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Abstract Both atomistic and experimental studies reveal
the dependence of collagen fibril mechanics on biochemi-
cal and biophysical features such as, for instance, cross-link
density, water content and protein sequence. In order tomove
toward a multiscale structural description of biological tis-
sues, a novel analytical model for collagen fibril mechanics
is herein presented. The model is based on a multiscale
approach that incorporates and couples: thermal fluctua-
tions in collagen molecules; the uncoiling of collagen triple
helix; the stretching of molecular backbone; the straighten-
ing of the telopeptide in which covalent cross-links form;
slip-pulse mechanisms due to the rupture of intermolecu-
lar weak bonds; molecular interstrand delamination due to
the rupture of intramolecular weak bonds; the rupture of
covalent bonds within molecular strands. The effectiveness
of the proposed approach is verified by comparison with
available atomistic results and experimental data, highlight-
ing the importance of cross-link density in tuning collagen
fibril mechanics. The typical three-region shape and hys-
teresis behavior of fibril constitutive response, as well as
the transition from a yielding-like to a brittle-like behav-
ior, are recovered with a special insight on the underlying
nanoscale mechanisms. The model is based on parameters
with a clear biophysical and biochemical meaning, resulting
in a promising tool for analyzing the effect of pathological
or pharmacological-induced histochemical alterations on the
functional mechanical response of collagenous tissues.
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1 Introduction

Collagen is an ubiquitous protein, representing themain con-
stituent of connective tissues in vertebrates. It can be found in
more than 27 forms, but type I collagen is the most abundant
in the human body, being the most important for maintaining
the structural integrity and a functional mechanical behav-
ior of structural tissues, such as cartilage, bones, tendons,
ligaments, and vessel walls, (Fratzl 2008).

Type I collagen molecule is made up by three polypeptide
strands which form a triple-helix quaternary structure, stabi-
lized by interstrand hydrogen weak bonds. These molecules
exhibit hydroxyproline-deficient sequences characterized by
60 residues (about 20nm long), referred to as labile domains
or molecular kinks (Miles and Bailey 2001; Fratzl 2008).
Molecular kinks are activated by thermal fluctuations (Misof
et al. 1997) and can be extended by forces at molecular
ends that counteract thermal undulations. This mechanism
is related to the flexural behavior of macromolecular seg-
ments and is known as entropic elasticity (Marko and Siggia
1995; Buehler and Wong 2007; Fratzl 2008). It couples with
elastic mechanisms associated with the uncoiling of collagen
triple helix and the stretching of molecular backbone, known
as energetic elasticity (Buehler 2006; Holzapfel and Ogden
2010; Maceri et al. 2012b; Marino and Vairo 2013).

Collagen molecules assemble themselves in ordered and
staggered arrays (Holmes et al. 2001). The latter are, in turn,
arranged to form a supertwisted and discontinuous right-
handed microfibril which interdigitates with neighboring
microfibrils and form thin (20–500nm) and long (>1mm)
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Fig. 1 Left Fibril multiscale structure. The hierarchical organization
of triple-helix collagen polypeptides, cross-linked by immature and
mature enzymatic cross-links. Definition of the representative unit sys-
tem (RUS). Right Typical stress–strain responses of collagen fibrils

from human-patellar tendon (HPT) and rat-tail tendon (RTT) where a
different density of mature covalent cross-links occurs. Three distinct
regions (denoted as I, II, and III) are experimentally observed

fibrils at the mesoscale (nano-to-micro). Fibrils collect them-
selves in form of fibers at the scale of micrometers (Orgel
et al. 2006; Fratzl 2008).

Aside from weak interactions among molecules, the
fibrillar structure is stabilized by intermolecular covalent
cross-links of which two main types have been identified
(Eyre and Wu 2005; Avery and Bailey 2008). A first type
results from advanced glycation end products (AGEs) whose
sources, formation pathways and chemical structure are yet
not fully characterized (Reiser et al. 1996; Bailey et al. 1998;
Bailey 2001; Depalle et al. 2014). AGEs accumulate with age
and diabetes and may impair fibrils normal function, being
associated with pathological alterations in tendon stiffness
and viscoelasticity (Andreassen et al. 1981; Li et al. 2013),
in bone toughness and ductility (Zimmermann et al. 2011), in
cartilage stiffness and fragility (Verzijl et al. 2002; DeGroot
et al. 2004).

A second covalent cross-link type (namely, the enzymatic
cross-link) is essential in the maturation and the physio-
logical mechanical function of collagen fibrils (Brüel et al.
1998; Bailey 2001; Eyre and Wu 2005; Fessel et al. 2012;
Svensson et al. 2013; Depalle et al. 2014). It is promoted by
the enzyme lysyl oxidase acting on specific lysine amino
acids of molecular non-helical ends (both at N- and C-
terminal). The resulting allysine reacts with a specific lysine
of an adjacent molecule, forming a divalent intermolecular
bond (Bailey 2001; Eyre et al. 2008; Wess 2008). Using
X-ray diffraction techniques, it has been shown that the C-
terminal cross-link forms on a telopeptide that takes a folded
hook-shaped configuration, adding nonlinearities to fibril
mechanical behavior (Orgel et al. 2000; Wess 2008; Uzel
and Buehler 2011; Marino and Vairo 2014a). These diva-
lent bonds are referred to as immature. In fact, over time,

these may further react with another telopeptide aldehyde
group, forming a trivalent mature bond linking three colla-
gen molecules (Bailey 2001; Avery and Bailey 2008; Eyre
et al. 2008). Bailey et al. (1998) proposed that mature cross-
links form between molecules on different microfibrils and
fibrils (Avery and Bailey 2008).

In this study, enzymatic cross-links are focused only and
Fig. 1 schematically shows the features of fibril hierarchically
organized structure herein addressed. Significant variations
in enzymatic mature cross-links concentrations have been
reported in different tissues (Eyre et al. 1984; Saito et al.
1997). For instance, Saito et al. (1997) reports that the density
of trivalent cross-links for middle-age men is 280mmol/mol
in skin, 390mmol/mol in bone and 1800mmol/mol in artic-
ular cartilage. On the other hand, the density of immature
cross-links appears to be fairly constant across different tis-
sues resulting 1340mmol/mol in cartilage, 1350mmol/mol
in bone and 1590mmol/mol in skin for middle-age men
(Saito et al. 1997).

The load transmission within fibrils is highly affected
by the presence or by the lack of mature cross-links
because these cross-links between twisted microfibrils pre-
vent intrafibrillar sliding mechanisms (Yang et al. 2012).
Accordingly, the alteration in the biochemistry of these
cross-links is an effective strategy for tuning the mechani-
cal properties of tissues such as, for instance, their strength
and stiffness (Carmo et al. 2002; Fratzl 2008; Fessel et al.
2012; Yang et al. 2012; Svensson et al. 2013). In general,
fibrils subjected to a monotonic uniaxial traction present a
stress–strain constitutive response characterized by three dis-
tinct regions: an initial rise in modulus (region I) followed
by a plateau with reduced modulus (region II), which is
finally followed by an even greater increase in stress and
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modulus before failure (region III; Svensson et al. 2013).
Nevertheless, different mature cross-link density has been
associated with significant differences in fibril constitutive
response: fibrils in adult human-patellar tendons (HPTs) are
characterized by about 890mmol/molmature cross-links and
display a well-rendered region III of increasing modulus at
high strains before abrupt failure (Svensson et al. 2013). In
contrast, the density of mature cross-links in fibrils of rat-tail
tendons (RTTs) is very low (about 8.7mmol/mol) and their
constitutive response displays a plateau leading up to failure
with region III being almost absent (Svensson et al. 2013).
Because of these different curve shapes and as schematically
shown in Fig. 1, human-patellar fibrils fail at significantly
higher stress than rat-tail fibrils and appear more brittle.

Understanding the relationship between biochemistry and
mechanics in collagen fibrils is an open topic which is
nowadays widely investigated (Uzel and Buehler 2011;
Svensson et al. 2013; Marino and Vairo 2014a; Depalle et al.
2014). In fact, it would open toward the better compre-
hension of: physiological functional behavior of tissues in
living and remodeling organs; pathological tissue mechan-
ical dysfunctions associated with histochemical alterations;
self-healing processes or pharmacological treatments. To this
aim, internal deformation and failure mechanisms have to
be elucidated, and their effects on fibril behavior should be
described and analyzed. A wide literature exists on this field
by following both experimental studies (Sasaki and Odajima
1996; Saito et al. 1997; Orgel et al. 2000; Bozec and Horton
2005; Orgel et al. 2006; Svensson et al. 2013) and atomistic
computational approaches (Buehler 2006;Buehler andWong
2007; Buehler 2008; Uzel and Buehler 2011; Depalle et al.
2014). Both approaches are incomparable resources for clar-
ifying the in vivo, in vitro and in silico mechanical behavior
of collagen molecules, cross-linked molecular assemblies,
and entire fibrils. Nevertheless, from both aforementioned
approaches, some limitations arise due to the complexity of
the systems under investigations and the wide differences in
the involved length scales. In fact, experimental techniques
reach their limits in distinguishing molecular and intermole-
cular effects occurring within fibrils. On the other hand,
molecular dynamics simulations (MDSs) at the atomic scale
are feasible in terms of computational costs only for short
cross-linked assemblies (long only few hundreds of nanome-
ters; Uzel and Buehler 2011; Gautieri et al. 2014) even
employing coarse-grained molecular descriptions (Buehler
2008; Depalle et al. 2014). Moreover, atomistic modeling
requires the use of large deformation rates that often lead to
underestimate molecular entropic effects and to overestimate
the forces computed during the simulations (Klepeis et al.
2009; Depalle et al. 2014). Finally, the high computational
cost of MDS prevents from the development of extensive
parametric simulation campaigns and makes these simula-
tions unhelpful at the scale of tissues and organs.

