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Abstract

We prove an interpolation theorem for slice-regular quaternionic functions. We define very
tame sets in H? to be the sets which can be mapped by compositions of automorphisms with
volume 1 to the set 7= {(2n—1,0),n € NJU{(2n+ S,0),n € N}. We then show that
any zero set of an entire slice-regular function of one variable embedded in H x {0} c H?
is very tame in H2. A notion of slice Fatou—Bieberbach domain in H? is introduced and,
finally, a slice Fatou—Bieberbach domain in H? avoiding 7 is constructed in the last section.
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1 Introduction

It is known that zero sets of slice-regular functions consist of points and
spherical zeroes, namely isolated two-dimensional spheres of the form
Sar)=a+Sr:={z,(z—a)’+r*=0} with a€R,r>0; the symbol S denotes
the sphere of imaginary units in H, namely S := {I € H,I> = —1}. The sphere S(a, r)
is the zero set of the quadratic polynomial (g — a)? + r2. Zero sets of entire slice-reg-
ular functions consist of a discrete set of points and a ‘discrete’ set of spherical zeroes
S(a,,r,),n € M C N in the sense that the set ai + ri,n € M does not have accumulation
points (see Theorem 3.21 in [3]). By the quaternionic version of the Weierstrass theorem
proved in [5] we know, that any such a set, i.e., a union of a discrete set of points and a
discrete set of isolated spheres as described above, is indeed a zero set of a slice-regular
function. Since images of spheres S(a,,, r,,) by slice-regular functions are no longer spheres,
but rather generalized spheres of the form S(g, p) = g + Sp with ¢, p € H, the correspond-
ing interpolation theorem for quaternionic functions is about assigning values to points and
generalized spheres to spheres. We prove such a theorem in Sect. 2.

In Sect. 3 we generalize the complex-analytic notion of very tame discrete set to a qua-
ternionic setting. In the complex-analytic case, a tame set in C? is any set which can be
mapped to a subset of the set N x {0} € C? by an automorphism of C2. If the automor-
phism can be chosen to have Jacobian equal to 1, then the set is very tame (see [9]).

We have shown in [8] that the class of quaternionic automorphisms of H? with volume
(see Definition 5.1 in [8]) turns out to be a suitable counterpart in the quaternionic setting
for holomorphic automorphisms of C?. Quaternionic automorphisms with volume 1 are the
quaternionic analogues for holomorphic automorphisms with Jacobian equal to 1 (for the
definition of quaternionic Jacobian see Sect. 1.1).

With this in mind we define (Definition 3) a very tame set in H? to be a union of a dis-
crete set of points and a set of isolated spheres which can be injectively mapped to a subset
of the set

T={2n-1,0,neN}U{2n+S,0),n €N} C H?

by a diffeomorphism of H2, which is a limit of a convergent sequence of quaternionic auto-
morphisms with volume 1, such that points are mapped to points and spheres to spheres.

Having the interpolation theorem at our disposal, we are then able to show that zero sets
of slice-regular functions in H embedded in H? are very tame sets in H>. Moreover, the qua-
ternionic automorphisms with volume 1 involved are shears (see Sect. 1.1).

In Sect. 4, we define quaternionic slice Fatou-Bieberbach domains and prove that there
exists an example of a slice Fatou-Bieberbach domain in H? which does not intersect 7.
The domain is obtained as a domain of convergence of compositions of shears which are
slice-regular in the sense of [6].

1.1 Definitions, notation and basic tools

The present paper relies on previous work done by the authors, contained in [8], where the
reader can find all the necessary definitions and theorems used in this paper. For reader’s
convenience, we briefly recall here some of the definitions and notations.

By SR(D) we refer to all slice-regular quaternionic functions on a (usually sym-
metric slice) domain D C H as defined in [3]. If a domain is a ball with radius R centered
at 0, ie. D =B*0,R) C H, then SR(D) consists of all power series with coefficients
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on the right, i.e., a series of the form ). z"a,, converging in D. By H[z, wl(Q),Q C H?,
we denote the set of all functions defined as quaternionic power series converging in Q
with no restriction on the position of the quaternionic coefficients. This space coincides
with all real analytic power series in 8 real variables with values in H, converging in Q. If
the coefficients of the series are only on the right hand-side, then the class is denoted by
H,1,i[2, w]. The notation H"[z, w](€2), with Q a domain in H?, denotes the set of all map-
pings W(z,w) : Q - H" with components in [z, w](€2). The mappings of the form
O(z,w) = (z,w) +f(z — uw)(u, 1) or P(z,w) = (z, w) + glw — vz)(1,v) with u,v € R and
f.g € SR(H) are called shears and are automorphisms with volume 1, see [8]. In particular
any shear of the form ®(z, w) = (z, w) +f(2)(0, 1) will be called a vertical shear and, simi-
larly, ¥(z, w) = (z, w) + gw)(1, 0) will be called a horizontal shear.
The (Lie) derivative of f € H[z, w](Q2) in the direction (k, k) at (z, w) € Q is defined as

lim f(z+ th,w + tk) — f(z, w)
R21—0 t

= Ljpf(@w).
In particular, we will use the notation

Laof@w) =0, fawlhl,  Lopfw) =0, fzw)lk]

and call them, respectively, partial derivative of f € H[z, w](£2) with respect to z (applied
to h) and partial derivative of f € H[z, w](£2) with respect to w (applied to k). The opera-
tors 5Z f(z,w)[h] and 5W f(z,w)[h] are additive and real homogeneous in 4. The Jacobian of
the mapping F = (f,.f,) € H*[z, wl(Q) applied to (h,, h,) is defined to be

DF(z,w)[hy, h,y] 1= 9. fi(zw)lh] awfl(ZvW)[hz]]

0. oz w1 0, frz wlh,]

Notice that if F € H?[z, w], then
1
F(z+hj,w+hy) — F(z,w) = DF(z,w)[h, h,] [1] + o(||(hy, hy)I])

For the Jacobian, we use the matrix norm| - |, defined by

|DF(z,w)|, = max{|DF(z,w)[h;, h,]| . k], by < 1},
where

IDFG W)y, o), = max ([0, iz w)lhy] + 9, fi W],
9. foo W]+ 3, fo(ew)lhs]])-

The adapted chain rule holds, namely

D(FoG)(z,w)[hy, h,] = DF(G(z, w))  DG(z, w)lh,, h],
where ¢ is defined by

D(FoG)(z, w)[hy, h,]

6 fiu,v)la,] +0 fiw,v)la,] d SfiGu, v)[b] +6wf1(u V)[b,]
a L la]+ 0, fru,v)a)] 0 L b1+ 0, fou,Wib,1]”
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with

0 fiu,v) 6w fi(u,v)
() folu,v) aw H(u,v)

It is immediate that the norm | - |, is definite, right absolutely homogeneous and sub-addi-
tive. It is also sub-multiplicative for the operator o, i.e.

