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Abstract

In this work we study nonlocal operators and corresponding spaces with a focus on operators
of order near zero. We investigate the interior regularity of eigenfunctions and of weak
solutions to the associated Poisson problem depending on the regularity of the right-hand side.
Our method exploits the variational structure of the problem and we prove that eigenfunctions
are of class C™ if the kernel satisfies this property away from its singularity. Similarly in this
case, if in the Poisson problem the right-hand is of class C®°, then also any weak solution is
of class C*.

Keywords Nonlocal operators - Regularity - Nonlocal function spaces

1 Introduction and main results

A crucial role in the investigation of differential operators is the study of eigenfunctions
and corresponding eigenvalues, if they exist. In the classical case of the Laplacian —A in
a bounded domain  in RY, it is well known that there exists a sequence of functions
U, € Hé (2), n € N and corresponding values A, > 0 such that

—Au, = Au, in Q andu, =0 in 0Q2.

Here, HO1 (€2) is as usual the closure of CZ°(€2) with respect to the norm u — ( +

lul3 g
1
1Vull )
With the well-known De Giorgi iteration in combination with the Sobolev embedding,
it follows that u, must be bounded and by a boot strapping argument using the regularity

theory of the Laplacian it follows that u, is smooth in 2. In the model case of a nonlocal
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problem, one usually studies the fractional Laplacian (—A)* with s € (0, 1). This operator
can be defined via its Fourier symbol | - |2 and it can be shown that for ¢ e C¥ (RN) we
have

W) u(x) — u(y)

dy, xeRV
e—0t RN\ B (x) [x —

y|N+2s ’

(—A)f¢(x)=cN,sp.v./

RN |x _ y|N+2s

with a suitable normalization constant cy s > 0. As in the above classical case, it can be
shown that there exists a sequence of functions u, € (), n € N and corresponding
values A , > O such that

(=AY up = Ag ity in Q and u, = 0in RN\ Q.
Here, the space 7 (Q2) is given by the closure of C2°(€2)—understood as functions on

1
RN —with respect to the norm u <||u ”22(9) + & (u, u)) * where foru, v € C>(RN) we

& v) = CN,s/ / (u(x) —u(y)(x) —v(y) dxdy.
RN JRN

2 |x _y|N+2s

set

With similar methods as in the classical case, it follows that u,, is smooth in the interior of
Q.

In the following we investigate the above discussion to the case where the kernel function
7 > cN,S|z|_N 25 s replaced by a measurable function j : RN — [0, co] such that for
some o € (0, 2] we have

j(@) = j(—z) forallz € RY and / min{l, |z|”}j(z) dz < oo. (1.1)
RN

With 0 = 2, the above yields that j dz is a Lévy measure and the associated operator to
this choice of kernel is of order below 2. In the following we focus on the case where the
singularity of j is not too large, that is on the case o < 1 so that the associated operator is of
order strictly below one. We call the operator in this case also of small order.

Motivated by applications using nonlocal models, where a small order of the operator
captures the optimal efficiency of the model [1, 24], nonlocal operators with possibly order
near zero, i.e. if (1.1) is satisfied for all & > 0, have been studied in linear and nonlinear
integro-differential equations, see [5, 6, 11-13, 17, 18, 25] and the references in there. From
a stochastic point of view, general classes of nonlocal operators appear as the generator of
jump processes, where the jump behavior is modeled through types of Lévy measures and
properties of associated harmonic functions have been studied, see [14, 16, 21, 23] and the
references in there. In particular, operators of the form ¢ (—A) for a certain class of functions
¢ are of interest from a stochastic and analytic point of view, see e.g. [2, 3] and the references
in there.

In the following, we aim at investigating properties of bilinear forms and operators asso-
ciated to a kernel j satisfying (1.1) for some o € (0, 2] from a variational point of view. For
this, some further assumptions on j are needed in our method and we present certain explicit
examples at the end of this introduction, where our results apply.

Let Q2 c RV open, u, v € C? o1 () understood as functions defined on RV, and consider
the bilinear form

1
bja(u,v) = 5 /Q /Q(u(x) —u(y)((x) —v(y))j(x — y) dxdy, (1.2)
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where we also write b (u, v) := bj,RN (u,v)and bj q(u) :=bj o(u,u), bjw) = b;(u, u)
resp. We denote

D/ (Q) :={u € L*(Q) : bjqu) < oo} (1.3)

Associated to b there is a nonlocal self-adjoint operator I ; which foru, v € C? o1 (€2) satisfies

bj(u,v) = / Tju(x)v(x) dx and is represented by
]RN

Tiu(x) = p.v./RN(u(x) —u(y)jlx —y)dy, xeQ. (1.4)
To investigate the eigenvalue problem for /;, we further need the space
27(Q) == {u € D/R") : lgy qu=0}.

Note that clearly 2/ (RY) = D/(RY) and both D/ () and 2/ (2) are Hilbert spaces with
scalar products

(s dpi) = Gz T bjeC)and () gi) = (e + 05, -) resp.
Our first result concerns the eigenfunctions for the operator /;.

Theorem 1.1 Let (1.1) hold with o = 2 and assume j satisfies additionally
/ Jj(z) dz = o0. (1.5)
RN

Let Q € RY be a bounded open set. Then there exists a sequence u, € 24(Q), n € Nand
values A, such that
bj(uy,v) = kn/ uy(x)v(x) dx forallv e @-/(Q), n € Nand
O<S)zq <Ay <...< Xy = o0 forn — oo.
Here, we have
bj(u)

; 2
uez’ (@) |lull
u#0 L2 ()

r=A1(R) = (1.6)

and u is unique up to a multiplicative constant—that is, \1 is simple. Moreover, u| can be
chosen to be positive in Q2. Furthermore, the following statements hold.

(1) Ifin addition j satisfies
/ j%(z) dz < oo forall0 < r < R, (1.7)
Bg(0)\B,(0)

then u, € L*®(2) for every n € N and there is C = C(R2, j,n) > 0 such that
lunliLe) < Cllunllp2q)-

(2) Assume (1.1) holds with o < %, (1.7) holds, and there is m € N U {oo} such that the
following holds: We have j € W51 (RN\ B¢ (0) for every | € Nwithl < 2m, and there is
some constant Cj > 0 such that

Vi) < CjlzI 0N forall 0 < |z < 3.
Then u, € H"

loc

(). In particular, u, € C*°(Q) if m = o0.
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For the definition of the Sobolev spaces W/! and H™ we refer to Sect. 2.1. The first part of
Theorem 1.1 indeed follows immediately from the results of [19]. To show the boundedness,
we emphasize that in our setting, there are no Sobolev embeddings available and thus it is
not clear how to implement the approach via the De Giorgi iteration. We circumvent this, by
generalizing the §-decomposition introduced in [13]. The proof of the regularity statement
is inspired by the approach used in [7], where the author studies regularity of solutions to
equations involving nonlocal operators which are in some sense comparable to the fractional
Laplacian and uses Nikol’skii spaces. We emphasize that some of our methods generalize
to the situation where the operator is not translation invariant and maybe perturbed by a
convolution type operator. We treat these in the present work, too, see e.g. Theorem 4.3
below. Using a probabilistic and potential theoretic approach, a local smoothness of bounded
harmonic solutions solving in a certain very weak sense /ju = 0 in €2, have been obtained
in [16, Theorem 1.7] for radial kernel functions using the same regularity as we impose in
statement (2) of Theorem 1.1 (see also [14, 23]). See also [15] for related regularity properties
of solutions.

To present our generalization of the above mentioned §-decomposition, let us first note that
the first equality in (1.4) can be extended, see Sect. 2. For this, let 7/ () denote the space
of those functions u : RY — R such that u|g € D/ (€2) and

sup / lu(y)|j(x —y)dy < ooforallr > 0. (1.8)
xeRN JRN\B; (x)
Given f € LIZOC(Q), we then call u € ¥/ (Q) a (weak) supersolution of lju = fin Q, if
bj(u,v) > / f)v(x) dx forall v e CZ(Q). (1.9
Q

In this situation, we also say that u satisfies in weak sense /;u > f in 2. Similarly, we define
subsolutions and solutions.

We emphasize that this definition of supersolution is larger than the one considered in [19].
In the case where 0 < 1in (1.1) this allows via a density result to extend the weak maximum
principles presented in [19] as follows.

