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Abstract

In Pozzi and Stinner (ESAIM: M2AN 57:445-466, 2023) a variant of the classical elastic
flow for closed curves in R” was introduced, that is more suitable for numerical purposes.
Here we investigate the long-time properties of such evolution demonstrating that the flow
exists globally in time.
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1 Introduction

Let f: 1 —>R" f= fx),I =][0,27n] =~ S!, be the parametrization of a closed (i.e.
periodic) regular smooth curve, ds = | f, |dx its length element, K = fy; its curvature vector,
T=fy =0f = &p—;l its unit tangent vector. Recall that the length £, Dirichlet D and
bending energy £ are defined by

1
£(f) :=/ds=/|fx|dx, D(f) = E/Ifxl2dx,
1 1 1

() -—1/|*|2d —1/|*|2|f d
.—21K S—ZIK o |dx.

The study of evolution equations associated to the bending energy £ has attracted a lot of
attention in recent years: for motivation and extended references we refer here simply to [6],
which has inspired a lot of the work presented here, and to a recent survey [9], where several
recent results are discussed. Here we only remark that the study of the bending energy is very
old and essentially goes back to Bernoulli, who in 1691 investigated the problem of a bent
beam. Some years later Euler provided a first treatise on the equilibria of bent rods ([11]).
Since then the analysis of £ has never ceased to awake the interest of many mathematicians,
one of the reason being that it provides a challenging fourth order problem.
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Because of the scaling properties of £ one usually penalizes the growth of the curve in some
way, a length constraint being quite a typical and natural choice. In this paper our attention
is focused on the evolution towards stationary points of the bending energy augmented with
a penalization term. Thus, for some positive given A > 0 we set

E()=E)+AL) =0, Di(f) =Ef)+AD(f)=0.

The corresponding L2-gradient flow are given by

22 Looo -
.ft:—VXK—§|K| K+ Ak, (1.1)
for &, (cf. [6], where the evolution problem for & is thoroughly studied) and
L 1o fu
fi = —V2%k - f|/<|2/< + A
T2 |l
S RN -

= —ViR = SRR + 4RI fol + (1 fes (12)

for D, (see Sect.2.1 below). Here VSd; = 8;(7) — (8Sd;, 7)7 denotes the normal component
of the derivative with respect to arc length for a given vector field $:10,27] > R" along
the curve. The study of the evolution of &, is by now classical and is presented in [6]: there
it is shown that given a smooth regular closed curve the flow (1.1) exists globally in time.
The case where & = 0 is also contemplated in their [6, Theorem 3.2]: however, in this case
the curve might “disappear” at infinity (a circle whose radius increases to infinity drives the
energy & to zero). The case where the length of the curve is kept fixed along the evolution is
also studied in [6]. A global existence result holds again, but the analysis is more subtle as
in this case . = A(¢) is time dependent (see [6, Theorem 3.3]).

Note that the energy &, is invariant under reparametrization of the curve and that the
flow associated to &, has a velocity vector that is entirely normal to the curve. The latter
observation is quite crucial for numerical analysts, especially when a curve must undergo
strong deformations, since great grid deformations might occur. Grid degeneration is very
detrimental from a numerical point of view. This is why the author, together with B. Stinner,
tackled in [10] the problem of numerically studying alternatives to (1.1) which provide good
grid properties and at the same time are amenable for (finite element) numerical analysis (a
more detailed discussion on this delicate point can be found in [10]). In this respect the flow
associated to D,, yields the kind of numerical properties that one usually looks for.

Therefore, motivated by the numerical investigation undertaken in [10], we study here
analytically the long-time existence properties for the L?-gradient flow associated to D;..

In [10] we demonstrate that &, and D, share common sets of critical points (in a suitable
sense), thus motivating the choice of D, as an alternative to the study of £, . From a numerical
point of view, the minimization of the energy Dj (via L?-gradient flow) presents major
advantages. Indeed the presence of a specific tangential component (see (1.2)) makes it
possible to avoid the aforementioned grid-degeneration problems; moreover the numerical
analysis is significantly simplified as opposed to [5] (see [10] and related discussion in there).
In [10] one can also find interesting simulations of the evolution (1.2), as well as comparisons
with other schemes depicting the evolution associated to (1.1).

As mentioned above, long-time existence properties for the geometric L>-gradient flow
generated by &, are well known and investigated in [6]. Since D dominates the length func-
tional, in the sense that L( f) < «/E«/ZD(f), one is inclined to believe that the L2- gradient
flow for D, should also exist for all times. However, this must be proved rigorously. This is the
purpose of this work. Our method of proof is similar to that employed in [6], which is based
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on L?- curvature estimates combined with Gagliardo-Nirenberg type inequalities. However,
our evolution is not geometric (the functional D, is not invariant under reparametrizations
of the curves) and we must take care of the specific tangential component that appears in
(1.2). Therefore new arguments are needed. In particular, upon observing a strong relation
between length element and tangential component, we exploit the second order PDE solved
by the length element. Our main result, whose proof is given in Sect. 3, is the following:

Theorem 1.1 Let A € (0, 00) and let fo : I — R" be smooth and regular. Assume that for
any smooth regular initial data fy the flow (1.2) exists for some (small) time [0, T] and is
smooth and regular on [0, T] x 1. Then: the flow (1.2) has a global solution.

This results hinges on a short-time existence result for the flow, which is outside the scope of
the paper and will be tackled elsewhere. On this matter let us here only remark, that a short-
time existence results holds for (1.1) (see [6, § 3], and also [3] where classical techniques
are discussed in detail). The differences between (1.1) and (1.2) are to be found only in the
lower order term multiplying A, therefore it is safe to assume that a short-time existence result
holds also in our setting. However, note that since the flow (1.2) is no longer geometric, one
can not factor out the degeneracy of the high order operator VSZ in the usual way (i.e. by
reparametrization), therefore some extra care must be taken in the arguments.

