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Abstract We have developed a three-dimensional random
network model of the intracellular actin cytoskeleton and
have used it to study the role of the cytoskeleton in mecha-
notransduction and nucleus deformation. We use the model
to predict the deformation of the nucleus when mechani-
cal stresses applied on the plasma membrane are propa-
gated through the random cytoskeletal network to the nucleus
membrane. We found that our results agree with previous
experiments utilizing micropipette pulling. Therefore, we
propose that stress propagation through the random cyto-
skeletal network can be a mechanism to effect nucleus defor-
mation, without invoking any biochemical signaling activity.
Using our model, we also predict how nucleus strain and
its relative displacement within the cytosol vary with vary-
ing concentrations of actin filaments and actin-binding pro-
teins. We find that nucleus strain varies in a sigmoidal manner
with actin filament concentration, while there exists an opti-
mal concentration of actin-binding proteins that maximize
nucleus displacement. We provide a theoretical analysis for
these nonlinearities in terms of the connectivity of the ran-
dom cytoskeletal network. Finally, we discuss laser ablation
experiments that can be performed to validate these results
in order to advance our understanding of the role of the cyto-
skeleton in mechanotransduction.
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1 Introduction

Cells are constantly being subjected to mechanical stresses
arising from their interactions with the environment. These
mechanical stresses are known to cause changes in intra-
cellular biochemistry and gene expression (Lo et al. 2000;
Dalby et al. 2004; Guo et al. 2006; Na et al. 2008). For exam-
ple, the differentiation of mesenchymal stem cells into dif-
ferent lineages can be controlled by the substrate stiffness
(an extracellular mechanical signal) on which these cells are
cultured on (Engler et al. 2006). The mechanisms convert-
ing mechanical signals into downstream biochemical signals,
generically termed “mechanotransduction,” are an active area
of study. In this paper, we focus on a specific form of mech-
anotransduction: the direct transmission of stresses from the
cell exterior to the nucleus. The exact mechanisms of this
process are still not well characterized. This is to be con-
trasted to the many other examples of mechanotransduction
that have been relatively well studied. For example, mechano-
sensitive ion channels on the cell membrane convert mechan-
ical signals, in the form of membrane stretch, into electrical
and/or chemical signals to regulate ion flux across the cell
membrane (Martinac 2004). Transmembrane proteins such
as G-proteins (Gudi et al. 1998; Mederos y Schnitzler et al.
2008), protein kinases such as pI30CAS and Src (Giannone
and Sheetz 2006; Chien 2007), and cell-matrix adhesion pro-
teins such as integrins, PECAM1 and cadherins (Tzima et al.
2005; Liu et al. 2007; Tetsunaga et al. 2009) are also known
to be activated by mechanical forces, which can then trigger
downstream signaling cascades, leading to changes in gene
expressions (Wang et al. 2009).

There have been experiments that looked at nucleus
deformation (Maniotis et al. 1997) as a “marker” for mech-
anotransduction. These experiments have shown that by
applying stresses on cell surface receptors such as integrins,
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nucleus deformation can be induced (Maniotis et al. 1997).
On the other hand, cells treated with cytoskeleton-disrupt-
ing drugs such as cytochalasin D did not show significant
nucleus deformation. This suggests that the cell cytoskel-
eton could play an important role in transmitting forces
directly to deform the nucleus. However, it is plausible that
nucleus deformation can be triggered biochemically. In such
a scenario, mechanical stresses applied to the plasma mem-
brane propagate to the cytoskeleton, causing it to remodel
which in turn triggers certain signaling cascades to up- or
downregulate certain signaling molecules. These signaling
molecules diffuse into the nucleus and activate processes
that change the nucleus shape (such as the polymerization
or depolymerization of the nucleoskeleton filaments (Nalepa
and Harper 2004) or restructuring of the lamin network).
However, this has not been shown definitively. Therefore,
we do not consider biochemical signaling triggered by force-
induced activation of cell membrane proteins in this paper,
but instead show that mechanical coupling can be a mech-
anism for mechanotransduction. The plasma membrane is
coupled to the cytoskeleton via focal adhesion complexes
that are bound to membrane receptors such as integrins.
The focal complexes are in turn coupled to the actin fila-
ments. The cytoskeleton couples to the nucleus membrane
via proteins containing the Sad1/UNC-84 (SUN) and Klars-
icht/ ANC-1/Syne-1 homology (KASH) domains. These pro-
teins are members of the linkers of the nucleoskeleton to
the cytoskeleton (LINC) complexes, a family of macromo-
lecular assemblies that span the double membrane of the
nuclear envelope (Crisp et al. 2006). These connections form
amechanically coupled system connecting the nucleus mem-
brane to the plasma membrane. Thus, forces applied to the
cell surface can be transmitted through the cytoskeleton to
the nucleus and cause it to deform (Maniotis et al. 1997).
This change in nucleus shape may lead to changes in nucleus
structure and gene expression (Thomas et al. 2002).

