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Abstract
Mathematical models can provide a quantitatively sophisticated description of tumor cell (TC) behaviors under mechanical 
microenvironment and help us better understand the role of specific biophysical factors based on their influences on the TC 
behaviors. To this end, we propose an off-lattice cell-based multiscale mathematical model to describe the dynamic growth-
induced solid stress during tumor progression and investigate the influence of the mechanical microenvironment on TC 
invasion. At the cellular level, cell–cell and cell–matrix interactive forces depend on the mechanical properties of the cells 
and the cancer-associated fibroblasts in the stroma, respectively. The constitutive relationship between the interactive forces 
and cell migrations obeys the Hooke’s law and damping effects. At the tissue level, the integrated growth-induced forces 
caused by proliferating cells within the simulation region are balanced by the external forces applied by the surrounding host 
tissues. Then, the cell movements are calculated according to the Newton’s second law of motion, and the morphology of TC 
invasion is updated. The simulation results reveal the continuous changes of the macroscopic mechanical forces due to the 
interactions among the structural components and the microscopic environmental factors. Moreover, the simulation results 
demonstrate the adverse effect of the stiffness of tumor tissue on tumor growth and invasion. A decrease in the stiffness of 
tumor and matrix can promote TCs to proliferate at a much faster rate and invade into the surrounding healthy tissue more 
easily, whereas an increase in the stiffness can lead to an aggressive morphology of tumor invasion. We envision that the 
proposed model can be served as a quantitative theoretical platform to study the underlying biophysical role of the mechani-
cal microenvironmental factors during tumor invasion and metastasis.
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1  Introduction

As one of the most important characteristics of tumor micro-
environment, solid stress generated by the rapid prolifera-
tion of cancer cells is accumulated within tumors during 

tumor progression. The solid stress can be classified into two 
types (Jain et al. 2014; Jeroen et al. 2006; Triantafyllos et al. 
2012). One is known as cell proliferation-induced stress or 
residual stress, which includes the microscopic interactions 
among the structural components (such as stroma, tumor 
cell and host tissue) in the tumor microenvironment, and 
it remains in the tumor after external loads are removed 
(Triantafyllos et al. 2012, 2013). The other is understood 
as the externally applied stress, which is generated by the 
neighboring host tissue to inhibit tumor expansion, and it 
diminishes after tumor excision (Cheng et al. 2011; Demou 
2010; Kaufman et al. 2005).

So far, a large amount of experimental data have revealed 
the influences of solid stresses on tumor pathophysiology, 
including the direct compression on tumor and stromal 
cells (Cheng et al. 2011; Helmlinger et al. 1997; Paszek and 
Weaver 2004; Pierre-Jean et al. 2009; Tse et al. 2012) and 
indirect deformation of blood and lymphatic vessels (Baish 

H. Chen and Y. Cai have contributed equally to this work.

Electronic supplementary material  The online version of this 
article (https​://doi.org/10.1007/s1023​7-019-01231​-4) contains 
supplementary material, which is available to authorized users.

 *	 Z. Li 
	 zhiyong.li@qut.edu.au

1	 School of Biological Science and Medical Engineering, 
Southeast University, Nanjing 210096, China

2	 School of Chemistry, Physics and Mechanical Engineering, 
Queensland University of Technology, Brisbane, QLD 4001, 
Australia

http://orcid.org/0000-0002-6814-9165
http://crossmark.crossref.org/dialog/?doi=10.1007/s10237-019-01231-4&domain=pdf
https://doi.org/10.1007/s10237-019-01231-4


578	 H. Chen et al.

1 3

et al. 2011; Huang et al. 2013; Jain 2013; Kamoun et al. 
2010; Pries et al. 2010). In fact, the interactions between 
tumors and their surrounding mechanical microenvironment 
involve phenomena in multiple scales. For example, at the 
cellular level, cancer-associated fibroblasts (CAFs) in stroma 
are activated during tumor progression and subsequently 
become desmoplastic, which increases tissue stiffness 
(Branton and Kopp 1999; Ishihara et al. 2017; Pankova et al. 
2016). The stretch on collagen by tumor cells and CAFs, and 
cell–extracellular matrix (ECM) interactions during migra-
tions of tumor and stromal cells yield the growth-induced 
stress (Butcher et al. 2009). While at the tissue level, the 
growth-induced stress is restricted by the surrounding host 
tissue, which allows the tumor expansion and invade by 
deforming the surrounding tissue. Advances in experimental 
and theoretical studies of these multiscale mechanisms are 
needed to gain more insight into the underexposed role of 
the mechanical environmental factors in tumor progression 
and therapy.