2 Preliminaries

We can write the (non-geometric) flow (1.2) as
Wf=V+or
with normal component of the velocity vector given by
Vo= —vffz—%|fz|2z+x;z|fx|:-v‘z‘—%wﬂzﬂw 2.1)
where
W = K| fxl,

and (scalar) tangential component

fxx fxx 1 |fx|2>
- T x| = = 2(1 fiDs- 22
Y )L<|fx| t> }L<|fx|2 f> )L|fx| < 2 . A fxD) 2.2)

Here and in the following (,) denotes the Euclidean scalar product in R”. For partial
derivatives we use both notations f, and dy f.

Before diving into computations, let us comment on the strategy of the proof of Theo-
rem 1.1 in a very informal way, so that the reader might find it easier to follow the steps
outlined below. Theorem 1.1 is proved by a contradiction argument: we assume that the flow
exists only for some finite maximal time 0 < T < oo, then we derive uniform estimates for
the parametrization f and its derivatives 47" f on the time interval [0, ) so that we can extend
S smoothly up to T. Restarting the flow yields the wished contradiction to the maximality
of T.

To derive estimates for f and its derivatives, we first of all observe that

Fo=1£0sfs for = (Felds e = (fel)ads f 4 1 fx 202 S,

and so on. In other words
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— acontrol of the length element | f | (and its derivatives) and
— a control of the derivatives of f with respect to arc-length

yield a control of f and its derivatives 97" f in the original parametrization. This motivates
why in a first instance we try to obtain uniform bounds the curvature i and its derivatives 3" ¥
(indeedrecall that 9} f = 97"~ 2i¢). On the other hand, the natural operator governing the PDE
(1.2) is V, and not Bs the relation between the two operators is considered in Lemma 2.4,
where it is shown that the “two derivatives entails essentially the same information up to
lower order terms”. By Lemma 2.9 and the fact that £(f) = % & ||2L2 remains bounded along
the flow, we infer that it is sufficient to obtain uniform control of VS’”/?.

Finally, to control Vi we study the evolution in time of its L?-norm. This is described
in an abstract way in Lemma 2.3. When we choose ¢ = V!"k in Lemma 2.3, we observe that
in trying to control the right-hand side of (2.16) (with the help of interpolation inequalities)
a big role is played by the term ¥ = (V; + V?)qb = (Vi + V?)Vsml?, a quantity that is
studied in Lemma 2.5. Again here the main observation lies in the PDE itself, which written
as 3, f + V2k = l.o.t yields the ideas that “one derivative in time plus four derivatives in
space” give terms of lower order.

In the following we proceed as follows; after identifying the evolution of all relevant
geometric quantities in Lemma 2.1 as well as some important uniform bounds (which are
fundamental to apply interpolation inequalities later on), we divide our study in two sections:
one is concerned with the evolution of the length element (and its derivatives) and one
is concerned with the evolution of the curvature vector (and its derivatives). Interpolation
inequalities and important embeddings are recalled in Sect.2.2. All preliminaries results are
then strung together in the proof of the main Theorem 1.1 in Sect.3 where we obtain the
wished uniform estimates by a rather technical induction procedure.

2.1 Evolution of geometric quantities

For (Z) any smooth normal field along f and & a scalar map we have that for any m € N

m
- > - - m _ >
Vs (hd) = @5 + hV,, HIIEDY <r )8;" "hig (23
r=0
where recall that Vi = 8,6 — (36,9, )0, f. Similarly we write Vi¢p = 8¢ —
(01, 05 f)0s f -
Lemma 2.1 (Evolution of geometric quantities) Let f : [0,T) x [ — R” _be a smooth

solution of 0; f = V+ ot fort € (0,T) with V the normal velocity. Given qb any smooth
normal field along f, the following formulas hold.

3, (ds) = (359 — (¥, V))ds (2.4)

305 — 050, = (K, V) — 9,0) 0y (2.5)

Wt =V,V + ok (2.6)

&b = Vip — (V,V + i, §)7 2.7)

i = 0,V V + (&, V)& + sk (2.8)

Vi = V2V + (&, V)i + ¢Vik (2.9)

(ViVs = VsV = (R, V) — 0,0)Vsp + [(K. ) VsV — (Vs V. §)]. (2.10)
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Proof The proof follows by straightforward computation: see for instance [6, Lemma 2.1]
or [4, Lemma 2.1]. m]

The above lemma holds in fact for any smooth evolution equation that can be written in
the form o; f = V+ ¢t with V the normal velocity. It allows to compute the first variation
of D, and derive (1.2) (cf. [4, Lemma A.1]). Another important application is the following
verification that the energy D, decreases along the flow.

Decrease in energy along the flow. To retrieve some fundamental bounds it is important
to notice that the energy decreases along the flow (1.2). Precisely, using (2.9), (2.4), and
integration by parts we obtain

e Di(f)= / K, V2V+(K V)/c—i-(pV /c)ds—i-/ %1% (85— (K, V))ds—l—)\/(fx,fx,)dx
1

=/<E, V3V+1(E, V)z)ds—f<xfxx, fi)dx
I 2 I

O RS - -
=/<V3K+5|x|2x, V)ds—/<(§0|fx|t+>»l<|fx|2), (V490)dx
1 1

—/I‘7|2ds—/<p2ds <0.
1 1

Uniform bounds along the flow. As a consequence of the energy decrease we infer that the
following uniform bounds hold for as long the the flow exists:

Dir(f()) < Di(f(0)),
I7153,0) = [ 1ePds <2000,

1 1
D) = 5 / [ Pdx < 2D, (£O)),

LOf@®) =< 2,/fD,\(f(0))

