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Abstract Osteoporosis affects nearly 10 million individ-
uals in the United States. Conventional treatments include
anti-resorptive drug therapies, but recently, it has been dem-
onstrated that delivering a low magnitude, dynamic stimulus
via whole body vibration can have an osteogenic effect with-
out the need for large magnitude strain stimulus. Vibration of
the vertebral body induces a range of stimuli that may account
for the anabolic response including low magnitude strains,
interfacial shear stress due to marrow movement, and blood
transport. In order to evaluate the relative importance of these
stimuli, we integrated a microstructural model of vertebral
cancellous bone with a mixture theory model of the verte-
bral body. The predicted shear stresses on the surfaces of the
trabeculae during vibratory loading are in the range of val-
ues considered to be stimulatory and increase with increas-
ing solid volume fraction. Peak volumetric blood flow rates
also varied with strain amplitude and frequency, but exhib-
ited little dependence on solid volume fraction. These results
suggest that fluid shear stress governs the response of the ver-
tebrae to whole body vibration and that the marrow viscosity
is a critical parameter which modulates the shear stress.

Keywords Osteoporosis · Osteopenia · Low bone mass ·
Spine · Fluid shear stress · Transport · Mixture theory

D. A. Dickerson · E. A. Nauman (B)
Weldon School of Biomedical Engineering,
Purdue University, West Lafayette, IN 47907, USA
e-mail: enauman@purdue.edu

E. A. Sander · E. A. Nauman
School of Mechanical Engineering,
Weldon School of Biomedical Engineering,
Purdue University, West Lafayette, IN 47907, USA

1 Introduction

Osteoporosis, a disease characterized by the progressive loss
of bone mineral density, affects nearly 10 million individ-
uals in the United States (Davidson 2003). The observed
decrease in bone mineral density and bone quality compro-
mises the strength of the bone, leaving afflicted individuals
at risk for catastrophic osteoporotic fracture at major load
bearing sites, including the hip and the spine (2001). Nearly
1.5 million osteoporotic fractures per year are observed in
the US, including 700,000 vertebral fractures (Abbott et al.
1996; Davidson 2003). Vertebral fractures lead to a number
of functional difficulties, including chronic pain, that dras-
tically decrease the quality of life for afflicted individuals
(Abbott et al. 1996). Clinical intervention is often performed
to prevent fractures and avoid fracture related morbidity.
Conventionally, osteoporosis treatment consists of pharma-
ceuticals known to abate bone resorption. In addition, it is
well known that bone, including osteoporotic bone, will adapt
to changes in the mechanical loading environment (Rubin
et al. 2001; Routh et al. 2005; Rumancik et al. 2005). The
prevailing hypothesis in this regard has been that large strain
levels are the key to triggering an anabolic response. As
such, in order to increase bone mass, many patients are also
prescribed a vigorous aerobic and strength training regimen
to complement the anti-resorptive medication (Verschueren
et al. 2004). However, in recent years, it has been demon-
strated that delivering a low magnitude, dynamic stimulus
via whole body vibration can have an osteogenic effect with-
out the need for large magnitude strain stimulus (Rubin et al.
2002a,b). This may be an advantage for patients who are not
physically capable of carrying out a rigorous exercise regi-
men. Experimental studies utilizing vibration to deliver such
loading have been successful in a number of animal models
(Fritton et al. 1997; Flieger et al. 1998; Judex et al. 2002,
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2003; Rubin et al. 2001, 2002a,b). These experiments have
led to the implementation of studies in humans using a vari-
ety of loading parameters including frequency, amplitude,
and duration (Torvinen et al. 2003; Rubin et al. 2004;
Verschueren et al. 2004; Ward et al. 2004). Promising re-
sults have shown rate-dependent vibratory loading to effec-
tively slow bone loss in the spines of postmenopausal women
(Rubin et al. 2004) and promote bone formation in the ver-
tebral bodies of children with low bone density (Ward et al.
2004).

The mechanisms underlying cortical bone remodeling in
response to dynamic stimuli have been a topic of considerable
attention (Roelofsen et al. 195; Owan et al. 1997; Turner and
Pavalko 1998) and numerous modeling studies (Piekarski
and Munro 1977; Otter et al. 1990; Weinbaum et al. 1994;
Cowin et al. 1995). The role of vibratory loading in cancel-
lous bone has also been examined, albeit to a lesser extent,
particularly with regard to modeling the underlying mecha-
nisms for stimulation. Vibratory loading of cancellous bone
has the potential to cause physical deformations, marrow
movement, blood transport, interstitial fluid flow, and other
biophysical phenomena. Due to such complexity, a descrip-
tion of the specific mechanical signals that may be involved
in eliciting anabolic responses in cancellous bone has yet to
be detailed. In the specific case of the vertebral body, such
information is necessary for determining clinically relevant
frequencies and amplitudes for stimulation, thereby allowing
the eventual development of optimized therapeutic regimens.
As a first step toward gaining such insight for the vertebral
body, this investigation utilizes a mixture theory model to
estimate interfacial shear stress and blood transport levels
within the vertebral body in an attempt to determine which
parameters are of prime importance for optimal stimulation
of bone growth.

