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Abstract

In this article, we extend results of Zomorrodian to determine upper bounds for the order
of a nilpotent group of automorphisms of a complex d-dimensional family of compact Rie-
mann surfaces, where d > 1. We provide conditions under which these bounds are sharp. In
addition, for the one-dimensional case, we construct and describe an explicit family attain-
ing the bound for infinitely many genera. We obtain similar results for the case of p-groups
of automorphisms.
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1 Introduction and statement of the results

The classification of groups of automorphisms of compact Riemann surfaces is a classical
subject of study which has attracted considerable interest ever since Hurwitz proved that
the full automorphism group of a compact Riemann surface of genus g > 2 is finite and
that its order is at most 84(g — 1). Later, this problem acquired a new relevance when its
relationship with Teichmiiller and moduli spaces was developed.

It is classically known that there are infinitely many values of g for which there exists a
compact Riemann surface of genus g with automorphism group of maximal order; they are
called Hurwitz curves and correspond to branched regular covers of the projective line with
three branch values, marked with 2, 3 and 7.

We recall the known fact that each finite group can be realized as a group of automor-
phisms of a compact Riemann surface of a suitable genus. In part due to the above, an
interesting problem is to study those compact Riemann surfaces whose automorphism
groups share a common property and, after that, to describe among them those possessing
the maximal possible number of automorphisms.
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Perhaps, the most noteworthy examples concerning that are the abelian and cyclic
cases. In fact, in the late nineteenth century, Wiman showed that the largest cyclic group
of automorphisms of a compact Riemann surface of genus g > 2 has order at most
4g + 2. Moreover, the compact Riemann surface given by the algebraic curve

y2 — x2g+l -1
shows that this upper bound is attained for each g. See [50] and also [20] and [29].

Meanwhile, as a consequence of a result due to Maclachlan, the order of an abe-
lian group of automorphisms of a compact Riemann surface of genus g > 2 is at most
4g + 4; see [33]. In addition, the fact that for each g there exists a compact Riemann
surface of genus g with a group of automorphisms isomorphic to C, X C,,,,, shows that
this upper bound is attained for each value of g.

Similar bounds for special classes of groups can be found in the literature in plentiful
supply. For instance, the solvable case can be found in [10] and [16], the supersolvable
case in [17] and [51], the metabelian case in [11] and [15], the metacyclic case in [44]
and several special cases of solvable groups in [46]. We also refer to the survey article
[14].

By contrast, it seems that not much is known in this respect when considering com-
plex d-dimensional families of compact Riemann surfaces, for d > 1. Very recently,
Costa and Izquierdo in [12] proved that the maximal possible order of the automor-
phism group of the form ag + b, where a,b € Z, of a complex one-dimensional family
of compact Riemann surfaces of genus g > 2, appearing for all genera, is 4(g + 1). In
addition, they went even further by exhibiting an explicit equisymmetric family of non-
hyperelliptic compact Riemann surfaces attaining this bound for all g (c.f. [1]). Later,
the analogous problem for complex low-dimensional families (d < 4) was addressed in
[27] and [37].

The aim of this article is to deal with nilpotent groups and p-groups of automorphisms
of complex d-dimensional families of compact Riemann surfaces, where d > 1.

We recall that the Jacobian variety JC of a compact Riemann surface C of genus g is an
irreducible principally polarized abelian variety of dimension g. The relevance of the Jaco-
bian variety lies, in part, in the classical Torelli’s theorem, which establishes that

C, =2 C, if and only if JC, =2 JC,.

In this paper, we shall also consider isogenous decompositions of Jacobian varieties of cer-
tain compact Riemann surfaces with a nilpotent group of automorphisms.

Nilpotent groups acting on families of Riemann surfaces

In [32], Macbeath considered homomorphisms from co-compact Fuchsian groups onto
finite nilpotent groups. Since every finite nilpotent group is isomorphic to the direct prod-
uct of its Sylow subgroups, after introducing the concept of p-localization of groups, he
succeeded in providing necessary and sufficient conditions under which a given signature
appears as the signature of the action of a nilpotent group of automorphisms on a compact
Riemann surface.

Soon after and based on the aforementioned Macbeath’s result, Zomorrodian in [53]
proved that the order of a nilpotent group of automorphisms of a compact Riemann sur-
face of genus g > 2 is at most 16(g — 1). Moreover, he noticed that if the previous bound is
sharp then g — 1is a power of two and the signature of the action is (0; 2, 4, 8).

Here, we extend the previous result from (zero-dimensional families of) compact Rie-
mann surfaces to d-dimensional families of compact Riemann surfaces, where d > 1.
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Theorem 1 Letd > 1,g > 2 be integers. Let G be a nilpotent group of automorphisms of
a complex d-dimensional family of compact Riemann surfaces C of genus g.

