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Abstract

We extend many known results for harmonic maps from the 2-sphere into a Grassmannian
to harmonic maps of finite uniton number from an arbitrary Riemann surface. Our method
relies on a new theory of nilpotent cycles arising from the diagrams of F.E. Burstall and
the second author associated to such harmonic maps; these properties arise from a criterion
for finiteness of the uniton number found recently by the authors with A. Aleman. Applica-
tions include a new classification result on minimal surfaces of constant curvature and a
constancy result for finite type harmonic maps.
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1 Introduction and preliminaries
1.1 Results

Recall that a smooth map ¢ between two Riemannian manifolds (M, g) and (N, k) is said to
be harmonic if it is a critical point of the energy functional

1
E(@.D)= 5 / ldo|*w,
D

R. Pacheco was partially supported by Fundagdo para a Ciéncia e Tecnologia through the project UID/
MAT/00212/2019.

P4 Rui Pacheco
rpacheco@ubi.pt

John C. Wood

j.c.wood@leeds.ac.uk

Centro de Matematica e Aplicacdes (CMA-UBI), Universidade da Beira Interior,
6201 — 001 Covilha, Portugal

2 School of Mathematics, University of Leeds, Leeds LS2 9JT, UK

@ Springer


http://orcid.org/0000-0001-9578-2380
http://crossmark.crossref.org/dialog/?doi=10.1007/s10231-022-01271-1&domain=pdf

1052 R. Pacheco, J. C. Wood

for any relatively compact D in M, where w, is the volume measure, and |dg|? is the Hil-
bert—Schmidt norm of the differential of ¢.

An important class of harmonic maps is those from a Riemann surface to a Lie group or
symmetric space. In particular, K. Uhlenbeck [43] defined the notion of uniton number for
harmonic maps to the unitary group and showed it to be finite for maps from the Riemann
sphere S>—see Valli [45] for a simpler proof of this. The finiteness has huge consequences
for the structure of those harmonic maps, developed in many papers since then. In particu-
lar, all such maps are (weakly) conformal which means that they give minimal branched
immersions in the sense of [27]. It is thus important to know whether a harmonic map from
an arbitrary Riemann surface is of finite uniton number. In [3], the present authors and
A. Aleman developed a useful criterion for this finiteness; the criterion uses the extended
solutions of Uhlenbeck and their interpretation by Segal [40] as varying shift-invariant
subspaces of a Hilbert space, but gives a test which depends only on the harmonic map,
and is local, see Proposition 1.1.

For maps to a (complex) Grassmannian G,(C"), this finiteness criterion can be inter-
preted in terms of diagrams for harmonic maps developed by F. E. Burstall and the second
author [11]. In this paper, we study and apply the criterion to extend many known results
for harmonic maps from the Riemann sphere to harmonic maps of finite uniton number
from an arbitrary Riemann surface. Note that our methods do not apply, in general, to har-
monic maps which are strongly isotropic, i.e., of infinite isotropy order; however, these are
automatically of finite uniton number and are well understood, see [11, 23].

(i) We extend descriptions of harmonic maps in [11] and [4] to show how harmonic
maps of finite uniton number from any Riemann surface into G,(C") can be obtained
from three basic types (Theorem 2.12). This restricts to descriptions of maps into a
real Grassmannian G,(R") and quaternionic projective space HP" extending [4] and
[5]. Our work depends on showing that certain cycles (or circuits) of second funda-
mental forms in a diagram associated to the harmonic map, whose composition is
nilpotent on S?, because of the vanishing of holomorphic differentials on S?, remain
nilpotent for harmonic maps of finite uniton number from any Riemann surface, as a
result of the finiteness criterion. Our results give extensions to such harmonic maps
of theorems of Ramanathan [39] and Aithal [1] for harmonic maps into G,(C*) and
G,(C), Aithal for HP? [2], and A. Bahy-El-Dien and the second author for G,(R")
(or the complex quadric Q,_,) [4] and for HP" [5].

(i) We develop the construction of such nilpotent cycles to other Grassmannians. This
leads to two families of such cycles (Propositions 2.14 and 2.22 ), plus two ‘hybrid’
cycles (Propositions 2.20 and 2.26 ), which we hope will be the start of a larger
theory of nilpotent cycles. We use our nilpotent cycles to extend the description [11]
of harmonic maps from S? to G,(C") (k = 3,4,5) to finite uniton number harmonic
maps from any Riemann surface (Theorem 2.28).

(iii) A second important type of harmonic map is those of finite type. We show that a
harmonic map from a torus to a complex Grassmannian which is simultaneously of
finite uniton number and finite type is constant (Theorem 3.6). This was previously
known only for maps into a sphere or complex projective space [35]. We prove it
by extending a theorem of J. Wolfson [48] to show that the harmonic sequence of
a harmonic map into a Grassmannian terminates if and only if it is of finite uniton
number (Theorem 3.5).

(iv) Although more recent work has shown how harmonic maps of finite uniton number
can be constructed explicitly from holomorphic data, the above methods are more
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suited to answering geometrical questions such as finding constant curvature or
homogeneous minimal surfaces, see for example [24, 28-32, 34, 37]. These papers
took the domain to be S, but the methods in this paper allow some generalization of
these results to harmonic maps of finite uniton number from any Riemann surface,
see Sect. 3.1.

1.2 Background

We give only the background needed for this paper. For more details on the finiteness crite-
rion plus general background from a functional analytic point of view see [3]; see also [20,
44] for the general theory of harmonic maps and [41, 49] for some theory relevant to this
paper.

Throughout the rest of this paper, M will denote a (connected) Riemann surface, not
necessarily compact. For a smooth map ¢ : M — U (n), we consider the matrix-valued
1-form

| .
X4 dep := A;"dz +A; dz,
where z is a local (complex) coordinate on M. Then (see [43]) @ is harmonic if and only if
(A?); + (Ag’)Z =0.

Recall [43] that an extended solution is a smooth map @ : S' x M — U (n) satisfying
@(1,-) = I and such that, for every local (complex) coordinate z on M, there are gl(n, C)
-valued maps A_ and A for which

@4, )1 dD(4, ) = (1 — A7HA,dz + (1 — DAdz. (1.1)

We can consider @ as a map from M into the loop group of U(n) defined by
QU@m)={y : S' - Um)smooth : y(1)=1}. If ® is an extended solution, then
@ = ®(—1,-) is a harmonic map with (¥) A? =4, and A;” = A.. Conversely, given a
harmonic map ¢ : M — U (n), an extended solution @ is said to be associated to ¢ if
®(—1,-) = ue for some constant u € U (n), equivalently, @ satisfies (¥). If M is simply
connected, the existence of an extended solution @ associated to a smooth map is equiva-
lent to harmonicity of the map, see [43]; ® is then unique up to multiplication from the left
by a constant loop, i.e., a U (n)-valued function on St independent of z € M.

Let ¢ : M — U (n) be a smooth map. Recall that the (Koszul-Malgrange) holomor-
phic structure induced by @ is the unique holomorphic structure on the trivial bundle
C" := M x C" with d-operator given locally by the derivation D(" =0, +A"’, we denote
the resulting holomorphic vector bundle by (C", D"’) Here 0, denotes ordmary (‘flat’) dif-
ferentiation with respect to zZ in C". Note that [43] amap ¢ : M — U(n) is harmonic if
and only if A? is a holomorphic endomorphism of the holomorphic vector bundle (cr, D(”)
In part1cular its image and kernel form holomorphic subbundles of (C", D), at least off
the discrete subset of M where the rank of A? drops (i.e., does not equal its maximum
value), and these subbundles are independent of the local complex coordinate z. By filling
out zeros as in [11, Proposition 2.2], these image and kernel subbundles can be extended to
holomorphic subbundles over the whole of M, which we shall denote by ImAg’ and kerAg’,
respectively.
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Next, recall that a subbundle o of C" is said to be a uniton for a harmonic map
@ : M — U(n)ifitis (i) holomorphic with respect to the Koszul-Malgrange holomorphic
structure induced by ¢, i.e., D"’(a) €l'(a) (o €l'(a)); (il) closed under the endomor-
phism A“’ ie., A"’(a) el(a) (o- € I'(@)) (here I'(-) denotes the space of smooth sections
of a bundle) Uhlenbeck showed [43] that, if a subbundle a C C" is a uniton for a harmonic
map @, then

¢ =, — nj) or, equivalently, — ¢(x, — nj), (1.2)

is also harmonic; @ is said to be obtained from ¢ by adding the uniton a. Here x,, (resp.
ﬂi‘) denotes orthogonal projection onto the subbundle « (resp. its orthogonal complement
atin C"). Uhlenbeck showed further that, if @ is an extended solution associated to @, then
a is a uniton for @ if and only if o= Oz, + /Izzi) is an extended solution (associated to
¢ =, — nj) ). We shall therefore also say that « is a uniton for ®.

A harmonic map @ is said to be of finite uniton number if, for somer e N = {0, 1,2, ...},

@ = @y, — 7)) e (T, — )

where ¢, € U (n) is constant and, for eachi=1,...,r, the subbundle g; is a uniton for the
partial product @;_; = @y(7,, ) (7, — ﬂl ))- Equivalently, @ is of finite uniton
number if and only if it has an asso<:1ated extended solutlon of the form

® = I(x,, + Amy) - (x, + Am), (1.3)

where [ denotes the identity matrix and, for each i, «; is a uniton for
@, =I(x, + /lzril) e, + Ay ))- Any polynomial extended solution @ has a factori-
zation (1.3) into unitons [43], thus a harmonic map @ from a Riemann surface to U (n) is of

finite uniton number if and only if it has a polynomial associated extended solution.

1.3 The criterion for finiteness of the uniton number

In [3, Theorem 3.6], a necessary and sufficient criterion was given for a harmonic map
@ : M — U(n) to be of finite uniton number. This may be stated as follows. Motivated by
Segal’s Grassmannian model [40], see Sect. 3.2, we consider the Hilbert space L*(S', C")
of all L? functions S' 3 A - f(4) € C" and extend all operators on (sections of) C" to the
trivial bundle H := M X L*(S', C"). Then, for any local coordinate z, we define a differen-
tial operator T = T, on sections of H by

T=T,=0,+(—-A"HA? =-1"'A? + D?. (1.4)

Here 0, denotes ordinary (flat) differentiation with respect to z and D? denotes the deriva-
tion D? =0, + A?. Foranyi=1,2,..., write T! = To --- oT (i copies); note that T" is poly-
nomial in A~! of degree at most i. Then we have from [3, Theorem 3.6 and Corollary 4.3]:

Proposition 1.1 [Finiteness criterion] Let ¢ : M — U (n) be a harmonic map, Then ¢

is of finite uniton number if and only if the maximum power of A" in T(’;} stays bounded for
ieN.
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Also note from [3, Corollary 4.2] that @ has finite uniton number if and only if its
restriction to some open set has finite uniton number. In [3], Proposition 1.1 is called the
bounded powers criterion.

An immediate consequence of Proposition 1.1 is that a harmonic map ¢ : M — U (n)
of finite uniton number is nilconformal, i.e., has A? nilpotent. This follows from holomor-
phicity of A;{’dz when M = §? [43]; for general M, it is shown in [42, Example 4.2], or fol-
lows from the constructions involving nilpotent Lie algebras in [9]. In particular the trace
of (A%?)? is zero, which says that a harmonic map of finite uniton number is weakly confor-
mal and so is a minimal branched immersion, as mentioned in the introduction.

Remark 1.2 In the same way [11] that A?dz gives a globally defined (1, 0)-form, T,dz
gives a globally defined differential operator. However, as in [11], for simplicity of nota-
tion, we work in a local complex coordinate chart. All our constructions are independent of
that chart.

1.4 Maps into a Grassmannian

We now discuss harmonic maps into Grassmannians and some geometrical methods for
studying them. For k € {0, 1,...,n}, let G,(C") denote the Grassmannian of k-dimen-
sional subspaces of C". This can be embedded in U (n) by the Cartan embedding [15,
Proposition 3.42] which is given, up to left-multiplication by a constant unitary matrix, by
GCYsaw—rm, — 77.';‘ € U(n). Since the Cartan embedding is totally geodesic, by the
composition law [21, §5] it preserves harmonicity, i.e., a smooth map ¢ into G,(C") is har-
monic if and only if its composition with the Cartan embedding is harmonic into U (n).