2 Theory

In order to describe the mechanical consequences of vibra-
tory loading, a mixture theory approach is adopted and sup-
plemented with the cellular solid model presented in Sander
et al. (2003). The vertebral body consists of a cancellous bone
core and several fluid components intermixed within the in-
tertrabecular space. Bone marrow is the chief fluid constit-
uent, but blood, lymph, cells, and interstitial fluid are also
present in varying amounts. Often, when fluid is considered
as a load bearing constituent in mechanical models of bone,
the intraosseous fluids are modeled as one component. For
the purposes of this investigation, the fluids will be separated
into two constituents: the marrow and the blood, as the blood
is separated from other fluids by vessel walls. Each of the
phases [bone (s), marrow (m), and blood (f)] is viewed as
a constituent of the mixture. Below, kinematic, and mixture

equations are derived for vertebral body mechanics. More
general mixture formulations can be found in the classical
works of Atkin and Craine (1976a,b).

In the context of mixture theory, each constituent is con-
sidered an individual continuum with continuum-level prop-
erties and kinematics. Each constituent has an intrinsic mass
Mα and a volume V α , where α = s, m, f refers to the constit-
uent. The mixture mass and mixture volume are the sum of
all constituent values. The solid phase bounds the mixture.
Thus, the mixture volume V at any time t is related to the
initial volume V0 by the Jacobian of deformation gradient
of the solid phase J (through the relation V = J V0). Any
volume loss is restricted to blood flow from the mixture. As a
consequence, the volumetric flow rate of blood is simply the
derivative of the volume as a function of time. The mass den-
sity of the mixture is obtained by dividing the mixture mass
M = ∑

α

Mα by its volume V . This density is defined by

ρ = Ms + Mm + M f

V
= ρs + ρm + ρf , (1)

where ρα is the apparent density of the constituent with
respect to the mixture volume. The true density of the con-
stituents is ρα

T = Mα/V α . The volume fraction φα occupied
by the α-phase is given by φα = V α/V . This indicates a
saturation condition in the mixture. Therefore, at all times
∑

α

φα = 1 (2)

2.1 Geometry and kinematics

At the microscopic level, cancellous bone contains small
trabecular struts (Currey 1984; Mosekilde 1988; Keaveny
et al. 2001) that connect in a manner that creates a three-
dimensional porous structure. In the vertebral body, cancel-
lous bone appears to contain a somewhat regular array of
trabecular struts (Fig. 1), and thus has been idealized as a
cellular solid consisting of two repeating unit cells: a rect-
angular unit cell and an offset unit cell (Sander et al. 2003).
Each unit cell consists of a single vertical trabecula, mod-
eled as a circular beam of length LV and diameter DV, and
two horizontal trabeculae, also idealized as a circular beam
with length LH and diameter DH (Fig. 2). In their study,
Sander et al. examined the mechanical and fluid flow char-
acteristics of vertebral cancellous bone and studied the ef-
fect of aging on these properties. Using the cellular solid
model in conjunction with relevant phenomenological rela-
tionships, equations of initial solid volume fraction, offset
unit cell content fraction, and Poisson’s ratio were formulated
(Sander et al. 2003).

The model developed by Sander et al. was based on
architectural measures obtained by Mosekilde (1988)
and calibrated to the experimental results obtained by
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Fig. 1 Transverse and sagittal views of a lumbar vertebrae. The unit
vectors, E1 and E2 form a basis for the transverse plane while E3 is
oriented in the superior direction. The model assumes that the vibration
is directed primarily in the E3 direction. The inset illustrates a three-
dimensional rendering of cancellous bone from the human vertebral
body (adapted from Sander et al. 2003)

Kopperdahl and Keaveny (1998). While each unit cell geom-
etry possesses a different mechanical response, their initial
solid volume fractions (φs

0), were the same:

φs
0 = π

4

(
D2

VLV + 2D2
H(LH − DV)

L2
H LV

)

. (3)