Proposition 1.2 (Weak maximum principle) Assume (1.1) is satisfied with o < 1 and assume
that

j does not vanish identically on B, (0) for anyr > 0. (1.10)

Let Q@ C RN open and with Lipschitz boundary, ¢ € L7 (), and assume either
(1) c<O0or

(2) Q and c are such that ||c™ || L~ () < infreq fRN\Q J(x —y)dy.

Ifu € V1 (Q) satisfies in weak sense

liu > c(x)u in Q,u > 0 almost everywhere in RN\Q, and llirln infu(x) >0,
X|—> 00

then u > 0 almost everywhere in RN .

Remark 1.3 (1) The Lipschitz boundary assumption on €2 is a technical assumption for the
approximation argument.

(2) Note that Assumption (1.10) readily implies the positivity A1(€2) defined in (1.6), when-
ever Q is an open set in RV which is bounded in one direction, that is §2 is contained
(after a rotation) in a strip (—a, a) X RN=! for some a > 0 (see [11, 20]).
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Up to our knowledge Proposition 1.2 is even new in the case of j = |- |~V 2%, that is, the
case of the fractional Laplacian (up to a multiplicative constant). In this situation, it holds
YI(Q) = H(Q) N L}, where

1_ 1 Ny . lu(x)]
"ZS _HMGLIOC(R ) : ANWdy<w ,
and the proposition can be reformulated as follows.

Corollary 1.4 Let s € (0, %), Q C RN open and with Lipschitz boundary, ¢ € L7 (), and
assume either

(1) ¢c<0or

(2) Qand c are such that ||c* || L) < A1(S).

Ifu e H* ()N n%l satisfies in weak sense

(=A)’u > c(x)u in 2, u > 0 almost everywhere in ]RN\Q, and 1|er inf u(x) >0,
X|—> 00

then u > 0 almost everywhere in RV,

Similarly to the extension of the weak maximum principle, we have also the following
extension of the strong maximum principle presented in [19] in the case o < 1.

Proposition 1.5 (Strong maximum principle) Assume (1.1) is satisfied with o < 1 and
assume that j satisfies additionally (1.5). Let Q C RN open and ¢ € L®.() with

. loc
||C+||LOO(Q) < 00. Moreover, let u € ¥/ (), u > 0 satisfy in weak sense Iju > c(x)u

in Q2. Then the following holds.

(1) If 2 is connected, then either u = 0 in Q or essinfg u > 0 for any K CC Q.
(2) j given in (2.2) satisfies essinfp oy j > O for any r > O, then either u = 0 in RY or
essinfg u > 0 forany K CC Q.

Our last results concern the Poisson problem associated to the operator /;.

Theorem 1.6 Let (1.1) hold with 0 = 2 and assume j satisfies additionally (1.10). Let
Q C RN be a bounded open set. Then for any f € L*() there is a unique solution
u € 27 (Q)oflju = f. Moreover, if j satisfies (1.7) and f € L*°(R2), then alsou € L*°(2)
and there is C = C(L2, j) > 0 such that

lullLe@) < CllfllL=@)-

Additionally, if (1.1) holds with o < %, there is m € N U {00} such that j satisfies the
assumptions in Theorem 1.1(2), and it holds [ € C¥(Q), thenu € H)» (). More precisely
in this case, for every B € N(’)V, 1Bl <mand Q@ CC Qthereis C = C(2,9Q,j,8) >0
such that

19%ull 2@y < Cllf lcomy-
In particular, if m = oo and f € C*(R2), then u € C*°(RQ).

Our approach to prove Theorems 1.1 and 1.6 is uniformly by considering an equation of
the form

Iiu=h*u+iu+ finQ

for f € L2(Q), h € LY®RY) N L2(RY), and A € R. Moreover, several of our results need
I not to be translation invariant and this setup is discussed in Sect. 2.
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1.1 Examples

We close this introduction with some classes of operators covered by our results.

(1) As introduced in [5, 13, 18] the logarithmic Laplacian

Ppx)—P(x +y) d / o(x+y)
PO XTY) qy—c X Ty
RN\ B (0)

v dy+png(x),

(1.11)

LAd)(x):cNP.V./

B1(0) [y|V

appears as the operator with Fourier-symbol —2 In(| - |) and can be seen as the formal
derivative in s of (—A)® at s = 0. Here

—F(%)— 2 d =2In(2 N 1.12
CN_T[N/Z_Wan pn =2InQ2) + 5] (1.12)
where ¢ := 1% denotes the digamma function and y := —y (1) = —I"’(1) is the Euler-

Mascheroni constant. With j(z) = cy1p,(0) @|zI™V the operator Lo can be seen as a
bounded perturbation of the operator class discussed in the introduction. The following
sections cover in particular this operator.

(2) The logarithmic Schrodinger operator (I — A2 as in [12] is an integro-differential
operator with Fourier-symbol log(1 + | - |?) and also appears as the formal derivative in
s of the relativistic Schrodinger operator (I — A)* ats = 0,

u(x) —u(x +y)
Iy[V

, o) = 215, K% (r) and K, is the modified Bessel function of

(I = A)°%u(r) = dNP.v./ w(lyD) dy,
RN

where dy =7 5
the second kind with index v. More generally, operators with symbol log(1 + | - |#) for
some B € (0, 2] are studied in [22].

(3) Finally, also nonradial kernels of the type considered in [19] satisfy in particular the
assumptions (2.1) and (4.1). See also also [14, 22, 23] and references in there.

The paper is organized as follows. In Sect. 2 we collect some general results concerning the
spaces used in this paper and resulting definitions of weak sub- and supersolutions. Section 3
is devoted to show several density results, which then are used to show the Propositions 1.2
and 1.5. In Sect. 4 we present a general approach to show boundedness of solutions and in
Sect. 5 we give the proof of an interior H !-regularity estimate for solutions from which we
then deduce the interior regularity statement as claimed in Theorems 1.1(2) and 1.6.
Notation In the remainder of the paper, we use the following notation. Let U, V . R" be
nonempty measurable sets, x € RY and r > 0. We denote by 1y : R¥ — R the charac-
teristic function, |U| the Lebesgue measure, and diam(U) the diameter of U. The notation
V CC U means that V is compact and contained in the interior of U. The distance between
V and U is given by dist(V, U) := inf{|x — y| : x € V, y € U}. Note that this notation
does not stand for the usual Hausdorff distance. If V = {x} we simply write dist(x, U).
We let B, (U) := {x € RN : dist(x, U) < r}, so that B,(x) := B,({x}) is the open ball
centered at x with radius . We also put B := B1(0) and wy := | B|. Finally, given a function
u:U—>RUCRN, weletut := max{u, 0} and u~ := — min{u, O} denote the positive
and negative part of u, and we write supp u for the support of u given as the closure in R
oftheset {x € U : u(x) # 0}.
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2 Preliminaries

In the following, we generalize the translation invariant setting of the introduction. For this
and from now on, let k : RY x RN — [0, oo] be a measurable function satisfying for some
o € (0,2]

k(x,y) =k(y,x) forallx,y € RY and sup / min{1, [x — y|° }k(x, y) dy < o0.
RN

xeRN
2.1
We let j : RNV — [0, 0o] be the symmetric lower bound of k given by
j(z) ;== essinf{k(x,x +z7) : x e RV} forz e RV. (2.2)

For @ c R" open let
1
brq(u, v) == 5/ / (u(x) —u(y)(v(x) —v(y)k(x, y) dxdy,
QJQ

kk,o(x) = / k(x,y)dy € [0, oo] for x € RN, and
RV\Q

Ki,o(u, v) ;:/ u(x)v(x)ig o(x) dx,
Q
where, if u = v we put
br.o) := br,q(u, u) and Ki o(u) := Ki,o(u, u)

and we drop the index 2, if Q2 = RN . Note that we have for any fixed x € Qthatky o(x) < 00
by (2.1). We consider the function spaces

DX(Q) = {u e LX(Q) : bra) < oo],
7*(Q) = {u e DYRY) : u = OonRN\Q},

1R(Q) = [u ‘RY 5 R : ulg € DX(Q) and, forall r > 0,

xeRN

sup / lu(y)k(x, y)dy < oo} and
RN\B, (x)
¥E (@) = [MZRN SR oulg € ¥R forall Q' cC sz]

Lemma2.1 LetU C Q C RN open and u : RN — R. Then the following hold:
1) ue Q) = ulg € DX(Q).
2) 2%WU) c 75Q) c ¥ Q) c vRU) C k).