We may consider a smooth map ¢ : M — G,(C") into a Grassmannian as a subbundle,
still denoted by ¢, of the trivial bundle C", with fibre at z € M given by the k-dimensional
subspace @(z). Note that ¢ is harmonic if and only if the map given by the orthogonal com-
plement @ is harmonic; further the two maps have the same Cartan embedding up to sign.

We need some notation from [11]: for two mutually orthogonal subbundles ¢ and y of
C", and local complex coordinate z on M, we define the (9'-)second fundamental form of @
in @ @ y by A;W(s) = 00,5 (s € ['(p)); note that this is tensorial. As a special case, we
write A;} = A; ol then a direct calculation from the definitions shows that (A?)|,, = —A;
and (A?)],. = —A; .. Similarly, we define the 0”-second fundamental form of ¢ in ¢ @ w
by Aggw(s) =r,00;s (s €l(p)), and write AZ = A;:’(pl, then (A;”)l(p = —AZ and
(A;”)Iq,l = —A;:l. Note that Al’;’w is minus the adjoint of A;W and (see [11, Lemma 1.3], [17,
Theorem 2.1]) @ is harmonic if and only if A; is holomorphic, and this holds if and only if
A" is antiholomorphic.

Let ¢ : M - G,(C") be a smooth map and a a subbundle of C". Then [43],
® = —p(n, — ) has image in a Grassmannian if and only if 7, commutes with 7, and
this holds if and only if & is the direct sum of subbundles § of @ and y of @*, in which case
@ = (p © ) @ y—for this formula, we need to choose the minus sign in (1.2); note that
+@ are orthogonal complements. Then « is a uniton for @ if and only if p and y are holo-
morphic subbundles of @ and @*, respectively, with Aﬁp(ﬂ) Cyand A:pl (y) C B

An important example is when we choose fC ker(A:p LcA;’ ) and set
y=A' (f) := Im (A;|ﬁ). Since A;} and f are holomorphic, we may complete this image to
a subbundle by filling out zeros thus obtaining a harmonic map @ = (¢ © ) @& A;’ (#). Fol-
lowing [11, §2B], we say that @ is obtained from ¢ by forward replacement of B. Dually, let
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1056 R. Pacheco, J. C. Wood

y be an antiholomorphic subbundle of ¢ such that y C ker(A:p’ | oA;’ ). Then
o=(pOy® A;; (y) is harmonic; we say that @ is obtained from ¢ by backward replace-
ment of y. Note that reversing the orientation of M, i.e., replacing its complex structure by
the conjugate complex structure, turns forward replacements into backward replacements
and vice-versa.

A special case of forward replacement is when we choose = @ and y = ImA;J , in
which case ¢ = ImA;. We write G' (@) := ImA;; this is called the (0)-Gauss bundle of ¢
[11, §2B] or o-transform [17, Theorem 2.2]. Similarly, we define the 0”-Gauss bundle of ¢
by G (@) := ImA;;.

2 Diagrams, cycles, and finite uniton number
2.1 Diagrams

In [3, §4] the present authors and A. Aleman gave a test for finiteness of the uniton num-
ber of a harmonic map into a Grassmannian based on the existence of certain cycles in a
diagram associated to the harmonic map. Here we extend that work to give more powerful
tests.

To display second fundamental forms we shall use (harmonic) diagrams, in the sense of
[11], i.e., directed graphs whose vertices (nodes) are mutually orthogonal subbundles y;
with sum C". For each ordered pair (i, j) with i # j, the arrow (i.e., directed edge) from y;
to y; represents the second fundamental form A;/ " We shall call an arrow with i #j

(4]
proper; the absence of that arrow indicates that A;j v, is known to vanish. In this paper, we
¥
will also associate a self-arrow to each vertex y,—that is, an arrow whose endpoints are the
same vertex y,—which represents the derivation D! = 7, 00,|,. However, self-arrows
will not be shown in the displayed diagrams below.

The most basic diagram for a smooth map ¢ : M — G, (C")is
%}
£ L (2.5)

As in Sects. 1.2, 1.4, the second fundamental forms A;} and A; | are holomorphic if and
only if ¢ is harmonic.

We say that a diagram A, is a refinement of a diagram A, if all the vertices of diagram
A, are (orthogonal direct) sums of vertices of A,. By a diagram associated to a smooth map
@ : M — G,(C") we mean one which is a refinement of the basic diagram (2.5), i.e., each
vertex represents a subbundle of ¢ or @t

For each path C in a diagram from a vertex f to a vertex y and on each coordinate patch
there is a corresponding operator C : T'(f) — I'(y) which we denote by the same letter in
boldface, given by the composition of the second fundamental forms and derivations repre-
sented by the edges of the path. If the path contains no self-arrows, then C is a bundle map
f — y. By a cycle on a vertex f we mean a path which starts and finishes at f; note that
there may be self-arrows, and vertices may occur more than once.

In [11, Proposition 1.5], there is given a simple sufficient condition that a second funda-
mental form in a diagram be holomorphic—note that Proposition 1.6 in that paper contains
an error, see [12]. This leads to the idea of holomorphic cycles (or circuits) where each
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arrow in the cycle is holomorphic. The key tool in that paper [11, Proposition 1.8], which
appeared in [39, §2], is that a holomorphic cycle of length £ on a vertex a gives a globally
defined section of @ T*M ® L(a, a), and if M = §?, this must be nilpotent; indeed any
such section is given locally by dz¥ ® A, and the coefficients of the characteristic poly-
nomial of A produce globally defined holomorphic differentials on $? which must vanish
[11, Proposition 1.8]. This leads to vanishing theorems giving methods to simplify, and so
understand, harmonic maps from S2. For other Riemann surfaces, this argument does not
work in general; instead we use the following new idea coming from the development in
[3] which does work for all Riemann surfaces.

Call an arrow external if one of its vertices is in ¢ and the other is in @', otherwise call
it internal. A path is external if it contains at least one external arrow. Given any arrow
v; — ;, we have a corresponding component ﬂW,_Olei of the operator T defined by (1.4).

If " is external, this component is given by
| o] — 3-14r -1 e .
ﬂ.,,/Olel =-1 7rq,/0AZ ly, =4 sz,-,w,- =1 ﬂ%oazlwi, whereas, if it is internal with i # j,
. _ ol _ar - . e .
it is ﬂwj_OTIWl_ = ﬂ%ODZ ly, = Aw,-,wj = ”w,oazlw,-' Finally, if i = j, the component r,, oT',, is

”W;onlw,» = DZ/' = ”w,oazlw,'

Given a diagram associated to a smooth map ¢ : M — G,(C"), we say that a path C has
degree m if it has m external arrows and type (£, m) if it has length # and degree m. Then
the composition of the components of T corresponding to each arrow along the path gives
a term A~"C in T7; note that this could be zero. Let a be a subbundle of the initial vertex
p of C. We say that C is zero (resp. zero on ) and we write C = 0 (resp. C|, = 0), if the
corresponding operator C is zero on (sections of) f (resp. a); similarly, we say that C is nil-
potent if C is. Recall that an arrow which is not a self-arrow is called proper: such arrows
represent second fundamental forms.

Lemma 2.1 Consider a harmonic diagram A and let C be a path in A of length ¢ from a
vertex P to a vertex y; if p =y, suppose further that C is not of the form S¢, where S is the
self-arrow on f§ = y. Let a be a subbundle of f. If any path of length ¢ from f to y contain-
ing exactly the same proper arrows as C is either zero on a or equal to C, then C restricts
to a bundle map from a toy.

Proof We write C = A,0A,_,o0...0A,, where A, is the operator corresponding to the ith
arrow in C. If C is zero on a, then C|, is obviously a bundle map. So now assume that C|,
is non-zero. If C does not contain any self-arrow, then each A, is a bundle map and, conse-
quently, C|, is a bundle map.

Suppose that C contains exactly k > 0 self-arrows. Given a smooth complex function f
on M and a section s € ['(a), we claim that

C(f5) = fCy(s) + £/ C () + - +fPC,(s) (2.6)

where C, = C and, for each j=1,... k, Cj is the sum of all operators ij, with

m=1,..., <f ), corresponding to paths from f to y obtained from C by removing exactly
J self-arrows. We prove this claim by induction on the length # of C. For # = 1, we have
k =0ork = 1, and formula (2.6) obviously holds in both cases. For the induction step, sup-
pose that the formula holds for any path of length £ — 1. Let C be the path in A of length

¢ — 1 obtained from C by removing the last arrow, thus C = A,_;o... 0cA;. Assume first
that the last arrow is not a self-arrow, so that A, is a bundle map. By the induction
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1058 R. Pacheco, J. C. Wood

hypothesis, C(s) =féo(s) +f’él(s) + e +f(k)ék(s); since A, is a bundle map, we have
C = Afoéi; hence we see that (2.6) holds for C = Afoé. Suppose now that A, corre-
sponds to a self-arrow. In this case, C has k — 1 self-arrows and C has k self-arrows. By the
induction hypothesis, C(s) = fCO(s) +/f'C, () + - + f l)ék (). We clearly have
C, = AfOCO, C, = Ck - and C; = C, | +A,;0C fori=1,...,k—1; then, since A, is a
derivation, we obtain:

C(fs) = A, oC(fs)
= A (fCo() + F'C, () + - +f4DC,_ ()
= fA,0Cy(s) +f'(Co(s) + A,0C, () + - +fPC,_, (s)
=fCo(s) +£'C,(s) + - +fOC(s),

as claimed.
Now we prove the lemma by contradiction. Suppose that C|, is not a bundle map. Then,
by (2.6), we can choose a section s € I'(a) and j € {1, ..., k} such that Cj(s) # 0, and con-

sequently B, (s) #0 for some m € {1,. (f)} Let j, be the largest j such that

mj(s) # 0 for some m, and choose my such that B,, o (s) # 0. Recall that B, of corresponds
to a path B,, . from f to y obtained from C by removmg some set of j, self—arrows hence it
has length f — Jo- The idea is to construct a path C#Cof length # from g to y, containing
exactly the same proper arrows as C, with Cla non-zero, by adding j, self-arrows (on g or
r)to B’”ﬂin' ~
Set B=B,, ; and consider the path C = ShoB from B to y, which has length
¢, where S is the self-arrow on y. Since B has k —j, self-arrows, we can write
B(fs) = fBy(s) +f'B,(s) + - +f(k‘fO)Bk_j0 (s), for the section s € I'(a) chosen above, and
any smooth complex function f, as in (2.6). If B;(s) # 0 for some i > 0, then there exists
a path from f to y obtained from B by removing a set of i self-arrows giving an operator
which is non-zero on a; but then such a path is obtained from C by removing a set of j, + i
self-arrows, i.e., B,,; ,;(s) # 0 for some m, which contradicts our definition of j,. Hence

B(fs) = fB(s) and B(s) # 0. Since S is a self-arrow, S is a derivation, and this implies that
~ . . j() . . . .
C(fs) = ShoB(fs) = S (fB(s)) = ). (Jf ) FU0=DSI (B(s)).
i=0
Since this holds for any smooth function f and B(s) # 0, the operator C is non-zero on a.
Hence, if C # C, this contradicts the assumption that C is the unique path from f§ to y of
length # which is non-zero on a. If C = C, we consider instead the path C = BoSh, which

is also of type ¢ and, by a similar argument, is non-zero on a. Since C has at least one
arrow which is not a self-arrow, if C = §ooB then C # BoS, and we are done. O

We remark that, although it restricts to a bundle map, C may still contain self-mappings,
cf. the second approach in Proposition 2.11. We now give an important consequence of the
finiteness criterion (Proposition 1.1), which we state in a general setting.

Proposition 2.2 Let ¢ : M - G,(C") be a harmonic map of finite uniton number,

and consider an associated diagram A. Let w be a vertex of A with w C @ and let a be a
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subbundle of w (which may not be a vertex of A). Let C be an external cycle of type (¢, m)
on y whose corresponding operator C sends (sections of) a to a. Then C restricts to a nil-
potent bundle map C|, : a — aif, for each j € N, any cycle on y of type (j€, jm) is zero on
aor is equal to C.

