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Abstract

For a 2n + 1-dimensional compact Sasakian manifold, if n > 2, we prove that the analytic
germ of the variety of representations of the fundamental group at every semi-simple represen-
tation is quadratic. To prove this result, we prove the almost-formality of de Rham complex of
a Sasakian manifold with values in a semi-simple flat vector bundle. By the almost-formality,
we also prove the vanishing theorem on the cup product of the cohomology of semi-simple
flat vector bundles over a compact Sasakian manifold.

Keywords Deformations of representations - Harmonic bundle - Topology of Sasakian
manifolds - Formality.
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1 Introduction

In [6], Goldman and Millson establishes the correspondence between local structures of
the varieties of representations of the fundamental groups of manifolds and the deforma-
tion theory of augmented differential graded Lie algebras. By using this correspondence,
they prove that for a compact Kahler manifold M with a point x, the analytic germ of the
variety R(mw1(M, x), GL,,(C)) of representations at p is quadratic for any representation
p:m (M, x) - GL, (C) which is the monodromy representation of a polarized variation
of Hodge structure. In [14], Simpson generalizes this result for every semi-simple represen-
tation p : 71 (M, x) — GL,,(C) by using harmonic bundle structures of semi-simple flat
bundles over compact Kihler manifolds.

The aim of this paper is to give an odd-dimensional analogue of this result. A Sasakian
manifold is viewed as an important odd-dimensional analogue of a Kihler manifold [12].
Typical examples are odd-dimensional spheres and Heisenberg nilmanifolds. The main result
of this paper is to prove the following statement.
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Theorem 1.1 Let M be a (2n + 1)-dimensional compact Sasakian manifold with a point x. If
n > 2, then for any semi-simple representation p : 7y (M, x) — G L,,(C) of the fundamental
group, the analytic germ of the variety R(w1(M, x), GL,,(C)) of representations at p is
quadratic.

We notice that the statement does not hold for n = 1. 3-dimensional Heisenberg nilmanifolds
are counter examples (see [6, Section 9.1]).

To prove the quadraticity, it is important to reduce the de Rham complex of a compact
Kihler manifold with values in a flat bundle to its cohomology via quasi-isomorphisms
so-called the formality as in [5]. In [14], by using harmonic bundle structures, Simpson
proves the formality for every semi-simple flat bundle over a compact Kihler manifold. To
prove Theorem 1.1, we prove the “almost-formality” of the de Rham complex of a Sasakian
manifold with values in a semi-simple flat bundle (Corollary 4.3) by using (basic) harmonic
bundle structures as in [1].

We have another application of such almost-formality. By the almost-formality, we also
prove the following statement in the cup product.

Theorem 1.2 Let M be a (2n + 1)-dimensional compact Sasakian manifold and E and E’
be semi-simple flat complex vector bundles. For s,t < n with s +t > n, the cup product

H'(M, EY® H'(M, E') > H'Y' (M, EQ E')

vanishes.

2 Harmonic bundles

Let M be a compact Riemannian manifold and E a flat complex vector bundle over M
equipped with a flat connection D. For any Hermitian metric 4 on E, we have a unique
decomposition

D=V+¢ @.1)

such that V is a unitary connection and ¢ is a 1-form on M with values in the self-adjoint
endomorphisms of E with respect to A.

Theorem 2.1 ( [4]) A flat complex vector bundle (E, D) is semi-simple if and only if there
exists a Hermitian metric (called the harmonic metric) h on E such that

Vi =0,

where V* is the formal adjoint operator of V.

3 Sasakian manifolds

Let M be a (2n + 1)-dimensional real smooth manifold. A CR-structure (of codimension
one) on M is an n-dimensional complex sub-bundle 70 of the complexified tangent bundle
TMc = TM Qg C such that 710 0 71,0 = {0} and 710 is formally integrable, that is
(719, 7191 ¢ 710 In this paper, we do not consider CR-structures of higher codimension.
We shall denote 71:0 by 77! For a CR-structure 7% on M, there is a unique sub-bundle
S of rank 2n of the real tangent bundle 7 M together with a vector bundle homomorphism
I: S — S satisfying the conditions that
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(1) I? = —Idg, and
(2) T Vs the +/—1-eigenbundle of /.