Moreover, as observed in [6, (2.18)], since the curve is closed, the Poincaré inequality for
ds f = T implies

T < VLS O 2,

so that in view of the uniform bound from above for the curvature we obtain a uniform bound
for the length from below. Hence along the flow we have that

0<Cl'<c(fo)y<cC

where C = C (D) (f(0)), A). Last but not least we have that for any time ¢ where the flow is
well defined

t t t t
[rotars [17iar= [ [ gasars [ [1iPasar <m0 @i
0 0 0 JI 0 JI

PDE:s for the length element | f, | and tangential component ¢. Next we derive and investi-
gate the evolution equation satisfied by the length element | f | and the tangential component
¢. Note that in view of (2.2) there is a strong relation between the two of them.
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2546 P. Pozzi

We start by considering the length element. For as long as |fy| > C > 0, classical
embedding theory yields that

1
I fel llcogo,2a §f||fx|x|dx+2—/|fx|dx.
I T JI

Using the uniform bounds on the length and the fact that A is a fixed contant, it follows then
that

lol
I felllze = C+ / %ds =Cd +lelz2) (2.12)
I

where C = C(D,.(f(0)), A).
Next, let us have a closer look at the evolution equation satisfied by the length element.
Using the definition of the tangential component (2.2) we can write

0 (1 fel) = (T, fix) = x — . fi)l el = A1 fDs)x — (B. V) £

A 1 L o
= WﬂfxDxx + A faDx (lfx|)x = (r, V)| fxl-

Note that to apply a maximum principle we would need some uniform bounds on V and K,
which at the moment are out of reach.

Now we turn to the tangential component (2.2). We first explain some useful notation. In
the following we write B3*(¢) for any linear combination of terms of type

(8§‘<p)(8§2(p), with i| + i = a and maxi; <c

with universal, constant coefficients. Notice that a records the total number of derivatives

and c gives the highest number of derivatives falling on one factor. We have that 9, B3 “ (¢) =

B3 +hetl ). Similarly we write M5 ((k, V), ¢) for any linear combination of terms of type

3 ((k, 1)) 3¢, with i1 +i» = a and maxij <c

with universal, constant coefficients. Note that d; M5 ((k, V), ) = Mg'H’C'H (%, V), 9).
Using (2.5), the previous computations, and recalling that ¢ = A(] fi|)s we immediately
infer

0 = 23,05 (| fx]) = 28,8, (| fx]) + (R, V) — ¢)ds (A fi])
=235 (px — (R, [l fe)) + (R V) — ¢)e
= A1 fel@s)s — A&, V)| s + (R, V) = @) (2.13)
This gives also
3¢ = @5 + Al felgss — (R, VYAl fel — (&, Vg + (&, V) — 0oy
= M feloss — (B, V)hl fl.

Next we compute in a similar manner
0 () = Didse = 319 + (R, V) = ¢,)¢s
= Gl fles)s = (R VDAL + (@ V) = @)y (2.14)

= (1 filpss)s = (@, VDAILL) + My (@ V)o9) + B @),
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This gives also
3 (ps) = Al fxl079 + 9320 — Al fc|02((, V) — 3 (R, V) + (&, V)gs — (5)°
= M feldd0 — Al fI2 (R, V) + My (R, V). 9) + By (9).
Proceeding inductively one finds:

Lemma 2.2 For any m € N we have

000" 9) = (A1 x0T )5 = (11 el (6, V) ) +M5" (&, V). )+ By " ()
= ALl 20 — AT R V) + My (R, V) ) + By T ). (2.15)

On the curvature vector and its derivatives. For geometric terms such as the curvature
vector and its derivatives we will make use of the following lemma, which is a straight-forward
generalisation of [6, Lemma 2.2].

Lemma 2.3 Suppose o f = V+ pton (0,T) x I. Let ¢ be a normal vector field along f
andY = Vt¢ + V ¢) Then

R . 1. - 1 oay . o
—f/|¢>|2ds+/|v3¢|2ds=/<Y+—¢ws,¢>>ds—f/|¢>|2<x,V>ds, 2.16)
dr 2 J; I I 2 2 J;

Proof The claim follows using (2.4) and integration by parts. O

As in [2, Sec. 3], [6, Lem 2.3] and [4, Sec. 3] we denote by <51 * (,Zz Kook q?k the product
of k normal vector ﬁelds ¢, (z =1, .., k) defined as ((Z)l, &52) e (ék,g, (Zk,l)qgk if k is odd
and as (¢1 (;’)2) (¢k 1 ¢k> if k is even. The expression Pba ‘(i) stands for any linear
combination of terms of the type

(VIIR) % - % (V&) with iy + - -+ 4 i = a and maxi; <c
with universal, constant coefficients. Thus a gives the total number of derivatives, b denotes
the number of factors and ¢ gives a bound on the highest number of derivatives falling on one
factor. Using (2.3) we observe that for b € N, b odd, we have V, P, (k) = P;H'CH(/?).
With a slight abuse of notation, IPb“ *“(i)| denotes any linear combination with non-negative
coefficients of terms of type
[VITR| - |V2K| - |ViP | with iy + - - + i, = a and maxi; < c.
Similarly we write Q}“(k, w) for any linear combination of terms of the type
(VD) % (V2K) % - - - % (V) with iy +--- +ip = a and maxij <c
with universal, constant coefficients. Also in this case for odd b € N we have V QZ'C (K, w) =

Q“Jrl “+1(&, ). For sums we write

A 2A+B-2a C

YR ® =) Y Y PY®. (2.17)

[[a,b11<[[A, B]] a=0 b=l =0
c<C
. o A 2A+B-2 C oz
Similarly we set Z[[a’b]]i[c[‘A’BH |PSC@®R)] = Yo AT P 1P
c=<

With this notation we can state the following result, which relates the operator V" to the
full derivative 3. Loosely speaking one can say that 3"« and Vi “are the same” up to
lower order terms.
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2548 P. Pozzi

Lemma 2.4 We have the identities
Ak = Vi — K%,
WK =V"Rk+1 > PC(@) + > PIC@®) form>2.
[la,b11<[lm—1,2]] [la,b11<[[m—2,31]

c<m—1, b even c<m-2 b odd

Proof The proof can be found for instance in [4, Lemma 4.5] (see also [6, Lemma 2.6]). The
first claim is obtained directly using that

Ak = Vi + (35K, T)T = Vi — |k]%T.
The second claim follows by induction. O

We are now able to describe in detail the evolution of the curvature vector and its
derivatives.