(1) The order G is at most

y =] Be-D ifd=1
2d = ﬁ(g—l) ifd>2.

(2) The order of G is M, , if and only if the signature of the action of G on Cis

[ 02,2,2,4) ifd=1
%24 T\ (02,43,2) ifd>2.

(3) Ifthe order of G is M, , then G is a 2-group. In particular if, in addition, d = 1ord — 1
a power of two then g — 1is a power of two.

If g — 1is a power of two, in [53] it was also proved the existence of at least one compact
Riemann surface of genus g with a nilpotent group of automorphisms of order 16(g — 1),
showing that this upper bound is attained for infinitely many values of g.

Note that for d = 2, the previous theorem guarantees that, if the order of G is maximal
then g — 1 is a power of two. We notice that the converse is also true. Indeed, following
[37], for each g > 2, there exists a complex two-dimensional family of compact Riemann
surfaces of genus g with a dihedral group of automorphisms of order

M,, =4(g — 1) acting with signature o,, =(0;2,2,2,2,2).

Thus, in particular, if g — 11is a power of two then the involved dihedral group is nilpotent
and therefore the upper bound M, , is attained.

It is worth pointing out here that Zomorrodian’s method to prove the existence of a
compact Riemann surface of genus g with a nilpotent group of automorphisms of order
16(g — 1) is based on an inductive argument and does not provide neither the Riemann sur-
face nor the nilpotent group in an explicit manner; see [53, p. 254].

The following theorem shows that the upper bound M, | is sharp for infinitely many val-
ues of g. In contrast with the zero-dimensional case, our strategy is to construct a complex
one-dimensional family in an explicit enough way in order to provide a detailed description
of the family. We include an isogeny decomposition of the associated family of Jacobian
varieties.

Theorem 2 For each integer n > 5, there is a complex one-dimensional closed family of
compact Riemann surfaces C of genus 1 + 2" with a nilpotent group of automorphisms G
of order 2" isomorphic to the semidirect product

(Cy xDys) X C,

presented in terms of generators a, b, r, s and relations
P2 =t =) =a® = =1,[s,b] = [r,b] = |,ara = r~\,asa = sr,aba = br*""

acting on C with signature (0; 2, 2, 2, 4). Furthermore:

2211—6

(1) the family consists of at most equisymmetric strata,
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(2) up to possibly finitely many exceptions, C is non-hyperelliptic and its automorphism
group agrees with G, and

(3) the Jacobian variety JC of C contains an elliptic curve isogenous to JC,, and decom-
poses, up to isogeny, as

where the dimensions of JC,y and JC,y are 2% and 2"* + 1, respectively.
Remarks

(1) The cases n = 3 and n = 4 are exceptional in the sense that the upper bound is attained
by a group with a different algebraic structure. Concretely

(a) forn =3 (g =2)thebound is attained by D,, and
(b) forn =4 (g = 3) the bound is attained by C, X D, and by (C, X C4) X C,.

See [5] and [3].
(2) We announce that for each odd integer d > 3, the bound M, , is attained for infinitely
many genera. We shall deal with this problem in a forthcoming paper.

p -groups acting on families of Riemann surfaces.

The fact that nilpotent groups of automorphisms of compact Riemann surfaces of
maximal order turn out to be 2-groups led Zomorrodian to ask for similar bounds for the
class of p-groups. Indeed, he proved in [52] that if G is a p-group of automorphisms of a
compact Riemann surface of genus g > 2 then

16 ifp=2
|G] <e(g—1) where e=4 9 ifp=3 (1.1)
L ifp 25,

and that (1.1) turns into an equality if and only if the signature of the action is
(0;2,4,8), (0:3,3,9) and (0:p,p,p)

, respectively. Furthermore, in the same paper it was also proved the existence of a p-group
of order p" acting on a compact Riemann surface of genus 1 + p" /¢ for each n > 4, show-
ing that the bounds (1.1) are sharp for infinitely many values of g.

The following result is a direct consequence of Theorems 1 and 2.

Corollary 1 Letd > 1and g > 2 be integers. If G is 2-group of automorphisms of a com-
plex d-dimensional family of compact Riemann surfaces C of genus g then:

(1) the order G is at most M, ;,

(2) the order of G is M, , if and only if the signature of the action is 6, 4 and
(3) the upper bound M, , is attained for infinitely many values of g.
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The following theorem extends both the previous corollary from p =2 to odd prime
numbers p > 3 and the results in [52] from the zero-dimensional situation to complex
d-dimensional families. For each rational number 7 > 0, we denote its integer part by [].

