singular part of ¢.

3. The leaf vector field X is uniformly bounded in V2

8 A closed subset S C ¥ x M of measure 0 is WEP if for any continuous function in ¥ x M which is G!!

on ¥ x M\ S can be extended to a C"' function on £ x M. Notice that any set of codimension 2 or higher is
automatically has this property.
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Note that .\ . is in general not empty. The reason we don’t want to refer
% as singular part since the corresponding foliation (we will discuss in next subsec-
tion) might behave nicely in .\ .%. A smooth solution is certainly an almost smooth
solution of (1.1). For a sequence of almost smooth solutions whose boundary values
converge in certain smooth topology, then it converges to a partially smooth solution
in weak C"!-topology.

Theorem 1.3.4. — Suppose that T is a unit disk. For any C** map ¢, : 0% — A,
(k>2,0<oa<1)and for any € > 0, there exists a ¢ : 0¥ — I, which admits an almost
smooth solution to HCMA equation (1.1) with boundary value ¢ such that

lpo — @ellcremxmy < €.

This partial regularity result is sharp in light of the singular solution suggested
in [12]. Using estimates developed in later sections, we can prove that for any se-
quence of almost smooth solutions whose boundary values converge in smooth C%*
topology, then a subsequence will converge to a partially smooth solution in weak C!!-
topology. Thus, Theorem 1.3.2 follows Theorem 1.3.4°.

It is well known that the K energy function is convex along any smooth geo-
desic segment. In this paper, we generalize this to disc version geodesic solution: for
any almost smooth solution to the disc version of geodesic equation, the K energy
functional is sub-harmonic function when restricted to this disc family of Kahler met-
rics. More precisely, we have

Theorem 1.3.5. — Suppose that ¢ is a partially smooth solution to (1.1). For every point

2 € X, let E,(2) be the K-energy (or modified K energy) evaluated at ¢(z, -) € F,. Then E,, is

a bounded sub-harmonic function on X n the sense of distribution, moreover, we have the following

v/f:Z¢

where ds s the length element of 0% and for any smooth function ®, D® denotes the (2, 0)-part
of ©’s Hessian with respect to the melric wy(.,.. The equality holds if ¢ s almost smooth.

0
Dif
0z

ds,

X

S | f OE,
X

—dZ A\ dZ A\ Cl)q;(z,.)n dzdz <

n
Dp(z,-)

Theorem 1.1.2 follows from this theorem. The proof in smooth case is straight-
forward, but requires considerable care (comparing to proof of the convexity prop-
erty of the K energy functional along a smooth geodesic segment). For readers’ con-
venience, we include a proof of smooth case in Section 6.1.

9 Tt is believed that for any smooth boundary map ¢, : 9% > %, the corresponding G solution is almost
smooth. It is also interesting to estimate precise size of .%.
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Proposition 1.3.6. — If there are two constant scalar curvature metrics (resp. two extremal
Kiihler metrics), then there exists a path in F, of C1-functions ¢, (0 < t < 1) which connects
those two metrics, such that the K-energy (resp. modified K energy) achieves its minimum at every @,
along the path.

It was conjectured by the first named author that any C!! minimizer of the K
energy function must also be smooth (cf. [9], [8]). In this paper, we will confirm this
conjecture in the case that the C''' minimizers arises from Proposition 1.3.6. A key
step is to prove a partial C!-regularity for the varying volume form of any C!! K-en-
ergy minimizer. Theorem 1.1.1 follows from this partial regularity result, Prop-
osition 1.3.6 and Theorem 1.3.4.

The main part of this paper is devoted to proving technical results described
here. We believe that our techniques developed in this paper can be applied to other
more general setting when studying the regularity problem for HCMA equation.

1.4. Ideas for proof of Theorem 1.5.4

It has been known for a long time that solutions of the homogeneous com-
plex Monge—-Ampere equation are closely related to foliations by holomorphic curves
(cf. [19], [25], [12]). In [25], S. Semmes formulated the Dirichlet problem for (1.1) in
terms of a foliation by holomorphic curves with boundary in a totally real submanifold
of the complex cotangent bundle of the underlying manifold.

Associated with each Kahler class [w], S. Semmes [25] (cf. [12]) constructed
a complex manifold %/, (locally it consists of pieces of T,M) with a holomorphic
(2,0)-form ®. There is a natural projection mw : #, — M by simply forgetting the
second component. He observed that for any ¢ € J7,, we can associate a Lagrange
sympletic submanifold A, in %, such that

(1.4) Ola, = —vV—1wy,

that is, Re(®)|5, = 0 and —Im(®)[x, = wy > 0. Locally, A, is simply the graph
of 3(p + ¢) where @ = +/—139p. This means that A, 1s an exact Lagrangian sym-
plectic submanifold of %/, with respect to ®. Conversely, given an exact Lagrangian
symplectic submanifold A of #,), one can construct a smooth function ¢ such that
A = Ay4. Hence, Kahler metrics in the Kahler class [w] are in one-to-one correspon-

dence with exact Lagrangian symplectic submanifolds of #/,,.
Given ¢ : 0% > /., define

(1.5) 1_\450 = {(T, Z)) €0X X W[w] | NS A¢o(r)}'
One can show that Ay, is a totally real sub-manifold in ¥ x #{,;. So it makes sense

to study the moduli space .#, of all holomorphic disks in ¥ x %/, with boundary
in Ay, Its significance is clear from the following result from [25] (also see [12]).
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Proposition 1.4.1. — Assume that ¥ is simply connected. For any boundary map ¢y :
X — J,, there is a solution ¢ € C®(X, F,) of (1.1) with boundary value ¢o if and only if
there is a smooth family of holomorphic maps h, : £ > W, parametrized by x € M satisfying:
(1) wo(h(20)) = x, where 2y s a gwen point in L\OX; (2) h (1) € Ay for each T € 9%
and x € M; (3) For each z € Z, the map y.(x) = mwo(h,(2)) s a diffeomorphism of M.

In [12], S. Donaldson used this fact to study deformations of smooth solutions
for (1.1) as the boundary value varies. This inspired us to study foliations by holomor-
phic disks in order to have a partial regularity theory for (1.1). Theorem 1.3.4 will be
proved by establishing existence of foliations by holomorphic disks with relatively mild
singularities. More precisely, we will show that for a generic boundary value, there is
an open set in the moduli space of holomorphic disks which generates a foliation on
Y x M\S for a closed subset S of codimension at least one.

Now let us fix a generic boundary value ¢, and study the corresponding mod-
uli My, of holomorphic disks. First it follows from the Index theorem that the ex-
pected dimension of this moduli is 2n. Recall that a holomorphic disk « is regular if
the linearized d-operator 9, has vanishing cokernel. The moduli space is smooth near
a regular holomorphic disk. Following [12], we call « super-regular if there is a basis
51y ..y Son Of the kernel of 3, such that dmw(s;)(x), ..., d(s9,) (x) span T,yM for every
x € X, where m : ¥ X #,; = X x M is the natural projection. We call « almost
super-regular if dmw(s;)(x), ..., dmw(sy,)(x) span T,yM for every x € X\dX. Clearly, the
set of super-regular disks is open.

Semmes and Donaldson consider only the case where the Moduli space is super
regular in the sense of Donaldson and its relation to a smooth solution to HCMA
equation (1.1). In order to establish a correspondence with the so called almost smooth
solution to HCMA equation (1.1), we need introduce “nearly smooth foliation.”

Definition 1.4.2. — A nearly smooth foliation %, associated to a boundary value ¢y is
an open subset Uy, of super-regular disks in My, with properties described below. Let ev be the
evaluation map from My, to L X Wia). The collection of holomorphic discs

{moea(f) | f e U,
Joliated an open-dense set Vg, of £ x M such that

1. This fohation can be extended to be a continuous_foliation by holomorphic disks in an open
set "//;U C X0 X M such that it admits a continuous lifting in X X Wa;

2. The complement of "//;0 m X x M s WEP;

3. The leaf vector field (cf. definition below) induced by the foliation in Vg, s uniformly
bounded.

We note that the name nearly smooth foliation is a bit misleading. It is not a foli-
ation in the total space X X #,, but a foliation by holomorphic discs for an open
and dense subset in 3 x M.
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Definition 1.4.3. — For each (z, x) € Vy,, the complex tangential direction of the image of
holomorphic discs in Uy, is called leaf vector field. 1t takes the form

a
3_,z + X, where X € Té%({z} x M)

Sometimes, we also call X as the leaf vector field in ¥y, .
Proposition 1.4.1 has the following generalization.

Theorem 1.4.4. — Almost smooth solutions of (1.1) are in one-to-one correspondence with
nearly smooth_foliations. Moreover, if @y s generic, the corresponding almost smooth solution ¢ has
additional properties: wgy is a smooth (1, 1) form m X x M\ 172 and the singular set 5{; has
codimension at least 2 in each slice {z} x M, V z € ¥°.1Y

Thus, in order to prove Theorem 1.3.4, we only need to show the following

Theorem 1.4.5. — For a generic boundary value @y, there is a nearly smooth foliation
assoctated lo @y generated by an open set Uy, of super regular discs in the moduli space My,.
Moreover, the set of holomorphic disks which are neither super-regular nor almost super-regular has
codimension at least two in the closure of Uy, n My, .

The idea for proving Theorem 1.4.5 is outlined as follows. Let ¢, be a generic
boundary value such that .#, is smooth. This follows from a result of Oh on transver-
sality. By the same transversality argument, one can show that there is a generic path
¢ (0 < ¢ < 1) such that ¢, = 0 and the total moduli .#Z = |, ,,-#, is smooth.
Moreover, we may assume that .# are smooth for all ¢ except finitely many 4, ..., ix
where the moduli space may have isolated singularities. It follows from Semmes and
Donaldson’s work — Proposition 1.4.1 that .#, has at least one connected compon-
ent which gives a foliation for ¥ x M. We want to show that this component will
deform to a connected component of .#,, which generates a nearly smooth foliation.
Assume that ¢ is the unique C!!-solution of (1.1) with boundary value ¢, for some
t € [0, 1]. Let f be any holomorphic disk in the connected component of .# which
generates the corresponding foliation.

Using the C!! bound on ¢, one can have a uniform area'' bound on holo-
morphic disks in .#,. It follows from an extension of Gromov’s compactness theorem
that any sequence of such holomorphic disks has a subsequence which converges to
a holomorphic disk together with possibly finitely many bubbles. These bubbles which

' The corresponding nearly smooth foliations have additional properties and will be called almost super-regular
foliations (cf. Section 3.3).

" We actually calculate area of the image of disks in X x M.
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occur in the interior are holomorphic spheres, while bubbles in the boundary might
be holomorphic spheres or disks. We will show that no bubbles can actually occur.
According to E. Calabi and X. X. Chen [6], this infinite dimensional space 7, is
non-positively curved in the sense of Alexanderov. Heuristically speaking, we can ex-
ploit this curvature condition to rule out the existence of interior bubbles. One can
also rule out boundary bubbles by using the non-positivity and totally real property of
the boundary condition. Since there are no bubbles, the IFredholm index of holomor-
phic disks is invariant under the limiting process. This is an important fact needed in
our doing deformation theory.

In order to get a nearly smooth foliation, we need to prove that the moduli space
has an open set of super-regular holomorphic disks for each ¢ First we observe that
the set of super-regular disks is open. Moreover, using the transversality arguments,
one can show that for a generic path ¢,, the closure of all super-regular disks in each
My, 1s either empty or forms an irreducible component. This implies the openness.
It remains to prove that each moduli has at least one super-regular disk. It is done by
using capacity estimates and curvature estimate along super-regular holomorphic disks
(cf. Sections 4 and 5 for details).

1.5. Organization

In Section 2, we establish the correspondence between homogeneous complex
Monge-Ampere equations and foliations by holomorphic curves. The goal is to prove
Theorem 1.4.4. The proof is based on a local version of Semmes’ construction.
Semmes’s construction is global in nature and was rediscovered in Donaldson’s
work [12]. In Section 3, we show necessary transversality results. In particular, we
show that the set of boundary values such that corresponding moduli space .# in-
duces an almost super regular foliation is generically open. In Section 4, we study the
deformation of holomorphic disks arising from a smooth solution to a homogenous
complex Monge—-Ampere equation. This is a local theory which is used in Sections 2,
3 and later sections as well. In Section 5, we prove the set of boundary values such
that corresponding moduli space .# induces an almost super regular foliation is closed.
This will be done by proving a volume ratio estimate via a capacity argument. In Sec-
tion 6, we will prove that the K energy function is sub-harmonic when restricted to
a disk family of almost smooth solutions, which in turns implies that the K energy
function is always bounded from below. For readers’ convenience, we will first give
a proof of that the K energy is sub-harmonic in the case of smooth solutions. In Sec-
tion 7, we derive a partial G!-regularity for the vertical volume form of any C'! K-en-
ergy minimizer. We need to introduce a notion of weak Kahler—Ricci flow to derive
this a prior: estimate. In Section 8, we prove the uniqueness result for extremal Kahler
metrics.
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2. Foliations and the homogenous complex Monge-Ampere equation

In this section, we discuss the correspondence between homogeneous complex
Monge—-Ampere equations and foliations by holomorphic disks. We will prove The-
orem 1.4.4.

2.1. Semmes’ construction

In [25], Semmes associated a complex manifold %[, to each Kihler class [w]:
Let {U;, i € .#} be a covering of M such that w|y, = +/—133p;, where .# is an index
set. For any x =y € U;NU;(4,5 € ), we identify (x, z;) € T*U; with (, ) € T*U; if
v; = v+ d(p; — p;). Then ¥, consists of all these equivalence classes of [x, z;]. There
is a natural map 7w : #, +— T*M, assigning (x,7) € T*U; to (x,v, — dp;). Then
the complex structure on T*M pulls back to a complex structure on #/,;. Moreover,
there is also a canonical holomorphic 2-form ® on %, in terms of canonical local
coordinates Z,, &, (@ =1, ..., n) of T*U,, such that

O = dzy A d&,.

Now for any ¢ € JZ,, we can define a submanifold Ay in #/,): For any coordinate
chart U on which @ can be written as /—133p, we define Aglu C ) to be the
graph of d(p + ¢) in T*U. Clearly, this A4 is independent of the choice of coordinate
chart U. A straightforward computation shows

(2.1) Ola, = —vV—la,,

that is, Re(®)[, = 0 and —Im(®)|,, = wg > 0. This means that Ay is an exact La-
grangian symplectic submanifold of %[, with respect to ®. Conversely, given an exact
Lagrangian symplectic submanifold A of #,), we have a smooth function ¢ € .7,



GEOMETRY OF KAHLER METRICS AND FOLIATIONS BY HOLOMORPHIC DISCS 13

such that A = A,. Hence, Kdhler metrics with Kahler class [w] are in one-to-one
correspondence with exact Lagrangian symplectic submanifolds in #/,,.

This is discussed briefly in our introduction. We refer readers to both [25]
and [12] for more details. For the readers’ convenience, let us briefly explain the proof
of Proposition 1.4.1. Let ¢ be a solution of (1.1) on ¥ x M such that ¢(z, -) € JZ, for
any z € 2. Recall that there is an induced distribution 5 C T(X x M) by

(2.2) Dy, ={v e T,(T x M)

(i ++/—130¢) =0}, pe T x M.

It is a holomorphic integrable distribution. If X is simply-connected and ¢(z, ) € J7,
for each z € Z, then the leaf of &, containing (z, x) is the graph of a holomorphic
map f, : X +—= M with f(20) = » If we write f.(2) = 0,(x), we obtain a family of
diffeomorphisms o, of M with o,, = Idy. Now for any fixed z we have a Kihler
form @+ +/—133¢(z, -) on M and hence a section s, : M > %], whose image is the
exact Lagrangian symplectic graph Ay ). Then £,(z2) = s5.(/,(2)) and y.(x) = f.(2)
as required. This process can be reversed. Since we have to carry out this reversed
process in the proof of Theorem 1.4.4, we omit details here and refer the readers
either to [25], [12] or to the next subsection if they are interested in the proof of the
converse part of Proposition 1.4.1.

2.2. Local umqueness for HCMA equation (1.1)

One of our crucial new development is that Semmes’ arguments can be made
local along super-regular holomorphic disks. In this subsection, we will first introduce
the notion of compatible solutions to HCMA equation. We then prove the uniqueness
of compatible solutions for (1.1) near any super-regular disk.

Given a boundary value ¢y on 9X x M. Suppose that %, is a nearly smooth
foliation (cf. Definition 1.4.2). An open subset & C ¥ x M is called saturated with
respect to %, if the image of any super disc in %, C %, intersects with &, then
it lies entirely in &. A solution ¢ of (1.1) with boundary value ¢, in an open subset
O C X x M is called compatible with this foliation .%, if

1. 0 is saturated with respect to .%,;
2. w4+ /—100¢(z, ) is a family of Kahler metrics on &' N ({z} x M);
3. The kernel of i + +/—133¢ lies in the distribution induced by .%;.

Indeed, ¢ solves (1.1) with partial boundary value problem in &. Sometimes, we
refer this as germ of HCMA equation (1.1) associated to .%,.

Theorem 2.2.1. — Two compatible solutions of (1.1) with respect to the nearly smooth
Joliation Fy, comncides along the intersection of their domains.
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The novelty of this theorem is that two compatible solutions only agree partially
along the boundary.

We will adopt the notations from previous sections. First we recall the integrable
distribution

(2.3) -@¢|(z,x) = {Z} € TzE x T.M

i(mi0 4+ V/—100¢) =0},  (2,%) € Zy.

Here 7, denotes the interior product. Since %, is saturated, every maximal integral
submanifold of %, in %, is a disk and closed in X x M.

Lemma 2.2.2. — For any | € Uy, suppose that Oy is a saturated open neighborhood
of the image of the map 7w o ev of f in X x M. Suppose that ¢y is a solution of (1.1) on O
compatible with %,. Then, for any fe Uy, near | such that the image of 1 o ev( ) lies completely
i Of, we have

02 ~ -~ N
(2.4) 20z W e f (@) =~ o (2T oa(f(2), Yzex,
and
(2.5) ¢/ (w0 ew(f(2))) = do(w 0 ew(f(2))), VYzedx.

This lemma implies that ¢ is uniquely determined by only the geometric con-
ditions along the image of each leaf. Theorem 2.2.1 follows from this lemma.

Theorem 2.2.1 allows us to construct solution locally around each super regular
discs first. Then patch them together to obtain a global solution of HCMA equation
(1.1) in #,,. We then have to argue that this is indeed a solution of (1.1) in ¥ x M.
Even in the case of Donaldson and Semmes, this approach might also be interesting
to go thorough.

2.3. Almost smooth solutions <> nearly smooth folations

In this subsection, we establish the equivalence between almost smooth solutions
of (1.1) and nearly smooth foliations. This generalizes Semmes’ construction. We will
adopt notations from previous subsections.

Proposition 2.3.1. — An almost smooth solution to (1.1) with boundary value ¢, induces
a nearly smooth foliation associated to ¢y.

Proof. — Let ¢ be an almost smooth solution with boundary value ¢,
0X +— J,. Yor every point (z, x) € X,, there is a unique holomorphic map f € .#,,
whose corresponding map wof : ¥ = X x M passes through (z, x). The property that
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Ry is saturated implies that 7w o f is a holomorphic disk and extends to the boundary
of £ x M. According to Donaldson [12], such a holomorphic disk is super-regular. All
these super-regular disks from %y, give rise to this open set %, C #y,. Here %y,
corresponds to % in the definition of nearly smooth foliations; ¥ in the definition
of almost smooth solution is direct correspondence to 7/;50 in the definition of nearly
smooth conditions. The other two conditions of a nearly smooth foliation can be ver-
ified in a straightforward fashion as well. In other words, an almost smooth solution
indeed induces a nearly smooth foliation % . ]

Theorem 1.4.4 follows from the above proposition and the following.

Theorem 2.3.2. — If Fy s a nearly smooth foliation (cf Definition 1.4.2) associated
lo a boundary value ¢y : 0L — I, then there 1s an almost smooth solution ¢ to (1.1) with
boundary value ¢y.

The rest of this subsection is devoted to prove this theorem. Let %, be the
open subsets of .#, and 7 be an open dense subset of ¥ x M foliated by image
of the map 7 o ev of all holomorphic discs in %,. By definition, the induced foliation
in ¥4 can be extended to be a continuous foliation by holomorphic disks in an open
and dense subset 7/;0 such that it admits a continuous lifting to X x #4;. Moreover,
% x M\ %, has WEP,

Proposition 2.3.3. — There 1s a smooth famuily of non-degenerated, closed (1, 1) forms
@(z, -) defined on Vg N ({2} x M) and a closed (1, 1) form Q2 in Vg, such that

1. & = wy, n 0X X M, wherever & 15 defined;
2. The restriction of @ to each leaf ts a constant form;
3. S2 15 defined by the following conditions:

Q|{z}><M =, and ia%-i-XQ =0,

where X is the leaf vector field in Vg, induced by the nearly smooth foliation (cf. Defin-
tion 1.4.3).

Proof. — This is a local theorem. The proof can be found in [25], [12]. m|

Next we want to show that Q = mjw, + idd¢ for a compatible solution ¢ of
HCMA equation (1.1) in ¥ x M. We want to construct this potential function for any
small open and saturated neighborhood around the image of any super regular disc
in %g,. Theorem 2.2.1 implies that two different locally defined compatible solutions of
(1.1) must agree with each other on the overlap of their domains of definition. Since
Y4, 1s dense in X x M, this defines ¢ in ¥ x M by taking limit. The final step is to
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show that ¢ is uniformly C! in ¥, — therefore it solve HCMA equation (1.1) globally
with appropriate boundary condition. This step is not needed if we start from an super
regular moduli space.

Proposition 2.3.4. — For any super regular leaf f, there exists a smooth function ¢ defined
i a small tubular neighborhood O (which is saturated with respect to Fy ) of w o e(f) C
2 X M such that

(2.6) Q = miw)+iddp, on O, C T xM
(2.7) ¢:¢0, on ﬁfﬂ(aﬁ XM)

Remark 2.3.3. — The potential function ¢ can be also defined in a tubular
neighborhood &) of an almost super regular leaf f. The function is smooth in
O;N(Z° x M).