Although several in vitro experiments are able to mimic 
the solid stress induced at different stages of tumor growth 
(Cheng et al. 2011; Kalli and Stylianopoulos 2018; Montel 
et al. 2012; Triantafyllos et al. 2013), little is known about 
the in vivo dynamic mechanical microenvironment. One rea-
son is that currently there are no high-resolution real-time 
methods to quantify the solid stresses in in vitro or in vivo 
tumors. Although atomic force microscopy (AFM) has been 
widely used to image and characterize the mechanical prop-
erties of tumor in situ, such as stiffness of tumor cells, meas-
uring and mapping the solid stress induced by tumor growth 
have proven to be very challenging due to both the hetero-
geneity of tumor tissue and the presence of residual stresses 
in tumors. Recently, Jain’s group developed and compared 
three ex vivo and in situ experimental methods (Nia et al. 
2017), including the planar cut method, the slicing method 
and the needle biopsy method, to quantify the stress-induced 
deformation by high-resolution ultrasonography or opti-
cal microscopy. The solid stress was then estimated using 
mechanical modeling based on Hooke’s law. However, the 
stiffness heterogeneities of the tumor tissue were not fully 
considered in their model.

Extensive mathematical and computational models of 
growth-induced solid stress in tumors have been established 
in recent years, which have facilitated the understanding 
of tumor cell responses to mechanical microenvironment 
(Ambrosi and Mollica 2002; Ambrosi and Preziosi 2009; 
MacLaurin et al. 2012; Triantafyllos et al. 2012, 2013). 
Recent studies investigated the correlation between the 
tumor cells proliferation and surrounding tissues by com-
bining biochemical and biomechanical factors (Xue et al. 
2016, 2017; Yin et al. 2019). Mathematical modeling of 
the mechanical microenvironment in tumors can be clas-
sified into continuum model and discrete model based on 

different modeling methodologies (Jeon et al. 2010; Yazdi 
et al. 2016). Continuum models treat tumors as isotropic 
hyper-elastic materials (Chen et al. 2014; Kyriacou et al. 
1999; Voutouri et al. 2014) or poroelastic materials (Fraldi 
and Carotenuto 2018; Islam et al. 2018; Netti et al. 1995; 
Yin et al. 2019) and contain relatively small number of 
parameters (Roose et al. 2003), so that they can be simulated 
efficiently. However, these models are limited in the truth 
that tumors are not isotropic, and their structures are too 
complex to be described by a global constitutive equation. In 
addition, the individual cell properties and the cell–cell and 
cell–matrix interactions cannot be included in the continuum 
model. To couple the dynamic microenvironment that the 
tumor cells experience with their different phenotypes in 
metastasis, discrete models including agent-based mod-
els (Drasdo and Hohme 2005; Smirnov et al. 2010; Zhang 
et al. 2007) and cellular automaton models (Hatzikirou et al. 
2010; Mallet and De Pillis 2006; Patel et al. 2001) have been 
developed. Following a discrete approach, the tumor cells 
are represented by one or several agents, while the cell–cell 
interactions are rule-based according to the local micro-
environment. The main drawback of discrete modeling is 
the limitation of the number of individual cells due to the 
huge computational cost for simulation. Therefore, hybrid 
discrete–continuum models of tumor migration and inva-
sion have been proposed (Anderson 2005; Jeon et al. 2010; 
Stolarska et al. 2009), in which the dynamics of chemicals 
(such as oxygen, ECM and growth factors) can be solved 
by using reaction–diffusion–convection partial differential 
equations (PDEs). Additional ordinary differential equa-
tions (ODEs) can also be coupled to describe signaling or 
metabolic pathways, which can improve the hybrid model to 
cover multiscale pathophysiological phenomenon.

In this study, we proposed an off-lattice cell-based mul-
tiscale mathematical model to quantitatively describe the 
dynamic growth-induced solid stress during the early tumor 
progression and investigated the effect of the mechanical 
microenvironmental factors on the tumor invasion. It is 
worth mentioning that the stage of the early tumor progres-
sion is avascular (Mueller-Klieser 1987; Ribeiro et al. 2017). 
The model consists of three components in tumor microenvi-
ronment, including tumor cells (TCs), host cells (HCs) and 
ECM. At the cellular level, the interaction forces between 
the cells depend on the cell mechanical properties, such as 
stiffness and damping ratio, while forces between the cells 
and stroma are related to the CAF mechanical properties in 
the ECM. At the tissue level, the force applied on the cells 
within a simulated region is balanced by an applied external 
force from the surrounding host tissue. After that, the cell 
migration is calculated on the basis of the Newton’s second 
law of motion, and the invasive morphology of tumor is 
updated. Extensive simulations by adjusting the mechani-
cal parameters of the cell and the surrounding host tissue 
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are performed in order to assess the influence of different 
mechanical microenvironments on the tumor invasion.

