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Abstract In vitro tissue engineering is investigated as a
potential source of functional tissue constructs for cartilage
repair, as well as a model system for controlled studies of car-
tilage development and function. Among the different kinds
of devices for the cultivation of 3D cartilage cell colonies, we
consider here polymeric scaffold-based perfusion bioreac-
tors, where an interstitial fluid supplies nutrients and oxygen
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to the growing biomass. At the same time, the fluid-induced
shear acts as a physiologically relevant stimulus for the meta-
bolic activity of cells, provided that the shear stress level is
appropriately tuned. In this complex environment, mathe-
matical and computational modeling can help in the optimal
design of the bioreactor configuration. In this perspective, we
propose a computational model for the simulation of the bio-
mass growth, under given inlet and geometrical conditions,
where nutrient concentration, fluid dynamic field and cell
growth are consistently coupled. The biomass growth model
is calibrated with respect to the shear stress dependence on
experimental data using a simplified short-time analysis in
which the nutrient concentration and the fluid-induced shear
stress are assumed constant in time and uniform in space.
Volume averaging techniques are used to derive effective
parameters that allow to upscale the microscopic structural
properties to the macroscopic level. The biomass growth pre-
dictions obtained in this way are significant for long times
of culture.

Keywords Tissue engineering · Artificial cartilage ·
Computational model · Multiphysics · Multiscale ·
Interstitial perfusion · Bioreactor · Fluid dynamics ·
Transport · Shear stress

1 Introduction

A basic concept in the design of ex vivo tissue reconstruc-
tion is to provide a proper biophysical microenvironment
to cells (Palsson and Bhatia 2004; Haj et al. 2005; Rai-
mondi et al. 2006). In scaffold-based cartilage regeneration,
a procedure for tissue growth based on interstitial flow of
the culture medium (“direct” or “confined” perfusion) is
found to be particularly effective, compared both to static

123



578 R. Sacco et al.

culture and surface perfusion, in preserving cell viability,
promoting cell proliferation and up-regulating the synthesis
of matrix proteins specific to cartilaginous tissue, such as
collagens and glycosaminoglycan (GAG; Dunkelman et al.
1995; Pazzano et al. 2000; Davisson et al. 2002; Raimondi
et al. 2002, 2004; Freyria et al. 2005). These beneficial
effects are primarily related to an improved cell oxygena-
tion and catabolite removal induced by interstitial convec-
tive flow in the internal regions of densely cell-populated
constructs. Perfusion flow also exerts shear stresses on the
cell surface, causing membrane stretch (Freed and Vunjak-
Novakovic 2000; Guilak and Hung 2005); this mechanism is
recognized to activate specific signaling pathways in articular
cartilage cells provided that the shear stress level is appropri-
ately tuned (Grodzinsky et al. 2000; Silver 2006). As a matter
of fact, increasing the hydrodynamic shear level in cellular
constructs is recognized to inhibit the synthesis of sulphated
GAG (sGAG; Raimondi 2006) and of collagen type II (Rai-
mondi et al. 2008), which are phenotypic markers of articular
cartilage. The above considerations suggest that an efficient
bioreactor should be able to provide the growing cells with
the highest oxygenation level compatible with a moderate
fluid-mechanical loading. Achieving such a balance is a dif-
ficult task, since there is a nonlinear interplay between the
biophysical conditions at the microscopic pore scale and at
the subcellular scale and the macroscopic design parame-
ters of the bioreactor, such as the fluid velocity gradient or
the pressure drop, which are directly related to input control
parameters of the system (in our case, the inlet velocity of
the perfusion fluid). Another difficulty is represented by the
fact that the shear stress levels in the growing biomass are not
easily accessible and data elaboration does not often allow to
draw a clear rationale of the several occurring phenomena.
In this scenario, mathematical and computational modeling
can be profitably used to provide a supporting insight in the
design of a bioreactor configuration, according to the follow-
ing conceptual self–consistent methodological approach:

Task 1: simulation of the dynamical evolution of the envi-
ronmental conditions to which cells are subjected (oxy-
genation level and shear stress distribution) as a function
of the macroscopic control parameters.

Task 2: simulation of biomass growth under the action of the
above computed biochemical and mechanical stimuli.

Task 3: introduction of a feedback mechanism, simulating the
effect of the newly formed biomass on the environment
(change of geometry, change of nutrient absorption).

The implementation of Task 1 requires to couple computa-
tional fluid dynamic (CFD) models with diffusion-advection-
reaction equations for the nutrient. For this purpose, we use
the Volume Averaging Method (VAM; Whitaker 1999) as a
systematic technique to derive the Stokes-Brinkman equa-
tions for perfusion fluid flow and the diffusion-advection-

reaction equation for nutrient mass transport, by upscaling
to the macroscopic level (over a suitably defined averaging
volume) the corresponding microscopic equations. The iden-
tification of “effective” parameters (effective diffusivity and
effective hydraulic permeability) allows to characterize the
system behavior at the macroscopic level by inheriting the
properties of the microscale structure. In this crucial mod-
eling step, all the available information (geometric, exper-
imental, theoretical) on the sub-scale environment can be
profitably used to enhance the accuracy of the upscaled
model.

The implementation of Task 2 requires to develop, solve
and validate models based on ordinary differential equations
(ODE) and/or partial differential equations (PDE) to describe
the evolution of the biomass under different stimulating or
inhibitory factors. In the present article, we address this issue
by the definition of a novel biomass growth model, which is
a generalization of the one proposed in Galban and Locke
(1999a,b) through the introduction of the dependence of the
biomass growth parameters on the local or mean shear stress.
To do this, we carry out a calibration procedure using experi-
mentally measured data previously obtained from one of the
Authors Raimondi (2006).