In this paper, starting from well-established experimental
and atomistic computational evidence, an analytical model
of collagen fibrils is presented, opening to parametric and
low computing-cost simulations with a detailed insight on
the elasto-damage mechanisms at nanoscale. Reference is
made to the fibril multiscale model proposed by Marino
and Vairo (2014a), in the following referred to as the MV-
model, which allows to analyze the general influence of
intermolecular effects on fibril mechanics. The MV-model,
based on an internal constrained variational framework, starts
from the definition of a nanoscale representative unit system
(RUS, see Fig. 1) for the fibril. The RUS describes the main
mechanical features that have to be upscaled, and it is analo-
gous to the representative volume element in homogenization
approaches (Kouznetsova et al. 2001; Hain and Wriggers
2008; Lehmann et al. 2012; Marino and Vairo 2014b). The
definition of interscale compatibility relationships and of
constitutive responses for the nanoscale constituents allows
to obtain fibril constitutive response, explicitly based on the
actual histochemical environment through model parame-
ters with a clear physical sense. Moreover, this analytical
approach might be employed within a structural multiscale
approach for developing refined microscale models of col-
lagen fibers and macroscale models of biological tissues
(Maceri et al. 2010, 2012a, 2013; Marino and Vairo 2013,
2014b, c), opening to simulations of entire organs.

Nevertheless, the MV-model does not account for mole-
cular entropic/energetic nonlinearities, and model outcomes
have not been compared with fibril experimental constitu-
tive responses. Since the multiscale approach proposed by
Marino and Vairo (2014a) can straightforwardly incorpo-
rate refinements in the description of nanoscale constituents,
the MV-model is here enriched. Both weak and covalent
intermolecular interactions are addressed and coupled with
a refined molecular description involving both entropic and
energetic elasticity (Maceri et al. 2012b). Damage mech-
anisms involving both collagen molecules and their inter-
actions are taken into account. Accordingly, the role of
density and maturation of enzymatic cross-links on fibril
elasto-damage response are investigated by showing their
influence on the dominant mechanisms determining fibril
internal elasto-damage mechanisms and, thereby, on their
overall response. Model outcomes are compared with avail-
able atomistic results (Buehler 2008) and experimental data
(Svensson et al. 2013), provingmodel effectiveness in captur-
ing fibril mechanical behavior at different cross-link-related
biochemical conditions. Moreover, the typical hysteresis
behavior of collagen fibrils is recovered.

2 Multiscale model

Themodel is developed within the context of standard gener-
alizedmaterials (Germain et al. 1983; Frémond 2002) and by
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adopting a time-incremental operative framework. Accord-
ingly, introducing the time variable τ and the time increment
dτ , the value of a given quantity x at the actual time τ = t
is obtained by superimposing the perturbation dx = ẋdτ

to the reference value x̄ relevant to the time t̄ = t − dτ ,
where ẋ is the left-hand time derivative of x at t , in agree-
ment with the causality principle. Moreover, (O, ξ1, ξ2, ξ3)

is the three-dimensional Cartesian frame, with ξ1, ξ2, and
ξ3 being the corresponding coordinates, and f/3 denotes the
partial derivative of f with respect to ξ3.

As a notation rule, subscript o identifies quantities in the
initial configuration (i.e., at τ = 0), subscript k will take
values in {1, 2}, and j in {1, 2, 3}. Finally, Ha(x) denotes the
Heaviside function centered at x = a, with Ha(x) = 0 for
x ≤ a and Ha(x) = 1 for x > a.

After the description of fibril elasto-damage mechanisms
that are herein addressed (see Sect. 2.1), the multiscale
approach introduced by Marino and Vairo (2014a) in the
MV-model is described in Sect. 2.2. Then, in the following
Sects. 2.3 and 2.4, fibril and RUS model are, respectively,
presented together with their coupling terms.

2.1 Evidence-based elasto-damage mechanisms

At fibril scale and starting from experimental observations,
two in-series deformation mechanisms are introduced anal-
ogously to the MV-model. In fact, fibril strain can be
experimentally measured by means of both small-angle and
wide-angle X-ray diffraction patterns (Sasaki and Odajima
1996). In the latter case, when employing a reflection corre-
sponding to the distance of few nanometers, a lower value
of fibril strain is obtained with respect to the one obtained
through small-angle X-rays (Sasaki andOdajima 1996). This
evidence indicates that fibril deformation is governed at least
by two distinct mechanisms.

Moreover, in order to account for the variability of
yielding-like and brittle-like failure mechanisms observed
for fibrils, (Svensson et al. 2013), three damage mechanisms
are introduced: a perfectly-yielding behavior (yielding at
constant stress), yielding with softening, and a brittle-like
behavior. This choice generalizes the MV-model where only
two fibril damage mechanisms were introduced allowing for
the description only of either perfectly-yielding/softening-
yielding or perfectly-yielding/brittle behaviors.

At nanoscale, starting from experimental and atomistic
evidence and analogously to the MV-model, present model
accounts for

– slip-pulse (SP): localized breaking ofweak cross-links and
their continuous reactivation among adjacent residues dur-
ing molecular sliding (Buehler 2006);

– the delayed activation of enzymatic cross-links: the lat-
ter can indeed transmit the force and hold back molecular
sliding only when the hook-shaped cross-linked telopep-
tide straightens out (Uzel and Buehler 2011; Depalle et al.
2014);

– interstrand delamination (ID): a polypeptide strand within
a collagen molecule slides with respect to the other two
because the force transmitted through the covalent cross-
link (acting upon a single strand) breaks the weak bonds
inside the triple-helix structure.Accordingly, a strand pull-
out mechanism altering molecular quaternary structure is
promoted, (Buehler 2006; Uzel and Buehler 2011).

Moreover, as an enhancement with respect to the MV-
model, further nanoscale mechanisms are accounted for:

• the nonlinear coupling of entropic and energetic molec-
ular deformation mechanisms (Buehler and Wong 2007;
Fratzl 2008; Maceri et al. 2012b);

• molecular covalent bond rupture (MR): molecular dam-
age associatedwith the breaking of covalent bondswithin
the polypeptide strands (Buehler 2006; Maceri et al.
2012b);

• a distinct behavior for mature and immature enzymatic
cross-links (Depalle et al. 2014);

• a refined and nonlinear activation rate for slip-pulse
mechanisms.

Figure2 represents a schematic representation of the
elasto-damage internal mechanisms at nanoscale that are
herein addressed for describing fibril mesoscale constitutive
response.

As interscale relationships and in agreement with Sasaki
and Odajima (1996), the deformation mechanism associated
with wide-angle X-ray diffraction is related to molecular
elongation mechanisms because this technique allows to
measure strains associated with the distance between neigh-
boring amino acids along the collagen helix. Accordingly,
the second deformation mechanism (the difference between
the deformations associatedwith small-angle andwide-angle
X-ray diffraction) is associated with molecular sliding.

Finally, fibril perfectly-yielding behavior is associated
with SP (Buehler 2006; Uzel and Buehler 2011), softening-
yielding failure with ID (Buehler 2006; Uzel and Buehler
2011), and brittle rupture with MR (Buehler 2006; Buehler
and Wong 2007; Buehler 2008; Svensson et al. 2013).

2.2 Marino–Vairo’s multiscale approach

A collagen fibril in the actual configuration (at τ = t) is
regarded as a right circular cylinderF of radius r f (assumed
to be constant in time) and length � f (assumed to be variable
in time), whose axis is ξ3. Thereby,
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Fig. 2 Evidence-based fibril internal elasto-damage mechanisms. Left
Molecular sliding related to slip-pulse (SP). Center Delayed activa-
tion of enzymatic covalent cross-links (both mature and immature)
due to the straightening of the cross-linked telopeptide; interstrand

delamination (ID) associated with a strand pull-out mechanism. Right
Nonlinear molecular elasticity related to entropic (thermal fluctuations)
and energetic (triple-helix uncoiling and stretching of molecular back-
bone) mechanisms; molecular covalent bond rupture (MR)

F = {
(ξ1, ξ2, ξ3) ∈ A f × [

0, � f
]}

,

where A f = {(ξ1, ξ2) | ξ21 + ξ22 ≤ r2f } is the fibril cross-

sectional domain, whose constant measure is A f = πr2f .
Collagen molecules in the actual configuration are

regarded, in turn, as cylinder-like sub-domains whose axes
are aligned with the fibril’s one and whose measures of
cross-sectional area, length and volume are denoted by Am

(assumed to be constant in time), �m (assumed to be variable
in time), and Ωm = Am�m , respectively.

The choice of employing a cylindrical shape for both
molecules and fibrils is done in order to maintain the model
simple and, thereby, to allow for an effective upscaling
toward macroscale tissue mechanical modeling. Neverthe-
less, thanks to refined expressions of interscale compatibility
relationships and constitutive laws in Sect. 2.4, dominant
mechanisms related to the non-cylindrical geometry of fibril
constituents are properly described.Results, shown inSect. 3,
highlight that this approach is effective for capturing essential
nonlinear mechanisms of nanoscale constituents that affect
fibril mechanics.

With reference to the initial configuration (at time τ =
0), average quantities describing the molecular arrangement
within fibrils are introduced (Marino and Vairo 2014a):

– Oc(ξ1, ξ2): molecular density along the ξ3-direction;
– Ac = ∫

A f
Oc(ξ1, ξ2)dξ1dξ2: average load-bearing area;

– ns = � f,o/�m,o: average molecular number along ξ3;
– na = Ac/Am : average molecular number in A f ;
– λT

c : average number of trivalent mature cross-links per
collagen molecule.

– λD
c : average number of divalent immature cross-links per

collagen molecule.

Fibril deformation and damage behavior are obtained
by introducing a suitable set of state variables S f =
{S j

f with j = 1, . . . , M f } that describes the mechanisms
observed at themesoscale. Dual toS f , there exist static quan-
tities whose equilibrium relationships among themselves and

with external actions can be straight obtained bymeans of the
application of the principle of virtual power (PVP, Frémond
2002; Marino 2013).

Fibril elasto-damage response is obtained from equilib-
rium equations solved by employing suitable constitutive
laws, namely relationships between state quantities and the
corresponding dual static quantities.Denotingwith Ṡ f the set
collecting the time derivatives of S f and following Frémond
(2002), constitutive laws are obtained by subdifferentia-
tion of fibril free energy ψ f = ψ f (S f ) (with the unit of
work per unit length) and pseudo-potential of dissipation
φ f = φ f (Ṡ f ) (with the unit of power per unit length). These
functions are definedby adopting amultiscale rationale based
on the detailed description of fibril constituents’ behavior and
employing the definition of the RUS.