2 � Materials and methods

The present model shown in Fig. 1 consists of three fun-
damental components within the tumor microenvironment, 
i.e., TCs, HCs and ECM. The fundamental modeling method 
used here is distinct element method (DEM), which is based 
upon the assumption that one particle element only interacts 
with its neighboring contact elements under a small time 
step. Therefore, the force acting on the particle element and 
the element’s displacement are determined by its interac-
tion with the neighboring contact elements. In detail, the 
force and displacement are iteratively calculated by apply-
ing defined force–displacement constitutive relationship of 
interelement contacts and Newton’s second law of motion. 
The constitutive relationship is composed of linear-elastic 
and viscoelastic contacts, and the two types of contact forces 
are determined by the relative movement between the ele-
ment and its neighboring contact element. Newton’s second 
law of motion is used to determine the motion of the ele-
ment according to the calculated resultant forces on it. The 
three components (TCs, HCs and ECM) are all assumed 
to be deformable disks, and each component disk has a set 
of parameters describing its attributes including size, stiff-
ness, damping coefficient, etc. A detailed description of 

their parameters is provided in Supporting Material [S1]. 
Here, the stiffnesses of the two types of cells and the ECM 
are simplified to be constants. Moreover, the discrete ECM 
with an initial number density (the radius of ECM particle is 
1 μm and the corresponding ECM number density is 0.712 
Unit/μm2) is uniformly distributed in a simulated region. 
In addition, we also assumed that the cell–cell adhesions 
(TC–TC, TC–HC and HC–HC) during separation of two 
cells are induced by the cancer-associated fibroblasts (CAFs) 
in the ECM, which resist the cell separation. Thus, the vari-
able mechanical properties of the CAFs result in different 
bonding effects on the cell–cell adhesions.

The multiscale model is established based on the fact that 
due to the tumor invasion, the solid stress (or the micro-
scopic interactions between the three components) inside 
the simulated region is increased, and correspondingly, the 
applied external stress from the surrounding host tissue at 
the expanding boundary is also increased. At the cellular 
level, the cell migration is expressed by the Newton’s second 
law of motion, and the cell–cell interaction is modeled by the 
Kelvin–Voigt viscoelastic law. At the tissue level, the tumor 
invasion is described by the whole solid stress field within 
the simulated region. Considering the balance between the 
solid stress and the applied external stress at the expanding 
boundary, the multiscale model is numerically solved by the 
DEM. The mathematical model and numerical implemen-
tation are described in detail in the following sections and 
Supporting Material [S2].

Fig. 1   Illustration of the multi-
scale model. The green square 
represents a simulated region; 
the blue, red, and purple disks 
represent the TCs, the HCs, and 
the ECM, respectively. Black 
arrows indicate the interactions 
between the three fundamental 
components at the cellular level. 
The yellow arrows represent the 
forces of the three components 
acting on the wall, which are 
balanced by the applied external 
forces from the surrounding 
host tissue at the tissue level
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2.1 � Models at the cellular level

At the cellular level, the behaviors of cell–cell interaction, cell 
proliferation and migration are mainly modeled as follows.

2.1.1 � Cell–cell interactions

When two cells interact including contact (Fig. 2A, B) and 
separation (Fig. 2C, D), for the sake of simplicity, we assume 
that the interaction of the two cells does not resist their rela-
tive rotation. Thus, a concentrated force only acts on each cell, 
and the forces on the two cells are equal but in opposite direc-
tions. Furthermore, the force is expressed by the Kelvin–Voigt 
model with a Hookean elastic spring and a Newtonian dashpot 
connected in parallel. Wherein, the elastic force produced by 
the Hookean elastic spring is decomposed into normal and 
shear components with normal and shear stiffnesses, and the 
normal stiffness is assumed to be three times of the shear stiff-
ness (Canetta et al. 2005). Similarly, the damping force by 
the Newtonian dashpot is also decomposed into normal and 
shear components with the normal and shear critical damping 
ratios, see Fig. 2.