DF(u.v) = and DG(z, w)lhy, hy] = [ b1

b,

[D(FoG)(z,w)|y, < |DF(G(z, W)l - IDG(z, W)| o
To show this, assume first that [DG(z, w)[h;, h,]1|, = |a, + b, |, define

a1+b1 . a2+b2

1= » Ky o=
la; + byl lay + byl

and notice that |k, |, |k,| < 1. To estlmate the norm of the derivative we use additivity and
real homogeneity of the operators 0 6 in the variables & and k. We have

IDFOG) w)lhy. Iyl =max{|d. fy(u,)a,] + 0, fy (. Vay] + . £, v)by] + 0, £ v)Ib,]|,
|9, fy(u,v)lay] +0,, fo(u. V)lay] + 9. fy(u, v)by1+9,, fo(u. V)Iby 1|},

9. fi(wv)lay +by] + 9, fi(u,v)la, + by,

[0, fxw v)la, + b1 +9,, fow,V)ay + by}

=max{|d, f,u, vk 1+ 9, f;

“la, + by

<IDF(z, w)| o IDG@ w)lhy, Iy ]|

=max{

k] + 0, fo(u, vk, }-

and the same estimate |D(FoG)(z, w)[hy, hy]|, < |DF(z, w)|,|DG(z, w)[hy, h,]| holds also
if |[DG(z, w)[hy, hy]| = |a, + b,|. Taking the max over |k, |, |h,| < 1 yields the desired
estimate.

2 The interpolation theorem for slice-regular functions

As already mentioned in the Introduction, an interpolation theorem in the quaternionic set-
ting should provide the existence of a quaternionic function which assigns prescribed val-
ues to points and prescribed generalized spheres to spheres. Let us begin by stating the
formal definitions.

Definition 1 A generalized sphere in H is any set of the form S(q,p) = g + Sp, with
g, p €H.Ifg=a € R,p=r € [0, ) we use the notation S(a, r) and we call them spheres.
In particular, a sphere becomes a real number when r = 0.

Remark 1 Zero sets of entire slice-regular functions may contain only spheres besides iso-
lated quaternions (see e.g., [4]). In this framework we consider the zero set of a slice-regu-
lar function as a geometric object, i.e., as a union of points where the slice-regular function
f vanishes. Algebraically, a point z; = g, + Ib, may be an isolated zero of multiplicity » in
the sense that f(z) = (z — z;)*" * f](z) and at the same time there may be a spherical zero
a, + b,S, which contains z,. We only consider the spherical zero in such cases for the pur-
pose of the theorem.
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Definition 2 Let the zero set Z of an entire slice-regular function be given. We
define the decomposition of Z to be Z=SU ZU X, where S is the discrete set of
spheres, S := ={S;=5(a;,r).j €M, CN,r; >0}, Z is the discrete set of non-real
zeroes, Z = {zke[I-I]\IR keM, c N} and X is the discrete set of real zeroes,
X:={xeR,leM;CN}

Theorem 1 (The Interpolation Theorem). Let the zero set Z of an entire slice-regular
function be given with the decomposition Z =SU ZU X as in Definition 2. Assume that
7 & S(a;, 1) for any j, k. For any sequence of generalized spheres S'j = S(g;, p;).j € M, and
values wy,u; € H,k € M,,1 € M5, there exists an entire slice-regular function f such that
F(Sa;, 1)) = S(q;, p)), f(z) = wand f(x;) = u, forall j € M,k € M, andl € M.

By the assumption on discreteness of the spheres S;, the sequence R? = a?> + r* has no
accumulation point. We may assume that it is (not necessarily strictly) increasing. The
main ingredient for the proof of the Theorem is the following

Lemma 1 Let the set Z and the sets S;, z; and x, be as in Theorem 1. Choose j, € M;,e > 0
and let 0 < R < R (a + r )1/2 For any generalzzed sphere S= S(q, p) there exists a

slice-regular functlon f such that f (S;,) =3, f vanishes on the set Z\ Sj, and
[]30 |ps.r) < €-If all the generallzed spheres are spheres then the function fn can be chosen
to be slice-preserving, i.e., such that it has a power series expansion with real coefficients.

Proof For any point z; € Z, we can consider the corresponding sphere S, 3 z;. By
assumption, also the spheres S, are discrete; namely if z;, = a; + I, € S(a, 1) = S,,
then S, N S; =@ for any S; € S. By the quaternionic version of the Weierstrass theorem
as in [5], there exists a shce preserving function g with zeroes precisely on S; # S .S  and
x; so the coefficients of its power series are real. Therefore the image of the sphere S]0 is
again a sphere, g(S; ) = S(a, r), more precisely, g(a; +Ir;) = a + Ir with a?+1r*#£0.In
order to satisfy also the condition f(S; ) =S, we are looking for a slice-regular function
y(z) = za + p such that

g(alo + IrJo)Y(ajo + Irjo) =q+l1p. (D

Since y(ajo + Irjo) =aq;a+ B+ Irjoa, equation (1) implies
aja+p+Ira= ! (a Ir)(g+1p) = 1 (aq+rp+1(ap—rq))
: a?

and so we get

_ap-rq _ag+rp
“= n@+) " @+ O @
0

Hence g-y is a slice-regular function which also satisfies the interpolation condi-
tion (g - y)(S )= S. For the statement of the theorem about approximation, observe
that any glven sphere S; = {a; +r;/,I €S} uniquely determines 9; € (0,1) such that
a;+rl =R, /™ for any pomt a;+r; I € §;. If §; is a rational number, then for some n € N
we have ((a +r; I) /R Y =1 and SO the requested estimate on the ball B*(0, R) is obtained if
we multrply g-yby (z/R O)N” for N large enough. In other words, the function
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2142 J. Prezelj, F. Vlacci

Nn
f,@= (Ri> 8@ 7()

Jo

has all the required properties. If §; is not rational, then the set of points {((a; + r;]) /R ),
n € N}is dense in the unit circle S of C,. Therefore, for some increasing sequence of natu-
ral numbers {n; };n, We have

a, +r, I\"™ a, —r; 1
Jo Jo Jo Jo
_ = -d [ > ————.
< Rfo ) “ G Rfo @

Define a, ﬂ € R to be such that ¢, n T d, I = ank( o rjOI) + ﬂnk. Since by (3) we have
Cp + d kI =1 (ao + rDI)/RO, it is clear that a - l/Rn and ﬂnk ~ 0. Hence, we can find a
sequence of functions y,, (2) = @,z + f, witha, ,f, € R,such that

Ty
<Ri> v, (2) =1forany z € §; andy, (2) > z/R; .