A (214 1)-dimensional manifold M equipped with a triple (7'1-0, S, I) as above is called
a CR-manifold. A contact CR-manifold is a CR-manifold M with a contact 1-form n on M
such that ker n = §. Let & denote the Reeb vector field for the contact form 7. On a contact
CR-manifold, the above homomorphism / extends to the entire 7 M by setting I (£) = 0.

Definition 3.1 A contact CR-manifold (M, (T}°, S, I), (n, £)) is a strongly pseudo-
convex CR-manifold if the Hermitian form L, on S, defined by L, (X,Y) = dn(X, 1Y),
X,Y € 8S,,is positive definite for every point x € M.

For a strongly pseudo-convex CR-manifold (M, (T'°, S, I), (, &)), we have a canon-
ical Riemannian metric g, on M which is defined by

g(X,Y) = Ly(X,Y) +n(X)n(Y), X,Y € T, M.

Definition 3.2 A Sasakian manifold is a strongly pseudo-convex CR-manifold

M, (TS, 1), (n, &)

such that for any section ¢ of T10, [, ¢]is also a section of T1-0.

For a Sasakian manifold (M, (T10, S, I), (n, &)), the metric cone of (M, g,) is a Kéhler
manifold. We can also define a Sasakian manifold as a contact metric manifold whose metric
cone is Kahler (see [2]).

4 Almost-formality

Let (M, (TY0, S, I), (n, &)) be a compact Sasakian manifold. Then the Reeb vector field
& defines a 1-dimensional foliation ¢ on M. It is known that the map I : TM — TM
associated with the CR-structure T''-0 defines a transversely complex structure on the foliated
manifold (M, F).Furthermore, the closed basic 2-form dn is a transversely Kihler structure
with respect to this transversely complex structure.

A differential form w on M is called basic if the equations

itw=0=L¢w “4.1)

hold. We denote by A% (M) the subspace of basic forms in the de Rham complex A*(M).
Then A% (M) is a sub-complex of the de Rham complex A*(M).
Corresponding to the decomposition S¢ = 710 @ T%!, we have the bigrading

pM)c = @ AT M)
prq=r

as well as the decomposition of the exterior differential
dya, e = O + ¢
on A’ (M)c, so that

3 = ADI(M) — ADTVI (M) and B - AR (M) — AZTT (M),
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We have the transverse Hodge theory as in ([7, 9]). Consider the usual Hodge star operator
x: AT(M) — AT (M)
associated to the Sasakian metric g, and the formal adjoint operator
§=—xdx: A"(M)— A" \(M).
We define the homomorphism
e Al (M) — A" (M)
to be xzw = *(n A w) for w € A%y (M). Also define the operators
8¢ = —xedxg 1 Ay (M) — Ay (M),
0f = —xgders t ARI(M) — AL (M),
Bp = —wedexg 1 AT (M) — AR (M)

and A = —x¢(dnA)*e. They are the formal adjoints of d, d¢, d¢ and (dnA) respectively for
the pairing

B(M) x Aly(M) > (a, B) —> /MT;/\aA*g,B.

Define the Laplacian operators
A A"(M) — A" (M) and Ag: ARZ(M) — AR(M)
by
A = ds+dd and Az = dég + 8ed
respectively. Forw € A’ (M), since the relation ¥ = (xz) A7 holds, we have the relation
dw = Sew + *(dn A *gw).

Thus, for@ € AL(M), the equality §ew = Sw holds, and hence for f € A% (M), we have
that Ag f = A f. The usual Kihler identities

[A, 9] = —v=10; and [A, 3] =~—10;
hold, and these imply that
Ag = 2A§§ = 2A],

where A’s = 8585‘ + agag and A’E’ = 555; + 5;55.

