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Abstract

The Olver-Benney equation is a nonlinear fifth-order equation, which describes the inter-
action effects between short and long waves. In this paper, we prove the global existence of
solutions of the Cauchy problem associated with this equation.
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1 Introduction

In this study, we investigate the existence of solutions of the following Cauchy problem:

ou+ adxudfu + ﬁudju + y()fu =0, t>0, xeR, 11
u(0,x) = uy(x), xeR, (1.1)

with

p=-2a y#0, or (1.2)
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a=2p, yv#0, or (1.3)
f=2a y#0. (1.4)

On the initial datum, we assume
uy(x) € HY(R). (1.5)

From a physical point of view, (1.1) was derived in the context of water waves by Olver

[16, 17] (see also [10, 18]), using Hamiltonian perturbation theory, with further generaliza-

tion given by Craig and Groves [8], while, under Assumption (1.3), (1.1) was derived by

Benney [1] as a model to describe the interaction effects between short and long waves.
[17] shows that (1.1) is a particular case of the following equation:

0,u + Kud u + qud u + Taiu + aaxudfu + ﬂu();'u + ydfu =0. (1.6)

Ifg=a=p=y=0in(1.6), (1.6) becomes the Korteweg—de Vries equation [11], whose
the well-posedness is studied in [4].

Instead, if « = f =0, (1.6) becomes the Kawahara—Korteweg—de Vries type equa-
tion, which was derived by Kawahara [9] to describe small-amplitude gravity capillary
waves on water of a finite depth when the Weber number is close to 1/3 (see [15]). In
[2], the well-posedness of the Cauchy problem for the Kawahara—Korteweg—de Vries
type equation is studied.

Moreover, assuming k = g = y = 0 and (1.2), (1.6) reads

o,u+ ‘rai'utE =+ aaxuafu - 2aua§’u =0. (1.7)

It is a particular case of the Kudryashov—Sinelshchikov equation [5, 12], which describes
pressure waves in liquids with gas bubbles taking into account heat transfer and viscosity.
In [5], the existence of solutions of the Cauchy problem is proven.

From a mathematical point of view, under suitable assumptions on «, ¢, 7, a, 3, ¥,
the existence of the travelling waves solutions for (1.6) is proven in [14, 20], while a
method to find exact solutions of (1.6) is given in [13]. Instead, in [19], the local well-
posedness of the Cauchy problem of (1.1) is proven.

The main result of this paper is the following theorem.

Theorem 1.1 Assume (1.2), or (1.3), or (1.4) and (1.5). There exists an unique solution u
of (1.1) such that

ue L®0,T:H*R)), T >0. (1.8)

We remind that [19] the local in time well-posedness is H*, s > 4. Here, Theorem 1.1
gives the global well-posedness of the solution of the Cauchy problem of (1.1), under
Assumptions (1.2), (1.3) and (1.4).

Since we are able to prove estimates only on the spatial derivatives of (1.1), the proof
of Theorem 1.1 is based on the Aubin-Lions lemma (see [3, 6, 7, 21]), which requires
only the H~! boundedness of the time derivative.

One of the main point of our argument is the invariance of the energy space H* (see
Lemma 2.4). The key point in that direction is the H? regularity. Assumptions (1.2),

@ Springer



H*-Solutions for the Olver-Benney equation 1895

(1.3) and (1.4) are needed for that purpose. Indeed, assuming (1.2), (1.1) preserves (see

Lemma 2.1):
t— / (02u)*dx,
R

while assuming (1.3), the same equation preserves (see Lemma 3.1):

t— /uzdx,
R

and if (1.4) holds, it preserves (see Lemma 4.1):

t— / (0,u)*dx.
R

So we can say that the assumptions on the constants are needed for the H? regularity of u
and only indirectly for the H* one.

Observe again that, (1.5) is the same assumption to prove the well-posedness of the
Cauchy problem for the Kawahara equation (see [2]). [2, Appendix A] shows that, for the
Kawahara equation, it is possible also to assume on the initial datum also

uy € H(R). (1.9)

and obtain the well-posedness of the classical solution (see [2, Theorem A.1]). It is
not possible to show a similar result for (1.1), under Assumption (1.9), due to the term
aaxudfu + ﬁudsu.

The paper is organized as follows. In Sect. 2, we prove Theorem 1.1 under Assumption
(1.2), while in Sects. 3 and 4, we prove Theorem 1.1, under Assumptions (1.3) and (1.4),
respectively.

2 Proof of Theorem 1.1 under Assumption (1.2).

In section, we prove Theorem 1.1 under Assumption (1.2).

Our existence argument is based on passing to the limit in a vanishing viscosity approxi-
mation of (1.1).

Fix a small number O < € < 1 and let u, = u,(t, x) be the unique classical solution of the
following problem [2, 4, 19]:

ou, + aaxuéafué + ,BugdibgE + ydfug = eafué, t>0,x€eR, 21
1, (0,%) = u, (%), xeR, @D

where u, ( is a C* approximation of u such that
“”e,0||H4(R) < ”u0“H4(R)' (2.2)

Let us prove some a priori estimates on u,. We denote with C,, the constants which depend
only on the initial data, and with C(T), the constants which depend also on 7.

Lemma 2.1 Assume (1.2). For eacht > 0,
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1896 G. M. Coclite, L. d. Ruvo

u(t, ) . +2¢ u (s, ) s < Cp. 2.3)

LZ(R)

Proof Multiplying (2.1) by 26}‘C‘u5, an integration on R gives

/04u0udx

=—2a/6u02u04udx 2ﬁ/u03u64udx

xPeYxPeYx Me eYx e Ye

X TETXTE x ETXxTE

—2y/a4u Pu dx+2£/a4u 0%, dx

_ 30\2
_(2a+ﬂ)/Rdxu€(axu6) dx — 2¢ 0%, &, )’LZ(R)
Hence,
2
. _ 30\2
u,(t, ) 2w + 2e|[0)u,(t,-) 2w Qa+p) /[R O.u (07u, ) dx
Integrating on (0, #), thanks to (1.2) and (2.2), we have (2.3). O

Lemma 2.2 Fix T > 0 and assume (1.2). There exists a constant C(T) > 0, independent
on g, such that

2 s 1 s 2
[t 0,72 + 26 /0 e [ 03u s, -)”Lz(R)ds <), 2.4)
forevery 0 <t < T. In particular, we have
[l || ooy N19we (| 2y 110te]| oo 0.y < CCD. (2.5

The proof of the previous lemma is based on the regularity of the functions u, and the
following result.

Lemma 2.3 For eacht > 0, we have that

/R (0,1 PP, P < 24, (0, 2 ey 10205, )

Proof We begin by observing that, thanks to the regularity of u, and the Holder inequality,

L”(R) (2.6)

(191t (1. ][ oy = /0Xu€0xu6dx——/Ru60?uedx

< [ e < o oo o)
R

L2R)
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H*-Solutions for the Olver-Benney equation 1897

Consequently,

0wttt Mizy < A Nt gy 10200y @7

Moreover, again by the regularity of u, and the Holder inequality,

0,u,(t,x)* =2 / O, 0u dy < 2 / 0,1, [107u, |dy
oo R

2
< 2”a)fuf(t’ .)||L°°([R) axuf(t’ ) LZ(IR).
Hence,
2
ll0tc &, |2y < 20|00t ) 2y 0Fu(t.) LR (2.8)
It follows from (2.7) and (2.8) that
5 2
A(axue)z(afuf)zﬁ < ”axué (t’ ')”LZ(R) a}%uf(t’ ) L2(R)
3
S 2||0Xu6(t’ ‘)“LZ(R) a,iuf(t’ ) L2(R)
7
= 2\/”“£(t’ ')”LZ(R)\/”‘)?L‘E(L ‘)”LZ([R)’
which gives (2.6). O

Proof of Lemma 2.2 1et 0 < t < T. Multiplying (2.1) by 2u, an integration on R gives
d 2
— || (t,*) :2/ u, 0,u dx
ailleet Mg =2 [ o
= —Za/usaxuédf%dx—Zﬁ/ufdfu&dx
R R
-2y / ugdfuédx + 25/ uﬁdfuédx
R R
=2(a —2p) / U 0u, 07u, dx + 2y / 0,1, 0% u dx
R R
-2 / 0,1, 0 u dx
R
=2(a —2p) / U 0u, 0>u, dx — 2y / 02u, 0’u,dx
R R
+2¢ / 0Zu, 0%, dx
R

=2(a —2p) / 1 0,u, 07u, dx — 2e (|0 u, (1, )
R

2
’LZ(R)'

Hence,
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1898 G. M. Coclite, L. d. Ruvo

du,(t,)

d 2 2 _ _ 2
e o +2¢ oy = 2@=20) /IR Oyt 0, udx. (2.9)

Due to (2.3), (2.6) and the Young inequality,

(¢ —2p)0,u_0%u

xPeYx e

dx

2|a—2ﬁ|/|u5||(3xugdfug|dx=2/|u£|
R R

<., .)||22(R) + (a = 2p)* / (0,u,)*(0%u, ) dx
R

< it 1 ey + 2@ = 262 4 0 oy 19220,
< e ) 72y + oy llte )y
<l 0y + 5 10y + Co
< f—1||ué(t, ~)||22(R) + C,.
Consequently, by (2.9),