Jo

Furthermore, if z € B*(0,R) C H, for any positive ¢, there exists k, such that for any k > k,

the estimate
n,
Z
< IT) v, (2)8(2) ¥ (2)
0

holds. Then the function f defined by

<Eeg

f,@ = (i> ¥, (8@ 7@

for k sufficiently large has all the desired properties.
Notice that if g, p € R, then the numbers «, § given by (2) are real, so y has real coef-
ficients. Thus the last statement of the Lemma is also proven. a

Lemma 2 Let the set Z and the sequences S;,z;, and x; be as in Theorem 1. Choose
ky € My,e > 0and let0 <R <R, = |z |. For any w € H there exists a slice-regular func-
tion fi such that fi (z; ) = w, f; vanishes on Z\ {z; } and |fy |psor) < €. The same holds
with x; in place of z;, .

Proof From [5] there exists an entire slice-regular function with zeroes precisely on
S, 2x # 2k, and x; of the form

8(2) = 8(2) X(2) Z(2),

where S has precisely the union of spheres S; as zero set, X has the union of the real num-
bers x; as zero set and Z has the union of p01nts Z # 2y, as zero set. Define 4 = g(z; ), A # 0
by the assumptions above, and let u = w™ zk w. Then for sufficiently large N the function

fi, (@) = Ne(2) A wu

fulfills all the requested conditions of the Lemma. |
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Proof of the Interpolation Theorem We are looking for a function f of the form
f=F,+F, +F;,where F\, F,, F;are slice-regular functions such that

1. F(S)) =35, for j€ M and F|| 5,y =0
2. Fy(z) =wiforke M,and F,|g,, =0
3. F5(x) =uforl € Myand F3|q,z =0

For the construction of F| observe that if the set M, is finite then we can simply define
the function F|(z) := ZJGM Jf; with f; given by Lemma 1 since the sum is finite.

Now assume that the sequence of spheres is infinite and that the corresponding radii R;
form an increasing sequence If there are n; spheres with the same radius indexed from j, to
Jn+n;—1, namely R, = ... b1 We require that functions f,j =j,,...J, +n;— 1
satlsfy the estimate [f(z)l <27 on B(0, R; ). Then F(2) : ZJEMI Jf; converges,
Fi(S;) = S for j € M, and F;vanishes in ZU X.

The Constructlons of F, and F; are similar and rely upon Lemma 2 in the place of
Lemma 1.

Lemmas 1 and 2 together with Theorem 1 imply the

Corollary 1 If the set Z (as above) does not intersect the ball B*(0,r) € H, then the inter-
polation function obtained in Theorem 1 can be chosen to be arbitrarily small on compact
subsets of B*(0,r).

3 Very tame sets in 2

There are different notions of tameness in the literature and we refer the interested
reader to [1] for an updated historical review on this subject. We only recall here that
the notion of very tameness in complex analysis for a discrete set refers to correspond-
ence via volume-preserving automorphisms (that is automorphisms with Jacobian equal
to 1) with an embedded copy of N.

Here we give the following

Definition 3 The standard tame set is defined as

T={2n-1,0),n e N}U{(2n+S,0), n € N}.

' 2'g

7, 7

P

A very tame set in H? is any discrete set T = » U I of points (T,) and spheres (Ty)

which can be mapped injectively to a subset of T’ C T by a diffeomorphism of H?, which
is a limit of a convergent sequence of quaternionic automorphisms with volume 1 (in
the sense of Definition 5.1 in [8]) such that points are mapped to points and spheres are
mapped to spheres, i.e.

T, 2T, NT and Ty =TynT'.
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2144 J. Prezelj, F. Vlacci

Remark 2 Recall that quaternionic automorphisms with volume 1 are generalizations of
holomorphic automorphisms with Jacobian equal to 1; furthermore, any composition of
holomorphic automorphisms with Jacobian equal to 1 is again a holomorphic automor-
phism with Jacobian equal to 1. In the quaternionic setting a composition of two automor-
phisms with volume 1 is not necessarily an automorphism with volume.

The result which motivates the definition of a very tame set in the quaternionic set-
ting and gives a geometric interpretation of the link with the theory of slice-regular
function is the following

Theorem 2 The zero set Z of any slice-regular function f € SR(H), f # 0 embedded in
H x {0} is a very tame set in 2. More precisely, the set Z x {0} can be mapped to T by a
finite composition of slice-regular shears with only real coefficients in their power series
expansions.

Proof We follow the idea of the proof presented in the paper [9] by Rosay and Rudin
where vertical and horizontal shears are applied in order to find the 1-1 correspondence
of points in Z with the ones in N x {0} C C2. Geometrically, this is achieved by label-
ling points in Z = {zj : j € N} and using the vertical shear ®,(z, w) = (z,w + f(2)) such
that ®@,(z;,0) = (z;,)) to lift them in C? to different levels. Then, one considers the hori-
zontal shear W(z, w) = (z+ g(w), w) such that ¥(z;,j) = (j,j) and then the verical shear
D,(z, w) = (z, w + f,(2)) such that @,(j,j) = (j, 0). Hence ®,0¥od, is the desired composi-
tion of automorphisms.

We proceed similarly with the difference that we first find an automorphism which
injectively maps the spheres of Z to the spheres of 7 and leave the points of Z fixed and,
afterwards, find an automorphisms which injectively maps the points of Z to the points of
T and keeps the spheres of 7 fixed.

We may (and will) also assume that the zero set Z contains infinitely many real and nonreal
points and infinitely many spheres and that (Z X {0}) N 7 = @, otherwise we just translate the
coordinate system a little bit in the real direction by a shear ¥,(z, w) = (z + £, w),e € R.

In the quaternionic setting, as a first step, we construct a composition of shears which
maps spheres of Z to spheres of 7 and leave fixed the real isolated zeroes and the spheres
S, generated by non-real isolated zeroes. The idea of keeping fixed any entire sphere gen-
erated by a non-real zero in Z allows us to consider shears in Hfhs whose restrictions to
C; X C; = C?for any I € S can be regarded as complex holomorphic automorphisms with
real coefficients in their power series expansions.

All spheres S; = S(a;, ;) € Z and have to be mapped according to the following diagram

(o] ¥ [
(@ + 1L, 00— (a; + 1,1, 2j(1 + D)—>(2j + 1,2j(1 + 1)—>(2j + 1,0).

where @, (z, w) = (z, w + f;(2)) is the first vertical shear, ¥(z, w) = (z + g(w), w) is the hori-
zontal shear and finally the shear ®,(z, w) = (z, w + f,(z)) is the second vertical shear. The
function f; in the first shear @, has to be zero on all real points in Z and spheres Sk gener-
ated by non-real zeroes z; € Z, (i.e fl(S‘k) =0 for any k and f;(x;) =0 for any /) and, in
addition, fi(a; + r;l) = 2j(1 + 1) for all j; these interpolation conditions for f; can be ful-
filled because, by assumption, Zn S = @. Next, the function g has to leave the zero level
H x {0} fixed and move the spheres in z-direction so that they have the correct projection to
H x {0}. In other words, the conditions for g are
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An interpolation theorem for slice-regular functions with... 2145

g0 =0, gZiA+N)=—(@+rD+2j+1=-a;+2j+(r,+ DI Vj

At the end, using ®,, we keep fixed the spheres S, and zeroes x; and map the spheres Wod,(S;)
to (2j + S, 0) € 7 by imposing f,(2j + ) = —=2j(1 +I) and fz(Sk) () =0,Vk, 1, Wthh 1s
possible because of the condition (Z x {0}) N 7= @.