A basic vector bundle E over the foliated manifold (M, F¢) is a C* vector bundle over
M which has local trivializations with respect to an open covering M = |, U, satisfying
the condition that each transition function fug : Uy N Ug — GL,(C) is basic on U, N Ug
i.e. it is constant on the leaves of the foliation F¢. For a basic vector bundle E, a differential

form w € A*(M, E) with values in E is called basic if w is basic on every Uy, meaning
oy, € Aj(Uy) ® C" for every a. Let

“(M, E) C A*(M, E)
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denote the subspace of basic forms in the space A*(M, E) of differential forms with values
in E. Corresponding to the decomposition S¢ = 719 @ T%!, we have the bigrading

(M, E) = @ ARYM, E).
ptq=r

We shall consider any flat vector bundle (E, D) over M as a basic vector bundle by
local flat frames. Then, A% (M, E) is a sub-complex of the de Rham complex A*(M, E)
equipped with the differential D associated to the flat connection. We denote by H*(M, E)
and H} (M, E) the cohomology of the de Rham complex A*(M, E) and the cohomology
of the sub-complex A% (M, E) respectively. Suppose E is equipped with a Hermitian metric
h. Let

D=V+¢

be the canonical decomposition of the connection D (see (2.1)). Then, using the pairing
A"(M, E) x A" (M, E) — A?"t1(M) associated with &, define the Hodge star
operator

%, AT(M, E) — A™H1="(M, E)

as well as the formal adjoint operator D* = — x;, Dx;,.
Assume the Hermitian structure / to be basic (equivalently, ¢(§) = 0 [1, Proposition
4.11). By D¢ = Vg, the unitary connection V restricts to an operator

Vi ALM, E) — AGTN(M, E).
Now, on Ag’q (M, E), decompose
V = e+ 0nge

such that dp¢ : ADY(M, E) — ADTY(M, E) and 34 : ADY(M, E) —

Ag’qH (M, E). Since V is a unitary connection, we have that

gh(s1, s2) = h(pes1,52) + h(s1, 0pes2)
for sy, 5o € A%’O(M, E). We define the operator
*pe: Ay(M, E) — AF"(M, E)
and the formal adjoint operators
(V)i = —*neVang : AR(M, E) — Ay (M, E),
0f ¢ = —*neOnerns : ART(M, E) — ALM(M, E),
Bpe = —nednerne : AI(M, E) — ARTT\(M, EB),
and Ay := —x*p £ (dnA)*p ¢ in the same way as above. We now have the Kihler identities
(A, dpel = —vV—=13,, and [A, dpel = V=103],. (4.2)

Theorem 4.1 ([1, Theorem4.2]) Let (M, (T'0, S, I), (n, &)) be a compact Sasakian man-
ifold and (E, D) a flat complex vector bundle over M with a Hermitian metric h. Then the
following two conditions are equivalent:

e The Hermitian structure h is harmonic, i.e., (V)*¢ = 0.
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e The Hermitian structure h is basic and for the decomposition
o =0+0
with® € A" (M, End(E)) and 6 € A%' (M, End(E)), the equalities
pedpe =0, [0,01=0 and 9,60 =0
hold.

For a semi-simple flat complex vector bundle (E, D) over a compact Sasakian manifold
M, we have a harmonic metric & by Corlette’s Theorem. On A’g(M , E), we define the
operators D' = 8¢ +60 : A (M, E) — AT (M, E)and D" =8¢ +6 : A%(M, E) —
A%TY (M, E).By Theorem4.1, we have D" D" = 0. Since Dis flat, V = ), ¢+, ¢ is unitary
and ¢ = 0 + 0 is self-adjoint, we have the equalities D'D’ = 0 and D'D” + D”"D’ = 0.
Define D¢ = /—1(D” — D’). By using Kihler identities (4.2) and the similar equations for
0 and 0, we have the Kihler identities for the operators D’ and D”

[A, D'] = —/—1(D")* and [A, D"] = v/—1(D)* 4.3)
as[13, Lemma 3.1]. By the similar arguments in [5, Lemma 5.11], we have the D D¢-Lemma:
kerD NkerD¢ NimD = kerD NkerD Nim D¢ = imD D¢.