Fibril RUS is herein chosen as: one collagen molecule
(M); λT

c and λD
c covalent cross-links among M and sur-

rounding molecules; a linear density of weak interactions
among M and surrounding molecules, constant along the
length of M.

Then, the RUS is described by introducing nanoscale state
variables collected in SR = {Sm,Sc,Sw}, where Sm =
{snm with n = 1, . . . , Mm}, Sc = {snc with n = 1, . . . , Mc}
and Sw = {snw with n = 1, . . . , Mw} are the sets of the state
variables describing M, covalent cross-links (both mature
and immature) and intermolecular weak bonds, respectively.
Deformation and damage at the fibril’s scale are related
to nanoscale mechanisms within the RUS by introducing
interscale compatibility relationships between SR and S f .
Nanoscale state variables are assumed to be constant within
a singleRUS (hence,modeled as a zero-dimensional domain)
and in A f , but they can depend on ξ3 when referred to RUSs
located at different values of ξ3.

Mechanics of nanoscale constituents of the RUS is,
in turn, described by means of free energies Ψm(Sm),
ET
c (Sc), ED

c (Sc), Ew(Sw), and pseudo-potential of dissi-
pation Φm(Ṡm), DT

c (Ṡc), DD
c (Ṡc), Dw(Ṡw) for molecules,

mature covalent cross-links, immature covalent cross-links,
and intermolecular weak bonds, respectively.
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Accordingly, RUS free energy (with the unit of work per
unit length) is defined as

ψR |SR := ψ̄R + 1

�m,o

(
dEm

R + λT
c dET

R + λD
c dED

R + dEw
R

)
,

dEm
R := Ωm,o fm � dS f

∣
∣Sm

, dET
R := FT

c � dS f

∣
∣
∣Sc

,

dED
R := FD

c � dS f

∣
∣
∣Sc

, dEw
R := Fw � dS f

∣
∣Sw

,

where ψ̄R = ψR |τ=t̄ is RUS reference free energy,

fm � dS f
∣
∣Sm

:=
M f∑

j=1

Mm∑

n=1

pnj , with

pnj =
⎧
⎨

⎩

∂Ψm
∂snm

∣
∣
∣Sm

· dS j
f

∣
∣
∣SR

if snm = snm(S j
f )

0 else
, (1)

andwhere an analogous notation holds for the term involving
FT
c (resp., FD

c and Fw) by employing snc , Sc, Mc, ET
c (resp.,

snc , Sc, Mc, ED
c , and snw, Sw, Mw, Ew) instead of snm , Sm , Mm ,

Ψm .
Thereby, fibril free energy is defined as

ψ f
∣
∣S f

:= 1

Am

∫

A f

ψR |SR
Oc (ξ1, ξ2) dξ1 dξ2 + Id |S f

= na ψR |SR
+ Id |S f , (2)

where Id is an interaction free-energy contribution.
Finally, RUS pseudo-potential of dissipation is defined as

φR |ṠR
:= 1

�m,o

(
Ωm,oΦm + λT

c DT
c + λD

c DD
c + Dw

)∣
∣
∣ṠR

,

and fibril pseudo-potential of dissipation is

φ f
∣
∣Ṡ f

:= 1

Am

∫

A f

φR |ṠR
Oc (ξ1, ξ2) dξ1 dξ2

= na φR |ṠR
. (3)

2.3 Fibril model

Since fibrils mainly undergo uniaxial traction, fibril defor-
mation at mesoscale is described by introducing centerline
axial displacement u = u(ξ3)which can be observed through
small-angle X-ray diffraction. As previously described and
following experimental evidence (see Sect. 2.1), the two in-
series mechanisms, contributing to fibril axial deformation,
are described by

– u1, related to wide-angle X-ray diffraction,
– u2, related to the difference between small-angle and
wide-angle X-ray diffraction,

with du1 + du2 = du. In agreement with classical bar’s
theories, natural strain measures e1 and e2 are introduced,
by defining their perturbations as de1 = du1/3 and de2 =
du2/3.

Fibril damage is described by means of variables

– β1(ξ3) and γ1(ξ3), related to yielding with softening,
– β2(ξ3) and γ2(ξ3), related to perfectly yielding behavior,
– β3(ξ3) and γ3(ξ3), related to a brittle behavior,

with β j valued in [0, 1], where β j = 1 means that the dam-
age mechanism is not activated and β j = 0 that it is fully
activated. Variables γ j are introduced to describe damage
diffusion, by defining γ j = β j/3.

Accordingly, fibril state variables are

S f := {
ek, β j , γ j

}
. (4)

The static quantities associated with S f are the normal
forces Nk = Nk(ξ3) (dual to ek), the sub-mesoscale dam-
age forces b j = b j (ξ3) (dual to β j ), and the sub-mesoscale
damage works h j = h j (ξ3) (dual to γ j ).

Consider u|ξ3=0 = 0 as a displacement boundary condi-
tion, and let the fibril be loaded by the force F = Ff ξ3 at
ξ3 = � f and by the axial force density q(ξ3) = q f (ξ3)ξ3.
Moreover, let a f = a f (ξ3) be a non-mechanical source of
damage (e.g., biochemical, electrical, magnetic) distributed
along the fibril length. Accordingly, through the application
of the PVP (Marino 2013; Marino and Vairo 2014a), the
equations governing the equilibrium of the afore-introduced
static quantities are:

Nk/3 = −q f for ξ3 ∈ [
0, � f

]
, (5a)

h j/3 − b j = a f for ξ3 ∈ [
0, � f

]
, (5b)

with boundary conditions:

Nk |ξ3=� f = Ff , N1|ξ3=0 = N2|ξ3=0 , (5c)

h j |ξ3=0 = h j |ξ3=� f = 0. (5d)

Finally, constitutive laws are:

Nk := ∂ψ f

∂ek
+ ∂φ f

∂ ėk
, (6a)

b j := ∂ψ f

∂β j
+ ∂φ f

∂β̇ j
, (6b)

h j := ∂ψ f

∂γ j
+ ∂φ f

∂γ̇ j
. (6c)

Following Eq. (2), only the interaction free-energy contri-
bution has to be defined at the fibril scale, and it is herein
chosen as:
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Id (γ1, γ2, γ3) :=
(
k1γ

2
1 + k2γ

2
2 + k3γ

2
3

)
/2, (7)

where k j denotes damage diffusion coefficient. The other
quantities for the definition of ψ f and φ f as in Eqs. (2) and
(3)will straightly derive from the nanoscalemodel, described
in what follows.

2.4 RUS model

Before introducingRUS state variables, some auxiliary quan-
tities are conveniently introduced: molecular nominal strain
measure εm = �m/�m,o − 1 (�m,o being molecular length
at τ = 0) and molecular sway δ. Accordingly, actual RUS
length is �R = �m + δ (with �R,o = �m,o being RUS
length at τ = 0) and nominal strain is described by εR =
�R/�R,o − 1 = εm + εCL where εCL = δ/�m,o.

Moreover, two contributions for molecular sliding are
introduced: δw, being molecular sway associated with weak
bonds deformation, and δc, being molecular sway associated
with covalent bonds deformation. In detail, it results:

dδw := dδ, dδc := fc(δ̄)dδ, (8a)

being

fc(x) := 1
[
1 + e−2μ(x−δo)

] −−−−→
μ→+∞ Hδo(x), (8b)

the activation function of covalent cross-links. Thereby, two
parameters have been introduced: μ ∈ R

+ is an activation
shape parameter and δo is a measure of the molecular sway
inducing the telopeptide straightening, responsible for the
delayed activation of the covalent cross-link stretch (Uzel
and Buehler 2011; Marino and Vairo 2014a).

The deformation of covalent cross-links is assumed to be
elastic and thereby fully recovered upon loading removal.
Mature and immature cross-links are assumed to act as
in-parallel, and thereby they can be described introducing
a unique strain measure. The deformation of both weak
cross-links and molecules is regarded as the series of elas-
tic (denoted by superscript e) and inelastic contributions.
Inelastic contributions are not recovered upon unloading:
plastic-like mechanisms (denoted by superscript p) are asso-
ciated with residual strains due to either SP or ID; brittle-like
mechanisms (denoted by superscript b) are associated with
molecular fracture due to MR. Damage of molecular struc-
tural integrity (namely, ID and MR) is associated with
relaxation mechanisms (that is, a decay of elastic strain with
time).

Accordingly, the RUS elasto-damage mechanisms are
herein described by

• for weak cross-links:

– the elastic weak-related molecular sliding δew, or
equivalently εew = δew/�m,o;

– the SP-inelastic weak-related molecular sliding δ
p
w,

or equivalently ε
p
w = δ

p
w/�m,o;

– damage parameter βw associated with the rupture of
intermolecular weak bonds and thereby with SP;

• for covalent cross-links:

– the elastic covalent-related molecular sliding εc =
δc/�m,o;

• for collagen molecules:

– the elastic molecular strain εem ;
– the ID-inelastic molecular strain ε

p
m associated with

a molecular relaxation mechanism governed by the
decay time constant τ I D

o ;
– the MR-inelastic molecular strain εbm associated with

a molecular relaxation mechanism governed by the
decay time constant τMR

o ;
– damage parameter βd associated with the rupture of

molecular interstrand weak bonds and thereby with
ID;

– damage parameter βm associated with the rupture
of molecular intrastrand covalent bonds and thereby
with MR.

With respect to the MV-model, εbm and βm enrich molecu-
lar description. In detail, when βm = 1, intramolecular cova-
lent bonds are considered to be sound, possible molecular
strain increment is either elastic or ID-inelastic (depending
on the value of βd ), and MR-inelastic strain is not activated
(that is, ε̇bm = 0); when βm = 0, intramolecular covalent
bonds are considered to be totally broken, and possible mole-
cular strain increment is neither elastic nor ID-inelastic (that
is, ε̇em = ε̇

p
m = 0); when 0 < βm < 1, intramolecular cova-

lent bonds are considered to be partially broken, and elastic,
ID-inelastic and MR-inelastic mechanisms may occur.

The relationships between ε
p
m and βd and between ε

p
w and

βw are analogous to the one previously described for εbm and
βm (Marino and Vairo 2014a).