When two cells contact, we further assume that the forces 
on the cells are proportional to the contact (or overlapping) 
height at the contact location. The conversion relationship 
between the physical parameters of cells and the contact 
parameters is presented in Supporting Material [S3]. In the 
normal direction (Fig. 2A), the normal component Fnij of the 
contact force Fij is given by:

where kn and ηn are the normal stiffness and critical damping 
ratio between the two cells (i, j) . n denotes the normal unit 
vector along the line connecting the centers of the two cells. 
� notes the relative displacement in the normal direction. v 

(1)Fnij =
(
−kn� − �nv ⋅ n

)
⋅ n

notes the relative velocity vector between the two cells. In 
the shear direction (Fig. 2B), we assume that a constant elas-
tic force by the Hookean spring is kept and relative slippage 
between the two cells occurs, when the shear component is 
beyond the critical Coulomb’s friction. The shear compo-
nent Fsij of the contact force before- and after-slippage is 
given by:

where t is the tangent unit vector, �, ks and �s are the fric-
tion coefficient, the shear stiffness and critical damping ratio 
between the two cells, respectively. � denotes the two cells’ 
tangential relative displacement. v is the two cells’ relative 
velocity vector. Then, the resultant force Fi of the cell i con-
tact with N surrounding cells is expressed as:

When two cells depart (Fig. 2C, D), the cell–cell interaction 
is modeled by an adhesion force yielded by CAFs in ECM, 
which drags the two cells to resist their separation. The adhe-
sion behavior between the two cells is modeled as a bond, 
which consists of Hookean spring and Newtonian dashpot 
components, similar to the cell–cell contact model. However, 
the bond fails when the cell–cell separation force is over a 
critical adhesion force; in other words, the cell–cell interaction 
disappears. The expression of the adhesion force caused by 
CAFs is given by normal direction (Fig. 2C):

(2)
Fsij = −𝜇

|||
Fnij

|||
⋅ t

|||
Fsij

|||
≥
|||
Fnij

|||
⋅ 𝜇

Fsij =
(
−ks𝛽 − 𝜂sv ⋅ t

)
⋅ t

|
|
|
Fsij

|
|
|
<
|
|
|
Fnij

|
|
|
⋅ 𝜇

(3)Fi =

N∑

j

(
Fnij + Fsij

)
, (j = 0, 1, 2,… ,N)

(4)
Fnij =

(
−kn𝛼 − 𝜂nv ⋅ n

)
⋅ n

|||
Fnij

|||
≤ 𝛺n

Fnij = 0
|||
Fnij

|||
> 𝛺n

Fig. 2   Cell–cell interaction model. A, B The contact model of two 
cells, n⃗ , denotes the normal unit vector along the line connecting the 
centers of the two cells (i, j). kn and ηn are the normal stiffness and 
critical damping ratio between the two cells, respectively. t⃗  is the tan-

gent unit vector, 𝜇̄ , ks and �
s
 are the friction coefficient, the shear stiff-

ness and critical damping ratio between the two cells, respectively. C, 
D The separation model of two cells, the symbols with a bar represent 
the corresponding parameters in A, B 
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Shear direction (Fig. 2D):

where �n and �s are the critical normal and shear adhesion 
forces between the two cells. Then, the resultant force Fi of 
the cell i with N surrounding cells,

Combining Eqs. 3 and 6, the resultant force of a cell can 
be obtained according to the above contact and separation 
models. Finally, for the TC and HC, their resultant forces 
FTC and FHC are, respectively, calculated as,

where the arrows in the subscript of the force components 
represent the action of the former on the latter.

2.1.2 � TC proliferation

Since this study focuses on the effect of the mechanical 
microenvironment on the early stage of tumor invasion, the 
physiological behaviors of TCs influenced by the mechani-
cal microenvironment are considered only, and their weak 
responses to chemical factors (e.g., hypoxia and acidity) are 
neglected. An experiment has evidenced that the cell cycle 
of TCs was affected by local mechanical microenvironment, 
and the TCs did not proliferate and became solitary when 
the stress level was over 100 Pa (Roose et al. 2003). This 
experimental finding is employed to describe the physiologi-
cal behavior of TCs during the early tumor invasion in our 
model. Specifically, the TCs are active and proliferable when 
the stress level is lower than 100 Pa; otherwise, the TCs 
are solitary. It is worth mentioning that the solitary TCs do 
not undergo apoptosis and they keep interacting with the 
surrounding cells. The proliferation of TCs is implemented 
by creating another TC at its original location to form two 
daughter TCs. Immediately after the creation, the two 
daughter TCs are completely overlapped; then, according 
to the cell–cell contact model (Fig. 2A, B), there is a great 
contact force, which leads to the migrations of the daughter 
TCs (Chaplain et al. 2006).