Proof. — Recall that M = |J,_, U, and p;(i € .¥) is the local defining potential
function for w,. For any point (z, x) € %, suppose that x € U; for some ¢ € .#. In
local coordinates, write

wO:Z p dw® A du?, @:Zde“Adwﬂ.
gl awa(‘)wg ot 0w, dwvg

We can express the image of X as'?

{(z,x=/(2),8(), VzekXl

where

§(x) = (P + p).

Since &(x) is uniquely determined by image of an open set of super regular disks in
¥ X #1, then ¢ is uniquely determined by &, or by the structure of %4, up to a con-
stant in U; C M. In particular, in (X x M) N %, we have ¢ = ¢, modular some
function in z locally.

By definition of the closed (1, 1) form €2, we may write

Q:a)o‘i‘i
«o,f=1

82
— awa(‘)i),g

dwodivg + Y ¢*dw,dZ

a=1

+ Y ¢Pdzdwg + hydzdz.
B=1

'2 Here x = my o w 0 f(2) in the formula. However, for notation simplicity, we simplify it as x = f(z). This
convention will be used later. This should cause no confusion.
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The goal is to show first that

c“ ¢ Ya e [l,n]
= , o , 1.
80w, "
Since
Q=0 d X=
jrx® =0 an Zn 2
we have
2
* 4+ wi T+ =0, Va=12,..n
¢ (go, Pty aawﬂ)n
Since &( f(z)) 1s a holomorphic function of z, we have
8 o
0= %
0z
P Pty
dw*0z duwdwh 07
0%¢ ( 0%¢ ) 2
= —+ Q.05+ - ) .
dudz  \P T Guegup )
Then
02 ;
A VI
dw*0z

Consequently, €2 takes the form:

9’
@0t Z awaa ,sdw"‘dwﬂ +Z 970,

0%¢p
———dzdw; + hedzd?.
+Zazaw- Rawg + hydzdz

By choosing an appropriate gauge in z direction, we claim that

0%¢p
0707

/Zf:

17

Note that we can not change the value of 4 as we will see soon below. However, we
can modify ¢ by some functions of z to make the above equation holds: first locally

along a super regular leaf; then, globally along a super regular leaf.
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Recalled that

9% % 3
= — s+ , Ya=1,2,..,n
920707 (go,a,s 97079 ﬂ> n n
Using this equation and the fact that Q"' = 0, we have

0=(n o 0\ &
= — —_— — D)
T8 5009z dwhan

= (v (os i) )
=\~ \ So.ep 8“8/3'777
Since @ is non-degenerate in Oy, then

/z—( S+ "’2“’)
¥ — gO,otﬁ 80‘8ﬂ 7777

is uniquely determined as well.
However (note z = w,41),

n+1
0%(p;
q_ Z 1 (i 7 (pi+ ) it

oyt awaawﬂ

is a closed form. Consequently,

82

is a closed form on Oy. Therefore, / is a function of z only. Locally, we can replace
¢ by ¢ + K (z) where

d’K, _

00z

After such a replacement, in each local coordinate chart in &y, we can choose

the potential function ¢ uniquely, up to a harmonic function on z only. This follows
from the fact that
RO
8207
where £/ is uniquely determined by geometric data of super regular disks in 0.
Because of the unique extension property of harmonic functions, ¢ is uniquely

= ly

determined in &, by a global harmonic function in the z direction. Choose such a po-
tential function in &y now. Notice that in (3% x M) N0y, we have w.|ys = wy,. Then,
we can set

Oz, ) = Po(z, ) +mp(z), YzedX

where my(z) is a function of z in X. Note that m, may not be harmonic function.
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Choose a function K; as a function of z only such that

’K
T — o
0207
and
Kylos = my.

This Dirichlet problem has a unique solution. Now replace ¢ by ¢ —K;. Then €2 can

be re-written as mwyw, + /—103¢ in a tubular neighborhood of 7 o f(£) in & x M
such that ¢ = ¢, in (90X x M) N 0. O

Now ¢ satisfies (1.1) on 7. Now we wish to extend it to solve the same equa-
tion in £ x M. The key step is to prove a global C'! bound for ¢ in ¥j,. The first step
is to prove the positivity of @. By the proceeding proposition, we can really denote

a~)=a)¢.

Proposition 2.3.6. — As a closed (1,1) form i M direction, we have wy > 0 when
restricted to M in V.

Progf. — For any point (z, x") € ¥4, there exists a holomorphic leaf f € %,
such that 7w o ev(z, f) = (2, «'). Yor any z € 9%,

Wy = Wy + —18(79¢0(,z, ) > 0.

In other words, @g|romiz, ) > 0. However, @g|roms, s 15 @ constant form. Thus, wy is
strictly positive for any (z, x') € %,. |

It follows from this proposition that wy defines a smooth Kiahler metric along
M direction in ¥j,. Next we want to show that this metric has a uniform L* bound
in 7;,. In a local coordinate chart, write

n _ n —
W) = ﬂzlgo,aﬁdwadwﬂ’ CL)¢ = ﬂzlgaﬁ»aﬁdwadwﬂ’
o,p= o,p=

52

Soep = Loap T % Ya,8=1,2,..,n
For any super regular leaf f and for any z € %, the restricted bundle T}Q)M at
S (2) is a trivial holomorphic bundle over ¥ with complex rank 7. Restriction of g4 to
this T'"M bundle induces a Hermitian metric on this bundle. Denote by Fg(l < «,

B < n) the curvature of this Hermitian metric. We have the following formula (cf. Sec-
tion 4),

2.8) Fl, = —3:(]0.2505)
= — ar’r . ar’l < O

dw; dwy —

(2.9)
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In particular, the curvature is always semi-negative. Now we are ready to state the
maximum principle.

Proposition 2.3.77 (Maximum principle along leaves). — The Kéhler metric g, is uniformly
bounded from above in each leaf in Uy, .

Progof — Yor any f € U,,, the restricted T"°M bundle on 7 o f(X) is a triv-
ial holomorphic vector bundle over X. For any (z, p) in this leaf, pick any n-frame
S15 59, «eny Sy € T},’OM and extend these vectors over the disk as a frame of n holo-
morphic sections in this T'M bundle. We still denote as {s, sy, ..., 5,}. For any ¢ =
(c1, ¢9, ..., ¢,) € C", define a section in T"°M bundle as

n

s(e) = Z CiS;.

i=1
It is easy to see that

n

o N2 2 _ 12
inf inf gy(5(0). 5(0) > (/) - llel®,  where [lef* =} e

=1

and ¢y(f) depends on g, and the embedding of f only. To prove the maximum prin-
ciple for metric g, along the leaf, we just need to show that g,(s(¢), s(c))(1 < o < n)
has a uniform upper bound for any ¢ € C”. If the upper bound is achieved on the
boundary, then the claim is proved since g, = g4, in 90X x M. If the maximum is at-
tained at some interior point (z,p) € X” x M, choose an appropriate coordinate in
T,M. We may assume

Gap@p) =8p(Va, B=1,2,....0),  0.85lp = 0.8l e = 0.

At this point (z, p), we have

3.9.25(5(c), 5(¢)) = g4(3.5(c), 3.5(c)) + (3.9.84)(5(c), 5(c))
= g4(0.5(¢), 9.5(c)) — F(s(c), s(c)) = 0.

This shows that the maximum must achieve in the boundary. a
Using this proposition, we can prove
Theorem 2.3.8. — There exists a uniform upper bound for the Kihler metric gy in Vg, .
Proof. — 'To prove our theorem, we need to show that

sup sup 29 (s(0), 5(0)) <C
G %y, 0(5(¢), s(0))
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for some uniform constant C. However,

inf inf g,(s(c), 5(0)) > ¢o(go, %) - llcll®
ceCn 02/%

where ¢ 1s a constant depending only on the moduli space and gy. Thus, it is sufficient
to prove the following

sup sup g,(s(0), s(c)) < C- Jlel*.

ceCr Uy,

Now, g, = g, in the boundary and the maximum principle along the leave implies
the existence of the upper bound C. Our theorem is then proved. ]

Finally, we have

Theorem 2.3.9. — ¢ is uniformly C*' in X x M, smooth in Vg, such that it solves
(2.10) (mrwo +/—183¢)" =0, in T xM.
Moreover, this solution coincides with the solution established in [9].

Progf — We already know that ¢ is smooth in ¥, and has uniformly C"! upper
bound. Note that all holomorphic discs which lie in % can be continuously lifted to
Y X #p over ”1/;0. In view of the definition of #}, this amounts to saying that deg|ys is
continuous in ”//:,,0. More importantly, (2.4) and (2.5) make perfect sense in ”K;O which
force the Kéhler potential ¢ to be a continuous function in ”//;0. In particular, this also
implies that d.¢ is a continuous function in ”//:,,0. Note that

¢p d¢p
0. = — + X* ,
¢ 0z + Jw®
where X is the leaf vector field. Thus, % 1s continuous in ”//:,,0. since 0|y and X are

continuous in ”//;U. Consequently, ¢ is a C' continuous function in 7/;50' Since 5{5 =
¥ x\ ¥, has WEP and ¢ is uniformly C' bounded in %, then ¢ can be extended as
a global C"! function in ¥ x M. It follows that there is a sequence of Kahler potential
(¢, € H,,m € N} such that ¢, — ¢ in weak C""'(Z x M) topology. Moreover,
the convergence is smooth in any compact subset of 7, . Consequently, for any test
function ¥, we have

lim Yoyt = 0.
m— 00 »xM
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Suppose ¢ is the C''! solution given by the first author in [9], we have

0 = lim (0 — P) (! — )

m— 00 »xM

= lim (¢ — P)(w, —wy,) ( Z @, A ‘Ugj>
=0

m— 00 »xM

=—1im [ V=T -9 A -9 (D e, Aap)
=0

m—> 00 YxM

—— | VZTa(g—¢) Adlp— ¢)(wap Awg—f).
=0

7/(1)0

It follows that ¢ = ¢ in 7, since wy is smooth in % . Since 7, is dense in X x M, it
follows that the solution we constructed coincide with solution established in the first
author’s paper [9]. O

3. Deformation of holomorphic disks with totally real boundary

3.1. Local analysis of holomorphic disks

For any boundary map ¢ : X — JZ, there is a 2n+ l-dimensional totally real
submanifold Ay = (.55 ({2} X Agyey) in X x #4y. Consider the moduli space My,
of all of holomorphic disks

p:(Z,0%) = (X x %, Ayg,)

with vanishing normal Maslov index. In this section, we will use term “holomorphic
map” or “(holomorphic) disc” interchangeably when no confusion arisen.

It is well known that the normal bundle over p(¥) in ¥ x #4; is always trivial
and we will denote it by

CQn
ln
p(D)

For any z = ¢?(0 < 6 < 2m), let R*(¢”) be the totally real subspace p*Tp(eie)(Z_\d)O)
of T i0yC* = C*. Consider all H"*-sections s : & — C*" such that s(¢?) € R*(¢").
The linearized operator of p is given by

d. : HY(Z, €™ — LA(Z, C™).
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This 1s a Fredholm operator, so we can compute its index
index(d.) = dim Ker(d,) — dim Coker(d.).

This indice 1s invariant under deformation of holomorphic disks. Denote the normal
Maslov indice of p as 1(d.). Then, we have the following (cf. [31]):

indice(d,) = u(d,) + 2n = 2n.

Thus, the kernel of 9. is of dimension at least 27. Recalled that a holomorphic disk p
is regular in the sense of the Fredholm theory if the cokernel of 3. vanishes. In other
words, it is regular if the kernel of 9. has real dimension 2x.

For every disk p : (X, 0%) — (X x i, 1_\¢0), we have a loop of 2n-dimensional
real subspaces {R*(¢”) |0 < 6 < 27} in G*. By fixing a real R*" subspace in T 1, #A,
this induces a map from 9% to GL(2r, C)/GL(21, R). In general, this map may not
be lifted to a map from 0% to Gl(2n, G). However, this property of being able to
be lifted to C* (0%, GL(2#r, C)) is invariant under continuous deformation of the disk
(including varying boundary conditions). A disk is called #rwal if all real subspaces
R?(¢”) are equal to a constant 2n-dimensional real subspace (independent of ¢?). For
a trivial disk, its induced loop always admits a lifting to GL(2#r, C). Therefore, if a disk
is path-connected to a trivial disk, then its induced loop must admit a lifting to an map
C* (0%, GL(2n, C)). We call this an associated loop of the disk p. It is clear that associated
loop is defined up to multiplication by -Z*GL(2r, C) on the left. Here ZGL(2n, C) =
C>(0%, GL(2n, C)), while £TGL(2nr, C) C C>®(3X, GL(2n, C)) is the set of loops
which can be extended to a holomorphic map C*(%, GL(2r, C)). In this paper, we
only consider discs which are path connected to a trivial disc. For these holomorphic
discs, it is natural to consider the partial indices which are independent of the lifting.
According to [31], [16] and [21], using a special form of Birkhofl factorization, we
have

Theorem AP, — Let p : S' = 3% — R*(0) be a loop of totally real 2n dimen-
swnal sub-spaces in C*. Suppose that p is induced by some holomorphic disk p : (X, 0%) —>
(2 X W, Ny,). Then, this loop map may be represented as

p2) = O(RAR) -R”, zedT =8
where O(z) € LGL(2n, C) and A(z2) is a diagonal matrix:
A@R) =1[", 2., 2™, Vzeoxs.

Here (ky, ko, ..., ko) 15 called partial indices of the loop p. Moreover, these partial indices
have the following properties:

13 For the generic Maslov indice, this theorem was first obtained by [14] for complex surface. It was generalized
to all dimensions in [16] with the assumption that all of the partial indices are non-negative. This last restriction
was removed in [21]. The present statement follows the format in [21].
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1. Each individual partial indice s not invariant under continuous deformation. However, the
total sum of all partial indices 1s precisely the normal Maslov indice. Then, the total sum
is tnvariant under any continuous deformation. Thus,

2n
/fi =M = 0.
i=1

2. A disk s Fredholm regular if and only if all of its partial indices > —1.

Using this theorem, Oh was able to reduce the equation for kernel vectors to

a scalar equation:
% _
=0, Vze X,

£(z) = 4 .R, VzeS.

u =

This equation has no solutions when £ < —1. For & > 0, this equation has
exactly 4 + 1 linearly independent solution while each solution is a polynomial in z
with degree £;.

Theorem B. — Suppose [ s a regular disk whose partial indice decomposition (ky, ko,
ces Koy) contains exactly | < n number of partial indices which equals —1. Then the kernel matrix
of this disk has co-rank at least | everywhere in the interior of this disk.

This can be easily derived from [16] and [21].

3.2. The umwersal moduli space is regular

Define
g = U 1_\4)0 ’
$oeC® (I, )
and
r= U 4.,
PoeC®(d%, )
where ./, is the moduli space of all holomorphic disks with vanishing normal Maslov
indice:
p:(Z,0%) = ( x #r, Ag,).
Clearly, ¢ is an infinite dimensional manifold. There is a natural projection p : T — ¢
such that for any ¢y € C*(9Z, 7), the moduli space .#,, is mapped to Ag,.
Recall that the Moduli space is smooth if every holomorphic disk in this Modul:

space 1s regular. It follows from the following lemma and the Sard—-Smale transversality
theorem that .#,, is smooth for a generic boundary value ¢.
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Lemma 3.2.1'*. — The universal moduli space p : X — 4 is smooth.

Progf. — The tangent space of ¢ at ¢, can be considered as
Typ9 =C¥OE xM), V¢, e CT0OX, ).

Let ¢, — 0 be a sequence of positive numbers which converges to zero. Denote € =
(61, €9, ) Set

o0
¢ = €, max |D*f(v)].
ume;;mmm|ﬂn

This defines an €-norm on
C (Ay) ={/ € CZOT x M) | | /]le < o0}

This norm has been introduced by Floer in a different context. Under this norm,
Cf(Ay,) is a Banach space. We can choose € so that C¢(Ay,) is dense in C* (3% x M)
with respect to the L* norm.

Now fix s > | and define

F =7 =H"(Z, = x #r)

which is a Sobolev space of all maps w : ¥ — X x # whose (s + )" derivatives
are in L2, For any boundary map ¢, : ¥ — J#, the totally real submanifold A, of
¥ X W is a point in . For any small r positive, we define a r-neighborhood of this
point in ¥ as:

N (Bg) = {Apis | ISl <7 and f € C¥OT x M)},
The corresponding neighborhood of holomorphic disks is
M = M(N (Ay,)
= {(0. Dgyiy) 1 9p =0, plos C Agyays 1SNl <7}
For each p € #, define the pulled back bundle as
B, = (0" W)

consisting of all H'-sections of p*T#4 on X. Set

#=\])%,=JH0TH.

pEF peEF

" This was first carried out in [22] in the context of Lagrange/totally real submanifold. For convenience of
readers, we include a proof of this transversality below.



26 X. X. CHEN, G. TIAN

This is a smooth bundle over .%. We further set

Q(Ay) :=HT7(0E, T x #4) NCPOT, Ay,).

This is simply the space of H'ts maps from 0% to Ay,. By the trace theorem, for
each map p € H'T(Z, T x #4y), its boundary map plys lies in Q(T x #4y) =
H*+2(0%, ¥ x #4;). Now we define a map

A F x N(ANg) = B xQAy,)
by

AP, Agyir) = (30, 9y (Plax))

where @y s 1 Ay, = Ag s identifies the small perturbation Ay s with Ay . Denote
by

d,  _
Xf - @(¢¢ol+ff)}z=0 € TA¢0</V(A‘7’0)'

Consequently, Ty, -4 (Ag,) consists of all such fields X, for / € G*(dZ x M). Note
that

M = A0} x Q(Ay,)).

The goal here is to show that the map A is transverse to the submanifold at
{0} x Q(Ag) C B x QI x #u). Then it follows that .Z is a smooth Banach sub-

manifold of .7#* x A (Ay,). Moreover, by the elliptic regularity theory, M is a smooth
Banach submanifold of .#* x A (Ay,) for all s> 1.

For any small / € C* (90X x M), we set ¢ = @y, for simplicity. To show the
transversality, we need to show

(3.1) Im, TP,A¢>0+f(g X JV(A(PO)) +{0}&® T¢_1(P|32)Q(A¢o)
= To.¢-1(plox) (B X Q(OT x HA1),

where (o, Ag4p) € F X N (Ay,). If (§,X;) €T
forward calculation shows that

(F x N (Ay,)), then a straight-

P Doy +f

Im, (8, Xf) = (55, Xf —&lyz).

Clearly, the LHS (left hand side) of (3.1) is a subspace of the RHS (right hand side).
We need to show that the normal space to LHS in the RHS of (3.1) is null. Suppose
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that (r, @) is in such an normal space, that is, (r, @) L Imx (&, X;) and (r, ) L ({0}
Ty1(p155)S2(Ag,)). The second condition implies

o€ (T¢_1 (PIa):)Q(A%))J_'

In other words, « represents some variation normal to T¢;1( ols) $2(Agy). The first con-
0

dition implies that

f(ég, r) +f Xy — €lax, o) = 0.
> o%

Integrating by parts, we have

/(S, Vi + | Elaz, e “r—a)dd + | (X — &lys, @)d = 0.
b> ) )

Thus
(3.2) VJ?’ = O,
(3.3) —alys + ¢ Prlz =0,

at =0.

Equation (3.4) shows that o must be tangent to Ty-1(),5)S2(Ag,). On the other
hand, o must be also normal to this space. Then, & = 0. Consequently, 7|35z = 0 by
(3.3). This, together with (3.2), implies that » = 0 in X¥. This completes the proof of
transversality. o

The same arguments also show that for a generic path ¥ : [0, 1] X 0¥ > 7,
the total moduli |, ,,-#¥(t, -) is smooth.

3.3. Selection of a generic path

Next we turn our attention to variations of an arbitrary disk / in the universal
moduli space of holomorphic disks. As before, for every disk, it induces a map from
0% to the space of totally real 2z plane in G*". Since all disks concerned are path
connected to a trivial disk, this induced map can be lifted to a map from the universal
moduli space of holomorphic disks to the loop space ZGL(2r, C). It is well defined
up to some normalization of the induced normal bundle of p*T',#4 over Z. In other
words, it is a map from a holomorphic disk to ZGL(2nr, C)/Z*GL(2n, C). Define
a fiber bundle € over .# such that each fibre is isomorphic to

ZGL(2n, C)/ £ GL(2n, C).
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This defines a natural map from the universal moduli space .# to this fibre bundle
x99 —>C

which simply maps each holomorphic disk to its associated loop in ZGl(2xr, C)/
ZLTGI(2n, C).

It is well known that ZGL(2n, C)/Z*GL(2r, C) admits a smooth stratification
of loops by its partial indice £ = (k, ko, ..., ky,). A somewhat lengthy calculation'’

shows

Lemma 3.3.1. — For the smooth stratification of £LGL(2n, C)/ZL+GL(2n, C) by s
partial indices k = (ky, ko, ..., ko), the real codimension of each component indexed by k is

2n 2n
3 NS
i=1 j=it]
where ki = ko > -+« > ko,. Moreover,
1 if & >k and 1 <}j,

0 otherwise.

Let Sy, S1, Sg, S be the set of loops whose partial indices satisfy:

1. All partial indices in S, are equal to 0;

2. All partial indices are of the form (1,0, ...,0, —1) in Sy;

3. At least two of the partial indices equal to —1 in Sy, but no partial indice is
< -2

4. At least one partial indice in S is less or equal to —2.

According to Lemma 3.3.1, S, is in generic position, while the real codimension
for S, is 1. For S C ZGL(2n, C)/£*GL(2n, C), suppose that k > ky, and k&, < =2,
Vi€ [1,2n]. Then the codimension is:

2n  2n
d=>"> (k—k—hx)

i=1 j=i+]
2n

> Z(/fl — an - )\i(Qn))
P 2

= Z/{l + Z(_an) - Z)\‘i(Zﬂ)
i=1 i=1 =1

2n—1

on
>0+ Y 2=Y 1=2+1
=1

=1

15 A proof can be founded in Section 9.



GEOMETRY OF KAHLER METRICS AND FOLIATIONS BY HOLOMORPHIC DISCS 29

For Sy, we can assume ko,_; = ko, = —1. Thus,
2n on
T3 TS
i=1 j=itl
2n—1 2n—2
> Z(/fi — koum1 — Aiu—1y)) + Z(/fi — ko — Aicony)
=1 =1
2n—2 2n—2 2n—2
=2 Z ki + Z(—an — kyu1) — Z()"i(Qn) + Ai@n—1))
=1 =1 =1
2n—2 2n—2

= 2(kop—1 + ko) + Z(—/‘% — koy—1) — Z()\‘i(Zrz) + Ai@n—1))

=1 =1

>442@2n—2)—22n—2) = 4.
According to Lemma 3.3.1, we have

ZGL(2n, ) /£ GL(21,C) = Sy US, US, USS
=S, U (7 USI™) US, US.