In Fig. 3, nanoscale elasto-damage mechanisms described
by presentmodel are schematically represented. In summary,
RUS state variables are herein chosen as:

Sm :=
{
εem, ε

p
m, εbm, βd , βm

}
, Sw := {

εew, ε p
w, βw

}
,

Sc := {εc} .

2.4.1 Constitutive models at the nanoscale

Constitutive choices are introduced by following an internal
constrained approach. Physical restrictions are introduced
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Fig. 3 Elasto-damage nanoscale mechanisms in fibrils. Sketch of modeling assumptions on state variables in a representative unit system (RUS)

directly in the variational formulation by means of suitable
indicator functions and employing arguments from convex
analysis (see Appendix section “Basics of convex analysis”).

Similar to theMV-model, covalent cross-links are assumed
to behave as linearly elastic. Trivalent mature (superscript
T ) and divalent immature (superscript D) cross-links are
described by:

ET
c (εc) := KT

c ε2c

2
, ED

c (εc) := K D
c ε2c

2
, (9a)

DT
c := 0, DD

c := 0, (9b)

where KT
c = kTc �2m,o, K

D
c = kDc �2m,o, and kTc (resp., kDc ) is

the mature (resp., immature) covalent cross-link stiffness.
The mechanics of weak cross-links is herein described by

defining

Ew

(
εew, βw

) :=Eel
w

(
εew

) + βwE sp
w + (1 − βw) ww+

+ I[0,1] (βw) , (10a)

Dw

(
β̇w

) :=cw

2
β̇2

w + I+
(
β̇w + β̄ω

wvw

)
, (10b)

where Eel
w (εew) = Kw[εew]2/2 is the weak-bonds elastic

energy, with Kw = kw�2m,o, kw is the weak-bond stiffness,
ww and cw are the activation threshold and viscosity of inter-
molecularweak-bonds damage, respectively.Moreover, I[0,1]
is introduced to enforce as an internal constraint the restric-
tion βw ∈ [0, 1], and E sp

w is the free-energy part contributing
to SP, here chosen as E sp

w = Eel
w (ε̄ew). The aforementioned

terms correspond to the ones proposed in the MV-model.
Nevertheless, a new term is here introduced, namely

• I+(β̇w + β̄ω
wvw) with vw, ω ∈ R

+ that enforces the
restriction
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β̇w ≥ −β̄ω
wvw. (11)

Accordingly, a controlled activation rate of slip-pulse,
nonlinearly depending on damage amount, is introduced.
Results will clearly show that this choice straightly fol-
lows from experimental data. It is also worth pointing
out that no upper bound for damage rate of weak bonds is
introduced and thereby damage evolution can be lower or
higher than zero (namely, damage is reversible). Accord-
ingly, weak cross-links may break and reform.

Constitutive response ofM is defined by:

Ψm
(
εem, βd , βm

) := Ψ el
m

(
εem

) + βdΨ
I D
m + βmΨ b

m+
+ (1 − βd) wd + (1 − βm) wm+
+ I[0,1] (βd) + I[0,1] (βm) , (12a)

Φm
(
β̇d , β̇m

) := cd β̇2
d

2
+ cm β̇2

m

2
+ I[−vm ,0]

(
β̇m

)
. (12b)

Analogously to the MV-model, intramolecular hydrogen-
bonds damage is governed by thresholdwd , viscosity cd , and
free-energy part contributing to damage onset Ψ I D

m . Intro-
ducing

ε̃c := max
τ∈[0,t̄]

{εc(τ )} , (12c)

and in order to account for mature and immature cross-links,
Ψ I D
m is assumed to be:

Ψ I D
m := H0

(
λT
c

) ET
c (ε̃c) + H0

(
λD
c

) ED
c (ε̃c)

Ωm,o
. (12d)

No restrictions are introduced for ID damage rate.
Moreover, new terms are introduced in the present paper

for the refined modeling of molecular behavior

• the activation thresholdwm andviscosity cm of intramole-
cular covalent bonds damage;

• I[−vm ,0](β̇m) with vm ∈ R
+, introduced to enforce the

restriction β̇m ≤ 0, that is molecular damage is irre-
versible, but also that maximum damage rate is limited,
namely β̇m ≥ −vm , as previously shown byMaceri et al.
(2012b);

• the nonlinearly elastic free-energy contribution Ψ e
m ,

Ψ e
m

(
εem

) := Ψ̄ e
m + σ̄mdεem + Em

(
ε̄em

) [
dεem

]2

2
, (13)

from which elastic molecular stress results

σm
(
εem

) := ∂Ψ e
m

∂dεem
= σ̄m + Em

(
ε̄em

)
dεem, (14)

and where Ψ̄ e
m = Ψ e

m |τ=t̄ , σ̄m = σm |τ=t̄ , and func-
tion Em(εem) is the molecular tangent elastic modulus,
depending on entropic–energetic in-series mechanisms
(Maceri et al. 2012b). The entropic mechanism is asso-
ciated with strain contribution ε

e,s
m and tangent modulus

Es
m(ε

e,s
m ), the energetic mechanism with strain ε

e,h
m and

modulus Eh
m(ε

e,h
m ). Accordingly, Em is defined as

Em
(
εem

) := Es
m

(
ε
e,s
m

)
Eh
m

(
ε
e,h
m

)

Es
m

(
ε
e,s
m

) + Eh
m

(
ε
e,h
m

) , (15a)

where ε
e,s
m and ε

e,h
m are obtained from solving the follow-

ing differential problem:

ε̇e,sm = Em
(
εem

)
ε̇em

Es
m

(
ε
e,s
m

) , ε̇e,hm = Em
(
εem

)
ε̇em

Eh
m

(
ε
e,h
m

) . (15b)

Entropic stiffness Es
m models thermal fluctuations by

recovering the well-established worm-like chain model
(Marko and Siggia 1995; Maceri et al. 2012b), and it is
defined as

Es
m

(
εe,sm

) := kBT

Am�p

{
r�

2
[
1 − r�

(
1 + ε

e,s
m

)]3 + r�

}

,

(15c)

where kB is the Boltzmann constant, T the absolute
temperature, �p molecular persistence length, and r� =
�m,o/�c with �c the molecular contour length. Finally,
Eh
m models triple-helix uncoiling and stretching of mole-

cular backbone (Buehler 2006; Maceri et al. 2012b), and
it is defined as

Eh
m

(
εe,hm

) := Êr�

1 + e
−η

(
r�ε

e,h
m −εho

) + Êor�, (15d)

where Ê , Êo, εho , and η are model parameters associated
with the uncoiling of the triple-helix collagen structure.

• Ψ b
m : free-energypart contributing todamageof intramole-

cular covalent bonds, herein chosen as

Ψ b
m := Ψ e

m

(
ε̃em

)
with ε̃em := max

τ∈[0,t̄]
{
εem(τ )

}
. (16)

2.5 Interscale compatibility relationships

Nanoscale state variables in SR are related to the fibril’s,
S f , by means of incremental interscale compatibility rela-
tionships in agreement with the afore-described interscale
evidence (see Sect. 2.1).
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Firstly, let the following convenient control functions be
introduced

αk := (
1 − β̄k

)
H0 (duk) , νk := 1 − αk, α3 := 1 − β̄3.

The first mesoscale deformation mode e1 is associated
with molecular elongation through

dεem := β̄3

[
ν1

�̄R

�m,o
de1 − α1

ε̄emdτ

τ I D
o

]
− α3

ε̄emdτ

τMR
o

, (17a)

dε
p
m := β̄3

[
α1

�̄R

�m,o
de1 + α1

ε̄emdτ

τ I D
o

]
, (17b)

dεbm := α3

[
�̄R

�m,o
de1 + ε̄emdτ

τMR
o

]
, (17c)

resulting

dεm = dεem + dε
p
m + dεbm = �̄R

�m,o
de1.

On the other hand, the second mesoscale deformation
mode e2 is associated with molecular sway by choosing
dδ = �m,odεCL = �̄Rde2 and, distinguishing the different
mechanisms,

�m,odεew := [1 − α2] �̄Rde2 = ν2�̄Rde2, (18a)

�m,odε p
w := α2�̄Rde2, (18b)

�m,odεc := �̄R fc(δ̄)de2 −−−−→
μ→+∞ �̄RHδo(δ̄)de2. (18c)

Thereby, since dδw = �m,o(dεew +dε
p
w) and dδc = �m,odεc,

dδw = �̄Rde2 = dδ, dδc ≤ �̄Rde2 = dδ. (19)

Finally, fibril and nanoscale damage perturbations are
related each other as

dβd := dβ1, dβw := dβ2, dβm := dβ3. (20)

2.6 Governing equations

For obtaining an expression for fibril free energy within the
present multiscale framework, it is firstly worth pointing out
that ET

c = ET
c (εc) and ED

c = ED
c (εc) from Eq. (9a), Ew =

Ew(εew, βw) from Eq. (10a), andΨm = Ψm(εem, βd , βm) from
Eq. (12a). Accordingly, among the full set of interscale com-
patibility relationships, the functional dependencies εem =
εem(e1) from Eq. (17a), εew = εew(e2) from Eq. (18a), εc =
εc(e2) from Eq. (18c), βd = β1, βw = β2, and βm = β3 from
Eq. (20) are highlighted for deriving constitutive relation-
ships. Moreover, it is noted that, in the present incremental
formulation, the derivative with respect to a given quantity

(e.g., x) corresponds to the derivative with respect to its per-
turbation (namely, dx).