(5)
Fsij =

(
−ks𝛽 − 𝜂sv ⋅ t

)
⋅ t

|
||
Fsij

|
||
≤ 𝛺s

Fsij = 0
|
|
|
Fsij

|
|
|
> 𝛺s

(6)Fi =

N∑

j

(
Fnij + Fsij

)
, (j = 0, 1, 2,… ,N)

(7)FTC =
∑(

FHC→TC + FTC→TC + FECM→TC + FWall→TC + FHC→TC + FTC→TC

)

(8)FHC =
∑(

FHC→HC + FTC→HC + FECM→HC + FWall→HC + FHC→HC + FTC→HC

)

2.1.3 � Cell migration

The Newton’s second law of motion is used here to describe 
the cell migration. First, at a time t, employing the cell–cell 
interaction forces in Eqs. (7–8) and the cell mass calculated 
by the cell density and volume, we obtain the cell accelera-
tion. Then, with a time incremental Δt, we solve the cell 
displacement through integrating the cell acceleration twice. 
After that, the cell migration path indicated by the displace-
ment is determined. Furthermore, the new cell–cell inter-
action force is updated, and correspondingly, the updated 
forces at time (t + Δt) are calculated by Eqs. (7–8). The itera-
tive processes stop when the solid stresses balance among 
the HC, the TC and the discretized ECM, and the relative 
error of the interaction forces between two adjacent time 
steps is less than 10−3.

2.2 � Model at the tissue level

The applied external stresses are generated by expanding of 
the simulation region, which represents the tumor invasion 
against the surrounding tissue (outside the square boundary, 
Fig. 1). As the tumor invades, the external stresses increase. 
The surrounding tissue is assumed to be a linear-elastic 
material with a constant stiffness. Therefore, the external 
stress can be calculated based on the expanded boundary 
and the stiffness of the surrounding tissue. The external 
stress by the surrounding tissue and the solid stress by the 
invading tumor inside the simulation region reach a balance 
at the expanding boundary. The criterion of the balance is 
when all the cells and the discretized ECM contacting with 
the boundary meet a judgment, i.e., the relative error of the 
interaction forces between two adjacent time steps is less 
than 10−3.

2.3 � Integration of the cellular level and the tissue 
level

Since the cell displacement and cell–cell interaction are dis-
crete at the cellular level and cannot be transferred directly 
to a continuum model at the tissue level, we divided the 
simulation region into 225 lattices. For each lattice, all the 
interactions between HCs, TCs and discretized ECM were 
averaged. With the averaging procedure, the integration 
between the cellular level and the tissue level is achieved. 
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The average stress 𝜎̄ in a lattice of space S is computed as 
(Christoffersen et al. 1981):

where Nc is the number of interactions between HCs, TC, S 
and discretized ECM that lie in the measured lattice. F(c) is 
the interaction force vector. L(c) is the branch vector joining 
the centers of two interactive cells. ⊗ denotes outer product. 
The compressive stress is defined to be negative. The under-
lying assumption for Eq. (9) indicates a static analysis. Thus, 
the solid stress field of the simulation region is calculated 
when the forces between the HCs, the TCs and the discre-
tized ECM are all in balance.

2.4 � Numerical simulation

Here, we treated 15 stages during the early tumor invasion. 
In each stage, only one TC-division cycle is assumed, and all 
active TCs are assumed to simultaneously start proliferating. 
At the beginning of the simulation, the HCs and ECM within 
the simulation region are randomly generated with densities 
of 0.334 Unites/(10 μm)2 and 4.671 Unites/(10 μm)2, respec-
tively. Moreover, one of the HCs is assumed to mutate to 
TC, and the mechanical properties of the HC are changed to 
those of the TC. Furthermore, the TC starts proliferating and 
induces solid stress inside the simulation region. The force 
and displacement are calculated by an iteration, and with the 
calculated force and displacement, the morphology of the 
invasive tumor is updated. After the solid stress is balanced 
by the applied external stress at the expanding boundary, the 
two stresses reach equilibrium, and the next stage starts. We 
assume that all the cells and elements are restricted within 
the square simulation region and only have mechanical inter-
actions with the surrounding tissue. The simulation ends 
after completing the 15 stages, and the TCs are almost fully 
stacked in the region. The iterative flowchart of the simula-
tion is illustrated in Fig. 3.

3 � Results

3.1 � The dynamics of tumor invasion and the solid 
stress field

Figure 4 displays the dynamics of the tumor invasion into the 
host tissues and the corresponding growth-induced first prin-
cipal solid stress field at eight time points (T = 1, 3, 5, 7, 9, 
11, 13, 15). The red elements in the square simulation region 
represent the active TCs, while the dark red, blue and pink 
ones represent solitary TCs, HCs and ECM, respectively. 
Since the boundary (black lines represent the boundaries) of 

(9)𝜎̄ = −
1

S

∑

Nc

F
(c) ⊗ L

(c)

the region is expandable, the region is obviously extended 
due to tumor invasion. The solitary TCs firstly emerge in 
the central area at T = 6, and the number of the solitary TCs 
gradually increases as the tumor grows. At the end of the 
simulation (T = 15), most of the TCs become solitary due to 
the elevated first principal solid stresses, which exceed the 
critical stress 100 Pa. Moreover, the fields of the first prin-
cipal solid stress at the eight time points are also mapped. 
From the mapped field, we can see that the first principal 
solid stress is not uniformly distributed during tumor inva-
sion. In particular, the high-stress areas are scattered in the 
tumor center. This result is more realistic and is different 
from the results of the previous models which often show a 
uniform interstitial hypertension at tumor center and a low 
stress or pressure at the periphery.