Here S{* denotes all of the holomorphic disks in S; which are super regular at z =0
and

Sl — S?J n S?ll.d.f..
It is straightforward to check that S7*" has at least codimension 1 in S,.

Proposition 3.3.2. — This map * s a submersion at any embedded disk of M.

Proof. — We need to show that x is a submersion at a regular disk or at a non-
regular but embedded disk. The first assertion follows from the fact that any regu-
lar holomorphic disk / with boundary in a totally real submanifold is stable under
a small deformation of the boundary map. To be more explicit, let / : (¥,0%) —
(X x #, Ay,) be a holomorphic disk with vanishing normal Masloy indice. If f is
regular in the sense of Iredholm theory, then there is a holomorphic disk f 4 §f such
that its boundary lies in some R*'(¢?) + 8§P(¢?). For this family of holomorphic disks,
the associated loop is exactly £46¢. Thus, “x” is an submersion at the image (under )
of every regular holomorphic disk.

Now suppose that x(f) =£ € S C €. Since € is a smooth infinite dimensional
manifold which admits a smooth stratification by partial indices. More specifically, the
space of loop matrices in Gl(2r, R), may be decomposed to a union of SoUS,; US,US.
Here we are only considering S which lie in a connected component of S; US,; U S,.
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Therefore, there always exists a path 6£(f) such that §¢(0) = 0; and £+ 8(f) € €\ S
when ¢ # 0. Consider

£1(20%) - x| 6.Lo)).
fesS!

Here L(0) is a totally real sub-manifold in (0, #) for any 6 € S'. At the tangential
level, Ty # is a trivial C*" bundle over X. Using this trivialization, we may assume

TreL(6) = R*(0) = A®H) - R*
for some R? fixed in Tyy#u. Here A(0) € GI(2n, C). Clearly, £ can be lifted up to
be a loop in Gl(2r, C) and

20) = A@6), VOeS.

The tangent space of ZGL(2n, G) at £ can be represented by a smooth 1-parameter
family of loops of matrices (—e <t < €):

€1,0) = AO)I + B®), VYoes.

The surjectivity at f is equivalent to the existence of a pre-image for this path £(¢, 0)
with respect to an arbitrary loop matrix B. Near a small tubular neighborhood of
L(0) € #;, we define a product metric (so L(6) becomes totally geodesic in #y). Call
this metric gg. Define

L(t,0) = expy g, (AO) I+ B(©))) - R,

where (A(6)(I4-/B(0)))-R" represents the n-dimensional plane spanned by it in T #.
Clearly, L(0, 8) = L(0). Define f(¢) to be a family of disks in the total moduli space

S (2,0%) > (2 x 7, | J©. L. ),
fes!

such that the image of each f(¢) is identified with f, but they represent a 1-parameter
path of holomorphic disks in the total moduli space'®. Clearly,

*( /() = £@).
In other words, the map * is transversal to S C . ZGL(2n, C)/Z*GL(2n, C). O

Next we want to use this submersion map * to calculate the codimension of
various components of the universal moduli space.

16 Consider all holomorphic discs in a complex manifold whose boundary lies in some totally real submanifold.
It is possible to fix a holomorphic disc while deforming the totally really submanifold such that the boundary of this
disc still lies in these “new boundary totally real submanifolds.” One one hand, there is only one holomorphic disc
since we never change it. On the other hand, in this total moduli space of holomorphic discs, it clearly represents
a one parameter family of discs in a one parameter family of moduli space.
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Note that *7'Sp, x7'S;, * 'Sy and *~'S are smooth manifold or submanifold
in ./, where 'S, are the set of all super regular disks which is generic in .Z, *~'S,,
*~'S, are submanifolds of regular holomorphic disks in . with real codimension at
least 1 and 4. Finally, 'S is the smooth submanifold of all irregular disks in ./ with
real codimension at least 2n 4+ 1. This, together with the remark at the end of last
section, implies

Theorem 3.3.3. — For any path ¢ : [0, 1] — C®X, J,) such that M., con-
lains a super regular disk with vamishing normal Maslov invariant, there exists a generic path (we
stll denote it by ), which 1s arbitrarily close to the original path, such that the total moduli
Uopeset {8} X Ay is a smooth 2n + 1-dimensional manifold. Moreover, there is a connected
component //l]/? of this total moduli such that the followings hold:

1. 1t contains super-regular disk(s) in the initial moduli My, .;

2. The set of disks with partial indices (0, 0, ..., 0) ///12 i open and dense in this con-
nected component;

3. The set of disks with partial indices (1,0,0, ..., 0, —1) has codimension at least 1 in
///2. The set of disks with partial indice (1,0, ..., 0, —1) but not super-regular at z = 0
has codimension 2 and higher;

4. The set of all other holomorphic disks has codimension 2 and higher;

5. There exist at most finitely many non-regular disks n the total modul.

3.4. Almost super regular foliations

In this subsection, we first introduce a new notion almeost super regular foli-
ation. An almost super regular foliation is certainly a nearly smooth foliation. Like
a nearly smooth foliation, an almost super regular foliation is not a foliation in 1its tar-
get manifold! Rather, the image of its evaluation map foliated an open dense subset in
¥ x M. Recalled the natural projection 7 : #{,; — M by forgetting its second com-
ponent. A regular disk / in .#,, is called super regular at z € X if the Jacobi map
of o ev 1s non-singular at z € X. It is called super regular if it is super regular at
every point of X. It is called almost super regular if it is super regular in X°. Ob-
viously, a super regular disc is necessary an almost super regular disc and an almost
super regular disc is necessary a regular disc.

Definition 3.4.1. — For any boundary map ¢y € C*(0X, F7,), an open and connected
2n dimensional subset Uy, C My, s called an almost super regular foliation if

1. 1t 15 a nearly smooth foliation (cf: Definition 1.4.2);
2. Every disk i ?2% ws regular except perhaps at most a set of finitely many disks. Further-

more, the set of almost super regular disks has co-dimension at least 1, while the set of all

disks of other types has at least co-dimension 2 or higher.
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A moduli space # is called super regular if all its discs in one con-
nected component consists only super regular discs. Clearly, for any boundary map
¢y € C*(0X, J7,), an almost super regular foliation .%, is super regular if % =

%o = ‘%dﬁo'

Proposition 3.4.2. — If Fy, is an almost super regular foliation, then ?2% induces a_foli-

ation in X° x M via 7 o ev, except at most a set of codimension 2.
Proof. — It is clear. o

Corollary 3.4.3. — For an almost super regular foliation, two disks intersect at most at
subset of of £ x M with codimension 2 or higher. In particular, no two super regular discs intersect
in the interor of X X M.

This in turns implies

Corollary 3.4.4. — For any almost smooth solution ¢ of (1.1) which corresponds to an
almost  super regular foliation, the leaf vector field X which anmihilate the Levi  form
wiwy + ~/—130¢ is smooth in Vs, and is uniformly bounded in T° x M.

Proposition 3.4.5. — For a generic boundary map ¢y : 0% — F, such that every embed-

ded disk in My, is regular, then ils connected component Uy, C My, is a smooth manifold without
boundary.

Progf. — Tor any sequence of holomorphic disks f; € %,, the leaf vector field
X has uniform upper bound. It follows that there is a subsequence (which we still
denoted as { f;, £ € .#}), such that converges to a limiting embedded disk fo, € #,.
By our assumption, this limiting disk must be regular in the sense of Fredholm theory.
In particular, fi, is an interior point of .Z,. Consequently, %, is compact without
boundary. O

Proposition 3.4.6. — For a boundary map ¢ : 90X — H, such that all but possibly
Jinately many disks in My, are regular. Define Uy, to be the set of all super regular and all almost
super regular disks. Suppose

1. ?2% \ ?2% has codimension 2 or higher;
2. The evaluation map is continuous on %0.

3. The covering index of 7 o ev_from Uy, lo its image is 1.

Then Uy, defines an almost super regular foliation. In particular, the covering indices for evaluation
map s 1.
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Proof. — Let N be the set of all regular discs in @2%. Consider the evaluation
of N in the central fibre {0} x M. The evaluation map is locally covering map from
generic points in N. Since dN is a set of isolated singular disks and the evaluation
map is continuous at this set, then the image of N must be {0} x M entirely. Since M
is connected, the covering indices must be some positive constant £ > 1 for generic
point. By our third assumption, £ = 1. Thus, there is only one connected component
which defines an almost super regular foliation. ]

Now, we introduce the notion of partially smooth foliation, which arises from limits
of almost super regular foliations under convergence of boundary maps in suitable
norms.

Definition 3.4.7. — For any boundary map ¢, € C*(9%, H,), an open 2n dimensional
subset Uy, C My, and closed subset Uy, C My, is called a partially smooth foliation
if the following conditions are met:

1. Uy, C Uy, C Uy,

2. Every disk in Uy, s super regular.

3. The evaluation map 7w o ev : X X ?de — X X M s a continuous onto map into its
tmage where the image s dense in 9% x M Moreover, the tmage of %O s X x M.

4. Any disk in Uy, doesn’t intersect with any other disk in %O n T° x M.

Recall that an almost smooth solution of the HCMA equation (1.1) corresponds
to a nearly smooth foliation. One can view a partaally smooth foliation as a sequential
limit of nearly smooth foliations, while a partially smooth solution can be viewed as a se-
quential limit of almost smooth solutions. In this regard, a partially smooth solution
corresponds conceptually to a partially smooth foliation.

3.4.1. Open-denseness of almost super regular disks. — In this subsection, we re-
formulate Theorem 3.3.3 in terms of a.s.r. or s.. holomorphic disks. Let us first de-
scribe some properties of holomorphic disks with either partial indices (0, 0, ..., 0) or
(1,0,...,0, =1).

Theorem 3.4.8. — Given a connected component of My, which consists of holomorphic
disks with partial indices (0, 0, ..., 0). If there exists at least one super regular disk in this connected
component, then all disks in this component are super regular.

Proof. — The set of super regular disks is open in the moduli space. Therefore,
we just need to show that it 1s closed among disks with partial indices (0, 0, ..., 0). Let
{fi 1 (2,0%) = (Zx W, Ag,)} be a sequence of super regular disks such that f; — f
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smoothly (cf. in C**(Z, £ x #4)- norm'’) in .#,. We want to prove that if / has
partial indices (0, 0, ..., 0), then f is also super regular.

Since f is regular, there is a small neighborhood 0y C .#, of f such that e :
X x Oy — ¥ x #y is smooth. Put F =m o ev. Let 1, &y, ..., &, be local coordinates of
Oy, write

dev

s () = €T, % 1<k=<2n

Ol e(z,f)

Then, {sk}iil is a basis of the Kernel space of the ] operator. Moreover, at each image
point ev(z, f), the set of 2n vertical vectors {sk},%il is also a basis of the “vertical” tan-
gential subspace T, #. Since #y is locally the same as T*M, its tangent space
naturally splits into a TM part and the tangent space of the fibre direction. Denote
by (:) the corresponding two components of any kernel vector, where u, v € C”". Set
the £-th kernel vector as
0 _ uy’

5 1 <k=<2n

v,(j) ’

According to Proposition 2.3.4, there exists a solution ¢ of (1.1) in 7 o
ew(X x Or) with &P azxm = Golozsxar. By Proposition 2.3.8, there is a uniform C such
that

00| < C.

For any point (z, x) in the image of 7 o ev(z, f), let U be a small open set of x

in M. Then
‘ 926 ‘ 92 0]
G(Z) — go aﬁ + ¢ _ > O, S(z) — (p + ¢ ) ,
’ xn 0w, dwg

where wy = go’agdw“dijﬂ = 30p in U. By a straightforward calculation, we have that
for any (z, w) € fi(2),

<3°5) (U/(Ci))nxl = szlln ’ (Zzlii));le + S;Z>)<ﬂ ’ (u/(fi))nxl'

It is clear from here that {v,(f)}nxl is not tensorial in the usual sense since S*, is not.

nxn

However,

@) () @) @) () (@)
Uy Uy et U, Uy Uy Uy,

@) (@) =) =) ~(1)

0 - det GV
vp0 Uy ot Uy Uy Up e Uy,

(3.6) det

'7 This regularity assumption is not optimal.
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is both real and holomorphic. Note that the right hand side is a function independent
of the choice of local coordinate in M. Thus, the left side is well defined in X and
it must be a positive constant along the disc. Suppose this constant is ¢'® in each

holomorphic disk. Then,

@) @) (@)
u U e U .
det| 5 g i | - det G = .
Uy Uy Uy,
A more global view of (3.6) is
(7 0 )"l Wl

dy Ndty Ao Ndby,  dl Ndy A Ndby | s

Since f; is a super regular disk,

(@) (@) (@)
U U Uy,

(3.7) det( | 2 ) #£0
U Uy Tt Uy,

holds everywhere in f(X). Note that the left side of (3.7) is exactly the Jacobian of
7 o ev. By our assumptions, f is a disk with partial indices (0, 0, ..., 0), that is, the
kernel matrix is nowhere singular:

OING W
U U v U,

det| o o | #0
I

everywhere in f(X). What we need to prove is that the inequality (3.7) hold every-
where in f(X). For eo( f;, ¥), it is easy to see that this sequence of constants {¢;, 7 € A}
has both uniform upper and lower bound, provided that the limiting disk / has partial
indices (0, 0, ..., 0). Since det G® < C, we deduce

det (Zfl lf? e Zan) > O
Uy Ug v Uy
along the limiting disk /. This completes the proof of this theorem. ]

However, we can squeeze a little more out from the arguments above. Let / be
a holomorphic disk with partial indice (1, 0, ..., 0, —1) which 1s super regular at z = 0.
We claim that f is almost super regular. In fact, the condition implies that

@ @) (@)
u U cee U
det [ 1 2 2n £ 0.
S0 20 =)
U Uy Uy, 2=0

'8 When restricted to each {z} x M, our normalization forces the first term on the right hand side to be
positive.
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On the other hand, according to (3.6), for each f;, we have

(@) (@) @) (@) (@) @)
. Uy™ Uy o Ugy ) U™ Uy e Uy, o)
a=det{ , 0= det{ _,, _o i det G
0 O2n U U Ugn

Using local deformation theory in next subsection (Corollary 4.2.11), logdet G is
a subharmonic function in X. Moreover, it is uniformly bounded from above. Set

(@) (@) (@)
u u DR u
hi=logdet| , o
: (
along fi(¥). Then A (¢ = 1,2,...) is a uniformly bounded subharmonic function
on f;(X). Moreover, we have (cf. Proposition 4.2.4)
Ak =|— A logdetG”| <C, Vzex

Then Harnack inequality for harmonic function implies that either %; approaches to
—o0 everywhere in any compact subset of £ or stays uniformly bounded in any com-
pact subset of X°. Since 4;(0) is uniformly bounded, we have

ll_lglo hi(z) = h(z)

O ORI G
= log det _ii) _i’) _fz") >_—00, Vzex’
Uy Uy e Uy, o f,5)

Consequently, / i3 almost super regular. Thus, we have proved

Theorem 3.4.9. — If a holomorphic disk with partial indices (1,0, ..., 0, —1) s super
regular at one interior pont and it can be connected to disks of partial indices (0, 0, ..., 0), then it
is almost super regular.

In view of these two theorems, we can reinterpret Theorem 3.3.3 as

Theorem 3.4.10. — Guwen any path  : [0, 1] — C®X, J7,) such that My,
contains a super regular disk with vanishing Maslov disk, there exists a generic path (still denoted by
W for simplicity), which is arbitrarily close to the given path, such that for this new path, a connected
component ///12 of the total moduli space \Jy- -\ {s} X My, which contains the initial super
regular disk, s a smooth 2n 4 1-dimension manifold. Moreover, the followings hold

1. The set of super regular disks is open and dense in this connected component;

2. The set of almost super regular disks has codimension at least 1 wn this component;

3. The set of disks, which are neither super regular nor almost super regular, has codimension
at least 2;

4. There exist at most finitely many vrregular disks in the total moduli space.
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Moreover, there exist at most finitely many points 0 < t; < ly < -+ < t; < 1 such that for any
t# 4 (1 <@ <), al disks in My, are regular and its subset of disks in M), which are
neither super regular nor almost super regular, has codimension at least 2. When t = 1; for some 1,
My ﬂ///ﬁ may either contain some isolated irregular disks or a subset of disks which are neither
super regular nor almost super regular which has exactly codimension 1.

3.4.2. Almost super regular foliations along a generic path. — In this subsection, we
prove openness and closeness of almost super regular foliations along a generic path,
which is assured by Theorem 3.4.10.

Theorem 3.4.11. — Let  : [0, 1] > C®(X, J,) be a generic path with properties
specified in Theorem 3.4.10. Suppose that M) N //{3 is connected and it defines an almost
super regular foliation with boundary mamfold A . Here //l]/? i the connected component
defined in Theorem 3.4.10. Then for each t, My ﬂ///$ us connected and induces a foliation n an
open dense subset of X x M. Moreover, this component gives rise to an almost super regular foliation
except at most a finite number of times.

We first prove

Lemma 3.4.12. — For a sequence of 7;,1 € N(lim o 7; = ¢ € (0, 1]) such that
Py 15 a sequence of almost super regular foliations. Suppose that ¢; is the corresponding sequence
of almost smooth solutions and 1im,_, o ¢; = Poo. Then, ¢oo 15 a partially smooth solution of (1.1)
and Ry, (regular part of wy. ) is an open dense subset of X x M. Moreover, there is a unique
connected component of My ., which is the limit of Py, .. Fither this component is regular in
which case there is an almost super regular foliation Fy.., for t > t; or this component is an almost
super regular foliation itself.

Proof — We will assume some results in Section 5, such as, Theorem 5.0.17,
Theorem 5.0.14, Formula 5.2 etc. Their proof has nothing to do with discussions in
this section and will be given later.

Following Theorem 5.0.17, after passing to a subsequence, F, o) converges to
a partially smooth foliation %, .), where %y ..., denotes the set of all its super regu-
lar disks. Theorem 5.0.15 implies that there is at least one super regular disk which is
the limit of a sequence of super regular disks in .%,;, with uniformly bounded cap-
acity (cf. Formula 5.2). Therefore, %..,.) is non-empty.

For convenience, let # be the union of all disks in .#,_ ., which are sequential
limits of disks in %, ;,. By definition, any leaf in 4, is the limit of some sequence of
disks in ., . Following Theorem 5.0.14, for any such sequence of disks, the corres-
ponding sequence of leaf vector field in TM has a uniform upper bound on length.
In particular, all leaves in % have a uniform upper bound on the length of their leaf
vector fields. Consequently, any sequence in % must have a convergent subsequence
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where the limit is an embedded disk in ., _. It follows that & is a closed, bounded set
in the moduli space. On the other hand, by the choice of our generic path in The-
orem 3.4.10, the moduli space at { = 7o, admits at most finitely many non-regular,
embedded disks. Therefore, all disks in %, except at most a finite number of disks,
are regular. Consequently, the evaluation map is continuous everywhere in % and dif
ferentiable except at most a finite number of points (leaves).

Moreover, %y, is an open dense, and irreducible subset of A. If t,, # {,
(1 < k < 1), then all disks in Z are regular and the set of disks which are nei-
ther super regular nor almost super regular has codimension at least 2. In this case,
B = Py, is an almost super regular foliation. On the other hand, if 7o, = # for
some £, then either % contains a finite number of singular disks, or all disks in %
are regular where the codimension for non-almost super regular or non-super regu-
lar disks may be 1. In the case that # contains a finite number of isolated disks, the
codimension of non super regular disks or non almost super regular disks must have
codimension 2 or higher. In this case, & defines an almost super regular foliation.
The last remaining case is that 4 is regular but the set of non-super regular or non-
almost super regular disks may have codimension 1. In this case, we can perturb this
component & for ¢t — ¢ > 0 small. Because covering index for evulation map is con-
stant through continuous defomation, the covering index for super regular discs in %
at time ¢ must be 1. Following Proposition 3.4.6, the connected component after per-
turbation defines an almost super regular foliation for ¢ > 7.

In all cases, it is easy to see that ¢ is smooth in an open dense subset %,
of ¥ x M. Moreover, we can show that 4 is unique since the corresponding partially
smooth solution in the limit is unique. This in particular implies that the limit .
is independent of the time sequence 7; — 00. O

Now we return to prove our main theorem.

Proof. — To prove openness, we assume .%,;., is an almost super regular foli-
ation. Here we follow the notations in Theorem 3.4.10. Without loss of generality,
we may assume t<t.If <1, then Ay, is smooth. In particular, the connected
component %y is smooth without boundary. Following from the standard deforma-
tion theory, this component will deform to a smooth component @ZW,.) of My, for
t—1¢ > 0 small enough. By Theorems 3.4.8 and 3.4.10, @ZW,.) induces an almost super
regular foliation, so the openness follows in this case.

Now assume ¢ = f;. We want to show that for #;, = ¢ < t < f,, there is an almost
super regular foliation %, ..

By our choice of the generic path ¥, we may assume that there are a finite
number of embedded, non-regular disks in %_1/,@ W\ ). Since we are interested in
preserving this connected component %), we want to rule out the possibility of ei-
ther a “merge in” or “spin off” occurring. In other words, there might be component
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of ., connecting with %_1,,(;,) through these isolated singular disks: Two compo-
nents before ¢ = ¢ may merge locally into one smooth connected component after
t = t. The situation can also occur in the reverse order: an open set of the moduli
My, may pinch off of a “neck S*~'” at ¢t = 7 and go on to become two separate
components after / = £, at least locally near this “neck.” We call the first case “merge-
in” and the second case “pinching-oftf”. If either one occurs, this “good” component
will change after singular disks. The deformation of almost super regular foliations is
impossible if either of these phenomenon occur beyond the time when singular disks
appear. We will deal only with the “merge-in” case here, since the other cases (like the
“pinching-oft” case) can be handled in a similar fashion.