Based on the definition (1) and on previous consideration,
fibril free energy in Eq. (2) results equal to

ψ f = Ac

Am

[
ψ̄R+Am

(
∂Ψm

∂εem
de1+ ∂Ψm

∂βd
dβ1+ ∂Ψm

∂βm
dβ3

)
+

+ 1

�m,o

(
λT
c

∂ET
c

∂εc
+λD

c
∂ED

c

∂εc
+ ∂Ew

∂εew

)
de2+ ∂Ew

∂βw

dβ2

]
+

+ 1

2

(
k1β

2
1/3 + k2β

2
2/3 + k3β

2
3/3

)
, (21)

where Eq. (7) has been employed. Moreover, from Eqs. (9b),
(10b), and (12b), pseudo-potential of dissipationφ f inEq. (3)
straight results equal to

φ f = Ac

Am

[
AmΦm

(
β̇1, β̇3

) + 1

�m,o
Dw

(
β̇2

)
]

. (22)

Accordingly, from Eqs. (6a) and (21), fibril axial forces
are:

N1

Ac
= ∂Ψm

∂εem
= ∂Ψ e

m

∂dεem
= σ̄m + Ēmdεem, (23a)

N2

na
= 1

�m,o

[
λT
c

∂ET
c

∂εc
+ λD

c
∂ED

c

∂εc
+ ∂Ew

∂εew

]
= keqc δc + kwδew,

(23b)

where Ēm = Em(ε̄em) and keqc = λT
c k

T
c + λD

c k
D
c . Moreover,

fromEqs. (6b), (6c) and (22), static quantities associatedwith
fibril damage are

b1
Ac

∈ ∂Ψm

∂βd
+ ∂Φm

∂β̇d
= cd β̇d + Ψ I D

m − wd + ∂I[0,1] (βd) ,

(24a)

b2
na

∈ 1

�m,o

[
∂Ew

∂βw

+ ∂Dw

∂β̇w

]
= 1

�m,o

[
cwβ̇w + E sp

w − ww +
+ ∂I[0,1] (βw) + ∂I+(β̇w + β̄ω

wvw)
]
, (24b)

b3
Ac

∈ ∂Ψm

∂βm
+ ∂Φm

∂β̇m
= cm β̇m + Ψ b

m − wm + ∂I[0,1](βm)+
+ ∂I[−vm ,0](β̇m), (24c)

h1 = k1β1/3, h2 = k2β2/3, h3 = k3β3/3. (24d)

Accordingly, governing equations of fibril’s elasto-
damage behavior are obtained by combining equilibrium
conditions (5) with interscale compatibility relationships
(17), (18), and (20) and constitutive relationships (23) and
(24).

For evaluating model performance, MDS/experimental
data on homogenous uniaxial traction only are available in
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literature. Accordingly, in the present work, equilibrium rela-
tionships are solved by considering Ff �= 0 and q f = a f =
0 in order to reproduce numerical/experimental conditions.

In this simplifying case, equilibrium Eq. (5a) with bound-
ary conditions (5c) reduces to

σ f = Ff

A f
= ρaσm = ρa (σw + σc) , (25)

where ρa = Ac/A f is the ratio between load-bearing area
and total fibril cross-sectional area, σ f is fibril nominal stress
related tomolecular stress σm = σm(εem) [see Eq. (14)], weak
cross-links stress σw = kwδew/Am , and covalent cross-links
stressσc = λD

c σ D
c +λT

c σ T
c whereσ D

c = kDc δc/Am andσ T
c =

kTc δc/Am refer to immature divalent and mature trivalent
cross-links, respectively.

Governing equation for fibril stretch is obtained by com-
bining Eqs. (17), (18), (23), and (25), and it results

σ̄m + Ēm β̄3

[
ν1

�̄R

�m,o
de1 − α1

ε̄emdτ

τ I D
o

]
− Ēmα3

ε̄emdτ

τMR
o

=

= 1

Am

[
r̄c + keqc �̄R fc

(
δ̄
)
de2 + r̄ ew + kwν2�̄Rde2

]
,

(26)

where r̄c = keqc δ̄c and r̄ ew = kwδ̄ew.
Moreover, let introduce

dβ̌1 := dτ

cd

(

wd − H0
(
λT
c

) ET
c (ε̃c) + H0

(
λD
c

) ED
c (ε̃c)

Ωm,o

)

,

(27a)

dβ̌2 := max

{
dτ

cw

(
ww − Eel

w

(
ε̄ew

))
,−β̄ω

wvwdτ

}
, (27b)

dβ̌3 := max

{
min

{
dτ

cm

(
wm − Ψ e

m

(
ε̃em

))
, 0

}
,−vmdτ

}
.

(27c)

It is worth pointing out that, from previous relationships, the
quantity dβ̌2/dτ + β̄ω

wvw ≥ 0 is a priori in the definition
domain of ∂I+. Similarly, −vw ≤ dβ̌3/dτ ≤ 0, and thereby,
the quantity dβ̌3/dτ is a priori in the definition domain of
∂I[−vm ,0]. Accordingly, by denoting β̌ j = β̄ j +dβ̌ j and from
the definition domain of ∂I[0,1], damage parameters β j are
obtained from

β j =
{

β̌ j if β̌ j ∈ [0, 1]
β̄ j else

, (27d)

being solutions for Eq. (5b), combined with Eqs. (20) and
(24). It isworth pointing out that, under homogenous uniaxial
traction, β1/3 = β2/3 = β3/3 = 0 for any ξ3 ∈ [0, � f ],

because all quantities are constant in space. Accordingly,
results are not affected by damage diffusion coefficients k j .

In Eq. (27), the onset of damage is governed by damage
thresholds ww, wd , and wm . Useful relationships for setting
the values of the latter starting from available data are:

ww = Kwε2SP

2
, σSP = KwεSP

Am�m,o
, σSP = σ SP

f

ρa
(28a)

wd = KI Dε2I D

2Ωm,o
, σI D = KI DεI D

Am�m,o
, σI D = σ I D

f

ρa
(28b)

wm = Ψ e
m(εMR), with εMR such that:

σm(εMR) = σMR = σ MR
f

ρa
, (28c)

with KI D = H0(λ
T
c )KT

c + H0(λ
D
c )K D

c and where, refer-
ring to the onset of SP, ID and MR, ε∗ and σ∗ are the strain
(normalized with respect to �m,o) and the stress (normal-
ized with respect toAm) at constituent scale, while σ ∗

f is the
stress (normalized with respect to A f ) at fibril scale (with
∗ = {SP, I D, MR}). In other words, introducing the ID-
related covalent cross-link-stress

σ I D
c := H0

(
λD
c

)
σ D
c + H0

(
λT
c

)
σ T
c , (29)

a damagemechanismactivateswhen the corresponding stress
reaches its threshold value: when σw = σSP , then SP acti-
vates; whenσ I D

c = σI D , then ID activates; when σm = σMR ,
then MR activates.

3 Results

The outcomes obtained by proposed model are compared
with both results from atomistic computations and experi-
mental data on fibril monotonic uniaxial traction. Moreover,
an application reproducing a traction loading–unloading test
is proposed.

In a displacement-based approach where fibril nominal
strain ε f := u/� f,o is the control variable, Eqs. (26) and (27)
can be solved in the variables dek and β j by accounting for
the compatibility incremental relationship:

dε f = dεR = dεm + dεCL = (de1 + de2) �̄r

�m,o
= �̇ f

dτ

� f,o
.

(30)

The influence on fibril mechanics of the values of

– cross-link densities λD
c and λT

c ,
– parameters ω, cw/ww and vw,
– molecular relaxation time constant τMR

o ,

123



144 M. Marino

is shown in order to discuss on their sensitivity and to jus-
tify modeling choices. Parametric analyses for other model
parameters are herein not addressed because they are already
discussed in previousworks (Maceri et al. 2012b;Marino and
Vairo 2014a).

Results will be shown in terms of fibril constitutive rela-
tionship σ f versus ε f and the evolution of damage variables
β j . Moreover, internal state variables SR and stresses σm
[see Eq. (14)], σc, σ I D

c and σw [see Eqs. (25) and (29)] are
reported. Furthermore, the tangent modulus related to the
fibril (E f ), to the weak cross-links (Ew) and to the covalent
cross-links (Ec),

E f := ∂σ f

∂ε f
, Ew := ∂σw

∂εCL
, Ec := ∂σc

∂εCL
, (31)

will be shown, obtaining also the overall intermolecular
stiffness ECL = Ec + Ew, through the consideration that
weak and covalent cross-links are in-parallel mechanisms.
By referring to Eq. (15), molecular stiffness Em(εm(ε̄ f ))will
be reported together with entropic Es

m(ε
e,s
m (ε̄ f )) and ener-

getic Eh
m(ε

e,h
m (ε̄ f )) contributions. Finally, the values at fibril

failure (assumed to occur when fibril stress starts to decrease
with increasing strain) for σ I D

c , σm , σ f , εc, εem and ε f will
be denoted as s I Dc , sm , s f , dc, dem and d f , respectively.

As a result of a sensitivity analysis, computational steps
have been chosen in order to obtain strain increments dε f

such that εendf = 2 ·104|dε f |where εendf is the fibril strain at

the end of the simulation (εendf = 0.5 for MDS and εendf =
0.26 for experiments). All simulations are performed at the
body temperature T = 310K, employing ρa = Ac/A f =
0.7 from experimental data (Holmes et al. 2001; Marino and
Vairo 2014a).

3.1 Comparison with MDS data

Model predictions are compared with results obtained by
meansofMDSapproaches (Buehler 2008)where the uniaxial
traction (with displacement rate �̇ f = 0.4 m/s) of an array
of 2 × 5 collagen molecules is considered (na = 5, ns = 2,
�c = 287nm, and Am = 1.41nm2).

MDSs have been carried out by Buehler (2008) adopt-
ing coarse-grained models of collagen fibrils and employing
some simplifying assumptions. The latter can be straight-
forwardly reproduced by the proposed model, and in order
to have a meaningful comparison, values of model para-
meters are chosen in order to reproduce the atomistic
numerical model adopted in Buehler’s simulations. The pro-
cedure adopted for setting the values of model parameters is
explained in what follows.