To this end, we develop a three-dimensional random net-
work model of the cytoskeleton and use it to show that
mechanical coupling of this random cytoskeleton network
to both the plasma membrane and the nucleus membrane
can be a plausible mechanism for mechanotransduction.
This mechanical coupling between the plasma membrane,
cytoskeleton, and nucleus membrane allows for stress prop-
agation to occur in the range of seconds (Na et al. 2008),
compared to biochemical signaling which is likely to be dif-
fusion limited and occurs typically in the range of minutes
or longer.

Our model for the three-dimensional random cytoskele-
tal network represents the cytoskeleton by two sets of ran-
domly distributed linear Hookean springs. The first set of
springs represents the actin filaments, while the second set
represents the actin-binding proteins that connect the fila-
ments. The actin filaments are attached to the plasma and
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nucleus membranes at random points. These two membranes
are represented as deformable neo-Hookean membranes.
We have neglected the contributions of microtubules and
intermediate filaments. The former is known to bear only
compressive stresses and not tensile stresses. However, the
compressive stresses generated in our random network are
expected to be small, and so the contributions of micro-
tubules will be small. The latter contributes to mechanical
stability of the cell only at high tensile stresses, which are
not expected from our extent of mechanical perturbations.
Jean et al. (2005) proposed an axisymmetric finite element
model to show how changes in cytoskeleton tension during
cell rounding from an adhered state can change the nucleus
shape. In their model, the cytoskeleton network is repre-
sented by either discrete fibers or an effective homogenous
layer that connects the nucleus to the adhesion sites. How-
ever, their model is insufficient because it assumes idealized
cell geometries and neglects the random connectivity of the
cytoskeleton network. Shafrir and Forgacs (2002) proposed a
two-dimensional model of the cytoskeleton as a random net-
work of rigid rods representing the actin filaments and linear
Hookean springs representing the actin crosslinkers. How-
ever, they assumed that the plasma and nucleus membranes
are rigid and immobile, which is unrealistic. In this paper,
we have modeled the actin network as a random connected
network of linear springs. This is a simplified representa-
tion compared to other more sophisticated models (Head
et al. 2003; Onck et al. 2005; Huisman et al. 2007; Palmer
and Boyce 2008; Kim et al. 2009). However, these more
sophisticated models are focused on understanding the rhe-
ology of the actin network. Connecting these network mod-
els to the plasma and nuclear membranes is not straightfor-
ward. In addition, our model allows us to study the effects
of the flexibility of the cross-linking proteins. This effect
is not considered in the models of Head et al. (2003), Onck
etal. (2005), Huisman et al. (2007) as they assumed the cross-
links between the actin filaments to be rigid. However, there
are many examples of flexible cross-linking proteins, such as
filamin, and it has been shown that the response of network
that is cross-link by filamin more closely mimics the mechan-
ical properties of cells (Gardel et al. 2006a,b). Although the
model proposed by Kim et al. (2009) takes into account the
flexibility of the cross-linking proteins, the computational
demands of its Brownian dynamics, it is less suited for study-
ing the effects of mechanical coupling between the cytoskele-
ton and the plasma and nucleus membranes. The length scale
of this mechanical coupling, which is of interest in this paper,
is approximately 10 pm and is significantly larger than the
computational domain described in their approach.

The remaining of this paper is organized as follows. In
Sect. 2, we describe the formulation of our model and the
numerical techniques used to solve it. In Sect. 3, we first val-
idate our model by measuring the strain and displacement
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of the nucleus when an external pulling force is applied to
part of the plasma membrane and comparing the results to
the experimental results of Maniotis et al. (1997). We then
study the effects of increasing the concentrations of actin
filaments and actin-binding proteins on nucleus strain and
displacement under the same external loading. In Sect. 4, we
discuss these results in the context of the network connectiv-
ity and provide a theoretical justification for the results we
observed. We also discuss how our model can be applied to
other experimental scenarios and suggest experiments that
can be performed to validate our model. Finally, in Sect. 5,
we present our conclusions.