2 5
< e ')||12,2<R> + G-

3 . -_—
Iue(t) 2R~ 4

d 2
&”“s(t’ ')”LZ(R) +2e
The Gronwall lemma and (2.2) give
t o
|| 2, -)||i2(R) +2ees / ed
0

t
<Cpet +Cpet / ¢"ids < C(T).
0

2
ds

3u_(s, -
u (s, ) I

Therefore, (2.4) is proven.
Finally, we prove (2.5). Thanks to (2.4) and the Holder inequality,

(1, %) =2/ ueéxuédy§2/ |u, 10,1, |dx
—0 R

(2.10)
< 2””6(” ')”LZ(R) “ax”s(t’ ')”L2(R)'
Hence, by (2.4),
i (1) [y < COOuttc ()| 2y 2.11)
(2.5) follows from (2.3), (2.4), (2.7), (2.8) and (2.11). O

Lemma 2.4 Fix T > 0 and assume (1.2). There exists a constant C(T) > 0, independent
on €, such that
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H*-Solutions for the Olver-Benney equation 1899

4

X €

< .
Lo OT:L®R) = ) (2.12)

In particular, we have

2 ! 2
4 (T —C(T)s | 47 .
alu 2, +ee /0 O 0]u(s. )|, g 0 < O, (2.13)
forevery0 <t <T. Moreover,
3 2 3
. <
duc )’LZ(R)’ e[ 0.y 1% | Loqormy = @, 2.14)

forevery0 <t <T.

The proof of the previous lemma is based on the regularity of the functions u, and the fol-
lowing result.

Lemma 2.5 Foreacht > 0, we have that

000 1.)] 1 gy <1920y 10200 2.15)
o2u. (e, )| . o V2 02,0y 11920 0 | o 2.16)
aj'”e(t’ ')”Lm(R) 5\/54 03w (2. ) LZ(IR)4 “0;‘”5(”')”22@)- 2.17)

In particular, we have

[ 105 Pt < V2 1020 4 100 @18)

Moreover, fixed T > 0, there exists a constant C(T) > 0, independent on g, such that

8/
0

Proof Arguing as in [2, Lemma 2.5], we have (2.15), (2.16) and (2.17).
Finally, we prove (2.19). Fix T > 0. Thanks to the regularity of u, and the Holder
inequality,

9}u(s, )

2
15 < €D, 2.19)

forevery0 <t <T.
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1900 G. M. Coclite, L. d. Ruvo

&

otu,(t,-)

2
=e/04u£04uédx=—e/03u&05u5dx
LZ(R) X X X X
R R

3 4 3 5
SE/R 10u 10 ldx < | due e, )|, [|3uee )],
Consequently, by the Young inequality,
2 2 2
G < &P s Ellsu P
€||0 u.(t, ) cw S 2 o;u.(t,-) 2@ + 3 ou(t,-) 2@
Integrating on (0, #), by (2.3) and (2.4), we have that
! 2 ! 2 ! 2
e | llotucs ol ds<& [ |oducs, -)' ds+ & [ ||odwcs, | ds
0 x € L2(R) 2 0 x € L2(R) 2 0 X € L2(R)
E ! _3s 3 2
3524 ; e+ ||07u.s,-) Lz(R)dS+C0
<C(T)+ Cy < (D),
that is (2.19). O

Proof of Lemma 2.4 Let 0 <t < T. Consider five real constants A, B, C, D, E,, which will
be specified later. Multiplying (2.1) by

20%, + A0 u,)* + Bu,o%u, + Cou 0u, + Dou, o u, + E0*((92u,)*),
thanks to (1.2), we have

(20%u, + A(9u,)* + Bu,0%u, + Co>u,0u, )o,u,

eYx%e xeYx%e

+ (Dou,d%u, + E9*((92u,)*))o,u,

+ a(20%u, + A u,)* + Bu,d%u, + Co’u,0%u,)o,u 0u,
+ a(Dou 0 u, + E0>((07u,)*))0,u,07u

x*eYx%e

—2a(20%u, + A u.)* + Bu,0%u, + Co*u otu, )uo’u

eVx e )Pe¥x e

2.20
—2a(Do,u,du, + E0*((0*u.)*))u,0’u, (220)
+7(20%, +A(02u,)* + Bu,0®u, + Co*u d'u,)o’u,
+7(Dou 0 u, + E9>((07u,)*))du,

= £(20%u, + A(@u.)* + Bu,u, + Co’u,o’u, )ou,

e x e x eV x e
+&(Dou 0’u, + E0*((07u,)?))u,.

Observe that
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H*-Solutions for the Olver-Benney equation 1901

/ (20%u, + A(92u,)* + Bu,0%u, + Co’u, 0tu, + Do,u, 0 u, )o,u dx
R

d

T dr

ou,(t, -)’

2
e HA /[R (0’u,)*ou.dx+ B /[R 1 0%u d,u,dx
+C / 0%u, 0%u oudx + D / 0,1, 07u,0,u,dx,
R R
a / (20%u, + A(9u,)* + Bu,0%u, + Co?u,d!u, + Dou,d’u, )d,u, 0 u, dx
R
=2a /R (02u,)*0 u dx — 2a /R 0,14, 01,0 u dx
+Aa / 0,1, 07u,(07u,)*dx — Ba / (0,u,)*0%u 0> u dx
R R
—Ba/ug(ﬁfue)zdiuédx—Ba/uéaxueéiuédfuedx
R R
+(C -2D)a / 0,1, (0%u,)*0%u dx — 2Da / (0,u,)*02u 0% u dx
R R
= 6a / 0%u,02u, 0%u, dx + 2a / 0,1, 0%, u dx
R R
+Aa / 0,1, 07u,(07u,)*dx + 3B / 0,1 (07, )* 0% u dx
" R 2.21)
+ Ba / (0,u,)*0>u 0 u dx + 2B / 107U 0 u 0t u,dx
R R
+ Ba / (0,u,)*0 u, 0%u dx + Ba / u 02u, 0’u 0%u dx
R R
+ Ba / U 0,u, (0%u,)*dx + (C — 2D)a / 0,1, (02u,)*0%u dx
R R
- 2Da / (0,u.)*02u, 0% u dx
R
= —6a / (03u,)*07u,dx — 8a / 0%u,0%u,0u dx
R R
—2a / 0,1, (0u, ) dx + A / 0,1, 0%u,(07u, ) dx
R R
+3Ba / 0,1, (0u,)*0%u dx + Ba / (0,u,)*02u, 0% u, dx
R R
+2B / u 0%u,0u,0'u dx + Ba / (0, )*0u 0% u dx
R R

xeYx e x e ex%e

+Ba/ u, 0*u, d’u o*u dx+Ba/ u d,u, (9}u,)*dx
R R

X

+(C -2D)a / 0,1, (0%u,)*0%u dx — 2Da / (0,u,)*02u, 0% u dx
R R
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1902 G. M. Coclite, L. d. Ruvo

= 10a / 02u,(9tu,)*dx — 2a / 0,1, (07u, ) dx
R R
+Aa / 0,1, 0%u (0u,)*dx + 3Ba / 0,1, (0%u,)*0%u dx
R R
+2Ba / (0u,)*0u 0tu dx + 3B / U 02u,0u,otu,dx
R R
+ Ba /R u d,u, (9}u,)*dx + (C — 2D /R 0,1, (07u,)* 0% u dx
- 2Da / (0,u,)*02u 0% u, dx,
R
- 2a A (20%u, + A(9u,)* + Bu,0%u, + Co>u,dlu, + Dou,du, Ju, 0 u, dx
_ 3 7 4 7
—4a/6Xu50xu66xu5dx+4a/uedxufﬁxuedx
R R
- 2Aa / 1 (02u, Y’ dx + 4Ba / U 01,071, 07 u, dx
R R
+2Ba / u>0tu 0’u,dx — 2(C — D)a / 07U, 0u 0t u,dx
R R

+2Da / (0,u,)*02u 0% u dx + 2Da / U 0,u, (0u,)*dx
R R
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H*-Solutions for the Olver-Benney equation 1903

= —4a / 0%u,03u, 0%u, dx — 8a / 0,0 u, %u dx — 4a / U 0u,0u dx
R R R
- 2Aa / 1 (02u, Y’ dx — 4Ba / (0, )0 u 0t u dx
R R
— 4Ba / U071, 0u 0t dx — 6Ba / u d,u, (9}u,)*dx
R R
-2(C-D)a /R u 02u,0u,0}u, dx + 2Da /R (0,u,)* 0 u 0% u dx
+2Da / U 0,u, (9}u,)*dx
R
=4a / (02u,)*0%u,dx + 12a / 0%u, 0%u 0 u, dx + 10 / 0,1, (07, ) dx
R R R
- 2Aa / 1 (02u,y’dx — 4Ba / (0,u,)* 0 u 0% u dx
R R
(0}u,)*dx