Note that the “merge-in” of the moduli spaces occurs only at singular disks. Since
there is only finite number of singular disks and “merge in” only occur locally near
singular disk, we may assume without loss of generality, there is only one non-regular
disk 7 in %y

Without loss of generality, set ¢ = £} and 4, = M0y is an almost super regular
foliation for any ¢ € (0,7] . Suppose f is the only isolated singular disk at = 7. Then
the metric ball B,(f) in .#; can be represented by a cone in R**+!:

k 2n+1
2 2 _
E X — ¥, =0
i=1 i=k+1
where
2n+1
E xf <
i=k+1
Here (0,0, ...,0) represent f. The “merge in” or “spin off” case corresponds to
k = 2n or k£ = 1. We only discuss the “merge in” case here. For / — ¢ small, the

corresponding metric ball in .Z; is

2n
2 2 _ n 2 2 7
Z :xi — Xopp1 = =1, Xont1 <r+it—1t, x4 > 0.

i=1
For ¢ — 7 small, the corresponding metric ball in .Z, is

2n

2n

2 2 _ n 2 2 -

E X — Xy =1 — 1, E X, <1 +t—1.
k=1

=1

Choose a continuous path of disks /() € .4y, such that f(¢) =f and f(O(t £ 1) is
either super regular or almost super regular disk. For notational simplicity, we denote
f(@) by f. Note that for » > 0 small enough, the intersection B, ( f ) N ., consists of
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two disjoint disks for ¢ < #, but is cylinder-like for ¢ > 7. We consider the intersection
of this ball with the central fibre {0} x M. In this proof, we use ev to denote the map
o ev(0, ). Set ev(f) = ).

Note that for ¢ > 7, the boundary of B,( f ) consists of two components N, ~
N, &~ $?"~! (& means diffeomorphic to) which are homotopic to each other in B,(f).
These boundary spheres are perturbations of dB,(f) N .#,;.,. Let us pick up one of

these spheres, say N, for ¢ > 7. Note that each component of eo(B,(/)N.#,;.,) bounds
a deformation retractable domain in the central fibre {0} x M. By continuity, eo(IN))
also bounds a domain €2 which is deformation contractible to an interior point ¢ € €2
for ¢ — ¢ sufficiently small. Let us denote this contraction by F : [0, 1] x eo(N;) > Q
such that F(0, p) = p and F(1, p) = ¢ for any p € ev(N;). Since the set of disks which
are neither super regular nor almost super regular has codimension 2 or higher, there
1s an open subset V C ev(N;) such that F([0, 1) x V) does not intersect with the image
of the set of disks which are neither super regular nor almost super regular. Now we
can lift this F([0, 1) X V) to .#, since any point in the subset has its pre-image covered
by either an super regular disks or an almost super regular disk. This implies that there
is a subset N3 such that ev(Ns) is a single point, where N3 consists of all limiting points
of the lifting of [0, 1) x V. Clearly, any disk in Nj is neither super regular nor almost
super regular. Observing that N3 has codimension one, we get a contradiction to the
fact that the set of all disks which are not almost super regular has codimension at
least two.

By similar arguments, we can prove that there is no “pinching-off” at t =7 O

4. Basic curvature equations along leaves

4.1. Introduction

In this section, we show some deformation results for the homogenous complex
Monge-Ampere equations. In particular, we give a basic curvature formula for the
restriction of involved metric to leaves (the integration curve of Kernel direction to
the Levi form of the solution). This formula plays a crucial role in deriving key a priori
estimates. Suppose that ¢ is a solution of (1.1). Suppose that the mjw + V—100¢,
referred as the Lev: form, has constant co-rank 1. This gives rise to a foliation of the
domain by holomorphic disks. We further assume that:

At each point of the domain, the leaf vector is always transversal
to M in ¥ x M.

Under this assumption, the Lev: form restricts to a Kahler metric in M for each
z € Z. In this way, a solution of (1.1) can be alternatively viewed as a disk family of
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Kéhler metrics satisfying certain geometric conditions. We will study the restriction of
the complex tangent bundle TM over this family of holomorphic disks. These bundles
are equipped with natural Hermitian metrics (the varying Levi form of the underlying
solution). Thus, we get a family of Hermitian bundle over disks. In this section, we will
compute curvature of these Hermitian bundles. The main results are

1. The curvature of these Hermitian metrics is always non-positive (The-
orem 4.2.8);

2. The foliation is holomorphic if and only if the “trace of the curvature” of
these Hermitian metrics vanishes (Theorem 4.2.9);

3. The trace of the Hermitian curvature is always super harmonic (Corol-
lary 4.2.11).

The results in this section lay foundation for global deformation of almost super
regular foliations in this paper.

4.2. Curvature formulas

In local coordinate, we write

wy =~—1 Z Z0.apd® A duw®, wy = —1 Z Zp.apdw® A du®
a,B=1 o, =1
where
9%

awaaa_e)ﬂ ’

paf = L.af T Ya,8=1,2,..,n

As before, z denotes the coordinate variable of ¥. Then (1.1) can be re-written as

Fp 5 0P ¢ _0

4.1 _ _
(#.1) 0207 % 92905 020w,

Here we are assuming that wy = wj + +/ —189¢, in M. In this section, we will simply
write g for the metric g, if there is no confusion. Write the leaf vector field (cf. Defin-
ition 1.4.3) as

n a n B 82¢ a
_ o _ _aB
(4.2) x= ; T ow, X_; & 820w, oy

Denote the linearized operator by A,. There is a natural splitting of this opera-
tor since all disks are holomorphic:

0

dw,

_ 9
(4.3) A, =00.  where .= o + "
Z
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Proposition 4.2.1. — The leaf vector field X (¢f. Definition 1.3) s holomorphic in z. In
other words

(4.4) (9., 0.] = 8:X = 0.

Progf. — Direct calculation. O

Proposition 4.2.2. — The commutator of local differential operator on 'TM and the leaf

derwative 9, 1s

0 on® 0 0 on® 0
(4.5) 0, —|=—— ) 0, — |=—7—= .
T dw; dw; dw, T dw; ow; dw,

Proof

5 | 8+a8 a | o 9
T ow; | | 9z 7 dw, dw; | dw dw,’

3
29 a _i
an”

Remark 4.2.3. — Note that % is not a globally well defined tensor, while 7= is
a globally well defined tensor since

A
B@i -4 8,5 ,i_f.

In a local coordinate chart, suppose g, ,; =

and

e L0 a7 a0
oz T dwy vw | T 9, 9wy i

92p
Owey dzvg

the z direction. Let ® denote the local Kédhler potential for g, then

where p is independent of

D =¢+p.
Proposition 4.2.4. — For global Kahler distortion potentials, the following s true:
(4.6) A.p =0.0.(¢) = —IX[2.

Proof. — By a straightforward calculation. ]
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Lemma 4.2.5 (The bootstrapping lemma). — The following commutation formula for the
third transversal derivatives holds

o~ - o~ . 0*D
4.7 — = —¢*%3. g, d = —g"P. )
( ) awi ‘glﬂ an 8&)2 £ ) 81@28@/3
Proof
’P o 0d dnp* 0P
0:8p =0V = 7—0.7— — -
dw;0wg dw; “0wg  Jw; dwgdw,
_ o
o awigaﬂ.
On the other hand,
5 ’P 9 9P  om* 9P
0w dig Oy g O, divpdw,
_ o
T T

O

Remark 4.2.6. — 'The significance of this equation (4.7) is that it changes the
Ist derivatives on the transversal direction into the Ist derivatives along the disk of
the 2nd order jet of local Kéhler potentials.

Lemma 4.2.7 (Regularity lemma). — The following equation holds along the disk (for any
a,1=1,2,..,n):

- on“ anh\ on* - on“ P\ on*
(4.8) 5.0 — (ZL) g 5.9 — (2L
) awi awi 8w,3 ) awi awi aw/g
Proof — This lemma follows from the commutation formula (4.5) and
Lemma 4.2.8 immediately. ]

The major obstacle in establishing an a priori estimate for (1.1) is that its lin-
earized operator A, only has rank 1. This is a severe restriction in deriving any mean-
ingful estimate directly. However, if we restrict the k—(k =0, 1, 2, ...) jet of the poten-
tial function @ along the disk first, we can study how these quantities changes along
this disc — in other words, what kind of equation(s) these quantities must satisfy. In this
section, we consider the second order jet of ® over this holomorphic disk. Notice that
the restriction of TM bundle to the disk is a trivial C" bundle. At each point, g4 is
a Hermitian metric m this TM bundle over disk. Suppose that (F§) is the curvature
of this metric. Then
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Theorem 4.2.8. — The curvature of the bundle metric is always non-positive.
Proof
F, = —0:(¢"9:8.0)
0w, ow:- dw,

It is not difficult to see that the last term in the right hand side is a Hermitian sym-
metric non-positive 2-tensors. For any holomorphic section s : ¥ — T"°M, we have

F(s,5) = ngﬁs)_’g%_/

A quick corollary follows

Theorem 4.2.9. — This foliation by holomorphic disks s a holomorphic foliation if and
only if the curvature of these Hermitian metrics vanishes.

Proof. — 'This is quite evident from Theorem 4.2.8. O

Proposition 4.2.10. — gﬁ{;iz; is holomorphic along the disk.

Proof

= 7 . - 7 877/3 - 7 877]

0.¢" = —¢"0.g0¢" = ¢" —gpd’ = 4" —.
awk awk

Now, we have

_ :877"‘ _ - 8770‘ - 8770‘

8 Z]— — a l] _ + l]a

z<g a@j) (9. )a@j ¢

a0 o - onP an®
=9 —_— - —gj P — =0
dwy, dww; dw; ) divg

Corollary 4.2.11", — The anti-canonical line bundle in M equipped with wy as Hermut-

wan metric, restricted to a holomorphic disk, has non-positive curvature. More precisely, we have

O

n ) n 87’0{ anl
(4.9) A logwy = 9.0, logw), = ( )

dav; \ 91t

Note that the right hand side measures whether the given geodesic (or disk version) s holomorphic or
not.

19 This was first derived in 1996 by the first author and S. Donaldson using some different methods.
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Proof. — In a local coordinate, we have
. n”
d.log! = g*Pd.g5, = ———.

. 108 () 4 \gﬂa awa

Thus,
. _ an” -  mf d
0.0.1 =—0.—=——0.— —— |n“
20,108 Wy zawa (awa f ity awf})’?
anﬁ on*
" dw, dwg —

> 0.
|

anb on® ; v .
Theorem 4.2.12. — Set =S = F¢ = iﬁ = ¢7¢ 58Py = O (this denoles
the covariant derwatives w.rt. g.) as the trace of the curvature of this TM bundle with Hermitian

metric gg. Then, this trace of curvature is sub-harmonic. More specifically, we have

, m* P o\ (- an' o oanf o™ an? anP on'
(4.10) 9.5.8= (a2 _ LA ) (5 o’ o oo O on” 9
ot " 0w, 8w aw,g " 0w, aw,, 0wy dw; dw,, 0wy, Jwg

0
— 87 ot 7 Bk 5l
7,

2
2
D zipD 5Dz = ;S

Proof. — According to Lemma 4.2.7, we have

_ o onf o

“dw; O, dg
Thus
_ n® mP\ an* P,
azaz—— = _az — — T a- 0. C
awi awi 8w5 awi 8wﬂ
_ o ot o’ on®
8w 8wp aw,g 8@ Zal?)/g ’
We have

Ner |
(EREE
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m*\ = (o' anf o™ ot oy’
=0, i_ 0, _77 + — L 77
"\ ow; )] "\ dwy, 0w; 0ivg 0wy aw,,

(anﬁ mP e P an® ) an'

0w, 0w, divg  d; iy ) O,

an® (onr anf oni 87758 an’
di; \ 3, dw, 0y O, ~ dibg

_ . <3’7 )3<3_’7) n an” on* on” o’ 5. (ﬁ) an” o'
dw; ] ~\ dwy, dw; dwg Jwy dw), "\ Qwg ) 0w; Owy
e anf _ o' anranf o oy’ o an’ anf an'
3w, Owps | O, Ow, Iy 0w,  Bew; duwy 0T, dwg

o ()i () At oy o o
dw; ] ~\ dwy, dw; dwg Jwy dw), "\ dw; ) dw), Jw,

P o an' o’ on® an” o' | on® on” on® o’

8w awﬁ awa dw; dw)y, dwg dw, 0w, dw, dw, dwg
_ <8, m*  onf 877"‘) <E_) an' B ﬁ%) anP an an' on’

“Ow, 0w, 0w, ) Bi; dwg 0D, Dy

3@ 0 duwp
amf o o an’  omt anf an* oyt on® onf onf oy’
dw; dwg dw, dw,  Ow; dw), dwg dw,  Ow; dw, dw, dwg

_ < o~ 8775 o~ ) < 8175 817 anﬁ> anP an* oanP o'

w0 " 97, 0wy B 07,

z8wl aw dwpg

e ot o’ P amt oamf am® o' am® oanf anf on’

dwg dwy dwy, dww;  dw; dw)y, dwg dw, W, dw, 0w, Jwg
_ <a on*  dn” on® ) <57 an" an anﬁ> an” on’ %a_n
‘awa aw,, 0wy dw; dw,, 0w, dwg

< ow; aw dwpg

The last equality holds because in the line above the last equation, the second term
and the 3rd cancel each other, while the 3rd and 4th term are the same.

Note that 9, gz) — ‘;Lui% 1s a tensor since
0 onP o~ d 0 9 o P [ on®
777_ 77_ n =—i+ i__i_ n T _ T
“0w;  Ow; dwg 0z 0w; ow, 0w;  dw; \ dwg
a oan“* 9 m* ot on?
- r r* O a
oz 90, " (aw, o 0w ) " aw
a oan“* o on? w
= 0w T T 55, 8
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Moreover, this is a (0,2) symmetric tensor since

am*  oamf o 5 By 0’ d P on®
ZaZI)Z' 8&@1 8wﬂ o £ zaz?)iaa?)ﬂ 8&)1 8wﬂ
. ; 07D : . 0°D on? on®
= g%y 5 P — o*8(9.)? —
25h48 81@18@3 £ ( Z) 81@28@5 872)2 8105
an? an“ z R P on*
= i_ L _gaﬁ(az)QT - L_ 1
dw; dw, dw;0wg  dw; dwg
z RR)
— af 9 2_~- =
§0)

= —¢%9, (a_¢> :
\az)

Thus, the first term in (4.10) can be changed into

5 om*  onf oan® 5 am o oanf
< 81@2 8@ 8w,3 < 8wa 81?)/, awa
z ’d - 9>P
= ¢/ (3,)" 2(9,)? > 0.
) 50,° %) e, =

The lemma is then proved. O

This theorem should be compared with Calabi’s third derivative estimate for
the non-degenerate Monge—-Ampere equation. Following a result of R. Osserman [23]
(later generalized by E. Calabi [3]), we have

Proposition 4.2.13. — Let d denote the Euclidean distance to the boundary of X, then there

exists a uniform constant C such that the trace of the curvature has the following interior estimate

n C
S0 = LS

a=1

5. Compactness of holomorphic disks

In this section, we continue our study of the HCMA equation from the point of
view initiated in the previous section. Namely, in the foliation by holomorphic disks
of ¥ x M, we study the family of restricted TM bundles equipped with the varying
Hermitian metric g,. For any ¢, : 9¥ — J, and any holomorphic disk / € .#,, we
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define its area as
(5.1) A(f) :f <gd5/\di+f*wo) .
z

Note that this is the area of wof(X¥) in £ x M, not the area of f(X) € X x #. When
no confusion is possible, we will not distinguish between f, 7w o f, or even my o7 o f.
Similarly, we also define the Capacity for any super regular disk / in .#}, by

(5.2) Cap(f) — /f* <w:fz>0(zo)) Edzd%
)

n
W) 2

for some z, € dX. For simplicity, we fix z, in this section and assume without loss of
generality that ¢(z)) = 0. Under this assumption, wy,,) = @y. Obviously, a non-
super regular disk has infinite capacity.

Let us set up some notations first. Fixing a positive number o € (0, 1) in this
section, for any €, 8, A, we define (8, A) as the space of all embedded holomorphic
disks in ¥ x #4; with vanishing normal Maslv indice mapping 9% into A, where
¢o is a map from 9% to 7, which satisfies

(5.3) wg, = dwy,  ldollczezan < A.
The space €' (8, A, L) is a subset of €' (8, A) such that for each disk /' € €(8, A, Ly),
the corresponding germ ¢ of HCMA equation associated with %, (cf. Section 2.2) is
smooth locally and
(9.4) |l < Lo
hold in a small tubular neighborhood of 7 o f(X£). Define
O, A Lo, L) ={/€C6 A L) [A(S) =Ly}
and
C, A, Lo, Ly, Ly) = {f € €, A, Ly) | A(S) =< Ly, Cap(f) < Ly}
In this section, we will prove

Theorem 5.0.14. — The space € (8, A, Lo, Ly) is compact in € (8, A, Lo).

Theorem 5.0.15. — The space € (8, A, Lo, Ly, Ly) s compact.
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Suppose %, is an almost super regular foliation, we want to identify %, with
an open and dense subset of M via evaluation map:

f:X X My, — X xM
(z, ) = moeu(z, f).

Then, f is invertible on ¥ x %,. Define F = 7 o ewo §7'. We can identify %, with
some open dense subset 77 o ev(zy, %y,) of M. We will use this point of view from time
to time in this section.

Theorem 5.0.16. — If ¢ satusfies (5.3) and if Fy, s an almost super regular foliation,
then there exist two constants Lo, Ly which depend only on 8, A such that

Uy, CC6S, A, Lo, Ly).

Moreover,
/ Cap(f)a);@o(zo) = / Cap(f)w, < C.
fe%d,o fe%d,o

These three theorems can be used to derive the compactness of almost super
regular foliations.

Theorem 5.0.17. — Suppose (™, m € N} is a sequence of elements in C*X (9, H,)
which satisfies the uniform bound of (5.3). Suppose further that sequence converges to ¢ €
C®X, H,) in the C**(dX x M) norm. Suppose that {%gm), m € N} is a sequence of almost
super regular foliations, while {¢™} is a corresponding sequence of almost smooth solution with
Dirichlet boundary value {¢"™}. Passing to a subsequence if necessary, F gy converges to a par-
tially smooth foliation F 4 . In particular, at least one component of My o contains at least one
super regular disk. Moreover, ¢™ converges in the weak C'' norm to ¢ such that Wi i
a continuous volume form on %° x M.

3.1. Proof of Theorem 5.0.16

Proof. — Suppose that ¢ is the corresponding almost smooth solution of the
HCMA equation (1.1) with the prescribed boundary map ¢, : 90X — 97,. By The-
orem 1.2 [9], there is a uniform constant C(J, A) such that

100¢| < C(8, A).

It is clear that for any super regular disk /€ %, any germ of HCMA equation (1.1)
in a small tubular neighborhood of 7 o ev( f (X)), associated with %, must agree with
¢ in any small open and saturated neighborhood of 7 o ev( /(X)) C X x M. Next, we
want to show that each disk must also have a uniform upper bound on its area.
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Lemma 5.1.1. — For any regular disk [ : (2, 0%) — (X x W, /_\¢U) where ¢ s
the corresponding “almost smooth™ solution of (1.1). There ts a uniform constant L, which depends

only on 8, A such that A(f) < L, holds uniformly.

Proof. — Recalled that the leaf vector field X (cf. (4.2)) along this disk in ¥ x M
can be expressed as

5.5) X = Z W = Xn:g"‘ﬁ—a% °
a=1 o a=1

ow azawg dw,
According to Corollary 4.2.4, we have
d0 0 3
99 -
P 32(¢ of) = =gz N
Using this holomorphic map f, the pull back of the fixed product metric metric on

YxMto X is:

2

9
S (o + 1dzl?) = la—z +X| |dzl?

40
= (14 gog51"n") 12|’

Thus, the area of any disk is:

f 1=ff*(go+|dz|2)
2(X) z
=/ (1+g0a577a775)|dz|2
M)
13— f 9.0- |-’
M)
52 )
= |X| — —— (o f)|dz
5 fzazazw D
0
=|2|+/ Z(of) m
sy 0

=X +f 3.¢los - mxdz|?
£

) o .9 )
=X+ —+n @lsx - nx|dz]
X 85 awot

0 wi 07 0
121+ [ (-
a5 \ 02 azawgawa

-ng|dz?,

X
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where ny represents the normal direction on the boundary of ¥. On 9%, we have
8paf(Z ) = 845(2, ) + V —109¢(z, )
= goa,g(z, D+ /=183y (z, -) > 3g0a,g‘-

R ) 3¢)
=2 M &
/2 | |+/az(8z 5 520p e

=< L1(8, A)

Thus,

-nzldz|2

ox

Now we return to the proof of Theorem 5.0.16. Note that

sk n _ n
Fo w¢o(zo) @y,
and
a)ﬂ
* N s 0 n
Faje =F (J‘%)
¢
wp .
— —n (o] F . CUO.
"
[
Thus

AR S
//(w—3>oF—dzAdew //( ) of Y —dz A dz
MJs \ Wy 2 ¢(m) 2
/ /F*a)g d,z/\dz

= / / wg—_dz/\dZ: C.
 JM 2
In other words, we have

=1
f Cap(X,)dx = f f (—) o F—a’za’ A zdx < C,
M by

where C is a topological constant. This concludes our proof of Theorem 5.0.16. O

3.2. No vertical bubble — Proof of Theorem 5.0.14
We want to re-phrase Theorem 5.0.14.

Theorem 5.2.1. — For any sequence of super regular disks (in a sequence of almost super
regular fohations (o™, Uyym)), if o™ converges in the C>*(3X x M) norm, then there is no
vertical bubble in the limat.
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Proof. — Suppose

f" T T x #y
2 ("), (@), m=1,2,.., 00

is a family of super regular disks in €'(8, A, Ly, L;) where

2
af(m)ot L (m)a'éa (p(m)

0z 0z0wg )

Here ¢ is the corresponding fibre component of £ (%) in #4. In a local coordinate,
we write

_ 3¢ +p)

(m)t
"z, x) -

(z,x), Yi=1,2,..,n

where p 1s a local Kahler potential for the given form w. Note that in a uniform size
neighborhood of 7 o f"(X) C T x M, we have

|¢’(m)|cl-l < Ly.