The implementation of Task 3 requires a detailed repre-
sentation of the microscale phenomena and their effect on the
variation of the porous structure of the scaffold. This problem
is dealt with in the present article by the explicit character-
ization, using the VAM, of the effective nutrient diffusion
coefficient and hydraulic permeability as a function of the
spatially and time varying volume fraction occupied by the
growing biomass (Hsu and Cheng 1990; Galban and Locke
1999b; Wood et al. 2002). An important improvement with
respect to existing formulations (Chung et al. 2007) is the
direct inclusion of measured data in the derivation of the
model for the effective mass and fluid transport coefficients.

2 Theoretical model

Our computational model of the bioreactor structure shown
in Fig. 1a encompasses three different phases, a polymeric
porous scaffold, a perfusing fluid and a growing biomass,
which coexist and evolve in space and time within the cel-
lular construct shown in Fig. 1b. From now on, with the
term “biomass” we denote the entire volume of biological
matter resulting from cell proliferation and ECM synthesis.
Let us denote by � the computational domain represented
by the cellular construct in Fig. 1 and by εs, ε f and εb the
scaffold, fluid and biomass volume fractions, respectively.
A schematic of the three considered phases is depicted in
Fig. 1c, which also shows the averaging volume used for the
application of the VAM. In order to set up the bioreactor
model, we assume that the volume of the scaffold immersed
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Fig. 1 Schematic of the modeled system: bioreactor chamber (a); mac-
roscale representation of the cellular construct (b); details at the micro-
scale level (c)

in the construct is time invariant, according to the fact that
scaffold degradation is very slow compared to the overall cul-
ture time interval. This assumption implies that εs is a given
constant quantity. Instead, the biomass volume varies with
culture time, while consequently the fluid volume is modi-
fied in order to satisfy, at each spatial position x ∈ � and at
each time t the following constraint

εs + ε f (x, t) + εb(x, t) = 1. (1)

2.1 Biomass growth model

The increase in the biomass volume fraction can be derived
starting from the mass conservation principle. This approach
can be equivalently applied at different spatial scales. On one
side, if the control volume is the entire scaffold, then the bio-
mass volume fraction that is obtained is a single macroscopic
value. On the other side, a pointwise mass balance and a cor-
responding governing equation can be obtained starting from
an infinitesimal control volume centered around the generic
point x ∈ �. Mass conservation allows us to state that bio-
mass growth is governed by the evolution equation

dεb

dt
= (rg − rd)εb = rbεb, (2)

where rd is the death rate accounting for the physiological
cell apoptosis, rg is a growth regulation factor and rb is the net
growth rate. Following Galban and Locke (1999a,b), in order
to model rg, we use the Monod growth kinetics modified by
Contois in (1959)

rg(εb, c) = kgc

ksρbεb + c
, (3)

where c is the nutrient (oxygen) concentration, ρb is a refer-
ence biomass density, kg is the maximum specific growth rate

and ks is a dimensionless parameter representing the Contois
saturation constant. Observe that the evolution Eq. 2 is valid
in the limit of small cell volume fractions, which is the case
of the problem at hand. Should cell crowding effects be kept
into account, a logistic–type law would be a more appropri-
ate choice (see Lemon and King 2007). In Galban and Locke
(1999a,b), the model parameter kg is adjusted to fit exper-
imental data obtained for different scaffold thicknesses in
static culture conditions. As an established biomass growth
model accounting for biomechanical stimuli is not yet pres-
ent in the literature, we propose to modify relation (3) in
such a way that kg is a function of the shear stress state τ

experienced by the cells

rg(εb, c, τ ; ξ ) = kg(τ ; ξ)c

ksρbεb + c
, (4)

where ξ denotes a set of unknown parameters to be deter-
mined by means of a calibration procedure based on experi-
mental data.

2.2 Flow of the culture medium

We derive a macroscopic description of interstitial fluid flow
perfusion throughout the scaffold porous matrix, using the
following assumptions:

1. low perfusion regimes. This allows us to neglect inertial
terms in the momentum balance equation;

2. the scaffold and biomass are rigid and impermeable to
the fluid. This allows us to treat the fluid problem as a
homogenized biphasic system (fluid and solid phases).

Applying the VAM over the averaging volume of Fig. 1c
yields the following macroscopic Stokes equation system
with Brinkman correction (Hsu and Cheng 1990; Wood and
Whitaker 1998)

∇ · v = 0,

∇ p = −με f K −1(ε f )v + μ�v,
(5)

where μ is the dynamic viscosity of the culture medium, v is
the Darcy velocity, p is the fluid pressure and K is the effec-
tive hydraulic permeability. An established closure relation
expressing K as a function of the space and time dependent
fluid volume fraction ε f (related to the solid volume fraction
by Eq. 1 is provided by the Carman-Kozeny equation (Bear
1972; Hsu and Cheng 1990; Wood and Whitaker 1998)

K (ε f ) = Kp
ε3

f

(1 − ε f )2 , (6)

where the Kozeny constant Kp is a reference permeability to
be later specified.
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2.3 Oxygen mass transport

Applying again the VAM over the averaging volume of
Fig. 1c, and neglecting accumulation terms, yields the fol-
lowing mass conservation law in advective-diffusive-reactive
form for the volume averaged oxygen concentration, c, in the
homogenized phase

∇ · (−D∇c + vc) + R(c) = 0, (7)

where c = εscs+ε f cf + εbcb, and cf , cb are the volume aver-
aged oxygen concentrations in the fluid and biomass phases,
respectively, cs is the negligible oxygen concentration inside
the scaffold, v is the fluid velocity predicted by (5), D is the
macroscopic diffusion coefficient, to be later discussed, and
R is the biomass oxygen volumetric consumption rate, which
is assumed to be a function of the local oxygen concentration
according to the Michaelis–Menten kinetics

R(c) = Rmc

Km + c
εb, (8)

Rm and Km being the maximal consumption rate and the half
saturation constant, respectively.