2 Methods

The cytoskeleton is modeled as two sets of linear Hookean
springs, one representing actin filaments and the other rep-
resenting actin- binding proteins, randomly distributed and
connected to form a three-dimensional random network. A
schematic is shown in Fig. 1. To generate the initial con-
figuration of the cytoskeleton network, actin springs with
lengths randomly chosen from the range 3.5 to 4 um are
randomly distributed in the region between the plasma and
nucleus membranes. Springs that intersect other spring(s)
are discarded. Springs that intersect the cell or nucleus mem-
branes are truncated and attached to the nearest membrane
nodal point. These attachment points represent the mechan-
ical coupling between the cytoskeleton and the cell/nucleus
membranes. In our model, the linear spring representation
of the actin filaments can be seen as a useful simplifica-
tion of the nonlinear force-extension constitutive model of
single actin filaments such as that derived in Palmer and
Boyce (2008). The constitutive model of a single actin fil-
ament in that paper incorporates the straightening of bends
in the fluctuating filament under an external axial force. In
their model, in the absence of any external applied axial force,
the end-to-end distance of the filament is less than its con-
tour length as a result of thermal fluctuation. The application
of an external axial force causes the filament to straighten,
and the resultant force-extension response can be approxi-
mated by a nonlinear function that incorporates strain stiff-
ening. The strain-stiffening response can be understood in
terms of the increased entropic resistance as the length of
the filament approaches its contour length. In our model, the
initial length of the actin filaments can be viewed as the end-
to-end distance of a bend fluctuating filament, rather than
the filament contour length. Hence, our linear spring model
approximates the initial force-extension of the actin filament
prior to the onset of strain stiffening. However, we do note
that a densely cross-linked network (where the filament per-
sistence length > contour length) operates in the highly non-
linear regime of this force-extension curve. Thus, the linear

Direction
of pull

Fig. 1 Schematic of the three-dimensional random cytoskeleton net-
work, with actin filaments shown in blue and actin-binding proteins
shown in red. Black circles and magneta squares represent anchor points
between the actin springs and the plasma membrane and nucleus mem-
brane, respectively. The micropipette attached to the cell membrane is
pulled away from the cell to induce an external loading

force-extension of the actin filaments in our model should
strictly be viewed as a simple and useful approximation to the
more realistic albeit more complex force-extension response
derived in Palmer and Boyce (2008). In addition, our cyto-
skeleton network model is capable of accommodating nonaf-
fine deformations through both rotation and stretching of the
spring elements representing actin filaments and actin-bind-
ing proteins. In this manner, the addition degrees of freedom
associated with the rotation of these elements in the network
allow the applied mechanical stress to be borne without those
elements aligned in the direction of the applied stress being
excessively stretched (Palmer and Boyce 2008). This further
supports the simplification made in the choice of the linear
force-extension response for the actin filaments in our model.
Despite the simplicity of our model, it is still able to retain
the key features of the cytoskeleton network in a qualitative
manner and to improve our understanding of the effect of
mechanical coupling as the network connectivity is varied.
The springs representing the actin-binding proteins (here-
after referred to as linker springs) connect to the ends of any
two actin springs if the distance between these end points is
less than a specified cutoff length. This cutoff length there-
fore determines the number of linker springs. The larger the
cutoff, the more linker springs there will be. For example, for
a cutoff length of 200nm which is the typical dimension of
filamin (Alberts et al. 2002), a total of 5,176 linker springs
will be generated, corresponding to a crosslinker concentra-
tion of 0.5 mg/ml. The number of actin springs N, is set to be
approximately 16,000 which corresponds to an actin filament
concentration of approximately 1.56 mg/ml. The number of
linker springs N; is varied from 657 to 13372, correspond-
ing to an actin-binding protein concentration range of 0.06—
1.3 mg/ml. These values are consistent with values used in
in-vitro reconstituted actin network studies (Shin et al. 2004).
The rest lengths of the springs are set to be their original
lengths as initialized. They are assumed to be linear and
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follow Hooke’s law. The stiffness of the actin and linker
springs is k, = 1 pN/wm and k&, = 0.1 pN/um, respec-
tively (Shafrir and Forgacs 2002). The springs are immersed
in a viscous medium representing the cytosol, whose viscos-
ity we setas = 1 cP (Mastro et al. 1984). The displacement
of the springs as they stretch or contract is opposed by vis-
cous drag. Force balance then yields the following equation
of motion for the three-dimensional positions of the ends of
the actin springs, X;;, where the subscript denotes the ith end
of the jth spring with i = 1, 2 denoting one of the two ends
and j =1,..., Ng,