It should also be noted that Sander et al. (2003) assumed a
rule of mixtures combination of the two different unit cells.
There were two important reasons for this assumption. First,
neither unit cell alone could account for the experimentally
observed variation in mechanical properties (Morgan and

Keaveny 2001; Morgan et al. 2001) when acceptable physio-
logic values of trabecular tissue modulus were used. The rect-
angular model was too stiff and the offset rectangular model
was too compliant. Second, the rule of mixtures approach
provided a useful method for representing the potential load
sharing that occurs within the vertebral body. Combining the
two models and comparing their mechanical response to the
experimentally determined dependence on volume fraction
provided an estimate of the changes in structure that occur
with aging. This method provides an indication of the frac-
tion of offset unit cells, λ, required to satisfy the model. The
parameter, λ, defined as

λ =
π
4

(
DV
LH

)2 − bρs
Tφs

0
ET

π
4

(
DV
LH

)2 − 3π LV D2
V D4

H
12LV L2

H D4
H+L5

H D2
V

(4)

is necessary for relating the microstructure to the apparent
level Poisson’s ratio, η. The kinematics of the vertebral body
are dependent upon, η, given by

η=ηT

[

(1−λ)

(
DV

LH

)

+λ

(
12LV DV D4

H

12LVLH D4
H + D2

VL4
H

)]

, (5)

where b is a proportionality constant equal to 2.1 GPa cm3/g
(Kopperdahl and Keaveny 1998), ET is the bone’s modulus
assumed to be independent of anatomic site, age, and geom-
etry, and ηT is Poisson’s ratio of the solid bone.

Using the preceding definition of Poisson’s ratio, and
assuming that the macroscopic strain (ε) due to loading in
the superior–inferior direction is known, the kinematics of
the vertebral body motion can be derived as follows:

xs
1 = X s

1 − εηX s
1, (6)

xs
2 = X s

2 − εηX s
2, (7)

xs
3 = X s

3 + εX s
3, (8)

Fig. 2 Cellular solid
representation of the cancellous
bone in the vertebral body. The
mechanical response of the
rectangular unit cell a and the
offset unit cell b were combined
and calibrated to experimental
data to yield relationships for the
structural modulus, Poisson’s
ratio, and permeability (adapted
from Sander et al. 2003)
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where X s
i describes the reference configuration and xs

i refers
to the current configuration. This set of equations results in
the following form for the deformation gradient:

Fs =
⎡

⎣
1 − εη 0 0

0 1 − εη 0
0 0 1 + ε

⎤

⎦. (9)

As such, the Lagrangian strain tensor of the solid takes the
form

Es =
⎡

⎣

1
2 ε2η2 − εη 0 0

0 1
2 ε2η2 − εη 0

0 0 1
2 ε2 + ε

⎤

⎦. (10)

It is assumed that in a vibratory loading regimen, the mac-
roscopic strain of the vertebral body can be expressed in a
sinusoidal compression form shown below:

ε = A(cos ωt − 1), (11)

where A is the amplitude of the vibration at the level of the
vertebrae in question, ω is equal to 2π multiplied by the
frequency of the stimulus, and t is the time.

2.2 Balance of mass

The general expression for balance of mass of a constituent
of a mixture is

Dαρα

Dt
+ ρα∇ · vα = q̂α (12)

where vα is the velocity of the α phase, q̂α = ρα
T r̂α is the rate

of mass production per unit volume, and Dα(h̄)
Dt is a material

time derivative defined as Dα(h̄)
Dt = ∂(h̄)

∂t + ∂(h̄)
∂xi

vα
i . Expand-

ing the previous equation and invoking the incompressibility
assumption yields

∂φα

∂t
+ ∇ · (φαvα) = r̂α (13)

The balance of mass is subject to the constraint

∑

α

r̂α = 0. (14)

For simplicity, mass exchanges between the constituents are
neglected. The result is the following mass balance equations
for mixture constituents:

∂φα

∂t
+ ∇ · (φαvα) = 0. (15)

2.3 Balance of linear momentum

The balance of linear momentum for the mixture constituents
can be written as

ρs
Tφs Dsvs

Dt
= ∇ · Ts + ρsbs + π s, (16)

ρm
T φm Dmvm

Dt
= ∇ · Tm + ρmbm + πm, (17)

ρf
Tφf Df vf

Dt
= ∇ · Tf + ρf bf + π f , (18)

where bα is the body force per unit mass acting on constituent
α and πα is an interaction force that accounts for momentum
transfer to constituent α from the other constituents. Body
forces acting on the constituents are ignored. While typi-
cally neglected in mixture theory applications, inertial terms
are included in this model due to the dynamic nature of the
vibratory loading on the vertebral body. It is assumed that
the interaction forces can be described using a Darcy type
relation,