Notice that for this step the Interpolation Theorem is fundamental, since we have to
assign spheres to given spheres, otherwise the map g could not be defined. Moreover, since
spheres are mapped to spheres, the coefficients in the power series expansions of f;,f, and
g are real.

In the second step isolated zeroes are mapped to odd integers (we list all discrete zeroes
in the sequence y, without distinguishing the real from the nonreal ones) and proceed as
above by using new shears ) (zw) = (g, w+ f1 (2)), Y= (z+8w),w), <I>2 =(z,w+ fz(z))
according to the following diagram

® ¥ @
O 00— (v, 2k — 1)—>(2k — 1,2k — 1)—>(2k — 1,0),k € N,

where the interpolation conditions for the functions f;,f,8 are f;(2j+S) =0, fi(y,) =
2k—1, 80)=0, g2k = 1) =2k =1 -y, H(Z+S)=/0)=0, L2k-1)=-2k-1)
for any k, j. Notice that the interpolation conditions for 7, do not contradict each other
because of the assumption that (Z x {0}) N 7= @. Therefore <I)20‘I‘0<I)10<I>20‘P0<I)10‘I‘0 is
the desired composition of shears which fulfills the correspondence of Z with 7. a

Remark 3 Observe that shears in the proof of Theorem 2 are in fact slice-regular mappings.

4 Slice Fatou-Bieberbach domains in H?

In this section we give a definition of slice Fatou-Bieberbach domains in H? and then con-
struct an example of a slice Fatou-Bieberbach domain in H? which avoids the (standard)
tame set 7. We recall that a Fatou-Bieberbach domain in C" is a proper subset Q C C",
biholomorphic to C". In the quaternionic setting the notion of analiticity is usually associ-
ated with the notion of slice-regulariwe can find a sequence ty. The class of slice-regular
mappings is rather rigid, for example it is not preserved even by compositions with real lin-
ear transformations. This is the reason why in the next definition we require analiticity for
themaph : H> - Q,ie., h € H2 [z, w] (see Sect. 1.1 for the definition) but in addition we
also require that the intersection of € with complex subspaces CZ C, xC,,I € S, should
coincide with the definition of a Fatou—Bieberbach domain in the complex setting.

Definition 4 A slice Fatou—Bieberbach domain in H? is a proper subset Q C H? such that
there exists a real analytic diffeomorphism # : H? > Q.ie,he H? [z, w] and such that for
every I € S the restriction hlcz C - Qn C? is a biholomorphic map; in other words,

Q N C7 is a Fatou-Bieberbach domaln in C3.

The main result of this section is the following
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2146 J. Prezelj, F. Vlacci

Theorem 3 There exists a slice Fatou—Biebaerbach domain in H? avoiding T.

We provide the construction of a slice Fatou-Bieberbach domain by adapting the
standard procedure of ‘escaping points’ to the quaternionic setting and using shears as
automorphisms with volume 1.

To this end we follow the approximation scheme presented in Lemma 2.1 of [2] and
stated here as Lemma 5.

Before describing the approximation scheme in Lemma 5, we need to prove two tech-
nical lemmas. We use the following notation. Let A(ry,7,) := B*0,r,) X B*0,r,) be a
biball, i.e., the product of two balls centered at the origin with radii |, 7, > 0. We denote
by A = A(1, 1) the product of two unit balls; furthermore, if V is a subset of H> and & a
positive real number, we define V+8A := |J B*(p,8) X B*(p,, ).

(P1,p)EV
Lemma 3 Let U, V be two biballs,U € V. Then there exists a constant ¢ depending only on
U and V such that for any shear @ it holds that |D(® — id)|, ;, < ¢ |® —id|y.

Proof Any shear can be written either the form ®(z, w) = (z, w) + f(z — uw)(u, 1), (u € R,
f € SR(H)) or D(z, w) = (z,w) + (f(w), 0),f € SR(H).

Consider U = A(gy, 0,), V = A(ry, 1), with ¢; < r;, j = 1,2, and define Ry, = 0 + |u|o,,
Ry =r| + |ulr,. Since U €V, then R; <Ry. The Jacobian of a shear ®(z,w)=
(z,w) +f(z — pw)(y, 1) is

DO(z, w)[h, k] =

h+ o, f = pw)lh]  ud,, fz— pw)lk] ]
0, f(z — pw)[h] k+9, f(z— pw)[k]

[h + 0, f(z— pw)lh] —ﬂzéf(z — pw)[k] ]
. fe—uw)lhl k= pd, fz— pw)k]]’

since for functions of the form f(z— uw) with u real the chain rule d f(z—puw) =
—/40 f(z— uw) holds (see [8], equation (2.8)). Therefore, we have

ID(@ — id)(z, W)l = max{|ul0, f(z — pw)[h] — u, f(z— uw)KIl,
|0, f(z = uw)[h] = o, f(z — pw)IK|, |hl, k| < 1}
< (1+ [ul) max{|0, f(z — pw)[h] — ud, f(z — pw)IKIL, 1A, k| < 1)
< (1+ [y max{19. f(z — uw)lAl| + | ul10. f(z — pw)IKII, |kl 1Kk < 1}
< (1+ |uh? max{|0, f(z — ww)[All, |A] < 1}.
Assume that |® — id| = £ on V. Then |f(u)| < e/+/1 + u? = & for|u| < Ry and if (z,w) € U
we have |z — uw| < Ry < Ry,. Since f is by definition entire and slice-regular, the coeffi-

cients in its power series expansion f(u) = Y, u"a,, can be estimated by Cauchy for-
mula, |a, | < /R Furthermore, for (z,w) € U, we have

10.(z — pw)"[h1| < mlh)|z — uw|™",

so the following estimate holds
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~ Elh = |z—uw
10. /@ = pw)lhl < == ¥ m|—
V o m=1 \%4
_ &l w,n<Ru>“‘l_ £|hIRy
a RV m=1 RV (RV_RU)Z.