2.4 The complete mathematical model

Gathering together all the previously introduced differential
sub-systems yields the following model for tissue engineer-
ing simulation:
find the porous medium velocity v = v(x, t) and pressure
p = p(x, t), the nutrient concentration c = c(x, t) and the
biomass volume fraction εb = εb(x, t), such that, for all
x ∈ �, t ∈ (0, T ], we have

∇ · v = 0, (9a)

∇ p = −με f K −1(ε f )v + μ�v, (9b)

∇ · (−D∇c + vc) + R(c) = 0, (9c)
dεb

dt
= rb(εb, c, τ )εb, (9d)

εs + εb + ε f = 1, (9e)

supplied with the initial and boundary conditions specified
later for each test case and with the appropriate definitions
for K , R and rb.

3 Methods

In order to close system (9), we proceed integrating two
approaches: calibration on experimental data to determine
ξ and Kp and computation of the effective oxygen diffusiv-
ity D using the VAM.

3.1 Experimental set-up for model calibration

We consider the bioreactor system described in Raimondi et
al. (2006) and consisting of a bioreactor chamber in which
chondrocyte-seeded cellular constructs are fixed on sterile
discs, 1 mm in thickness, made of a biodegradable poly-
estherurethane foam with average porosity 77% (Cioffi et al.
2006). The constructs had their periphery sealed and were
cultured under interstitial perfusion of the culture medium
(refer to Fig. 1a for the chamber configuration). Four inde-
pendent culture chambers were mounted in parallel; culture
conditions were identical in each chamber, except for the
construct diameter, equal to 2, 3, 4, or 7 mm, respectively.
Keeping constant the inlet flow rate for each scaffold yields
four different bioreactor configurations, each one being char-
acterized by a given mean inlet velocity vi , i = 1, . . . 4. In
Ref. Raimondi et al. (2006), CFD simulations are carried
out on the uncellularised scaffold pore geometry in order
to determine the median shear stress τi on the wall surfaces.
Such shear stress is assumed to be representative of the actual
biomechanical stimulus acting on the cell membrane for low
biomass volume fractions. This assumption is common also
to other computational studies performing a CFD simulation
at the pore scale level (Cioffi et al. 2008; Lesman et al. 2010).
Table 1 lists the values of vi and τi , as well as the labels used
to identify the four bioreactor configurations. Our calibra-
tion procedure is based on the complementary information
provided in Fig. 4a and b of Raimondi et al. (2006), where
the DNA and sGAG contents measured at t = T = 15
culture days are reported for each of the four culture condi-
tions A, B, C, and D as a function of i, i = 1, . . . , 4. From
these data, it is possible to extract the cellular and ECM vol-
ume fractions, denoted by εm

c,i and εm
ECM,i, corresponding to

the discrete values τi and reported as well in Table 1. Not-
ing that εm

b,i = εm
c,i + εm

ECM,i, we obtain the pairs of data
(τi , ε

m
b,i), i = 1, . . . , 4.

3.1.1 Calibration of rb

Assumptions In order to determine the set of parameters ξ

entering the definition of the growth rate (4), we consider
a short culture time T = 15 days. In this working condi-
tion, Eq. 9d can be regarded as the mathematical model for
the time evolution of the average value of the biomass over
the whole construct upon assuming space uniform and time-
invariant control variables c and τ . These latter hypotheses
are legitimate due to the following considerations:

1. the cell volume fraction is small. As a result of that, the
oxygen consumption is negligible, which implies that
the inlet concentration c0 (saturation concentration in
the fluid) can be used as a representative value for c;
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Table 1 Scaffold configurations
for model calibration (from
Raimondi et al. (2006))

Scaffold Label Index i Inlet velocity Median shear Cell volume ECM volume
diameter [cm] vi [cm/s] stress τi [mPa] fraction fraction

0.2 A 1 0.884 56 0.0343 0.0366

0.3 B 2 0.393 25 0.0216 0.0231

0.4 C 3 0.221 14 0.0164 0.0187

0.7 D 4 0.072 4.6 0.0094 0.0125

2. the biomass volume fraction is small. As a result of
that, the biomass does not yet significantly influence
the fluid dynamics shear stresses on the scaffold walls.
As a consequence, the median shear stress computed in
Raimondi et al. (2006) by CFD models applied to the
uncellularised scaffold can be used as a representative
value for τ .