ETXTE

—4Ba/ufﬁfue()ﬁuééjuedx—63a/u o.u
R R
-2(C-D)a / u 0°u,0u,0tu, dx + 2Da / (0,1, )*07u 0% u dx
R R
+2Da /R U 0,u, (0}u,)*dx
= —14a /R 02u,(9%u,)*dx + 10a /R 0,1, (07u, ) dx
- 2Aa /R u (0u,)*dx — 4Ba /R (0,,)* 0 u, 0% u, dx
_4Ba/Rugaiufdiuﬁjugdx—6Ba/Ru£dxu£(0juf)2dx
—-2(C - D)a /lR u 02u,0’u 0u.dx + 2Da /R (0,u.)*0 u 0t u, dx
+2Da /[R U 0,1, (0%u,) dx,

y / (20%u, + A9 u,)* + Bu,d%u, + Co?u,d'u, + Dou,du, )9 u,dx
R

B
= —<2Ay + —Cy> / u, (0%u,)*dx — (—y +Dy> / 0,u,(0°u, ) dx
2 R X X 2 [R X

g/ (20%u, + A2u,)* + Bu,0%u, + Co’u,0u, + Do,u,du,)o’u,dx
R

eYx%e x eV Ye x%eYxMe

= —2¢

u,(t,°)

2
—2Ae/a3u 0%u d’u dx+Be/uE(0fu€)2dx
R R

L2(R) X TETXx TETXTE
X TETXTETXTE

+Ce /R 0%u,0}u,u dx — % /R 0%u,(97u,)*dx.

Moreover, since
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1904 G. M. Coclite, L. d. Ruvo

0,((0%u,)*) = 20%u du,, 92((07u.)*) = 2(0’u,)* +20°u,d}u,,

xExTE

we have that
Ea /R 02((0%u,)*)0,u,0*u,dx =2Ea /R 0,1, 0 u, (07u, ) dx
+2Ea /R 0,1, (07u, )" 0% u dx
=—2Ea /R 0,01, (07u,)*dx,
—2Ea /R 02((02u)u 0 u, dx = — 4Ea /[R u,(0’u,)’dx — 4Ea /[R U 0°u,02u, 0t u, dx
=—4Ea /R u, (0’u,)*dx + 2Ea /R 0,1, 02u,(07u, ) dx
+2Ea /R u (0}u,)*dx + 2Ea /R 0,1, 0°u,(02u, ) dx,
Ey /R 02((0%u,)*)0’u, dx =2Ey /R (0}u)*0u dx + 2Ey /R 020%u,d7u,dx
= —5Ey / 02u,(9tu,)*dx,
R
Ee / 02((0%u,)*)0%u,dx = 2Ee / (0}u.)*0%u dx + 2Ee / 0%u,0%u, 0%u, dx
R R R

= — 6Ee / 02u, 0tu, 0 u dx — 2Ee / 0%u,(07u, ) dx.
R R
(2.22)
It follows from (2.21), (2.22) and an integration of (2.20) that

d

a“u(r-)”2 +A [ (@Pu)oudx+B | u,d%,0u dx
ar 1% e 2wy R YT ROV

+C/0§u50ﬁu60,utdx+D/dxuéafuéa,uédx
R R

2° ?
u(t,-
e )||L2(R)

+E/af((oju,)2)a,u5dx+2e
R
Cy 3 432
= 4a+2Ay+7+5E;/ 0 u (0 u,)"dx
R
B
+ (—y +Dy - 8a> / 0,1, (@, dx
2 R ¥
— Aa / 0,1,0%u,(0>u,)*dx — (3B + C — 2D)a / 0, (0%u,)* 0 u dx (2.23)
R R
+ (2B - 2D)a / (0,1,)*0>u,0%u, dx — 3Ba / u,0%u, 0%, otu, dx
R R
+ (5B —2D)a / u 0, (9tu,2dx + (A — 2E)a / U (0%u,)dx
R R
+ (4B +2C - 2D)a / U 0%u 0%u, 0tu dx
R

—(2A+6E)e/a3u otu du dx+Ce/0fu€0ﬁu€0§uedx
R R

- (B +2e)e [ Ruiurace pe [ uoura
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H*-Solutions for the Olver-Benney equation 1905
Observe that
B / uu du,dx =—B / 0,1, 0u d,u dx — B / 1 0°u,0,0,u,dx
R R R
=-B / 0,10 u d,u dx + B / 0,1, 0%1u,0,0,u,dx
R R
4 2
+B/uét)xu60t0xuédx
R
=-B / 0,1, 2u d,u dx + B / 0,1 0%1,0,0,u,dx
R R
3 2 B 302
_B/axueaxuéa,axuedx— E/Lteat((axué) )dx
R R
=-2B / 0,1 u.dx — B / 0%u, 0%u, 0,u,dx
R R
+B / 0%u,0’u 0,01, + B / 0,1 0%1,0,0,u,dx
R R
B
-3 /R 1, 0,((07u,)*)dx
=-3B / 0,10 u.dx — 3B / 0%u 0%u 0,u,dx
R R
B
-B / (02u,)*0,u, dx — 5 / u,0,((0>u,)*)dx.
R R
Consequently, by (2.23),
d |44 2 302 B : .
dxué(t,-)”Lz(R) +(A—B)/R(0xuf) ,u dx — E/Rufa,((ajuf)z)m
+(C—3B)/dfugdjugd,ugdx+(D—3B)/dxugdfugt)tugdx
R R
2
+E /R 02((9%u))3,u, dx + 2¢ || 7u, ~)HL2(R)
= <4a+2Ay+ % +5Ey> / O, (0%, dx
R
+ <% +Dy—8a)/0xu£(6fug)2dx
R
- Aa / 0,u,0%u,(0%u,)*dx — (3B + C — 2D)a / 0,1, (9%u,)*0%u dx
R R (2.24)

Observe that

+ (2B - 2D)a / (0,1, )% u 0*u, dx
R

X E7xE

+(B+2€—2D)a/u 0?u,>u,0%u, dx
R

eUxMeUxMelVy e

+ (5B -2D)a / u 0, (9u, ) dx
R
+ (24 = 2E)a / u (0%u,)*dx — (24 + 6E)e / 02u, 0%, O u dx
R R :
+Ce/ u, 0, %u,dx — (% +2E)e/ u, (33u, P dx.
R R

xeVxTeVx e

+Be / u (0%u,)*dx.
R
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1906 G. M. Coclite, L. d. Ruvo

(C-3B) / 02u, 0tu ou.dx =— (C - 3B) / (03u,)*0,u dx
R R
—(C-3B) / 021,02, 0,0,u,dx
R

=-(C-3B) / (02u,)*0,u dx
R

C-3B
- /R 0,((02u,)*)0,0,u,dx

17x7e

=—(C-3B) / (02u,)*0,u dx
R
C-3B
+ /[R 02((07u,)*)0,0,u,dx.

Therefore, by (2.24),
d

o*u (¢, -
dr e (1)

: +(A+2B-0) (a3u)2audx—§ u,0,((0%u,)?)dx
Lz(R) RXE t7e ZREI x €

2E+C-3B
2

xeYx%e

+(D -3B) / 0,1, u, d,u dx + / 02((0%u,)*)0,u,dx
R R
2

+2¢[0]u (1, )

L2(R)

= <4a +2Ay + % + 5Ey> / ()iug(ajugydx
R

B
+ <77/ +Dy — 8a> /5xu£(0fu£)2dx
R

- Aa / 0, 0u (02u,)*dx — 3B + C — 2D)a / 0,1t (07, )* 0% u dx
R R
(2.25)

x E7xTE

+ (2B — 2D)a / (0.u,)*0u, 0%u, dx
R

+(B+2C—2D)a/u 0%u_03u 0%u_dx
R

eVx e MelVx Me

+ (5B - 2D)a / u 0,1, (0}u,)*dx + (2A — 2E)a / U (02u, Y dx

e¥x
R R

eYx"eYx e eYx"eYx e

-(2A +6E)e/ 0%u, 0%u, 0ou, dx + Ce/aju 0tu,07u,dx
R R

_ <%)+2E)s / 02u (9u,)*dx + Be / u, (0%u,)*dx.
R R

Observe that
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H*-Solutions for the Olver-Benney equation 1907

2E+C-3B
2

/af((aiuj)atuédx =_ w / ax((aiué)z)ataxugdx
R R

=w /R(aiug)Zatafusdx

QE+C=3Bd [ o
_2E+C=3Bd [, vy
6 i /R( te)

Consequently, by (2.25),
d

2 B
el 4 . _ 3 2 _ P 3 2
St +@+28-0) /[R (O3u,Pou.dx — 3 /[R 1, 0,((%u)?)dx
+(D—3B)/dxu505u60,ugdx+ 2£+C-38d (0%u,)*dx
2¢l|0’ ?
+2¢|0,u.(1,) L2(R)

Cy
= <4a +2Ay + > + 5Ey> /Raiug(a;‘uéydx

B
+ <7y +Dy— 8a> /Rdxug(afué)zdx

- Aa / 0, 07u (02u,)*dx — 3B + C — 2D)a / 0,1t (07, )* 0% u dx
R R

x%ey

+ (2B — 2D)a / (0.u,)*0u, 0%u, dx
R

x ETxTE

eVxMeYx MelVx Me

+(B+2C—2D)a/u 0%u_d%u_o*u_dx
R

+ (5B - 2D)a / u 0,u,(0}u,)*dx + (2A = 2E)a / 1 (02u, Y dx

eVx
R R

eYx"eYx e

-(2A +6E)£/R(3iu€6ju60§u6dx+ cs/Raju 0*u_0’u_dx

D
_ (E +2E)e</Ra§uE(6qu)2dx+Be/ﬂq{ue(&fue)zdx.