Theorem 3 Let d > 1 and g > 2 be integers and let p > 3 be a prime number. Let G be
a p-group of automorphisms of a complex d-dimensional family of compact Riemann sur-
faces C of genus g.

Assume p = 3.

(1) The order of G is at most
M, = 3(8 - 1.
(2) The order of G is M, 4 if and only if the signature of the action of G on C is
oy ap = (153,4271,3) for some h € {0,...,[¢ +11}.

Assume p = 5.

(3) Let A, be the smallest non-negative representative of d modulo 3. The order of G is at
most

M,, = %(g —1) where N = §d+ Ad(% - }7).
(4) The order of G is M, , if and only if the signature of the action of G on C is
Opa = (hp, 373" p) where h = [% +1].
The previous theorem applied to d = 1 says that if p > 3 is a prime number and if G is

a p-group of automorphism of a complex one-dimensional family of compact Riemann
surfaces of genus g then

Gl <M, = Z(g = 1) (12)

and the that equality holds if and only if the signature of the action is (1; p) for p > 5, and
(1;3) or (0; 3, 3, 3, 3) for p = 3.

The following theorem provides a detailed description of a complex one-dimensional
family of compact Riemann surfaces whose existence shows that the bound (1.2) is sharp
for each prime p > 3 and for infinitely many values of g.

Theorem 4 Let p > 3 be a prime number. For each integer n > 3, there is a complex one-
dimensional closed family of compact Riemann surfaces C of genus

(p=p""!
1+ >

with a p-group of automorphisms G of order p" isomorphic to the semidirect product

Cpoi X, C,=(a,b : & = =1,bab™" = "),
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where r = p"~2 + 1, acting on C with signature (1; p). In addition,

(1) the family consists of p — 1 equisymmetric strata,

(2) Cis elliptic-p-gonal,

(3) up to possibly finitely many exceptions, the automorphism group of C agrees with G,
and

(4) the Jacobian variety JC of C decomposes, up to isogeny, as

JC ~EXAP,
where E is an el{iptic curve isogenous to JC; and A is an abelian subvariety of JC of

. . —1
dimension %.

Remark The groups involved in this paper have order of the form p(g — 1) where p € Q
and g — 1 are a power of a prime number. We remark that this situation differs radically
from the case in which p € Z and g — 1 are prime; see [2, 25, 26] and [37].

This paper is organized as follows. Section 2 will be devoted to briefly review the basic
background: Fuchsian groups, group actions on Riemann surfaces, the equisymmetric
stratification of the moduli space and the decomposition of Jacobian varieties with group
action. The proofs of the theorems will be given in Sections 3, 4, 5 and 6.

2 Preliminaries
2.1 Fuchsian groups

A Fuchsian group is a discrete group of automorphisms of
H={zeC: Im(z) > 0}.

If A is a Fuchsian group and the orbit space H, given by the action of A on H is compact,
then the algebraic structure of A is determined by its signature:

o(A)=my, ..., my), 2.1

where £ is the genus of the quotient H, and m,, ..., m, are the branch indices in the univer-
sal canonical projection H — H,. The signature (2.1) is called degenerate if

h=0and /=1 or h=0 and!=2 with m; # m,.

Let A be a Fuchsian group of signature (2.1). Then,

(1) Ahas acanonical presentation with generators «, ..., &, B, ..., by, 71> --- » v; and rela-
tions

==y = L BTy, = 1, 2.2)

1,~-1

where [u, v] stands for the commutator uvu™"v—".
(2) The elements of A of finite order are conjugate to powers of y;, ..., 7.
(3) The Teichmiiller space of A is a complex analytic manifold homeomorphic to the
complex ball of dimension 32 — 3 + /.
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Nilpotent groups of automorphisms of families of Riemann... 365

(4) The hyperbolic area of each fundamental region of A is given by
W) =22(2h =2+ Z_ (1 = )l.
(5) The Euler characteristic of the signature ¢(A) is the rational number
2(0(8) = —5-p(d).

‘We refer to the classical articles [21] and [49] for further details.
Let I" be a group of automorphisms of H. If A is a subgroup of I" of finite index then I is
also Fuchsian and their hyperbolic areas are related by the Riemann-Hurwitz formula

u(A) =" Al - u(D).

2.2 Group actions on Riemann surfaces and localization

Let C be a compact Riemann surface of genus g > 2 and let Aut (C) denotes its automor-
phism group. A finite group G acts on C if there is a group monomorphism G — Aut (C).
The space of orbits C; of the action of G on C is naturally endowed with a Riemann sur-
face structure such that the canonical projection C — C is holomorphic.

By the classical uniformization theorem, there is a unique, up to conjugation, Fuchsian
group I' of signature (g;—) such that C = H.. Moreover, G acts on C if and only if there is a
Fuchsian group A containing I" together with a group epimorphism

0 : A > G such that ker (6) =T.