Under the above assumptions, the biomass growth is uncou-
pled from nutrient transport and tissue perfusion and can be
solved independently. We consider a linear dependence of kg

on the shear stress, i.e.

kg = kg0(α + βτ), (10)

where kg0 is the maximum growth rate in static conditions
and α, β are the unknown fitting parameters of our model.
Then, letting ξ = [α, β], the vector ξfit that best fits in the
least square sense the measured values of biomass volume is
the solution of the following minimization problem

ξfit = argmin
ξ∈R2

4∑

i=1

(εb(T, c, τi ; ξ) − εm
b,i)

2, (11)

where, for a given function f = f (x), the expression
argmin

x∈R
f (x) denotes the set of values of x for which f (x)

attains its minimum value.
Calibration of the cell growth model is carried out by solv-

ing Eq.2 with kg0 = 5.8×10−6s−1 (corresponding to an aver-
age cell division time of 2 days), ks = 4.2 × 10−3 (obtained
using the standard Monod kinetics at equilibrium and nor-
malizing the result to the initial value of the biomass frac-
tion as done in Contois (1959) and an apoptosis rate rd =
3.85×10−7s−1 [corresponding to an average cell lifetime of
30 days (Galban and Locke 1999b)]. The initial value of the
biomass is set equal to 0.02145 (see Sect. 4 for an extensive
discussion of this choice). Using relation (4) into (2), the best
fit parameters computed by solving Eq. 11 up to a tolerance
of 10−5 are α = 0.8761 and β = 0.1045. These results yield
in Eq. 10 an amplification factor of the maximum growth rate
of about 7 in correspondence of τ = τ4. The small reduc-
tion of the value of kg in static conditions (τ = 0) should
be ascribed to the fact that no experimental data are avail-
able for the fitting procedure in this situation. Figure 2 (top)
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Fig. 2 Biomass volume fraction εb (top) and cell growth rate rb
(bottom) as a function of culture time. The circles denote experimental
data as from Raimondi et al. (2006). The plots are obtained from the
short-time model by solving Eq. 2, with the coefficients given in relation
(4) and using the best fit parameters solution of Eq. 11

shows the computed biomass volume fraction as a function
of culture time superposed with the experimentally measured
quantities at t = T = 15 days (denoted by circles), while
Fig. 2 (bottom) shows the biomass growth rate as a function
of culture time as given by Eq. 4.

3.1.2 Calibration of Kp

In order to characterize the reference value of the hydrau-
lic permeability Kp, the interstitial perfusion model must be
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complemented with a definition of the expression of shear
stress to be used in the context of VAM averaged equations.
Under the assumption of low perfusion regimes, a commonly
used model is an adaptation of the Darcy-Carman-Kozeny
formula proposed in Wang and Tarbell (2000) to the case of
a variable permeability

τ(εb, |v|; Kp) = μ|v|√
K (ε f )

= μ|v|√
K (1 − εs − εb)

. (12)

The above formula connects in an almost linear fashion the
variation of the average shear stresses on the porous matrix
walls to the average filtration velocity, as expected in these
flow regimes. Moreover, the formula establishes a depen-
dence of the stress on the actual biomass fraction. In order
to characterize the Kozeny permeability Kp required to com-
pute the effective hydraulic permeability given by Eq. 6, we
use again a least square fitting between the values predicted
by Eq. 12 by setting εb = 0 and |v|i = vi , where vi , i =
1, . . . , 4 are the inlet velocities listed in Table 1. More pre-
cisely, we aim to find

Kp,fit = argmin
Kp∈R

4∑

i=1

(
τ(0, |v|i ; Kp) − τi

)2
,

τi , i = 1, . . . , 4 being the median (pore-scale) shear stress
computed in Raimondi et al. (2006) and reported in Table 1.
The best fit value is Kp,fit = 1.97 × 10−7cm2, which pro-
duces an extremely accurate fitting, the corresponding resid-
ual being of the order of 10−10. The functions τ(εb, |v|i )
obtained from relation (12) using the optimal value of Kp,fit

are plotted in Fig. 3 in correspondence of |v|i = vi , i =
1, . . . , 4, showing that the shear stress is an increasing func-
tion of the biomass fraction, consistently with the fact that
hydraulic resistance increases with cell proliferation. This
analysis is particularly interesting in our case, because it pro-
vides an indication of the range of construct porosities where
the present model can be considered to be reliable according
to experimental validation. Indeed, it suggests that for long
time cultures, where the biomass volume fraction is expected
to grow significantly, only experiments with moderate inlet
velocity, i.e. values C, D of Table 1, would correspond to
shear stresses in the range where the present biomass growth
model has been validated.

3.2 Effective oxygen diffusion coefficient

The multiphase structure of a cellular construct featuring
three phases, fluid, biomass and solid scaffold, makes the
determination of the effective oxygen diffusivity particularly
challenging. As a matter of fact, a microscopic porosity rel-
ative to the scaffold structure, whose characteristic scale lies
within the range of microns, coexists with a nanoscale poros-
ity, which corresponds to the interstices between the fibers of
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Fig. 3 Plot of the increase of shear stresses induced by biomass volume
fraction growth. Each curve corresponds to a different value of the aver-
age velocity, equal to the inlet velocities A, B, C, D of Table 1, from
top to bottom. The reference median shear stress values of Table 1 are
highlighted with circle markers on the y axis

the extracellular matrix. A comprehensive theory that allows
to quantify in a simple manner the averaged diffusion prop-
erties of such complex material is not available yet. Differ-
ent approaches exist for each specific scale: a first class of
approaches includes models for the diffusion properties of
continuum mixtures, such as solutions of polymers into a
solvent (Masaro and Zhu 1999), and the concept of porosity
is to be interpreted at the molecular scale. A second class
of approaches has been developed in the framework of the
VAM for geophysics, with application to discrete materials
such as sands, gravels, soils (Whitaker 1999) and the concept
of porosity is instead to be interpreted at the microscopic
scale. Since in our tissue engineering problem we deal with
relatively low biomass fractions, the role of ECM to hinder
oxygen diffusion at the nanoscale can be neglected so that
the porosity of the homogenized construct is assumed to be
that of the sole microscale scaffold structure. Removing this
restriction requires a (nontrivial) generalization of the pres-
ent model to the case where cells and ECM are considered
as independent phases. The following assumptions allow to
reduce the complex system at hand to a simpler one, for which
the effective diffusivity can be easily determined:

1. The main obstacle to free diffusion of dissolved mole-
cules, such as oxygen, is the presence of the scaffold.
The scaffold matrix is made of rigid walls impermeable
to oxygen. This is equivalent to assuming that the oxy-
gen diffusivity into the scaffold is negligible. This also
allows us to conclude that the oxygen concentration into
the scaffold is vanishing.
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2. The oxygen diffusivity in the fluid phase is almost equiv-
alent to the one into an agglomerate of cells, see Palsson
and Bhatia (2004). We notice that this property would
not be valid for molecules considerably larger than oxy-
gen, such as glucose, for which the cell membrane rep-
resents an obstacle to diffusion.

Owing to the above assumptions, we can consider a
biphasic system made of a “fluid-equivalent phase” (cul-
ture medium + biomass) and a solid phase (scaffold). In
the fluid equivalent phase, we have the concentration cfb =
εf cf + εbcb, and, since cs = 0, then c ≡ cfb, so that the
diffusive flux in the biphasic system is

j = −D∇c = −Dfb∇cfb, (13)

where Dfb is the effective diffusivity of the “fluid-equivalent
phase” average concentration.

Let us denote by D′
f and D′

b the diffusivity of oxygen into
a medium composed by either pure fluid or pure biomass,
respectively. Assumption 2. implies that D′

f = D′
b and that

this value is also equal to the diffusivity D′
fb in a mixture

of the twos. We now use Maxwell’s model (Maxwell 1881;
Wood et al. 2002) to find a closure relation for the diffu-
sive flux into a biphasic system characterized by the scaffold
with null diffusivity and by a “fluid-equivalent phase” with
diffusivity equal to D′

fb

Dfb

D′
fb

= M (εfb, κfb) , κfb = keq
D′

s

D′
fb

where

M(ε, κ) = 2κ − ε(κ − 1)

2 + ε(κ − 1)

denotes Maxwell’s formula (Maxwell 1881) in the case of an
array of cylinders and keq is a suitable equilibrium constant,
see Wood et al. (2002). Notice that the value of keq is irrel-
evant for us, since we assume that oxygen does not diffuse
into the scaffold, so that κfb = 0 for any possible finite value
of keq. Combining the previous expressions, we obtain

Dfb

D′
f

= 2(1 − εs)

2 + εs

where the oxygen diffusivity D′
f in the pure fluid phase can

be easily determined by measurements. We also notice that,
in this specific case, the effective diffusivity coefficient, D =
Dfb, only depends on the scaffold volume fraction εs . This
is a direct consequence of the assumption that the nutrient
diffuses equivalently in the fluid and in the biomass.

4 Results

System (9) is discretized as outlined in Sect. 6.2 and numer-
ical simulations are carried out within the Matlab software
environment. The geometry of the computational domain is
shown in Fig. 4, where W = 1 mm is the scaffold thickness
and H is the scaffold diameter, chosen as in Table 1 for the
different configurations. Moreover, n is the outward unit nor-
mal vector, j is the diffusive flux for the concentration field
defined in (13) and T = 2με(v) − pId is the Stokes stress
tensor, where ε(v) and Id denote the rate–of–strain tensor of
the velocity field and the identity matrix, respectively. The
inlet velocity field is a plug flow of modulus vin (see Table 1).
Numerical simulations (not reported here) carried out add-
ing prior to the scaffold inlet section a sufficiently long tract
of clear fluid in which Navier–Stokes equations have been
solved, demonstrated that the computed fluid profile at the
entrance of the porous section can be reasonably approxi-
mated by a constant velocity field. This choice is also coher-
ent with the inlet boundary conditions prescribed by other
authors (see, e.g., Cioffi et al. 2008; Lesman et al. 2010). The
initial biomass volume fraction is computed from the pre-
scribed total number Ncells of seeded cells used in Raimondi
et al. (2006), supposing that at t = 0 the biomass is con-
stituted only by cells. Cells can be seeded uniformly in the
scaffold or be unevenly distributed. In the first case, denot-
ing by Vcell = 4

3π(dcell/2)3 the volume of the single cell,
dcell being the cell diameter, and by Vscaff = π(H/2)2W the
scaffold volume, the initial volume fraction of cells can be
straightforwardly computed as ε0

b = Ncells
Vcell
Vscaff

= 0.02145.
The second case is discussed in detail later in the section. In
the numerical simulations, only experimental scaffold con-
figurations C and D are considered, in accordance with the
previously drawn conclusions that the calibration of the full
model is valid only for moderate median shear stresses. The
values of the model parameters are listed in Table 2.