π s = µmK−1
sm (vm − vs) (19)

πm = −µmK−1
sm (vm − vs) + ξ (20)

π f = −ξ (21)

the variable ξ accounting for the interaction between the mar-
row and the blood is unknown. No interaction term is needed
for the blood and the solid as marrow separates the blood
vessels from contact with the solid skeleton. The compo-
nents of the permeability tensor for the marrow are obtained
from Sander’s derivation (Sander et al. 2003). It is assumed
that the viscous behavior of the marrow and the blood can
be modeled via interactions between the constituents. The
result is the following equation for the velocity of the bone
marrow:

vm = vs + ρs
T φs

µm
Ksm

Dsvs

Dt
(22)

2.4 Marrow–bone interaction

To develop a better understanding of the mechanical micro-
environment on the surface of the trabeculae, we utilize an
approach based on the drag theory of permeability to deter-
mine the order of magnitude of the shear stress experienced
due to marrow movement at the marrow–solid interface. To
begin, the microscopic level velocity field was determined
by utilizing solutions for flow along the length of a cylinder
and around transversely oriented cylinders (Drummond and
Tahir 1984). When averaged over a unit cell, these velocities
are equivalent to the macroscopic continuum velocity of the
marrow as determined by the mixture theory equations.
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For flow longitudinal to a cylinder with center-to-center
distance l, radius a, and coordinate direction i , assuming a
no-slip condition on the surface of the cylinder, the velocity
profile in cylindrical polar coordinates is estimated as

wi = 1

2µm

∂p

∂xi

[
1

2
(a2 − r2) + l2

π

{
ln

( r

a

)

+
∞∑

n=1

[
P4n

4n
− (4n + 3)!

4!(4n)! P4 P4n+4(a/ l)8 + · · ·
]

×
(a

l

)4n
[(a

r

)4n −
( r

a

)4n
]

cos 4nθ

}]

(23)

Pn is a geometric variable that account for the pattern and
spacing of the repeating array of cylinders (Drummond 1984,
p. 31). Values for this series are given by

Pn =
∑ ∑

p,q �=0,0

(p + iq)−n (24)

Using the continuum level velocity derived previously,
the drag force acting per unit length of the cylinder is calcu-
lated as

FL
i (a, l) = 4πµvm

i

ln
(

l2

πa2

)
− 1.476335966 + 2πa2

l2 + 1
2

(
πa2

l2

)2 − 0.0509713(πa2/ l2)4

[1+1.51978(πa2/ l2)4]

(25)

Similarly, the transverse component of the drag force due to
marrow movement is given by

FT
i (a, l) = 4πµvm

i

ln
( l

a

) − 1.310532927 + πa2

l2 − 8.75573387
( a

l

)4 + 63.21721610
( a

l

)6 − 235.8407557
( a

l

)8 (26)

To account for the flow at the intersection of the horizontal
and vertical struts, an additional component of the drag force
was formulated utilizing the procedures previously outlined
(Fourie 2002, p. 35; Sander et al. 2003, p. 24). By model-
ing Poiseuille flow through a pore with a cross sectional area
equivalent to that of the unit cell, this component of the drag
can be calculated as follows:

FD
i (h, δ, AC , Aw) = 128Ac Awhµvm

i

πδ4 (27)

Where δ is the hydraulic diameter, equating the cross sec-
tional area of the unit cell to that of a pore. This term effec-
tively accounts for the increased drag caused by trabecular
struts intersecting at right angles and disrupting the idealized
flow field predicted by Eqs. (23) and (24).

To complete the solution for the microscale velocity pro-
files along the length of and transverse to the idealized trabec-
ulae, the pressure drop due to flow was calculated by adding
the forces acting on the unit cell and utilizing Darcy’s law
assumption:

∂p

∂x1
= FL(Dh/2, Lv) + FT(Dh/2, Lv) + FT(Dv/2, Lh) + FD(Lh, Deq , Lh •Lv, Aw)

Lv Lh
(28)

∂p

∂x2
= FL(Dh/2, Lv) + FT(Dh/2, Lv) + FT(Dv/2, Lh) + FD(Lh, Deq , Lh•Lv, Aw)

Lv Lh
(29)

∂p

∂x3
= FL(Dv/2, Lh) + FT(Dh/2, Lv) + FT (Dh/2, Lv) + FD(Lv, Lh, L2

h, Aw)