ka(1X1; — X2| — aj)fij

A dx;;
+ D kiIxij = Xio | = Liji i dijij + ﬁd—;j =0. (D
i/,j/

Here, a; denotes the rest length of the jth actin spring and
dAj = (X1; — X2;)/I|X1j — X2 is a unit vector specifying
its orientation. The sum in the second term is over (i’, j') if
the ith end of the jth actin spring is connected to the i’th
end of the j’th actin spring by a linker spring, and [;;;/ jr
is the rest length of that linker spring. Similarly, diiir =
(Xij — X;7j7)/IXij — X;jj») is a unit vector specifying the ori-
entation of that linker spring.

The initial shape of the plasma membrane is arbitrarily
chosen to be like that of an adhered cell spreading on a flat
substrate with length along its major axis D = 30 pwm. The
initial shape of the nucleus membrane is arbitrarily chosen to
be an oblate spheroid with equatorial diameter d = 13 pm.
See Fig. 1. Both membranes are discretized into triangu-
lar elements that can deform by stretching and bending and
whose displacements are opposed by viscous drag and, for
those elements with actin springs attached, pulling from the
displacement of the actin springs. In addition, the mechanical
properties of the shell-like actin cortex found underneath the
plasma membrane are incorporated into that of the plasma
membrane. If u denotes the three-dimensional displacement
of a node of a triangular mesh of the membrane in the global
coordinate system, v the two-dimensional in-plane displace-
ment, and u = Tv with T the transformation matrix, then
force balance yields

oW 0A; oW, 0¢ du

e R ) 2
or av | 9p au TG )

Here, W j, are the strain energy functions for stretching and
bending, respectively, A1 2 the in-plane principal strains, ¢
the dihedral angle between adjacent elements (Marcelli et al.
2005), and f; the force resulting from the pulling of actin
springs, if any (calculated from the first two terms of Eq. 1).
The strain energy function for stretching is assumed to be
neo-Hookean,
E

W, = Fs(x% A3 AT =3+ EqGuda — D2, (3)
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with E 4 the membrane shear and area dilation modulus,
respectively (Evans and Skalak 1979a,b). The strain energy
function for bending is

Wp = k(1 + cos(9)), 4

where « is the membrane bending modulus. This formal-
ism is used for both the plasma membrane and the nucleus
membrane. The values used for the plasma membrane shear
and dilatation moduli are Es, = 0.006 dyn/cm and E;, =
0.6 dyn/cm, respectively. These values are consistent with
those reported in literature for erythrocytes (Doddi and
Bagchi 2009) and endothelial cells (Sato et al. 1987; Wies-
ner et al. 1997). The values used for the nucleus mem-
brane shear and dilatation moduli are E,, = 6 dyn/cm and
Eg, = 0.6 dyn/cm, respectively. The values used for the
bending moduli of the plasma and nucleus are assumed to be
identical, k) =k, = 6 x 10720 J (Marcelli et al. 2005).