Consider the sub-complex kerD¢ C A% (M, E) and the cohomology H}. (A% (M, E)) of
A% (M, E) for the differential D¢. By the similar arguments in [5, Section 6], the inclusion
kerD C AL (M, E) is a quasi-isomorphism, the differential on H},.(A% (M, E)) induced
by D is trivial and the quotient ¢ : kerD® — HJ.(A% (M, E)) is a quasi-isomorphism.
Hence, we have the sequence

%M, E) < kerD¢ — Hj(M, E) 4.4
of quasi-isomorphisms. By dn € A};’I(M) and d:dn = 3gdn = 0, we have the sub-
complexes

kerD“ @ kerD° An C AR(M, E)® ARy(M, E) An C A*(M, E)

and the cochain complex Hj(M, E) ® Hj(M, E) ® (n). Define the decreasing filtra-
tion F* on A% (M, E) ® A3 (M, E) An (tesp. Hy(M, E) ® Hj;(M, E) ® (1)) such that
F~'' = A%(M, E)® A(M, E) Ay, F® = A%(M, E) and F' = 0 and define the one
on HZ(M, E) ® Hz(M, E) ® (n) in the same manner. By the standard argument on the

spectral sequences of these filtrations, we have the sequence
"M, E)® Ay(M, E) An < kerD° @kerD° A — HE(M, E)® Hi(M, E) ® (n)
4.5)

of quasi-isomorphisms.

Proposition 4.2 The inclusion A (M, E) @ AR(M, E) Ay C A*(M, E) is a quasi-
isomorphism.

Proof Consider the covariant derivative Dg on A*(M, E) at the Reeb vector field &. Then,
aform w € A*(M, E) is basic if and only if D¢w = izw = 0. For any o € ker D¢, we have
the decomposition

w=(w—icwAn) +icwAneAy(M, E)® AS(M, E) Ay
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and hence we can say kerDg = A (M, E)® A% (M, E)An. Since we have D; = Vg for the
unitary connection V and £ is Killing, we have (D¢)* = — D¢ and hence D¢ and the Laplacian
operator Ap = DD* + D*D commute. Hence, if € A*(M, E) is harmonic, then Dew is
also harmonic. Since D¢ induces a trivial map on the cohomology H*(M, E) of A*(M, E),
we have Dz = 0. Thus, the inclusionkerDg = AR (M, E)® AR (M, EyAn C A*(M, E)
induces a surjection on cohomology.

Consider the operator Hp on A*(M, E) defined as the projection to harmonic forms. By
the above argument, we have D¢ Hp = 0. Since Hp is self-adjoint, we have Hp D¢ = 0.
Consider the Green operator G p for Ap.Forw € kerDg,wehave ApD:Gow = D: ApGow =
Dg¢(w — Hpw) = 0 and hence DsGw = HpD:Gw = 0. If Dw = 0, then we have
w = Hp(w)+ DD*Gw with Gw € ker Dg¢. We notice that D* preserves ker D¢ since D¢ and
D* commute. If [w] = 0in H*(M, E), then Hp(w) = 0 and so we have w = DD*Gw for
D*Gw € kerDg. Thus, the inclusion kerDg = AL (M, E) @ AR(M, E) An C A*(M, E)
induces an injection on cohomology. Hence the proposition follows. O

Corollary 4.3 We have the sequence
A*(M, E) < kerD @kerD° An — Hj(M, E)® Hg(M, E) ® (n) (4.6)
of quasi-isomorphisms.

Remark 4.4 1f E is trivial, then this statement is proved in [15].