Buehler includes weak cross-links through a Lennard-
Jones potential, and covalent cross-links aremodeled through
an increased Lennard-Jones adhesion at the ends of each

Fig. 4 Multiscale analytical model applied to coarse-grained atomistic
conditions. Fibril E f and molecular Em tangent moduli versus fibril
strain ε f . Comparison between present model and molecular dynamics
simulations (MDSs) by Buehler (2008) employing the increased adhe-
sion proportionality factor� = 25, (namely,λD

c = (� −1)/11.5 ≈ 2).
The values of model parameters are reported in text (see Sect. 3.1)

molecule where a constant proportionality factor of � =
12.5 corresponds to one covalent cross-link for each mole-
cule and � = 1 to zero covalent cross-links for each
molecule. Since Buehler’smodel is bidimensional, immature
divalent cross-links are considered only. Accordingly, cross-
link density parameters are computed asλD

c = (�−1)/11.5,
kw = kDc /11.5, λT

c = 0, and kTc is ineffective.
Moreover, the delayed activation of covalent cross-links is

not considered in Buehler’s simulations. This is reproduced
by employing fc(x) = 1, instead of the expression given in
Eq. (8b), in the interscale compatibility relationships. Fur-
thermore, addressing collagen elasticity, Buehler neglects
entropic mechanisms. Thereby, it is chosen �m,o → �c in
order to obtain Es

m → +∞ [see Eq. (15c)] and Em → Eh
m

[see Eq. (15a)].
For setting the remaining parameters governing fibril

response in the purely elastic regime β1 = β2 = β3 = 1
[that is, parameters in Eq. (15d), and kDc ], Buehler’s data
on functions Em(ε f ) and E f (ε f ), available for � = 25,
have been fitted by means of a trial-error procedure. Accord-
ingly, as shown in Fig. 4 and by choosing Êo = 8.5GPa,
Ê = 48GPa, η = 60, εho = 0.305, and kDc = 7nN/nm ,
the good agreement between obtained and available data for
both Em(ε f ) and E f (ε f ) at � = 25 proves the correspon-
dence between Buehler’s and the proposed model for what
concerns fibril elastic response.

Addressing damage-related parameters in Eq. (27), their
values are set by means of the following considerations:

– damage thresholds ww, wd and wm are set on the basis
of fibril strengths by means of Eq. (28). By referring to
a given value of the increased adhesion proportionality
factor � , s� denotes the ultimate stress value obtained
by Buehler’s simulations, and it is chosen
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σ SP
f = s1, σ I D

f = s5 + s10 + s15 + s20 + s25

5
,

σ MR
f = s35 + s40

2
,

because:� = 1 corresponds to zero covalent cross-links
and thereby to the activation of SP; � = 5, 10, 15, 20
and 25 are associated with softening-yielding behavior,
herein associated with ID; � = 35 and 40 correspond
to fibril brittle rupture, related to MR. Accordingly, it
results σ SP

f = 0.38GPa, σ I D
f = 2.29GPa, and σ MR

f =
6.29GPa.

– damage rate is governed by the normalized damage vis-
cosity parameters c∗/w∗ (with ∗ = {w, d,m}) and, for
SP and MR, maximum damage rates vw and vm . In
agreement with the non-smoothness of Buehler’s data, a
quasi-instantaneous damage is herein assumed by choos-
ing c∗/w∗ = 1/vw = 1/vm = 1ps;

– molecular relaxation time constant associated with ID is
chosen by fitting the stress softening-rate for� = 10 and
its results equal to τ I D

o = 0.6µs; molecular relaxation
time constant associated with MR is chosen from the
slope of the stress drop obtained at fibril failure for � =
35 and it results τMR

o = 10ns.

Addressing different values of covalent cross-link density,
the comparison between obtained constitutive relationship
and available MDS data is shown in Fig. 5. Addressing the
entire range of values for cross-link density, the average error
onfibril ultimate stress results to be equal to 3.9%.Moreover,
Fig. 6 shows the evolution of damage variables β j as well as
of nanoscale strain measures associated with the dominant
mechanisms that govern fibril mechanics.

3.2 Comparison with experimental data

Model predictions are compared with experimental data by
Svensson et al. (2013) on the uniaxial traction of long col-
lagen fibrils at constant elongation rate, �̇ f = 40µm/s.
Collagen fibrils from both human-patellar tendon (HPT,
length � f,o = 33.05µm and diameter 2r f = 0.153µm) and
rat-tail tendon (RTT, length � f,o = 29.50µm and diameter
2r f = 0.190µm) are addressed.

The values of model parameters employed in the present
application are listed in Table1. Biophysical parameters gov-
erning molecular elastic response are chosen on the basis of
well-established results (Buehler and Wong 2007; Maceri
et al. 2012b; Marino and Vairo 2013, 2014c). The density
of mature cross-links is the one reported from biochemical
analysis by Svensson et al. (2013), while immature cross-
link density is chosen on the basis of experimental studies
by Saito et al. (1997). Other model parameters are tuned in
order to fit the available experimental data by following a

Fig. 5 Multiscale analytical model applied to coarse-grained atomistic
conditions. Stress σ f versus strain ε f constitutive relationship of a col-
lagen fibril with varying cross-link density λD

c : comparison between
predictions obtained by means of proposed model (continuous lines)
and of molecular dynamics simulations (dashed lines with symbols) by
Buehler (2008). Different values of Buehler’s increased adhesion pro-
portionality factor � , with λD

c = (� − 1)/11.5, are addressed. The
values of model parameters are reported in text (see Sect. 3.1)

trial-error procedure. A unique set of parameters governing
the elasto-damage response of collagen molecules and of
covalent cross-links (except for their density) are employed
for HPT and RTT fibrils, while parameters governing the
intermolecular weak interactions are kept independent for
the two cases herein addressed.

The comparisons between experimental data and model
outcomes are presented in Fig. 7 in terms of both E f versus
ε f and σ f versus ε f relationships. Choosing experimental
data as a reference, it is obtained an average error of about
1% for the σ f versus ε f curves on the overall strain range.
Moreover, an average error of 5%on the E f versus ε f curves
within ε f ∈ [0, 0.19] for HPT and ε f ∈ [0, 0.15] for RTT
fibrils (namely, before fibril failure) is reported. Error esti-
mates are obtained normalizingwith respect to themaximum
experimental stress and tangentmodulus, respectively, for the
case under investigation.

The evolution of RUS state variables (both strain and
damage variables) and internal stresses are reported in Fig. 8
where strong nonlinearities clearly appear and couple each
other. Addressing the HPT case, stiffness nonlinearities of
fibril constituents are shown in Fig. 9 and compared with
the overall fibril stiffness, in order to highlight the mecha-
nisms which governs fibril behavior at different strain-range
values.Moreover, Fig. 9 shows also the dependence on cross-
link density of stresses and strains (both for constituent and
for the overall fibril) at failure. This allows to highlight the
dependence of fibril mechanical response on cross-link bio-
chemistry.

Finally, Fig. 10 presents a parametric analysis on the val-
ues of parameters governing the weak cross-link damage law
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(a) = 1 − λD
c = 0 (b) = 5 − λD

c ≈ 0.35

(c) = 25 − λD
c ≈ 2 (d) = 35 − λD

c ≈ 2.9

Fig. 6 Multiscale analytical model applied to coarse-grained atomistic
conditions. State variables in a fibril representative unit system (RUS)
versus fibril strain ε f with different values of Buehler’s increased adhe-

sion proportionality factor � , namely with varying cross-link density
λD
c = (� − 1)/11.5. The values of model parameters are reported in

text (see Sect. 3.1)

and molecular relaxation time constant following the activa-
tion of MR.

3.3 Application: loading–unloading behavior

Three cycles of a traction loading–unloading displacement-
driven test at constant elongation rate |�̇ f | = 40µm/s are
addressed. The values employed for model parameters coin-
cide with the ones of the HPT case. Accordingly, � f,o =
33.05µm, 2r f = 0.190 µm and other model parameters
are listed in Table1. Figure11 shows the applied strain-law
ε f (τ ) and the underlying deformationmechanisms occurring
at nanoscale. Moreover, the evolution of damage variables

is reported together with the fibril stress normalized with
respect to σ MR

f . As a result of nanoscale mechanisms, fibril
constitutive response (reported in the same figure) is charac-
terized by hysteresis loops associated with SP (namely, βw)
up to final failure due to MR (namely, βm).

4 Discussions

Present paper addresses collagen fibril mechanics with a
special insight on elasto-damage mechanisms occurring at
nanoscale. The role of cross-links on determining the well-
established variability in fibril mechanical response is clearly
highlighted through a multiscale modeling approach.
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Table 1 Values of model parameters employed for comparison with experimental data by Svensson et al. (2013) for fibrils in human-patellar tendon
(HPT) and rat-tail tendon (RTT)

a In agreement with Buehler and Wong (2007), Maceri et al. (2012b), Marino and Vairo (2013, 2014c)
b From Svensson et al. (2013); c from Saito et al. (1997)

Fig. 7 Comparison between experimental data (dashed lineswith sym-
bols) by Svensson et al. (2013) and predictions obtained by means of
proposed model for collagen fibrils in human-patellar tendon (HPT)

and rat-tail tendon (RTT). Left Fibril tangent modulus E f versus strain
ε f . Right Fibril stress σ f versus strain ε f constitutive relationship. The
values of model parameters are reported in Table1

• Reproduction of MDS data
The comparisonwithMDS data by Buehler (2008) clearly

shows that model predictions agree well with coarse-grained
atomistic computations of short fibrils (see Fig. 5). In fact,
several features of available data are reproduced: for low
cross-link density, fibril strength increases with cross-link
density and damage behavior shows large yielding regimes;
for high covalent cross-link density, fibril damage behavior is
characterized by a brittle-like rupture and the overallmechan-
ical response has very low sensitiveness to cross-link density.
Moreover, the nanoscalemechanisms governing the response
in the different cases addressed byBuehler can be straightfor-
wardly analyzed thanks to the proposed multiscale analytical
technique (see Fig. 6). When only weak interactions among
molecules are present, SP activates (associated with β2) and
fibril behavior ismainly governed bymolecular elastic defor-
mation εem in the elastic regime and by permanent molecular

slippage ε
p
w in the yielding regime; with increasing covalent

cross-link density, ID occurs at fibril failure (associated with
β1 and ε

p
m); when the density of covalent cross-links is high,

fibril damage is due to the rupture of covalent bonds inside
collagen triple-helix structure (namely, activation of β3 and
εbm) and there is the transition from a yielding to a brittle
behavior.

It is worth to point out the good quantitative agreement
between obtained results and available data for the entire
range of values considered for covalent cross-link density.
Clearly, with respect to MDS, the proposed analytical tech-
nique reduces significantly the computational costs, resulting
in the order of a minute for each simulation on a laptop with
2.3GHz Quad-core Intel i7 processor.