In particular, there exists a uniform constant C(8, A) such that

a (m)

(5.6) max

< C.

80

0z

Consequently, all bubble points® that occur must occur in the interior of ¥ x M (al-

though the bubble may travel to some boundary point in the limit.). We want to show

that no such bubble point exists; which in turns implies the present theorem.
Suppose bubbling does occur and there is a sequence of points (z,, x,) such that

d f(m) ) f(m)

= | Rn xm)
az 80 I (

— Q.
80

0z

W.lo.g, we may assume that lim,, o 2, = 200 € 2 and lim, . %, = ¥ € M.
We want to argue that there exists a point 2, € By & (z,) N X such that the area of
B, () > ¢ for some uniform constant ¢; > 0. If the area functional were the area
of a holomorphic disk in X x #4, then this follows from standard literatures in this
direction. In our setting, this is still true which in turn implies that there are at most
finite number of bubbles. We give a brief explanation here and leave interested readers
to fill in the details.

— 00 and b) it is a global maximal of |% o0+

20" A point {(z,, %), m € N} is called bubble point if a) |%|

%0
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Set d, = d(z,,0%). If d, > éem, then an easy calculation implies
(5‘7) A(f(M)’ Bem(zm) N 2) Z Co-

However, we need to establish inequality (5.7) even when g—” — 0. In such a case,
there must exists another point z), € dB,_4,,(O) N B & (z,) such that

0 f(m)
0z

(z:n ’ x:n)

€
=2 =,

2

This can be proved by using inequality (5.6) and the maximum principle for holomor-
phic function along long strip. The main point is that, for this point 2/, the inequality
(5.7) holds. Consequently, there exists at most a finite number of bubble points. Next
we want to argue that there is no bubble point at all. For this purpose, we consider
two cases: Zoo € 0% or 2o € . In both cases, we want to show that the existence of
a non trivial bubble must lead to contradiction.

Part 1: No bubble in the boundary. — We choose a number ¢ € By, to be fixed
throughout the following argument. Set

¢ =2+ € VEEGC
and

[ = 0 6 g™ and  z, = ¢™(c).
By definition, we have

120 — 2ul <€, > 0, V]g| <1
Thus lim,,_, o Z,, = zeo. First set

Ty =mof"(¢"(S)).

Note that

Z(m)(g) = (277[7 k‘?ﬂ? é-(WZ) (27}'[’ x~7ﬂ))
= ("(5), w o S ($" (), £ (@ (), 7w oS (@™ ())))

Since lim,,_, o, [ = [, we may assume

lim %, = m o [*°(¢).

m—>0Q
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Set

lim £ (Z,, %,) = ()

m— 00
for some function ¢*°. We want to show

£2(8) = 3¢™ (20> T 0 I°(5)).
Now for any 0 <« < 1, there exists a uniform constant C such that
127G F) = €™ (oo T 0 ()] _
(|2m - Zoo' + |er71 —To loo(;)')a

Since 1imm—>oo(|2m - Zoo' + |5gm — o loo(g)l) = O: we have

Bim () (Z, 5) = € (20, 7 0 1¥(6))) = 0.

On the other hand, we have

1im (£ (2, 7 0 °(6) = ™ (20, 7 0 1(5)))

= r}irgo(5¢(m)(zm, 7 0 1%(5)) = 3™ (200, 7 0 1%(6)))

= 0.
Thus,
M (6 (B ) = 09 (20, 7 0 1(6))) = 0.
Consequently,
£2(8) = 9¢™ (20> T 0 I°(5)).
Thus

I°(6) = (Zoos 70 0 1°(5), 3™ (200, T 0 17(6))) € {200} X Ay g(ene)-
Since ¢ € By is chosen randomly, we have

[°(B1) C {200} X A g0y C {200} X P
Next note that z,, € 0%, we have

™ (200, 1) = 9™ (2005 ).
Thus

A 920) = Doy n) C {200} X A

is a totally real submanifold. This contradicts to the fact that [*(B)) C {2z} X P\
is a holomorphic disk! Consequently, there is no bubble sphere/disk developed along
the boundary of X.
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Now we proceed to Part 2.

Part 2: Non existence of interior bubbles. — Suppose that z,, € X% = X\ 9%. Set

€m
$7(9) = 2+ 55
and [ = f™ o ¢™ for €, < 8,, — 0. For any £ fixed, the following map has a non-
trivial limit:

0

= 1lim (" : B, C | By, > = x #i.
m— 00 m:1

Let £ — 00. Then [* defines a holomorphic map from R? to #4 with bounded area

in ¥ x M. Therefore, the image must be a holomorphic S*.

Here
8l(m)ot _ af(m)a@ _ (m)aﬁ 82¢(m) @
oc 9z 9, 9205 8,
Set
ma _ __ (map 2™
T = =8 o,
~ma _ __ (map 2™ ey
A =

By assumption, 7™ has a non-trivial limit n* such that

— (m)a

o me PYRE
—— =", and
a¢ a¢

oo

=1

The above equations imply

agp" d 9\ ™
ag ¢ o l(m)) — <_ + ﬁ(m)o{_) ¢
dwy a¢ dwy ) dwg

2 4 (m) 2 4(m)
— i d ¢ + i;}(m)a 9 ¢
3, azawg 3wa3w,§
€ 82¢(m)
_ & ~(m)a [ (m) _ _
= 5,00, G %)
_ 2 82¢(m) N _g(m)oﬁ 82¢(m) E_m ) _ ﬁ(m)"‘g )
8,1 azawﬁ aza@r 8m p bab
~(m)a

= _gO,aﬁn
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Thus

(m)
—2% 0. n(m)oz (m)B ag(aaqs o Z(m)) (m)B
wﬂ

— ( m)ﬂ l(m) )

m m 6 8¢(n2) m
ag (8§(¢( ) l( )) l( ))

8, 3z
0 (m)
a§(¢(m) o Z(m)) . Eag ¢_ ° l(m) .
8, 0Z

Let x(¢) be any smooth test function which vanish outside a compact domain of R?.
For m large enough, the domain of yx is contained inside in the domain of /™. Then,

. f Xg (m)ot (m)ﬂldgll

m m Em a¢(ﬂl) m
=/RZ 100 o [ )>|dg|2—/R2x8—ag( ot >>|dg|2

a €n 0 (m)
= [ o oriasr+ 3 [ EX o lagp
R2 ag 8 R2? 3§ 3z

Taking limit as m — 00, we have

_ ax
. 7~ooa~ool3d 2 _ _ 9-(d>® o [®)|d 2‘
/RZ Xl 1 ldg] /RQ e (@™ o [®)|dg|

This holds for any test function in R?. Now the image of /*® is a smooth S in
{200} X M. Therefore, [**wy 1s an induced (smooth) Kéhler form in this class. We may
as well assume [**w, is cohomologous to the standard Kahler form in S*. Then there
exists a bounded smooth function A in this S? such that

Zoo*a)o — go’aﬁﬁooaﬁooﬂdg'Q
2

(—=2In(1 + [¢]*) + A 0 [®)dsdg.

~ dcoc
Then
9 9
[ L L amlr 1Py + o g 0 Plds = .
Rz 0S5 9c¢
Set

O =(—2In(l + [¢|) + L0 [+ ¢ 0 [™).
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Since x is an arbitrary test function, this implies that ® is a weakly C"!, one side
bounded harmonic function in R?. Then ® must be a constant function ¢. Then

d*ol® =c+2In(1 +|c]>) +rol™®

is not a bounded function as ¢ — 00. This contradicts with the fact that ¢> is uni-
formly bounded, which in turn implies that there is no bubble in the interior.
The proof of this theorem is then completed. ]

3.3. Proof of Theorem 5.0.15

5.3.1. Uniform C' transversal derivatives of almost super regular foliations. — In
this subsection, we continue to derive the a priori regularity estimate for the disk with
uniform upper bound on area and capacity.

Theorem 5.3.1. — Let Q be any compact sub-domain in X°. For any holomorphic disk
[ E€C6, A, Ly, Ly, Ly), there exists a constant C > 1 such that:

1 (wg)

—<|—)of <C.

C W)
Here C depends on 8, A, Ly, Ly and d(0S2, 0X). Moreover, this constant approaches to oo if
d(02,0%) — 0.

Proof. — Proposition 4.2.13 implies that the trace of curvature of the TM bundle
over the disk X has interior estimates:

G

OSSOf(Z, ) < m

Corollary 4.2.11 then implies

_ a)(';)
0<0.0, ln—n <Cy, VzeQ,
Wy

for some constants Cy which depends on C;. On the other hand, finite capacity im-

plies
0 /=1
f (ﬂ) of ¥ dzdz < L.
o \ @ 2

This in turn implies that in a slightly smaller sub-domain €2, C €2, we have

71

(0]
ln—f—03
0

<Gy
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for some constant C3 which may depend on ¢. The key observation is that C, depends
only on Cy, C5 and Ly. Consequently, there exists a constant Cs such that

—1 < —6 f=<C
[} .
C. m =G5

Here C5 depends only on Cj, L. O

Theorem 5.3.2. — For any super regular disk f € €(8, A, Lo, Ly, Ly), the T*1-OM
component of the furst transversal derwvatives of the leaf vector field is bounded in any compact sub-
domain 2 C X. Namely, there exists a constant C. depends on 8, A, Lo, Ly, Ly and d(9S2, 0%),
such that (cf. (5.5))

IVaXll,, <C, in €.

Here X is the leaf vector field and V,X is the covariant derivative of X in the T""M direction
with respect to background metric gy. Locally, we have

IVaX2 = Z g

i,j,a,p=1
where

o _ On*
77,1‘—8

Moreover, this constant C blows up if d(9€2, %) — 0.

+ 7' T4(g), Ya.i=1,2,...n

Progf. — For any z € 2, consider function d(z, 9€2) - [|VyX|l, (2). This is a non-
negative function in € which vanishes on 9€2. The maximum value must be attained

in Q. If this theorem is false, then there exists a sequence of super regular holomor-
phic disks { f"} C €(S, A, Lo, Ly, Ly) such that

lim max d(z, 9S2) - VXl (2) =

m—0Q
Without loss of generality, one may assume that the maximum is attained at the
point z,. Set

lim z, = 25 € Q.

m—> 00

On the other hand, Theorem 5.0.14 implies that there exists a subsequence of
™ which converges in €(8, A, Ly, Lj, Ly) as an embedded holomorphic disk. With-
out loss of generality, we may assume that /™ is fixed but the restricted TM bundle
varies. Denote the sequence of re-scaling factors as

1
- = ”VZ)X”gU(zm) — OQ.

m
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Write this sequence of disks as

ST EXx Mo T x #y
2> (2 f(2) = (2, [ (2), E™)

where
a(p +
S(m)ot( ) (p ¢) f(m)( ) V(x = 1,2, veey N
Moreover
X(m) — i n(’”)ii
— ow;
and
(m)a _ 92 (m)
(ma _ af_ - _ (m)aﬂai_
aJ z 8.5850,3

Theorem 5.3.1 implies that there is a positive number Cs > 0 such that

1 g,
— < m <
C_( )f 5

¢(m)

hold uniformly in € since d(2, 3¥) > 0. Combining this with the C!! estimate in [9],
there exists a small positive constant €,0, such that

0@ Dn = (82),0 < Cle D
holds for these disks on €2. Set

7(m)

- - 0
(m) (m) __ ~(m)a
Z,w: zm—i_em'z’w’ X - ~
¢ (2, w) = ¢"( ) 221: T
where
o9 ~(m)
. ;0°¢
n(m)a(z’ w) — g(m)otﬂ
azawg
= €,1" (€, + 2+ Zn, ).
Moreover,

||V3X(m)“go (0) =€y ”VBX(M)Hg(J (Zm) =1
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Set
Q(M) = {z | €m* 5+ Zm € Q}
Clearly

lim 4(0, 9Q™) = lim d(0, 3Q™) - |V,X"|,,(0)

m—> 00

= ango d(zm, 89) : “VaX(m)”gU(zm) = OQ.

In other words,
Q" — R®.
Here

aﬁ(m)g afl(m)a
8wa 81?),3

B 8n(m)5 8n(m)oz

PPNy

=& -S"(z, + €,z w).

S(m) (Z, w) —

Then S still satisfies the inequality
9 aig(m) > gg(m)Q
ZYZ —_ n
in Q™. Consequently, we have (cf. Proposition 4.2.13)

0<S"”() <——=—->0, VzeQ®
=510 = Iz aamy )

for any fixed £ and m — oo. Recall that

S(m) o an(m)a 8n(m)ﬂ
- Em
awg 0wy

_ (m) (m)
— 62 g(m)adg(m)ﬂb a¢ 8¢
m 8,z ,dﬁ 82 aa

e P (m) 9 (m)
> e gigh (2 °7)
0z J g\ 02/ 4
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The last inequality holds because g:;_) has a uniform upper bound. Thus,

) (m)
lim €, - (—¢_ ) = 0.
m—> 00 az o

Consequently, we have

aﬁ(m)a an(m)a
lim = lim ¢, -
m—00 Qws m—>00 0wz
B B
) _ (9™
= lim ¢, - g"™*° <¢— =0.
m—>00 0z i

The last inequality holds since ggg) has a uniform positive lower bound on €.
Moreover, for any fixed z, we have

IVaX" [l (2)d (2, 02) < [[VaX" ||, (0)d(0, 9Q™).

g0

Therefore?!

d(0, Q™)

g (0)———=—T
d(z9Q2Mm)

80 (0)

VoKX, (2) < [[V,X

<2-[V,X"]
<4

Consequently, V,X™ 22 is uniformly bounded and |V,X®™ lgo

Lemma 4.2.7, both % and ad"—;) are uniformly C* (Vo < 1) bounded. Since gg") has

a uniform upper and lower bound in €2, we have

~ 1 at the origin. By

9nm
lim
m—>00 8 w;

(z’ ') — O

apm . . . . e 7(m)
On the other hand, ";’T is a bounded holomorphic function in the limit since 3(;77 =0

. - o . ;
in the limit (cf. Lemma 4.2.7). Therefore, ‘)3"7 1s a constant matrix everywhere in the

2l The second inequality holds since lim,, o, d(0, Q™) = 0o while d(0, 2) = |z| is fixed.
22 Note that

a0 s
UY({) = o + 77( )ﬁrﬂ,ﬁ(go)‘
Wi

where
lim 7T, (g0) = lim €, - n""T%,(g)) = 0.
m—>00 ) m—>00
This is because the disk, when restricted in €2, uniformly converge to a smooth limit surface. Hence T ?;,;(go) is
uniformly bounded. Thus,
87](”” ~ =(ma
aw,; n.i ’
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limit! Set

g:hmﬁ% 7%° = lim 7

m—00 4 m— 00

Then

1 m

Theorem 4.2.8 takes the form

GR azg;? = aaiaﬁjgf)ga

where

9770 a~oo;3_ _
T _ a*;, and T _ ab;

s J
0

awi

are constant matrices. This clearly violates the maximum principle. Note that gl‘;" and

its derivatives are uniformly bounded in the entire plan. The contradiction implies the
constant matrix (¢%;) must vanish identically which contradicts to the blow-up assump-
tion. |

Combining this with Lemma 4.2.5 and Lemma 4.2.7, we have shown that

Corollary 5.3.3. — For any super regular disk | € €(8, A, Lo, Ly, L), the T*(0, 1)M
component of the first transversal derwvatives of the leaf vector field is bounded in any compact sub-
domain 2 C X. Namely, there exists a constant G depending only on 8, A, Lo, L, Ly and
d(02, 0%), such that (¢f (5.5))

IV;X]l, <C, in Q.

Here X is the leaf vector field and VyX is the covariant derivative of X in the T*'M direction
with respect to the background metric gy. Locally, we have

2 _ ' i oo B
IViXIG, = ) goass nn

ij.o,f=1
where

a o
= Vai=1,2, .0
)t awi

Moreover, this constant C blows up if d(9€2, 0%) — 0.
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3.3.2. The limit of super-regular disks with finite capacity is super regular

Theorem 5.3.4. — Suppose that {py"™ (m = 1,2, ...,00)} is a sequence of loops in
C>*(3%, ) which satisfies the uniform bound (5.3). Suppose that f™ : (X,9%) —
(2 x M, /_\¢U<m>) is a sequence of super-regular holomorphic disks in €' (8, A, Lo, Ly, Lo) with
vanishing normal Maslov index. There exists a subsequence of { f,,} which converges to an embedded,
super-regular holomorphic disk.

Note that this in fact implies Theorem 5.0.15.

Proof — We use 1 < 1,7,k o, B, ¥ < n to denote the labels on Kihler mani-

fold M, and use 1 < p, ¢, ... < 2n to denote the labels in the moduli space .#,. Recall

f: X X My, — X xM

(z, ) = moel(z ).

Then, f is invertible on set of super regular discs. As before, set F = mw oevo ™. We
can identify the domain of super regular discs in the moduli space with some open
subset (image of super regular discs) of M. We will use this point of view from time
to time in this section. Note that

F™ 0 5 x My, — 2 x M

(z, /) = moalz /).

By definition, we have

aF(m)i
— =0, Vi=1,2,...
9z
Let u,ﬁ'") = ||3§ZZ) lwi2(s). Following the standard theory on elliptic problems, there

exists a uniform constant C(8, A) (which depends on the totally real boundary sub-
manifold) such that

(5.8)

%
o,

L ym
<C v,
LOO

On the other hand, we have

9 QFmi  gpmi gEme gpmi JFmB
0 o, w0, 0w 0
9 OF™

9z o,

(5.9)
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By Theorem 5.3.1, we have

arl(m)i
awﬂ-

(5.10) <C

’ an(m)i

0wy

2 ’ %

uniformly in any sub-domain €2 C X such that 4(9€2, 0¥) > 0. Fix © now.
For any z, € €2, and we re-parametrize the family of disks such that for

F(m) (z()? t) = (507 x)’ WhCI‘C x =1

for any (zy, t) in the domain of F™. This is possible since /" is a super regular disk.
By definition, we have

<8F(m)i aF(m)i_)
82/(/’ 82/(/’ 2nx (2n)

is non-singular at z = zy. From (5.9) and a prior: estimate (5.10), we have the following
important Harnack-type inequality

Fom
01

or )

al,

c ' ‘ (z1), VYz,2 €.

(1) < ‘

U(zQ) EC" 3,

U &

80

Here C depends on €2 only. Consequently, we have shown that

<8F(m)i aF(m)i_)
82/(/’ 82/(/’ 2nx (2n)

is a bounded matrix and non-singular in €2. In particular, there exists a small constant

¢ such that
aF(m)i 8F(m)i_
det ( )
atp atp 2nx (2n)

Here ¢ depend only on (5.9). This implies that v,(1 < p < 2n) has a uniform positive

(5.11) > .

low bound. Now we claim that they all have uniform upper bound:

(5.12) sup vy"” < oo.

m—>0Q

Otherwise, there exists a subsequence (use the same notation for convenience) such
that

lim v = oco.

m—>0Q
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<8F(m)i aF(m)f)
82/(/’ 82/(/’ 2nx (2n)

is uniformly bounded from above and below on €. Set

The matrix

(m) __ m)l  (m)2 (m)n
u,” = (up U U )
where
(m)i __ 3l
/2NN O I
Yy

Then, «"” — 0 in € uniformly. Since " is holomorphic on %, then «" converges

to 0 at least in X% This contradicts to the fact that u;,m) has a non-zero limit

(cf. Lemma 5.3.5 below). Consequently, our claim holds and v, has a uniform upper

bound and
(8F(m)i 8F(m)i)
aéﬁ aéﬁ 2nx (2n)

is uniformly bound from above on X. Recall that

4@ =g

o ( JF™i gFEm;  gFmi gF@m;

, Vze 2.
o, o, o1 o )w :

. [ gFmi gEmj
de g) e = ae” (5 e (B2 )0
i 6, ol

< Cdet’ (¢7") (), Vzex.

Thus gi(f,ﬂ) has a uniformly positive lower bound on X. According to Donaldson [12],
the limiting disk must be super-regular. |

Lemma 5.3.5 (No bubble in the kernel level). — For a sequence of boundary value S,
A" (2),z € 3%, we consider a sequence of pairs of C"-valued functions (u",v"™) over the disk
satisfying the linear boundary condition

(9.13) " (2) = ST (W™ () + AP (a(2)),

Sfor z € 3%. Here S™ s a positive definite Hermitian matrix which has a uniform positive lower
bound; while both S™ and A™ are uniformly bounded from above and below. If

lim S =S*, and lim A™ = A,

m—>0Q m— 00
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i C% norm for some 0 < o < 1 and
2 2
”u(m)”\vl,Z(E) + ”U(M)”\W,Z(E) = 1,

then U™ and o™ has non-zero limit (away from possible bubble points provided S® and A are
continuous on 0%).

5.4. Proof of Theorem 5.0.17: Compactness of almost super regular foliations

We give a proof directly based on our work in the previous two subsections.

Proof. — As before, identify %, » with an open dense set M of M. For every
point x in M, consider g, as the holomorphic disk in WUy, which passes through the
point (zp, x). Set

AL (x) = Cap (gim) (Z)) .

Theorem 5.0.16 then implies that

[ " (x)dx = / Cap (gi’”)(Z))dx <C.
N )

i 1

Therefore, for generic points x € M, there exists a subsequence of g™ such that
(5.14) A" (x) = Cap(g™) < C(x), Vm=1,2,..,00.

According to Theorem 5.0.15, after passing to a subsequence if necessary, this se-

quence {g™

", m € N} of disks has a uniform limit g which is super-regular again.