L2
h

(30)

where

Aw = π [Dv(Lv − Dh) + 2Dh(Lh − Dv)] (31)

and Deq is the diameter of a circular pore with an area and
perimeter equivalent to that formed by the unit cell. The shear
stress acting on the surface of the cylinders in the longitudi-
nal direction is then calculated using Newton’s formula:

τ L
i = µm

∂wi

dxi
(32)

The general solution for velocity potential around
cylinders oriented transverse to the direction of flow
(Drummond and Tahir 1984) is
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χ = a2

8µm

{

A0

[( r

a

)3 − 2
r

a
+ a

r

]

+ C0

[−4r

a
ln

( r

a

)
+ 2r

a
− 2a

r

]}

sin θ

+ a2

8µm

∞∑

n=1

⎧
⎪⎪⎨

⎪⎪⎩

An

[ −1

n + 1

( r

a

)2n+3 − 2

2n + 1

( r

a

)2n+1 + 1

(n + 1)(2n + 1)

(a

r

)2n+1
]

+ Cn

[ −1

n(2n + 1)

( r

a

)2n+1 + 1

n

(a

r

)2n−1 − 2

2n + 1

(a

r

)2n+1
]

⎫
⎪⎪⎬

⎪⎪⎭

sin(2n + 1)θ (33)

The velocity profile for flow transverse to adjacent cylinders
is then calculated as

wθ = −∂χ

∂r
(34)

Using Newton’s formula once again, the shear stress acting
transverse to the cylinders due to flow is given by

τ T = µm
∂wθ

∂r
(35)

Lastly, to estimate the shear stress due to the interaction be-
tween the horizontal and vertical struts, the rectangular pores
were converted to circular pores using Deq. The extra shear
stress on the walls of such pores was calculated as

τ I
i = Deq

4

dp

dxi
(36)

3 Methods

The geometry of the vertebral body was idealized to represent
that of a rectangular solid with the following physiologically
relevant dimensions (Shirazi-Adl et al. 1986):

l1 = 48 mm

l2 = 33 mm

l3 = 21.5 mm

The system of equations derived above was provided with
the following initial and constant values:

ET = 18GPa

ηT = 0.3

φf
0 = 0.3216

ρs
T = 1,850 kg/m3

ρm
T = 1,250 kg/m3

ρf
T = 1,000 kg/m3

The controlled input parameters for this model included ini-
tial solid volume fraction (φs

0), the primary indicator of bone
loss; the amplitude and the frequency of loading, each asso-
ciated with the vibratory loading stimulus; and the marrow
viscosity.

The initial volume fraction of the bone was varied from
0.05 to 0.20 and the amplitude of the vibration, from 1 – 15
µε. In addition, we allowed the frequency to range between
30 and 80 Hz. These frequencies are relevant to laboratory
systems used for whole body vibration experiments, but do
not include the full range of frequencies observed in bone
(Fritton et al. 1997, 2000; Judex et al. 2007), especially dur-
ing vigorous exercise. Bone loss is associated with elevated
fat content in the bone marrow of the vertebral body (Griffith
et al. 2005; Yeung et al. 2005), which will affect the rheo-
logical properties of the marrow. Herein, we examined the
viscosity range 0.1–0.4 Pa s (Bryant et al. 1989). It should be
noted, however, that there are few studies that describe the
marrow viscosity, an important issue given the fact that its
reported value is 100–400 times that of water (0.001 Pa s).
The output parameters obtained from the model were inter-
facial shear stress on the surface of the trabeculae and volu-
metric flow rate of blood.

4 Results

The shear stress magnitude on each unit cell strut was deter-
mined as a function of frequency at φs

0 values ranging from
0.05 to 0.20 (Figs. 3, 4). A constant value of 10µε, repre-
senting a mid range level of strain produced by a vibratory
loading regimen, was used for this portion of the analysis
(Rubin et al. 2002a,b). In addition, we varied apparent strain
magnitude, with a constant φs

0 of 0.1 (Figs. 5, 6). In general,
shear stress on the surface of the trabeculae increased linearly
with the frequency of stimulation. While the shear stress on
the three struts was the same order of magnitude, the max-
imum shear was higher on the surface of horizontal struts
transverse to the loading direction than on vertical struts.
The magnitude of the shear stress was directly related φs

0,
the strain magnitude, and the marrow viscosity. In addition,
the effect of frequency on shear stress was more pronounced
as φs

0 increased (Figs. 3, 4). Volume fraction, strain magni-
tude, and frequency produced similar shear stress magnitudes
over the respective range of values used for this study, but
marrow viscosity proved the most influential factor in deter-
mining peak shear stress magnitude (Figs. 3, 4, 5 6).
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Fig. 3 The maximum shear
stress magnitude on a vertical
strut as a function of frequency
and φs