Lemma 2.5 Suppose 3, f = —V2k — %IEIQE + AW + @t, where .. = A(t). Then for m € Ny
we have

ViV + VIV = PP R 4 (VIR 4 Q5 (R, @) + PITR) + VIR

Proof For m = 0 the claim follows directly from (2.9). For m = 1 it follows using (2.10)
and (2.9), namely

ViV + V& = VVik 4 (£, V) — 050) V& + [, &)V, V — (Vi V, R)R] + V&
= V(= Vi + P2 @) + m(VED + 05°®%, ) + PYO®) + 9V,k)
+ (£, V) — 0,0) Vi + [(R, )V, V — (V,V, R)K] + VK.
Since V(pVsk) = ¢, Vsk + ¢V2i and
(@, VIVik = Py (@) + P (R) + 203" @, )
and  [RPV,V = PP + P (@) +2.05 &, ),
we infer
V,Vik + V2R = PP () + (V3 + 03 @, @) + P (&) + 9V2R,

noticing that the terms appearing in P3‘7’ ’2(/?) can be collected in P33 ’3(/_('). The general
statement follows with an induction argument. O

2.2 Interpolation inequalities and embeddings

We start by recalling some fundamental interpolation inequalities. Consider the scale invariant
norms for k € Ng and p € [1, o0)

k
N . X . 1 . 1/p
IR lk.p =D IVikll, with [Vik|l, = £(f)" ‘/P(/|V;K|Pds) :
—0 1

(cf. [6]) and the usual LP- norm || ViE[|7, := [, |ViK|P ds.
Most of the following results can be found in several papers (e.g. [4, 6, 7]). We provide
reference to the papers where complete proofs can be found.
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Lemma 2.6 (Lemmad4.1[4])Let f : I — R" be a smooth regular curve. Then forallk € N,
p>2and0 <i < k we have

IVl < ClEN IR .
withe = (i + 5 — ;)/k and C = C(n, k, p).

Corollary 2.7 (Corollary 4.2 [4]) Let f : I — R”" be a smooth regular curve. Then for all
k € N we have

I€lle.2 < CAVEEN + l1€]2),
with C = C(n, k).

Lemma 2.8 (Lemma 3.4 [1]) Let f : I — R”" be a smooth regular curve. For any a, c, { €
No,beN,b>2c<l+2anda < 2(L+ 2) we find

- —a—by=nb—y -
/1 [Py ds < CLH ™ P1RN; VIR 5.0 2.18)

withy = (a+ b —1)/(t+2) and C = C(n, £, a, b). Further ifa+ $b < 2+ 5, then for
any e > 0

bh—

/ | Py @) ds <e / VIR ds+Ce™ 27 (IRI2) 77 +CLH' BRI, 219)
1 1

withC = C(n, ¢, a,b).

We finish this section with some important results that are based on classical embedding
theory.

Lemma 2.9 (Lemma 2.7 [6]) Assume that the bounds ||k | ;2 < Ao and |[V™K| 1 < Ay, for
m > 1. Then for any m > 1 one has

187~ Rl e + 107 % N 11 < cm(Aos -+ vy Am)- (2.20)

Lemma 2.10 For any smooth scalar map h : I — R and normal vectorﬁeldq; I > R"
along f we have that

Iplloe < CAlll 2 + Vsl 2)
Illoo < CUIRN L2 + 185hll,2)

where C = C(ﬁf)).

Proof The proof of both statements can be found in the proof of [2, Lemma 3.7]. It is an
application of classical embedding theory to the map |¢|? respectively 4. O

More generally we can state the following.

Lemma 2.11 (Lemma 3.7 [2]) We have that for any x € I there holds

IPPC@) @ = C | (1P @)+ 1Py @))ds, if b is odd, 2.21)
b 2b 2b
1
PEC@ (0] < € / (1P @)+ 1P @))ds. ifbiseven,  (2.22)
1

where C = C(ﬁf)).
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2550 P. Pozzi

3 Long-time existence

This section is devoted to the proof of Theorem 1.1. By assumption we know that given any
smooth regular initial data f, there exists a smooth regular solution f : [0,7) x I — R”
of (1.2) with (0, -) = fo. Assume by contradiction that the solution does not exist globally
in time and let 0 < T < oo be the maximal time. Recall that on [0, T') the uniform bounds
listed in Sect. 2.1 hold (with constants that depend on A and the initial energy but not on T').
In particular

k@2 < C, é =Lf@)=C, 1€[0,T) (3.1

with C = C(A, Dy (fo))- These bounds are essential in order to be able to apply interpolation
inequalities. In the following a constant C may vary from line to line, but we will indicate
what it depends on.

Our first task is to derive uniform bounds for i, ¢ and their derivatives. This is performed
in several steps, using an induction procedure.