Ω

Fig. 4 Geometry of the computational domain and boundary condi-
tions for the numerical simulations using the PDE/ODE model (9)
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Table 2 Numerical values of the model parameters used in the computer simulations

Parameter Dimension Definition Value Ref.

c0 [g/cm3] culture medium inlet O2 concentration 6.4 × 10−6 Palsson and Bhatia (2004)
Df [cm2/s] O2 diffusivity in H2O and biomass at 37◦C 2.1 × 10−5 Palsson and Bhatia (2004)
Ncells [ ] number of seeded cells 8 × 104 Raimondi et al. (2006)
dcell [mm] diameter of the cell 8 × 10−3 Raimondi et al. (2006)
εs [ ] scaffold volume fraction 0.23 Raimondi et al. (2006)
kd [1/s] cell death rate 1/(30 × 24 × 3600) Chung et al. (2007)
kg0 [1/s] maximum specific cell growth rate 1/(2 × 24 × 3600) Palsson and Bhatia (2004)
ks [ ] Contois cell saturation constant 4.2 × 10−3

μ [g/(cm s)] culture medium dynamic viscosity at 37◦C 8.26 × 10−3 Raimondi et al. (2002)
ρb [g/cm3] reference biomass density 1
Rm [g/(cm3s)] O2 maximal consumption rate 3.9 × 10−8 Cioffi et al. (2008)
Km [g/cm3] O2 half saturation constant 3.2 × 10−6 Palsson and Bhatia (2004)
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Fig. 5 Comparison between average biomass fraction predictions as a
function of culture time obtained using different computational models.
Dashed lines refer to the ODE model (2), while solid lines refer to the
PDE/ODE model (9)

The first set of results refers to uniform seeding conditions.
Figure 5 illustrates the comparison between predictions of the
average biomass volume fraction (defined as the mean inte-
gral value of εb(x, t) over the scaffold area at each time t)
obtained by running the sole ODE model (2) (dashed lines)
and the full PDE/ODE model (9) (solid lines) up to a final cul-
ture time of T = 90 days. The discrepancy between the two
models is related to the effect of the shear stresses, which are
higher in the fully coupled model predictions with respect to
the fixed value considered in the simple ODE model, because
of the variation of permeability caused by the increasing bio-
mass. Observe that shear stress and biomass production are
tightly connected in a positive feedback loop, since a decrease
in permeability due to biomass production leads to higher
local shear stresses and, as a consequence, to higher bio-
mass growth. Moreover, in the present case, discrepancies
are more significant in scaffold C, because the inlet velocity
in this configuration is higher than in scaffold D. This leads,
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Fig. 6 Median Darcy stresses as a function of culture time for different
scaffold configurations and computed by using the PDE/ODE model (9)

since the very start of the culture process, to a general higher
level of shear stresses in the scaffold, a higher growth rate and
consequently a higher biomass production. Figure 6 shows
the median Darcy stresses obtained by the PDE/ODE model
as a function of culture time. Figure 7 shows for scaffold C
the statistical distribution of the shear stresses evaluated in
each element of the computational mesh. At advanced cell
growth stages, as expected, the trend is a higher level of shear
stresses throughout the whole domain. Moreover, a narrower
distribution of the values is observed, in accordance with the
results of Lesman et al. (2010). Figures 8 and 9 refer again
to the scaffold configuration C, and show the snapshots of
the spatial distribution, at various culture times, of the nor-
malized oxygen concentration field and the biomass volume
fraction (sampled at y = H/2).

The second set of results aims to investigate the effects
of a nonuniform initial seeding of cells in the scaffold. To
this purpose, we keep constant the total number of cells as
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Fig. 7 Shear stress distributions at different times of culture for scaf-
fold C
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at different culture times computed by using the PDE/ODE model (9).
The x axis represents the dimensionless coordinate along the scaffold
thickness
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Fig. 9 Average biomass volume fraction at different culture times
computed by using the PDE/ODE model (9). The x axis represents
the dimensionless coordinate along the scaffold thickness

indicated in Table 2, while we allow the density of seeding
to be a function of the spatial position inside the scaffold
domain, so that also the initial biomass volume fraction is
a function of the spatial position. In particular, we suppose

Fig. 10 Geometry and notation for the nonuniform seeding case study
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Fig. 11 Spatial distribution of the biomass volume fraction at t =
7, 30, 90 days of culture (from bottom to top) under nonuniform seed-
ing conditions. The seeding density in the inner region is two times
greater than the seeding density in the uniform seeding case

to have a certain seeding density ρ1 in a cylindrical central
region of diameter Hi of the 3D scaffold and a different seed-
ing density ρ2 in the remaining surrounding toroidal region
(see Fig. 10).

The two densities are related by the convex combination

ρ1

ρseed
ξ2 + ρ2

ρseed
(1 − ξ2) = 1,

where ξ = Hi/H and ρseed = Ncells/Vscaff is the cell density
in the uniform seeding case. We set ξ = 0.5 and consider the
scaffold configuration C. Then we carry out a first set of simu-
lations choosing ρ1 = 2ρseed, corresponding to ρ2 = 2

3ρseed,
so that the cell seeding density is higher in the central region,
and a second set of simulations in the opposite situation with
ρ1 = 0.5ρseed, corresponding to ρ2 = 5

4ρseed. In Fig. 11, we
represent the 3D surf plot of the biomass volume fraction at
t = 7, 30, 90 days of culture, from bottom to top, respec-
tively, for the case ρ1 = 2ρseed, while in Fig. 12, we repre-
sent the results in the case ρ1 = 0.5ρseed. In both conditions,
after an initial transient, the distribution of the biomass vol-
ume fraction tends to become homogeneous over the domain,
because of the greater availability of nutrient in the scaffold
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Fig. 12 Spatial distribution of the biomass volume fraction at t =
7, 30, 90 days of culture (from bottom to top) under nonuniform seed-
ing conditions. The seeding density in the inner region is 0.5 times lower
than the seeding density in the uniform seeding case

regions less densely seeded, which in turn promotes biomass
growth.