In particulay, it is a regular disc. Therefore there exists a small open set B, (x) C M
such that the evaluation map (woev) of this sequence of almost super regular foliations
{%gm), m € N} have a uniform parametrization near g°. In other words, F(m)lsz,(Y)(X) :

¥ X B,y(x) = X x #4 has a unique smooth limiting evaluation map F® : ¥ x
B,(x) = X x #4. Consequently, A™ is uniformly continuous in B,y(x) C M. Fol-
lowing Lemma 5.4.1, there exists a set E of measure 0, and a subsequence of 4™
(ultimately of g) such that 4™ is a uniformly continuous function in any compact
subset of M\ E. Theorem 5.0.15 again implies that the foliation has a uniform limit
in this compact subset. We define %, e, = lim,,_,o F"% : ¥ x M\ E — = x #y.
For every x € E, the disks {g™, m € N} have a uniform upper bound on their
areas. Following Theorem 5.0.14, there exists a subsequence of disks {g™,m € N}
which converges to an embedded holomorphic disk S°. This limit may not be unique.
However, the image of each limiting disk S{* does not intersect the image of any disk
of %~ on £° x M. Otherwise, for m large enough, there will exist two super regular
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discs which intersect at some interior point of ¥” x M. That is an contradiction for
an almost super regular foliation.

Now expanding the foliation F© by including Ee = [, S©. Then, F©® is
a partially smooth foliation detailed in Definition 3.4.7, where %, « is the set of super
regular disks among them.

The only remaining item is to show that o, 50 is a continuous form on X’ x M.
As before, set the image of M \ E under the evaluation map 7 o ev as %,. Let E; =
¥ x M\ %4, be the union of all of the singular points. Clearly, @ 50(©) is a smooth (n, n)
form in 7}, and vanishes completely in E;. To show that this n-form is continuous, we
just need to justify that for any sequence (z;, x;) € %4, which converges to (Z, ¥) € Ey,
we have

E?O wgowo) (zi, %) = 0.

Set f; to be the unique super regular disk in %, passing through the point (z;, ;).
Without loss of generality, we may assume that this sequence of disks converges to
some other disk .

By definition, lim;_, ., Cap(f)) = oo. In other words,

" o\
(5.15) lim <%) 422 =
P

1—> 00

4

o’ (o8} . . . . .
However, 10g< - )> is a sub-harmonic function with a uniform upper bound. The-

orem 4.2.4 and Proposition 4.2.13 imply that, for any compact sub-domain  C X,

we have
"
AA%(@:)
wﬂ

where Cg depends on d(9€2, 9X). Choose €2 so that {z;,7 € N} C Q and z € Q. The

Harnack inequality for negative harmonic functlons implies that, either log( ¢0(m))

= CQa

tends to —oo simultaneously in € or log( " ) are uniformly bounded from above

and below. This dichotomy holds for any compact sub-domain of X°. Thus, if (passing
to a subsequence if necessary), we have

lim( Z( )>(zz,xl)_c>0

—00

Then for any z € X fixed, there is a unique point w; such that (z, w;) lies in the
image of 7 o f, we have

1—> 00

hm<2 )kan>0
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Following the proof of Theorem 5.3.1 and Proposition 4.2.13, we can show that in
fact,

. w:;o(”)
lim | —— ) (z, wi(2)) >0, VzeX.
1—>00 a)”

The fact contradicts to the assumption that the capacity of this sequence of disks blows

7
w¢0 (0

up. Consequently, the varying volume form ( = )> must converges to 0. In other

words, the volume form must be continuous in the interior of X x M. O

Lemma 5.4.1. — Suppose that K™ is a sequence of continuous, positive functions defined
n a fixed domain 2 satisfying the following two conditions

1. The L' norm of h'™ is uniformly bounded;

2. For any x € Q, if SUp,_, oo "™ (x) < 00, there exists a small neighborhood O, of
x such that this sequence (pass to a a subsequence if necessary) of functions {h™}°, is
uniformly continuous on O,

Then there exists a set ¥ of measure at most 0 and a subsequence of {h"™}°° | such that this
subsequence is uniformly continuous on any compact subset of 2\ E. Moreover, there exists a limat
Sfunction h> such that lim,,_, o, ™ = h> on M\ E. Moreover, ﬁ is a continuous function.

Proof. — By an elementary and straightforward argument. ]

6. The (modified) K energy along almost solutions

In this section, we want to prove first that the K energy function is sub-harmonic
along any almost smooth solution of HCMA equation (1.1). One can view this as
a generalization of the fact that the K energy functional is convex along a smooth
geodesic. Secondly, we want to use this property of subharmonicity to prove that the
(modified) K energy has a lower bound in any Kéhler class, provided that there exists
a constant scalar curvature metric (or an extremal Kéhler metric) in this class.

6.1. The sub-harmonicity of the K energy

Suppose that .%, is an almost super regular foliation; and suppose ¢ : & — 2,
is an almost smooth solution of the HCMA equation (1.1) corresponding to it. Note
that the evaluation map ev : ¥ X 4, — X x #j is smooth everywhere. The set of
holomorphic disks which are not super regular has codimension at least 1 in the moduli
space. Recall that 7, = moev(X X %,). As before, set 7, = X x M\ ¥, Clearly, .7,
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is a smooth sub-manifold and % N (02 x M) has codimension at least 1 at 9% x M.
We follow notations in Section 4 in general. For convenience of the readers, let us
re-state Theorem 1.3.5 here

Theorem 6.1.1. — Suppose that ¢ : £ — H,, is an almost smooth solution described as
i Definition 1.3.3. Then the induced K energy function E,, : ¥ — R (by E,(2) = E,(¢(z, -)))
is weakly sub-harmonic and C' continuous (up to the boundary). More precisely,

0? 0
B¢ ) = / 72 ys0 vees
8 a noev(z,%qgo) 85
holds in 2° in the weak sense. On 0%, we have
) o ap |
S (@)ds = 72wy
0 on moev(z, Uy,) 8,z g

where ds s the length element of 0X, and n is the outward pointing unit normal direction at 0X.

To help readers to understand its proof better, we will first present a proof of
this theorem in the case that the disc version geodesic ¢ is smooth. Note that for any

smooth path ¢(¢), we have
82

a,’tQ (</>(t)) /1 (8—5 - ) )(S — W@y, +f ‘

0? 0?

Note that for a disc version geodesic, we have
z=t++—1ls, and Ay=—+ —.

arr  0s?
02 02
(N A

Thus,

0%¢ )
( 92 ’ )(SW — W@y,
0%¢p )
( 952 ‘ >(S<ﬂ — M@y,
8 2
.@ s T+ .@—¢ Wl
ds 4
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Using the equation for disc version geodesics, we have

0\ (9 _ os(0¢ _ 708\ (9 =%
Axd = (az) (8/:)5 % <az “/_las)a<az+“/_13s)g

d ap|*
:hﬁ wvf
ot |, as
d¢ dp\ (99
Olﬂ N -
e ((3)(2),-(9).(2)
|’ ap d
:'v—¢ +'v—¢ +{_¢,_¢’} .
at |, ds |4 at 9s ),
The last term gives the Poisson bracket with respect to the symplectic form wg. Thus,
we have
ako=- [ (52452 v 52 es, -
v — a0 ' w,,
> NA A as? at |, 8t — M
|’ |
—I—/ @—(p wi—l—/ @—¢ wy
M d¢ ) M ds ®
9 0 2| f 0|
— 1,5, — P —| w D—| wj.
({ 3t ds }qb Y M)¢+ M ds ¢w¢+ M ot ¢w¢

The first term in the last line may give us some trouble. However, one notices that

|, 3 o o o
@a—m%:(@(a‘ﬁa)’@(a‘”as))
B 3p|* 3|
= L7, ¢+/M 75,
o b
( ) —J—_l(_@as,@a%
8_¢

9

E 85

L]
M P M

W
+«/_((.@@ .@D)a—¢ a¢>

2
i
wy +
¢

¢

og|”
9 m —

85¢

— [ (e (3P _< (3P) % .
”_I/M&’ (S“<at),3- Sﬂ(f%)) a5 0

9

A
@y
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| 3| 3 3
=f 7% w;;+f 92wy ({5,212
M 3t o M 35 o at & 35 &
3¢ |* ¢ |*
M M ds
¢ [
op 0
+({_¢’,_¢’} ,S_M>,
dt  0ds ¢ s
Now, plugging this into AsE,, we have

99—
at
a
A):Ew == f ¢
M

(7
0z
Thus, we prove subharmonicity for any smooth disc version geodesic.
Unfortunately, our solution is not smooth and the proof is much more involved.
Before we proceed to the proof, let us note the following calculation scheme. For any

function f € C*(X x M), we have
0 af / 0P
a)n — _wn + A _wn
J ¢ /M 0z ¢ Mf ¢ 0z ¢

8_2: M
f 8f n f 8f 01/; 82¢ n
= —w,; — .,
M 3z ¢ M awag¢ aZaZUB ¢

2
n
a)¢20.
¢

af n + af o n
= —w w,
M 0z ¢ M 0ty %
= / az(f)wg-
M

Similarly, we have

0
. /Mfw¢= / 0/ Yo

We will use these schemes throughout the proof below. We also need to use the decom-
position formula of the K energy given in [8] (cf. [28]). For any ¢ € .7Z,, we have

6.1) E.(¢) = / In 220" 1 J(¢) + ul().
M @
_ n 1 [ﬂ—]J] — - []J]
6.2 I(d’)_;:o: i fM¢>wo A (T3,

n—1

6.3) 3@ = =3 [ oRictwn naf ™ A (VTodg),
=0 p+1Ju
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Here p is the average of the scalar curvature function of any Kihler metric in [w].
By the definition of the functional I, we have

o1 / op
—_— = —CL)¢.
0z M 02

81 f R
— —
020z M 0z ?

f Vo 50 0\
ey _ w, = .
0202 — daf 9z) ¢

Thus, the component I makes no contribution to the calculation of the 2nd mixed
derivatives of the K energy E,. Thus, we can basically leave it aside as we calculate
the second mixed derivatives of the K energy.

Thus,

Proof. — Let x be any non-negative function whose support lies inside of the set
X X M\ .7, Set

n

K, = f lo ﬁa)"

X X108 no¢
M W,

K, faa(l sz) .
og— |w
0202 M X gwg ¢
a)g) a)g)
= [ x(A.10g =2 +0-((@.010g ~2 ) ) o
M i o5 i i "
a)zb n
+f(azX) log—;é )y
/ ¢
M

Then

2
+/ x Ric(wo),,gn° n’ wy
¢ M

a (P a)n
[ @108 20 f (@x)(a log —)
az W

Let (z) be any non-negative cut off function in X°.

/KAU—/Z)(Z)AK
fv(z)f ‘ fv(z)f XRIC(wo)aﬂn“nﬁ p
- [ 5 [ enroe 2w+ [ o[ @00 ( )wo
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Consider the evaluation map:
f:X X My, — X xM
(z, ) = (2, 7(f(2))).
Then, {§ is invertible on X x %,. Consider any C* function ¢ € C5°(%,) C C®(Ay,)
which vanishes on the boundary of %,. Set
(6.4) x(zw) = (z,w), V(z,w) €T xM,

Then x(z, w) 1s a smooth function in ¥ x M whose support lies completely inside
X x M\ 7,. By definition, the disk derivative 0.x vanishes completely along super
regular disks. Consequently, for any cut off function defined via formula (6.4), we have
0
99—
0z

2
/ K, A= / 0(2) / X ‘7) )y + / (2) / x Ric(w) g1 n’ )
X X M ¢ P M

Now let ¢ tend to characteristic function of %, inside .#,. Then, we have:

wﬂ
/A v(z)/ log —w / A.v(z) log —‘fa)j;
ExM\ Ty, W

2

:/ 0(2) @_(p ¢
DxM\ S, 9z,
+ / 0(2) Ric(w) 50" 1w,
ExM\ S,
2
:/ 0(2) @_(p ¢
DxM\ S, 9z,

+ / 0(2) Ric(a))agn“nﬁa)g.
ExM

The first and the last equality holds because that

n n 7I

log—2—% and  Ric(wp),;1°n” —
Wy Wy g
both vanish on .7,. On the other hand,
0> 02
J((P_) = —/ —¢R1c(a)) /\a) -
020z M 0202

d _9
— f % Ric(wg) A N/—laaif N
M 0% 0z

2

= — [ ——Ric(wy) A a)
M 020Z ’

_0
+ f Ric(@o) A vT022 A5 A oy
M 0z d

4

-1
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/ —— Ric(wy) A a) -

020z

32¢ 82¢ ) _
+f (g¢ Ric(w),5 - & R RIC(wo)a,g’?a'?ﬂ)w
M

% 0Z0w, 020wy

= —/ 82¢ "sn“n’g Ric(wy) A o
M 020Z o ’ ¢

— / Ric(wo) 51 n’ o
M

= —/ Ric(a)o)agn“nﬁw”.
M

The last equality holds since ¢ is a solution to the homogenous complex Monge—
Ampere equation. Therefore,

fAzyJ(¢) = —f szf Ric(wo)agn“nga)”.
b T M

Using the decomposition formula for K energy (6.1), we have

2
a)ZSZO.

<l

6.5 / (A()Ey (2 ) = / (9|2

ExM\ S,

This implies that the K energy functional is sub-harmonic in X°. Next we want
to derive a formula for the first derivative of the K energy. For any v € C°(X), we

have
0v(z d
/Q.KX:/U(,Z)._K
)> 8Z T el

Pt
:fy(z)(f 3.(;) log —"’ ;g+f X0, (w¢>w).
b> M Wy M o

For any small § > 0, let 5 = {z € ¥ : |z < | — 8}. Since v(z) is an arbitrary
compactly supported function in X°, we obtain

d @ AP
{(z)a—KX = ¢(2) d.(x) log — Wy + X0\ — @),
Ts 4 Ts M w M wy

where ¢ 1s any smooth function.
Now let x tend to the characteristic function of X x M\ .7,. As before, the first
term in the right hand side vanishes, we have

d w), wy
C(z)—/ log—w¢—/ ¢(2) 3. | — ) .
s 9z Jm 20 s M\ S, 2
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For the K energy, we have

a wzb n
f f(z)a—Ew(fb(Z, )) = / é'(z) az (_n) a)O
a%s z a%s M\.Z, W
op . »
_ / K(z)/ — (Ric(wy) — pwy) A 0.
X M 82:

Since ¢ is an arbitrary test function, we have

d o' . op . .
P E,(¢(z, ) = / 0. (—f) W) — f —(Ric(wp) — pwy) A @) h
< M\ S, o M 02

To show the first derivative of the K energy is continuous up to the boundary, we just
need to show the first term on the (RHS) is continuous up to boundary.

Integrating by parts on the left hand side of (6.5) and letting v approach the
characteristic function of X5, we obtain

[ Z
/ 9 py = / E,($(, )
s x M\Sp, 0z é 355 | | 3
3%s |Z| M\V ‘Uo

/ / — (Ric(wy) — pwy) A a):;)_l
1zl Jm

The first and the third terms in the formula above are both integration on 7 o
(X X U,), where Kahler metric is smooth. Therefore, taking limit as § — 0, we

arrive at
2 - n
f PLd _f if 5 (&)wn
- = z 0
XM\ S, r ox 12l M\SQ,0 wy

—f — —¢(R1c(a)0) — Hwy) N 0y h
ox 12l Jm 0z

9

In the above process of taking the limit, the only term which needs special attentions

1s:
wn a)ﬂ
lim 0.2 )i = 3. [ —2) .
Z—>270€0% < o’ "
X740 {z}Xl\’I\<V¢0 0 {.zo}><1\’1\<y¢0 0

This i3 equivalent to say that the z-derivative of the K energy is continuous as
2= 20 € 0X(|zl <1 = |z, Yz € 0X). For any § > 0 fixed, choose any é neighbor-
hood of the set of non-super regular disks (denoted by E; C .#,,) such that

lim mes(Es) = 0.
§—0
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Set
S5 = 1(X x Ey).

Let (41, &y, ..., ly,) be the coordinate variables in .#, and w, wy, ..., w, be the complex
coordinate variables in M. Set

J 8wot awg

~\ o o
to be the Jacobian matrix. Then, J is a smooth complex matrix valued function
in A, and invertible at %,. Denote by I'(w,) the canonical connection form of

the Kidhler metric @,. In the following calculation, we take covariant derivatives with
respect to wy. Clearly,

a)n a)”
=206 J g a)o {20} xM\.% wo

Now we need to show that the remaining portion is 0(4).
a)ﬂ
lim 9. (—¢) w,
z—>20€0X {z)x %\y‘?(} 0)0
wﬂ
= / rl s Wy (a)O) a)()
{z0}x T\ 0)0
a)ﬂ
[ () ()
Lolx 5\ \ OWe o
o a)ﬂ
f (i — e (wo)nﬂ) (—"’) det g, ; det( J)dr
{z0}x (EsN%p,) g @y
axk
= — | 7 det()) ) detg,zdt
7U}x(E5(\J//¢O) axk awot

a)”
—f (wo)n ( )detgo”3 det(J)dt — 0
{zo}X(Eaﬂ%)O) wj

as § — 0. This is because all terms in the last formula are uniformly bounded and
the measure of Es tends to 0 as § — 0. Here

dt = di*d® - - - di*".

Consequently, we have shown that

2 = n
a z w

f udpre f ol SR Bl K2
ExM\%, ox 121 g, @y

[ 5 S Ricton — pow nay
d

ox 1zl Ja 0z
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In other words, we have

ap|* z 0
/ D— Wy = / ——E, (¢, )
=xM\%, 0Z o oz 12102
_ ok
N B 3n
The theorem is then proved. O

If we replace the almost smooth solution by a partially smooth solution, then

Corollary 6.1.2. — Suppose that ¢ : X — A, is a partially smooth solution described as
i Definition 1.3.1. Then the induced K energy function E,, : ¥ — R (by E,(2) = E,(¢(z, -)))

s a bounded weakly sub-harmonic function in ¥ such that
2 2

0207

7%

wy" >0
0z ¢ =

@

m@m»zf

M\ %,

holds in % in the weak sense. Moreover,

E,
| Sz |
iz on XM\,

where ds s the length element of 0%, and n s the outward pointing unit normal direction at 9X.

a 2
gi C()¢”d5,
0z

@

Next, let us discuss the general case of extremal Kiahler metrics. In [5],
E. Calabi showed the following structure theorem for extremal Kiahler metrics:

Proposition 6.1.3. — Let M be a connected, compact Kihler manifold with an extremal
Kahler metric g. Then the identity component of the isometry group Isomo(M, g) s a maximal
compact, connected subgroup of the automorphism group Auty(M, J). Moreover, any extremal Kihler
metric must be invariant under one of the maximal compact subgroup of the automorphism group.

Following this theorem of Calabi, we may consider only those metrics which are
invariant under the same maximal connected compact subgroup of the automorphism
group. According to [15], there exists a unique holomorphic vector field

)
Y=Y" ,

0w,

which is the gradient vector field of the scalar curvature function if the metric is ex-
tremal. Note that this vector filed is unique up to holomorphic conjugation in each
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Kihler class. From this point on, we will use Y to denote the extremal vector field
and we use it to modified K energy functional. Consider

Lwy = /—1336(¢9).

Here 6(¢) is a real valued potential function for ¢ if and only if Im(Y) 1s a Killing
vector field of w,. This is true for those Kahler potentials which are invariant under
the maximal compact subgroup.

It is well known that one can modify the definition of the K energy by this
potential function such that the critical point of the new functional is the extremal
Kahler metric. Set

dE, )
6.6 o) = [ 56— - o000,
M t
6.7) = T ) + fk )50}

To prove that this can be integrated into a well-defined functional E,, we let ¢(t, s)
be a family of Kahler potentials parametrized by ¢ and 5. We compute

30(#)

=YY%, .z
¢.ap
awg

It is easy to see that

00 0 «f 90 0%¢
—=Y\— =g — .
as as awg 050w,

Then,

d
0(¢) —¢w

dS M

Wop o6 06, (i
[ (ZZ 40 622 A, (2 ) )
/(858t+ o 09\ 5y ) )
0 ¢ 0p % [
otﬁ n
- 022 1 oZ A (2
A(g"’ duy Dty 00 | d10s | a1 "’(m))‘%
P 1 [(_op _op
6 S (v v ) ) W
/M (@(ata 2g"’< a1 35)) “o

[
=& | owrta,
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This means our definition of modified K energy is well defined. It follows that by
integrating d?—z‘“ along paths, we can get a modified K energy E, which may depend
on a given Kiahler metric as E, does.

By a similar calculation, for Kahler metrics which are invariant under Im(Y),
we obtain

?E, 9’E, 92 1|_a
M

2
— 0 . n
020z 920z 920z 2 ) (@, ey

0z |,

Note that 6y is real for Kiahler metric which is invariant under action of Im(Y). For an
almost smooth solution to HCMA equation (1.1), the second term vanishes completely.
Technically, if @, is uniformly bounded from above, then 6(¢) is uniformly Lipschitz.
This is a key technical step in generalizing Theorem 6.1.1 to the case of extremal

Kéhler metrics. Similarly, the same approximating proof will work in this case as well.
Thus #.

Corollary 6.1.4. — For any partially smooth solution ¢ € H, (cf Definition 1.3.1), we

/I;Ix 2\

where the left hand side 15 evaluated at points where Rihler metric is smooth. Equality holds for any
partially smooth solution. Moreover, E ts a bounded weakly sub-harmonic function on X.

have

a 2
7%
g

oE,,
%m&gf (¢)ds,

) 3n

@

6.2. The lower bound of the (modified) K energy

In this subsection, we want to use Theorems 6.1.1 and Corollary 6.1.2 to estab-
lish a lower bound for the (modified) K energy. Here we first set up some notations.

For any two Kihler potentials ¢y, ¢ € J7,, we want to use almost smooth so-
lutions to approximate the C"! geodesic between ¢, and ¢,. For any integer /, con-
sider the Dirichlet problem for HCMA equation (1.1) on the rectangle domain ¥, =
[—/, [] x [0, 1] with boundary value as

(6‘8) ¢(5’ O) = ¢Oa ¢(57 1) = ¢1a
H(ELY) = =P+ (1 =01, (5,0 € Xy

We may modify this boundary map in the four corners so that the domain is smooth
without corner. Here we use rectangle just for notation convenience. In fact, ¥, is
a long oval consists of two lines (—/, /) x {0}, (=/, /) x {1} and two semi circles of

2 The crucial point is that 8(¢(z, )) is uniformly Lipschitz.
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radius % to form a long oval. For the boundary map, we always assign it to be ¢, ¢,
in the two long lines and smoothly interpolates between the two Kihler potentials
in both semi-circles (cf. (6.8)). When we change [/, we will not change the boundary
map at two semi-circles at all. Denote the almost smooth solution by ¢ : ¥, — 77,
which corresponds to this boundary map?*. Following the proof in [7] carefully, we
can prove that the C'*! bound of the sequence of functional ¢ in ¥; x M is uniform
(independent of /). It follows immediately from the decomposition formulas (6.1)—(6.3)
that the K energy functional evaluated at this family of Kahler potentials is uniformly
bounded. Set

(6.9) EV(, 1) =E (0" (s, 1), Y(s,0) € X,

Then, E? is a sequence of weakly sub-harmonic function with uniform bound such
that

(6.10) E(s,0) =E,(¢) =A, and EJ(s, 1) =E,(¢) =B.
Now we are ready to prove (cf. Theorem 1.1.2)

Theorem 6.2.1. — For Kahler metrics which are invariant under imaginary part of extremal
vector field, the modified K energy s unmiformly bounded from below when the Kdihler class admat an
extremal metric. In particular, the minimum is achieved at an extremal Kihler metric when V9'S
coincides with the extremal vector field (used to modify the K energy). Furthermore, if the underlying
Kahler class s rational, then the Kihler class is K-semustable if it admits a constant scalar curvature
metric.