First Step - Part A: bound on ||V« || 2. Recalling (2.1), using Lemma 2.3 with b = V&,
Lemma 2.5, and exploiting the fact that ¢ (V2k, Vi) + %(pS|sté|2 = 0 (%<p|vs/?|2) we
obtain

a4 l/|v K |%ds +/|V3E|2ds+l/|v i|%ds
dr \2 J; s I s 2 J; y
L1 . 1 - 1 .
=/<(v,+V§>vsx,vsx>+f¢s|vxx|2ds— f/|w|2<x,V>ds+f/|vsx|2ds
I 2 2 2
_ 3.3 ,- 3= L1, = 11,= o
= | (P37 (k) +A(VJw + Q3 (K, w)) + Ps (k), Vsk)ds
1
1 e - 1 -
— — | |V |“{k, V)ds + = [ |Vsk|“ds
2J; 2 J;
=/1va3(;?)+ PEE) + P R) + Pf’z(z)ds+xfl<v§ﬁ}+ 031 (@, W), Vsi)ds
:/IPf’3(/?)+P62’1(/?)+P22’1(E)ds+k/I(VSJ),VSE)ds+A/I(Q;’1(I?,@),VS/?)ds
=J1+ + J3,

where we have used integration by parts in the last step and absorbed the terms Pf ’2(/?) into
P} (). By applying Lemma 2.8 and (3.1) we find

|| = |/ PA@®) + PR @) + Py (R)ds| < e/ V3% 2ds + C(e, n, &, Di(fo)).
I I

Since

VS(J)) = Vs(|fx|/_é) = |fx|vs’_é + (|fx|)s’z = |fx|vs/_é + kK (3.2)

>

we can write

b= /\/(VSJ), V3i)ds = k/ | fe[(Viié, V3i)ds +f<p<;?, V3k)yds = o1 + Do
1 1 1

We have
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3212 2 =12
J2,1 fefleKI ds+Cs|||fx|||oo/|VsK| ds
1 1

§€/|V3'?|2d5+ce(1+||<ﬂ||iz)f|vsl?|2ds
1 1

where we have used (2.12) in the last step. Note that here Cc = C (e, A, D, (fo)). Next, we

compute

Do = ©, V3ds < ||k V32 < V3i[Pds + C k|2 2

22 = | @k, ViKk)ds < [[KllLellgll 2 IVikli 2 < € | IVik]|“ds + Cellkllzollell;2-
1 1

Since [|K[|7 < CUIF]7, + Vs |7,) by Lemma 2.10 and (3.1) we obtain
haa < e [ V3RPAs + o1+ VR IR
1

Using the definition of Q3" (¢, ), i, (3.2), and (2.18) we observe that

J3 = xf(Q;l(E, W), Vi )ds = /A|fx|Pf’1(fé) + P (&)ds
1 I

1
2,1, 2,1~ 2
< M fxlllzee | 1Py ()lds + el 2 | Py (1c)|ds
I I

< CIMNfelllioe £COTNRIBNR 3.2 + Cligl 2 LCH T2 1R, 2

8-5/3

21}
||K||3,2-

Using the bounds for the length and curvature (3.1), Corollary 2.7, Young inequality, and

(2.12) we obtain
S
T3 < Clll felllee (14 1V5E N 2) + Cllel7 + ClIFIS 5

< [V as+Ca+ il
I
Collecting all estimates found so far for J;, J2, J3, and choosing € appropriately we find
d (1 =12 ! 3202 ! 12
P (5/1|VSK| ds) +§/I|VSK| ds—l—i ] |V |“ds
< C(+llgl32) +C1 + ||¢||iz)/ |Vsic|*ds
1
where C = C(n, A, D, (fo)). On the other hand using again Lemma 2.8 we can write
-2 2,1, 3212
/IVsKI ds = / [Py (k)|ds < E/IVSKI ds + C(e, n, A, D;.(fo)),
I I I
so that, upon choosing € small enough, we can finally write
d (1 =12 1 3212 ! =12
P (5/;|VSK| ds) +Z/I|VSK| ds—i—i 1|VSK| ds
< CAL+ 1ol + ClolE [ 9.7Pds
1

where C = C(n, &, Dy (fo)). It follows for £(r) :=¢' [, |V%|2(¢)ds that
E'(1) < Ce' (1 + [lpll72) + Cligll7.£@).
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Using that [§ ' (1 + [lo[3,)dt’ < e’ + ' [; l¢l2,dt’ < Ce' by (2.11) we infer

t
£(1) < £(0) + Cel +C /0 lol2, (e df

and a Gronwall Lemma gives that £(t) < C(£(0) + Ce"), that is

sup [V [17,(t) < C1 = Ci(n, A, Dr(fo). fo)- (3.3)
[0,T)

Note that the above bound together with (2.11), (3.1), Lemma 2.10 yields

SUP €@ e < C1 = Ci(n, X, Di(f0), fo), 3.4

sup f IV3R12,dr < Crt = Crin &, Dalfo), fo. T). (3.5)
[0,T)

First Step-Part B: Bound on [|¢||,2. Although we know already that the L2-norm of the
tangential component behaves well in time (in the sense of (2.11)), we need to refine this
information. To that end we consider

d /1 1 L o
I (§/l<p2dS> = /prtder Ef,‘pz(% — (K, V))ds
= /1 (1 felos)s — (R, V)| fx s + (R, V) — @5)¢°ds
L[, -
+ */w (ps — (K, V))ds
2Ji

where we have used (2.4) and (2.13). Integration by parts and the fact that |’ I Ppsds = 0
(this can be seen using integration by parts) yields

d /1 1
/ 24 +A/(asw) |fx|ds—xf¢s<x V) felds + 2 f( V)p2ds
dr \2 2/,
= A+ A).
Using the L°°-bound on the curvature (3.4) we can write
A =A/¢s<z,ﬁ>|fx|ds 56)»/(3s§0)2|fx|d5+k&/|‘7|2|fx|d5
1 I 1
< exf(as¢>2|fx|ds +AC(L+ o2 )IVI3,
1

where we have used (2.12) in the last step. For the second term A, we obtain, using (3.4),
(2.12), and (2.1), that