Define d := Ry (Ry —RU)‘Z. The norm |- |, of the matrix D(®(z,w) — (z, w))[h, k] for

|A|, |k| < lis estimated by

[oe]

ID(®(z, w) — (2, W)[h, kl| o < dEQL+ |p])? = de(1 + [u])*/ V1 + 12

We claim that there exists a constant ¢ depending only on U and V such that
d(1 + |u])*/+/1+ u? < c.Indeed, since the function

1 +1)? L+ 02%(r, +1
1+ _ ( )(rl rz) >0,
V1I+2  V1I+2(r — o +1(ry — 0y))

is continuous in ¢, positive and bounded, such a constant exists. Finally, if the shear is of

the form ®(z, w) = (z + f(w), w), then the constant is c(c0) = —( "2 7 O
Iy — 0y

ct) :=d

O

Let {U,},cn be an exhaustion of H? by biballs such that U, € U,,,. For each n we

define biballs U € U" € U/, by strictly increasing the radii of U,, so that we also

have U’ € U,,,, more precisely, we choose a (strictly decreasing) sequence of posi-

tive real numbers {§,},cy such that U’ :=U,+6,A € U, +26,A € U,,,. Define
U':=U,+26,/3)Aand U := U, +(6,/3)A. Then

U,eU"elU' el eU,,
for every n € N.
Lemma 4 Let the sequences of sets {U,},cn and {6, },,en be as above and let {®,,}, o be a

sequence of shears. Define ¥, = @0 ... o®, ., forl > mand¥,, , :=id. Assume that for
every choice of | > m > n the following inclusions hold:

¥, uyeuv” v, w"Meuv v, UHeU, Y, U)eU,,. 4)

Let a sequence {&€,},cn Of positive real numbers be given such that |®, —id| | <&y for
everyn € N.Fixk > land let]l > m > n > k. Then

1
'), _idlU,:’ < 2 € )
Jj=m+1
and
!
DY, — i), o < [] 0 +emig -1 (6)
Jj=m+1

where c; are given by Lemma 3 with respect to sets U = U]f’ andV = U;.
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Remark 4 By definition ¥, 0¥, , =¥, and ¥ =9

m+1,m m+1

Proof For any choice of integers [ > m > n > k, the triangle inequality gives
|LPl,m - ldlU]:’ =|‘~Pl,m - lPl—l,m + LIJl—l,m - ldlUIZ’
<IP0Y =Yt mlyy + ¥y, —idlyr

Because [ > k, we have the inclusion U; C U, | and using (4) we estimate

@0,y = Wiyl = 10 —idly, o) < 1 —idly, < 10 —id]y,

and then by induction

! 1 !
W —idlyy < Y M =Pl < Y 10 —idly < Y 6

Jj=m+1 Jj=m+1 Jj=m+1

For the second estimate, first observe that |®; — id|U/L1 < g;_, implies |D(®; — id)|oo,U;il

< ¢;_1€_; by Lemma 3. Fix m > n > k and proceed by induction on /. For /=m+1 we
have ¥i1m = @41, 50 there is nothing to prove for the base case of induction. Assume
that the claim holds true for / — 1 > m + 1. By the chain rule for mappings in H*[z, w] w
have

D(®;0%_; )z W), k] = D(®)(Y,_;,,(z,w)) o DY)_y ,,(z, w)[h, k].

Since the operations D and ¢ are additive and the matrix norm | - | is sub-multiplicative
with respect to o (see Sect. 1.1), we can write

D(Y¥,,, —id)(z, w)lh, k] = D(®;0¥_; ,, — ¥_1,,)(@ W)h, k]
+ DY, —id)(z, w)[h, k]
=D(®, —id)(¥,_y ,(z. W) o D¥|_, ,,(z, w)[h, k]+
+D(¥_,,, — id)(z, w)[h, k]

and, by induction hypothesis, we have

ID(Y,,, — 1d)|ooly LU = =|D(®; — id)| R JEG
+ DY)y — 1d)|oolv LU

< |D(®, - id)loo,\[’,_l_,,(UL")|DT1—l,m|oo,‘!’,M(U;{”)
+ DYy — D)oy, AU

-1

UW)) |D‘Pl—1,m | co,‘Pm_,,(U;v”)

<cen [J 0 +eig0+ H(1+ -1
Jj=m+1 Jj=m+1
1
[Ta+ce0-1
J=m+1

since the inclusions ¥,_, ,(U") € U € U}’ and the definition of constants c; imply
ID(®; = id)| o, ,, wry < |D(®; — 1d)|0o 2 < c, 1€, - Furthermore, by induction hypothe—

Sis, DY,y ey, oy <1+ DYy, - idl oy, oy <o+ g, O

mn
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Lemma5 Let the sequences {U,},cn, {6, },en and {c,},en be as in Lemma 4. Let {®,}, oy
be a sequence of shears and let {€,},en: (€} ens €ns €l € (0, 1) be strictly decreasing
sequences converging to 0 such that €, < min{¢,,log(1 + e;l )} for any n € N and such that
foranyn e N

@) |®,,, —idly <2 min{l,c;'}e, /6,
(i) ifoe Cl(Uﬁ’) satisfies |® — 1d|U,,, < g and |D(® —id)|, ym < €, then @ is one to
oneinU,.

For each n € N define ¥, := ®,0®,_j0...00,.LetQ, :=¥-!(U,). ThenQ, € Q,,, and
the sequence {¥, },y converges, uniformly on compacta of the open set Q =Ux Q,,
toamap ¥ € CI(Q) which maps Q bijectively onto H?.

Before the proof of the Lemma, we make a couple of remarks.

Remark 5 Observe that for any U, € U'” one can always choose a positive €/ such that if
del' (U’ ') approximates the identity in the sense of condition (ii), then it is one to one in
U,.
Remark 6 The condition (i) in Lemma 5 plays a similar role as condition (i) in Lemma 2.1
of [2]. It not only implies that for m > n we have |®,,, —id|,, < (27"¢,,/6) and hence
@, (U)cC (2™, /6)A €U, cU _,butalso the validity of inclusions (4).

Indeed, since |®

mt1®
e — 1d|y < 27mtDg /6, we can estimate
m+1

1¥Ws2m —dlyy <I¥pp0,, =¥ + @, —id]y

m+1,m
<D0 = idlg,, wr) + 1Py — idly

<@y —idly + [P,y —idly,

<27mthe J6+27", /6 <€, /3 <€,/3<6,/3,

soW,.,,(U) C(6,/3)A € U,,,.Hence, inductively, for l > m > n the estimate

|lPl,m - 1d|U”1 < < Z 2_(/A_l)‘gj—1/6) < em/3 < 6n/3 (7)

j=m+1

holds, which together with the definition of the sequence {6,},cy implies the validity of
inclusions (4) for [ > m > n.

Remark 7 Let us comment the changes in the formulation of Lemma 5 compared to Lemma
2.1 in [2]. In the complex setting the Cauchy formula for holomorphic functions guarantees
that the sup-norm estimates on U’ imply C-estimates on U" € U’, which is not the case for
an arbitrary automorphism ¥ € H2 [z, w], since those are Just real analytic. Such estimates,
however, hold for mappings W — id, where ¥ is a shear, as presented in Lemma 3.

For similar reasons we have to add C'-estimates to point (ii) of the statement of Lemma
5. The new statement is then a classical result in real analysis: if we write h = (g, hy, hy, h3)
and z = (2, 2, Zp» 23) (With respect to the orthonormal basis (1, i, j, k) of H) then, since the
operator 3 is additive and real linear in A,
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9, f(z,w)lhl = Zh, - few.

and so the condition |D(®(z, w) — (z, w))[h, k]| < € for |A|, |k| < 1 implies that ® approxi-
mates the identity in Cl-sense as a real smooth mapping.