In such a case, the group G is said to act on C with signature o(A) and the action is said to
be represented by the surface-kernel epimorphism 6. See [21, 43] and [49]

If G is a subgroup of G/, then the action of G on C is said to extend to an action of G’ on
Cif:

(1) there is a Fuchsian group A’ containing A,
(2) the Teichmiiller spaces of A and A’ have the same dimension, and
(3) there exists an epimorphism

® : A" > G in such a way that ®|, = 6 and ker(6) = ker(0®).

An action is called maximal if it cannot be extended in the afore introduced sense. A com-
plete list of signatures of pairs of Fuchsian groups A and A’ for which it may be possible to
have an extension as before was provided by Singerman in [48].

Let A be a Fuchsian group of signature (2.1) and let p be a prime number. Define e; as
the largest integer such that p® is a divisor of m;. Following [32], the signature

o, 1= (hp®,....p%),

where the (i + 1)-entry is dropped if e¢; = 0 is called the p-localization of ¢ = ¢(A). The
signature o is called nilpotent-admissible if o, is non-degenerate for each prime p.
Macbeath proved that if o is a nilpotent-admissible signature then there exists at least
one nilpotent group acting as a group of automorphisms of a compact Riemann surface
with signature . Furthermore, if in addition, the signature satisfies that ;((ap) < 0 for al
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least one prime p, then there are infinitely many nilpotent groups with the same prop-
erty. See [32, Theorem (8.1)] and [32, Theorem (8.2)].

2.3 Equisymmetric stratification

Let Hom*(C) denotes the group of orientation preserving self-homeomorphisms of C.
Two actions y; : G — Aut (C) of G on C are topologically equivalent if there exist
® € Aut (G) and f € Hom*(C) such that

wa(9) = fy (@)~ for all g €G. (23)

Each homeomorphism f satisfying (2.3) yields an automorphism f* of A where H, = C.
If % is the subgroup of Aut (A) consisting of them, then Aut (G) X & acts on the set of
epimorphisms defining actions of G on C with signature c(A) by

(@.£%),0) = wobo(f*)™".

Two epimorphisms 6,,0, : A — G define topologically equivalent actions if and only if
they belong to the same ( Aut (G) X %)-orbit (see [3, 5, 21] and [31]).
We remark that if the genus of Cg; is one then % contains the transformations

Ay tap = ap, fre o, vy =y, and Ay, tap e a B Bie By o
for each n € Z. See [3, Proposition 2.5].

Let .#, denotes the moduli space of compact Riemann surfaces of genus g > 2. It is
well-known that ///g is endowed with a structure of complex analytic space of dimen-
sion 3g — 3, and that for g > 4 its singular locus Sing (//g) agrees with the set of points
representing compact Riemann surfaces with non-trivial automorphisms.

Following [4], the singular locus of .#, admits an equisymmetric stratification

. - G0
Sing (A,) = Uqu//Zf
where each equisymmetric stratum .#°*, if nonempty, corresponds to one topological class
of maximal actions (see also [21]). More precisely:

(1) the equisymmetric stratum A°° consists of those Riemann surfaces C of genus g
with (full) automorphism group isomorphic to G such that the action is topologically
equivalent to 6,

(2) theclosure.Z.” of .#%’is a closed irreducible algebraic subvariety of A, and consists
of those Riemann surfaces C of genus g with a group of automorphisms isomorphic to
G such that the action is topologically equivalent to 8, and

(3) if the equisymmetric stratum M0 is nonempty then it is a smooth, connected, locally
closed algebraic subvariety of ///g which is Zariski dense in /_/fg o

In this article, we employ use the following terminology.

Definition The subset of ./, consisting of those compact Riemann surfaces C of genus g
with action of a given group G with a given signature will be called a (closed) family.
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Nilpotent groups of automorphisms of families of Riemann... 367

The complex dimension of the family is the complex dimension of the Teichmiiller space
associated to a Fuchsian group A such that C; = H, . Note that the interior of a family consists
of those Riemann surfaces whose full automorphism group is isomorphic to G and is formed
by finitely many equisymmetric strata which are in correspondence with the pairwise non-
equivalent topological actions of G. Besides, the members of the family that do not belong to
the interior are formed by those Riemann surfaces that have strictly more automorphisms than
G.

2.4 Decomposition of Jacobians with group action

It is well-known that if G acts on a compact Riemann surface C then this action induces a Q
-algebra homomorphism

@ : Q[G] - Endg(JC) = End (JO) @, Q

from the rational group algebra of G to the rational endomorphism algebra of JC.
For each a € Q[G], we define the abelian subvariety

A, =Im(a) = P(na)(JC) C JC

where n is some positive integer chosen in such a way that na € Z[G].