5 Deformations of representations of the fundamental groups of
Sasakian manifolds

We review the work of Goldman-Millson [6]. Let M be a compact manifold with a point x.
We consider the variety R (w1 (M, x), GL,,(C)) of representations of the fundamental group
1 (M, x). This is the set Hom (7t (M, x), G L,,(C)) with the natural structure of an algebraic
variety induced by the group structure of 1 (M, x) and the algebraic group GL,,(C). For
p € R(mi (M, x), GL,,(C)), we define the flat vector bundle (E = 71 (M, x)\(]l7[ xC™), D)
where M is the universal covering associated with the base point x. Consider the differential
graded Lie algebra A*(M, End(E)) and the augmentation map ¢, : A°(M, End(E)) —
End(E,). Then the analytic germ of R(m; (M, x), GL,,(C)) at p pro-represents the “defor-
mation functor” of the differential graded Lie algebra A*(M, End(E)), = kere, (Theorem
[6, Theorem 6.8]). If a finite dimensional End (£ )-augmented differential graded Lie algebra
L* with an injective augmentation € : L% — End(E,) is quasi-isomorphic to the End(E)-
augmented differential graded Lie algebra A*(M, End(E)), then the deformation functor of
A*(M, End(E)), is pro-represented by the analytic germ of

{a)eL1

1
do + E[a), o] = 0} x End(E,)/e(L%)
at the origin (see [6, Section 3]).

Theorem 5.1 Let M be a 2n + 1)-dimensional compact Sasakian manifold with a point x.
If n > 2, then for any semi-simple representation p : w1 (M, x) — GL;,(C), the analytic
germ of R(w1 (M, x), GL,,(C)) at p is quadratic.
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Proof By the above arguments and Corollary 4.3, it is sufficient to prove that the analytic
germ of

{a) € HY(M, End(E)) ® HY(M, End(E)) ® (1) |do + %[w, o] = 0}

at the origin is quadratic. Foro = o+ ®n € Hllg (M, End(E)) & Hg (M, End(E)) ® (n),
the equality dw + %[a), w] = 0 holds if and only if B Adn+ %[a, o] =0and [¢, Bl@n = 0.
On the other hand, B A dn + 3[o, ] = 0 implies

1
o, BIAdn = [, B Adn] = —E[a, [o, 2]] =0

by the graded Jacobi identity. By the Kéhler identities (4.3), if n > 2, we can say that the
map H}, (M, End(E)) 2a+ andne H;(M, End(E)) is injective as the usual Lefschetz
decomposition. Hence, if n > 2, B Adn+ %[a, o] = 0 implies [¢, B] = 0 and this means that
the equality dw + %[w, w] = 0 is equivalent to the quadratic equation 8 Adn + %[a, o] =0.
Hence the theorem follows. m]

Remark 5.2 1If p is trivial, the statement follows from [10, Corollary 6.10] (see also [8])

6 Vanishing cup products

Theorem 6.1 Letr M be a (2n + 1)-dimensional compact Sasakian manifold and E and E’

be semi-simple flat complex vector bundles. For s,t < n with s +t > n, the cup product
H'(M, EY® H (M, E') > H*T"(M, EQ E)

vanishes.

Proof Considering the quasi-isomorphisms as in Corollary 4.3 for E, E’ and E ® E’, we can
say that the cup product H*(M, E) ® H*(M, E') — H*(M, E ® E’) is induced by the
product
(Hy(M, E)® Hy(M., E)® (n)) Q) (H5(M., E') ® Hj;(M, E') ® (n))
— Hy(M, EQE)® Hg(M, E® E") ® ().

By the Kihler identities (4.3), we can say that the map Hy(M, E) > a — a Adn €
H g+2(M , E) is injective for r < n — 1 and surjective for r > n — 1 as the usual Lefschetz
decomposition. Thus, any r-th cohomology class of the complex Hg (M, EY® H5(M, E)®

(n) has a representative in Hz(M, E) for r < n. By the injectivity, for s, < n, any cup
product in

H* (Hy (M. E)® Hy(M. E)® () Q) H' (Hy(M. E') ® Hy(M. E) @ (n))
s gt (H;(M, EQEH® H;(M, E®E)® <77>)

has a representative in Hgﬂ (M, E ® E'). By the surjectivity, if s + 7 > n, any element in
H"' (M, E ® E') is exact. Hence the theorem follows. ]

Remark 6.2 If E and E’ are trivial, the statement follows from [3].
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