Proof Since C is external, C contains at least one arrow which is not a self-arrow. Then, by
Lemma 2.1, the operator C|, is a bundle map.

Suppose that C|, is not nilpotent. Then, for each j, C/(«) # 0. Since ' is the unique
cycle on y of type (j£, jm) which is non-zero on a, it follows that 7., T/ (&) # 0, thus, for
each j, T/ has a non-vanishing term in A", contradicting Proposition 1.1. |

Remark 2.3

(i) Ifeaisabundle of rank one, a bundle map a — « is nilpotent if and only if it is zero.
(i) In our main applications of Proposition 2.2, namely Propositions 2.7, 2.14, 2.20, 2.22
and 2.26 , we consider a diagram A which has @ as a vertex, set y = ¢, and take a
to be a proper subbundle of ¢ which is not a vertex of A.
(iii) For other applications we take a diagram where « is a vertex and we set y = a. See
Proposition 2.11 for both approaches.

To implement Proposition 2.2 with y = ¢, the following is often useful.

Lemma 2.4 Let ¢ : M — G (C") be a smooth map and consider an associated diagram
which has @ as a vertex. Let a be a subbundle of @. Let C be a cycle on @ of type (€, m)
whose corresponding operator C sends (sections of) a to a. Suppose that (i) any non-zero
cycle on @ of degree m has length at least ¢; (ii) any cycle on @ of type (£,m) is zero on
a or is equal to C. Then, for each j € N, any cycle on @ of type (j¢,jm) is zero on a or is
equal to C.

Proof Since C starts and finishes on ¢, m must be even. Let B be a non-zero cycle on ¢ of
type (j¢,jm); it is the composition of j non-zero cycles C; on ¢ of degree m. By hypothesis
(i), each C; has length at least ¢; since the total length of B is jZ, each C; has length exactly
. Finally, by induction on i and hypothesis (ii), each C; is zero on a or equal to C, so that B
is zero on a or equal to C'. O

Note that the lemma still holds when C = 0, in which case the conclusion is that there
are no non-zero cycles on ¢ of type (j¢, jm) for any j.

As a first example, let ¢ : M — G,(C") be a harmonic map and let C be the cycle
@ — @t — @ on @ of type (2, 2) in the diagram (2.5); the corresponding operator is the
bundle map C : ¢ — ¢ given by C :A; N oA:p = (Ag’)2| o The conditions (i) and (ii) of
Lemma 2.4 are satisfied with @« = . Hence, by Proposition 2.2 (with v = @), if @ is of
Jfinite uniton number, C is nilpotent; it follows that A? is nilpotent, as was already noted
above.

A harmonic map ¢ : M — G,(C") is called 0"-irreducible (resp. d"-irreducible) if
rank G'(¢) = rank ¢ (resp. rank G”(¢) = rank @), equivalently, A; (resp. Ag ) has maxi-
mal rank off an isolated set of points; the structure of reducible harmonic maps is given by
the Reduction Theorem [11, Theorem 4.1]. Nilpotency of A? implies that either ¢ or @t is
reducible. In particular, the description of J. Ramanathan [39] of harmonic maps from S*
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to G,(C*) as stated in [11, §5D] immediately generalizes to harmonic maps of finite uniton
number from any Riemann surface.

2.2 More nilpotent cycles

For a harmonic map ¢, we recalled above that the (0’-)Gauss bundle G'(¢) is the image of
A’ (completed to a subbundle by filling out zeros); this bundle is harmonic. We iterate this
construction to give the ith (9'-)Gauss bundle GO (@) fori = 1,2, .... by setting GO (@) =

GV (@) = G'(9), GV (@) = G'(GP(p)); see [17] for a moving frames approach.

Similarly, we define the 0”-Gauss bundle of ¢ by G”(¢) = Im (Ag’|w), and iterate this to
obtain G™ V(@) = G" (), G5 V(@) = G" (G (@)Xi =0, 1, ...), so that GO(g) is defined
for all i € Z. Note that G”(G'(9)) C @ (resp. G'(G"(¢)) C @) with equality if and only if
@ is 0'-irreducible (resp. 0”-irreducible) [11, Proposition 2.3]. The sequence of Gauss bun-
dles GO(@Xi € Z) s called the harmonic sequence of @ [17, 48].

The (complex) isotropy order of a harmonic map ¢ : M — G, (C") into a (complex)
Grassmannian is defined to be the greatest value of r € {1,2, ..., oo} such that ¢ is orthog-
onal to G”(g) for all i with 1 <i < r. Equivalently [11, Lemma 3.1], the isotropy order
is the greatest value of r such that G”(g) and GV (@) are orthogonal for all i,j € Z with
i#jand 1 < |i—j| <r. A harmonic map with infinite isotropy order is called (strongly)
isotropic.

For a harmonic map ¢ : M — G,(C") of finite isotropy order r, we define the first return
(path) to be the path c=c, = c(@)=c (@) : ¢ = G'(p) = - = G" D(p) > R - o,
i.e., the cycle on @ shown in the following diagram:

T
o= Cp) - ——GUN(p) =R
@

cWp) Agr-2) ) Agr-1),)

2.7
where R := (er__(; G(")((p))l and the curved arrow represents A;} )
- 1

The first (0')-return map ¢ = ¢, = ¢(¢) = ¢,(¢) is the corresponding bundle map ¢ — @

(see [4] where it is denoted by c’r (@)). Thus, the first return map is the composition of sec-
ond fundamental forms:

At ' ’ ’
€ = 46019 A60-10)° " A0 A0 (2.8)
!/ !’ ’ .
= TpOA G0 Age1)° T A g O
, .
Note that the maps A AG(”((I)) . AG(T_Z)( ) in (2.7) are surjective and AG(, o) has image

G (¢), which lies in R.

Using the test for holomorphicity in [11, Proposition 1.5], the first return mapc : ¢ — @
is a holomorphic cycle and so is nilpotent if M = S?. For an arbitrary Riemann surface M,
it is shown in [3, Theorem 4.10], that ¢ is still nilpotent if @ has finite uniton number. Note
that this also follows from Proposition 2.2, or Lemma 2.4, applied to diagram (2.7) with
a =@ and (¢,m) = (r + 1,2), since c clearly satisfies the required conditions; furthermore,
nilpotency of ¢ generalizes that of A? mentioned above.

This immediately tells us that some theorems which depend only on this fact extend.
For example, the theorem of A. R. Aithal [2] extends to give a description of harmonic
maps of finite uniton number from any Riemann surface to HP? (see also [5, §6(B)]); a
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generalization of this to harmonic maps of finite uniton number from a Riemann surface
into HP" was given in [36, §5] by using loop group methods.

In diagram (2.7), the first return path is the only external cycle on ¢ of length r 4+ 1 and
any other external cycle on ¢ is longer. Next we consider the following refinement of dia-
gram (2.7):

== G'(p) > — > G D) —=GM(p) —=R 29
A/ A, A/ B ! L !

® (M) (p) c(r=2)(p) G(r=1(y) G ()R
where R = (Z::o G(i)((p))l, and the outer and inner curved arrows represents A;e v and

A , respectively.

/G")(tp)xp
By (2.8), the first return map ¢ corresponds to the inner cycle
@ = G(p) = - = G(p) > @; as in diagram (2.7) we call this the first return
path and denote it by c. We define the second return path e = e(¢) to be the outer
cycle @ = G'(@p) = -+ - G(@) > R— ¢ of (29), and the second return map
e =e(p) : @ — @ to be the corresponding bundle map, i.e., the composition of the second
fundamental forms:

_ Y ’ ’ Y ’
€= e(9) = Ag 24 G0k *AGe-1()° " A0 A

We can describe cycles on ¢ of type (r + 2,2) as follows. It is convenient to use the symbol

o to denote composition of paths as well as operators, for example, eoc means the path ¢

followed by the path e; note that the corresponding operator is the composition of operators

eoc.

Lemma 2.5 Let ¢ : M - G,(C") be a harmonic map of finite isotropy order r. Consider
the diagram (2.9). Then any cycle w on @ of type (r + 2,2) is one of the following :

(De, (2) uoc, (3) cou, @

Here u denotes the self-arrow on @ and C is obtained from c by inserting a self-arrow on
GO(@) for somei € {1,...,r}, in particular, Imn€ C Ime.

Proof If w includes R it must be e, otherwise it would be too long. If not, it includes
G"(@) = @ and must be ¢ with a self-arrow on G?(¢g) inserted for some i € {0, 1, ..., 7}
giving (2), (3) or (4).

Since the maps A;, Agm(@, ’A/(;um(,p) in (2.9) are surjective, it is clear that
Im¢ C Imec. O

Example 2.6 Let ¢ : M — G,(C") be a harmonic map of finite isotropy order r with
¢? = 0. Let a be any subbundle of ¢ with Ime C & C ker ¢ and set § = @ © a. Define holo-

morphic subbundles a; of G”(¢) inductively by ay=a, o;=Im(A[ @ la) for
i=1,....,r,and set f; =Gp) O a;, R= (X, G(i)((p))l; note that R or some of the a;
may be zero, but they are non-zero if all G(@)i = 0, 1, ..., r) are irreducible.

Then we have the following refinement of diagram (2.9):

@ Springer



1062 R. Pacheco, J. C. Wood

(2.10)
Let w be one of the cycles of Lemma 2.5. Then the operator w|, coincides with the

operator corresponding to one of the following paths :

1) a—»a = —>a ->R-e(fw=e);

(2) zero cycle (if w = uoc);

(3) a—=f—fy == p,— alifw=cou);

@4 a—-a - - p—> > p —>alifw=7).

In (2), with w = uoc, then w|, = 0 since @ C kerc. In (3) and (4), we have included an
arrow a; — f; the corresponding operator a; — f; is, of course, the second fundamental

form A;_ 5 Comparing with diagram (2.9), this is the f;-component of the restriction to «;

of the operator DZ"'@ corresponding to the self-arrow on G?(g). If we had included a self-
arrow on «; instead of the arrow a; — f;, the corresponding operator would be the other
component of DZG(”(“’)lal, namely 7, oDP"@ : T(a;) — I'(e;), and the operator w would be
zero on «a since a C kerc.

Since there are four possibilities for w in Lemma 2.5, e does not satisfy the conditions
of Proposition 2.2 and does not, in general, give a nilpotent cycle on ¢ or a; however, when
combined with ¢ we can construct nilpotent cycles from e as we shall see below.

Define the nilorder of the first return path c to be the nilorder of its corresponding oper-
ator ¢ : @ — @, i.e., the least value of p € {1,2,...,00} such that ¢ = 0; as above this
is finite for a harmonic map of finite uniton number. We now discuss how to modify a
harmonic map of finite uniton number and finite isotropy order into a Grassmannian by
increasing its isotropy order until it becomes reducible, leading to a description of the har-
monic map. The modifications are given by replacement of a subbundle found by finding a
sequence of new nilpotent cycles. There are three different cases, which we discuss in the
next three subsections.

2.3 First return map of nilorder 2

Proposition 2.7 Ler ¢ : M — G (C") be a harmonic map of finite uniton number and
finite isotropy order, with first return map ¢ of nilorder 2. Suppose that a is any subbundle
of @ withImec C a C kerc. Let D, be the bundle map given by coe|, : « — a . Then D, is
nilpotent.

Proof Let r be the isotropy order of ¢, and consider the diagram (2.9). Let D, be the cycle

on @ given by coe; note that D, has type (2r + 3,4). We show that it satisfies the condi-
tions of Lemma 2.4, namely that (i) any non-zero cycle on ¢ of degree 4 has length at least
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2r 4+ 3; (ii) any cycle on @ of type (2r + 3,4) is zero on «a or is equal to D;. The result then
follows from Proposition 2.2 (with y = @).

(i) Let B be a non-zero cycle on ¢ of degree 4. It is the composition of two non-zero
cycles on @ of degree 2; each of these must have length at least » + 1. However, since
¢? = 0 and B is non-zero, this length must be at least (r + 1) + (+ + 2) = 2r + 3; in
fact, if B has length 2r + 3, then B must be cow or woc, with w as in Lemma 2.5.