In choosing the values of the shear and dilational mod-
uli of the nuclear and plasma membranes, we considered
the following points. First, the mechanical resistance of
the nuclear membrane is reinforced by the presence of an
underlying lamina network. The nuclear lamina network is a
~ 10 -nm-thick protein meshwork associated with the inner
nuclear membrane composed of lamins (Stewart et al. 2007).
This protein meshwork therefore serves as a structural scaf-
fold to the nuclear membrane, providing additional mechan-
ical resistance to its shearing when compared to the plasma
membrane. Thus, we would expect that the value for the
shear modulus of the nuclear membrane to be significantly
higher to reflect this mechanical reinforcement. Second, the
dilational modulus in our membrane formulation is used to
conserve the local surface area of the membrane elements,
reflecting the local inextensibility of the membrane under
mechanical stresses. Since the primary components of the
nuclear and plasma membranes are identical, we have no
a priori justifications to expect that this local inextensibili-
ty response will differ between the two sets of membranes.
Thus, we would expect the dilation moduli of the nuclear and
plasma membranes to be of the same value. Third, the con-
tribution of bending resistance to the overall stiffness of the
plasma membrane appears to be insignificant based on the
reported values of the bending modulus in (Marcelli et al.
2005) (in the region of 10720 J). Using a typical value of
~ 10 nm for the plasma membrane thickness and a shear
modulus of approximately 1076 N/m, we estimate the energy
attributed to shearing to be approximately in the region of
10~15 J. This is at least five orders of magnitude higher as
compared to the contribution from bending. Thus, we would
expect the choice of values for the bending moduli of the
nuclear and plasma membranes to have minimal effects on
our results. This justified our choice of assigning the value
of the nuclear membrane bending modulus to be the same
as that of the plasma membrane. (We acknowledge that it is
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possible that the bending modulus of the nuclear membrane
could be significantly higher when compared to the plasma
membrane owning to the reinforcement effect of the lamina
network. However, the contribution of the bending resistance
will only be evident in the case of very sharp localized cur-
vature change in the nuclear membrane. For our simulation
setup, we do not expect such sharp curvature changes for
the nuclear membrane to occur and this point further support
our choice of assigning the same bending moduli for both
the nuclear and plasma membranes.)

Taking the above points into consideration, we assign
the value of the nuclear membrane shear modulus to be
1,000 times higher compared to that of the plasma mem-
brane. Our nucleus model neglects any elastic contribution
of the nuclear interior as it is represented by a viscous lig-
uid in our formulation. Hence, the nucleus deformation is
governed entirely by its membrane properties, namely the
shear, dilation and bending moduli. It could be argued that
the higher overall stiffness of the nucleus was achieved arti-
ficially given the unrealistically high value of the nuclear
membrane shear modulus. However, we are interested only
in studying the overall deformation of the nucleus as a result
of the mechanical coupling from the cytoskeleton rather
than the more detailed stress/strain distribution within the
nucleus interior. Therefore, our simplified nucleus model is
still justified as the higher nucleus stiffness (approximately
an order of magnitude stiffer compared to the entire cell)
is consistent with literature results and does not contradict
the results from previous works (Caille et al. 2002). This
“crude” presentation of the nucleus reduces the modeling
complexity and computational costs in our formulation but
still allows us to retain the key features governing the nucleus
deformation.

We sought to justify the value of the nuclear membrane
shear modulus by considering the contribution of the lamina
network and nucleus prestress in our analysis. Yet, it is likely
that the value of the nuclear membrane shear modulus is
overestimated in our model owning to the absence of internal
nucleus elasticity. We also acknowledge that it is also possible
that the various moduli of the nuclear membrane are similar
in values to the plasma membrane and that the difference in
the stiffness between the nucleus and the entire cell reported
experimentally can be attributed entirely to the interior elas-
ticity of the nuclear contents (such as the highly compacted
regions of chromosomes). This simplified nucleus represen-
tation of a membrane enclosing a viscous interior is one of the
limitations of our model. However, this simplification is still
valid and justified in the context of studying the deformation
of the nucleus as a result of the cytoskeleton coupling.

A summary of these and other parameters of the model,
and their values used in our simulations, is shown in Table 1.
We have also verified that, qualitatively, our results are not
sensitive to the exact values of these parameters.

53
Table 1 Parameters and their values used in the simulation
Parameter Symbol Value
Cell equatorial diameter D 30 um
Nucleus equatorial diameter d 13 um
Actin filament length a 3.5-4 um
Actin filament concentration Cy 1.56 mg/ml
Number of actin springs N, 16000
Actin filament stiffness ka 1 pN/pm
Actin-binding protein stiffness ki 0.1 pN/pwm
Actin-binding protein concentration C 0.5 mg/ml
Number of linker springs N; 5176
Plasma membrane shear modulus E;p 0.006 dyn/cm
Plasma membrane dilatation modulus Eqp 0.6 dyn/cm
Plasma membrane bending modulus Kp 6x 107207
Nucleus membrane shear modulus Es, 6 dyn/cm
Nucleus membrane dilatation modulus Ean 0.6 dyn/cm
Nucleus membrane bending modulus Kn 6x 107207
Cytosol viscosity n 1cP