(2.26)
We search A, B, C, D, E such that
A+2B—C=—§, D-3B=0, E=—%
C B
4a+2Ay+77+3Ey=0, ?}/+Dy—8a=0,
that is
3C
2A+5B-2C=0, D=3B, E=-—,
10 2.27)
4Ay + Cy + 10Ey = —8a, By + 2Dy = 16a.
Since
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1908 G. M. Coclite, L. d. Ruvo

(A.B.C.D.E)= (12—“ Lo 2o 2o —78—“>,

is the unique solution of (2.27), it follows from (2.26) that

d 2

otu (1,-
dr e (1)

8a 3 2 8a 3 2 d/ 2 3
— d du dx — — d,((0 dx+ 7, — 0 dx
2 [@uromar-5 [ o e s [ @

r®

2
+2¢
L2(R)

u, (1, -)’

1202 4a?
== /. 0,1 071, (92u,)*dx + 7 /. 0,1 (97u,)* 0t u dx

2 2
_ 88 [ oduotudx — 120 [ 20 0%, ot u dx
7,}/ R X X 7)/ R X X X

16a” du,(0%u,)’dx + £ Ou, ) dx
_7 IRME xue( xue) +7, Rue( xue)

+f3£/diugajufdfugdx—zoﬁ/afus()jugdfugdx
R Ty Jr
+2, / 0Pu, (Ou, dx + 10%E / 1, (0u,)*dx,

R Ty Jr

where

_2E+C-3B D

l - (2 i1=24-2E (y:=24+6E (=2 +2E

Consequently, we get

dG(r)
—+2
dr €

2

olu,(t,")

LA(R)
2 2
1207 [ 0 Pu, @Pu e+ 3 [ 54 (@2u, Yot dx
7;, R X X 7;, R X X
2 2
_ G4 /(dxuf)203u tu, dx — 1202 /u 0%u,0%u, 0" u, dx
R R

X E7xTE EVx e x e x e
Ty Y

16a? 4\ 3\3
- —— [ uou0u)dx+72, [ u(du)dx
Ty Jr R

+f36/63u£0;‘u60§u£dx— 2(7)£ / 0%u, 0*u, 0 u, dx
R R

X TETXx TE X
14

(2.28)

+7, / 03u5(0fu6)2dx+@ / 1, (00u, )?dx,
R Tr Jr

where

2
otu,(t,) 8a u (0u ) dx + £, / (02u,)*dx. (2.29)
R

G@) = -
@ r® Ty Jg

Due to (2.3), (2.5), (2.15), (2.16), (2.17), (2.18), the Holder inequality and the Young
inequality,
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H*-Solutions for the Olver-Benney equation 1909

12“ /|a 1107, 1(0%u, Ydx

<[5 ol it

|l >1|

1201

L (R)”a ug(t, ')”U(R) ”a)%”e(f» )”

iy = CON 20, oy 103106,

1
4 3
|0t (s,

LA(R)

< C(T)||aj )

< C(T)||a4u @, )||

L? ([R)|

< C(T)||a4u ol

+ C(T)||aju£(t, )

LA(R)

< c(n|otu. )||LZ(R> +C(T),

L2(R)

2u,)?||0%u, |dx

16a
49 4952

16a
497,2 ||6 u ||L°°((0 T)XR)

/(a O%(%u, )4dx+||04u «, )||

LX(R)

R N LA

L2(R) + Ha4 ( )

L2(R)

scmfuooll, +frnol,

2
< OO 021 s 192100y + [0
2
< O [0, gy + [0

L2(R)
< || (1|, + [t -)||iz(R) +C(T)

< oo, )|| + |otu.e C o ram

L2(R)

L2(R)

< C(T)||a4u , )H + (D),

/(a ug)*|03u, 0% u, |dx
64a

64a

“0 u ||L°°((0T)><R)/ |a3” ||54M [dx

< C(T)||a3u @, )||

otu(t,-)

L2(R) I2(R)

< O 1|02, (1) | 2 gy V 190228y

< ()|t (2, ) (|04, (2,

LZ(R) ‘)“LZ(R)

< C(T)||a4u o

+ C(T)||aju£(t, )

LA(R) LA(R)

< c(n)||otu. )||LZ(R) +C(T),
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1910 G. M. Coclite, L. d. Ruvo

‘ 12002

/| u,0%u, du,||0*u, |dx

X ETxTE x€

60“/ (03u)(()2u)dx+||a4u D)

T 49y2 L2(R)
S T8 R S O R R LT
< D000 -, * [
<C(T)m [CRACR] ”64“ ) 2qmy
< o I+ [t
< ot + CONote] ., + o
sank@m»“ +C(T),
gﬁ‘/|ﬁmmx%)m
<[ i, ||Lm<<or>xm||au||Lw«0m o),

< C(T)||()4u a
MA/W%H@%|w
R
3 3
< |’“ﬂ2|””e”Lw((o,r)xuzz)/[R |0, u,|”dx

< 021,01 oy V1040 e

4/ 54
. ||d u(t,

< (|0t .- )“2 |+ CD|buee. )|, o v 108 e

< cjotuc, )( + O ot )|

2R

< )|t )

3
')“L 2(R)

L2(R) L2(R)

< C(T)||a4u @

+ C(D),
ey T D

|f3|£/ |6§u ||04u ||65u€|dx
R

SIS

< fi”d“u «, )|| +£/(aiué)2(0fu5)2dx
R

LT |a3ua5 |dx

2

”Nu(> ou, (1.

3
+ e u
L2(R) H x ||L°°((0 T)XR) LZ(R)
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H*-Solutions for the Olver-Benney equation 1911

Zan

/|a2 [10}u,10%u, |dx

100
< 49;’25 u (. )|| (R)+6/(62u 1205, ) dx

100a’e 5 2
T 49y2 et L2<R>+ ” sl % e N gy

|f4|e/05u6(62u6)2dx
R
£40%u d’u

=25/R o o [dx

fie“a% @, -)H2 +£/(6fu£)2(afu5)2dx

2

HaSM @ )HL(R) ”f L=((0.T)xR) o )HL(R)
1Ge /| NCTRR
= 160{5 “” ”L""((OT)XR) o (t. )”L ®)

< C(T)£||0°u @l

LZ(IR)
It follows from (2.28) that
@ 7
o
SC(T)”djuE(t, Yoy + CT+ Coe |otu. t )||L o
+ 6” “L""((O T)XR) 5 ( ) LZ(R) 4 ”as (t )||L (R) (231)
+ 25”02 L= ((0,7)XR) 5 ( ) L2(R) + C(T)£||a6u (t ) LZ(IR)

Thanks to the Young inequality,

C(Tye |0, .- ;(R)

=C(T)e / 0%u,0%u, dx = —C(T)e / 02u 0 u,dx
R R

SC(T)e/ |02u, 10 u,dx
R

< C(T)e”dfug(t, )“i

7 (1, )||

I2(R)

Consequently, by (2.30),
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1912 G. M. Coclite, L. d. Ruvo

dG(Z) H ou ()

‘Lz(R)

<C(T)||a4u @, )“L +C(T)+C0£Ha4u , )”L o

(2.32)
+ C(T)e||05u «, )“

+éjou

5()||

”Lw((O T)xR) LX(R) LX(R)

+2£||02

5<>||

L>®((0,T)XR) L2 (IR)

By (2.29), we have that

C(T)||a4u D)

— oG + 24D / 1, (0u,)?dx
L2®) Ty Ja ©F
2.33)

+ C(T)¢, / (02u,)*dx.
R
Moreover, by (2.3), (2.5), (2.15) and the Young inequality,

/ |t (07u, )>dx
R

8C(T)a
< 7

< C(T)”dzu 0 )|

'SC(T)(X

614(1)

”” ||L°°((0 T)xR) L2®R)

ug(t, 4)

(IR)| L2(R)

wlle | o O.1:2®R)

|C(T)2| / |02u, | dx
R

<|eaey||eu ). o 234)

L>(R) L2(R)

< C(T)”dzu @, )||L°°([R{)

< C(T) + C(T)||a2u «, )||L o

<C(T) + C(T)||02u «, )||L -

< (D) + C(T)”()f_ug(t

L2(R) |a4 u(t, )”L (R)
<)+ C(T)”Bf:bt& “Loo(o,T;Lz(R))

Therefore, by (2.32), (2.33) and (2.34),

o e,
<C(T)G(t)+C(T)||64 H +cogHa u, (1, )”L  FCD)