Proof This follows immediately from the definitions (see also [19, Section 3]). O

Lemma 2.2 (See Proposition 3.3 in [19] or Proposition 1.7 in [20]) For Q2 C RV open, let
A1(R2) be given by (c.f. (1.6))

b .

A(Q) = in %")
MEI:ZZ(SQ) ||M ||L2(Q)
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1508 P. A. Feulefack, S. Jarohs

and let
A(r) = inf{A1(R) : Q CRY openwith || = r}.
Then lim A(r) = [pv j(z) dz with j(z) == essinf{k(x,x £2) : z € RV} forz € R as
r—00
in (2.2).
Lemma2.3 Let @ C RN open and let X be any of the above function spaces. Then the

following hold:

(1) by qisabilinear form and in particular we have by o (u, v) < b,i,/é(u)b,i{é(v). Moreover,

DX(2) and 9*(Q) are Hilbert spaces with scalar products
(u, v) prqy = (U, V) 2(q) + bk, v),
(U, V) gr (@) = (U, V) 2(q) + by ry (U, V).

) Ifu € X, then u™, |u| € X and we have bk,g/(qu,u’) < 0 for all Q' C Q with
b o (1) < oo.

3) If§ e COVRN), u e X, thengou € X.

@ clQ) c x.

b)) ¢ € C?’] (RQ), u € X, then ¢pu € DK (), where if necessary we extend u trivially to a
function on RN . Moreover, there is C = C(N, k, ¢l cor(q)) > O such that

b @) = C (Il gr) + broor (0))
forany Q' C Q withsupp¢ CC Q.

Proof Theses statements follow directly from the definition (c.f. [19, Section 3]). To be
precise in the last part, let ¢ € C?’I(Q) and fix L := ||@||co.1(g)- That is, we have

lp(x)| = L and [¢(x) — ¢ (y)| = Llx — yI.

Then using the inequality for x, y € RY

| () (x) — p(MuMI* <20 (x) — dM) Pl () * + 21 W) u(x) — u(y)*
we find by the assumptions (2.1)

by gy (1) < by o (pu) + L* / , | (x) [Piep g (x) dx
supp

<21? f / lu(x)[*x — yI*k(x, y) dy dx + 2L? by o (u)
QJQY

+L7 sup ko)l g,

xesupp ¢
=202(sup [ v = yPhG v dy+ sup kg (o)l g
xeQ JQ xesupp ¢

+2L%b oy () < 0.

Remark 2.4 (1) Note that for u, v € 2¥(Q2) we have
br(u, v) = by gy (1, v) = by o(u, v) + K o(u, v).
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(2) It follows in particular that there is a nonnegative self-adjoint operator [ associated to
by gy = by as mentioned in the introduction.

Lemma2.5 Let @ C RN open and u € “//lﬁc(Q). Then by (u, ¢) is well-defined for any
¢ € CX(Q).

Proof Let ¢ € C2°(2) and fix U CC 2 such that supp ¢ CC U. Then with the symmetry
of k

b, )] < |bk,U(u,¢>|+/ |¢>(x>|f () — u(Ik(r, y) dydx
U RN\U

< by b/ @) + / 1@ dx sup /R oy PO ) dy
supp e (X

xeRN

+f 6 (u()] dx sup f k(x, y) dy < 0o,
supp ¢ RN\Be (x)

xeRN
where € = dist(supp ¢, RN\U) > 0. O
Definition 2.6 Let Q@ c RY open and f € L}UC(Q). Then u € “//ZIZC(Q) is called a weak
supersolution of [yu = f in , if

bi(u, ¢) > / S (x)¢(x) dx for all nonnegative ¢ € C°(2).
Q

We also say that u satisfies Iyu > f weakly in Q.
Similarly, we define weak subsolutions and solutions.

Remark 2.7 (1) We note that by Assumption 2.1, it follows that for any function u € 7/1(]§ -(§2)
with u|q € C%1(Q) for @ ¢ RY open, we have Iyu|y € L% (U) forany U cC Q and

Liu(x) = /N(u(x) —u(y)k(x,y)dy forx € Q.
R

This follows similarly to the proof of the statements in Lemma 2.3.
(2) Ifu € ¥*(Q), then indeed also by (u, ¢) is well-defined forall ¢ € 2¥(Q). Hence also by
is well defined on 7 () x 2K(U) forall U cC 2. In some of our results the statements

loc
need a Lipschitz-boundary of €2, which comes into play due to approximation with

C2°(Q2)-functions (see Section 3 below). However, this can be weakened, if u € ¥ k()
and the space of test-functions is adjusted.

Lemma2.8 Let Q Cc RY open. Let 2] CC Qp CC Q23 CC Q. Letn € C?’](RN) such that
0<n<l in RY and we have

n=1inQand n=0in RM\Qs.

Let f € LI]OC(Q) and letu € 7/1(156(9) satisfy in weak sense [u > f in Q. Then the function
v=nu e DK (23) satisfies in weak sense Iv > f + gy ,(x) in Q1, where

8n.u(x) 2/ (I =n(u(y)k(x, y) dy forx € Q.
RV\Q;
Proof The fact, that v € 2% (Q3) follows from Lemma 2.3. Let ¢ € C2X(L21), then

/ V() Ik (x) dx Z/ J ()¢ x) dx—/ (I =n()ux) Ik (x) dx.
RN RN RV
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1510 P. A. Feulefack, S. Jarohs

Here, since (1 — n)u = 0 on 27, we have
/RN(I —n(x)u(x)lr¢(x) dx = A@N ¢ (X)L (1 — nul(x) dx

= —/ ¢ (x) (I =n(y)u(yk(x,y) dy dx.
Q RN\ Q,
Thus the claim follows. O

Remark 2.9 The same result as in Lemma 2.8 also holds if “>" in the solution type is replaced
by “<” or “=".

In the following, it is useful to understand functions u € D*(Q) satisfying by q(u) = 0.

Proposition 2.10 Assume that the symmetric lower bound j of k defined in (2.2) satisfies
f]RN j(z)dz = 00. Let Q2 C RV open and bounded and letu € DX () such that bi.ow) =0.
Then u is constant.

Proof Let xo € € and fix r > 0 such that By-(xg) C . Denote ¢(z) :=
min{c, j(z)}1g,(0)(z), where we may fix ¢ > Osuch that |{g > 0}| > 0 due to the assumption
on j. Then by Lemma A.1 we have

1
0 =2br o) > 2by o) > —————bysq,B,(xo) ),
2llgllprwm)

where a x b = fRN a(- — y)b(y) dy denotes as usual the convolution. Note that since
g € L'®Y) N L®RY) with ¢ = 0 on RN\ B, (0), it follows that ¢ « ¢ € C(R") with
support in By, (0) and we have

g %4(0) =/ 4(2)? dz > 0
]RN

by the assumption on j. Hence there is R > 0 with g % ¢ > € for some € > 0 and thus we
have

€
0 = bysg,B,(x0) (1) = bysq, B, (xo) () = 5/ / (u(x) — u(y)* dxdy.
B (x0) Y By (x0)

for any p € (0, 5]. But then u(x) = u(y) for almost every x, y € Bg/2(xo) so that u is
constant a.e. in B, (xo). Since by, (1) = by, o(u — m) for any m € R, we may next assume
that u = 01in Bg/2(xo) and show that indeed we have u = 0 a.e. in 2. Denote by W the set of
points x € €2 such that there is r > 0 with u = 0 a.e. in B, (x). By definition W is open and
the above shows that W is nonempty. Next, let (x,), C W be a sequence with x, — x € Q
for n — oo. Then there is r, > 0 such that By, (x) C € and we can find ngp € N such that
X € B, (x) C By, (x,) C 2 for n > ng. Repeating the above argument, it follows that u
must be zero in B, (x,) and thus x € W. Hence, W is relatively open and closed in £ and
since W is nonempty, we have W = Q. Thatis u = 0 in Q. O

2.1 On Sobolev and Nikol’skii spaces

We recall here the notations and properties of Sobolev and Nikol’skii spaces as introduced
in [7, 26]. In the following, let p € [1, 0o) and 2 C RN open.
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2.1.1 Sobolev spaces

If k € Ny, we set as usual

whkr(Q) = [u € LP(Q2) : 0%u exists for all « € N, |a| < k and belongs to LP(Q)}

for the Banach space of k-times (weakly) differentialable functions in L? (£2). Moreover, as
usual, for o € (0, 1), p € [1, c0) we set

u(x) —u(y)

W) = {ue L@ : -
lx —yl?