(i) Let B be a cycle on ¢ of type (2r + 3,4) which is non-zero on a. Then by (i) B must
be cow with w as in Lemma 2.5, since woc vanishes on «. In case (2) of that lemma,
this B is zero on a since ¢, and so w, vanishes on «. In cases (3) and (4), the image
of w is contained in Im ¢ so the composition cow is zero. Hence we have case (1):
w=¢e,80 B =coe=D,.

O
The proof is illustrated by diagram (2.10). The only possible non-zero component of the
map D, = coe|, : @ — ais given by the composition

a—>a > —oa>R>F>p o> B —a. (2.11)

In [11, p. 276], this was shown to be holomorphic (see also Lemma 2.15), and so nilpotent
when M = §%; Proposition 2.7 generalizes this.
Our first application is to extend a theorem of Aithal [1] to an arbitrary Riemann surface.

Proposition 2.8 Let ¢ : M — G,(C?) be a harmonic map of finite uniton number which
is 0'- and 0"-irreducible. Then G' (@) is d'-reducible.

Proof The first return map ¢ : ¢ — ¢ is nilpotent as ¢ is of finite uniton number; since
@ has rank 2, we must have ¢ = 0. By irreducibility, G’ (@) and G” (@) again have rank 2;
since they all lie in C>, they cannot be mutually orthogonal so that ¢ has isotropy order
precisely 1. Thus we have diagram (2.10) with » = 1 and all vertices of rank one. Now the
bundle map D, = coe|, : @ — «a is nilpotent and so zero; however, all second fundamental
forms in (2.11) are non-zero, except possibly a; — R, so this last arrow must be zero giv-
ing the conclusion. O

Our second application is to extend the description of harmonic maps from S? to G,(C")
in [11, Theorem 3.3] to harmonic maps of finite uniton number from any Riemann sur-
face. This uses the idea of forward replacement (§ 1.4) to increase the isotropy order, see
[11, Proposition 3.4] and [17, Theorem 7.2]; a slightly more general and precise version is
given in [4, Proposition 3.2].

Proposition 2.9 Let ¢ : M - G,(C") be a harmonic map of finite uniton number,
and finite isotropy order r(r > 1). Then the harmonic map @ obtained from @ by forward
replacement of the image of the first return map of @ has isotropy order r + 1.

Proof Since @ has finite uniton number and rank 2, we have ¢ = 0. We use Proposition 2.7

to generalize the proof given in [11, 17] for M = S in the case when @, GV (@), ..., GV (@)
are all '-irreducible:
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In diagram (2.10), set ay = a = the image of the first return map ¢ = ¢,(¢); note that
a Ckerc as ¢ =0. Set @, = ImA7, |, : since G"(g) is 0-irreducible, a,,, and the
map a, = «a,,; are non-zero. Setting f,,; = R © «,.,, the diagram (2.10) becomes

Bo B a Br-1 Br Bri1 Bo

NN D] e

Qg aq s Qpr_1 Qp Q41 &%)

where we repeat the first column. Note that all vertices are of rank one except possibly £,
(which could even be zero). The harmonic map obtained from ¢ by forward replacement of
ais@ =P, ®a.

Then, from Proposition 2.7, the bundle map D, = coe|, is nilpotent, so zero. Since all
the other arrows in (2.11) are non-zero, this means that «,,; — f, must be zero. Hence,
G+1(®) lies in f,,, @ ay; this is orthogonal to @, showing that the isotropy order of @ is at
least 7 + 1. Since the map A;“’al oc(¢)| 5, corresponding to the path fy — -+ = B, = ay = @,

is non-zero, the isotropy order of @ is precisely » + 1 with T, oc(@)| b = A; ot oc(@)| b
If GY(g) is d'-reducible for some i € {0, 1,...,r}, we have the same diagram with

@1 ..., zero. The map e|, is thus zero and the proof goes through without needing
Proposition 2.7—see the proof of [4, Proposition 3.2] for more explicit diagrams when
i#0. O

Remark 2.10 Let ¢ : M — G,(C") be harmonic and let a be a holomorphic subbundle of
ker(A;i oA;}) (cf. §1.4). Seta; := A;(a).

(1) If@is d'-irreducible or, more generally, rank a; = rank a, then the inverse of forward
replacement of a is backward replacement of «,. In the case k = 2, forward replace-
ment of a line subbundle a with A; (a) # O increases (resp. decreases) the isotropy
order by precisely one according as @ = Imc (resp. @ # Imc¢); the two operations
are inverse and give bijections [4, §3].

(ii) If, on the other hand, rank a; < rank « so that ¢ is 0’-reducible, the forward replace-
ment reduces the rank of ¢ so that it cannot be inverted by a backward replacement.

We may carry out the forward replacement operation in Proposition 2.9 repeatedly
until we obtain a 0’-reducible harmonic map ¢ : M — G,(C") (which must happen for
dimension reasons), so that we now need to understand such maps. Firstly, rank G'(¢)
(= rank A; ) is zero if and only if ¢ is antiholomorphic. We describe two other types of 0’
-reducible maps which generally have rank G'(¢) = 1:

(i) A Frenet pairisamap @ : M — G,(C") of the form ¢ = GP(h) @ GU*V(h) for some
holomorphic map & : M — CP"!'and some j € {0,1,2,...,n — 2} such that G (h)
and GY*D(h) are non-zero—this is automatic if & is (linearly) full, i.e., its image
lies in no proper projective subspace of CP"~!. Note that a Frenet pair is strongly
isotropic, i.e., of infinite isotropy order.

(i) A mixed pair is a map @ : M - G,(C") of the form ¢ =g@®h where
h,g : M — CP""! are holomorphic and antiholomorphic, respectively, with z L g
and G'(h) L g. Note that g is strongly isotropic.
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Both types of map are harmonic [11, §3] and of finite uniton number. We have the follow-
ing useful characterization of them which extends that in [11, Proposition 3.7] to arbitrary
Riemann surfaces. Note that this holds for finite or infinite isotropy order.

Proposition 2.11 Let ¢ : M — G,(C") be a harmonic map of finite uniton number with
rank G'(¢) = 1. Then @ is a Frenet pair or a mixed pair if and only

Al(p ©kerA)) = 0. (2.13)

Proof Let ¢ : M — G,(C") be a harmonic map of finite uniton number with
rank G'(¢) = 1, and suppose that it satisfies (2.13). We have the following diagram from
[11] where @ = kerA;, f=¢OBa R={p® G (p)'; there is no arrow from R or G’'(p)
to B by hypothesis. We consider the cycle C : @ — f — G'(¢) — a of type (3, 2). Clearly,
for any j € N, any cycle on « of type (3f, 2j) is zero or equal to C/, so by Proposition 2.2
withy = a, C : @ - «is nilpotent. Since the vertices of C are all of rank 1, one edge must
vanish giving a Frenet or mixed pair.

A second approach is to use the basic diagram (2.5) on which we consider the cycle c
on @ of type (3, 2) given by the self-arrow on @ followed by the path ¢ — @+ — @. With a
as above, clearly, for any j € N, any cycle on ¢ of type (3], 2j) is zero on a or equal to fol s
so by Proposition 2.2 with y = ¢, Ela = C ! @ — ais again nilpotent. (Note that (Nlla isa
bundle map as predicted by Lemma 2.1.)

The converse is clear. a

Proposition 3.8 of [11] generalizes to show that any o’-reducible harmonic map
@ : M — G,(C") of finite uniton number can be reduced to one satisfying the condition
(2.13) by a finite number of backward replacements. Then, using Propositions 2.9 and
2.11, and reversing the orientation of M (see Sect. 1.4), we obtain the following generaliza-
tion of [11, Theorem 3.3]:

Theorem 2.12 Let ¢ : M — G,(C") be a harmonic map of finite uniton number and
finite isotropy order from a Riemann surface. Then there is a sequence of harmonic maps
Qo ---» Py - M = G,(C") such that

(1) @, is holomorphic, a Frenet pair or a mixed pair;
(i) oy =
(iii) For eachi, 0 <i <N, there is a holomorphic subbundle L; of @; such that @, is
obtained from @; by forward replacement of L; or backward replacement of ¢; © L.
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Note that, for strongly isotropic harmonic maps, a similar result was already given in
[11, Theorem 3.9]; in that case there are no cycles to consider so that no nilpotency results
are required.

The above method is adapted to studying harmonic maps from $? to G,(R") (or
the complex quadric Q,_,) in [4]. These results only use the nilpotency of coe and so
extend as follows: A real mixed pair is a map ¢ : M — G,(R") of the form h @ h where
h:M-Q,,={Z1=1Z,....2Z] € CP"! : Z2 4+ ... + Z2 = 0} is holomorphic; such
a map ¢ is always harmonic; note that there are no real Frenet pairs [4, Proposition 5.10]. If
we alternate forward and backward replacement, we can keep ¢, in G,(R") for i even lead-
ing to the following result:

Theorem 2.13 Let ¢ : M — G,(R") be a harmonic map of finite uniton number and
finite isotropy order from a Riemann surface. Then there is a sequence of harmonic maps
@os ---» Py - M = G,(C") such that

(1) @, is a real mixed pair;
(i) oy =e:
(iii) @, is obtained from @; by forward or backward replacement of a line subbundle
according as i is even or odd.

See [4, Theorem 4.7] for a more precise result stated for S? but which generalizes imme-
diately to finite uniton maps from any Riemann surface. This has been used for finding
constant curvature minimal 2-spheres in Q,_,, for example, see [30, 31, 34, 37]. For gen-
eralizations of some of that work to harmonic maps of finite uniton number from arbitrary
Riemann surfaces see Sect. 3.1.

There is an analogous result for harmonic maps from S into quaternionic projective
space [5, Theorem (4.7)] which equally well extends to finite uniton maps from a Rie-
mann surface. This likewise gives results on constant curvature and homogeneous minimal
2-spheres in HP", e.g., [24, 28, 29]; we will discuss some generalizations to other Riemann
surfaces elsewhere.

2.4 The cycle co€’

To make further progress we generalize Proposition 2.7 to give a sequence of nilpotent
cycles as follows.

Proposition 2.14 Ler ¢ : M — G, (C") be a harmonic map of finite uniton number
and finite isotropy order, with first return map c of nilorder 2. Suppose that a is any sub-
bundle of @ with Ime C a Ckerc. For s =1,2,..., let D, be the bundle map given by
coe’|, : a = a. Suppose that for some s € N,

D,=0ona, forl <t<s. (2.14)

Then D, . a — a is nilpotent.

Proof Let r be the isotropy order of ¢, and consider the diagram (2.9). For
s=1,2,..., let D, be the cycle on ¢ given by coe’; then D; has type (7, ;, 2s + 2) where
C,s i=(r+1)+s(r+2). We show by induction on s that D, satisfies the conditions of
Lemma 2.4, namely that (i) any non-zero cycle on ¢ of degree 2s + 2 has length at least
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?, (ii) any cycle on @ of type (7, ;, 25 + 2) is zero on a or is equal to D;. The result then
follows from Proposition 2.2 (with y = @).

As base of the induction, note that conditions (i) and (ii) hold for s = 1 where D, = coe,
as in the proof of Proposition 2.7.

As induction hypothesis, suppose that for some s > 1, (i) and (ii) hold for all 1 <7 <'s.
Further, suppose that (2.14) holds. We show that (i) and (ii) hold for s:

(1) Any non-zero cycle B on ¢ of degree 2s + 2 is the composition of s + 1 non-zero
cycles of degree 2; each of these is ¢ or (¥): a non-zero cycle w on @ of degree 2 and
of length at least r + 2. If B contains exactly one ¢, then (i) obviously holds because ¢
has length r + 1 and all other non-zero external cycles on ¢ are longer. Suppose now that
B contains two or more ¢’s. Then B is of the form K,0Co0 --- oC,ocoK, for some k > 1,
where the K; are empty or are compositions of cycles w as described in (*), and each C; is
of the form cow,o --- ow, for some 1 < ¢ < s for some w; as described in (*); note that, for
all j, Cjoc is a subpath of B.

For any particular j, if all w in C; have length exactly r + 2, then C;|, has length 7, ,. By
the induction hypothesis (ii), C; is zero on « or equal to coe’. However the latter is zero on «
by (2.14); since Im ¢ C a, this means that Cjoc, and so B, is zero on «.