2
| el
e L°°(<0,T>xR>> uet || ®'

+]et
L>((0,T)xR) x

L=(0,T:L*(R))

+ C(T)(l + ”03

The Gronwall lemma, (2.2), (2.3), (2.19) and (2.29) give
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H*-Solutions for the Olver-Benney equation 1913

8a 3\ 233
d*u, 1, )L,(R) 5 | w0 ug)dx+f1/(dxué)dx

+£eC(T)t/ e—C(T)s
0

< COeC(T)t + COeC(T)tE/ —Cys
0

u (s, )’

ds
L2(R)

ds

04
e (5, ) L2(R)

t t
+ C(T)|| 0, u, N , eC / e “Dsds + C(T)e " / e Mgy
Le(0,T;L ([R)) 0 0
t
+C(T)< L°°((0T)><IR)>6C<T)Z£/ e_C(T)S aiug(s,' LZ(IR)dS
0
2
+ fue Mg e‘C(T)s 65u( ) ds
L>((0.T)XR) 0 LA(R)
t
<C(T (1 ) (T
D+ 00 oy ) + CDE [ |, Mm)
2
+ C(T 2u £ u ’
( )< EllLe((0,T)xR) X8 Lo ((0,1)xR) 0 €5) LZ(R)
2
< C(T) X 2u, u, :
L2 ((0.T)XR) X E (| Lo ((0,7)XR) X E | Lo (0,T:L2(R))
Consequently, by (2.34),
C(T)t —C(D)s
t,
u (2, ) 2(R)+6€ -/0 u (s, ) LZ(R)
<C(T + ||0%u
s« )< Le((0,T)XR) X Lo ((0,1)xR)
+||0%u )
Y| Lo 0,752 (R
y OB (2.35)
+= u (0u ) dx + ¢, / (02u,) dx
VY JR R
2 2
<Cc(T + ||0%u
s« )< €[l ((0,1)xR) X8| Lo ((0,T)xR)
+]|otu )
xlte L=(0,T;L2(R))

Observe that, by (2.3), (2.16) and the Young inequality,

@ Springer



1914 G. M. Coclite, L. d. Ruvo

2 3
af_ug(t,-)HLm(R)SZ ”a;%“e(t")”LZ(R) ”a;‘ué(t’.)”LZ(R)

< Coy/l|98uc . )| o
< Cy+ Col|otunte, ) ’LZ(R)
< C0<1 + (|0tu, Lm(o,r;wk»)’
Ou, 1, .)H;(R) <24/ 103. 8 M 2y V 1980
< O] g 1080
S%? o (t,) iZ(R)"'C(T)DG 9uc(t,) ;(R)
S%? aiue Lw(o,T;LZ(R))+C(T)D6 aﬁuf LT R))

where Dy is a positive constant, which will be specified later. Therefore,

: <1+ o )
e L=((0,T)XR) sGl1+ 6xue L2(0.T:L2R) /)
2 C(T) 2
3 < 4 4
e[ Lo 0.y = D Oy lte L°°(0,T;L2([R))+C(T)D6 Oy lte Lo(0,T;LA(R))
Consequently, by (2.35),
4 2 C(T)t ' —C()s|| 47 2
olu(t,-) + gD e “Msllg u(s,-) s
) o ’ ) o (2.36)
c(T 2 ’
<c|1+ D du, + (1 + Dy)||0*u, :
D6 * L=(0,T;L2(R)) x L=(0,T;L2(R))
Hence, by (2.36), we have
CT) \ || 54 4
- = - — <
<1 D, ) dju, L OTE®R) C(T)(1 + Dg)||9;u, L OTE®R) Cc(T) <0.
Choosing
D — 1
we have that
Ll 54 4
1 _ — <
2% el 0.2 CD)|,u. L0, T:L2(R)) oD =0,

which give (2.12).
Finally, (2.13) follows from (2.12), (2.36) and (2.37), while (2.3), (2.13), (2.15), (2.16)
and (2.17) give (2.14). O

Now, we prove the following lemma.
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H*-Solutions for the Olver-Benney equation 1915

Lemma 2.6 FixT > 0. Then,

{1, } ~ois compact in L? ((0, 00) X R). (2.38)

loc

Consequently, there exists a subsequence {uék heenof {u, },soandu € LZZOC((O, 00) X R) such
that, for each compact subset K of (0, o0) X R),

u., — win L*(K) and a.e. (2.39)

Moreover, u is a solution of (1.1) satisfying (1.8).

Proof To prove (2.38), we rely on the Aubin-Lions lemma (see [3, 6, 7, 21]). We recall
that

Hl

loc

(R) > Ly (R) < H\(R),

loc

where the first inclusion is compact and the second one is continuous. Owing to the Aubin—
Lions lemma [21], to prove (2.38), it suffices to show that

{u,},501s uniformly bounded in L2(0, T;HIIM(IR)), (2.40)

{0,u, } 1 is uniformly bounded in L*(0, T;H;,! (R)). (2.41)

We prove (2.40). Thanks to Lemmas 2.1, 2.4 and 2.4,

2 2 2 2
[l . Moy = et M| 2y + 10 2y + Opu(t,) LR
u )| du |, <car
+ Xue( B ) 2®) + xuf( s ) LR = ( )
Therefore,
{1, } .~ is uniformly bounded in L* (0, T;H*(R)),
which gives (2.40).
We prove (2.41). We begin by observing that
P
pu 0lu, = o, (u o’u,) — Eax((axué)z).
Therefore, by (2.1),
ou, = ax<ﬁ%a(axu£)2 - ﬁugaiug - yc);‘ue + eaju£>. (2.42)
We have that
B - a)? 4
7 ||6xu€||L4((0’T)XR) < C(T). (2.43)

Thanks to Lemma 2.5,
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1916 G. M. Coclite, L. d. Ruvo

—a)2 7 —a)? T
O [ s = C= Lo gy [ [0
0 JR 0JR

T
<C(T) / / (0,u,)*drdx < C(T).
0 JR

We claim that

2
u o u,

ﬂz

2
<
o S €D (2.44)

Thanks to (2.3) and (2.5),

T T
po / / u2(02u, P dedx < B2 ||u |7 om0 / / (02u, 2 drdx
0JR 0JR
T
<C(T) / / (02u,)*drdx < C(T).
0 JR

Moreover, since 0 < € < 1, by Lemmas 2.3 and 2.4,

2

y 4

x €

2

, €%(|0°
L2((0,T)xR)

xuf

o S CD)- (2.45)

Therefore, by (2.43), (2.44) and (2.45),

{ '62;0{(0)(14&)2 - ﬂugdfug - y&jua + ediug}

is bounded in L*((0,T) x R).

>0

Thanks to the Aubin—Lions lemma, (2.38) and (2.39) hold.
Consequently, u is solution of (1.1) and (1.8) holds. O

Proof of Theorem 1.1 Lemma (2.6) says that there exists a solution u of (1.1) such that
(1.8) holds. Since H*>(R) ¢ H*(R), thanks to [19, Theorem 2.2], u is unique. O

3 Proof of Theorem 1.1 under Assumption (1.3).
In section, we prove Theorem 1.1 under Assumption (1.3).

We consider approximation (2.1) of (1.1), where u,  is a C* approximation of u, such
that (2.2) holds.

Let us prove some a priori estimates on u,.

Lemma 3.1 Assume (1.3). For eacht > 0,

t
iy 22 |

Proof Multiplying (2.1) by 2u,, an integration on R give

2
ds < C,. 3.1)

u_(s, -
ie(5) 2®)
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H*-Solutions for the Olver-Benney equation 1917

d 2
ity =2 /R u, 0,1, dx
=—2a/uédxugaiuedx—Zﬂ/ugdiuédx
R R
—2y/uediu5dx+26/uec32u£dx
R R
=—2(a-2p) / U 0,1 0 u,dx
R
+2y/6xu5()iu£dx—26/6xugdjuedx
R R
=—2(a—2p) / U 0, 0 u,dx
R

—Zy/dfugaiugdx+26/6§u£0jugdx
R R

2

=-2a-2 0,1, 0%u dx — 2€||%u (1, - .
(@ —2p) /R u0.u 0 u, e||0;u.(t, ) r®)
Hence,
d 2 2
11y + 26 olu,(t, .). o F2@=20) /R uou 0’udx=0.  (3.2)
Integrating on (0, #), by (1.2) and (2.2), we have (2.4). O

Lemma 3.2 Assume (1.3) and fix T > 0. There exists a constant C(T) > 0, independent
on g, such that

d 2
2
. <
6/0 o u(s,) LZ(R)ds < C(D), (3.3)
forevery0 <t <T. In particular, we have that
t
¢ /0 91t (5. ) |72 0,5 < CT), (3.4)

forevery0 <t <T.