€ LP(Q x Q)}.

With the norm

lulwer@) = llull]pq) + [ulwer@), where

_ P I/p
s [] 220 )

the space W7 (K2) is a Banach space. For general s = k+ 0,k € Ny, o € [0, 1) the Sobolev
space is defined as

WP (Q) = {u e WhP(Q) © 9% € WOP(R) for all @ € NI, with |or| = k}.

Finally, in the particular case p = 2 the space H*(Q2) := W*2() is a Hilbert space.

2.1.2 Nikol’skii spaces

Foru:Q — Randh € R, let Q) := {x € Q : dist(x, 02) > h} and, with e € dB1(0), we
let

Spu(x) = Opeu(x) :=u(x + he) —u(x).
Moreover, forl € N, [ > 1 let
Shu(x) = 8, (8 u)(x).
Fors =k + o0 > 0 withk € Ny and o € (0, 1] define

N*P(Q) = [u e WEP(Q) : [0%U]yon() < oo foralla € NI, with || = k],

where
o) = sup  h OIS, ullLr@ay)-
€€ B (0)
h>0
It follows that N*7(€2) is a Banach space with norm [ullysr@) = llullyrrq) +

> ja=k[0%UulNo.p (). It can be shown that this norm is equivalent to

Moy + D sup A" 78} ullLocay

jamk e2B1O)

for any fixed m, [ € Ng withm < o and! > o — m (see [26, Theorem 4.4.2.1]).
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1512 P. A. Feulefack, S. Jarohs

Proposition 2.11 (See e.g. Propositions 3 and 4 in [7]) Let Q C RN open and with C*®
boundary. Moreover, lett > s > 0and 1 < p < oco. Then

NP(Q) C WHP(Q) C NP (Q).

3 Density results and maximum principles
The main goal of this section is to show the following.

Theorem 3.1 Let either @ = RY or @ ¢ RN open and bounded with Lipschitz boundary.

In the following, let X (2) := ZK(Q) or D¥(Q). Then CX(RQ) is dense in X (R2). Moreover,

ifu € X(R) is nonnegative, then we have

(1) There exists a sequence (uy), C X(2) N L (Q) with lim u, = u in X () satisfying
n—o0

that for every n € N there is Q), CC Q withu, = 0o0n Q\Q,, and 0 < up, < up41 < u.
(2) There exists a sequence (u,), C C°(2) withu, > 0 for everyn € Nand lim u, = u
n—o0

in X(Q).

Remark 3.2 To put Theorem 3.1 into perspective, we consider the following examples.

(1) In the case k(x,y) = |x — y|_2‘_N for some s € (0, %), the above Theorem is well-
known and leads to the interesting property that for any open, bounded Lipschitz set
Q c R we have

DM(Q) = HY(Q) = H(Q).
We emphasize that the above equality also holds for s = % Moreover, if s < % it also
holds H*(Q) = {u € H*(RY) : lIgn\qu = 0}.

2) Ifk(x,y) = 1g,0(x —y)|x — yI’N, D¥(Q) is associated to the function space of the
localized logarithmic Laplacian (see [5]).

The proof is split into several smaller steps. Recall that 2% (RY) = D¥(RN) by definition.

Lemma3.3 Letu € DF(RYN). Then there is a sequence (Un)y C D¥RN) with lim u, = u
n—o00

in DK(RN) satisfying that for every n € N there is Q, cC RN with u,, = 0 on RV\Q,..
Moreover, if u > 0, then (u,), can be chosen to satisfy in addition 0 < u,, < u,41 < u.

Proof Forn € Nlet ¢, € C? ’I(RN ) be radially symmetric and such that ¢,, = 1 on B, (0),
¢n = 0 on B, 41(0)¢. Clearly, we may assume that [#nlcorwny = 1. By Lemma 2.3 there
is hence some C = C(N, k) > 0 with by gy (¢nut) < Cllullprgny for all n € N. In the
following, let u, := ¢,u and without loss of generality we may assume u# > 0. Since then
0O<wu—u, <uonRVandu —u, = 0 on B,, by dominated convergence we have
nl;rr;o llu — u,|l2 = 0. Moreover, by choice of ¢, we have for x, y € RV

() (1 =@n (X)) —u(¥) (1 =P (V)] = [u(x) — u(¥)(A = ¢n(x)) + [ (Y)[|hn(x) — Pn(¥)]
< lu(x) —u()|+lu(y)min{l, [x — y[}=:Ul(x, y).

Here, U(x, y) € LZ(RN x RN, k(x,y)d(x,y)), since
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/ / U Gr, y)k(r, ) drdy=by g () + / ()2 / min{1. [x — y2}kGx, ) dxdy
RN xRN RN RN
< by g () + / () dy
RN

SUPD, RN /;QN min{l, |x — y|2}k(x, y)dy < oo.

Thus lim by pv(u — u,) = 0 by the dominated convergence Theorem. O
n—oo ’

Proposition 3.4 We have that CSO(RN) is dense in D¥(RN). Moreover, if u € D*¥RN)
is nonnegative, then there exists (¢n)y C C°(RN) with ¢, > 0 for every n € N and
lim ¢, = u in D¥(RY).

n—o00

Proof Let u € DF(RY). Moreover, let ¢, € c? ’I(RN ) for n € N be given by Lemma 3.3
such that [lu — ¢ulls,, < % Then v, := ¢pu € DF(RM)Y and there is R, > 0 with v, = 0
on RN\BRn (0). Next, let (pe)ec(o,1] by a Dirac sequence and denote v, ¢ := pe * v,. Then
Une € CX(RN) foralln € N, e € (0, 1] and

1
bk,RN (u — vn,e) =< bk,RN (u—vy) + bk,RN (vp — vn,e) =< ; + bky]RN (vp — Un,e)-

It is hence enough to show that v, ¢ — v, in D¥(RV) fore — 0. In the following, we write
v in place of v, and ve = pc * v in place of v, ( for € € (0, 1]. Moreover, let R = R, > 0
with v = v, = 0 on RN\ Bg(0). Clearly, ve — vin LZ(RY) for e — 0 and this convergence
is also pointwise almost everywhere. Hence it is enough to analyze the convergence of
by gy (v — ve) as € — 0. From here, the proof follows along the lines of [19, Proposition
4.1] noting that there it is not used that k only depends on the difference of x and y. Note
here, that if « is nonnegative then the above constructed sequence is also nonnegative. O

Lemma3.5 Ler Q2 C RY open and such that 32 is bounded. Denote §(x) := dist(x, RV \Q).
Then the following is true.

(1) Thereis C = C(N, 2, k) > 0 such that ki q(x) < C677 (x) forx € Q.

(2) If Q is bounded, then 1 € D*(RN).

Proof Let C = C(N, 22, k) > 0 be constants varying from line to line and denote U := {x €
RN dist(x, Q) < 1}. To see item 1., let x € Q and fix p € 0Q such that §(x) = |x — p|.
Then

X — o
Kk,Q(x)SC—i—/ = pl”

k) dy=CH800™ [ = yI7kee ) dy = €570 00,
u\e 1x = pl U\Q

where we have used that |x — p| < |x — y| for y € RN\ Q. Now 2. follows immediately
from 1., since we have

by g (1) =/ / k(x,y)dydx < C/ §7%(x) dx < oo.
' Q JRV\Q Q
[m}

Theorem 3.6 (See Theorem 3.1) Let @ C RY be an open bounded set with Lipschitz bound-
ary. Then C° () is dense in K (Q). Moreover, if u € ZX(Q) is nonnegative, then we
have
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1514 P. A. Feulefack, S. Jarohs

(1) There exists a sequence (un), C K (Q) with lim u, = u in 2F() satisfying that for
n—oo

everyn € N there is Q) CC Q withu, =0 0on RVN\Q/ and 0 < u, < up11 < u.