5 Discussion and conclusions

The aim of this work was to set up a multiphysics/multiscale
computational model for the simulation of the process of
biomass growth in an engineered cartilaginous construct, cul-
tured under interstitial perfusion in a bioreactor. The model
comprises three phases: cells and ECM (treated as a single
phase, biomass), the culture medium, and the time-invariant
scaffold porous structure, and provides a self-consistent cou-
pling among the fluid-dynamical environment, the nutrient
delivery and consumption and the biomass growth. Com-
pared to previous pore-scale CFD simulations, this approach
allows to keep into account the space-time evolution of the
growing biomass at affordable computational costs and to
perform simulations for any scaffold pore geometry, regu-
lar (for example the idealized scaffold pore structures con-
sidered in Boschetti et al. (2006); Lesman et al. (2010))
or irregular (for example the ones obtained from the μCT
images of Raimondi et al. (2005)).

Concerning the critical issue of the description of the tem-
poral and spatial evolution of the developing biomass, our
approach is based on the fundamental experimental obser-
vation that in perfused bioreactors biomass growth is influ-
enced primarily by two factors, oxygen tension and fluid
dynamical shears (Schulz and Bader 2007). While the role
of oxygen delivery to cells has been extensively investi-
gated in several computational studies (see for example,
Galban and Locke 1999a,b; Freed and Vunjak-Novakovic
2000; Galbusera et al. 2007, 2008), considerably less atten-
tion has been paid to account for the effect of mechan-

ical stimuli in the prediction of biomass growth. There-
fore, in this article, we have focused our analysis on
the extension of the Monod growth model proposed in
Galban and Locke (1999a,b), in such a way that the cou-
pling of cell behavior and mechanical environment is cap-
tured through the introduction of a stress-dependent relation
for the specific growth rate. The parameters entering such
relation have been calibrated on the experimental data of
Raimondi (2006) using a simplified reduced model for which
the nutrient and stress distributions are assumed to be con-
stant in time and uniform in space, consistently with the envi-
ronmental conditions of the early culture times of Raimondi
(2006). Our modeled dependence of biomass growth on fluid
shears is consistent with experimental observations also from
a mechanotransduction view point. In fact, in porous cellu-
lar constructs, cell seeding results in the formation of a cell
monolayer, initially covering the entire internal pore surface
of the scaffold. When the constructs are placed in the biore-
actor and cultured under interstitial perfusion, the cells pro-
liferate until confluence, a condition in which there is no
space left on the pore surface for the cells to invade. Thus,
the cells switch their activity from proliferative to matrix pro-
duction and a thicker biomass layer is formed, composed by
cells and their surrounding ECM. The tissue growth process
within the construct basically consists in the thickening of
such biomass layer while invading the pore space. Increasing
the shear stress level sensed by cells of the biomass periph-
eral layer—the only cells of the biomass that can directly
sense those forces—likely increases their doubling rate, as
modeled here, because flow-induced signals introduce essen-
tially a proliferative stimulus in these cells (Silver 2006). In
fact, the biomass maintains a thin proliferation layer at the
free interface with the culture medium, likely covering all
the biomass surface exposed to flow during biomass growth.

In the derivation of the fully coupled model, the VAM
is systematically employed to obtain macroscopic equations
which keep into account microscopic scale contributions by
an appropriate definition of effective parameters, such as
hydraulic permeability and nutrient diffusivity. Concerning
with the permeability, similarly to what done for the biomass
growth model, a calibration procedure is carried out to deter-
mine its reference value, in such a way that the range of values
attained by the correspondingly computed Darcy stresses are
compatible with the pore-scale analysis of Raimondi (2006).
This approach allows overcoming a critical issue arising in
the comparison between shear stress predictions of micro-
scale versus macroscale approaches (see Cioffi et al. 2006;
Chung et al. 2007). As for the effective oxygen diffusivity, a
simplified two–phase model comprising a solid phase (scaf-
fold) and a “fluid–equivalent” phase (biomass and perfusion
medium) has been considered, so that the theory of Wood et
al. (2002) can be applied to the problem at hand to yield a
closed expression for the nutrient diffusion coefficient.
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An extensive numerical validation of the above described
computational model has been carried out. Our results can be
directly compared to those obtained in Chung et al. (2007),
even if in this reference the effect of the shear stress in the
growth model as well as of the presence of the scaffold vol-
ume fraction in the calculations of the permeability were not
considered. The computed increase in biomass volume frac-
tion with culture time is in good qualitative agreement with
published data from perfusion experiments (Davisson et al.
2002; Freyria et al. 2005; Mahmoudifar and Doran 2005).
Only qualitative agreement may be expected in this regard,
because the flow rates, scaffold materials, cell densities and
culture medium compositions differ among the various stud-
ies. Also, most bioreactor studies are based on the compari-
son, at the end of cultivation, of constructs subjected to per-
fused versus nonperfused conditions.

The test case of nonuniform seeding is included to study
a situation which tipically arises in perfusion-based biore-
actors. As a matter of fact in static culture conditions, cells
tend to form a proliferation layer surrounding the cellular
construct, likely related to the simultaneous presence, at the
construct periphery, of free space for the cells to invade, com-
bined to physiologic oxygenation and catabolite removal.
This tendency is not observed in constructs perfused intersti-
tially, as modeled here, due to the beneficial effect of convec-
tive transport in maintaining physiologic conditions also at
the internal areas of the construct. Hence, in constructs per-
fused interstitially, the cell proliferation layer extends inside
the construct and covers all the biomass surface exposed to
flow. However, there exist technical limitations in the cell
seeding protocols, which often result in an inhomogeneous
initial cell density. The simulation of inhomogeneous seed-
ing patterns, as the ones modeled here, may provide useful
information to guide experimentation and to interpret rele-
vant results in these cases.