With reference to the yielding behavior for cross-links
deficient-fibrils, obtained results agree well with the initial
softening-rate obtained by Buehler’s coarse-grained data.
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Fig. 8 Stresses (top) and state variables (bottom) in a representative
unit system (RUS) of fibrils in human-patellar (left) and rat-tail (right)
tendons versus fibril strain ε f . It is worth pointing out that ε

p
m = 0

(resp., εbm = 0) during the overall test for human-patellar (resp., rat-
tail) fibrils, and thereby the curve is not clearly visible. The values of
model parameters are reported in Table1

Nevertheless, it is worth remarking that, for � = 1 (namely,
λD
c = 0), proposed model predicts a perfectly yielding

behavior without softening (due to SP onset), in contrast
to available data. The choice of not including softening
for SP is based on non-coarse-grained MDS results on the
assemblyof two tropocollagen segments (Buehler 2006;Uzel
and Buehler 2011; Marino and Vairo 2014a). Nevertheless,
different yielding behaviors for SP could be addressed by
modifying only weak cross-links interscale compatibility
relationships [namely, Eq. (18)] and by introducing a pos-
sible molecular relaxation (similar to ID and MR).

Despite MDSs allow to have an insight on fibril elasto-
damage internal mechanisms, attention should be paid when
quantitative predictions are addressed. For instance, the high-
est value of fibril stiffness predicted from the coarse-grained
MDSs by Buehler (≈40GPa, see Fig. 4) is indeed higher
than the one obtained from experimental data from well-
established literature (in the range ≈1–10GPa, Cusack and
Miller 1979; Shen et al. 2008; Svensson et al. 2013). This
occurrence is due to entropic effects and large-strain rates,
(Buehler 2008). Accordingly, a comparison between model

and experimental results is necessary for provingmodel capa-
bilities in providing quantitative predictions.

• Reproduction of experimental data

Model results have been also compared with experimental
data by Svensson et al. (2013), revealing model capability in
reproducing themechanics of collagen fibrils in both human-
patellar and rat-tail tendons. Model fits available data in an
excellent way for both specimen types (see Fig. 7). Available
biochemical data on the values of cross-link density (Saito
et al. 1997; Svensson et al. 2013), are straightly incorporated
in the simulations thanks to the multiscale approach within
which present model is developed.

Molecular biophysical properties are chosen the same
among HPT and RTT cases because collagen polypeptide
pattern does not differ among different species and genetic
disorders are herein not addressed. Similarly, a unique set
for covalent cross-link properties is chosen, except from the
density of mature cross-links. On the other hand, differences
in the biochemical environment of different specimens (and
especially fibrils from human-patella and rat-tails) justify the
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Fig. 9 Analysis of internal stiffness and damage mechanisms. Left
Fibril (E f ), molecular (Em , Ee

m and Es
m ), and intermolecular (ECL ,

Ec and Ew) tangent moduli versus fibril strain ε f . Stiffness of inter-
nal constituents are scaled with the load-bearing-to-total area ratio
ρa = Ac/A f . Right Normalized stress and strain at failure versus λT

c
for: covalent cross-links (s I Dc /σI D and dc/εI D); molecules (sm/σMR

and dem/εMR); fibril (s f /σMR and d f /εMR). If not differently speci-
fied, the values of model parameters are reported in Table1 and refer
to fibrils in human-patellar tendon. By employing Eq. (28), values of
damage thresholds correspond to σI D = 427.6MPa, εI D = 1.96%,
σMR = 654.6MPa, εMR = 6.94%

Fig. 10 Parametric analyses on values of model parameters. Top Fibril
stress σ f (left), tangent modulus E f and damage variable β2 (right)
versus strain ε f for different values of parameters governing weak
cross-links damage laws. Bottom Fibril stress σ f (left), elastic εem and

MR-inelastic εbm molecular strains (right) versus strain ε f for different
values of τMR

o . If not differently specified, the values of model parame-
ters are reported in Table1 and refer to fibrils in human-patellar tendon

choice of allowing for different intermolecular weak inter-
action behaviors (Grant et al. 2009; Gautieri et al. 2012).
Accordingly, model parameters governing weak cross-links
properties are set independently for HPT and RTT fibrils.

Nevertheless, as a further proof of consistency, the best fit-
ting is obtained employing values of model parameters with
the same order of magnitude among the two cases, and some-
times their values coincide.
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Fig. 11 Three loading–unloading cycles of a displacement-driven trac-
tion test at |�̇ f | = 40µm/s. Left Evolution of applied fibril strain ε f ,
nanoscale strains εc, εew , ε

p
w , εem , ε

p
m ,and εbm , normalized fibril stress

σ f /σ
MR
f , and damage variables βd , βw and βm versus time τ . It is

worth pointing out that ε p
m = 0 during the overall test, and thereby the

curve is not clearly visible. Right Fibril stress σ f versus strain ε f . The
values of model parameters are reported in Table1 and refer to fibrils
in human-patellar tendon (� f,o = 33.05 µm and 2r f = 0.190µm )

− Analysis of fibril mechanics

The model allows to predict and to put in evidence the
high nonlinearities occurring in the internal structure of HPT
and RTT fibrils (see Fig. 8). Moreover, the analysis of con-
stituent’s stiffness is useful for determining the mechanisms
which mainly affect fibril response (see Fig. 9). When in-
series mechanisms are considered, the one associated with a
lower stiffness dominates fibril behavior. On the other hand,
addressing in-parallelmechanisms, the stiffer one is themost
important. From this point of view, fibril mechanics can be
described as the result of the complex interplay of a number
of nonlinear stiffnesses: some of them are in-series (namely,
molecular Em and intermolecular ECL but also entropic Es

m
and energetic Eh

m) and others in-parallel (covalent Ec and
weak Ew cross-links).

For strains in the range ε f ∈ [0, 0.02], fibril mechan-
ics is governed by both molecular elastic deformation εem
and reversible molecular sliding associated with weak cross-
links deformation δew. Moreover, average molecular strain
εm within this interval is 1.61% for HPT and 1.47% for
RTT while sliding mechanisms contribute to the overall fib-
ril deformation for the remaining part (that is, 0.39% forHPT
and 0.53% for RTT). This agrees in an excellent way with
X-ray diffraction studies by Sasaki and Odajima (1996) who,
in 2% of overall strain, report a contribution from molecular
elongation equal to 1.7% and frommolecular rearrangement
mechanisms equal to 0.3% for fibrils in Achilles tendon.
This evidence is a strong proof for the effectiveness of the
proposed approach since it highlights model capability in
capturing a-posteriori a main experimental observation on
nanostructural intra-fibril rearrangement during tensile loads
in tendons. Thereby, in this low-strain range, fibril mechan-
ics is mainly affected by molecular deformation, as also

confirmed by the evidence that Em << ECL . Moreover
ECL ≈ Ew because the covalent cross-link is not yet acti-
vated (Ec ≈ 0). Furthermore, it is worth highlighting that
entropic mechanisms (namely, thermal fluctuations) have a
strong influence on the overall molecular behavior and, since
Es
m < Eh

m , they significantly reducemolecular modulus with
respect to the value obtained if only energetic mechanisms
were considered. This justifies the need of incorporating the
complex and refined molecular behavior herein addressed
[see Eq. (15)].

For ε f ∈ [0.02, 0.1], fibril deformation is mainly related
to SP activation (ECL ≈ Ew << Em). The load reaches
the bond strength of weak intermolecular cross-links and
the irreversible sliding between collagen molecules occurs at
the expense of the elastic one and of molecular deformation
(namely, ε

p
w increases, εew and εm tend to remain constant).

Clearly, SP is associated with a significant reduction in fibril
stiffness.

For ε f > 0.1, fibril stiffness increases again up to the final
failure because of the activation of intermolecular covalent
cross-links (ECL ≈ Ec >> Ew). This delayed response is
related to the straightening of the hook-shaped telopeptide
in which covalent cross-links form, herein modeled through
Eq. (8b), (Marino and Vairo 2014a). The stiffening effect is
significant for HPT and negligible for RTT, suggesting that it
is mainly due to the presence of mature trivalent cross-links
which are responsible for transverse connections between
different microfibrils (Bailey et al. 1998; Orgel et al. 2006;
Yang et al. 2012), and in fact it results kTc >> kDc .

− Biochemistry-dependent fibril failure

Fibril failure behavior is significantly affected by the den-
sity of mature cross-links. In fact, HPT failure is due to
the activation of damage parameter β3 associated with MR-
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inelastic strain εbm . On the other hand, RTT failure is related
to the activation of β1 associated with ID-inelastic strain ε

p
m .

The reason underlying the transition from ID to MR is well
highlighted by means of present model and by taking into
account that the onset of ID is associated to the force transmit-
ted through the covalent cross-links, representing a pulling
out force for the polypeptide strand where the covalent cross-
link is formed. The latter force has to be not confused with
the one that intervenes in fibril equilibrium (25), namely
σc, which is an homogenous stress measure representing
the average force transmitted through covalent cross-links
in the entire fibril. On the other hand, ID-onset is related to
a stress localization mechanism which is relevant when dif-
ferent molecules within the fibril have significant differences
in covalent cross-links occurrence. This likely occurs espe-
cially for low cross-link density (thereby, when ID intervenes
in fibril mechanics). The ID-related localization mechanism
is herein described through the free-energy contributionΨ I D

m
in Eq. (12d), and it is driven by stress σ I D

c in Eq. (29). This
modeling choicemeans that it is herein assumed that ID-onset
occurs in correspondence of a molecule where one mature (if
λT
c �= 0) and one immature (if λD

c �= 0) covalent cross-links
are present.

AddressingMR-onset, the free-energy contributionΨ b
m in

Eq. (16), and thereby molecular stress σm (resp., strain εem)
drives this source of damage. In this case, no localization
mechanism is modeled because the stress at constituent scale
is assumed to be fairly constant within fibrils for high cross-
link density (when MR is relevant for fibril mechanics).