(2) There exists a sequence (u,), C C°(2) withu, > 0 for everyn € Nand lim u, = u
n—0o0

in 7K(Q).
Proof Note that the second claim follows immediately from the first one using [19, Proposi-
tion 4.1] as in the proof of Proposition 3.4. Then also the main claim follows by considering
u™ separately. Hence it is enough to show 1. We proceed similar to [5, Theorem 3.1]. Denote
8(x) := dist(x, RV\Q). For r > 0, define the Lipschitz map

0 8(x) = 2r,

6B S Rogw=12-" s <o,

1 S(x)<r.
Note that we have ¢ < ¢, for 0 < s < r. We show

ug, € 1% (€2) forr > O sufficiently small and by, gn (u¢,) — 0 forr — 0. (3.1)

Note that once this is shown, we have u(1 — ¢,) € 9%(Q) forr > 0 sufficiently small and
u(l —¢,) — uforr — 0. Since also 0 < u(l —¢,) < u(l —¢;) for0 < s < r and
u(l —¢,) =0 forx € RN with §(x) < r, it follows that (3.1) implies 1.

The remainder of the proof is to show (3.1). For this, let C = C(N, Q2,k) > 0 be a
constant which may vary from line to line. Let A; := {x € Q : §(x) < t}. Note that u¢,
vanishes on RV \A2,, we have 0 < ¢, < 1 and, moreover,

lx — ¥

6 (X) — 6, (7] §min[C ,1]forx,yeRN.

Then proceeding similarly to the proof of Lemma 2.3.(5) we find for r small enough

1
by gy (uer) = 5/; A () (x) — u(y)$r (y)°k(x, y) dxdy
4r 4r

+ f 1 ()7 (X)kk, Ay, (x) dx
Aoy
< /A /A (u(x)2(¢r(x) — (M) + ) —u(y))2¢,2(y)2)k(x, y) dxdy
4r 4r
+ / u? (xX)kg. A, (x) dx
A2r
< r% u(x)? Ix —y|?k(x, y) dydx—l—/ u(x)? k(x,y) dydx

Asr By (x) Agy RN\Br (x)

+ f / (u(x) — u(y))*k(x, y) dxdy + / u? (), Ay () dx
Aygr J Ay Aoy

C
<— | u?’ lx — y|k(x, y) dydx
¢ J Ay B (x)
+ C/ u(x)zdx + bi,aq, () + / uz(x)/ck,AM (x) dx
Agr Aoy

C
< — u(x)2 dx—l—C/
rE

w(x)>dx + by a,, (u) + / u? (X)kx.a,, (x) dx.
Asyr Agy

Aoy
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Note here, since u € D¥(RY), we have ‘/A4r u(x)xdx + bk, A, (u) — Oforr — 0. Moreover,
we have by Lebesgue’s differentiation theorem

c C|B 1
C [ uerax < 18] / u(x)? dxo (d6)
€ Jay, re aq |Bar| JBy, 6)
1
< Cr“f/ u(x)? dxo (d9) — 0 forr — 07,
ae |Barl JBy, 0
Finally, since
Ki.o(u) =/ u? (x)kg. o (x) dx < 0o (3.2)
Q

and, by Lemma 3.5, we have
Kk, Ag, (X) < / k(x, y)dy +/ k(x,y) dy < Crpa(x) +Cr=*
RM\Q Q\Ayr
for x € Ay, so that also fAZr uz(x)lck,AM (x) dx — O for r — 0 with a similar argument. O

Proof of Theorem 3.1 for X (2) = %*($2) This statement now follows from Theorem 3.6,
Lemma 3.3, and Proposition 3.4. O

Theorem 3.7 Let Q@ C RY be an open bounded set with Lipschitz boundary. Then C ()

is dense in D¥(Q2). Moreover, ifue DK(Q) is nonnegative, then we have

(1) There exists a sequence (uy), C DX ()N L™®(Q) with lim u,, = u in D*(Q) satisfying
n—oo

that for every n € N there is ), CC Q withu, = 0 on Q\Q), and 0 < up < up4) < u.
(2) There exists a sequence (uy), C C°(2) withu, > 0 for everyn € Nand lim u, = u
n—o0

in DX(Q).
Proof Consider the Lipschitz map

0 t<0
gn:R—> R, gn(t)y=491t O<t<n

n t>=n.
Then v, := g,(u) € D¥(£2) N L% () and we have with ¢, as in the proof of Proposition 3.6

bk,Q(” - (1 - d)r)vn) =< bk,Q(” - Un) + bk,Q(d)rUn)-

Clearly, by o(u — v,) — 0 for n — oo by dominated convergence and by q(¢,v,) — 0 for
r — 0 analogously to the proof of Proposition 3.6, noting that the term in (3.2) reads in this
case

Koy < n2/ kk,@(x) dx < oo for every n € N.
Q

In particular, statement (1) follows. Now statement (2) and the density statement follow
analogously, again, to the proof of Proposition 3.6. O

Proof of Theorem 3.1 for X(2) = D*(Q) This statement now follows from Theorem 3.7,
Lemma 3.3, and Proposition 3.4. O

@ Springer



1516 P. A. Feulefack, S. Jarohs

Remark 3.8 1t is tempting to conjecture the following type of Hardy inequality: There is
C > 0 such that

Ko@) = C(1813:q) + bro@)) forall € CX ()

if Q is a bounded Lipschitz set and & is such that its symmetric lower bound j is not in
L'(RV). Let us mention that for k(x, y) = |x — y|‘2s—N this holds for s € (0, 1), s # %,
see [4, 8]. Moreover, for k(x, y) = 1p,0)(x — y)|x — yI_N, this has been shown in [5]. In
the general framework presented here, however, it is not clear if this is true.

Remark 3.9 With the above density results, we can now note that our definition of weak
supersolutions (and similarly of weak subsolutions and solutions), see Definition 2.6, can be

extended slightly:
Letu € ”//lﬁc(ﬂ) satisfy weakly lru > f in Q for some f € L}OC(Q) and © c RY open and

bounded with Lipschitz boundary.
() If fe L? (), then by density it also holds

loc
bi(u, v) > fo(x)v(x) dx for all nonnegative v € Qk(U), UccQ. (3.3)
) Ifue vk Q) NL®RY) and f € L*(S), then by density it also holds
by (u, v) > /Q f(x)v(x) dx for all nonnegative v € 7% (). (3.4
Finally note that if u : RN — R satisfies uly € D¥(U) for some U cC RN and u €
L®@®RN\U), thenu € ¥ _(U).

Proposition 3.10 (Weak maximum principle) Assume that the symmetric lower bound j of
k defined in (2.2) satisfies

J does not vanish identically on B-(0) for anyr > 0. (3.5)

Let Q C RN open and with Lipschitz boundary, ¢ € LY

i (R2), and assume either

(1) c<O0or
(2) Q and c are such that ||c™ || Lo () < infreq fRN\Q k(x,y)dy.

Ifu € V*(Q) satisfies in weak sense
Iru > c(x)u in 2, u > 0 almost everywhere in RN\Q, and l‘llll’l inf u(x) > 0,
X|—>00
then u > 0 almost everywhere in RV,
Proof Note that also u~ € ¥*(€) and in particular u~ € DK (). Hence, we can find

(vn)n C C(RQ) with v, — u~ in DX(Q) forn — oo with 0 < v, < Uptr1 < u~ by
Proposition 3.7. Then

by v (u, V) = / c(x)u(x)vy (x) dx = _||C+||L°0(S2)/ u” (x)vp (x) dx.
Q Q

+

On the other hand, since u™v, = 0 for all n € N and # > 0 almost everywhere in RN \Q,

we find
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by ry (U, vn) = br o (u, vy) +/ Un(x)/ (u(x) —u(y)k(x,y) dydx
Q RM\Q

< bra@t, v,) —bk,sz(uivn)Jr/ vn(x)u(x)/ k(x,y) dydx
Q RM\Q

< —bro ,vy) — Ko™, vy).