Let W,, ..., W, be the rational irreducible representations of G. For each Wj, we denote
by V; a complex irreducible representation of G associated to it. The decomposition of 1 as
the sum e, + -+ + ¢,, where ¢; € Q[G]is a uniquely determined central idempotent computed
explicitly from W, yields an isogeny

JC ~AL,1 X oo err
which is G-equivariant; see [30]. Additionally, there are idempotents ];1, e f;'n, such that
e =fi+- +]§-nj where n; = dV]/st is the quotient of the degree dvj of V; and its Schur

index Sy, These idempotents provide n; subvarieties of JC which are pairwise isogenous;
let B; be one of them, for every j. Thus, we obtain the following isogeny

JC ~; B} X - X Bl 2.4)

called the group algebra decomposition of JC with respect to G. See [9] and also [41].

If W, (= V) denotes the trivial representation of G thenn;, = land B; ~ JCg.

Let H be a subgroup of G and consider the associated regular covering map z; : C — Cy.
It was proved in [9] that (2.4) induces the isogeny

nH nH .
JCy ~B,' X - xB,” with nj’.’ =dfl /sy, (2.5)
J

w here d” is the dimension of the vector subspace V” of V; of elements fixed under H.

Assume that (2.1) is the signature of the action of G on C and that this action is represented
by# : A — G, with A as in (2.2). Following [43, Theorem 5.12]

. 1 .
dim(B)) = ky,[dy, (v = D) + 3%, (dy, = dy ") for 2<j<r 2.6)

where kvj is the degree of the extension Q < ij with LV/ denoting a minimal field of defini-
tion for V.
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The decomposition of Jacobian varieties with group actions has been extensively stud-
ied, going back to contributions of Wirtinger, Schottky and Jung. For decompositions
of Jacobians with respect to special groups, we refer to [6-8, 13, 22, 24, 26, 28, 34, 35,
38-40] and [42].

2.5 Notation

We denote the cyclic group of order n by C, and the dihedral group of order 2n by D,,.

3 Proof of Theorem 1

Let d > 1 and g > 2 be integers. We assume that G is a nilpotent group acting as a group
of automorphisms of a complex d-dimensional family of compact Riemann surfaces C of
genus g, and that the signature of the action of G on Cis ¢ = (h;m,, ..., m,).

Assume that d > 2. Note that, as each m; > 2, the hyperbolic area u of a fundamental
domain of a Fuchsian group of signature o satisfies

— I 2 h d-1 d—1
U= 27[(2]1 -2+ Zi:] ;’) > 27[(5 + T) = 27[7

Thus, by the Riemann-Hurwitz formula, one easily obtains that

2g-1=£I61> 56l < [Gl<=@E-1

as claimed. Now, if we assume that

I S T =
|Gl = (g = 1) then X+ =42 —p,

which is at most é It follows that

_ d+3 1 _ d+3
h=0 and Zi:l ;,'_ T
The unique solution of the equation above is m; = 2 for each 7, and then o = (0;2, d+3 2).
Assume that d = 1. We have only two cases to consider, namely (h,/) = (1,1) and
(h,1) = (0,4). In the former case, it is clear that 4 > z. Assume ¢ = (0;m,, m,, m5,m,) and
denote by v the number of periods m; that are equal to 2. Note that v < 3 because if v =4
then y = 0.

(a) Ifv=0then each m; > 3 and therefore y > 47”.

(b) Ifv=1theno = (0;2,m,, my,m,) where m; > 3. Note that if m,, m,, m, were equal to
3 then the 2-localization of ¢ would be degenerate. Then, we can assume m, > 4 and
therefore y > 7?”

(¢) Ifv=2theno = (0;2,2, my,m,) where my,m, > 3and y > 2?”

(d) Ifv=3theno =(0;2,2,2,m,) where m, > 3. Note that m, must be a power of two,
since otherwise the p-localization of o would be degenerate for some prime p > 3. Thus

uzs.

All the above ensures that y > % and therefore by the Riemann-Hurwitz formula,
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Nilpotent groups of automorphisms of families of Riemann... 369

2g-D=161£>9 <= |G/<8e-1
as claimed. Now, if |G| = 8(g — 1) then

P

i=1m,

ENIEN)

—h< 3 and therefore h=0 and 4 L =1,
2 J=lm; 4
showing that m; = m, = m; = 2 and m, = 4. Thus, ¢ = (0;2, 2, 2, 4) as desired.