Hence, one of the w; in C; must have length more than r+2 so that,
4 (C) =@+ D0+ 2). As this holds for any G, and there is an extra ¢ in the expression for
B, (i) holds.

(i1) With notation as in (i), let B = K,0Cjo0 ---oC,ocoK, be a cycle on ¢ of type
«
Observe that, since Z(B) =7, = (r+ 1) +s(r+2), K, is empty or is a composition

2s + 2) which is non-zero on a; note that k might be zero, i.e., there may be no C;’s.

rs?

K, =w,o - ow, of cycles w; on @ of type (r +2,2), with t <s. We now show that all w;
must equal e and ¢ = s, implying that B = coe® = D,.

Each w; is given by Lemma 2.5. By the induction hypothesis and (2.14), for all
i=1,...,t, the composition cow,o --- ow, ; vanishes on a, and so on Im¢. Hence, if any w;
is cou or ¢, then K, and so B, are zero on a. So each w; is uoc or e. Suppose that w, = uoc;
then, since @ C kerc, B is zero on «, so w; = e. Suppose next that w, = uoc; then B starts
with coe which is zero on a by hypothesis (2.14). Hence w, = e.

Similarly all w; must equal e, so that K; = ¢'. But since, by the induction hypothesis,
coe’ =0onaforl <t < s, we musthave r = sand K, = ¢*; so B = coe® as required. O

We can apply the above nilpotent cycle to extend Proposition 2.9 to other Grassmann-
ians as follows. We need some preliminaries; the next two lemmas do not require finite
uniton number.

Lemma 2.15 Let ¢ : M — G,(C") be harmonic of finite isotropy order, with first return
map ¢ of nilorder 2. Let « be a holomorphic subbundle of ¢ with

Imc Ca Ckerc (2.15)
and set f = ¢ © a. Then wyoe : a — f is holomorphic.
Proof With notation as in diagram (2.10), mpoe : a — fis the composition of second fun-

damental forms « - «; = ... - a, = R — f. These are all holomorphic by [11, Proposi-
tion 1.5]. O
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Given a holomorphic subbundle a of ¢ satisfying (2.15), for r=0,1,... set
E' = span{e(a) : i=0,1,...,1}so that E = a.

Lemma 2.16 Assume the same hypotheses as in Lemma 2.15.

(i) Suppose that Efl‘l is a holomorphic subbundle of ker ¢ for some t > 1. Then E! is a
holomorphic subbundle of @.

(i) Suppose that E! is a holomorphic subbundle of kerc for all t € {0, 1,...}. Then
E® :=J7 E. = span{ei(a) : i=0,1,...} is a holomorphic subbundle of kerc
and so of @.

Proof

(i) Since Ime C E"1 C kerc, we get a diagram like (2.10), with a replaced by
E'” "and g by ¢ OE" !, to which we can apply Lemma 2.15. By that lemma,
€= = Zpop-10€ E~ ‘ - @O E” !'is holomorphic, so after filling out zeros,
its image, Im@€, is a holomorphic subbundle of ¢ © E"'. It easily follows that

E' = E;‘l @ Ime is a holomorphic subbundle of g.
(i) Wehave EY = E(’x for some ¢, so the result follows from part (i).

a

To apply this in the sequel, note that ¢ : ¢ & kerc — Imc is holomorphic and it fol-

lows from linear algebra that it is an isomorphism on each fibre except for those fibres at
the isolated points where rank ¢ drops.

Proposition 2.17 Let ¢ : M — G (C") be a harmonic map of finite uniton number and
finite isotropy order, with first return map ¢ of nilorder 2 and rank 1. Then there exists
a holomorphic subbundle a of @ with Imc C a C kerc such that forward replacing a
increases the isotropy order of @.

Proof Denote the isotropy order of ¢ by r. Suppose there is an s €N such that
e’(Ime) does not lie in kere; choose the least such s. Then, by Proposition 2.14,
coe’ = €om g 0€’ 1 Ime — Ime is nilpotent and so zero. Now, as explained above,
c: pO6kerc— Imc is an isomorphism (away from isolated points); this means that
T pokerc0€’(Ime) must be zero, so e’(Imc) lies in kerc, a contradiction. Hence there
is no such s and, by Lemma 2.16, a := EJ | is a holomorphic subbundle of ¢, with
Imc C a C kerc, which is closed under e.

Let @ be obtained from ¢ by forward replacement of a = E, . Then since this « is
closed under e, the arrow a,,; — f, in diagram (2.12) is zero. So Gr+)(@) = Im (AG('>( ))
@ «, which is orthogonal to @, showing that @ has isotropy order at least r + 1.

O

lies in g,

For ¢ of rank more than one, we will find forward replacements which reduce the rank
of c. These use the following lemma which does not require finite uniton number.

Lemma 2.18 Let ¢ : M — G,(C") be harmonic of finite isotropy order r (r > 1), with first
return map ¢ of nilorder 2. Let a be a holomorphic subbundle of @ with Ime C a C kerc
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and let @ be obtained from @ by forward replacing a, thus @ = p @ a, where p = p © a
and a, =A:p(a). With a; and R as in Example 2.6, define €, : ¢ — @ by €|, =0 and
Er|al = the composition a; — -+ = a, = R — f; note that Im (¢,) = ¢,(a)) = ny0e(a). If
C. is zero then @ has isotropy order greater than r; otherwise @ has isotropy order r and
first return map €, of nilorder 2.

Proof The result is clear from diagram (2.10). O

Note that the lemma still holds when rank a; < rank « (in which case rank @ < rank ¢);
in the extreme case @, = 0, we have @ = § and e(a) = 0. Combining the lemma with the
nilpotency of coe enables us to simplify maps into G,(C") as follows.

Proposition 2.19 Let ¢ : M — G,(C") be a harmonic map of finite uniton number and
finite isotropy order r (r > 1), with first return map c of nilorder 2 and rank 2. Then the
harmonic map @ obtained from @ by forward replacement of the image of the first return
map of @ either has isotropy order r and first return map of nilorder 2 and rank 1, or has
isotropy order more than r.

Proof With ), = a = the image of the first return map, we get diagram (2.10). The
harmonic map obtained from ¢ by forward replacement of a is @ = f, ® a; where
a; = ImA]|,.

Then, from Proposition 2.7, coe = comzoe I o —> a is nilpotent, so of rank at most 1.
Since ¢ : f =@ O©kerc - a = Imec is an isomorphism (away from isolated points), this
means that 77;0e(a) must have rank at most 1. The result follows from Lemma 2.18. O

We remark that the same result applies to G,,(C") with a first return map of nilorder 2
and rank j where j € N.
To deal with G5(C"), we introduce a new nilpotent cycle:

Proposition 2.20 Let ¢ : M — G (C") be a harmonic map of finite uniton number and
finite isotropy order, with first return map c¢ of nilorder 2 and rank 2. Set n = Im (coe)| .,
and define a bundle map ¥ : n — n by

F= coeocoezln.

Then F is nilpotent, and so is zero.

Proof Let r be the isotropy order of ¢, and consider the diagram (2.9). Let F be the cycle
on @ given by coeocoe?. Note that F maps 7 to #. If F is zero, there is nothing to prove; oth-
erwise, # is non-zero. By Proposition 2.7, coe : Imc — Imec is nilpotent; since Im ¢ has
rank 2, this means that

(coe)?| ;. = 0 and # = Im (coe)| . = ker(coe)| ;. has rank 1. (2.16)

Now F is of type (£(F), 10) where £(F) = 2(r + 1) + 3(r + 2). We show that F satisfies the
conditions (i) and (ii) of Lemma 2.4 with « taken to be #:

@ Springer



1070 R. Pacheco, J. C. Wood

(1) Let B be a non-zero cycle on ¢ of degree 10; we must show that #(B) > £(F). Now B
is the composition of five non-zero cycles on ¢ of degree 2, each of which is ¢ or a (*)
non-zero cycle w; on @ of length at least r + 2. Since ¢?> = 0, the ¢’s must be separated,
so there can be at most three.

If B has precisely three ¢’s we must have B = cow,ocow; oc for some w; as in (¥). If this
has length less than #(F), then the w; must have length  + 2 and so are as described
in Lemma 2.5. Possibilities (2), (3) and (4) give B = 0, so we must have w; = w, = e
giving B = coeocoeoc. But then by (2.16), B = 0. Hence, B can contain at most two
c’s, so that Z(B) > ¢(F).

(ii)) Now let B be a cycle on @ of type (£(F), 10) which is non-zero on 7. We must show
that B = F. As in (i), it is the composition of two ¢’s and three cycles w; on ¢ of
length r + 2. Furthermore, it cannot start with cow, as this is zero on 7—this follows
from ¢? = 0 if w, = uoc, cou or ¢, and follows from 5 = ker(coe) if w, = e. Hence
B = cowsocow,ow,. Now w; = e as, otherwise, cow;oc = 0. Next, note that w, can-
not be uoc as ¢|, = 0. Also, w, = e or uoc as the other possibilities give zero.

Suppose that w, = uoc. Then, if w; = cou or ¢, B=0. So w, = ¢ but then, by
coe|, = 0, we have B|, = 0. Hence w, = eand w; = cou, € or e. In the first two cases,
ImB C (coe)’(Ime) = 0. Hence w; = eso that B=F. O

We apply this new nilpotent cycle to understand maps into G5(C"):

Proposition 2.21 Let ¢ : M — G5(C") be a harmonic map of finite uniton number and
finite isotropy order r (r > 1), with first return map ¢ of nilorder 2 and rank 2. Then there
is a holomorphic subbundle a of @ with Ime C a C kerc¢ such that the harmonic map @
obtained from @ by forward replacement of « either has isotropy order r and first return
map of nilorder 2 and rank 1, or has isotropy order more than r.

Proof 1t follows from Lemma 2.16(i) that we have a holomorphic subbundle
1 _

E,..= span{Imc, e(Imc)} of .
(a) Suppose that Ellmc has rank at most 3. Seta = Imcand § = ¢ © a. Then, 7 0e(a)
has rank at most 1 and we are done by Lemma 2.18.
(b) Otherwise, E ‘Imc has rank 4. Since ker ¢ has rank 3 we must have 7 g, .oe(Im¢)
non-zero. Since ¢ : @ © kerc — Imc is an isomorphism (away from isolated points),
this implies that (coe)(Im ¢) # 0. Writing 7 = (coe)(Imc) C Im ¢ we have from (2.16),
(coe)(n) =0i.e., e(n) C kerc.

If we hade(n) C Imc, then E imc would have rank at most 3. Hence, span { Imc, e(7)} = kerc.
Sety = Imc © 7 so that ker ¢ = span {y, 7, e(n)}. Note that (coe)(y) = (coe)(Imc) = 7.

Set @ =kerc and f=@©a. By Proposition 2.20, coe?(n) C ker(coe)| . =1 =
(coe)(y); since ¢ : f =@ &kerc — Imec is an isomorphism (away from isolated points),
this implies that z;0e(y) has rank one, and nﬂoe2(n) C myoe(y). Also, since e(n7) C kerc
we have z 0e(n) = 0.
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It follows that zj0e(a) has image in the rank one subbundle z;0e(y). So, again, 7 0e(a)
has rank at most 1 and we are done by Lemma 2.18. O

2.5 First return map of nilorder greater than 2
For first return maps of nilorder greater than 2 we need a new sequence of nilpotent cycles:

Proposition 2.22 Ler ¢ : M —» G,(C") be a harmonic map of finite uniton num-
ber and finite isotropy order, with first return map ¢ of nilorder p > 2. Let a be a hol-
omorphic subbundle of @ with Imc¢’~' C a C kerc. Then the bundle map defined by
E, | =¢"oe|, : @ = ais nilpotent.

Proof Let r be the isotropy order of ¢, and consider the diagram (2.9). Let E,,
be the cycle on ¢ given by ¢ loe ; this cycle is of type (¢ (E,_1),2p) where
CE,_)=@-Dr+1)++2). If E,_, is zero, there is nothing to prove; so assume
that it is non-zero. We show that Ep_ | satisfies the conditions of Lemma 2.4, namely that
(i) any non-zero cycle on ¢ of degree 2p has length at least £(E,_,); (ii) any cycle on ¢
of type (£(E,_,),2p) which is non-zero on « is equal to E,_;. Then the result follows by
Proposition 2.2.