Proof Let0 <t < T. We begin by observing that, thanks to the Holder inequality,
2
|01t (2, )| 2y = /R 0,1, 0.u dx = — /R u 0 u dx

3.5)
< / ot 11022, 1dx < e, 8, )] e
R

o2u(t,)

LR

Again by the Holder inequality,
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1918 G. M. Coclite, L. d. Ruvo

2
Pu, (1, )|| —/dfugafugdx=—/0xugaju5dx
R R

2 3.6)
3 3 '
S/R |0, |10 u |dx < ||0Xu£(t, ')”LZ(R) 9 u(t,) LR)
Therefore, by (3.5) and (3.6),
2
2 3
02,1 o, < Ve Wiz /10260y 02105, par GD
Due to (2.4) and the Young inequality,
3
\/””s(” ')”LZ(R)\/”a;%ME(t’ ')”LZ(R) o uc(t,-) ’LZ(R)
1 5 ) 2 3 2
S| ! A ERACE] IS CRACS]
1 2 1 2 2 3 2
< gllué(t’ ')“Lz(R) + E axuf(t’ ) I2(R) + axuf(t’ ) L2(R)
Ll 52 2 3 2
< —_ . . .
<Cy+ > axuﬁ(t, ) C® + dxug(t, ) .
Consequently, by (3.7),
L2 2 3 2
; dxug(t,-)’Lz(R) < Co + ||02ut, )||L2(R).

Since 0 < € < 1, we have that

o’ <ec +s||a3u ol <c +£||63u @
2177 gy = 570 2 gy = 70 e lemwy
If follows from an integration on (0, ¢) and (2.4) that
! 2 ! 2
E [ o2u.cs )” ds<Cyt+e | [03us -)' ds < C(T)
2 Jo e e =70 o e e = ’
which gives (3.3).
Finally, we prove (3.4). By (2.4), (3.5) and the Young inequality,
2 1 2 1 2 2 1 2 2
(|9, (2, ')”LZ(R) < 5””5(’3 ‘)||L2(R) + ) 0 uc(t, ) PR <G+ ) ocu(1,) PR

Since 0 < € < 1, we have that
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H*-Solutions for the Olver-Benney equation 1919

2 €42 2 £l 2 2
€||0,u, (2, )| rwr S €6+ 3 o.u(t,-) . <G+ 5 diu(t,) 2R
Integrating on (0, #), by (3.3), we get
12 t 2
e [ N0t pae < Cot+ 5 [ [Q2us |, ds <@
0 e LRy = 0 2 0 x e L*(R) - ’
which gives (3.4). O

Lemma 3.3 Assume (1.2) and fix T > 0. There exists a constant C(T) > 0, independent
on g, such that

2

xlle L=(0,T5L2(R)) < &M, 3-8)
In particular, we have
6§ué(t,-)||2 +e/t u .|, ds < o), (3.9)
R 0 L2(R)
forevery0 <t <T. Moreover,
0.2t (8, M| 2y [0,y 19t o077y < €T (3.10)

forevery0 <t <T.

Proof Let0 <t < T. Consider two real constants F, G, which will be specified later. Mul-
tiplying (2.1) by

20%u, + F(d,u,)* + Gu,d2u

e x Ve
we have that
(20%u, + F(o,u,)* + Gu.0%u,)o,u,
+a(20%u, + F(o,u,)* + Gu.0%u,)o,u,du,
+ B(20%u, + F(o,u,)* + Gu,0u, )u.d’u, (3.11)
+7(20%u, + F(,u,)* + Gu,d>u,)o’u,
= .5(20;:14é + F(0u, ) + Guéaiué)agué.

Observe that
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1920 G. M. Coclite, L. d. Ruvo

x €

/ (20%u, + F(0,u.)* + Gu_0%u,)o,u,dx
R

02u,(t,)

d 2
- a L2(R) +F/R(axu5)2a’u£dx+ G/[R ueaiusatugdxa

@ /R (20%u, + F(0,u.)* + Gu,0%u,)d,u,0>u,dx
=—2a / 0,1, (0u Y’ dx + aG / U 0,u, (97u,)*dx,
R R
B /R (20%u, + F(0,u.)* + Gu 0u, )u 0 u,dx
=-p / 0, (0u, ) dx — 2pF / 1 01, (07u,)*dx
R R
- pG / U 0,u,(07u,)*dx,
N (3.12)
Y /R (20%u, + F(0,u,)* + Gu.0u, )0 u dx
=—yQ2F +G) /R O, 07u 0t u dx — yG /R 10 u 0 u dx
=v(F+ %) /Rdxué(ﬁiue)zdx
=v(F+ %) /R 0,1, (8, dx,

€ / (20%u, + F(,u,)* + Gu,92u, )0®u,dx
R

= —2¢(|0u,(t,") " - eQ2F +G) / 0,1, 0°u, 0> u, dx
R

2
L2

—Ge/ugaiugdfugdx.
R

It follows from (1.3), (3.12) and an integration on R of (3.11) that
d

dr

Pu,(t, )

2
v T F A (0,1 ) 0,u dx + G /R 1 0% u,0,u,dx

2
+ 2¢

Pu,(t,-)

L2(R)
3yG
= <5ﬂ - Fy - y7> /Rdxug(diug)zdx (3.13)
+QF - G)p / u 0, (07u,)*dx
R

—6(2F+G)/6u %u u dx—Ge/u 2u_0’u_dx.
R R

Observe that
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H*-Solutions for the Olver-Benney equation

1921

F / (0,u,)*d,u.dx + G / u,0u,0,u, dx
R R
=(F-G) / (0.u,)*0,u dx — G / u,0,((0,u,)*)dx.
R 2 R
Consequently, by (3.13),
2
12

d |2
— 1|0 t,-
dr e (8, )

+(F-G) / (0,1, ) 0,u dx — 5 / u,0,((d,u,)*)dx
®) R 2 Jr
2

+ 2€|[07u, (1, )

L2(R)

= <5ﬁ —Fy— 37/_G> /axue(a3ue)2dx
2 R x
+QF -G)p / u 0u, (07u,)*dx
R

—e(2F+G)/0 U 0%u, 0u dx — Ge/ u 0 u,u dx.
R R

We search F, G such that

F—G=—g, 5ﬂ—F7—3y_G=0’ 2F-G=0,
2 2
that is
Since
5 5
.6 =(2L 8
4y 2y

is the unique solution of (3.16), it follows from (3.15) that

d 2 2 Sﬁ 2
o o%u(t,") pa E,/R(OXME) o,u dx
58 2 s 2
-3, . 0@ + 26 axuf(t,-)’Lz(R)
= —% / 0xu662u505_u5dx— % / u503u605u6dx,
A T r Jo ot
that is
d 2 2 Sﬂ 2 5 2
dt( 0ty = 3, QiR + 2 0%u, (1, ) .

5 5
= _ﬁ/a u,0%u, du, dx — ﬁ/uétﬁuédsugdx.
2 X X
R vV Jr

xPeYxPex Me
Y

Due to the Young inequality,

(3.14)

(3.15)

(3.16)

(3.17)
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1922 G. M. Coclite, L. d. Ruvo

e

/ 0,14, 0%, [107u, |dx

25ﬂ2 )
/(a“ P02, Pt £ 5 )LZ(R)
25ﬂ 5
= r? ||dx ORI Rl ) L2(R) o ot ) L2(R)
25ﬂ £ € 2
” x 6||L°°((()T)><IR) ot (1, )’LZ(R) 2 axsue(t”) ’Lz(R)’
B /| 000 110%,[dx
2y | Jm
25p% 20332
< 8,2 /ug(axug) dx+ Pu(t, ) ®
25[3 e
< ”M ( )||L°° LZ(IR) ( ) L2(R)
25ﬂ £ LE
< = e ||L°°((0T)><[R) ue (1, )“L w3 oou (1, )“L &

It follows from (3.17) that

d 5P 2dx
d< u (1, )LZ(R) 4;/ u(du) )
+ e||0)u, (2, ) .
25ﬁ . (3.18)
<=
= xYe L2(R)
25ﬂ € , 2
) fluee ||L°°((0T)><R) o ue () 2R
Integration on (0, #), by (2.2), (3.1) and (3.3), we have that
5P 2 2
2u, (1, MK v~ 3y [, O e Su, (s, )||L2(R)ds
25/3 3
= llo 6||L°°((0,T)><R) ) L®) ds
(3.19)
25/3 e
8y2 ”” ||L°°((0T)><R) (S, ) L2(R)ds

2
< Co(l +| x”e”Lw((o,T)xR) + ||u6||L°°((0,T)><R))'

Thanks to (3.1), [2, Lemma 2.5] and the Young inequality,
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H*-Solutions for the Olver-Benney equation 1923

2 3
fJu (2. ')”Lw([R) <y ””e(”')”Lz(R) ”a)%”s(t")”um)

< Coy/[|0Fuc . ')”U(R)

<Cy+Cy

Pu(t,-)

LX(R)

0%u

Xx €

<G +G,

Le(0,TLAR))

2 3
0,0 My < A 00y V102000 ey

<Gy ||dfu£(t, ')”imm)

2w,
=y R D, [[02.2. ) o

< 02w, + iG]
u (¢, - u.t, -
DI LA(R) o) e L2(R)

Co
< 2 D,C,|0%u ;
~ DI Loo(O,T;LZ([R))—I— PO | Lo 0,7302R))

where D, is a positive constant, which will be specified later. Consequently,

2
o u,

<Gy(1+

2
llue || = (0.T)XR) Lo(0,T5L2(R)) ) ’