Remark 8 The map W~! is defined in H? but we cannot argue that it is analytic, because
in general it is not a slice-regular map in two variables and after composing slice-regular
functions one cannot apply Cauchy estimates. So Theorem 3 is not a straightforward appli-
cation of Lemma 5.

Proof of Lemma 5 With all the above lemmas the proof of Lemma 5 is now similar to the
analogous one in [2].

To prove uniform estimates for the mappings and their derivatives on €, choose a com-
pact set K C Q and € > 0. We are looking for m, > 0 so that for [ > m > m, the estimates

I‘Pl - ‘Ple <e and |D(‘P[ - ‘Pm)|oo,K <e
hold.
Define ¥;,, as in Lemma 4. Notice that the assumptions of Lemma 4 are ful-
filled, because by Remark 6, the inclusions (4) hold for all / > m > n. In particular,
¥, 1,(U) € U, or, equivalently, U" € @1 (U,)).

Define Q :=¥ 1(U!), Q/ := lIfﬂl(U;’) and Q" 1= '(U"). The first three of the
following inclusions

Q eQ"eQ' e eQ,,
are obvious. The last inclusion Q' € Q,, , is equivalent to
an+l(Q:l) € lIJn+1(szn+l) = Un+1' (8)

Because ¥, (Q) =, (¥, (Q)) =@, ,(U) the inclusion (8) is equivalent to
U e QDJJ: (U,11) which holds true as mentioned. As a consequence we have that {€2, },ey
is an exhaustion of Q = U,Q,.

Notice that also

v,Q" =¥, U")eU )

holds for every m > n.

Fix ny € Nsuch that K C Q, . Hence it suffices to show that the sequence {'¥, },,cn con-
verges uniformly in C' sense on Q, for some n > n,. Let [ > m > n > n,,. Because of the
inclusions in (9) we have

¥, =¥, lor = ¥, —idly @m < ¥, —id|yn (10)

and by Lemma 4 we estimate

1%, =¥, lon < Z |0, —idlyy < )0 276,/6 <27, /3 < € (11

Jj=n

for large enough n.
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The estimate for the derivative is a bit more delicate.
Since the norm | - |, is sub-multiplicative and the derivative is additive, we have the fol-
lowing estimate
|D(Y, - ‘Pm)|oo!9,n,, <|D¥,, - id)|°o’q,m(gg,) . |D‘I‘m|w’g’,{,

. 12
= D, = i), Wy - 1Dl (12)

The assumptions of Lemma 4 are now fulfilled and so we can estimate the term
|D(<I>,,m id)l o, ) in (12) by inserting 2 “*+ min{1, ‘. l} _,/6 instead of &;_; in (6)
and using ¢,_, min{1, ¢ ~!} < 1to obtain

IDM,, = Dy, wm < [ A+27e,/6) -1

j=m+l1
< TR 6 | < el _ (13)
<e <€ <e
for large enough n > n,. We also observe that
0<e @ —1<2forn>1 (14)

since g, < 1.

In order to estimate [D¥,, |, an We first fix n so that the estimates (11) and (13) hold.
The mapping ¥, is entire, the set Q’ ' relatively compact, so DY, |, ar <M for some posi-
tive constant M.

Taking into account that ¥, (Q"") = U =¥, ,(U"") we estimate

|D"Pm|oo,gz;,~ =|D¥,, - lpn)|oo,gg/ + |D1Pn|oo,g,/l~
< |D(\Pm,n - id)loc,‘{’,,(ﬂil”)|D‘Pn|oo,9;” + |Dan|oo,Q;l”

SIDMY,, = 1Dl w, wm DY leariipw, oot

<2M+ M =3M,

since by (13) and (14) we have [D(¥,,, — id)|°o,q1n wm < 2 for all m > n. Hence the deriva-
tive D(¥, — ¥,,) is by (12) bounded by ’

IDC¥, ~ ¥l <IDC¥,, = i), - ID¥, o
<ée 3M.

Choose m large enough so that &/ , <€ /(3M). Then we have

ID(Y; = ¥,)leg, < IDMY; =¥, ]0an <€

as desired.

The sequence {¥,, },,c thus converges to a map ¥ defined in the open set Q uniformly -
in C! sense - on compact sets. The limit map ¥ : Q — W(Q) is at least C' in Q.

On each U'”, the map Yo' = lim ¥, , satisfies

m—oo

[WoW ! —id|yn < lim |¥,,, —id|,, <27"e, /3 <€/ (15)
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and
ID(PoY; ! — id)] o g < lim [D(Y,,, —id)| g < el —1<gl

therefore by (ii) ‘I’O‘I‘;l is injective in each U, so the map ¥ is injective in Q,,. Therefore, it
is injective in Q; furthermore, by Brouwer’s theorem on invariance of domains, the map ¥
is also an open map.

To prove that ¥ is surjective, we will actually show — as in [2] — that ¥(€2) contains all
the sets U”.

Fix n such that r,_; :=d( U,_,,0)> 1. We claim that U" € ‘P(Q ). Define
G,:=U' n ‘P(Q ) Wthh is a closed set in U because ‘I‘(Q )is compact (since Q is)
and therefore closed. By construction ‘P(Q )= ‘Po‘l’ 1(U ) and by (10)

[Wow ! — idfyr < 27"e, /3,

so Wo¥ '(0) € G, because |Wo¥ '(0)| <¢,<1<r, ;. For we G, we have that
w=Yo¥ !(z) for some z € U, and hence |w—z| <2™¢ /3 <6,/3<6, /3, so
z€U’ +Aé5, /3€U | and there is an open neighborhood U C U'  C U, of z
Then lIJo‘I‘rjl(U) C ‘PO‘P;I(U”) =Y(Q,) is an open set containing w, since ‘Po‘I‘;l
is an open mapping. The set ‘Po‘I‘;I(U) N U:, ’_1 is then an open neighborhood of w in
P(Q,)nU" | C G, in other words, the set G, is a nonempty open and closed subset of

U!"_, and since the latter is connected, we conclude that G, = U""_,. O

Remark 9 By the estimate (15), the sequence {‘I’O‘I’;,1 }men converges uniformly
on compact subsets of H” to the identity mapping and hence also the sequence
(Pl =@ 'o... 0@}, \ converges to W~ uniformly on compact subsets of H2. Consider
D, (z,w) = (z,w) +f,(z— p,w)(u,, 1); we assume that each (slice-regular) function f, has
a zero of multiplicity M, at the origin, with M, strictly increasing with n, and the power
series representative (there are infinitely many of them, see [7]) for f,(z — u,w) is the one
obtained by formally plugging the term z — p,w into power series for f,, hence the series
expansion for f,(z— u,w) begins with the homogeneous polynomials of degree M, in
(z, w). Then the power series expansions of {(I)l‘1 o... OQD;I } nen» Which are obtained induc-
tively by formally plugging the power series for dD;l into the power series (I)l’1 o... oq);_ll,
converge to a formal power series expansion, since any fixed homogenous polynomial in
the power series expansion changes only finitely many times, due to strictly increasing
orders of vanishing of the functions f, at the origin. Because of the lack of Cauchy esti-
mates we cannot say that the formal power series is convergent with limit ¥~