_ L 2 2,22y, 2 2
Ay =3 [{k, V)pids = C | [Py (k)lp7ds + C(1 + I fxllloo) | @7ds
1 I I

2
< CUIPY @)oo + 1+ ll0ll22) / p*ds.
1

Using (2.22), (2.19), (3.1), we obtain
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P20 < c/l P31+ P2 ®@)Ids < CUIVIRIT + 1),
so that
A2 < CA+ VRN + llel72) f[ ¢’ds.
Putting all estimates together we obtain (recall that | f; | 2 = |‘7|2 + (p2)

A+ A < ex/(am | felds + CellV I + Ce(IVIRIZ, + 1+ 1£:122) / *ds
1

with Cc = Cc(n, X, Dy (fo), fo). Choosing € appropriately we can write

d 1/ 24 +1/ 2d+X/(a )% feld
— 1\ = s = s+ = N
ar \2 % 2 (Y ) s @ X
< CUVIZ, + llol?2) + CUVERIZ, + IIfxlle)/Iwzds

where C = C(n, A, Dy(fo), fo). Recalling (2.11) and (3.5), a Gronwall argument (as
performed in First Step -Part A) gives

Sgp - lpl72@) < Ci = Ci(n, &, Da(fo), fo, T). (3.6)
tel

Note that the dependence of the constant on 7 is caused by (3.5). As a consequence we obtain

also

! ~ ~
i / /I(as‘p)z'f”def' < & = C1(n, . DL(fo), fou T). 3.7)

tef0,7) Jo

Moreover recalling (2.12), the definition of w, and (3.4) we can state

sup |1 felloo + W]l < C1 = Ci(n, &, Di(fo), fo, T). (3.8)
1€[0,T)
From the expression (3.2) together with the bounds (3.3), (3.4), (3.6) and (3.8) it follows
sup [|Vewl|7.(t) < €1 = Ci(n. 1. Dy(fo). fo. T). (3.9)
1€[0,T)

Finally note that since fy, = | fx|?% + %|fx|t we derive

sup / furl2dx < €1 = €101, 2 Do (fo)s fo T
te[0.7) J1

Intermezzo: bound from below for the length element | f;|. In Sect.2.1 we computed

1 L=
al X X1 )xx A xWx\ T, - ,V x|
(1fxh) = |fx|(|f Dxx + A0 fx]) <|fx|>x (ic, V)1 fxl

Hence, using [8, Lemma 2.1.3] and the uniform bound on the curvature (3.4) we infer that
g(t) :=miny | f(x, t)] is a positive map that satisfies

g = —g(K, V) = —Cg||V| 1.
Since Vg V = —V3 + P3l l(/c) + AV w, Lemma 2.10, (3.1), (3.4), (3.3), and (3.9) yield

IVlloo < CUVII2 + VsV I2) < CU+ VT, + IV, (3.10)
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so that, upon recalling (3.5) and (2.11), we can state that
sup f IVIlso(t)dt' < C
t€l0,T)

whereq C = C(n, A, D(fo), fo, T). Thus, integrating in time the inequality (Ing), >
—C||V| L~ gives

g(t) > e Cg(0)
with C = C(n, A, Dy (fo), fo, T). This yields

inf [fx| > C = C(n, A, Dp(f0), fo. T). (3.11)
tel0,T)

An important consequence iss that (3.7) now yields
t
sup / /(asw)zdsdt’ < Ci = Ci(n, A, Dr(fo), fo, T). (3.12)
tel0,7yJo J1
Induction step: Assume that for some m > 1 we have the following induction hypothesis:
Supte[O i ViRl + IN ||Vm+2K|| ,dt") < Ci,
sup g0, (10 187 @ll 2 + fi 1870112 ,de" + Y Vi) = G

with Cp = Cp (1, 2, D(f0), fo. T), Cn = Cn(n, 1, D(fo), fo, T).
Note that by Lemma 2.10 this means in particular that

(IP)

sup;ejo,7) (270 ) IIVJKIILvo + VIR 2 + fo 1V7F217,de)) < Co,
Sup;¢ o,T)(Z',";o 137 @llzee + 197" ll 2 + fo ||3’”</J|| 2dt") < Cp, (3.13)
sup;ejo,7) IV @l .2 + 227 ||ij||Loo) <Cn

Induction Step - Part A: Using Lemma 2.3 with ¢ = V"1, Lemma 2.5, and exploiting
the fact that (V" VI+2%) 4 Lo VIR 2 = 4, (2<p|V”“"l ?) we obtain

dz( /|vm+1 2dS> /lvm+3 2ds—|— /|Vm+1 |2dS

/((VﬂrV“)V’”1 Vm+‘*)+ S5 |V 2ds

—§/I|v;"+1z| £, V)ds + = /|vm+1 [*ds

/(P'”+3 MRY A AV T R D)) + P R), vt ds
/W’"“* (€, V)ds + = /|vm+l 2ds

=/P42m+4,m+3(l—é)+P62m+2,m+l(l—<>)+P22m+2,m+l(’—<>)+P42m+4,m+1(l—(>)ds
I

— / P42m+4,m+3(l?) + P62m+2'm+](l_é) + P22m+2,m+](l—c»)ds
1
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—I—)\/(V”H_lw Vm+3">ds+)\‘/‘<Qm+l m—H(—' —') vnl-‘r]—')ds
1
=J1+ L+ Js

where we have used integration by parts in the last step and absorbed the terms P42m+4’erl 3

into P2er4 ™+3 (%), Using (3.1) we find by applying Lemma 2.8

| = |/P42m+4,m+3(l—é) PRy | p2nt2atl g

< e/|V”’+3 1ds 4+ C(e, n, Dy (fo)).