Future developments will include a 3D implementation
of the model, a more thorough investigation of the biomass
growth model, featuring independent balance equations for
the cellular and the extracellular fractions, and the develop-
ment of new experimental protocols to be interfaced to the
numerical simulations. Transport of solutes other than oxy-
gen can be easily added due to the modular structure of the
simulation tool.

6 Appendix

6.1 Parameters of biomass growth model

Not all the parameters entering the right hand side of Eq. 2
are directly available from measurements. In particular, we
discuss here the choice of the quantities ks and rd. As for
rd, we used the inverse of a lifespan of 30 days, as proposed

in Chung et al. (2007). Such value agrees with the experimen-
tal data reported in Table 1 of Zhou et al. (2008). Then, we
used the equilibrium condition to evaluate the half saturation
constant ks, with c = c0, τ = 0 and εb = εb,0.

6.2 Solution algorithm and numerical approximation

Let N be the number of time subdivisions of the culture time
interval [0, T ],�t = T/N the time step and tk = k�t the
k-th time level, k = 0, . . . , N . Then, the solution of the time–
dependent nonlinear coupled system (9) is reduced to the
solution of a sequence of decoupled linearized sub-problems
according to the following block Gauss–Seidel iteration:
Given εn

b = εb(tn), vn = v(tn) and cn = c(tn), for all
n = 0, . . . , N − 1:

Step 1: solve the Stokes-Brinkman problem

∇ · vn+1 = 0,

∇ pn+1 = −μεn
f K −1(εn

f )v
n+1 + μ�vn+1,

and then set v(tn+1) = vn+1 and p(tn+1) = pn+1.

Step 2: solve the nutrient balance equation

∇ · (−D∇cn+1 + vn+1cn+1) + R(cn) = 0,

and then set c(tn+1) = cn+1.
Step 3: compute the Darcy stress

τ n+1 = μ|vn+1|√
K (1 − εs − εn

b )

and then set τ(tn+1) = τ n+1.
Step 4: solve the biomass growth equation using a one-step

explicit time–marching method

εn+1
b − εn

b

�t
= �b(ε

n
b , cn+1, τ n+1;�t)

�b being a suitable increment function, and then set
εb(tn+1) = εn+1

b .

The temporal stability of the above solution algorithm is
determined by the appropriate choice of �t . To this pur-
pose, we first need to study the stability properties of the
biomass growth model (2). For this analysis, we assume c
and τ to be parameters allowed to vary in the admissible
space P = (0, c0] × [τ4, τ1] and set f (εb) := rbεb. The
equation f (εb) = 0 has two roots, εb,1 = 0 and

εb,2(c, τ ) = c(kg(τ ) − rd)

rdρbks
.

It is easy to verify that, since kg(τ ) − rd > 0 for all τ ∈
[τ1, τ4], εb,2 > 0. To investigate the mathematical nature of

123



588 R. Sacco et al.

the two equilibrium points, we consider the linearized ver-
sion of the growth model (2) (Arnold 1973)

dεb

dt
= λ(εb; c, τ )εb + g

where g is an inhomogeneous term that has no influence on
the stability of the problem, and

λ(εb; c, τ ) := ∂ f

∂εb
= kg(τ )c2

(ksρbεb + c)2 − rd. (14)

Replacing into the above formula the expressions of the equi-
librium points yields λ(εb,1; c, τ ) = kg(τ )− rd > 0 for all τ

and λ(εb,2; c, τ ) = rd(rd − kg(τ ))/kg(τ ) < 0, from which
we conclude that εb,1 is an unstable equilibrium point while
εb,2 is an asymptotically stable equilibrium point. We can
now turn to the analysis of the scheme in Step 4, which is
the discrete counterpart of problem (2), and we investigate
its absolute stability in the sense of Dahlquist (2003). For the
ease of presentation, we consider the simplest case of the For-
ward Euler (FE) method, corresponding to �b = rb(ε

n
b )εn

b .
The study of the sign of λ in (14) reveals that λ < 0 provided
that εb > εb,lim = c((kg(τ )/rd)

1/2 − 1)/(ksρb), condition
that is largely satisfied by the initial value ε0

b for every choice
of (c, τ ) ∈ P . In particular, we need to characterize the max-
imum absolute value of λ. This occurs at εb = εb,2, in corre-
spondence of τ = τ1 and irrespective of the value of the nutri-
ent concentration c. Moreover, setting Iε = [εb,lim, εb,2], we
have

max
εb∈Iε;
(c,τ )∈P

|λ(εb; c, τ )| = rd

(
1 − rd

kg(τ1)

)
< rd := λmax,

so that we can conclude that the FE method in Step 4 is
absolutely stable, provided that

�t <
2

λmax
= 60 days,

which by far exceeds the actual time step used due to accu-
racy requirements in the simulations. We notice that a similar
analysis applies if a higher-order one-step explicit method is
used in Step 4, for instance, a 4th-order Runge–Kutta method.

The spatial discretization of each PDE subproblem in the
solution algorithm Steps 1–4 is carried out using the Galer-
kin Finite Element Method (see, e.g., Quarteroni and Valli
1997). In particular, the stable Taylor-Hood pair is used for
the approximation of fluid velocity and pressure in Step 1,
while piecewise linear elements are used for the approxima-
tion of the nutrient concentration in Step 2.
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