0 values ranging from 0.05
to 0.20. A constant value of
10 microstrain was used as the
amplitude of vibration for this
portion of the analysis and the
effect of viscosity was examined
by using µm = 0.1 Pa s a or
µm = 0.4 Pa s b With increasing
viscosity, the shear stress
increases as does its sensitivity
to frequency and φs

0

Fig. 4 The maximum shear stress magnitude on the horizontal strut
lying along the 1-axis as a function of frequency and φs

0 values ranging
from 0.05 to 0.20. A constant value of 10 microstrain was used as the
amplitude of vibration for this portion of the analysis and the effect
of viscosity was examined by using µm = 0.1 Pa s a or µm = 0.4 Pa s

b The magnitude of the shear stress on the horizontal strut is substan-
tially greater than that exerted on the vertical struts. With increasing
viscosity, the shear stress increases as does its sensitivity to frequency
and φs

0

Fig. 5 Maximum shear stress
on the vertical strut as a function
of frequency and the amplitude
of apparent strain. A constant
value of 0.1 was used for φs

0.
Shear stress magnitude increases
with increasing frequency and
with increasing apparent strain.
The effect of viscosity was
examined by using µm = 0.1 Pa s
a or µm = 0.4 Pa s b Increasing
the viscosity increased the
maximum shear stress as well as
the sensitivity to the magnitude
of the vibration

The boundaries of the vertebral body in this model re-
quire that all volume loss during deformation be attributed
to blood exiting the trabecular framework. The peak vol-
umetric flow rate of blood was predicted as a function of
φs

0, macroscopic strain level, and frequency as primary input
parameters, in an analysis similar to that performed above for
the shear stress and ranged from 0.1 to 0.35 ml/s. Flow rate

increased linearly both with increasing vibrational frequency
and with decreasing φs

0 (Figs. 7, 8). Interestingly, there was
only a 6.3% difference in blood flow rate even at the high-
est frequency (80 Hz) between the extreme input values of
φs

0. In contrast, increasing the macroscopic strain magnitude
from 1 to 15 µε substantially increased the blood flow rate
(Fig. 8).

123



198 D. A. Dickerson et al.

Fig. 6 Maximum shear stress on the horizontal strut along the 1-axis
as a function of frequency and the amplitude of apparent strain. A con-
stant value of 0.1 was used for φs

0. Shear stress magnitude increases
with increasing frequency and with increasing apparent strain. The ef-

fect of viscosity was examined by using µm = 0.1 Pa s a or µm = 0.4 Pa s
b Increasing the viscosity increased the maximum shear stress as well
as the sensitivity to the magnitude of the vibration. Similar results also
observed for the strut along the 2-axis

Fig. 7 Peak blood flow rate as a function of frequency and φs
0. Holding

the apparent strain constant at 10 microstrain yielded a linear increase
in peak blood flow rate as frequency increased. The flow rate increased
slightly as φs

0 increased with less than a 10% difference between the
highest and lowest φs

0 at any given frequency

5 Discussion

In this study, a mixture theory model of the vertebral body
complemented by a cellular solid representation of the
cancellous bone was employed to explore the mechanical
consequences of vibratory loading by perturbations in input
parameters. The effects of apparent strain magnitude, fre-
quency, and porosity on two of the deformation-induced out-
put parameters (interfacial shear stress and volumetric blood
flow rate) were determined. One of this study’s primary find-
ings was that the maximum shear stresses on the surfaces
of the trabeculae during vibratory loading reach magnitudes
on the order of what has been found to be stimulatory for
osteoblasts in vitro (Klein-Nulend et al. 1995a,b; Nauman

Fig. 8 Peak blood flow rate as a function of frequency and apparent
strain. A constant value of 0.1 was used for φs

0. There was a linear
increase in peak blood flow rate as frequency increased. The flow rate
increased as the apparent strain amplitude increased. The peak flow rate
was more sensitive to frequency at higher apparent strain magnitudes