Using (2.3) and the expression for ¢ we can write for m > 1

m+1 m+ 1
Vit = Vi) = ) ( , )a;"“*"ufmv;ﬁ

r=0
. 4 S
= el Ve + TV
1 m—1- m—2 2=
+ (dm—105 V) 'K + -+ + d2d]' @ VK)
dy ., _ N 1.
+ 78;" LoV + cha;"(p
dm L d I O 1
= £ VR 4 ZLoviR 4 Tla;"*hpvsx + R W (3.14)
(for appropriate coefficients d; which we do not specify for notation purposes) where
W= dp_1359V" '8 4 -+ drd" VIR

and with the convention that W = 0 if m = 1, 2. Note thatif m > 3 then |W| < C by (3.13),
so in what follows we can treat W as a bounded term. Therefore we can write

Jr = A/(Vg"“ﬁ), v 3iyds = A/ | fel (VL v 3Ryds + / MM (i, V" T3i)ds
1 1 1
+/dla;"—1 (Vyic, VI3 )ds+/dm<p<v;"z,v;"+3z>ds+/<w,v;"+3z>ds
1 1 1

=Dhi1+ Lo+ L3+ Jra+ Jos.

Using (3.1), (3.8), (3.13), Young inequality, and Lemma 2.8, one can verify that

Joa 4 s < e/ VI 3%12ds + Cleu . Dy (fo), for T).
1

Young inequality, (3.4), (IP), (3.13), and Lemma 2.10 yield
D2+ 3+ J2a

< ef VIR Pds + Ce(187 @172 + 197 ol 1 I Vs 172 + Nl 7o V5" EN172)
<e f VIR Pds + Ce(18 @72 + 197 ol 72 + llell 2 + 19sel72)

< e/ VIR Pds 4+ Cc(197 0117, + 197 oll7, + 1.
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Next, observe that (neglecting here for simplicity the coefficients multiplying each term)
Q'3"+1m+1( )—Vm+1w*K*K+V WK % Vik + Ryg1 + W Vi % V'

+V‘Yw*VSK*K+w*K*V;"+1K

where R, contains all terms of type Vi V2R % V28 with iy + i +i3 = m + 1
and iy <m —1,i2,i3 <m —1(ncasem = 1, R,+1 = 0). Due to (3.13) we see that
|[Rm+1] < C. Thus, using (3.13) we can write

QT R ), VIR < (VIR VIR | 4 (VD % k% Vik % VIR
+ VIR 4 | % Viid % VIR % VIR
+ |Vt 5 VR % & % VLR 4 |V,
Taking into account the expression (3.14) derived above, (3.8), and (3.13) we obtain
IV ] | < CqVITR P + 1ol VIRV R 4+ V|
+ 10l VIV TR + [0l VIR
< CUVIRP + 1015 VIR + 1+ 100 0l 5 I VR ] + 197 01%).
Similarly
Vb 5 VI 5 & % V| < C(lll| 20 IVIR 1 + (VIR 4 | PEmT2mH ey,
[ % Vi % Ve + VTR < C|P32m+2’m+l(/c)|,

and for m > 2 (note that if m = 1 the following term has already been dealt with, since for
m = 1 we have V" * K * Vi % VT = Vo + Vi % i % VL)

V™ % & % Vik % V1|

< C(|P2m+2m+l( )l + |(p||vm ]K||vm+]’—é| 4 |Vm+1,2|+|am—1(p||vgﬂ+ll—{'|)

< CUP" 2" + ol 2 V1R + 1+ VR + 18 1))
so that using (IP), (3.13), (3.1), Lemma 2.8 and Lemma 2.10 we obtain that

I3 = /A(Qg"“’”“rl( W), Vi) ds < e/lV§"+3l?|2ds+Ce
1 1
+CUlpl, + a5l + 18" 01, + 18" ¢lI2)
<e/|vm+3 PPds + Ce + CUI7"  oll72 + 137 ¢l172).-

Collecting the estimates for Ji, J> and J3 we find
O ( / |Vl st) / |V 12ds + / |V g2 ds
=i s = [ IV + L+ 1 ol 1)
Choosing € appropriately and using (IP), a Gronwall Lemma yields

t
sup ||V |2 4+ sup f IV H3€)12,dt" < Cong (3.15)
1€[0,T) t€l0,7) JO
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with Cyq1 = Cpg1(n, A, D, (f0), T, fo). Together with Lemma 2.10 and (IP) we also infer
that

sup [|[Vi'Kllzoe < Cuyt = Cuy1(n, 4, Di(f0), T, fo). (3.16)
t€(0,T)

Induction Step - Part B: We compute
d 1 m_\2 m m 1 m 2 -
— |5 @S ds ) = | 0980 eds + 5 [ (8" @) (@5 — (k, V))ds
dr 2 I ; I - ; 2 I h
- f 0 (1Ll 9 = G0 (R, V)
1
+MP (R, V), )+ By () ds
1 -
+ 5/(8:’w)2<¢s—<x, V))ds
1
where we have used (2.4) and (2.15). Integration by parts gives

% <l/(8sm€0)2ds> +/I}‘|fx|(3§"+1<p)2ds _ /(3sm+l¢))nlfx|3§"((/?, V))ds

/(8’"(,0) My (R, V), <p)ds+/(3m<p) Byt (g)ds = Ay + As + As.