Proof. — We give a detailed proof in the case of constant scalar curvature Kahler
metrics. The proof in the case general extremal Kahler metrics is similar and we leave

it to interested readers. Suppose that ¢, is a constant scalar curvature metric. Then
(D) N
JEY __ JE

ot as

Claim. — B = E,(¢1) = Ey,(¢0) = A.

= 0 when ¢ = 0. Our theorem is reduced to the following claim:

Let « : (=00, 00) — R be a smooth non-negative function such that k = 1 on

[—%, %] and vanishes outside of [—%, %]. Set

0 1 (s o
Kk (s) = -k 7) where v = k(s)ds.
v —00

SO = / e ()EL (s, t)ds.

o0

Set

2 We may need to alter the boundary value slightly.
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Then
SO0 = f KD (ED (s, 0)ds = f kD (5)Ads = A,
SO = f kO (HED (s, 1)ds = f «D(5)Bds = B
(gif‘(l) B -
a |,

Now

E,(¢) — E,(¢0) =B—A =70,

2 )
/ / LI jute
2 (l)
f f f ”)(s) E, dsdtd6
= / / / k() A, ED dsdid
2 (1)
/ / / ”)(s) E, dsdtd6
2 (l)
f f f (1)(5) E, dsdtd0
oo g2,.(1)
_ / / / K (‘)EW( 1) dsdid6
wl [ ]E -

Note that |[E{(s, /)| has a uniform bound C. Thus,

I\/

E(’) (s, t)dsd1do.

11 ® Pk 11 d’k
O] )
Ve dQ E (s, t)ds 512 f e} E (s, t)ds
<Cf d*k J
T ol? ) _o | ds? %5
_C/‘oo d*k
Sl ) o ds? |,
C
< —
-

81
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for some uniform constant C. Therefore, we have

E,(¢1) — E,(¢) > ———f f f
. / /9 11

> — / / —didf = ——
20
As [ — 00, we have

Since ¢, is an arbitrary Kahler potential, the lower bound part is then proved.

To derive K or CM semi-stability from the existence of cscK metric in polarized
algebraic class, we take £ sufficiently large so that any basis of H’(M, L") embeds M
into some projective space CPN and consider asymptotic behavior of the K-energy
along one-parameter subgroups of SL(N + 1, C) which acts on CPN by automor-
phisms. Here we adopt notations in Corollary 1.1.3. Let o(¢) (¢ € C*) be an one-
parameter algebraic subgroup of SL(N + I, C) and wyps be the Fubini-Study metric
on CPY. Then %O’(t)*w}"s restricts to a family of Kédhler metrics wq(,, on M with Kahler
class equal to ¢ (L.). Since we assume that there is a cscK metric in the Kihler class
a (L), Ey,(¢s) 1s uniformly bounded from below, where ¢, denotes the Kéhler po-
tential of w, with respect to w. It follows from [24] that if w(o) denotes either the
K-stability or the CM-stability weigh of this one-parameter subgroup {o(¢)}, then as
1 — 00, we have

w(0) ! = c(WEy(dsn) — C

where ¢(n) 1s a universal constant and C is a constant which may depend on o, but
not on ¢. Therefore, w(o) > 0 and consequently, (M, L) is asymptotically K-semistable
or CM-semistable in the sense of [27] (also see [29]). m|

E<’> (s, t)dsdtd6

00 dz
E(” (s, {)dsdtd6

7. Partial regularity of the K energy minimizer

7.1. Strong convergence lemma for volume form

In this subsection, we want to prove

Theorem 7.1.1. — Suppose that {¢p,,, m € N} is a_sequence of Kihler potentials in F,
with uniform CY' bound and suppose that ¢,, — ¢o € H, strongly in C*Va < 1) and
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weakly in W>? for p large enough. If the corresponding sequence of K energies {E,(¢,), m € N}
s a Cauchy sequence and

(7‘1) 11_1}23 Ea)(¢1) = Ew((pO),

w(;m % y 2
then converges strongly to —& in L*(M, w).

" .

7
w
(4

Proof. — Set f,, = % < C and g = —t. Applying the decomposition formula of

the K energy (6.1), we see that {f, /,1og ., m € N} is a Cauchy sequence.

Since {¢;, [ € N} converges to ¢, weakly in the W*# norm for p large enough,
the lower order part of the K energy converges to the corresponding lower order part
of the K energy of ¢,. Thus

1 1
(7.2) fﬁlogﬁw” — f glogg =E,(¢) — E,(¢) + 0(7) < 0(7).
M M
Define F(u) = ulogu. For any [ large enough and for any € > 0, set
F@O) =Fi+ A = t)(g+¢€) =F(at + b),
where
a=fi—g—e€ and b=g+e

Note that a, b are both functions in M. Clearly, we have

la| + |b] < C.
Note that
F' (1) = alog(at + b) + a,
and
a* a*
F'(1) = pr > ok Viel0,1].
Thus,

/ F(0)w" = / (alog b+ a)a"
M M

= / (i —g— e log(g, + )" + / (fi—g— e
M M

= f (i =g — e log(g + )’ +/ Wy, — / wly — € vol(M)
M M M

= [ (i —g—©)log(g + €)" — o(e).
M
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Taking the following double limits

€=>0/—00 Jyp

lim lim [ F(0)a" = lim lim ( f (i — g— ) log(g + &)o' — 0(6))
e—0[—>00 M
=im(/kg—g—akg@+fo—wo)
—0 M

The second equality used the fact that f; — g weakly in L”(M, w) and the 3rd equality
used the fact that |g| is bounded. Thus,

F(1) =F©O) =F(/) —F(g+e)

1 1 pt
:f F/(t)dtzF/(0)+f fF”(s)dsdt
0 o Jo
Lot 2
=F'(0 ds dt
( )+./0 ./0 as+b ’
Lot 2

> F(0) +f Edsd;: F'(0) +
0 0

a?

2C

Integrating this over M, we have,
f(ﬁ_g_E)Q rz:f a2wn
M M
< QCf F1) = F0)o" — QCf F(0)o"
M M
= 2C </ﬁlogﬁw" — / (g+¢€)log(g + e)a)”)
M M
— 20/ F(0)w".
M
Using inequality (7.2), we have

f(ﬁ—g—o%f
M

l
< C(/ glogga)"—/(g—i-e) 10g(g+e)a)”+o(—))
M M [
_Cf F/(O)wn
M

< 0<€ + 1) — c/ F(0)o".
[ M
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Consequently, we have

QEirrolv/(ﬁ—g)Qa)”zﬂimlim (fi—g—€+e’e
—YJIM 1

e—>0[—0 M

< lim lim / (f—g— e 0" +limlim | "
M

e—>0[—o00 e—>0 [—00 M

€e—>0[—o00

=limlim | (ff—g—€)’"
M

1
< lim lim 0(7 + e) + Clim lim | F(0)o"

e—>0[—o00 €=>0/l—00 fyp
= 0.
“% ©oy 1 T2
Therefore, —1 converges strongly to —¢ in L°(M, w). O

7.2. Special properties of the K energy minimizer

We follow the setup in Subsection 6.2. Passing to a subsequence if necessary,
there exists a C'! map ¢y : £, — H, such that

1. ¢ converges to ¢o weakly in W2L(Z! x M) for p sufficiently large, with re-
spect to a fixed Kéhler metric 7jw + |dz|%.
2. ¢V converges to ¢y strongly in C* for any 0 < o < 1.

3. (5, 0) = ¢ and ¢o(s, 1) = ¢1.

The first key step in this subsection is to improve weak L/(p > 1) convergence
wﬂ
5(1)

o’

to a strong L? convergence for the volume ratio
Recall the notation (6.9)

EV(, 1) =E (0" (s, 1), Y(s,0) € X,

As before, E is a uniformly bounded, weakly sub-harmonic function in £ with
boundary condition (6.10).

In this subsection, we assume that both ¢ and ¢, are Kihler metrics with con-
stant scalar curvature in the fixed Kiahler class. Then %‘;‘f) = "P;;("l) =0 when =0, 1.
Theorem 6.2.1 implies the following:

(7.3) A=B= inf E,¢)

and

(7.4) EVG, ) > A, V(s 1) €.
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Lemma 7.2.1. — As | — 00, the L' measure of the Laplacian A, E" tends to 0 in
any fixed compact sub-domain.

When there is no confusion, we will drop the superscript (/).

Proof. — Let & : (—00, 00) — R be a smooth non-negative cut-off function such
that £ =1 on [—%, é] and vanishes outside [—%, %].

Lo
f f |As,zEa)(5, t)'d&dt
t=0 3’:—1
f f < ) 5.1 B (s, t)dsdt
1=0 J s=—1[
/z aEw(s 0! < > / / ( >3Ew(5 t)
= ds — —
==t =0 Js=—1 as

=0+ Zf f //( ) E, (s, t)dsdt
l =0 o s=—1
1 1 A
= —Qf f é”( ) - |Ey(s, Dldsdt < _?f f Cdsdt
[ t=0 J s=—1 [ t=0 Js=—1

= — — 0.

)

s
[
O

Lemma 71.2.2. — For any point (s, t) i a fixed compact domain in XV, except perhaps
a set of measure 0, we have im,_, o, E, (s, ©) = lim_ . E, (¢ (5, 7)) = A

Progf — Set fO = A ED(s,0) > 0. In B, C Xy, we have lim fz JSO=o.
Next, we decompose E{) into two parts:

Eg) =D 4+9 in 2
2
such that
Auu(” =0, where u(l)|a>:l =EO,
2

A, 00 =fD >0, where o'"]y5, = 0.
2

It is clear that o < 0. Since E is uniformly bounded, then «” is a bounded har-
monic function in X such that

[
Dis,00=u"(,1)=A, Vse| ——,—-|.
w’(s,0) =u’(s, 1) s |: 5 2:|
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Taking limit as / — 00, in any compact sub-domain 2, we have lim,_ o " = A.
Consequently,

A < limsupE!"

[—o00

= lim sup(«"” + o)

[—o00

< lim «” = A.

[—o00

Therefore, for every point in 2 (fixed), we have

lim E” = limsupE!” = A.

(=00 [—00

Combining this with Theorem 7.1.1, we have

Corollary 7.2.3. — For any (s,t) € Xy, except perhaps a set of measure 0 in Xy, the

10

'

volume ratio converges strongly in L*(M, w) sense.

This corollary is crucial in the following arguments.

For notational simplicity, set ¢; = ¢ € F,. Let £(s) = 17%2 Then

f f w"t()dz Ndz < C, VYle(l, o0).
z€¥; JM

Lemma 7.2.1 and Theorem 6.1.1 imply

2

8 l,a
f f | ol dendz < f AE(z )z A dZ— 0
2, JM 8w5 & €%
2 2
where
_ 82(],5 32¢
lLa ap l !
T == , d ;=g z+ .
" S 920wy E L0 = Sap 1, 0wg

When there are no confusions which may arise, we will drop the dependence on /.
Now we adopt a symplectic point of view now: For any /> 1, the product mani-
fold ¥, x M is foliated by smooth holomorphic discs which are transversal to M di-
rection, dictated by the structure of almost smooth solutions ¢, of HCMA equation
(1.1). In other words, for any 2o = f + J—1sy, € T, fixed, we may use {z} X M
as the parametrization space of the set of holomorphic discs which are transversal to
{20} x M. Note that this parametrization is effective except a set of codimension 2.
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Along each holomorphic disc, the (r, n) form @} is invariant. The above two inequal-
ities can be re-stated as:

(7.5) ff —é‘(z)dz/\a’z/\a) < (G,
¥, @

and

7.6 [ 5

Choosing any point 2, in the interior of ¥, such that
w/l ) .
% in L>(M, w). For any L? function % in M, we can normahze it by the following

z/\a’.z/\c% — 0.

8wﬂ

‘WO 2 converges strongly to

lim h, if limit exists,
h(x) = {2080
0, otherwise.

Then, f(x) differs from the original function at most at a set of measure 0. Now, we
decompose {z} x M into the union of two subsets I, and Fy such that

w¢0”
7(@, x) >0, Vxel

and

n

We,
—(z0,x) =0, VxebkF,.
0%

Clearly, mes(F;) > 0 since

mes(Fy) :/ "
F
a)¢ "
> c/ — (20, V)"
F "
=
n
M

where % is the upper bound of the volume form ratio Cj—iol(zo, ) in M.

Ultimately, we want to show that mes(Fy) = 0. This is not attainable at this
point. However, we can prove the following strong statement about the volume form
ratio in the limit.

x)w" = cvol(M) > 0,
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Theorem 1.2.4. — There exists a uniform constant €., which depends only on @y, ¢, €
A, (in particular, independent of x), such that, excluding at most a set of measure O from ¥y, we
have

n

W,
W(zo, x) > €, Vxel.

Proof. — By our choice of z, o (»Zo, x) — (.zo, X) strongly in LQ(M ). For

a)”

any 3 > 0, there exists an open set E[; with measure Eg < S such that ¢,ﬁ (20, %) —
—(,zo,x) pointwisely in {z} x (M \ E;). Set £,(2) : {2z} XM — {z} x M as the

"

syndrome map such that (29, x) and (z, £,(2)(x)) lies in the same holomorphic disc.
Then £,(z) 1s well defined for generic x € M. Now set

2

(2, 4(2)(0) and  fi(z,x) = pe (z, 2,(2)(x))§(2).

[ Wy,

Lo

d
Si(zx) = ’ 1

Jw
Si(x) = f
)

B
Then, (7.5) and (7.6) imply

Denote

Si(z, x)dz AdZ and  fi(x) = fﬁ(z, x)dz N dZ.
Q

NI~

/ Si(x) - o a) — 0, and /f(x) < C.
M

The first assertion implies that 4/S;(x) - 4/ o;‘f,’ — 0 strongly in L?(M). Consequently,
{S;(x)} uniformly converges to 0 in (M\ E;) NF;. On the other hand, there exists a set
E{ of measure at most g such that

hm lnf (f(x) ) < C(8), whenever x € M\ Ej.

Let Fs = F, \ (Es UE)). Then
mes(Fs) > mes(F) — 6.

We proceed to prove that our theorem holds in Fj.
Let us pick any point xy € Fs and fix it for now. Passing to a subsequence if
necessary, with loss of generality, we may assume that

n n

¢ %o
;n[(é‘o, Xp) = J(»Zo, Xp) = €.
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Here € > 0 may be very small. The goal is to show that a uniform positive lower
bound of the volume form ratio exists. Clearly, S;(xg) — 0 for any fixed compact
subset® Q. Next,

n

o'
hpmf(ﬁm>~ﬁ%@ww><c®y
— 00 wh
Passing to a subsequence if necessary, we have

ﬁ(x()) = C(s’ €, XO)’

in this subsequence. The main point is that it has a uniform bound in terms of this
subsequence.

For any /, consider any holomorphic disc which passes through (zy, xy) and de-
note it by

ﬁl . (Z([), 82) — (2(1) X M, (82(1)) X M)

such that /(z)) = xp. It is easy to see that this holomorphic disc has uniformly bounded
area in any fixed compact sub-domain (cf. Section 4). Let

a)n
g@ﬁ%ﬁ@mm,We%.

By definition, g is uniformly bounded in the boundary 9%,. Then

n n

"
Mmﬁ%ﬁmmm=mﬁmmthVL

Moreover, there exists a uniform constant C such that [g(z)| < C in the boundary
X, Since £;(X) is a measure 0 set in X x M, the limit of g,(z)(z # 0) most likely
have no bearing on log a::j?
form positive lower bound on € through this procedure.

Recall that Corollary 4.9 implies

in ¥ x M. However, we are interested in obtaining a uni-

A.g(2) = S(z,€,(2) + Ro,agﬂl’aﬁl’5|(z,e,(z))-

Split gy = u; 4 v; such that

La LB
Ay = Ro,aﬁn “n ﬁl(z,ez(z))

and

u(z) =g(2), VYzedX.

» As a matter of fact, we may choose Q = [—é, é] and our claim still holds.
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Claim. — There exists a uniform constant C such that |y] < C.
Recall that Corollary 4.2.4 implies that
— A1z 4(2) = gy g 0. Vze X
Note that ¢;(z, £;(z)) has a uniform bound in ;. There exists a constant C such that
—Cgap < Ry o5 < Cgyop-
Consequently,
Ao — Cg) <0 < Ao + Ceh).
By maximum principle, we have |7| < G and our earlier claim holds. Next,
Ay = Si(z,£(2)) >0,

and u|yx, = 0. Obviously % < 0 (maximum principle). Moreover

f e (2) - {()dz N dZ < Cf e_l”g%(z) ~()dz N dZ
Py

%

:/ (w:) (2, 4,(2) - £(dz N dZ
z \ Wy

=[ﬁ(z, 0,(2) - t(2)dz N dZ
%

= fi(x) < C(z, 3, €).

For any small positive number §; > 0, Theorem 4.2.13 implies

C
0 <Ay =5(z/4(2) < 520 Vze[=l+8,[—68]1x[6,1—48]
1

These two conditions imply that # converges strongly in W'® in any fixed compact
sub-domain of (—/ 4 8;,/— &) x (8;, 1 — §,). Moreover,

f |Azul| = f S(Z, E(z)) = S[(Xo) — 0.
5 oy

Passing to a subsequence if necessary, there exists a non-negative harmonic func-
tion uy n (—00, 00) X [0, 1] such that for any fixed compact subset €2, we have

U — Uso
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weakly in L/(2) for any p > 1; and it converges strongly to us, in C'*(0 < a < 1)
in any fixed compact sub-domain. Moreover, u,, = 0 in the boundary of this infinite
long strip X, = (—00, 00) x [0, 1] and

/ e "(2) - L(dz N dz < C(6, €, xp).
Too

The only harmonic function with this growth condition in Y., is a constant func-
tion. Thus, usx = 0. In particular, for any fixed sub-domain 2 C (={+6,,/—8;) x
(61,1 —=4,), we have »; = 0 strongly. In particular,

lim ul(Zo) =0.
[—o00
It follows

log e = g(20)
= w(20) + v(20) > —C.

Consequently, we have

n

%o _C
ﬁ(zo,xo) > ¢ Y = ¢,

Note that we chose x, arbitrarily in Fs, thus the lower bound ¢~¢ = ¢ holds for every
point in Fs. Since mes(F \ F;) < 8, our theorem is proved. O

7.3. A regularity theorem for a C'' minimizer of the K energy functional and the weak
“Rahler—Ricct” flow

In this subsection, we want to prove a regularity lemma for any C'! minimizer
of the K energy in an arbitrary Kahler class.

Theorem 7.3.1. — Suppose ¢y € CH (M) is i the closure of H,, under weak C''
topology. If the K energy functional has a umform lower bound i this Réihler class and E.(¢o)

7

;
realizes the infimum of the K energy functional in this Kahler class, then ( f) " s in WL2(M, w).

7

Proof — We will prove this by using the “Kéhler—Ricci” flow. Let ¢y(s)
(0 < s < 1) be an one-parameter family of Kéhler potentials such that the follow-
ings hold
1. ¢0(0) = ¢ and ¢y(s) (0 <s=<1) € H,
2. ¢o(s) has uniform CU! upper bound and ¢,(s)(s > 0) — ¢, strongly in
W2(M, w) for p large enough. B
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We apply the “Kahler—Ricci flow” to this one-parameter family of Kahler po-
tentials ¢g(s) (0 <s < 1):

P (s, t oy
(7.7) P60 1o 20
a1 "

(7.8) #(s, 0) = ¢y ().

Clearly, for each s > 0 and some fixed T > 0, there exists a uniform C** bound
for ¢(s,t) (s > 0,0 < ¢t < T). However, the upper-bound may depend on s and in
particular, it may blow up when ¢, s are both approaching 0.

Clazm 1. — There exists a uniform constant C which is independent of the pa-
rameters s and ¢ such that

n+ Aop <C, V(1) e (0,1]x[0,T]

Here we used Ay, A, to denote the Laplacian operators of the Kéhler metrics wg, @
respectively.

In the following proof, we will use C to denote a generic constant which is in-
dependent of s, t. Taking the time derivative of the flow equation (7.7), we obtain

2o (s, D)
Fr ( at > '

This implies that

n
w¢( 50) 36(s.1) Bp(s.1.)
— = ¢ ¥ < maxe ¥
" T xeM
n
A (s,1,x) w (5,0,x)
< maxe » = max —2&%9
xeM =0 M "
wn
S, X
— max 20 < C.
xeM "

In other words, we have a uniform upper-bound on the evolved volume form.
Following the calculation in [32], it is straightforward to show (for each fixed
s> 0)

a
<A¢ - a) (exp(=2@) (n + Ag))

n

13
> —exp(—A¢) (ﬂ2 i,;llf(Rim)) — Aexp(—\gp) (” — log ﬁ) (n+ Aog)

. w"\" .
+ (A +inf R57) exp(—Agp) - (—n ) (n+ Ag)T,
1751 (1)4)
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where R 7 is the bisectional curvature of the Kéhler metric (corresponding to w) and
A 1s a positive number such that

A —+ inle;ﬁ > 1
i#1

1
Multiplying (%) " on both sides, we get

/A
@y

; 9
<J> (A¢ _ &>(exp(—)»¢)(n + )

W\
> — exp(—hu) (n° gglf(Rz‘Zu))< >

%o
wn
wy\ (@ z
— Lexp(—Ag) (n — log —) (—> (n+ Ao)
a)ﬂ a)ﬂ
+ (Co+inf(Ri)) exp(=Cog) - (n+ AD)TT.

n

If ¢ 1s uniformly bounded (independent of s, ), then (recall that <w—"l’> < ()

w"
W L
a)¢ n a n
J A¢ — & U= —C — (U + covrT,

where ¢, ¢, ¢o are uniform positive constants and v = exp(—A¢@)(n + Ay¢p). Therefore,
o(s, 1) = (s, 0) = G

In other words, there is a uniform constant C such that
0 <n+ AypGs, 1) <C,

provided that ¢(s, £) has a uniform C° bound. It is easy to see that we have uniform

upper bound on % On the other hand, at minimum point of ¢, we have

7

log —‘: > 0.
10}
Thus, in the barrier sense, we have
0 min
M ¢

ot

> 0.
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Consequently,
|9, ] = C.