Finally, as the group G is assumed to be nilpotent and as, in each case, the genus of the
corresponding quotient is zero, we can apply [53, Theorem 2.11] to ensure that the prime
factors of |Gl are necessarily contained in the set of prime factors of the periods of o. Thus,
the group G is a 2-group. Consequently, if we assume that, in addition,d = lord — lis a
power of two, then we can conclude that g — 1is a power of two as well.

4 Proof of Theorem 2

Let A be a Fuchsian group of signature (0; 2, 2, 2, 4) with canonical presentation
A=(L1pr3ts Vi =1va=vi=7, =rnrsrs=1)

and, for each n > 5, consider the group G = (C, X D,.:) X C, of order 2" with presentation
in terms of generators a, b, r, s and relations

Pl == (st =a® =b*=[s,b] = [r,b] = l,ara = ', asa = sr,aba = br*"".
Note that the Riemann-Hurwitz formula is satisfied for a branched 2"-fold regular covering
map from a compact Riemann surface of genus 1 +2"~3 onto the projective line, ramified
over three values marked with 2 and one value marked with 4. Thus, by virtue of Rie-
mann’s existence theorem, the existence of the desired family follows after noticing that the
correspondence

A — G defined by (y,,7,,73.74) = (5, bs,a,ab)

is a surface-kernel epimorphism. Henceforth, we denote this family by F.

In order to determine an upper bound for the number of equisymmetric strata of F,
we have to determine an upper bound for the number of pairwise non-equivalent surface-
kernel epimorphisms 8 : A — G. For each such epimorphism 6, we write

g :=0(y) for each i=1,2,3,4,

and, for the sake of simplicity, we identify 8 with the 4-uple 6 = (g, &7, &3> 84)-
We notice that:

(1) the elements of order four of G are abr! and w := 27 and

(2) the involutions of G are b, ar,z := r2"74, bz, sr! and bsr!,

where 1 <1< 273,

Claim. The central element z is different from g,, g, and g5.

Clearly, not three or two among g,, g,, &3 can be equal to z. In addition, if one of them
equals z, say g, = z, then, as g, 8,8, must have order four, either
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8,83 € {srh,bsr2 1 1< L < 23} or 8283 & {srh,bsr2 1 1< [ < "3y,

In the former case, g, does not have order four, while in the latter one s does not belong to
the image of @, contradicting its surjectivity.

Similarly as argued before, we can see that the number of gs that are of the form sr
or bsr! is exactly two. In addition, if g, equals w then (g,, g,, g,) are a proper subgroup of
G, showing that 6 is not surjective. Thus, 6 is of one of the following forms:

!

(srh, srlﬁ,g3, abr’), (srh, bsrlz,g3, abrs) or (bsrh, bsrlZ,g3, abr’)
for some 1 < [y, 1,,1; < 2"3. The fact that g, g,g584 = 1implies that necessarily @ is
(st bsr®, ar”™7h Jabrs) for some 1< 1,1, <277,

Note that, after applying an appropriate conjugation, we can assume /; = 0 or /; = 1. Fur-
thermore, by considering the action of the automorphism of G given by

re>rl sesr, a~a, b b

we obtain that 6 is equivalent to

0,, :=(s,bsr",ar’,abr'™) where 1 <u,v,< 2n=3,

Thereby, the number of topologically non-equivalent actions of G on C is as most 22",

Following [48, Theorem 1], the signature (0; 2, 2, 2, 4) is maximal; thus, if C lies in
the interior of the family then its automorphism group agrees with G. It is easy to verify
that G has exactly five conjugacy classes of subgroups of order two, and that among
them only K = (z) is a normal subgroup. Consider the associated two-fold regular cov-
ering map given by the action of K

7w C— Cg,

and notice that, independently of the equisymmetric stratum to which C belongs (or, in
other words, independently of the surface-kernel epimorphism 6, , representing the cor-
responding action), the covering 7 ramifies over exactly 2”2 values marked with 2. Thus,
the Riemann-Hurwitz formula implies that Cy is an elliptic curve and therefore C is
non-hyperelliptic.

If a compact Riemann surface X belongs to F but does not belong to its interior then
G is strictly contained in the full automorphism group of X (this is a general result that
can be found, for instance, in [3]). Now, as the complex dimension of the family F is
one, it follows that the signature of the action of Aut (X) on X must be triangle, namely,
of the form (0;t,,1,,%;). Note that there are finitely many possibilities for 7,,1,,#; and,
in turn, to each of these possible signatures correspond at most finitely many Riemann
surfaces. Thus, the family contains at most finitely many surfaces that do not belong to
its interior.

We now proceed to prove the announced isogeny decomposition of JC for each C in
the family 7. Let us consider the normal subgroup N of G given by

(r,s,b : P == (2 =b=1,[b,s] = [b,r] = 1)

and the complex irreducible representation of N given by
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o 0 0 1 1 0 . =3 - .
re <0 d)) S <1 0), b <0 1) where @ is a 2"7’-th primitive root of unity.