The changes in the numbers of active and solitary TCs 
during tumor invasion are shown in Fig. 5A. The number of 
the active TCs approaches a constant, whereas the number 
of the solitary TCs increases sharply due to the increase 
in the principal solid stress level to over 100 Pa after T = 9 

Fig. 3   Flowchart of the iterative algorithm
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Fig. 4   Dynamic evolutions of tumor morphology and the corresponding first principal solid stress field during the simulation of tumor invasion

Fig. 5   Variations of A TC number, B average and maximum stresses in the simulation region during tumor invasion
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(Fig. 5B). At the end of the simulation, the total number of 
TCs is over 3500, in which the solitary TCs account for over 
80%. Figure 5B shows the average and the maximum princi-
pal solid stresses in the simulation region. The results are in 
consistent with an experimental observation which showed 
a similar increase pattern in the solid stress in the breast 
cancer (Triantafyllos et al. 2013). Note that the maximum 
principal solid stress fluctuates rather than monotonically 
increases during tumor invasion. This further demonstrates 
the heterogeneity of the solid stress distribution caused by 
TC proliferation and tumor invasion, which is believed to be 
one of the important features of the abnormal mechanical 
microenvironment in tumors.

The cell–cell interaction is elaborately shown in Fig. 6A. 
The blue lines inside the tumor represent the compressive 
contacts; in other words, the TCs in the tumor are mainly in 
compression. The yellow ones around the tumor periphery 
represent the tensile contacts. A similar pattern was also 
demonstrated by previous experimental findings (Triantafyl-
los et al. 2013; Nia et al. 2017); particularly, Nia et al. (2017) 
presented the growth-induced tensile stress distribution at 
the tumor periphery based on their analysis of a mouse 
breast tumor and a mathematical model (Fig. 6B).

3.2 � Decreases in TC/ECM stiffness promote tumor 
growth

To investigate the effect of TC stiffness on the tumorigenesis 
within a host tissue, we performed additional simulations 
by varying the normal stiffness of the TCs and maintain-
ing the shear stiffness as one-third of the normal one. Com-
pared to the TC stiffness of 500 Pa in the baseline model, 
the decrease in TC stiffness leads to an exponential increase 
in TC number (Fig. 7A), and consequently, the TCs occupy 
a large domain within the tissue (Fig. 7B). The total TC 
number in the case of the TC stiffness at 300 Pa is about 
twice of that in the baseline case. This finding is consistent 

with other simulations and experimental observation (Baker 
et al. 2010). Furthermore, both the growth-induced average 
solid stress (Fig. 7C) and the applied external stress from the 
surrounding tissue (Fig. 7D) increase due to the rapid tumor 
invasion when the TC stiffness decreases.

ECM stiffness is believed to activate the intracellular 
signaling pathways to regulate the cell behavior, and further 
influences tumorigenesis and metastasis (Schedin and Keely 
2011). To study the impact of ECM stiffness, we performed 
a parametric analysis by changing the ECM stiffness from 
300 to 1200 Pa. Similar to the effect of the TC stiffness, 
a decrease in ECM stiffness results in an increase in TC 
proliferation (Fig. 8A). However, the ECM stiffness weakly 
influences the tumor growth (Fig. 8B), as well as the average 
solid stress (Fig. 8C) and applied external stress (Fig. 8D).

3.3 � Stiffening of the surrounding tissue inhibits 
tumor growth and invasion

In vitro experimental models have been developed to mimic 
the solid stress in the tumor microenvironment (Kalli and 
Stylianopoulos 2018). These models consisted of tumor 
spheroids growth in a confined environment (polymer ECM 
or elastic capsules) that caused the increase in the applied 
external stress (Cheng et al. 2011). In our model, the applied 
external stress is determined by the stiffness of the surround-
ing tissue and balanced by the growth-induced solid stress 
at the boundary between the simulation region and the sur-
rounding tissue. When the stiffness of the surrounding tis-
sue (167 Pa in the baseline model, Graziano and Preziosi 
2007) increases, the TC proliferation and tumor invasion are 
apparently inhibited, as shown in Fig. 9A, B. Although the 
reduced average solid stress with a stiffer surrounding tis-
sue is seen at the late stage of the simulation (Fig. 9C), the 
simulation region is still subjected to a high applied stress 
from the surrounding tissue during tumor invasion, which 
may be attributed to an increased TC apoptosis. This is also 