Co

2
L e

u *u
x e

X €

+D,C,

Lo(0,T:L2(R)) L=(0,T;LA(R))

Thus, by (3.19),

2 58

t
— %@%ﬁm+g/
0

2
I ds
r2® 4y Jr

LX(R)

Pu,(t, )

Pu,(s,)

(3.20)

1
sq<1+5;ﬁ% oZu,

+(1+D)

L=(0.T:L2(R) L= (o,T;U(R))) '

Thanks to (3.1), (3.5), [4, Lemma 2.6] and the Young inequality,
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1924 G. M. Coclite, L. d. Ruvo

5p 2
9] fusonr

254° / 20 e 4 DF 2
< — 0 dx + ——||0.u.(, )|};>
3272 [Rue( xus) 327/2 || JCME( )Hb(R)
2547 5 3
< Torm V) e 1930,
2542 5
- 32y2 ””f(t")”Lz(R) 9 ue(t, ) L(R)
3 5 3.21)
< Coy/ 102t )2y + Co| 07t )], o
19Fuc @, )|
x ENT? LZ(R) > ] 0
< D |[02u (1, )| 2y + Co | O tte O
CO 2 2 2 2
< — . .
< o [z oo+ 21Co 20| + o} s
C 2
< 2[0%u, +Co(1+D,)|0%, .
D, 7"l mr2®) e, ri2R)
Consequently, by (3.20) and (3.21),
2 2 ' 5 2
ocu(t,-) +e au(s,-) ds
x ®) o I L®)
<Co( 1+ A ||o?u | +(1+Dy)|02u
=0 D, el 2w VP el o2y
5
+§ / u, (0,u,)*dx
® 1 ) (3.22)
< L 52 2
B C0<] i D, Ot L@ (1+ D))o, Lw(o,T:L2<R)>>
Sﬁ‘/ 2
+ |- |u,|(0.u, ) dx
'47/ R (3 XTE
<Co( 1+ Ao +(1+Dy)|02u
=0 D, M= @) V% el orzmy) )0
It follows from (3.22) that
Co\ll22,, II? 2
- - —-C, <
(1 Dl) Oyue L>(0,T;L2(R)) C0(1+Dl) Oy e L=(0,T;LA(R)) Co =0
Choosing
D1 = 2C0, (3.23)
we obtain that
1 2 2
z - -C, <
5198 | e 0 p0200) Co(1+Dy)||0u, eorsgy ~ G0 S0

which gives (3.8).
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H*-Solutions for the Olver-Benney equation 1925

Finally, thanks to (3.8), (3.22) and (3.23), we have (3.9), while (3.1), (3.9) and [2,
Lemma 2.3] give (3.10). O

Observe that, arguing as in Lemma 2.4, we have (2.13) and (2.14). Therefore, arguing as
in Sect. 2, we have Theorem 1.1.

4 Proof of Theorem 1.1 under Assumption (1.4).

In section, we prove Theorem 1.1 under Assumption (1.4).

We consider approximation (2.1) of (1.1), where u, ( is a C* approximation of u, such
that (2.2) holds.

Let us prove some a priori estimates on u,.

Lemma 4.1 Assume (1.4). For eacht > 0,

2
<
e < Co @.1)

ou,(, -))

t
91t 2. )2 ) + 25/0
Proof Multiplying (2.1) by —Zafué, an integration on R gives
i||a ()72 = —2/au 0%u dx
dr x%e L2(R) R t7e¥x e
=2a / 0,1 (07u, ) dx + 2 / 1 0,1, 07u,dx
R R
+2y/6§u£0§u£dx—26/0§ueai’uedx
R R
=Qa —p) / 0, (02u,)*dx — 2y / 02u 0u,dx
R R

x ETxTE

+2£/63u P u_dx
R

2

=Qa-p) / 0,1, (07u, Y dx — 2€|[0%u, (2, -)
R

JEIGY)
Therefore, we have that

dia 2 2¢ |0 e 0.u_(0%u,)dx
a1t Moz + 260 0] = Q=) | e (O

Integrating on (0, #), thanks to (1.4) and (2.2), we get (4.1). O

Lemma 4.2 Assume (1.4) and fix T > 0. There exists a constant C(T) > 0, independent

oneg, Sucl/l that
t
/
0

forevery0 <t <T. In particular, we have that

2
0t (5, )| 95 < CD, 4.2)
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1926 G. M. Coclite, L. d. Ruvo
t
6 /
0

Proof Let0 <t < T. We begin by observing that, thanks to the Holder inequality,

2 2 2 3
=/a 1,0 uédx=—/6xu£0_u5dx
LZ(R) R X X R X

5/ 0,1 1107 u, |dx < ||0,u, (2, -)
R

2
3 .
o u(s, )“ ra® = €D, (4.3)

forevery0 <t <T.

0%u,(t,-)

2

Pu, (1, )

LZ(R) LZ(R).

Hence, by (4.1),

2

g||02u.(t,-) < €| 0,u (1, )| oy || 021 2 ) < Cye||du (t,-) (4.4)

L2(R) L2(R) 2®)

Moreover, by the Holder inequality and the Young one,

2
=/63u603u5dx= —/02ued4u6dx
LZ(R) R X X R X X
§/R|6§ue|6ju6|dx§
[[03u. (&, ]
x"E (R)
—————= VD,
D2
9 2
| x”e(l")”Lz([R) N D,
2D, 2

Pu,(t, )

2

Pu,(t, )

4 .
I2(R) A )”Lz(R)
. 2 4.5)
l)xug(t, ) 2R)

2
< otu (1,

2®)

where D, is positive constant, which will be specified later. Since 0 < € < 1, it follows
from (4.4), (4.5) and the Young inequality,

el 02,2, ) )i < Coe + Coe||02u, 1, ) )22
(R) LA2(R)
Coe |07 (2, ) iz(R) CoDye |l 4 2
<Cy+ 2D, + > olu(t,) ’LZ(R).
Therefore,
<1 - %)6 Ot ;(R) <Cot COSZS o, ')”Z(R)‘
Choosing
D, = C,, (4.6)
we have that
g o%u(t,-) ;(R) < Cy + Coel[ddu (1, ) EZ(R).
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H*-Solutions for the Olver-Benney equation 1927

It follows from an integration on (0, ) and (4.1) that
t

£
),

which gives (4.2).
Finally, we prove (4.3). Thanks to (4.5) and (4.6),

2
ds

0*u_(s, -
ite(5 ) 2®R)

2 t
2
Pu,(s, .)||L2(R)ds <Cot + Cpe /0

<CT)+Cy L C(T),

o’ Poccelu o’ +cellotu |
gl|07u(t,-) pw S Cof u () pw TG0 u (2, ) s
Therefore, (4.3) follows from (4.1), (4.2) and an integration on (0, 7). O

Lemma 4.3 Assume (1.4) and fix T > 0. There exists a constant C(T) > 0, independent
on g, such that

! 2
i, 1,22y + 2 /0 H()iué(s, -)”Lz(R)ds < C(T)(l + /||a§u6||Lw(0,T;L2(R))), @.7)

forevery 0 <t < T. In particular, we have that

””s”Lw((o,T)xR) < C(T)\/(l T ”aJ%uflle(O,T;Lz(R)))’ (4.8)

””s ||L°°(0,T;L4([R)) < C(T)</<1 + ”a,%uéan(O,T;Lz(R)))' (4.9)

Proof Let0 <t < T. We begin by observing that

2 /R u 0,u,07u, dx = — /R (0,u,) dx. (4.10)
Consequently, by (1.4) and (3.2), we have that
d 2 3 2 _ 3
a”ug(t’ ')”LZ(IR) +2e¢ axug(t’ ) 12R) =-a R(axug) dx. (411)

Due to (2.8) and (4.1),
la| / 10,11, Pdx < ][00, (. ]| oy 9410
R

§|a|\/5 “‘)xue(t")“iz(u&) ||a)%u6(t’.)||L2([R)

< Cor/]|0%u || LoO.TIAR))
2 2
L®) <G ||ax“s||Lw(0,T;L2(R))'

It follows from (2.2) and an integration on R that

Consequently, by (4.11),

Pu.(t,)

d 2
&”“s(t’ ')”LZ(R) +2e
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1928 G. M. Coclite, L. d. Ruvo

g(s )

2
[|uee 2, ')”LZ(R) +2¢ o LZ(R)

< Cy+ Cyy/||0%u, ||L°°(0,T;L2([R))t

< C(T)(1 + “a)%MEHLw(O,T;LZ(R)))’

which gives (4.7).
We prove (4.8). Thanks to (2.10) and (4.1),

2
[t & | oy < C(T)<1 + ||0§ME||L°°(O,T;L2(IR))>’
which gives (4.8).