This representation induces the complex representation V of G given by

o 0 0 O 0 1 0 O
s 0 @ 0 0 P 1 0 0 O

0 0 @ OFf 0 0 0 owf

0 0 0 o 0 0 @ O

1 0 0 0 0 0 1 O
b»—>0 1 0 0 a|—>0 0 0 1

0o o0 -1 o7 1 0 0 O

0 O 0 -1 0 1 0 O

which is, by [23, Theorem 6.11], irreducible. In addition, as V is constructed from a com-
plex irreducible representation of a dihedral group, it is easy to infer that its Schur index is
1. Note the character field of V is Q(w + @); this is an extension of Q of degree

%(p(zn—S) — =5

where @ is the Euler function. We denote by W, the rational irreducible representation of G
associated to V and by W, the rational irreducible representation G given by

r1, s—>-1, b1, a~ —1.
Then, as explained in § 2.4, there is an abelian subvariety P of JC such that

JC ~ BW] ><B“tv2 X P, 4.1)

where BW is the factor associated to W; in the group algebra decomposition of JC with

respect to G As the action of G on C'is determmed by 6, , for some u,v € {1,...,2"" 31 we
can apply the equation (2.6) to notice that, mdependently of the choice of u and v, the fol-
lowing equalities hold:

dim(By,) =1 and dim(By,) = 2""".
Then, by considering dimensions is the relation (4.1), one sees that
dim(JC) =1+42"7 =1+4(2") +dimP and therefore P =0.
Now, we consider the induced isogeny (2.5) (with H = (b) and H = (s)) to obtain
JCyyy ~ By, X B}, and JC(y ~ B},
The previous two isogenies together with isogeny (4.1) permits us to conclude that
JC ~ JCyy X JCyy

as claimed. Finally, is a similar way, we consider the induced isogeny (2.5) with H = (r)
to obtain that JC(,) and By, are isogenous and, consequently, JC contains an elliptic curve
isogenous to JC,,
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5 Proof of Theorem 3

Letd > 1,g > 2 be integers and let p > 3 be a prime number. Let G be a p-group of auto-
morphisms of a complex d-dimensional family of compact Riemann surfaces C of genus g
and assume the signature of the action of G on Cto be ¢ = (h;m,, ..., m;).

The hyperbolic area u of a fundamental region of a Fuchsian group of signature o
satisfies

dx ifp=3

> o > f
> 2z[d + 1 p+h( 1>]/{2ﬂ[d+1 3+h(§—1)]ifp>5

where /1 is the largest possible genus of the quotient C,- Note that h= [‘51 +1].
Assume p = 3. The Riemann-Hurwitz formula ensures that

2g-D=1GI£ > 3Gl <= |GI<M,,
as claimed in (1). Now, if we suppose that the order of G equals Mj , then, by the Riemann-

Hurwitz formula, we easily obtain that

11 _
=1 =3 and, consequently, each m; = 3.

i

Note that there is no restriction on . Thus, 6 = 03 4, for some h € {0, ... ,fl}. The only if
part of (2) is a direct computation.
Assume p > 5. Then,

ind ifd = 0 mod 3
0> —7rd+2 (-—-) ifd =1 mod 3
—ﬂd+4ﬂ'(———)1fd 2 mod 3.

In other words, if 4, is the smallest non-negative representative of d modulo 3 then
2= =GlI£ > IGIGd + 445 = 7)) = |Gl <M,
as claimed in (3). If we now assume that the order of G equals M, , then

S =5 A ). (5.1)

llm

(1) Ifd =0mod 3then (5.1) turns into =/_| mi = éandl = 0. Thus,

d+3
= (%;_) =0pd
(2) Ifd =1 mod 3 then (5.1) turns into Ele— = é - % ll)andl— 1. Thus,

6—(‘£,p)—6

(3) 1fd=2mod3then (5.1) turns into X{_ -~ = £ — % + >and / = 2. Thus,

L_
3

d+l
(=

o= PDP) =0,,
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The only if part of (4) is a direct computation.

6 Proof of Theorem 4

Let p > 3 and let A be a Fuchsian group of signature (1; p) with canonical presentation
A={ay,pr - alﬂlal_lﬂl_lyl = Vf =1)

and, for each n > 5, consider the group G = C,.—1 X, C, of order p" with presentation

n—1

(a,b: a”" =0 =1,bab”' =d"),

where r = p"~% + 1. Observe that #’ = 1 mod p" 'and 7* # 1 mod p* ' for1 < k< p—1.