Hence
0< f u= @0 (¥ L@ — ke () dv = b, 1) = —bro (T, v).
Q

Since v, — wu~ in D¥(Q), it follows that bi.o(u™,u”) = 0, but then u~ is constant
by Proposition 2.10 in Q. Assume by contradiction that ¥~ = m > 0. Then the above
calculation gives

0<m f 0 ) (et @) = ke ) dx, (3.6)
Q

which is in both cases a contradiction: If in case 1. ¢ < 0, then since «x q(x) # 0 and since
v, — m in D¥(Q) the right-hand side of (3.6) is negative.
In case 2. this contradiction is immediate in a similar way. O

Proof of Proposition 1.2 The statement follows immediately from Proposition 3.10. O

Remark 3.11 Usually, the weak maximum principle is stated with an assumption on the first
eigenvalue A1(2) in place of inf . cq kk @ (x). This can be done once the Hardy inequality in
Remark 3.8 is shown. Indeed, following the proof of Proposition 3.10 gives

_||C+||L°°(Q)/;zu7(x)vn(x) dx < by gy (U, vp) < —br.a(u™, vy)

—Kpou™, vy) = _bk,]RN (u=, vy).
With n — oo and using that by the Hardy inequality it holds Z5(Q) = DX(Q), it follows
that
—A w172y = =brry @™ u”) = =l le@llu 172,
and the conclusion follows similarly.
Proof of Corollary 1.4 This statement now follows from Remark 3.11 using Remark 3.8. O

Proposition 3.12 (Strong maximum principle) Assume k satisfies additionally (4.1). Let 2 C

RN open and ¢ € L (2) with ||C+||L<>O(Q) < 0. Moreover, let u € V*(Q), u > 0 satisfy

in weak sense Iru > c(x)u in Q.

(1) If 2 is connected, then either u = 0 in Q oressinfg u > 0 for any K CC Q.

(2) If j given in (2.2) satisfies essinf g () j > O for any r > 0, then either u = 0 in RY or
essinfx u > 0 forany K CC Q.

Proof This statement follows by approximation from [19, Theorem 2.5 and 2.6]. Here, the
statement j ¢ L'(RV) comes into play since we need

inf kg B, (xg)(x) = coforr — 0

x€B;(x0)
to conclude the statement for arbitrary ¢ as stated. O
Proof of Proposition 1.5 The statement follows immediately from Proposition 3.12. O
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4 On boundedness

In the following, let & % u(x) = fRN h(x — y)u(y) dy as usual denote the convolution of two
functions.

Theorem 4.1 Assume k is such that
the symmetric lower bound j defined in (2.2) satisfies / j(z)dz =00 “4.1)
RN

and it holds

xeRN

sup / k(x, y)2 dy < oo forall K CC RY ande > 0. 4.2)
K\Be(x)

Let Q@ C RN be an open set. Let f € L™(Q), h € L'(RY) N L*(RY), and let u € ¥} (Q)

satisfy in weak sense

Iiu <Xu+hxu+ fin2 for some : > 0.

If ut € L®@®RN\Q) for some Q' cC K, then ut € L®®RN) and there is C =
C(R2,Q,k, h, ) > 0 such that

ooy = C(If I + Nl 2y + 16 ey )-

Proof Let Q1, €22, 23 C RN be with Lipschitz boundary and such that
Q ccQcccccc.

Letn € C?’I(Q3) suchthat 0 < n < land n = 1 on Q. Put v = nu and, for § > 0,
denote Js(x,y) = 10 (x — y)k(x,y) and ks(x,y) = k(x,y) — Js(x,y). Note that by
Assumption (2.1) it follows that y — ks(x, y) € LY(RYM) for all x € RN, Moreover, by
Assumption (4.1)

cs := inf / ka(x,y)dyzf j(z) dz — oo foré — 0.
N RN\ B5(0)

xeRN Jr
Hence, we may fix § > 0 such that
cs > A.

In the following, C; > 0,i = 1, ... denote constants depending on &', ©;, A, §, 2, n, k, and
h but may vary from line to line—clearly, by the choices of these dependencies are actually
only through A, , &', n, k, and h. First note that by Lemma 2.8 we have in weak sense

Lv < du+hxu+ finQ with f(x) = f(x) +/ (I —=n()u(y)k(x, y) dy.
RN\,

In the following, put
A= fllLee) + llullp2qy + ||M+||LOC(RN\Q/)-
Then note that for x € RY we have

lh s u(x)] < Al 2wy llullp 2y + ||M+||L00(RN\Q/)||h||L1(]RN) <CiA
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and, since sup fRN\QZ(l—n(y))k(x, y)dy < Cy sup fRN\Qz min{1, |x—y|“}k(x, y)dy <
xeQ X€eQ
00, it also holds that

If o < N f e + lutlle@yiq,) C2 < C3A.
Whence, since u = v in 1, we have in weak sense
Irv < Av+ C4A in .

Next, let € C2°(Q2”) for some Q' CC Q" CC Q) suchthat0 < pu <1, 0 = 10onQ’, and
w=00nRM\Q". Let ¢, = (v — )t € 2¥(Q") for t > 0 and note that

br(v, ¢1) < / (Av(x) + C4A)y (x) dx. (4.3)
Q//
Fix t > 0 such that
1= [[u™ || oo @iy and CA + (A — ¢5)t < 0, where

Ce = C4 + C5 with Cs = sup / kg(x, y) dy + sup / ks(x,y) dy.
xeQ JQ xeQ JRN\Q/

That is, we fix

t= A(l + cgc_éx)'

Then with (4.3)
b5 (v, @) = br(v, ¢r) — bs (v, b1)
< /sz” 2(x)Py(x) + C4A¢; (x) dx — AN v(x)ey (x) /RN ks(x, y) dydx

[ a0 [ ook ay ax,
RN RN
Note here, that for x € R we have by the integrability assumptions on ks and k

/RN v(y)ks(x, y)dy < /RN u(ks(x, y) dy < Cs(llull 2oy + llu™ | poo@ivgry) < CsA

so that using that v > ¢ in supp ¢; we have

by (v, ) < /Q (CoA + (n = c)v(x))y (x) dx < (CeA + (k= c5)1) /Q i) da.
4.4)
On the other hand, with v;(x) = v(x) — f, we have
W) — v (P (x) — ¢ (1)) — ()T () — ()Y (1))?
= 2u() () (), () — v (R () () — w2 ) () (x)
=~ O () — () + v M)V () + 12 (v (v (x)
> —v (v (M) — p())?
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Whence with Poincaré’s inequality, using that by Assumption 4.1 there is for any K ¢ RV

open and bounded, some C > 0 such that b, (u) > C||”||2Lz(RN) foru € 2% (K), we find

for some constant C7
b >b + _1 + + . 2 dxd
75U, @) = by (uv) 5 v, () (M) ((x) — u(y))"Js(x, y) dxdy
RN JRN

1
> Cy f 120 (v (x))* dx — / f v v ) (rx) — () Js(x, y) dxdy
RN 2 JrNv JrN

4.5)
1
=Gy /R O ) de = 5 fQ , /Q @Y () = p(y)* s, y) dxdy
4.6)
=C; / 12 () (v (0))* dx = C / (0 (x))? dx. (4.7)
RN Q
Combining (4.7) and (4.4) we have
C7/ (v () dx < (CaA + (= Cs)t)/ ¢ (x) dx < 0.
ol Q
Whence v;" =0in Q" and thusu = v <t = A - Cg in Q' as claimed. O

Corollary 4.2 Ifin the situation of Theorem 4.1 we have in weak sense Iyu = Au+hxu+ f
in Q, then we have u € L>®°(Q') and there is C = C(Q, Q', k, A, h) > 0 such that

lull L@y < C(”f”L“’(Q) + llullp2y + ||u||L°°(RN\Q/)>~

Proof This follows by replacing u# with —u (and f with — f) in the statement of Theorem 4.1.
]

Theorem 4.3 [fin the situation of Theorem 4.1 we have in weak sense [ru = Au~+hxu+ f
in Qand u € 2(Q), then we have u € L®(Q) and there is C = C(2, k, », h) > 0 such
that

i@ = (1 @ + lull2 )-

Proof Using in the proof of Theorem 4.1 the test-function u;r instead of ¢; (and similarly
for Corollary 4.2), we find

=@ = C(If =@ + Il 20 ).

as claimed. ]

5 On differentiability of solutions

In the following, 2 C R¥ is an open bounded set and k satisfies through out the assumptions
(2.1) withsome o < %, (4.1), and (4.2). Moreover, we assume that there is j : RY = [0, o0]
such that k(x, y) = j(x — y) for x, y € RY and that for some m € N U {oco} the following
holds: We have j € whI(RN \B¢(0) forevery ! € N with/ < 2m, and there is some constant
C; > 0 such that