3 Results
3.1 Model validation

We apply our model to simulate the experiment of
(Maniotis et al. 1997), where a micropipette is pushed into
the cytoplasm of a bovine capillary endothelial cell and then
pulled away for a distance of either 10 or 20 pm at a rate of
5-10 wm/s. The strain and relative displacement of the
nucleus were then measured by using real-time video micros-
copy. In our simulations, we model the micropipette pull-
ing on the cytoskeleton by imposing a constant velocity of
5 wm/s on a subset of plasma membrane nodal points repre-
senting bounded integrin receptors being pulled by the micro-
pipette; see Fig. 1. In Fig. 2, we show the results of our
simulation of micropipette pulling. Panels (a—c) show the
plasma and nucleus membranes at different time points of
micropipette pulling, whereas panel (d) shows the cross-sec-
tional view of the steady-state deformation of the plasma and
nucleus membranes for pulling distances of 10 and 20 pm.
The nucleus strain is defined as the ratio of the change in
nucleus diameter in the direction of pull to its original diam-
eter, calculated as (d'/d-1) and (d”/d-1) for pulling distances
of 10 and 20 pm, respectively. The nucleus displacement is
defined as the distance which the end of the nucleus furthest
away from the rod has moved in the direction of the pull; it is
denoted by x’ and x” for pulling distances of 10 and 20 pwm,
respectively. In Fig. 3, we plot these quantities obtained from
our simulations and see that they compare well to the values
reported in (Maniotis et al. 1997).
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20 pm pull

Fig. 2 Deformation of the plasma and nucleus membranes induced by
micropipette pulling at different time points: a O s (initial unperturbed
state), b 1 s, and ¢ 25 s. The cytoskeleton network is omitted from these
snapshots for clarity. d Cross-sectional view of the steady-state defor-

Fig. 3 a Nucleus strain and b

mation of the plasma and nucleus membranes for different micropipette
pulling distances of 10 and 20 pum. The nucleus diameter d is deformed
to d’ and d”, respectively, and displaced by x" and x”, respectively
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3.2 Effects of varying network connectivity

We can numerically change the number of actin and linker
springs and see how this change affects the ability of the
random cytoskeleton network to act as a transducer of
mechanical stress from the plasma membrane to the nucleus
membrane. In Fig. 4, we show results from our simulations of
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how the nucleus strain and displacement change with chang-
ing the number of linker springs N; for both pulling to 10
and 20 wm while keeping the number of actin springs N,
fixed. We see that there is a sigmoidal increase in the nucleus
strain for increasing N; for both pulling distances that plateau
off at high N;. On the other hand, the nucleus displacement
exhibits a biphasic response with a maximum at N; ~ 3500.
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Fig. 5 a Nucleus strain and b
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Subsequently, increasing N; leads to a nonlinear decrease in
the nucleus displacement. We also note that both the nucleus
strain and displacement become greater than zero at a value
of N; that is not zero; this threshold is approximately 660,
corresponding to a concentration of actin-binding proteins
of approximately 0.06 mg/ml. This suggests the existence
of a percolation threshold for stress propagation through the
cytoskeleton network. The role of percolation as a mecha-
nism of mechanotransduction has been previously discussed
(Forgacs 1995; Dalby 2005), in particular in the context of
signal amplification, i.e., the number of localized mechanical
perturbations increases as they percolate through the network
from the plasma membrane to the nucleus membrane, but has
never been measured experimentally.

In Fig. 5, we show results from our simulations of how
the nucleus strain and displacement change with changing
the number of actin springs N, for both pulling to 10 and
20 wm. In these simulations, as N, changes, N; changes as
well. This is because as the number of actin springs increases,
the frequency of a linker spring being within the same cut-
off distance within two ends of two actin springs increases.
This simulates the physiological scenario that, when the
cell is saturated with actin-binding proteins, an increase in
actin filamentation will lead to an increase in the activation
of actin-binding proteins. Nevertheless, in this scenario of
increasing both the number of actin springs N, and linker
springs N;, we again see similar trends as with increasing N;
but keeping N, fixed.

To explain these variations, we hypothesize that there
is only a single parameter—the network connectivity £—
that governs how this random cytoskeleton network trans-
duces mechanical stress to deform the nucleus. We define
& to be the ratio of the number of springs (actin and
linker) in uninterrupted paths to the total number of actin
and linker springs. Thus, 0 < & < 1. An uninterrupted
path refers to a continuous chain of springs (actin and
linker) that connects at least one point on the plasma mem-
brane to at least one point on the nucleus membrane. A
value of £ = 0 means that the plasma and nucleus mem-
branes are not connected by the cytoskeleton, whereas a
value of £ =1 means that the all the springs play a role
in the propagation of stresses from the plasma membrane
to the nucleus membrane. Increasing the number of actin
or linker springs or both will result in an increase in
the network connectivity. This is shown in Fig. 6, which
shows the monotonically increasing dependence of £ on N;
and N,.