Finally, we prove (4.9). Thanks to (4.7) and (4.8),

4 2 2
”u&(t")“L“(R) =/Rufdx < ”u&(t")”Lm([R)”M&(t’ ')“LZ([R)

<C(T)<1 +

L*(0,T;L*(R)) )

x E

Consequently, we have that

e ||L°°(0TL4([R{)) = C(T)<

which gives (4.9). O

EllLe0.1:L2(R)) )

Lemma 4.4 Assume (1.4) and fix T > 0. There exists a constant C(T) > 0, independent
on €, such that (3.8) holds. In particular, we have

€ 2
et ) 'LZ([R) 2 0 e S, .)”LZ(R)ds < D), (4.12)
forevery0 <t <T. Moreover,
fJuec (2. ‘)||L2(R)’ ||u£||L°°((O,T)><R)’ ||axu6||L°°((0,T)><[R) < ). (4.13)

Proof Let 0 <t < T. Consider three real constants H, I, L, which will be specified later.
Multiplying (2.1) by

20%u, + HOu,)* + Iu,07u, + Lu’,
we have that

(20%u, + HOu,)* + Iu 0%u, + Lu’)o,u,

+ a(20%u, + HOu,)* + Iu 0>u, + Lu)0,u,d>u,

+ B(20%u, + HOu,)* + Iu,07u, + Lu )u, 0 u, (4.14)
6

+7(20%u, + HOwu,)* + Iu0*u, + Li})0’u
= £(20}u, + HOu,)* + Iu 0>u, + Lu} ) 0®u

eYx%e xs'

(3

Observe that, thanks to (1.4),
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H*-Solutions for the Olver-Benney equation 1929

L/ufdlusdx: ég/MA(LY.
R 4dr Jg o©

aL/Ru?dxusdfusdx+ﬂL/Ruf63ufdx

:—%/Ltf(dtu£)3dx—4ﬂL/uzaxuéafuédx
2 R R

=- 3ol Ltf(dtu5)3dx + 6ﬂL/ Ltf(dtu[)3dx
2 Jr R

2laL 5 3
== /Ruf(dxus)dx, (4.15)
Ly/uz()f,ukdx=—3L1//ufdlukd?ukdx
R R :
:6Ly/uf(dxuf)zz)ju&dx+3Ly/uzdzu u,dx
R R

£ x ETxTE

=—15Ly/uédxus(dfus)2d.x,
R

eVx e e Oxe Uy e

Ls/u306u dx = —SLS/uZd u, 0>u, dx.
R R

Consequently, by (1.4), (3.12) with H, I instead of F, G, (3.14) with H, I instead of F, G,
(4.15) and an integration on R of (4.14), we have that

i 2 . : L 4 — 2
dt< o;u.(t,-) . + -/Rugdx> +H-1 /R(axug) o,u, dx
—i/u 0,((0,u,)*)dx + 2€||0%u,(t, -) ’
2 R et X7E x ENT? LZ(R)

3
= <4a —yH - J) /dxu5(03u6)2dx
2 R x

(4.16)
+ (al +4aH + 15yL) / U 0,1, (07u,)*dx
R
_ 212"L /[R 12(0,u, ’dx — £(2H + 1) /R 0,1, %u, 0%, dx
—Ie / usdiuéaiugdx —3Le / uidxugdiuedx.
R R
We search H, I, L such that
31
H-1I= —é, 4a —yH — 77 =0, ol +4aH +15yL =0,
that is
2H -2 =—-1, 8a—2yH -3y =0, al+4aH+15yL=0. 4.17)
Since

is the unique solution of (4.17), it follows from (4.16) that
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ou,(t,")

d
dr
dae

u@u, ) dx — — [ 0u,0%u, 0 u, dx

_21a3
?R X v RXEX&AE

2 2
_ zae u 02u, 02u dx + ba 26 / u>0,u, 0> u dx.
R

vV Jr 4

Since 0 < € < 1, due to (2.8), (4.1), (4.9) and the Young inequality,

2 ao? 4 a 2 €
- _10;/2 /Ruédx— ;/Rue(ﬁxué) dx ) + 5

Pu,(, -)’

21a3
2 [
R
21a° (9,u.)
= ‘F /|\/D3uf| ——=ldx
4 R D,
21D, 4 2103 6
< | e I Wi + oy | [ @mras
21a’Dy 4 21a? 4 2
[ i+ o 10 W 0
< C(ND5( 1+ || o o, I
S CDDs\ 1+ |0k ]| o g 712y +[)7“ it || o 0.7y
C, 2
< 2 ) Lo l52
_C(T)D3(l+ 9ite oo a2y ) + D, 1% el 0 a2 @y
4ae
B | [ louu o210t lax
14 R
8a’e 5 0 2 €| 45 2
< £ .
<= /R(dku{) @ uydr+ 5 0% (. )”Lz(m
8a’e 2 2 2 €| 45 2
=7 ot ooy [ et ')“LZ(R)+ 2 dx“‘(t")”LZ(R)’
2ae
— /luédfuélldfuéldx
14 R
4o’ 2,43 2 £l 45 2
< 3 < .
== /Rue(axug) dxt £ [0fu i )||L2(R)
4o’e 2 3 2 £l 5 2
= y? et 1o .rpesy [ 95 e ‘)HLZ(R)Jr 2 0*'46([")”L2<R>’
2
65026 /uzdlust)fusdx
14 R
18a’e 4 2 £l 55 2
<22 = = .
= 254 /Ru‘(axu‘) drt 2 9y et )HL2(R)
18a’e 4 2 £l 45 2
=254 ””s||L°°((0,T)><R)||‘)»”s(” ')||L2(R>+§ dxué(t’.)”LZ(R)
4 £l 55 2
< Colluellzeo .1y + 3 a;u.(, .)”LZ(R)
2 €155 2
SC(T)(l_*' 9y L°°(0,T;L2<R))>+ 2 0«‘“‘(t")||L2<R)’

2

L2(R)

where D; is a positive constant, which will be specified later. Therefore, by (4.18),
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H*-Solutions for the Olver-Benney equation 1931

d
dt

ou,(t,")

2 o? 4 a 2
’LZ(R) T 102 Jy uedx = y A ue(Ouite) dx)

€ 2
+ =
2

Ou(t,)

L2(R)

L1
L2(0.T:L2[R))  Dsy
2

2 2
o u, U,

san@+m+m

2
L=(0,T;L2(R))

2
+8ae|a

2 2
% x“e”Lw((o,T)xR) o uc(t,-)

L2(R)

4a%e

2 2
7 [Jue ||L°°(<o,r>xR> ’LZ(R)

Du, (1, )

*u

x €

+an@+

Lo(0.T:L2(R)) ) ’

It follows from (2.2), (4.2), (4.3) and an integration on (0, ¢) that

2 2
-z /u4dx
r®  10y% Jp ¢

(04 E
—;A%@%fw+§
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2

@%@ﬂ

LX(R)
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2
+ R
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X €

2
o u,

8a’e 2 '
+ ?”ax”e”Lw((O,T)xR)/o

4a%e 2 '
+ Bz iz ”L°°((0,T)><[R) o

+an0+

<Cy+ C(T)<1 + D5+ Dy L2(0. T-LZ(R)))

2
ds
L2(R)

0u(s, )

2
’ ds
L2(R)

02u,(s,)

*u
X

t
L>(0,T;L*(R)) )

€

1
L*O.T:L®) | Dy

2 2
o‘u U,

X €

SC(T)<1+D3+D3

L=(0,T;L3(R)) >

2 2
+ C(T)<1 + ”aquHL“’((O,T)x[R) + “"‘s“Lw((O,T)xR) + ||07u

x €

L>(0.T:LX(R)) ) )
(4.19)

Due to (4.1), (4.8) and the Young inequality,

/ 0,010, ] dx
R
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2y2 Jn
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o? 2 2
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((0,7)xR)

<G +C,

4
[l || ((0.T)XR)

2
o u,
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Moreover, by (2.8) and (4.1),

2 2
1ot .77y < Col| e L=(O.TLAR)
Consequently, by (4.9) and (4.19),
2 2

2 . £lls5 .
RCD! IE CACS) I

< C(T)| 14Dy + Ds5||0%u + Mlow, |

- PN s ey Dy e N0 122w

2
ocu,

+an@+

o? 4
L=(0,T5L2(R)) ) + 10,2 llete @ ||+ )

(4.20)
+ (< /|u£(6xu£)2|dx
R
< 2 A 52
__C(T)<1-klk-+l% ]|z D] x%:mejl%R»>
2
+C(T)<1 +[|0%u, Leo(o,r;m»)'
Therefore, by (4.20), we obtain that
CT)\ |1 2 2
<1 D > Otel| 0 72280 CD(1+Ds) |0, L=(O0.TLA(R))
- C(T)(1+Dj) <0.
Choosing
Dy =2C(T), 4.21)
we have that
a2, — C(D)||0*u —-C(T)<0
217 e Lo 0,1:L2(R) XL, 1:L2(R) -

which give (3.8).
Finally, (4.12) follows from (3.8), (4.20) and (4.21), while (2.8), (3.8), (4.1), (4.7), (4.8)
and (4.12) give (4.13). a

Observe that, arguing as in Lemma 2.4, we have (2.13) and (2.14). Therefore, arguing as
in Sect. 2, we have Theorem 1.1.
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