IVj(2)| < CjlzI7'7N forall 0 < |z] < 3.
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For simplicity, we write j in place of k and fix

1 € ! 1
a.=1—0 -, .
2

Theorem 5.1 Let f € H'(Q), x e Rand u € 4//1({6(9) N L®@RN) satisfy in weak sense
Tiu= f+ duin Q. Then for any Q' CC Q thereis C = C(N, 2, Q', j, 1) > 0 such that

1
8netll 2y = B C(If 13 gy + Nl ) forallh > 0,e € 9B1(0).  (5.1)

Proof Let Q' CcC Q and fix r € (0, %) small such that 87 < dist(2’, RV \2). Moreover, fix
xo € Q' and denote B, := B,,(xg). Note that by using assumption (4.1) with Lemma 2.2
we achieve, by making » > 0 small enough,

bi(w
)\‘ < )"1 — min L)
we2) (By) Wl 2@y
w#0

Letn e C?’I(B4) with 0 < n < 1, n = 1 on B;. Note that it holds
[n(x) —n()| < 2lnllcor@yy min{l, |x — y|},

where we put as usual

In(x) — ()l
Inllcormny := sup [n(x)|+ sup ————.
xeRN x,)reRN |'x - y|
x#y

Note that by choice we have [|n]|co1gy) < 1+ % < % so that for all x, y € RV

In(x) = n(| < ?min{l,u—yn. (5.2)
Fix e € 3B (0) and i € (0, r). Let
A = ull poo wMy-
Let ¢ = n%8ju € 27 (By), where in the following 8,u := 8, .u. Note that
Bpu(x) = Su ()W (x) — () = M(X)8Hux) = n(y)Shu(y))*
— Spu () dpu(y)(n(x) — n(y))*.
Hence, we have

1
b Bnus ¥) = b (ndpa) — 5 / fR BB (06) = 1) = ) ddy.

and using the translation invariance, we also have
bj(Spu, ) = / [8n f (x) + ASpulyr (x) dx.
Q

In the following, for simplicity, we put v(x) = 1(x)8,u(x), x € RY. Note that by Definition,
v € 27 (By). Then with the help of Young’s inequality for some x € (0, 1) such that

2U < A — A 5.3)
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we find

1
MV g = b 0) = bj(one, ) + 3 //MRN 8pu ()81 () (7 (x)
— ()% (x — y) dxdy
= / (8 f (x) 4 A8pu]n? (x)Spu(x) dx + % //
Q/!

R xR

. Spu(x)dpu(y)(n(x)
— ()% j(x — y) dxdy
_ onf 1
< (A DI gn + 1 1h2||7||iz(g,,) +3 //wamw Spu(x)8pu(y) (n(x)
—n(»)%j(x — y) dxdy. (5.4)

By a rearrangement of the double integral with Young’s inequality for the same o € (0, 1)
as above we have

1

5 / / Spu ()8 (y)(n(x) — n(y)*j(x — y) dxdy
R”XRN

= // Spu(x)8pu(y)n(x)(n(x) —n(y))jx —y) dxdy
RN xRN

:/ ri(X)Bhu(X)/ u(y)8—p,y ((n(x) —n()Jjx — y)) dydx
RN RN

2
< vl + 07! /B ( /R |3y (@) =GN = )] dy) dx

2
< ol g, + ' A2 /B 4 ( /R oo (@0 =i = 0))| dy) dx

2
<oy + 02 ([ [pona(000 = n i) [ac) w69

By

Here, we indicate with 6_j,  (resp. §_j ;) that 6, acts on the y (resp. z) variable. Note that

5 (100 =0z +2)j @)
=0 (Mx) =Nz +x)ji@)+ M) —nz+x —he))d_pj)

= <7I(z +x)—nz+x— he))j(z) + &) —nz+x— he))(j(z — he) — j(Z))
(5.6)

= (1 +0) = 1) @ + (1) =0 +x = he)) j(z = he). (5:7)

Note here, that (5.6) satisfies

’(ﬂ(z +x)—nz+x— he))j(z) + (x) —nz+x— he))(j(z — he) — j(Z))’
(5.8)

4h 4h 1
< 71(z)+ Tmin{l, Iz—hel}/ |Vj(z—the)| dt
0
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and (5.7) can be written as

‘(n(z +x) = 10) @ + (100 = 0z +x = he)) jz — he)

A A (5.9)
= min{l, |z[}j(z) + - min{l, |z — he|}j(z — he).
For h € (0,7), z € RV\{0} put
1
ki (2) = min{h(j(z) + min{1, |z — he|}/ IVj(z — the)| dt),
0
min{l, |z[}j(z) + min{1, |z — he|}j(z — he)}.
Then, by combining (5.4) and (5.5), we find
18hul 3,y < N0l72g,)
—1
1w Bal (2 S o 6 >
< m(h 12502+ 2 100 oy /R ki) dz)” ).
(5.10)

Next we show that we have fRN kn(z) dz < Ch* for some C > 0. Clearly, we can bound

/ kn(z)dz < C1h (5.11)
RN\ B2(0)

for some C; = C1(N, j) > 0, using that B1(0) U B1(he) C B(0) and the properties of j. In
the following, by making C; larger if necessary, we may also assume that assumption (2.1)
reads

sup / minfl, |x — y|7}j(x — y) dy =/ min{l, [z|7}(z) dz = C;.
RN RN

xeRN

Then note that By, (he) C B3, (0) and we have

/ min{l, |z]}j(z) + min(1, |z — hel|}j(z — he) dz
B (0)

SC]-/ |z|t o dz—i—Cj/ |z — he|' """ dz
B3;,(0) B3j, (he)

2RO [V ey, ABOIC

l—0o
n(l—o) (Bh)" . (5.12)

n

While with b, (1) = 117 we have

1
h/ j(Z)-l-min{l,Iz—hel}/ |Vj(z — the)| dt dz
B>(0)\ B2, (0) 0

h|B1(0)|C; (2 !
3 %/ p_“_ld,o—i-th/ / j2llz — thel =" " dz de
n 25 0 JB3(the)\Bj(the)
h|B1(0)|C; !
< MBONC ), oy +th/ / |2+ thellz|~' 77" dz dt
n 0 JB3(0)\B,(0)
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h|B1(0)|C;
< | 1( )| ]bg(2/’l)+/’lC1/ |Z|7(77n dZ+h2ij |Z|7170’*" dz
n B3(0)\B;,(0) B3(0)\ By, (0)
2h|B;1(0)|C; h2\B1(O)|C; (3
< | 1( )| jbg(h)—l— | 1( )| ,// p_z_gdp
n n h
2|B; (0)|C; B (0)|C;
< ABIONG Ly 4 1BIOIG 1o (5.13)
n n(l+o)

Combining (5.11) with (5.12) and (5.13) and the choice « = 1 — o € (0,1) we find
Cr, = C2(N, j, @) > 0 such that

/ kn(z) dz < Ch". (5.14)
RN
Whence, from (5.10) with (5.14) we have
onf
1881003 2y = 101325, = B Ca(155 2y + Ml mry): (515)

for a constant C4 = C4(N, j,r, o, A) > 0. By a standard covering argument, we then also
find with a constant Cs = Cs5(N, j, Q, ', a, 1) > 0and Q" = {x € @ : dist(x, RV\Q) >
4r}

Snf
88100 2qry = W2 Ca(I1 =5 132 gy + I ) ) (5.16)
The claim (5.1) then follows since f € HY(Q). O

Remark 5.2 If additionally f € L°(£2), combining Theorem 5.1 with Corollary 4.2 it follows
that we have in the situation of Theorem 5.1 for every Q' CcC Q

1
18n.etell 2y <HC(1L£ 121 gy 122 gy + Nl vy ) Forall b > 0, e €0B1(0).
(5.17)

Corollary 5.3 Assume m = 1. Let f € C*(Q), A € R, and let u € 7! (@) N L®[RN)
satisfy in weak sense lju = Ju + f in Q. Then u € H'(Q') and diu € DI(Q) for
any Q' CC . More precisely, with a as above there is for any Q' CC 2 a constant
C=C(N,Q, 2, j, 1) > 0 such that