Note that the Riemann-Hurwitz formula is satisfied for a branched p”-fold regular cov-
ering map from a compact Riemann surface of genus 1 + @=r"" onto a Riemann surface
of genus one, ramified over one value marked with p. Thus, by virtue Riemann’s existence
theorem, the existence of the family follows after noticing that the rule

A — G defined by (a;,p,.7,) ~ (@, b,a"")

is a surface-kernel epimorphism. Henceforth, we denote this family by G.
We now proceed to prove that there are exactly p — 1 pairwise non-equivalent surface-
kernel epimorphisms # : A — G. For each such epimorphism 6, we write

x:=0(ay), y=0(p) and z=106(y,)
and, for the sake of simplicity, we identify 8 with the 3-uple 8 = (x,y, z). Note that

n—1

x=db" and y=a’b" for some 1< s<p and 1 <k,m<p.

If k # 0 and u = —mk’, where k' is the inverse of & in the field of p elements, then the trans-
formation A, , (see § 2.3) shows that we can assume, up to equivalence, that

x=db* and y=d'. 6.1)
On the other hand, if kX = 0 then
x=d and y=a'db", (6.2)

and the transformation A, ;oA shows that (6.1) and (6.2) are equivalent. Now, in (6.2)
one sees that if / and p"~! are not coprime then 6 is not surjective. Thus, after sending a to
an appropriate power of it, we can be assume / = 1. Then,

x=a and b =a’b" where m # 0. (6.3)
Now, if we set v = —sr~" then we apply A, , to (6.3) to ensure that § is equivalent to
0, = (a, ", a" ") for some 1< m <p-1

The result follows after noticing that 6,, and 6,,, are non-equivalent if m # m’.
Note that K = (a”)is a cyclic group of order p and that, independently of the equisym-
metric stratum to which C belongs, the associated regular covering map
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C— Cg

ramifies over p"~! values marked with p. It follows that the quotient Riemann surface C
has genus one; thus, C is an elliptic-p-gonal Riemann surface. Due to the explicitness of
the family, one can easily see that K is the unique group of automorphisms of C providing
the elliptic-p-gonal structure (c.f. [45, Theorem 1.3] and also [18] and [19]).

According to [48, Theorem 1], the action of G on each C in G might be extended to
only an action of a group of order 2p" acting on C with signature ¢’ = (0;2,2, 2,2p).

Claim. Such extension is not possible in our case.

To prove the claim, we shall proceed by contradiction; namely, we assume that:

(1) there is a group G’ of order 2¢" with a subgroup isomorphic to G, and that
(2) there is a surface-kernel epimorphism A" — G’, where A’ is a Fuchsian group of sig-
nature ¢’

By the classical Schur-Zassenhaus theorem, we can ensure that
G =2GXC, with C,=(t: > =1).

Observe that C, must act on G with order 2, because of the direct product G X C, cannot be
generated by three involutions. Thus, by considering an automorphism of G that sends a to
an appropriate power of it and after some routine computations, one can see that, up to an
isomorphism of G, the action of C, on G is given by

tat=a"' and thr =b.

In particular, the involutions of G’ are of the form ta* for 0 < k < p — 1. However, three of
them cannot generate G’, contradicting the surjectivity of 8. This proves the claim.

As observed in the proof of Theorem 2, the surface C belongs to the interior of the
family G (and therefore for all up to possibly finitely many exceptions) if and only if G is
the full automorphism group of it (see, for instance, [3]).

We now proceed to decompose the Jacobian variety JC of each C in the family G.

We apply the method of little groups of Wigner—Mackey (see, for example, [47, p.
62]), to guarantee the irreducibility of the complex representation V of G given by

0O 1 O ... 0

0O 0 1 0
a — diag (a),w’,...,a)’”fl) and b —

0O 0 O 1

1 0 O -0

where w is a p”~l-th primitive root of unity. We notice that the character field of V is Q(@”),
which is an extension of Q of degree

P =p"(p-1),

where @ is the Euler function. We recall that p-groups with p > 3 only possess representa-
tions with Schur index 1 (see, for example, [36, Theorem 41.9]).

We denote by W the rational irreducible representation of G associated to V. Then, as
explained in § 2.4, there is an abelian subvariety Q of JC such that
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JC ~ExXA’ xQ, 6.4)

where E is an elliptic curve isogenous to JC,; and A is the factor associated to W in the
group algebra decomposition of JC with respect to G. Now, as the action of G on C is
determined by 6,, for some 1 < m < p — 1, we apply the equation (2.6) to notice that, inde-
pendently of the choice of m, the following equality holds:

dim(4) = p"3(p - 1)+ 1(p - 0) = L=,

Finally, by considering dimensions in the relation (6.4), one concludes that Q = 0 and the
desired decomposition of JC is obtained.
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