This concludes the proof of our first claim above.
For any sequences s;, t; — 0, set

¢ = P(si, ), and @y, = P(s;, 0) = o (s;, 0).

Passing to a subsequence if necessary, we have that ¢; converges to some C!! Kahler
potential ¢, (strongly in Ch*(Va < 1) and weakly in W?? (p large enough)). Note that
¢, does not necessarily equal to ¢, even though ¢, s; = 0!

¢0

"

*(M, ).

Claim 2. — a);% = wj and ,;

To prove this claim, choose an arbitrary smooth non-negative cut off function x
(fixed) and compute

1d " 2 w "
——fx 2 w”:fo¢log—¢ 2 wy
2dt Ju " M "
CL)" a)Zﬁ an
= A¢—— Vlog— — C()Zb
M W'y @y
fon ()=
< x| — o, <C.
M T

The last inequality holds since the evolving Kahler potentials have a uniform
C!! upper-bound and y is a fixed smooth function. Integrating this inequality from

t =0 to t =1, we have
n o\ 2 t
" i
[()el = ()] e [ ()
M " sivti M dt M o'
ifx( ¢o<sl)>w en
M "

On the other hand, % converges weakly to % in L?(M, ®). Then
w® \?2 o 2
(7.9) / X(ﬁ) " < lim X(ﬁ> "
Mo\ @ =00y \ @
: @\
(7.10) < lim f x| — ) "+ Cy
1—>00 M w"
" 2
_ [ n
(7.11) _/ X (—) ".
M wﬂ
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The last equality holds since ¢, converges strongly to ¢, in W*(M, w) for p large
enough (by our assumption at the beginning). This holds for any non-negative smooth
cut off function in M. Consequently, we have

w’i n
0 < [ < Dy,
— w7 ot

a.e. in M. However,

w’ﬂ "
Pt = | 22w = wol(M)!
1\1 a)?l 1\1 a)?l

Consequently,

(7.12) wgo = W)

in the sense of L?(M, w).The uniqueness of C! solution to the Monge—Ampere equa-
tion implies that ¢, = ¢. In particular, this implies the K energy E,(¢;) converges to
Ew(¢0)-

On the other hand, the equality (7.12) forces equality in (7.9)—(7.11) to hold. In
particular, we have

DA 2 no\ 2
%o no__ 13 w¢i n
x| — )" =1lm | x| — | o".
v ;. /]
M w =0 M w

Wy o
Thus 2 converges strongly to —2
w w

n

d ¢ in L*(M, w). Our second claim is then proved.
Now we use these two claims to prove our theorem. Consider E,(s,¢) =
E,(¢(s,1)) (0<s<1and 0 <{<00). Set

A = inf E,(¢) > —o0.
peHy,

By our assumption on ¢, we have

E,(¢0) = A=1mE,(¢(s, 0) =E,(s,9), Vs>0,0=0.

For any fixed number ¢y > 0, it is straightforward to show that there exist sequences
si, &; = 0 such that

0E, (s, 1)
ot -

Sisli

—-

In fact, we can choose s, ; as follows. Suppose that (s;, ) 1s already chosen. If

< 0E, (s, 1) -

= —¢o,
55% ;S% 3t
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then,

A< E(fb(s, %)) < E(¢(5,0)) — 60%

Taking limit as s — 0 in both sides, we have

t,

A < A— UO—Z.

2

This is contradiction! Therefore, there exists a (5,41, #;41) such that
JoE, (s, ¢ S 7
L) = —C St = —li < =
ot et 2 2
i+1sb+1

We will use sequences s;, ¢ to derive an a priori estimate on the volume form.

- 0E,(s, 1)
- ot

—c

Sisti

Wy - O op . _
— 1 ¢A n _ R _ A n—1
/M P e, /M g (R1e(@0) ~ o) A

2
:_/ ;
M

)
Cl);lb . n—1
— log— — C | (Ric(wy) — pwy) A
M " il

¢
2 "
§—f —cf (1og—"’—c)wAwg;l
wﬂ
M il M

Here ¢, C are some uniform positive number such that

Sisti
n

Vlog 2
a)ﬂ

Sisli

7

Vlog 2 W),
wﬂ

¢

Sisli

n

“s
log— <C+1
w?[

and

Thus

71

Vlog 2
wﬂ

Ric(wy) — pwy < cw.
2
n
@g,

/1;1 @i

w’ _ -
< ¢ — cf (mgﬁ - C)(w—i— V—=1030¢; — ~/—100¢;) A )y
M " ‘

w’, _ ',
500+c/ <10gﬁ—(]>«/—188¢i/\wg__l—c/ <logﬁ—0>wg_
M " l M " l
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wﬂ. _ a)ﬂ a)ﬂ
< — c/ V=Talog =2 N3¢ Al — c/ (1ogﬁ - c)ﬁw"
M " Z M " '

< ¢+ c(ef
M

< C(e) +ce/

M

71

.
Vlogﬁ
a)ﬂ

1 _
), + —f V=19¢; A 8¢>i/\a)z)_l> +C
1 6 1\/{ 1
2
a):;l.
@i

2
bi
n

V log 2
a)ﬂ

Choose € small enough so that ce < % With this €, we have

2

7

n |2
Do | Do |
V. —| " <C V. —| o
M w" |, M w" |y,
n |2
:c/ Vieg—2| w) <C.
M w" |y
Letting ¢ — 00, we see that
o’ |2
/ \vJ —q:’ o" < C.
M w” |,
. ' "
Since & = % we have
[0} [0}
(2
a)ﬂ
f v q:) o' < C.
M Wy
The theorem is then proved. O

8. The problem of uniqueness of extremal Kihler metrics

Following notations in Subsection 6.2. Suppose that ¢, gives another constant
scalar curvature Kiahler metric. Then

E,(¢0) = E,(¢1) = A.

Since we have uniform estimates
|aa¢(l)|2(”><M <,

there exists a subsequence of ¢ which converges to ¢ € A, in the weak Cl'-
topology. Following Theorem 6.2.1, for any point (s, #) € XY, we have

lim E, (¢ (s, {)) = A = inf E,(¢).
=00 peHy
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In the discussion below, we fix an arbitrary interior point (s, £) € X,°. Theorem 7.1.1
implies that wyn"(s, ¢, -) converges strongly to wy(s, ¢, -). By Theorem 7.2.4, we have

(1)"(3’,[,~) . . . = . (1)"(3’,[,~)
. > € as long as it 1s positive. The set of points where the volume ratio —

"

. . . . @ (s,t,r) .
vanishes must have measure 0. Otherwise, it contradicts to the fact that 4/ gw,, 1s in
W!2(M, w) (cf. Theorem 7.3.1). Thus,

wy(s, L, -)
a)ﬂ

for all points in M except at most a set of measure 0. Normalizing this volume ratio

in the L? sense, we obtain

(s, 1, )
_7n>60, Vxe M.
w

Since ¢ has a uniform C'' bound, this implies that
wy(s, 1, 1) = G

for some positive constant ¢y. In other words, the metric g4 is equivalent to g). For any
locally supported test function &, we have

', _
/ log —=+/—190E A ol = / ERic(wy) — wg) A @y
M w" M B B

Write
82¢ _ _
a)g = (gozﬁ + m)dwadwﬂ = g@agdw“dwﬂ,
and
a)n
¢
S=—
w

Since log f is in W2, we then have

_/awmyﬂs

Igg awa %

s == [ sRicton) ~ o) n o
M -

% In any fixed open set, ws can be approximated by a sequence of smooth Kihler metrics which have
a uniform positive lower bound. Thus one can do small deformations in arbitrary directions. Consequently, one can
establish the Euler-Lagrange equation in the weak sense.
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for any locally supported test function §. Hence log f satisfies the following 2nd order
non-linear equation in the weak sense:

1 9 : 0 z
¢.aB _ 0B
j_‘ awg (g— fawa logf) = g% RIC(a)O)aB —n.

Note that this is a uniformly elliptic second order non-linear partial differential equa-
tion with uniformly bounded coefficients, while the right hand side is in L*°. Accord-
ing to the Holder estimate (due to de Giorgi), there exists a small constant a € (0, 1)
such that log f € C® for any interior points. Since dM = ¢, this implies that f is
C*(M). Using the Monge—Ampere equation

0%¢p
det ga'g-i- W :f,

one can deduce ¢ € C*. Returning to the original equation of divergence form, we
have

i (bgf) (¢ Ric,5(@) —n) f.

Jwy 0
Here the left hand side is a uniformly elliptic operator with C¢ coefficients, the right

hand side is also C® continuous. The standard elliptic regularity theory implies that
¢

log / = log—= € C** This in turn implies that ¢ € C** or the right hand side is
in C**, By repeating this boot-strapping between these two equations, one shows that
¢ 1s smooth. Consequently, it must be of constant scalar curvature. It is easy to see

% =0, and ¢(s, 1) (0 <¢ < 1) satisfies the geodesic equation:

) w3 s
27 el =8P =g =0,
where
9
na — otﬂ d ¢
Toe awa(‘)wlg

The second variation of the K energy must be identically O in the direction of ¢, which

implies
[l

=0

awﬂ
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or
on“
8w5

=0, Va,=0,V1,2,..,n

Thus, this path represents a path of holomorphic isometric transformations. The
uniqueness 18 then proved for cscK metric.

For general extremal Kéhler metrics, we can apply the above arguments to the
modified K energy E,, defined in (6.6). According to [15], there is a unique extremal
holomorphic vector field Y in a given Kéhler class up to holomorphic conjugation. By
Proposition 6.1.3, we only need to prove the uniqueness of extremal Kahler metrics
which are invariant under action of Im(Y). For invariant metrics, the above arguments
go through for E,, in (6.6) on the space of invariant Kihler metrics. Thus we have

Theorem 8.0.1. — In any Kahler class, the extremal Kdihler metric is unique up to holo-
morphic transformations.

This concludes our proof of Theorem 1.1.1.

9. Appendix

The purpose of this appendix is to give a proof for Lemma 3.3.1. The lemma
is more or less known to experts in the field, although it is difficult to find exact state-
ment in literatures. The proof presented here is shown to us by Professor E. Lupercio.
It uses some standard theory of loop groups. We will be very explicit in our presenta-
tion here for the sake of completeness.

To simplify the following explanation let us suppose that G = GL,(G). The loop
group £ G of a Lie group G is the space of maps from the unit circle S' in G to the
corresponding group G. In this note, the space ZG is endowed with the structure
of an infinite dimensional polarized manifold. By a polarization of a vector space H we
mean a class of decompositions H; @ H_ that differ only “by a finite amount.” We
will be more precise below. A manifold is polarized if its tangent bundle is polarized
at every fiber.

There are several important subgroups of the loop group that deserve considera-
tion. The first of them is the subgroup -Z*GL,(C) of loops y € -ZGL,(C) that extend
to holomorphic maps of the closed unit disc D? on the complex plane
7 : D* - GL,(C).

The loop group has very important homogeneous spaces that posses very nice
geometrical interpretations. The most important of them is the restricted Grassmannian
of a Hilbert space H. The fundamental idea is that the loop group acts transitively on
the restricted Grassmannian, and the stabilizer of a point is the subgroup .Z*GL,(C).
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This action thus realizes the restricted Grassmannian as a homogeneous space for the
loop group of the form .ZGL,(C)/-Z*GL,(C). To define this Grassmannian we need
the concept of polarization for the Hilbert space. Let just say that if we realize our
Hilbert space as the space of functions on the circle H” = L*(S!, C") = H® C", then
the natural polarization for H" is given by

9.1) H"” =HY? @ H”

where H{” consists of those elements of H® that are boundary values for a holomor-
phic map on the unit disc D?, and H" is the orthogonal complement of HS:') in H®,
In other words HS;’) is the space of functions f(z) so that in its Fourier expansion no
negative powers of z appear.

We define the restricted Grassmannian Gr(H™) of H™ to be the space of all closed
subspaces W of H" so that the projections W — HS’_’) and W — H” are respectively
a Fredholm and a Hilbert-Schmidt operator. This definition is crafted in such a way
that W is then ‘comparable’ in a suitable sense with HY”, that is to say, the decom-
position W @ W+ is also a polarization. With this definition the restricted Grassman-
nian is an infinite dimensional complex manifold with charts modeled on the Hilbert
space #5(W; W) of Hilbert-Schmidt operators W — W+, This shows that the re-
stricted Grassmannian group is a polarized manifold.

More relevant to this discussion is the Grassmannian Gr™ € Gr(H®) consist-
ing of those W € Gr(H®) so that zW € W. The index of the projection W — H!”
is called the virtual dimension of W. The wirtual dimension index the connected compo-
nents of the Grassmannian, that is to say that it can be thought as an isomorphism
moGr(H") = Z.

If we let the loop group -ZGL,(C) act on H” by matrix multiplication (every
element y(z) of the loop group is a matrix valued function on S') then the action
induces a corresponding action on Gr” — this is the purpose of the condition
ZW C W in the definition of this Grassmannian. The action is transitive and the 1so-
topy group of HY is precisely .Z+*GL,(C). This produces the identification
ZGL,(C)/L*GL,(C) = Gr™. A version of the maximum modulus principle fur-
thermore mmplies that
(9.2) QU, = £U,/U, = ZGL,(C)/Z*GL,(C) = Gr™.

There is natural stratification of Gr™ whose strata are indexed by homomor-
phisms S' — GL,(C). Every such homomorphism can be written in the form
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where k = (ki, ky, k3, ..., k,) 1s a integer partition of the non-negative integer num-
ber k, namely k) +k +--- + &, = £

The Birkhoff factorization theorem® establishes that any loop ¥(z) € £ GL,(C) can
be factored in the form

(9.3) Y(2) = v- ()Y (2)

where v, (2), y_(1/z) € £7GL,(C) and k is well defined up to the ordering of the £s.

We will say that k is the multi-index (or Grothendieck index) of y(z) whenever
(9.3) holds. We will tolerate the ordering ambiguity in this definition.

Let us return to the description of the stratification of Gr™. Notice that given
a loop y(z) € ZGL,(C) of index k, then multiplying on the right by any elem-
ent ¢, (2) € Z*GL,(C) will not affect the multi-index, that is, ()¢, (z) still has
multi-index k. From this we conclude that the multi-index is constant along orbits of
the right-action of Z*GL,(C) in ZGL,(C). In other words every point of Gr™ has
a well defined multi-index.

Let us define .~ GL,(C) by declaring that ¢_(z) € £~ GL,(C) if and only if
¢_(1/2) € Z*GL,(C). Again the action of .Z~GL,(C) doesn’t affect te multi-index
of an element. Then the orbits of the action of Z~GL,(C) in Gr" are precisely the
same as the sets of elements in with the same multi-index and all its permutations.
This is once more a consequence of the Birkhoff factorization. To avoid the problem
of the permutations we will have to consider a smaller subgroup N~ of .~ GL,(C).
The group N~ consists of those elements in y_ € £~ GL,(C) so that,

I % % =%
0 1 *x =x
V— (OO) - 0 0 . . *
0O 0 0 1

For every partition k of £ (and here the order is important) we define the sub-
spaces Hy € Gr™ as

o0

9.4) Hi = 2HY = { /() = (i2): o i) () = Y _ a2/, d € C}

J=ki

and we define Xy to be the orbit of Hy under the action of Z~GL,(C) in Gr™.
Define now X to be N~ - Hy, C Gr™ (again, the order in k in important.) We
have

27 The Birkhoff factorization theorem is equivalent to the theorem of Grothendieck that states that every
holomorphic bundle of rank z over the Riemman sphere can be uniquely written in the form of powers of the Hopf
bundle O(k) ® - - - @ O(£,).
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Proposition 9.0.1. — The set of all elements in Gr™ of multi-index Y if precisely Xg.

Progf. — Take any element y(z) € ZGL,(C) of index k, and write W =
y(z)H(") € Gr'™. Using the Birkhoff factorization ¥(z) = y_(2)Zy4(2) we have W =
V- (Vi (QHY = p(2) = y_(9)ZHY = y_(2)Hy, showing thus that every W is in
some 27 . |

In fact a more refined statement 1is true.

Progf — We use the Pressley—Segal identification of H” = L*S',C") —
LXS',C) = H given by (f,...[,) — f(©O = Y., {i_lf@”) We define W =
UmWﬂ ¢"H_. Choose an algebraic vector space basis of W by considering the subset
of W consisting of elements of the form ¢* —I—Z ~ %", and choosing one such elem-
ent for each possible value of 5. Call S the set of all the values of s appearing in this
construction. Denote by w, = ¢* + Z;;I_OO @ ¢* the chosen element so that our basis
is B = {w,: s € S}. Let Hy = {)_ g a,¢’} be the Hilbert space generated by the ¢°.
We may suppose that the orthogonal projection W — Hg sends w, — ¢’ (by using
reduction of the basis # to its reduced echelon form.) This induces an isomorphism
W = Hs. Since zW C W then s € S implies s + 7 € S (cf. p.98 in [9]). There are
elements 7; in S so that 7, —z is not in S, and S = quN{ﬁ + gn, ..., r, + qn}. Writing
7, = nk; + 1 — 1 we conclude immediately that Hg = H.

We can find the element y_(z) we are seeking for using the isomorphism
W — Hy by the following procedure. We define the smooth function v;(z) € W to
be the element in W that projects to (0, ..., 2., 0) = ¢ = ¢ 5o that we can
write a basis of W as & = {Zf0(2): 1 < n, k > 0}. The matrix of smooth func-
tions v(z2) = (v1(2), ..., 1,(2)) defines an element in ZGL,(C). Clearly v(z) - H, = W.
Define y_(z) = »(2) - z7% Then y_(z) - H, = W. Since »(z) projects to (0, ...,

.,0) € Hy then y,(2) = v;(2)z7% projects to (0,...,1,...,0) € H,, therefore
no positive powers of z appear in the expansion of y_(z) and moreover the con-
stant term in the Laurent expansion y_(00) is upper triangular. We also have that
degdety_(2) + v.dmW = vdimHy, and therefore degdety_(z) = 0. From this we
conclude that y_(z) € N~ O

Proposition 9.0.2. — The Grassmannian Gr™ admits a partition
(m —
G =] ]33
k
Moreover, each X5 1s the union of the 2u’s for all permutations m the order of k, namely

zp = [ Zeo-

€S,
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Proof. — 1t is easy to see that for each permutation € we have that H.q) € 25
and hence 27 2 ces, De(k)- Since the whole Gr™ is the disjoint union of ; for all
possible j and since N~ C .2~ GL,(C), it is enough to show that X7 does not contain
any H; for a j that is not a permutation of k. To see this we associate a sequence
w(W) to each W by @;(W) = dim(WN¢'H_). It is immediate to see that the sequence
w is £~ GL,(C)-invariant, and it nevertheless distinguishes Hy from Hj (because of the
proof of the previous proposition we can recover the ordered multi-index from w.) O

Theorem 9.0.3. — The set Ty is a contractible submanifold of Gr' of codimension

(k) =) |k — k| — oK),

i<j
where o(K) s the number of wnversions of k.

Progf. — Let us define an open neighborhood of Hy. Let Ly € 2~ GL,(C) be
is the subgroup of elements y(z) so that y(co) is the identity matrix. Consider the
map ZGL,(C) — Gr'”: p(2) — y(2) - Hy. Let Uy be the image under this map of
szaz_k. Clearly Hy, € Uy.

Now Uy we prove that is an open set. Here we return to the proof of Lemma 1.
When we proved that y_(z) € N~ we should point out that the same argument ac-
tually proves a little bit more. Indeed we have that z7%2,(2)* € H is of the form
©, ..., 1,...,0) + 2_(2) € H where £_(z) € H_. Therefore y_(z) € %L z7*. Without
loss of generality we assume k = (0, ..., 0), otherwise we shift by the appropiate 7*. In
this case the Birkhofl factorization can be refined to state that every loop y(z) factor-
izes uniquely as p(2)y4(2) where y_(2) € Ly and y,(2) € Z*GL,(C). This implies
that Ly = U, is an open chart of Gr"” = ZGL,(C)/.Z*GL,(C), and therefore Uy
is open. Also notice that this argument also implies that %, C Us,.

We want to show then that the codimension of the inclusion ¥, € Uy is given
by the formula of the statement of the theorem. Since we know that in the proof of
Lemma | we actually have y_(z) € (,sza 7" N N-. In fact ZGL,(C) —
Gr™: y(2) = p(2) - Hy induces an identification (N~ N zXLy 2%) — Zy. We claim that
the multiplication in ZGL,(C) indices an identification (N~ N XLjz %) x
(NT N XLy %) — XL z* = Uy, where NT is just as N~ except that we talk of
lower triangular matrices.

All that remains then is to compute the dimension of Nt N sza 2% This is
done as follows. By taking Laurent expansions of the entries of en element y(z) €

(NT N &Ly z7%) we conclude that for i < then y;(2) = 1, vi(2) = /;;/g - a)7" and
Vi = Z/f;)k‘_l @7'. By counting coefficients we obtain the desired formula. ]

Remark 9.0.4. — Notice that the proof of the previous theorem actually shows
more. It shows that the codimension of elements y(z) of multi-index k inside
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ZGL,(C) is given by the same formula. This is done by considering (N"NZ*Ly z7%) x
(NT N 2XL; 27%) x ZTGL,(C) instead of (N~ N XLy z7%) x (Nt N &L, z7%).
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