For (i), note that B is the composition of p non-zero cycles on ¢ of degree 2. Since
¢ =0, at most p — 1 of these can be ¢, and the others have length at least r + 2, making
ZB)>7 (E,_y)as desired.

For (ii), such a cycle B is the composition of p — 1 ¢’s and one cycle w as described in
Lemma 2.5. Since ¢|, = 0, B must be ¢”low. If w = uoc then B=0by c|, = 0. If w = cou
or C then, recalling from Lemma 2.5 that Imc C Ime, B=0 by ¢ = (. Hence w = e and
B=E, O

The next two lemmas do not require finite uniton number.

Lemma 2.23 Let ¢ : M — G,(C") be harmonic of finite isotropy order r with first return
map c of finite nilorder p > 2. Then the following holds:

(i)  With ¢ equal to the identity map, we have a nested sequence of holomorphic subbun-
dles of @ :

@ =kere’ D - Dkerc™! Dkere! O .- Dkere D kerc® = 0.

(ii) Fori=0,1,...,p — 1, cmapskerc*into ker ¢ and ¢~ (ker ¢!) = ker ¢/*!,

(iii) Sety’ =kerc*' ©kerc(i=0,1,...,p— )sothatep = @f:ol y.Then, forl <i<p-—1,
T,i-10€ maps y!into y*~injectively. Hence the dimensions of the y' form a decreasing
sequence of positive numbers.

(iv) The map ¢~ restricts to an isomorphism (away from isolated points) from
P l=pOkere toa := ImcP . Further a C y° = kerec.

(v) The kernel of the composition @ = G' (@) = -+ = G"(@) lies in y® = kerc.
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Proof The holomorphicity follows from the holomorphicity of ¢; the rest is linear algebra.
O

We now give a version of Lemma 2.18 for p > 2. Note that the formula for €, is more
complicated. We define the a; and R as in Example 2.6; note that we must add an arrow
from g, to f to diagram (2.10); however we will not use this diagram.

Lemma 2.24 Let ¢ : M — G, (C") be a harmonic map of isotropy order r (r > 1)
with first return map c of nilorder p > 2. Let @ be a holomorphic subbundle of @ with
Ime?~! Ca Ckere.

Let @ be obtained from @ by forward replacing a, thus ¢ = p @ a, where f = ¢ © a.
Define €, : @ — @ by ¢,|; = mgoc|;and €|, = the composition ay — -+ — a, = R = f;
note that ¢,(a;) = ngoe(a). Then @ has isotropy order exactly r, and €, is the first return

map of @. Moreover, €, has nilorder at most p and IrnEf_1 = Ef_l(al) = nﬂocp‘zoe(a).

Proof Consider the nested sequence of holomorphic subbundles of ¢:
@ =kere? D -+ dDkerc™™! Dkere! D - Dkere D a D 0. 2.17)

Set 6 =kerc© a and, as in Lemma 2.23, define the subbundles y’ = kerc'*! © ker ¢!
(i=0,...,p—Dsothaty’ =a @ éand ¢ = @f:—ol rl
Set y,=y' (i=0,1,...,p—1), and define subbundles yji of G(p) for j=1,...,r

inductively by @, ; yj" = ImA note that each @, _, yjk is a holomorphic sub-

’ .
Gvfl>(¢>|€9k5i e
bundle of G¥(¢) and G (¢) = B/, v!- Finally, set 5, = 7” © a; 5o that &, = 6.

From Lemma 2.23(v), some a; and 6/ may be zero; however, for i > 1, all the yii are non-

zero, in fact the compositions yj — -+ — y; with 0 < k < r are isomorphisms (away from
isolated points).
We have now the following refinement of diagram (2.9):

@ GO (p) . G () R @

e = | |
|

//1 2.18)
\——
=T | ] Ve

(03] Q Qpy1 «

!

ool
which have a possible non-zero contribution to €, and E’,’_l are shown. The result is now
clear from this diagram, noting that f =p © a =6 & @f: y'. More precisely, €, given in

the statement of the theorem is non-zero on g, since, if nﬂocl p Were Zero, ¢* would be zero;

where we repeat the first column and set a,,; = ImA . Note that only the arrows
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alternatively note that, by Lemma 2.23(iii), the arrows yf — y~! give injections. Thus @
has isotropy order r and ¢, is clearly its first return map.

Since¢, |, = Jrﬂoc|ﬁ,wehave57:_1 | = myoc’~! | 5, whichiszerofromIme’™! C a = ¢ © f.
On the other hand, E’f‘l(al) = Ef_zonﬂoe(a) = myocP 2omyoe(a) = myocPoe(a), since

a C kerc¢ C ker¢”~2(a) when p > 2. O
‘We now use these lemmas to simplify some more harmonic maps.

Proposition 2.25 Let ¢ : M — G (C") be a harmonic map of finite uniton number and
finite isotropy order, with first return map ¢ of nilorder p > 2 where p =k or k — 1. Then
there exists a holomorphic subbundle a of ¢ such that forward replacing a decreases the
nilorder of c.

Proof We use the notation of Lemmas 2.23 and 2.24; in particular, « = Im ¢! and
yP~ = p O kerer . By Lemma 2.23, y?~!, and so a, is of rank one, as are all ¥/, except
that y° = kerc is of rank 2 when p = k — 1.

By Proposition 2.22, ¢”~loe : a — a is nilpotent and so zero; hence e(a) C ker ¢”~!. We
claim that

kere’~! = kerc¢’? + Ime. (2.19)

To see this note that the right-hand side is certainly a subset of the left-hand side. From
rank (Imc) + rank (kerc) = k we get that rank (Imc) equals k— 1 if p=+k, or k=2 if
p=k-—1

Case (a). If p =k, Imc and ker ¢”’~! both have rank k — 1, so they must be equal and
(2.19) trivially holds.

Case (b). If p = k — 1, then Im ¢ and ker ¢”~2 both have rank k — 2, but ker ¢! has rank
k — 1. Suppose that (2.19) does not hold. Then Ime and ker ¢”~2 and their sum must all

have rank k — 2 and so are equal. But this implies that Im ¢ C ker 2 ie, e =0, in
contradiction to the nilorder being p. Hence (2.19) holds.

In both cases, it follows that e(a) C kere’~? + Ime, hence
" 2oe(a) C ¢ 2(Imc) C Imce”~! = @. Denote the isotropy order of @ by r and define €, as

in Lemma 2.24. Then €, is non-zero, @ has isotropy order exactly r, and €, is the first return
map of @. By Lemma 2.24, &' has image &' (a,) = myocP2oe(a) = 0, so that @' =o;
thus, forward replacing @ decreases the nilorder of c. a

As before we can combine cycles of the above type to obtain a new nilpotent cycle, cf.
Proposition 2.20.

Proposition 2.26 Let ¢ : M — G5(C¥) be a harmonic map of finite uniton number and
finite isotropy order, with first return map c of nilorder 3. Set & = Imc?. Then the bundle
map defined by

G = c?oeocoe|, : a = a

is nilpotent, and so is zero.

Proof Let r be the isotropy order of ¢, and consider the diagram (2.9). Let G be the cycle
on @ given by c>oeocoe. If G is zero, there is nothing to prove. Otherwise, defining the ¥’ as
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in Lemma 2.23, by part (iii) of that lemma, the ranks of the yiare decreasing fori =0, 1,2
and add up to 5. Hence y> = @ © ker ¢? has rank 1; by Lemma 2.23(iv), « also has rank 1.
The cycle G is of type (£(G), 10) where £(G) = 3(r + 1) + 2(r + 2); we show that G satis-
fies the conditions (i) and (ii) of Lemma 2.4.

(i) Let B be a non-zero cycle on ¢ of degree 10; we must show that £(B) > £(G). The
cycle B is the composition of five non-zero cycles on ¢ of degree 2, each of which is
c or a cycle w of length at least r + 2. Now, since ¢ = 0, B contains at most four ¢’s.
If it contains three or fewer ¢’s, then its length is at least £(G). If, instead, it contains
four ¢’s, then B = c?owoc?; further, if this B has length less than #(G), then w has
length r + 2 and so is one of the cycles describe in Lemma 2.5. By ¢ = 0, possibili-
ties (2), (3) and (4) give B = 0, hence we must have w = e. But « has rank 1 and, by
Proposition 2.22, the ¢?oe|,, is nilpotent and so zero; thus, when w = e, we also have
B = 0. Hence, Z(B) > £(G).

(ii) Let B be a cycle on ¢ of type (£(G), 10) which is non-zero on @. We show that
B =G. As before, B is the composition of three ¢’s and two cycles w; of length
r+ 2. Since ¢ = 0 we have

a = Imc? Ckere, (2.20)

Zow, or (b) B = cZow,ocow,,

and there are two possibilities: either (a) B = cow,oc
where w|, w, are as described in Lemma 2.5.
In case (a), if w, equals uoc, cou or ¢, then B|, = 0 by (2.20). Moreover, if w, = e
then B|, = 0 because, as above, cZoe is zero on a.
In case (b), if w, equals cou or ¢, then B|, = 0 because ¢* = 0. If w, equals uoc, then
B = c?ouoc’ow,. However, as in case (a), all four possibilities for w, give B|, = 0.
Hence we must have w, = e, so B = c?oeocow,. Since Im co€ C a and c?oe is zero
on a, the cases w, = ¢ or cou give B|, = 0. If w, = uoc, B|, = 0 by (2.20). Hence
w, = e, 50 B = c?oeocoe = G. O

We give an application of this.

Proposition 2.27 Let ¢ : M — G5(C") be a harmonic map of finite uniton number and
finite isotropy order, with first return map c of nilorder 3. Then ¢ has rank 2 or 3.

(@) Ife has rank 2, then forward replacing Im ¢ gives a harmonic map of the same isotropy
order as @ but with first return map of nilorder 2.

(b) Ifc has rank 3, then forward replacing ker ¢ gives a harmonic map of the same isotropy
order as @ but first return map of nilorder 3 and rank less than 3.

Proof As usual, denote the isotropy order of ¢ by r. Consider the nested sequence of holo-
morphic subbundles of ¢:

@D ker¢? Dkere D Ime? D 0.

Set y2=¢@pOkerc?, y' =kerc? ©kerc, y* =kerc, § =kerc © a, with a = Imc2. As
in the proof of Lemma 2.24, we define inductively subbundles o, 6_,- and y]’ of GV(p),
for 0<i<2 and j=0,1,....r, such that ay=a, §, =6, yy=7', v/ =a;®; and
GO (p) = y;) ) yjl ) yf. By Lemma 2.23(iii), the ranks of y°,y!,7? must be (a) 3, 1, 1,
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giving ¢ of rank 2 or (b) 2, 2, 1, giving ¢ of rank 3. From Lemma 2.23(v), some a; and
5_,- may be zero; however, for i = 1,2, the 7//’ are all non-zero; in fact the compositions
Yo = = ¥, With O < k < r are isomorphisms (away from isolated points).

We have the following refinement of diagram (2.9):

@ GY () . Gy R ¢
2 2 2
v o v
| W | |
o S //1 A1 @2.21)

/

where as in diagram (2.18), we repeat the first column and set ,,; = ImA

|
§ i 5 L7
(‘)z o751 Oy a7’|+l O|‘

i
i,
not all arrows are shown. No vertical downward arrows exist, which reflects the fact that,

for each i and j, the subbundles a; and D), ; y;‘ are holomorphic in G?(g). Moreover:

. Again,

(1) From Lemma 2.23, @ and y> have rank 1 and ¢ : y? — a is an isomorphism (away from
isolated points). By Proposition 2.22, ¢?oe|,, is nilpotent, so zero. Hence, @,,; — y?is
zero and no further arrows of the form /' exist besides those shown.

(2) The arrow 6, — a is zero because 6 C ker ¢; no further arrows of the form / exist
besides those shown.

(3) None of the arrows \ are shown, as they do not affect the following arguments.