The density of mature cross-links is a main factor for the
internal damage mechanism which is activated at fibril fail-
ure. In case of low mature cross-link density (as in RTT),
intermolecular sliding is high (ratio εc/ε

e
m is closer to the unit

with respect to the HPT case in Fig. 8), and thereby, the force
transmitted through the covalent cross-links is sufficient for
the onset of ID before the one of MR. On the other hand,
high density of mature cross-links in HPT is an obstacle for
intermolecular sliding with respect to molecular elongation
(εc remains small compared to εem in Fig. 8), and thereby, σm
(resp., εem) reaches σMR (resp., εMR) before that σ I D

c (resp.,
εc) reaches σI D (resp., εI D).

Moreover, fibril ultimate stress increases with cross-link
density for low cross-link density, and then, it results constant
(see Fig. 9). This evidence is related to the transition from ID
to MR failure mechanisms, elucidated in the latter figure.
Addressing the range of values dominated by ID, when λT

c
increases, σ I D

c reaches σI D for higher values of εem and σm
(because the higher is the density of mature cross-links, the
lower is molecular sway with respect to molecular elonga-
tion). Accordingly, since molecular and fibril stress differ
only due to the ratio between fibril cross-sectional area A f

and load-bearing area Ac, fibril strength increases with λT
c .

On the other hand, addressing the range of values dominated
by MR, fibril ultimate stress is constant with λT

c and related
to molecular ultimate stress, resulting s f = ρaσMR . In this
case, no further strengthening mechanism is present. Nev-
ertheless, it is worth pointing out that fibril strain at failure,
d f , is much higher thanmolecular failure strain εMR because
of intermolecular sliding favored by slip-pulse mechanisms
(see Fig. 8). Moreover, d f is fairly constant with λT

c with a
peak in correspondence of the ID-MR transition.

− Analysis of modeling choices

Present work couples the model for intermolecular inter-
actions by Marino and Vairo (2014a) with the one for the
nonlinear elasto-damage mechanics of collagen molecules
by Maceri et al. (2012b). Accordingly, the sensitivity and
the physical meaning of most model parameters have been
already discussed in the existing literature and they are here
only recalled. Moreover, some refinements for both mod-
els have been included starting from the need of fitting
experimental data on collagen fibrils. In detail, these are a
refined nonlinear activation law for weak cross-links damage
(Eq. (11)) and molecular relaxation mechanisms associated
with MR (governed by parameter τMR

o ).
The parametric analysis on the values of parameters gov-

erning weak cross-links damage highlights the effectiveness
of modeling choice. Firstly, it is worth pointing out that from
Eq. (11): when ω = 0 and vw → ∞, then an unlimited dam-
age rate is considered; when ω = 0 and vw < +∞, then
damage rate is limited by the constant vw. Figure10 shows
that the choice of either an unlimited or a constant dam-
age rate significantly affects the obtained fibril constitutive
response but also that, for both choices, SP activation couples
with the straightening of the cross-linked telopeptide deter-
mining a sharp transition between the decreasing and the
increasing branch of E f . This feature does not agree with
experimental data that clearly indicate a smooth variation of
E f . On the other hand, the smoothness of E f is recovered
considering a nonlinear damage activation law governed by
Eq. (11) (with ω �= 0 and vw < +∞), and it is associated
with the convexity of β2 with ε f .

Figure10 shows also that parameter τMR
o governs fibril

brittleness associated with MR. As a general rule of thumb,
lower is the value of molecular relaxation decay time con-
stants, higher is the stress decrease rate at failure, and thereby
the mechanical response appears more brittle. Thereby, the
transition from a yielding softening to a brittle behavior
resides only in the difference between the associatedmolecu-
lar relaxation time constants. In this framework, in agreement
with MDS data (Buehler 2008; Uzel and Buehler 2011), it is
interesting to note that the fitting of experimental data corre-
sponds to values τ I D

o > τMR
o , although the typical elongation

rates employed for fibril uniaxial traction do not allow to
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appreciate significant differences in the stress decay rate at
fibril failure (Marino and Vairo 2014a).

• Reproduction of fibril loading–unloading behavior

Finally, the model is applied for predicting fibril response
to a loading–unloading test (see Fig. 11). The obtained
hysteresis loops are fully in agreement with experimental
evidence (Shen et al. 2008; Svensson et al. 2010). Thanks to
the adopted multiscale rationale, these hysteresis loops are
herein related to nanoscale deformation mechanisms and are
not described employing phenomenological viscous laws. In
fact, the residual strains appearing at the end of each cycle
are a straight consequence of the reversibility assumption on
intermolecular weak bonds, associated with the activation
and deactivation of SP.

• Model strengths, limitations and future directions

In summary, accounting for nanoscale mechanisms, the
model provides a special insight on the correlation between
the histochemical features of collagen fibrils and their
mechanics in terms of stiffness, nonlinearities, damage
behavior and strength. A quantitative correlation between
mature cross-link density and mechanical response is effec-
tively obtained. Elasto-damagemolecular and intermolecular
mechanisms are explicitly modeled, providing a rational
explanation to the nonlinear and viscoelastic mechanics of
collagen fibrils.

Despite collagen molecules and fibrils are three-
dimensional structures (Orgel et al. 2006; Pradhan et al.
2011), the model is developed within a mono-dimensional
framework in order to describe several nanoscale mecha-
nisms in a computational feasible way. Thereby, if coupled
with multiscale homogenization methods, present approach
allows for an effective upscaling of complex molecular and
intermolecular effects in three-dimensional macroscale tis-
sue models. This rationale has been already employed for
the description of soft connective tissues (Maceri et al.
2010, 2012a, 2013; Marino and Vairo 2013, 2014b, c), but
it is likely suitable also for homogenized models of bones
(Hellmich et al. 2004;Grimal et al. 2011;Morin andHellmich
2013; Morin et al. 2013; Morin and Hellmich 2014).

The model presents some limitations that will be faced
in future works. Firstly, the mechanical behavior of non-
enzymatic cross-links (namely, advanced glycation end prod-
ucts) is herein not addressed. Moreover, the best fitting of
experimental data is obtained when a significant difference
in the stiffness of mature (between molecules in different
microfibrils/fibrils) and immature (betweenmoleculeswithin
the same microfibril) cross-links is considered, resulting
kTc /kDc ≈ 20. This outcome is likely related to a geometric
effect: the assembly of cross-linked microfibrils (helically
wounded each other and whose relative sliding is prevented
by the presence of intermicrofibrils cross-links) is stiffer

than the assembly of non-cross-linkedmicrofibrils (which are
free to slide each other due to the absence of intermicrofib-
rils cross-links). This three-dimensional geometric effect
is effectively described in the present mono-dimensional
framework by considering a higher stiffness formature cross-
links, but different strategies will be also investigated in
future works, by explicitly addressing the microfibril slid-
ing in the formulation of the model.

Furthermore, the model has been validated addressing
only traction of fibrils. The analysis of their compressive
behavior requires more investigations. Moreover, only two
fibrils are employed for comparison between model out-
comes and experimental data. Future works will address
an higher number of samples. In this framework, a refined
automatic procedure for parameter setting will be conceived
and implemented. This will allow to obtain physiological
ranges for biophysical and biochemical parameters, straight-
forwardly derived from mechanical measures. Finally, a
quantitative correlation between the values of model para-
meters and more measurable biophysical and biochemical
parameters (such as hydration state, pH, ionic environment
and enzymatic activity) will be investigated.

In general, thanks to the multiscale rationale herein
employed, new or different computational/experimental evi-
dence at nanoscale could be straightforwardly incorporated
in present model without affecting its general setting. For
instance, interscale compatibility relationships or nanoscale
constitutive laws only could be modified in order to obtain
refined responses of fibril mechanics.

5 Conclusions

Agreatmodeling challenge in biomechanics is to identify and
to upscalemolecular and intermolecularmechanisms that are
likely to have a significant macroscopic influence. Address-
ing connective tissues, elasto-damage effects of collagen
molecules and their interaction properties within fibrillar
structures have to be analyzed across scales up to the contin-
uum level.

In this study, an analytical model of collagen fibril
mechanics is developed. The model enriches the model by
Marino and Vairo (2014a) that allowed to describe: perma-
nent molecular sliding associated to slip-pulse mechanisms;
the delayed activation of the hook-shaped telopeptide in
which the covalent cross-links form; interstrand delamina-
tion mechanisms associated with the rupture of intramolec-
ular weak bonds. The model has been generalized by taking
into account: different responses for mature and immature
cross-links; molecular elastic nonlinearities associated with
thermal fluctuations, helix uncoiling and stretching of mole-
cular backbone; damage of intramolecular covalent bonds;
refined nonlinear slip-pulse activation.
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The proposed analytical approach allows to gain a better
comprehension on the nanoscale intrafibrillar mechanisms
where experimental techniques and atomistic computations
reach their limits. Indeed, model effectively predicts how
fibril nanostructure affects the nonlinear coupling of the
internal mechanisms characterizing fibril mechanics and it
allows to run simulations with a very low computational cost.
Accordingly, present model might be effectively employed
within a structuralmultiscale approach for developing refined
macroscale models of biological tissues (Maceri et al. 2010,
2012a, 2013; Marino and Vairo 2013, 2014b, c). Thereby,
it represents a powerful tool for investigating on the struc-
ture mechanics dependence in biological tissues. This opens
toward the analysis of histochemical alterations associated
with pathological tissue/organ behavior, as well as the inves-
tigation on the effectiveness of pharmacological treatments
favoring the homeostatic histochemical condition.
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Appendix: Basics of convex analysis

In agreement with classical arguments of convex analysis,
introduce the set R̄ = R ∪ {+∞} where the regular addition
is completed by the rules: a + (+∞) = +∞ (∀ a ∈ R) and
+∞ + (+∞) = +∞, while multiplication by strictly posi-
tive numbers is completed by a×(+∞) = +∞ (∀ a ∈ R

+),
(Frémond 2002). In this framework, introduce the indicator
functions

I[a,b] : R �→ R̄, I[a,b](x) =
{
0 if x ∈ [a, b]
+∞ else

,

I+ : R �→ R̄, I+(x) =
{
0 ifx ≥ 0

+∞ else
,

with their subdifferential sets being

∂I[a,b](x) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

p ≤ 0 if x = a

0 if a < x < b

p ≥ 0 if x = b

� else

,

∂I+(x) =

⎧
⎪⎨

⎪⎩

p ≤ 0 if x = 0

0 if x > 0

� if x < 0

.
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