Now, we can instead plot the nucleus strain and nucleus
displacement as a function of network connectivity & regard-
less of how the numbers of springs (actin or linker) in the
network change. This is shown in Fig. 7. We see that the
curves for nucleus strain for both varying N; and N, col-
lapse onto a master curve and similarly for the curves for
nucleus displacement. Thus, network connectivity & can be
regarded as the single parameter that governs mechanical
stress propagation in the random cytoskeleton network.
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4 Discussion

To explain the dependences of the nucleus strain and nucleus
displacement on network connectivity £, we can imagine that
the whole three-dimensional random cytoskeleton network
can be represented as a one-dimensional chain of nonlinear
springs as sketched in Fig. 8a. In this one-dimensional model,
the plasma and nucleus membranes and cytoskeleton are all
modeled as nonlinear springs with stiffnesses kp, k,,, and &,
respectively. Mechanical stress o is applied to one end of this
model, while the opposite end is assumed to be fixed. For a
given set of values for the following model parameter &, k;;,
ke, and o, the nodal responses x1, x2, X3, X4, and x5 can be
computed analytically. We define the nucleus strain and dis-
placement in this model to be (x3 — x3) and x», respectively.

We argue that both k. and o depend on the network con-
nectivity £ in the manner depicted in Fig. 8b. First, the
increase of k. with & represents the increase in the elastic
modulus of the network when its connectivity increases. In
triangular lattice spring networks, this result is well known,
where the network’s elastic modulus increases nonlinearly
with the fraction of bonds present (Feng and Sen 1984; Day
et al. 1986). Furthermore, it has also been experimentally
observed that the elastic modulus of in-vitro actin networks
increases nonlinearly with both crosslinker density and actin
concentration (Gardel et al. 2004). We note that our func-
tional variation of k. with £ can be seen as a projection of
the state diagram in Fig. 1a of Gardel et al. (2004) at a fixed
value of actin concentration.

Second, the increase of o with & can be justified by observ-
ing that, in our three-dimensional model, it is the strain, rather
than the stress that is imposed externally in the form of a pre-
scribed displacement boundary condition that is applied to
the plasma membrane. This is to model the region of the
plasma membrane that is attached to the micropipette and
being pulled away from the cell until the specific displace-
ment is obtained in the experiments of (Maniotis et al. 1997).
The relationship between o and £ in our one-dimensional
model (depicted in Fig. 8b) can be thought of as a correction
to the boundary conditions in the one-dimensional model.
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Fig. 8 aRepresentation of the three-dimensional random cytoskeleton
network as a one-dimensional chain of nonlinear springs. The plasma
and nucleus membranes and cytoskeleton are modeled as nonlinear
springs with stiffnesses k), k,, and k., respectively. Mechanical stress
o is applied to one end of this model, while the opposite end is assumed
to be fixed. Nucleus strain and nucleus displacement are calculated as
(x3 — x2) and x», respectively. b The assumed functional variation of
ke (solid line) and o (dash-dot line) with network connectivity £. The
labels A to E refer to connectivity values discussed in the text

From a physical interpretation, we would intuitively
expect the stress transmitted to the cytoskeleton network to
be dependent on magnitude of the externally imposed strain,
i.e., a higher imposed strain results in a higher stress being
imposed on the cytoskeleton network. This is evident from
the trend of the nucleus strain and nucleus displacement for
different pulling distance (see Fig. 3). Similarly, we would
also expect the stress, o being transmitted to the cytoskeleton
network to increase (for a given magnitude of the imposed
strain) with increasing connectivity. This can be attributed
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to the fact that as the network becomes more connected,
the number of uninterrupted paths connecting the membrane
to the nucleus increases. This new uninterrupted paths help
facilitate the transmission of the imposed strain into stress
being borne by the network. This response can be better
understood if we consider this trivial scenario: Initially, only
one uninterrupted path connects the nucleus membrane to the
portion of the plasma membrane where the imposed strain is
applied. Thus, the force on the nucleus is simply the force
transmitted through this single path. Consider the effect of
adding one new uninterrupted path between the nucleus and
the membrane. In this case, the force on the nucleus will
double. (We note that our approach for incorporating this
force transmission effect through a functional variation in
the applied mechanical stress is not unique. Another possi-
ble alternative is to prescribe a strain-dependent stiffness for
the cytoskeleton spring in the one-dimensional model along
with a prescribed displacement boundary condition.)