et al. 2001; Kapur et al. 2003). Over the range of frequencies
typically used for in vivo vibration studies (30–50 Hz), the
peak interfacial shear stresses on model trabeculae ranged
from 0.1–2.0 Pa (1–20 dynes/cm2) at an amplitude of 10 µm.
In all cases, increasing frequency produced an increase in
the shear stress. Increasing the amplitude of the vibration
also yielded a proportional increase in shear stress. Inter-
estingly, the larger strain amplitudes produced a more pro-
nounced change in the shear stress magnitude with frequency
at a mid-range initial solid volume fraction. It should be
noted, however, that marrow viscosity was the single most
important factor in determining the fluid shear stress act-
ing on the surfaces of the trabeculae. Bone loss and in-
creased bone marrow fat content are well correlated (Griffith
et al. 2005; Yeung et al. 2005), and such a change in the
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composition of bone marrow will alter the viscosity. In this
model, an increase in marrow viscosity was shown to in-
crease shear stress proportionally. In osteoporotic individu-
als, this could mean that vibration would introduce peak shear
stresses to a magnitude that is experienced by healthy individ-
uals. Unfortunately, the rheological properties of the marrow
are not very well characterized. To the authors‘ knowledge,
Bryant et al. (1989) have performed the only study to date
to experimentally determine such properties. Further stud-
ies to determine marrow properties and correlate them with
changes in composition are needed.

Peak volumetric blood flow rates of the order of 0.1–
0.35 ml/s were predicted by the model. As seen with shear
stress, variations in strain amplitude with a constant initial
solid volume fraction produced proportional increases in the
volumetric flow rate. Volumetric flow rate was also more sen-
sitive to frequency at higher strain magnitudes. Varying the
initial solid volume fraction, however, produced a different
response than that seen with shear stress. Although the peak
volumetric flow rate did increase as the solid volume frac-
tion was decreased, the increase was marginal. Viewing peak
blood flow rate as a measure of transport, this result suggests
that increased nutrient transport is a contributing mechanism
to the difference in anabolic response between normal and
osteoporotic bone subjected to a vibratory stimulus.

These results have some implications for the bone adap-
tation observed in response to application of the whole body
vibration. There are a number of possible explanations for
the experimental observation that whole body vibration is
anabolic to bone, especially in the cancellous bone of post-
menopausal women and children with low bone mineral den-
sity (Rubin et al. 2004; Verschueren et al. 2004; Ward et al.
2004; Iwamoto et al. 2005). The deformation and its byprod-
ucts, including intramedullary pressure, transport due to fluid
flow, and fluid shear stress, have been listed as possible causal
mechanisms for the observed response. In addition, it has
been theorized that osteoporosis results from a symptomatic
loss of muscular contraction adjacent to the bone that pro-
duces regularly occurring high frequency, low strain mechan-
ical stimuli (Huang et al. 1999). Whole body vibration may
reintroduce a component of these signals, while healthy indi-
viduals would experience no substantial deviations from the
normal local mechanical environment.

To date, however, we are not aware of any studies that have
explored the specific mechanical stimuli by which such low
level signals are able to promote bone formation in cancellous
bone. In a sheep model, Rubin et al. (2002a,b) observed
increases in cancellous bone quantity and quality following
vibratory loading with no effect on cortical bone. These ani-
mal studies provided the impetus for several human trials
with vibratory loading. While the loading was not found to
be effective in increasing the bone mass of young, healthy
human subjects (Torvinen et al. 2003), in osteoporotic

patients, whole body vibration was able to either abate bone
loss or stimulate increases in bone mass (Rubin et al. 2004;
Verschueren et al. 2004). Interestingly, Xie et al. (2006) found
that whole body vibration caused a decrease in osteoclastic
resorption on the trabeculae, suggesting that one or more sig-
nals act to inhibit the catabolic response. Along with the sig-
nal provided by the strain itself, deformation-induced events,
particularly fluid flow, have been implicated in bone remodel-
ing. Oscillatory fluid flow within the structure induces shear
stress on the surface of the trabeculae and additional chemo-
transport due to blood flow. Combining the predicted effects
of volume fraction on fluid shear stress and blood trans-
port with experimental observations that note better osteo-
genic response in less dense bone, suggests that shear stress
may be the most important physiological cue for anabolic
activity in cancellous bone under vibratory loading. If so,
the response of osteoclasts to fluid shear stresses, may be
an appropriate area of future research (Xie et al. 2006). In
addition, this model suggests that vibrations in the vertical
direction will lead to increased bone formation on the hori-
zontal struts where the peak shear stresses were observed. If
the aim is to increase compressive stiffness, it may be more
appropriate to apply the vibratory loading in the transverse
direction. In order to test this hypothesis, one would need to
perform experiments wherein measurements were made of
new bone formation (Judex et al. 2007) while accounting for
the orientation of each trabeculae. Recent work by (Judex
et al. 2007) indicated that low magnitude vibratory signals
(∼1µε) at 45 Hz did not stimulate bone formation in the rat
proximal tibia while lower amplitude signals (∼0.4µε) at
90 Hz were anabolic. While these differences indirectly sup-
port the notion that fluid shear stress is the stimulatory signal,
no definitive conclusions can be drawn until the differences
in geometry have been taken into account. In contrast, fluid
transport appears to be much more important to the adaptive
response in cortical bone (Knothe Tate et al. 2000; Knothe
Tate 2003), where the dense structure makes it difficult to
transport nutrients and oxygen to the osteocytes and osteo-
blasts housed therein.