Fig. 6   Cell–cell contact states at 
the cellular level in the simula-
tion (A) and 2D stress states in a 
cross section of a mouse breast 
tumor in Nia et al.’s study (Nia 
et al. 2017) (B)



585Multiscale modeling of solid stress and tumor cell invasion in response to dynamic mechanical…

1 3

in consistent with the in vitro experimental observations (Tse 
et al. 2012). When the stiffness of the surrounding tissues 
increases, the tumor tissue will be subjected to higher pres-
sure to expand outward with the same size, leading to greater 
stress in the simulation area. Meanwhile, as the hypothesis 
presented in this paper, when the resultant force subject on 
an individual tumor cell is greater than the assumed threshold 
(100 Pa, Roose et al. 2003), its physiological state changes 
from active state to solitary state. Therefore, most tumor cells 
transfer to solitary phenotype and stop proliferation, resulting 
in the significant decrease in tumor cell number and tumor 
expansion in the case of stiffer surrounding tissue (250 Pa), as 
shown in Fig. 9A, B. As the number of tumor cells decreases, 
the expansion size of the simulation region decreases due to 
tumor proliferation, which in turn reduces the deformation of 
surrounding tissues and reduces the average pressure incre-
ment of the computational region. Consequently, the increase 

in average stress and surrounding pressure are not obvious in 
the case of 250 Pa, as shown in Fig. 9C, D.

3.4 � Mechanical factors regulate tumor invasiveness

Here, tumor invasiveness is represented by the irregularity of 
the tumor morphology. To quantitatively analyze tumor inva-
siveness, we first delineated a circle whose area is equal to the 
tumor area (red parts in Fig. 10). A parameter M is introduced 
as a ratio between the invasion area and the tumor area, and 
the invasion area is defined as the sum of the TCs area out-
side the circle and non-TCs (or blank) area inside the circle. 
Therefore, a greater M indicates that tumors are more easily 
to invade into the healthy tissue, or a higher invasiveness. The 
effects of the stiffnesses of the TC, the ECM, the surrounding 
tissues and the CAF strength on the invasiveness are inves-
tigated. Figure 10 shows that a stiffer TC or ECM leads to a 
more invasive tumor, even though it slows down the tumor 

Fig. 7   Influence of the TC stiffness on tumor growth and stress
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growth as we presented in Sect. 3.2. This suggests the Janus 
face of the mechanical microenvironment on tumor invasion 
and growth. On the one hand, a compliant TC or ECM is ben-
eficial for tumor growth and TC proliferation; on the other 
hand, a stiff TC or ECM may be associated with a high tumor 
invasiveness. In addition, we also changed the CAF strength 
to assess the influence of cell–cell adhesion on tumor invasive-
ness. It was found that a smaller in CAF strength, indicating a 
weaker adhesion between cells, resulted in a more aggressive 
tumor invasion, and a finger-like invasive morphology could 
be easily seen (Fig. 10).

4 � Discussions

Numerous experiments have shown multiple cancerous 
phenomena are induced by both biophysical and bio-
chemical stimulations. Previous studies have revealed the 

underlying biochemical factors and signal pathways that 
relate to TC proliferation and migration. However, the 
observed cross-scale phenomena remain disconnected, and 
the underlying mechanism is still elusive. The mechani-
cal microenvironment is well accepted as a crucial factor 
in tumor growth and metastasis, and previous literature 
explicitly reported that cells would not move if the com-
plex physical–biochemical microenvironment did not 
produce proper mechanical forces. Since it is challenging 
to measure the heterogeneous solid stress field in tumor 
tissues, we established a multiscale biomechanical model 
to investigate the dynamic changes of the growth-induced 
solid stress field during the early tumor growth. Moreover, 
we investigated the specific mechanical factors that regu-
late the early tumor growth and invasion.

Most existing cell-based discrete models are only able to 
treat a limited cell number to study the mechanical micro-
environment of a tumor, or use a discrete–continuous hybrid 

Fig. 8   Influence of the ECM stiffness on tumor growth and stress
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model to reduce the computational cost. Different from 
these models, we proposed a novel method to describe the 
growth-induced solid stress field by considering the contact 
interactions of a single cell with its neighboring elements. 
Furthermore, an off-lattice multiscale model is developed 
to integrate tumor mechanical microenvironment and TC 
proliferation. At the cellular level, the force–displacement 
relationship describing the intercellular contact satisfies 
the Kelvin–Voigt viscoelastic model, which consists of a 
Hookean elastic spring and a Newtonian dashpot to describe 
the elastic and the viscous behaviors, respectively. Then, we 
use the Newton’s second law of motion to update the loca-
tion of each cell. At the tissue level, we consider that the 
growth-induced solid stresses are balanced by the applied 
external stresses from the surrounding tissue. Expanding 
boundary is applied to reflect the tumor growth as a result 
of the TC proliferation.