Proof of Theorem 3 As a first step in the proof, we move the set
T={2n-1,0),n e N} U {(2n+S,0),n € N} to a more convenient position, namely to
the set 7/ = {(—n?,—n?),n € N} U {(n?I,n*I),n € N, I € S} by a composition of a verti-
cal shear and a horizontal shear. The vertical one is defined as ®,(z, w) = (z, w + f(2)) with
f satisfying the interpolation conditions f(2n — 1) = —n?, f(2n + I) = n?1, and the horizon-
tal one is defined as @,(z, w) = (z + g(w), w) with g satisfying the interpolating conditions
g(—=n?) = —n> —2n+1, gn’I) = n?I — 2n — 1. Both f and g can be chosen to have real
coefficients and therefore the shears ®,, @, both preserve C; X C, forall € S.
Then, for any natural number m, we define the subset 7 ’m c T’ to be the set

T, = {(=n*,—n*),n >m} U {(W*,n*D),n > m, I €S}.
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and construct two shears @, = id + (0, —f,))and ®, , = id + (—g,,, 0), where f,, and g,, are
entire slice-regular functions with nonnegative coefficients in their power series expansions
and such that fo‘r any m € ‘N the; map @, 0@, , has the property @, ,0®, (77)="T "
and @, approximates the identity map on compact subsets of m?A whereas ®, ,, approxi-
mates the identity map on compact subsets of (m + 1)?A.

To this end, for n > m, we require the following interpolation condition for f,, and g,,:

fu(=n®) =2n+1,f,(*) = —2n+ DILIES (16)

g, (—n+ 1D =2n+1, g (n+ 1)) =-2n+ DIIE€S, (17)

together with the property that f,, is as small as we wish on compact subsets of
B*0,m?) C Hand g,, is as small as we wish on compact subsets of B*(0, (m + 1)?) C H,
both with the order of vanishing at 0 as large as we wish.

We will actually look for such maps in the form f,, := f; + fri and g, 1= gf:, +gfn,
where the maps with superscript P interpolate on points and leave the spheres fixed and the
maps with superscript S interpolate on spheres and leave points fixed.

For each n € N, consider

#@ =TT (1+ é)zf[ <1 + ;)

k#n k=1
and
P2
#'@) )

We have
P (=n*) =1, ¢F'(—=k*) = 0if k # n, and ¢ (m*1) = 0,Ym e N,VI € S.

For a suitable choice of an increasing sequence {M,, },cx. the function

00

=Y (L) e

n=m

is well defined and satisfies the interpolation conditions fn’: (=n*)=2n+1if n>m and
me (k*I) = 0 Vk. Furthermore the coefficients of the power series expansions of f}f are non-
negative, fnf is as small as we wish on compact subsets of B*(0, m?) with order of vanishing
at 0 at least 2M,,.

In order to define f’j , we first consider

. 2
) :=H(1+ k%) $.(2) 1=H <1+i_i> :

k=1 k#n

‘We have

d(—k*) =0 Vk, ¢, (k*I) =0, Yk #n, VI € S.
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The value q';n(nzl ) is positive and does not depend on [ € S. Nonetheless
@n*D) = a + Ib # 0 is not necessarily a real number. We are looking for a function of the
form

B z I+1 .
Po(2) = (n_z> (az+p), witha,f>0, [€{0,1,2,3},

such that
W, (m*D(a + Ib) = —I.

Choose [ € {0,1,2,3} so that for z, = —I'(a + Ib) we have Re(z,) > 0 and Im(z,) < 0.
Then a, f € R determined by the equality
2 2
an“l + f = —
17012
are nonnegative. Finally, define

$,2) 1= ¥, (), (n* 1)

for some (and thus for all) I € S. The coefficients in the power series expansion of qbﬁ are
nonnegative as desired and, furthermore,

S’ =1, $5(*1) =0, Vk#n, VIES
and
$5(—k*) =0, Vk € N.

For a suitable choice of an increasing sequence {M,, },cn. the function

(oo}

B@ =Y (%) soent

n=m

is well defined with nonnegative coefficients in its power series expansion, as small as we
wish on compact subsets of B*(0, m?) with order of vanishing at 0 at least 4M,, and satisfies
the interpolation conditions

@) =-Qn+ DI, ¥n>m, f5(-k*) =0, Vk.

Then the function f,, :=f” + f3 satisfies all the conditions required, namely f,, is as small
as we wish on compact subsets of B*(0,m?) with order of vanishing at 0 as large as we
wish, has nonnegative coefficients in its power series expansion and fulfills the interpola-
tion conditions (16).

The shear @, ,,(z,w) = (z, w — f,,(z)) maps (—n?, —n?) to (=n2, —(n + 1)?) and (n*1, n%I)
to (n2I, (n + 1)2I) for n > m,I € S and approximates the identity on compact subsets of
m2A as well as we wish. Also @;}n (z,w) = (z, w + f,,(z)) approximates the identity on com-
pact subsets of m?A as well as @, does and in addition it has nonnegative coefficients in
its power series expansion.

In a similar manner we obtain the shear @, , (z,w) = (z — g,,(w),w) so that it maps
(=n*,=(n+1)*) to (—(n+ 1% —(n+ 1%, *L,(n+ 1) to (n+ DL, (n+ 1)) for
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n > m,I € S and approximates the identity on compact subsets of (;m + 1)?A as well as we
wish.

To define the function gf:l , for each n € N, consider a suitable choice of an increasing
sequence {M,, },cn, and put

o M,
. Z
gh@ =) ((n+ 1)2> PF (2@2n+1).

n=m

The function gﬁ is well defined, satisfies the interpolation conditions

g (—(n+1)*) =2n+1, for n > m and g (k*I) = 0 Vk; it has nonnegative coefficients in
its power series expansion, is as small as we wish on compact subsets of B(0, (m + 1)?) and
with order of vanishing at O at least 2M,,,.

To define g , we recall that

d(—k*) =0Vk, ¢, (K =0, Vk#n+1, VI €S.

Again, the value ¢, ((n+ 1)I) is positive and does not depend on I €S but
@((n+ 1)2I) = a + Ib # 0 is not necessarily a real number.
As in the previous case, we construct a function of the form

z
(n+1)2

I+1
W, (2) = < > (az+ p), witha,f >0, [ € {0,1,2,3},

such that
Wyt (4 1)2D)(a + Ib) = —1.
Let
B3 1) 1= 1 () D) By (D) (B (1 + 1DPD) !

for some (and thus for all) / € S. The coefficients of the power series expansion of d)i are
nonnegative; furthermore,

S (n+ 1D =1, ¢ (K)=0,Vk#n+1,VIES
and
2
¢S, ,(—k*) = OVk.