This mixture theory-based model provides a closed-form
solution for the fluid shear stress and volumetric blood flow
rate using only the magnitude of the applied vibratory load as
an input parameter. Model parameters can be easily changed
to determine the sensitivity of the model to a variety of phys-
iological factors and it begins to elucidate experimentally
observed phenomena. As such, the model is a simplification
of the complex interaction of several tissue components. It
should be noted that we examined a range of models includ-
ing two phase (bone and marrow), the three phase (bone,
marrow, and blood) model described herein, and a five phase
(bone, marrow, artery space, vein space, and capillary bed).
Of these possible descriptions, the three phase model pro-
vided enough complexity to yield reasonable mechanical
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results while requiring only a few, easily obtained boundary
conditions. Because three phases were needed for the math-
ematical description, this technique required mixture theory
and did not offer the opportunity for comparison to simpler
two phase models such as those developed by Biot and co-
workers (Biot 1941; Rice and Cleary 1976).

Potential limitations of the study include inaccuracies
resulting from the simplified geometry of the cancellous bone
used to predict material properties, the difficulty in determin-
ing material parameters such as marrow viscosity and blood
volume fraction for a given individual, and the assumption of
marrow as a Newtonian fluid. While the simplified cancellous
bone geometry is a limitation, compared with other anatomic
sites, the vertebral body has a relatively uniform geometry.
In addition, the model was calibrated to experimental data
(Kopperdahl and Keaveny 1998; Sander et al. 2003) over a
large range of volume fractions. The viscoelastic response
of the trabecular tissue may influence the deformation of the
cancellous bone at high strain rates, but for the small strains
considered here the effects should be minimal even at higher
frequencies. Material parameters such as marrow viscosity
and blood volume fraction are difficult to determine for indi-
vidual patients, but some information, such as fat content
of the marrow can be determined from magnetic resonance
imaging (Vande Berg et al. 1998; Griffith et al. 2005). High
fat content in the marrow has been linked to increased bone
remodeling (Martin et al. 1990) and this may be related to the
increased marrow viscosity. Future work is needed to char-
acterize the relationship between marrow viscosity and fat
content as well as other patient parameters such as age and
body mass index. Future work in this area is especially impor-
tant given the fact that published reports of marrow viscosity
indicate that it is 100–400 times more viscous than water, thus
accounting for the relatively high shear stresses obtained in
this study. Initial blood volume fraction likely varies consid-
erably between patients, but appears to be less important than
fluid shear stress for determining the osteogenic response in
vertebral cancellous bone. Finally, the assumption that the
marrow behaves as a Newtonian fluid is a fruitful starting
point, but requires experimental verification. Ex vivo exper-
iments by Bryant suggests that marrow can be approximated
as a Newtonian fluid, but new techniques must be developed
to estimate marrow viscosity in situ, something that has not
been accomplished to date. Such experiments will likely find
that the rheology of bone marrow requires advanced contin-
uum models for accurate representation.

While the model is based on an idealized geometry,
it provides a basis for further experimental studies. In the
future, this model could be combined with additional
mechanical models of the spine as a vibrating system (Fritz
2000; Guo and Teo 2005; Makhsous et al. 2005) in order to
better understand the relationship between vibration ampli-
tude and frequency as these parameters will depend on inter-

patient differences in height, weight, vertebrae size and struc-
ture. From a biological perspective, this model could be used
in conjunction with studies on the genetic basis of osteopo-
rosis. Genetic differences have been linked to variations in
bone size, bone quality, and remodeling rates (Huang and
Kung 2006; Liu et al. 2006) as well as the biophysical re-
sponse of bone cells to fluid shear stress (Burger et al. 1995;
Klein-Nulend et al. 1995a,b).

In conclusion, this mixture theory-based model predicts
shear stresses on the surfaces of the trabeculae and volumetric
blood flow rates as functions of the applied whole-body vibra-
tions. Further experiments are needed to verify and extend
the results of this model. In particular, animal models which
measure the blood flow into and out of the vertebral body can
be used to better calibrate the model. Taken together, these
data will provide a basis for determining which patients will
best respond to whole body vibration and further elucidate
the mechanotransduction pathways for bone cells in vivo.
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