This multiscale model quantitatively describes how and 
to what extent the microscopic mechanical microenviron-
ment induces the changes of the macroscopic tumor mor-
phology and allows stress analysis at the tissue level. Start-
ing from a single TC, we investigated the dynamic tumor 
invasion into a healthy tissue, as well as the distribution of 
the growth-induced solid stress during tumorigenesis. The 
dynamic stress field calculated from the model reveals a het-
erogeneous solid stress distribution within the proliferating 
tumor. In addition, compressive stresses were found at the 
center region and tensile stresses around the tumor periph-
ery, which is consistent with the in vitro experimental results 
(Emon et al. 2018). The present model provides a theoretical 
tool to investigate the dynamic changes in the mechanical 
environment during tumor growth and invasion.

Moreover, the model allows investigation on the roles of 
specific mechanical factors on the invasive morphology of 

Fig. 9   Influence of the stiffening in the surrounding tissue on tumor growth and stress
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tumor. For example, we studied how the stiffness of either 
the TCs or the matrix affected the tumor growth. With a 
reduction in stiffness of either TC or the matrix, the resist-
ing force against invasion decreases. In contrast, compliant 
TCs promote tumor growth. However, the simulation results 
also suggest that stiffer TCs and ECM as well as compliant 
surrounding tissues contribute to a more invasive pattern of 
tumor morphology. This finding is interesting and can be 
used to explain the phenomena explored in in vitro experi-
mental studies (Gkretsi et al. 2017). In the experiment, stiff-
ening ECM has been shown to upregulate cell-ECM adhe-
sion protein (e.g., Ras suppressor-1), which limits tumor 
invasion and induces CAF activation and TC migration, 
thus leading to a fibrotic response. Despite the consistency 
with the experimental observations, more experimental data 
are still needed to fully understand the dynamic interactions 
between ECM stiffening and intercellular adhesion.

Furthermore, the model helps us to understand how the 
mechanical microenvironment affects tumor invasion, which 
was represented by a morphological parameter M. It is note-
worthy that a reduction in CAF strength can dramatically 
enhance the invasiveness, from 0.240 to 0.298 in M, and 
eventually form a finger-like invasion morphology. In fact, 

it has been demonstrated that CAFs can mediate the inva-
siveness of colon, pancreatic and breast cancer cells when 
co-injected into mice (Hwang et al. 2008; Karagiannis et al. 
2012; Xu et al. 2016). This indicates the potential therapy 
by inhibiting the CAFs and disrupting the CAF-associated 
paracrine growth factor signals (LeBleu and Kalluri 2018; 
Ziani et al. 2018). In this context, the present study revealed 
the quantitative effects of the CAFs strength on tumor inva-
sion, which may act as pharmaceutical target in order to 
prohibit tumor growth and metastasis.

Finally, this model is multipotential because of its extend-
ibility. For instance, the TC responses depend not only on 
the intercellular forces but also on the biochemical factors. 
Thus, it could be extended to include the biochemical micro-
environment to generate the chemotactic gradients for cell 
movement, and the tumor growth dynamics under the chemi-
cal microenvironment can be described by employing reac-
tion–diffusion equations (Xue et al. 2016, 2017; Yin et al. 
2019). Also, by considering the actions at the molecular 
level such as gene expression and signaling pathways, we 
can extend the model to identify what subcellular events 
contribute to the macroscopic mechanical microenvironment 
of the tumor.

5 � Conclusions

In this study, we proposed a multiscale mathematical model 
to bridge the gap between the cell–cell interactions at the 
cellular level and the mechanical microenvironment at the 
tissue level during the early stage of tumor growth. The 
model describes the dynamic changes of the growth-induced 
solid stress field and tumor invasion in response to dynamic 
mechanical microenvironment. The simulation results show 
that an increase in the compliance of TCs and matrix can 
cause TCs to proliferate at a much faster rate and invade to 
surrounding tissue more easily. Meanwhile, the stiffening 
of TCs and matrix contributes to aggressive morphology 
of tumor invasion. The proposed model can be served as 
a theoretical platform to study the underlying mechanism 
of the mechanical microenvironmental factors during early 
tumor invasion and metastasis.
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