_ 2
sup  h 28, Jull 2 sC(||f||éz(m+||u||Lz<m+||u||iw(RN\Q,)) . (5.18)
ee?lBlo(O)
>

so thatu € N*2(Q') ¢ HY(Q), that is, there is also C' = C'(N, j, 2, S, a, 1) > 0 such
that

1
2

IVullp2y < C’(Ilfllzcz(m + lull 2y + ||u||§w(RN\Q,)> (5.19)
and, moreover,
bj o Qu) <C'fori=1,...,N.
Proof Let Q; CC Q,i =1,...,7 such that

Qcc@ccQjforl<i<k=<T.
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Letn € C°(27) withn =1on Qg and 0 < < 1. Fixe € dB1(0) and i € (0, r) where
r = min{dist(2;, Q\RQ;+1) : i = 1,...,6}. Then by Lemma 2.8 the function v = néju,
where we write ), instead of 6y, ., satisﬁes Ijv=2Aiv+ f in 5, where f = f + gpspu-
Following the proof of Theorem 5.1 to (5.16) it follows with Theorem 4.1 that there is
C=C(N,j,r,a,A) > 0 (changing from line to line) such that

Snf o
||8hu||L2(Q, = ”8hv”L2(Q/) = h20lC(|| ”LZ(QI) + ”v”ioo(RN)>

Snf o z
< h%fc(n 2y + 113 + 101220 + 1012 @riay)

Swf o
= (155130 g, + 1 F 1 + 10001} g, )

2 onf 2 2
= W C(155 10, + 1 i@ + 52 (1 B gy + 101 ) ) )-

where we applied once more Theorem 5.1. Here, for x € 4 using the assumptions on the
differentiability of j it follows that there is C = C(j) > 0 such that

| f0)] < |5hf(x)|+‘/ (1 =n(¥)épu(y)jx —y) dY‘
RN\

150 F GO+ ’/ IS — () (x — 1 d
RN\Qs
< hC(IV fllzmc@) + lull ) )

Moreover, for x € 21 in a similar way, there is C = C(j) > 0 such that

165 f ()| < 187 f (x)| + ’/ (1 = n(y)dpu(y)énjx —y) dy’
RN\ Q6

< fllc2e + llell oo m¥\@) /RN\Q Sl (1 =n(¥)énjx — y)] dYI
5

< h2C<||f||cz(Q) + ||u||Lw(R~\Q/>>.
Thus we have
212 4 2 2 2
”5hu ”LZ(Q’) f Ch “ (” f”cZ(Q) + ||Ll ||L2(SZ’) + ”u ||LOO(RN\Q/)) .
The proof of the first part then is finished with Proposition 2.11 since 2«¢ > 1. Next, write
Dpp(x) = W for any function p : R¥Y — R, with e € 3B;(0) fixed and h €

R\{0}. Then with Lemma 2.8 for some n € C°(2) suchthat 0 < n < landn = 1 on
Q, cc Qwith Q' cc Q) cC Q; we have with v = nu,

Ljv=f+ v+ guin Q1. where g, = / (1= nNu()jx — y) dy.
RN\Q)

N@xt, let p € CX(2)) withO < o < land 4 = 1 on '. Then with ¢ = D,h[uzth] €
27 (L21) for h small enough we have for some C > 0 (which may change from line to line
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independently of &)

|b,-(v,¢)|=‘/ Dp fii* Dpv + A(uDyv)* + Dygyup®Dpv dx| < C, (5.20)
Q)
since

/Q 1Dy f 12 Dyvl dx < Cll f ey Vil 120y < 00,
1

[ Dyt ax < 219l g, < 0.
1
and

1/2
| pugpapwtar<c([ [ 1= nomuoionic -yl dy ar)
Q Q RN\QZ
”VMHLZ(QZ) <

due to assumptions on the differentiability of j. Moreover, with a similar calculation as in
the proof of Theorem 5.1 we have

1
by 0.8 = by Dy D) = 5 [ [ D D)) = ) ) vy,

where for some Q) CC Q3 CC Q24 CC Q with 2 small enough
/ f | D) Do) (1) — ()2 (x — )] dxdy
RN JRN
<c / / | D1 i) () Dy () ()1 — ¥127(x — ) ddy
Q3 JQ3
< c/ |Dh(nu>(x>|2f ¥ — yPjx — y) dydx
Q5 o

< ClIVull 2y /RN min{1, |z]?}j(z) dz < oco.

Combining this with (5.20) we find
bj(uDpv, uDpv) < C forall A > 0 small enough.

Since also uDyv € 24 () forallh > 0 small enough (see Lemma 2.3) and since DI ()
is a Hilbert space, we conclude that ud,v € 27 (2;) with

bj(ndv) < C
for h — 0. This finishes the proof. O
Corollary5.4 Let f € C¥(Q), » € R, and let u € “//l({c‘(Q) N L®@RN) satisfy in

weak sense Iju = Au + f in Q. Then u € H™(Q') for any Q' CC Q and there is
C=C(N,j, 2, Q,m) > 0suchthat

2
el @y = € (1 Wy + 11320y, + 112 o)) (5.21)

In particular, if m = oo, then u € C*° ().
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Proof By Corollary 5.3 the claim holds for m = 1 in particular with u|o € D/ (') for all
Q' CcC Q. Assume next, the claim holds for m — 1 with m € N, m > 2 in the following
way: We have u € H"~1(Q) and 8Pu|q € DI (Q') forany ' CC Q and B € N{)V with
|B] <m — 1, and there is C = C(N, j, 2, ', m) > 0 such that

1

2
el gty = € (1 W2y + Mtl2gery + Nt vgy) (5.22)

Fix Q' cCc Qandlet Q; cC Q,i = 1,...,7 and n € CX(Q7) as in the proof of
Corollary 5.3. Put v = 3% (yu) for some g € N(I)V, |8l =m — 1. Then Iv = 3P f + av +
9 8n.u 1n Q5 by Lemma 2.8 and direct computation using the assumptions on J. From here,
proceeding as in the proof of Corollary 5.3 by applying Theorem 5.1 the claim follows. O

Proof of Theorem 1.1 By assumption, it follows from [20] that 2/ () is compactly embedded
into L2(2). This gives the existence of the sequence of eigenfunctions and corresponding
eigenvalues. The fact that the first eigenfunction can be chosen to be positive follows from the
fact that b; (|u]) < b;(u), Proposition 1.2 and Proposition 1.5 (see also [19]). Now statement
(1) follows from Theorem 4.3 (with & = f = 0) and statement (2) follows directly from
Corollary 5.4. O

Proof of Theorem 1.6 The first part follows from the Poincaré inequality, i.e. under the
assumptions it holds A1(2) > 0, and Theorem 4.3 with 2 = 0 = A. The last assertion
follows from Corollary 5.4. O
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Appendix A: An inequality

The following is a variant of [9, Lemma 10] (see also [20, Lemma 5.1]).

LemmaA.1 Let g € L'(RN) be a nonnegative even function with g = 0 on RN\ B,.(0) for
some r > 0. Let @ C RN open and xo € Q such that Ba,(xg) C Q. Then for all measurable
functions u : Q@ — R we have

byxq,B, (xo) @) < 4||q||L1(]RN)bq,Q(u)-

Proof 1In the following, we identify u with its trivial extension i : RN = R, i(x) = u(x)
for x € Q@ and u(x) = 0 otherwise. Denote g(x, y) = (u(x) — u(y))2 forx,y e R . Note
that we have

0<g(x,y) =gy x) <2g(x,z)+2g(y,z) forallx,y, z e R,
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By Fubini’s theorem we have

/ / glx, (g *q)(x —y) dxdy =
- (X0) - (x0)

/ / / 8(x, Mg (x —2)q(y — z) dzdxdy
- (X0) - (X0) RN

= 2/ / f [g(x,2) +&(y, Dlg(x — 2)g(y — z) dzdxdy
- (xX0) - (X0) RN

< 4/ / g(x,2)q(x —2)
- (X0) RN

/ q(y —z) dydzdx = 4|lq |l L1 rwy / / g(x,2)q(x — z) dzdx.
RN B, (xo) JRN

Note thatsinceg = 0 on RN \B;(0),q iseven,and B, (x) C By.(x¢) C Qforanyx € B;(xp),
we have

/ / gx,2)g(x —2) dzdx:/ / (u(x) — u(z))2q(x —z) dzdx < 2by o(u).
- (X0) RN - (X0) - (x)

[m}
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