Solving for the nodal values xj to x5 analytically, with
the functional dependence of k. and o as discussed, we can
indeed obtain the correct shapes of the curves for how nucleus
strain and nucleus displacement vary with network connec-
tivity, see Fig. 7. Therefore, we can interpret the effect of
varying the number of linker springs as follows. For networks
with a small number of linker springs, the connectivity is low.
As more linker springs are added to the network, the network
stiffens and the amount of stress transmitted to the nucleus
increases (corresponding to points A to C in Fig. 8b). Both
effects add up to an increase in nucleus strain and nucleus dis-
placement. However, as more linker springs are added, the
increase in network connectivity arises from the increased
number of springs connecting to uninterrupted paths rather
than an increase in the number of uninterrupted paths. There-
fore, the effect of network stiffening dominates the increase
in amount of stress transmission. (This is reflected in the
decrease in the gradient of o and the increase in the gradient
of k. from points C to E in Fig. 8b.)

Our modeling results so far have suggested that the
connectivity of the random cytoskeleton network controls
the propagation of mechanical stresses from the plasma
membrane to the nucleus membrane. In the context of mech-
anotransduction, this suggests that alternations to the connec-
tivity of the cytoskeleton can modulate changes in nucleus
shape and gene expression resulting from external mechani-
cal stimulus. We suggest that our model can be extended in
the future to study the formation of stress fibers from sin-
gle actin polymers. Then, we can study the experiments by
Thery et al. (2006) that showed that the orientation of the
stress fibers in stationary, nonmigrating cells is dependent on
the shape of the fibronectin-coated micropattern that the cells
adhered to. These micropatterns constrain the formation of
focal adhesions to only certain regions of the substrate and
therefore affects the orientation of the stress fibers formed

between these focal adhesions. Since the cytoskeleton is
mechanical coupled to the nucleus, it is conceivable that the
shape and position of the nucleus is also dependent on the
shape of these micropatterns. We propose that our model be
used to investigate this dependency and to understand how
substrate effects (through constraints on the location of focal
adhesions) can be transmitted to changes in the nucleus shape
and position.

Finally, we proposed that the results obtained from our
model can be validated by using the experimental setup
of laser ablation to sever a small number of actin fila-
ments (Shen et al. 2005; Colombelli et al. 2009), thereby
modifying the connectivity of the cytoskeletal network. The
resultant changes in the nucleus shape and position arising
from such a localized disruption in the cytoskeleton net-
work can be measured experimentally. Similarly, we can
use our three-dimensional model to predict these changes
for a given disruption to the connectivity of the cytoskel-
eton network and compare our results to the experimental
measurement. In addition, the comparison of the timescales
of nucleus deformation measured experimentally and calcu-
lated computationally can also provide additional insights
into the unresolved question as to whether biochemical sig-
naling or mechanical coupling is the predominant mechanism
in explaining nucleus shape changes upon external mechan-
ical stimulus.

5 Conclusion

We have described a three-dimensional random network
model of the cytoskeleton and have used it to study stress
propagation from the plasma membrane to the nucleus mem-
brane. We applied our model to study nucleus strain and
displacement resulting from micropipette pulling applied on
the plasma membrane (Maniotis et al. 1997). We showed
that the results obtained from our simulation are in good
agreement with the published experimental results. Next, we
showed that the increasing the network connectivity causes
the nucleus strain to increase in a sigmoidal manner and
the nucleus displacement to exhibit a biphasic response. We
explained these results qualitatively with the help of a one-
dimensional chain of nonlinear springs.

In our model, we have neglected the effect of prestress
in the cytoskeleton network and have assumed that the actin
filaments are linear elastic. These can be implemented rather
easily in future work. However, we do not expect the quali-
tative trends of our results to be dependent on the magnitude
of the prestress or the exact form of the nonlinearity of the
filament elasticity. We have also neglected the polymeriza-
tion and depolymerization of the actin filaments, because the
timescale of our simulation, on the order of ~ 10 s, is shorter
than the remodeling timescale of the cytoskeleton network
which is on the orders of minutes.
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