(4) Since c¢* is non-zero, the arrows yrz -yl yrl — a and the composition
y?—> > y> >y - >yl > aareall non-zero.

As above, we have two possible cases:

(a) Imc has rank 2. In this case, ¢ © kerc = y! @ y? also has rank 2. By Lemma 2.23, 6
has rank 2 and y! has rank 1. Moreover, the arrow yrl — 6 (shown dashed in diagram
(2.21)) is zero; otherwise its image would give a component of Im¢? in 6. Forward
replace « to obtain the harmonic map @ given by = a, ® 6 ® y' @ y2. Define €, as
in Lemma 2.24 (with # = 6 @ y' @ y?). Since €,(y?) has a non-zero component in ',
the new harmonic map @ has isotropy order exactly r and, by Lemma 2.24, €, is the
first return map of @. Moreover, since, as we observed above, «,,; — y?%is zero and, in
this case, the arrow yrl — 4 is also zero, we have (coe)(a) C a. This implies, by Lemma
2.24, that ¢? = 0, that is, €, has nilorder 2.

(b) Im ¢ has rank 3. In this case, y! has rank 2 and 6 has rank 1. By Lemma 2.23(iii), the
arrow y! — & (the dashed arrow) is non-zero and, since ¢*(y%) C a, we have

Imz, 0¢|,» = ker zzoc]| 1. (2.22)

On the other hand, by Proposition 2.26, the cycle c>oeocoe is zero on a. This implies
that
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Im (coe|,) = ker(c?oe) N Im (coe|,) C ker(c’oe) N {a @ 5}. (2.23)

Forward replace kerc = a @ § to obtain the harmonic map @ : M — G5(C") given
by ¢=a, ®6, ®y' ®y> Define €. as in Lemma 2.24 (with f=y' @ y?). Since
0 #€,(y*) C mgoe(y?) Cy', @ has isotropy order exactly r, with €, as first return map.
Observe that

Im¢, C Imz,oc| . + Imz,, 20€|,,s (2.24)

We claim that @ satisfies rank €, < rank c.
First, suppose that coe(a) C a. Together with (2.22), this implies that

e(@) Ca®sDkermsoe|, =a®6® Imz,ioc],. (2.25)
Then, in view of (2.24) and (2.25),
Im¢, C Imz,oc|. + Imz, .0e|;.

Since 6 and y2 have rank 1, the subbundle on the right has rank at most 2, so that Im ¢, also
has rank at most 2.

Second, suppose that coe(a) ¢ a. By (2.23), this implies that c’oe(8) = 0, that is,
e(8) C @ © v2. Then, in view of (2.24), Im€, C y'. Since the subbundle 7! has rank 2, Im,
again has rank at most 2.

Thus, in both cases, forward replacing ker ¢ decreases the rank of the first return map,
and thus establishes our claim. O

Putting all the above work together, we obtain the following generalization of [11, The-
orem 4.2] to arbitrary Riemann surfaces; we note that, for k = 2, Theorem 2.12 gives a
more precise result.

Theorem 2.28 Ler ¢ : M — G, (C") be a harmonic map of finite uniton num-
ber from a Riemann surface, k = 2,3,4,5. Then there is a sequence of harmonic maps
Qo ---» Py - M = G(C") such that

(1) @, is either holomorphic or there is a harmonic mapy : M — G,(C"),1 <t < kand
a holomorphic subbundle a of(q/ ® G”(x//))l such that oy =y @ a ;
(i) oy =e:
(iii) For eachi,0 <i < N, there is a holomorphic subbundle y; of @; such that @, is
obtained from @, by forward replacement.

Proof Using one of the propositions above, if ¢ is of finite uniton number and ¢’-irreduc-
ible, we can forward replace a suitable subbundle of it to give a map which reduces the
rank of ¢, decreases the nilorder of ¢, or increases the isotropy order of ¢. We continue this
procedure until we reach a 0’-reducible harmonic map.

Reversing the orientation on the domain, this becomes 0”-reducible and the replace-
ments become backward replacements. Inverting these gives forward replacements leading
to the above result. The 0”-reducible map is described by [11, Theorem 4.1].

More specifically, for ¢ of finite uniton number, at each stage:
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(i) If c¢ has nilorder 2, for k =2 we apply Proposition 2.9. For arbitrary k, (a) if
rank ¢ = 1, we apply Proposition 2.17; (b) if rank ¢ = 2, then, by Lemma 2.23(iv),
k > 4, and we apply Proposition 2.19 for k = 4 or Proposition 2.21 for k = 5.

(ii) If chas nilorder p > 2, then Proposition 2.25 covers p = k or k — 1. The only remain-
ing case is k = 5 and c of nilorder 3, which is covered by Proposition 2.27.

Lastly, note that, if ¢ is strongly isotropic, i.e., of infinite isotropy order, by dimension con-
siderations, some 0’-Gauss bundle must be @’-reducible and the same result holds with each
Vi = @ O

3 Applications
3.1 Constant curvature minimal surfaces

We give an application to the important question of finding harmonic maps, or mini-
mal immersions, of constant curvature in various symmetric spaces, here the complex
quadric Q,_, or the Grassmannian, G,(R"), of 2-dimensional subspaces. Recall that
0,,={Z21=12,.....2) € CP"™" : Z2 4+ .- + Z2 =0}; it can be identified with the
real Grassmannian of oriented 2-dimensional subspaces of R”, and so it double covers
G,(R"). The double covering Q,_, = G,(R") is given by [Z] = [X +iY] — span {X,Y};
when G,(R") is considered as a (totally geodesic) subspace of G,(C"), this span equals
span {Z,Z}.

Harmonic maps from S? to G,(R") were studied in [4]. Sections 1-4 of that paper
depend on nilpotency of the first return map so immediately generalize to harmonic maps
of finite uniton number from any Riemann surface M. In particular, recall from § 2.3 that a
‘real mixed pair’ is amap ¢ : M — G,(R") of the form 7 & hwhere h : M — 0,_, is hol-
omorphic; thus ¢ is the projection of that holomorphic map under the above double cover-
ing, which confirms that any real mixed pair is harmonic. For brevity, write #; = G® (h) for
i=0,1,.... From [4, Lemma 2.14], ¢ has finite isotropy order r (necessarily odd [4, Propo-
sition 2.8]) if and only if / satisfies the condition

h; Lh(O<i<ryandh,, Lh; (3.26)

the integer r is sometimes called the (real) isotropy order of h [25, §4.2]; if there is no such
r, @ has infinite isotropy order; this can only happen if & is not (linearly) full, i.e., its image
lies in a proper projective subspace of CP"~!, cf. Proposition 3.1(b).

For M = S?, an algorithm involving integration for determining such holomorphic maps
h, and so all real mixed pairs of finite isotropy order, is given in [4, §5].

For a full holomorphic map /& : M — CP? the maximum value of r in (3.26) is equal
to 2p — 1 and then # is called totally isotropic [22, Definition 3.13]. In this case h,,_; = h_,
(i=0,...,2p); hp = E has values in RP" and, by being careful with orientations (cf. [22,
§3C]), lifts to a full (strongly) isotropic harmonic map y into S”. The assignment & — y
is the 2 : 1-correspondence of E. Calabi [13, 14]; see [25, §4.2] for connections with har-
monic maps with Sl-invariant (see Sect. 3.2) extended solutions into the orthogonal group,
leading to explicit constructions of totally isotropic holomorphic maps from Riemann sur-
faces which do not use integration.
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For a harmonic map ¢ : M — G (R"), we have G"(¢) = G'(@); hence ¢ is d'-reducible
if and only if it is 0”-reducible, we shall simply say that ¢ is reducible. In [4, Proposition
2.12], it is shown that a harmonic map of finite isotropy order from S* — G,(R") is reduc-
ible if and only if it is a real mixed pair; as above, this generalizes to harmonic maps of
finite uniton number from any Riemann surface.

In [30], X. Jiao and M. Li study harmonic maps from the 2-sphere to G,(R") of constant
curvature; in their Proposition 3.1, they find all such strongly isotropic reducible maps. We
generalize this to harmonic maps of finite uniton number from a Riemann surface; for our
first result, Proposition 3.1, we do not require constant curvature. For a complex vector
space W, let P(W) denote the corresponding projective space; if W has dimension m then
P(W) may be identified with CP"~!. Also, for v = VsV, w=(wy,...,w,) € C"we let
(v, w) denote the standard Hermitian inner product v,w; + - + v,w,,.

Proposition 3.1 Let ¢ : M — G,(R") be a non-constant reducible harmonic map which
is strongly isotropic, i.e., of infinite isotropy order. Then, one of the following holds:

(@ ¢=f,®«kforsomepe{l,2,.. }wheref: M- P(W) C CP" is a full totally iso-
tropic holomorphic map with W a constant real (W = W) subspace of C" of dimension
2p + 1, and x is a constant real 1-dimensional subspace of C" orthogonal to W.

(b) @isareal mixed pair: o = h @ hwhereh : M — P(W) € CP"is a full holomorphic
map with W an isotropic subspace of C" (here ‘isotropic’ means that W L W).

Conversely, any map ¢ : M — G,(R") of type (a) or (b) is a strongly isotropic reducible
harmonic map.
Proof As in the proof of [30, Proposition 3.1], for some p € {1,2,...},

there is a holomorphic map f © M — CP"'such that f, lies in ¢. (3.27)

Indeed, by reducibility of ¢, G” (@) has rank 1, so is a harmonic map M — CP" ! of finite
uniton number. By [3, Theorem 4.12] or Theorem 3.5, this is fp_, for some holomorphic
map f : M — CP"!and integer p > 1. Since Ag 1 @ — f,_is surjective, its adjoint (up to
sign) A’ 1s injective with non-zero image f, C ¢. By reality of ¢, ]Tp is also non-zero and
lies in (p It follows that G™7(¢) = f,_; and G(¢) = fp {i=1,...,p) and these are all of
rank 1.

Now f,,, C G'(p) = ]; 1> so either (a) fp+1 —fp por() f,u =0.

In case (), f, = G’(f D= G”(fp+1) = f, which implies that f; = fzp (i=0,1,....2p).
It follows that the fi= 0 1,...,2p) span a constant real subspace W of d1mens10n 2p +1
and f : M — P(W) is a full totally isotropic map. Write ¢ = f, @ k (orthogonal direct
sum) where k is a real rank 1 subbundle of C". Then by strong isotropy of ¢, k is orthogo-
nal to f; for all i and so is in the orthogonal complement of W. It must be constant, other-
wise it would contribute an additional subspace to G’'(¢).

In case (b), set h —]Tp, then 4 is holomorphic. Further, choose a holomorphic section F;

of fand set F; = A’ (F p) fori=1,2,..; then, since F,_, lies in G"(¢) and I*Tp in @, their
Hermitian inner product (F,_ ],F_p) is zero. Differentiating this with respect to z gives
(Fp,F )+ (F,s p+1> = 0. Since f,,; =0, A’ and so F,,, are zero, so that the second

inner product is zero; hence the first inner product is also zero, showing # is orthogonal to
h SO that o=h®h is a real mixed pair. Set

@ Springer



Diagrams and harmonic maps, revisited 1079

W=span{h; :i=0,1,....p} = span{f; : j=0,1,...,p}. Since W is closed under dif-
ferentiation with respect to z and Z, it is constant; by strongly isotropy of ¢ and orthogonal-
ity of & and i_z, W is isotropic.

The converse statement is clear. O

Remark 3.2

(i) A real mixed pair satisfies (3.27) for p = 0, as well as for some p > 1, but we need
p > 1in the proof.

(i) The proof shows that, if ¢ : M — G,(R") is a non-constant strongly isotropic reduc-
ible map, then n > 2p + 2 with equality if ¢ is full. In particular, n > 4; moreo-
ver [23], for a strongly isotropic full reducible harmonic map M — G,(R"), n is
even.When @ is full, we have the following :

In case (a), k is the constant 1-dimensional subspace W+. Letting e, ... , ¢, denote
the standard orthonormal basis (1,0, ...,0),...,(0,0, ..., 1) of C"; up to an isometry
in U (n) we can take W = span {e,, ...,e,_; } so that W = span {e,}.