Note that exploiting the bound from below for the length element (3.11) we can write

d /1 1
o (7 /(ag"w)2ds> +C /(8§”+1(p)2ds + = / A fel @ p)2ds
t 2 I I 2 1
< / O @) fel8 (F, T)ds + f (@) MU (%, V), 9)ds
1
/(amgo) Byt (g)ds = Ay + Ay + As. (3.17)

Observing that by (3.13) and (3.16)
0" (R, V)| < CUV|+ -+ |VV]) < C(1+ V"R 4+ V2R + [V i)
1= ((#, V)| = €+ VIR
19 =2((k, V)| < C,

and recalling (3.8) we derive immediately that
A < E/A|fx|(3m+l¢)2ds+C€/(l+|Vm+llc| + V2R 12 4 |V D|*)ds

fA|fx|(am+‘go>2ds+ce<1 +IVIRR)2,)

where we have used the induction hypthesis, (3.1), and (3.15) in the last step. Using the
definition of M;”’m, the calculation above for |3} (K, V)], (3.16), and (3.13) we infer that
for any m > 1 there holds

IMJ" (R, V), @)| < C(1+ [V FIR| 4 [VF2R| 4 V™)) g
+C(1+ V"R D[8s0] + C + C1" ol + 187 )).
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Thus together with Lemma 2.10, (3.13), and (3.15) we obtain
Az < C(llell 2187 @l 2 + Nl 217l 2 [IVI R [l + 1V 25 || oo ]
+ el 197 @l 2 1V D]l 2)
+ C([losel2 + 107 ol 2] 107 0l 12) + Cllof gl
+ IV KL 107 pll 2 1050l 12 + €
< C+CUel72 + 1950ll72 + 107 pll72 + 187 ¢l72)

+ Clll 210 @l 2 LIV R 2 + VIR N 2 + VR 2]
+ Cla ol 2 1@l 2 (VR N L2 4+ 1V 2R N 12)

< CH+CU  pll7 + 137 0l72) + CAVI RN, + IV K ||Lz)/|a'"<o|2ds

Finally, recalling the definition of B’ +lmtl

of type

(¢) we see that every term appearing in A3 is

fI (3 9) (31 9) (312 p)ds

withij+ip = m+1and0 < i; < m+ 1. Eachsuch term can be estimated using Lemma 2.10,
(3.1) and (3.13) as follows: if ij = m + 1 (hence i; = 0) then

| /I @) (" ) pds| < 0"l + Cellglie /I 1o o 2ds
< el ol7, + Celllel:2 + 1950ll72) fI 197" | *ds
< el o7, + Ce(1 + ||a;?1<p||iz)/ 197" |*ds
1

where we have used (3.13) in the last step (note that form > 2 we actually have ||d;¢ || iz <QO).
Ifi; = m, i, =1 with m > 2 then we write using Lemma (2.10) and (3.13)

f(asmw)@;"@(asw)ds = [19s@llLe f 107" p|*ds < C(ll9spll 2 + ||352¢||L2)/ 10" p|*ds
I 1 1

<c+ 10 gl2, + ||8;"«)||iz)fl 17 |2ds.

On the other hand if i1 = m, i, = 1 with m = 1 then integration by parts yields
f (3 9) (3" 9) (35 p)ds = / (@ p)ds = 2 f @)@ )@ p)ds
1 1 1
<elld" o2, + Celld" pllF /I 197" p|*ds

< el ol7, + Cela) I3, + 197 0l172) f 187" | ds.
I
Ifii =m — 1,ip =2 and m = 1 then similar arguments as above yield

/I A" ) (3" ) (82¢p)ds = /1 O ) (3" ) (3 T )ds

<€l ol7, + Ce(lla) oll7, + ||a§"<p||i2>/|a;"¢|2ds.
1
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On the other hand if iy =m — 1,ip =2 and m > 2 then
/1 @7 0) (3 ') (07 9)ds < 19701172 + 1137 ol 7 /I 197" | ds
<SCHCUA+119 " ol7, + ||a;"¢||iz>f 107" ¢ ds.
I

Finally ifi; <m —2i, = m+ 1 —ij, then by (3.13) we know that |8§' ¢| < C and therefore
we can write

| /1 @7 9) (3 9) (32 9)ds| < Cll2@ll 2110 ¢ll 2 < 1920l17, + /I 197 | ds

<C+ / 197" |*ds
1

where we have taken (IP) and i < m into account. According to all considerations outlined
so far we can state that

|A3] < €l pll7, + Ce(1+ 130 ol2, + ||a;"<p||iz>f 19" p|*ds + C.
1

Fron (3.17) together with the obtained estimates for Aj, A, A3, (IP), and choosing €
appropriately we obtain

d /1
i (5 /1 (ag"q))zds) +C /1 (3" p)2ds

< CA+VIP2RNE) + CU+ 130 ll2, + IV H2R)12, + ||V§"+3E||iz)/ 107" | ds.
I
A Gronwall argument that takes into account (IP) and (3.15) finally yields

t
sup (19" gll 2 + / 107 g2, dr') < G,
tel0,T) 0

with Cm+1 = C‘m_,_] (n, A, D5.(fo0), fo, T). The uniform L2-bound for Vg"“ﬁ; follows from
(3.14) and the uniform bounds obtained so far. The induction step is now completed.

Final steps: As observed in [6, Thm 3.1], for a function » : I — R we
have that 8"h = |fi|"3"h + Pu(fcls..., 3" L feD, hy ..., 8" h) where Py, is
a polynomial. With 7 = |fy| and (2.2) it follows o7 (|fx]) = %|fx|ma;“*1¢ +
Pu(fels o s 37N feD)s @, - .., 3 29), so that taking into account (3.8), and the uniform

bounds obtained for ¢ and its derivatives (recall that (3.13) holds for any m), we obtain
uniform bounds for the derivatives of the length element in the original parametrization.
Similarly, using Lemma 2.9 and (3.13) we can also state that on [0, T) we have for any
meN

195" fllLee < C(m, n, &, D(fo), fo, T).
Moreover || fllLe < C(n, X, D(fo), fo, T). Therefore we can extend f smoothly over

[0, T] x I and even beyond by short-time existence contradicting the maximality of 7.
This proves that the flow exists globally in time.
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