For a suitable choice of a strictly increasing sequence {M,, },n- the function

(e

4M,
. Z
g@ =) ( o 1)2) b5, @DQ2n+ 1)

n=m
is well defined and satisfies the interpolation conditions
g+ 17D =-Q2n+ DI, Vn>m, g (-k*) =0, Vk;

it has nonnegative coefficients in its power series expansion, is as small as we wish on
compact subsets of B(0, (m + 1)?) and the order of vanishing at 0 is at least 4M,,.
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Then the function g,, 1= g” + g3 satisfies all the conditions required, namely g, is as
small as we wish on compact subsets of B*(0, (m + 1)?), has the order of vanishing at 0 as
large as we wish and fulfills the interpolation conditions (17).

The shear ®@,,,,(z,w) = (z — g,,(W), w) maps (—n*,—(n+ 1)?) to (=(n+ 1)*, —(n+ 1)?)
and (n2I,(n+ 1)I) to ((n+ 1)*I,(n+ 1)*I) for n > m,I € S and approximates the iden-
tity on compact subsets of (m + 1)>A as well as we wish. Also <I);in(z, w) = (z+ g,(w),w)
approximates the identity on compact subsets of (m + 1)2A as well as ®, ,, does and in
addition it has nonnegative coefficients in its power series expansion.

We now define the sets U,, and relabel the shears @, , and ®, ,, accordingly. Form € N
define

U2m—1 = mzA’ cI)2m—1 = (I)v,m’
Uy = ((m+ 172 =DA, @, =@,,.

Choose a strictly decreasing sequence of positive numbers {4, },,cy such that U’ := U, +
s,A€U,+25,AeU,,, DefineU"” :=U, +(26,/3)AandU"" := U, +(5,/3)A,s0

U,eU"eU!'elU eU,,

for every m € N.

Let the sequence {c,, },,en be given by Lemma 3 with respect to pairs of sets U = U”" and
V=U.

Choose a strictly decreasing sequence {&/ },cn of positive numbers converging to 0 so
that the condition (i7) of Lemma 5 holds (see also Remark 5).

Then choose a strictly decreasing sequence of positive real numbers {¢,,},,c converg-
ing to O such that the condition ¢,, < min{¢,,,log(1 + e”n)} from Lemma 5 holds for any
m € N.

Choose the sequence of shears {®,,},, .y Which approximate the identity so well, that
the assumptions (i) and (if) of Lemma 5 are fulfilled. Moreover, we require that the orders
M, of vanishing at (0, 0) of ®,, — id form a strictly increasing sequence with M,, > m, so
®,,(0,0) = (0,0) for all m € N.

By Lemma 5, the sequence {¥, = ®,0...0®,}, . converges on compact sub-
set of Q to a diffeomorphism ¥ : Q — H2. Since for all m €N and I € S we have
|W, (—n%, —n?)|—> + oo and |¥,,(n%1, n*I)|— + o0, as m — +oo, the set 7~ is not contained
in Q.

The limit map ¥ as well as it inverse ¥~! are limits of mappings, which preserve com-
plex subspaces C7. Therefore, we have, for any fixed / € Sand asetQ, := QN C7 3 (0,0),
that

m>

¥lg, 1 @ — Cland ¥7'|z : €] - C],

o} ‘Plgl = C; and Tg_z,l = (‘PlC?)‘l, since ¥ is surjective. As the restrictions of ‘Pmlgl con-
verge uniformly on compact subsets of €, the limit mappings ¥|g, are holomorphic, and
hence €; is a Fatou-Bieberbach domain for any / € S.

To conclude that Q is a slice Fatou-Bieberbach domain, we have to show that
P! : H? - Qis real analytic.

By construction, any shear <I)]:1 is a diffeomorphism with nonnegative real coefficients
in its power series expansion and the orders of vanishing at (0, 0) of @;1 —id form a
strictly increasing sequence, so by Remark 9 the formal power series expansion of
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Y-l = lim ‘I‘;l exists and has nonnegative coefficients. Then, according to [7], for any
m—+0o

m € N one can write'

T;l(z’ w) = Z(Z’ W % ymr Tam ER, 74, 20,

aEA

which converges absolutely and uniformly on compact subsets of H2. Put A” = U oAy
for m € N. For any given @ € A, the sequence 7, ,,, m € N is increasing and there exists
my € N such that, for m > m, r,,, = r,,, =: r,. Even more, by assumption that the orders
of vanishing of W1 — id form a strictly increasing sequence, we have r,,, = Tam, =: e for
every « € A" and m > my. In particular, r, ,, = r, for any a € A™.

The formal power series for ¥~! is

Z(z, w)r,, r,€R,r, >0,

aEA

which converges absolutely and uniformly on compact subsets of C? to P! |c:§ with the
series expansion

(5]
-1
Yo e = Z Fwip, .
pq=0

In this case, the restriction to C? of the formal power series for ¥~! is convergent and the
variables commute, so we have

- 3w

pp,q
a€EA,, .lal=p

since the coefficients r, are nonnegative, we have p, , > 0 for all p, g € N,. For any index
subset A; C A and

Sh@w) = Y (@ w)r,

a€EA,

the following estimate holds

1S5, @W] < X 1w Iry = Sy (zl ) < ¥~ e (el bwh = ¥ (J2l. [w).

a€A,

Fix a compact set K C Hand € > 0. We claim that there exists m, € N so that if m > m; we
have |¥~!(z,w) — S,u(z,w)| < € on K. By uniform convergence on compacts, there exists
my so that if m > mg, we have |¥~!(z, w) — ‘P;ll(z, w)| < €/2 on K. Let m, be so large that
Z;iqumn lzIPIw]9p, , < €/2 on K. Since for any m we have r, =r,,, if « € A™, thus for
m > mg

! Define A to be a subset of all finite sequences of O-s and 1-s, together with the empty sequence,
A:=UPA; A;={0.1}Y, deN, Given the multindex a=(a;,....a,) € {0,1}9, we put
la| =a; + ...+ a;and

@w)* 1= EEw! T L ! ),
We define (z, w)? = 1.
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P W) = Y @) el = | D @) Ty = D (@ w) ]

aEAN" aEA aEA™
=1 Y @W = D @W) (= 1)
ace(A\A™) aEN™
=1 Y @wr < Y Uzl whor,,
aE(A\A™) aE(A\A™)
[o0]
< Y U< Y 1w, <e/2,
aE(A\A™) pta>my,

so on K the estimate

[ @w) = Syl < ¥ @ow) = B @) + [ @w) — Y (aw)'r,| <e

aEN™

holds. The formal series of ¥~! thus converges absolutely and uniformly on compact sub-
sets of H? to ¥~ .

The mapping F = @] 'o®, oW~ o®, 0, is real analytic and the image F(H?) misses
the set 7. As the shears @, @, both have real coefficients and thus preserve C? for all I, the
set F(H?) is a slice Fatou-Bieberbach domain. O
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