In case (b), W is a maximal (so (p + 1)-dimensional) isotropic subspace of C%*2,
Up to an isometry in U (n), we can take W to be the maximally isotropic sub-
space of C" given by the image of the isometric linear injection I : CP*! — C",

e~ (1/\/5)((32,-_1 + iey;), from CP*! = span {e,, ..., €py1 )

(iii) There are, however, non-constant reducible harmonic maps M — G,(R") for n = 3;
in fact, all non-constant harmonic maps of finite uniton number are real mixed pairs
f €Bf where f : M — Q, = CP! is holomorphic; these have isotropy order 1, cf. [4,
Proposition 6.4].

Now we see which of the above maps are of constant curvature. Recall that the (round)
Veronese maps are the holomorphic maps V(()m) 1 82 - CP"(m=1,2,...) given by the

formula
S?=CUx >3z [11,<m> ]/(m> ’,...,z’”].
1 r

For each m, this is an embedding which induces a metric of constant curvature on S?, as
do its Gauss bundles Vlgm) 1= G(”)(V(()’")) 182 5 CP(p=0,1,...,m) (see §2.2 for ‘Gauss
bundles’ and [6] for explicit formulae); these are also embeddings except when m = 2p.

When m = 2p, V;’”) 1 §2 > CP™ is isometric, via an isometry of CP™, to an immersion
2 — RP™ c CP™ called a Veronese—Borivka map, see [6, 7]. This lifts to an immersion
§% — S™ of constant curvature given by an orthonormal basis of spherical harmonics, see
[46]. As in [30, §3], the isometry on CP™ is given by any U € U (2p + 1) satisfying the
condition

Utu=w,, equivalently, U= UW, (3.28)
where W, = antidiag (1,—1,1,—1, ..., 1); this ensures that UV(()m) is totally isotropic. Up

to left-multiplication by an orthogonal matrix, U is given by a matrix U,, defined in [30,
Remark 3.3]; for p = 2 this matrix is
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1/vV2 0 0 0 1/\2
i/N2 0 0 0 —-iy2
U=l 0 1//2 0o =1/\2 o |-
0 i/vV2 0 /2 0
0 0 1 0 0

and the totally isotropic holomorphic map f = UOV(()4) : §2 — CP*is given by
F@ =11 +24i(1 = 29,2 - 2),2i(z + ), 2321,

The map ¢ := GP(f) : S?> - RP*lifts to an immersion S — S* which defines a minimal
surface of constant curvature, cf. [16, p. 149] where a formula in real Cartesian coordinates
is given.

We now generalize [30, Propositions 3.2 and 3.5] to an arbitrary Riemann surface M; as
above, ey, ..., e, denotes the standard orthonormal basis (1,0, ...,0),...,(0,0,...,1) of C"
and V}(””) : §2 - CP™ denotes the pth Gauss bundle of the Veronese map.

Theorem 3.3 Let ¢ : M — G,(R") be a full reducible immersive harmonic map of finite
uniton number such that the induced metric on M has constant Gauss curvature. Then, for
any q € M there is an open neighborhood A of q and an isometry 1 from A to an open sub-
set of S? such that |, = ®o1 where ® : S — G,(R") is one of the following maps :

() If @ has finite isotropy order r, then ® = F @ F where F : §* — CP"Vis a holo-
morphic map given by F = UVé"_l)for some U € U (n). Further, if r > n — 4, then
nisodd,r =n—2, and U satisfies (3.28) so that F is totally isotropic.

(1) If @ has infinite isotropy order, then n is even and writing n = 2p + 2, up to an isom-
etry of G,(C") given by an element of U (n), either

() ®=F,® spanfe,} , where W = span{e,...,e,_;} and
F,: S — RP¥” C CP¥ = P(W)is givenby F,, = UV\" for someU € U (2p + 1)
satisfying (3.28), or

b)) ®=F F, where W is the maximally isotropic subspace of C" given by the image
of the isometric linear injection I : CP*! — C", ¢; (1/\/5)(62i_1 +1iey;), and
F : S = P(W) is the Veronese map V(()p) : §2 = CP? followed by the isometry
CPP = P(CP*'y = P(W) induced by I.

Proof In case (i), as explained at the start of this section, results in Sections 1-4 of [4]
extend to harmonic maps of finite uniton number. In particular [4, Proposition 2.12]
extends to show that ¢ is a real mixed pair f eaf. Clearly @ is full and has constant cur-
vature if and only if f has these properties. By a theorem of E. Calabi (see [33, Theo-
rem 1.1], this happens if and only if, locally, fis isometric to a Veronese map Vém); by full-
ness m = n — 1. The statement for » > n — 4 is proved in [30, Proposition 3.2].

In case (ii), @ is described by case (a) or (b) of Proposition 3.1 with choice of W as in
Remark 3.2(ii).

In case (ii)(a), f, has values in RP?; in fact, by taking account of orientations, J, defines
a minimal isometric immersion M — S% [22, §3C]J; it is of constant curvature since @ is.
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If that curvature is positive, then, by Minding’s theorem, each point of M has a connected
open neighborhood A and an isometry : : A — 1(A) to a connected open subset of S%. Then,
by a result of N. R. Wallach [46, Theorem 1.1], cf. R. L. Bryant [8, Theorems 1.5 and 1.6],
Jpla = Goir where G is is isometric to the Veronese-Boriivka map given above. (See [13,
Theorem 5.2] and [19, p. 103] for related results.)

If the constant curvature is non-positive then, by Bryant [8, Theorems 2.3 and 3.1], it is
zero and for a small enough open set A, there is an isometry  from A to an open subset of C
such that f, = Hoi where H is a harmonic map on C given by exponential formulae. From
these formulae, it is clear that all G/ (H) are non-zero. Then, for dimension reasons, there
must be some m such that G (H) is not perpendicular to H, so H is of finite isotropy order,
contradicting the hypothesis for part (ii) that ¢ and so H is of infinite isotropy order.

In case (ii)(b), @ has constant curvature if and only if the holomorphic map
f M — P(W)=CPP does; again by [33, Theorem 1.1], this holds if and only if F is
locally isometric to a Veronese map. O

Remark 3.4

(1) Incase (i) withr > n — 4 and case (ii)(a), we can take U to be the matrix U, described
above.

(i) The theorem holds globally, i.e., we can take A = M, if M together with its induced
metric, is isometric to an open connected subset of S. In particular, the Riemann
surface M is conformally equivalent to an open connected subset of the Riemann
sphere; according to [47], this holds if and only if M is conformally equivalent to the
Riemann sphere or to the complex plane with finitely many closed intervals parallel
to the real axis removed, such an M is called planar or schlichtartig.

3.2 Finite uniton versus finite type

As in [3], we use Segal’s Grassmannian model [40]; this associates to an extended solution
@ of a harmonic map ¢ : M — U (n) the family of closed subspaces W(z), z € M, of the
Hilbert space L2(S', C"), defined by

W(2) = ®(-,2)H,, (3.29)

where H, is the Hardy space of C™-valued functions, i.e., the closed subspace of L*(S', C")
consisting of Fourier series whose negative coefficients vanish. The subspaces W(z) form
the fibres of a smooth subbundle W of the trivial bundle H := M X L*(S',C") over the
Riemann surface, see, for example, [3, §3.1]); we abbreviate (3.29) to W = ®H,. For a
characterization of the bundles W which occur as ®H_, see [3, §7.1], or [38, §3.1] for an
alternative approach; for such a W there is a unique @ such that W = ®H, .

We denote by S the forward shift on L*(S', C") defined by

(SHA) = A (D, (f e L*(s',C", 1 €S,

and by d, and 0; differentiation with respect to z and z respectively, where z is a local (com-
plex) coordinate on M; note that all equations below are independent of the choice of local
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coordinate. The extended solution equation (1.1) for @ is equivalent to the pair of equations
forW=®H_:

So,I(W)cI'(W) and o.I'(W)CcIT (W), (3.30)

see [26, 40]; we say that W is an extended solution if it satisfies these equations. Note that
the second equation says that W is a holomorphic subbundle of H.

Let W(z) = ®(-,2)H, be an extended solution associated to a harmonic map

@ : M — U(n). By filling out zeros,

Wi i=WH+o W+ +0W, i=01,..

gives a nested sequence of holomorphic subbundles of H , which is called the Gauss
sequence of W [3, 41]. The subbundles W clearly satisfy (3.30), and so are extended solu-
tions; these give a sequence of harmonic maps ¢; : M — U (n) called the Gauss sequence
of @ = @,. In fact, choosing the minus sign in (1.2) as in § 1.4, the harmonic map ¢; is
obtained from ¢,_; by adding the uniton Im AZ’"“, see [3, 41]. Then the finiteness criterion,
Proposition 1.1, reads as follows: a harmonic map @ is of finite uniton number if and only if
its Gauss sequence terminates, i.e., some @; is constant [3].

If, now, @ is a harmonic map from M to G,(C"), from [50, Lemma (2.2) and Remark
(2.6)(iv)], we see that the harmonic sequence (G@((p)) of @ coincides with its Gauss
sequence if @ : M — G(C") is 0"-irreducible. This leads to the following generaliza-
tion of a well-known result by Wolfson [48, Theorem 3.6] that states that the harmonic
sequence of a harmonic map from S* to G, (C") terminates (i.e., GO () is zero for some ).

Theorem 3.5 A harmonic map ¢ : M — G,(C") is of finite uniton number if and only if
its harmonic sequence terminates.

Proof Again, choosing the minus sign in (1.2), the Gauss bundle G?”(g) is obtained from
G V(@) by adding the uniton a, with @ = G~V (@) ®& G? (@), as seen in §1.4. Hence, if
the harmonic sequence terminates, then we can obtain the constant map by adding a finite
number of unitons to . This means that ¢ is of finite uniton number.

The converse result follows directly from our previous discussion when ¢ is 0”-irreduc-
ible. Suppose that ¢ is of finite uniton number but not d”-irreducible. Clearly, the first
Gauss bundle GV(p) = G'(¢) is also of finite uniton number; moreover, G\V(¢) is 0"'-irre-

. . M L .. L p
ducible since A7, (o). 1S TRINUS the adjoint of the surjective map A(p! o) So the Gauss

sequence of GV(¢) terminates and equals its harmonic sequence, hence the harmonic
sequence of @ also terminates. a

A harmonic map is said to be of finite type if it admits an associated extended solution
of the form W = exp(§z)H,, with & = Z?z_l cfkﬂk constant with respect to z. The harmonic
maps of finite type can also be obtained by using integrable systems methods from a cer-
tain Lax-type equation [10, 26] and they play an important role in the theory of harmonic
maps from tori into symmetric spaces. For example, it is known (see [35] and references
therein) that all non-constant harmonic tori in the n-dimensional Euclidean sphere S" or
the complex projective space CP" are either of finite type or of finite uniton number.

An extended solution @ and the corresponding W = ®H, is called S-invariant if
f €W implies that f, € W for all u € S', where f,(4) :=f(u4), 2 € S". For example,
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holomorphic and anti-holomorphic maps into a (complex) Grassmmanian admit S'-invari-
ant extended solutions; conversely, if @ is S Linvariant, ¢ = @_, maps into a Grassmannian.
In [35, Corollary 1] it was proved that no non-constant harmonic map @ : T> — G.(CM)
associated to an S'-invariant extended solution is of finite type. We now generalize this
result.

Theorem 3.6 Let ¢ : T> — G,(C") be a harmonic map simultaneously of finite uniton
number and finite type. Then @ is constant.

Proof Let ¢ : T?> — G,(C") be a harmonic map of finite uniton number. Then the sequence
@, GY(@), GP(@), ... of Gauss bundles terminates. Let y : T?> — G,(C") be the last non-
zero harmonic map in this sequence, with » < k. This is an anti-holomorphic map, hence y
admits an S'-invariant extended solution.

If @ is also of finite type, then any Gauss bundle G®(¢) gives a harmonic map of finite
type (see [18, Theorem 9.2]). In particular, besides admitting an S'-invariant extended solu-
tion, y is of finite-type. By [35, Corollary 1] as stated above, y must be constant. But any
non-zero Gauss bundle G®?(g), i > 1, is 8”-irreducible as above, so

@ = y. Hence ¢ is constant. |
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