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Abstract
The regularity for the 3-D nematic liquid crystal equations is considered in this paper, it
is proved that the Leray—Hopf weak solutions (u, d) is in fact smooth, if the velocity field
u e L*(0, T;Lz*°°(IR3)) satisfies some addition local small condition

r73|{x € B.(xy) © |ulx, )| > £r71}| <e,
which is inspired by the papers [2, 35].
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1 Introduction

The three-dimensional incompressible liquid crystals system are the following coupled
equations

u, — Au+u-Vu+ Vp = =div(Vd © Vd),
divu =0, (1.1
d,+u-Vd—Ad = —f(d),
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in the domain Q; = R3 x (0, 7). Here, the unknowns u = (u;,u,, u3) is the velocity field,
p is the scalar pressure and d = (d,, d,, d;) is the optical molecule direction after penali-
zation, and f(d) = ! (|d|2 1)d, Vd ® Vd is a symmetric tensor with its component
(Vd © Vd), is given by 0,d - 9,d. And the initial conditions are

u(x,0) = ug(x), div(uy) =0, d(x,0)=d,x), (1.2)

with |d,| = 1.

System (1.1) is the simplified system of the original Ericksen—Leslie system of
variable length for the flow of liquid crystals, that is the Ginzburg-Landau energy
/Q( |Vd|* + d 4':' i ). For this system, Lin and Liu [19-21] first proved a global existence
of weak solutions under L? data and regularity result of the suitable weak solution under
the C-K-N condition. Other results to liquid crystals equations refer to [8—11, 15, 16, 18,
22,23, 28].

Let us now recall the notion of a suitable weak solution of liquid crystals equations.

Definition 1.1 ([20]) a triple (u, d, p) is called a suitable weak solution of (1.1) in
R3 x (0, T) if the following conditions hold:

(1). the weak solution (u, d) satisfies system (1.1) in the distribution sense;
(2). the solution (u, d) satisfy the energy inequality, i.e.,
2
||M||L2°°(R3X(0 T)) + ||Vd”
+Vd|l;

L2 (R3%(0,T))

+ [ Vull;

L2(R3><(0 7)) L2(R3%(0, T))) -

(3). thepress p € Llf}(’_(lR3 x (0,7));
(4). the triple (u, d, p) satisfy the modified generalized local energy inequality, for a.e.
te(0,T)and forall ¢ € C8°([R3 X (0,T)) with¢ > 0,

t
/ (|u|2+|Vd|2>¢dx+2//(|W|2+|v2d|2>¢
R3x{t} 0 JR3

s/ /(|u|2+|Vd|2)(¢,+Aq§)
0 R3
+/ /(|u|2+|Vd|2+2p)(u.V¢>
0 R3

+2/ ((u‘V)dOVd)~V¢—2//fo(d)‘Vdc,b.
0 Jr3 0 Jr?

Denote for z = (x,1) € R* xR  the standard notations
B ={yeR :|ly-x|<r), 0@=BWx@~r’,n,

to be the Euclidean ball and parabolic cylinder. For z = (0, 0), we simply write them as B,
and Q,.

Now, we mention some relevant results on regularity. For 3D Navier—Stokes system,
the study of partial regularity was originated by Scheffer in a series of papers [31, 32]
and [33]. The notion of suitable weak solutions was introduced in a celebrated paper
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[1] by Caftarelli, Kohn and Nirenberg. It is proved that, for any suitable weak solution
(u, p), there is an open subset in which the velocity field u is Holder continuous, and
the complement of it has zero 1-D Hausdorff measure. Latter Lin [17] gave a simpler
proof for the CKN theorem, Lin’s method was used extensively by Seregin’s papers for
example in [3, 12]. These results are based on some regularity criterions when certain
dimensionless quantities are small. For liquid crystal system (1.1), Lin and Liu[20]
proved the following theorem.

Theorem(A). Let the triple (u, d, p) be a suitable weak solution to system (1.1). There
exist a small constant €, > 0, such that if

3
/ Wl + IVl + 113 < ey,
1

then u and d are smooth in Q; . In particular, for any 2o if
2

1

= lul® +|Vd|* < ¢, forall0<r<I1,
™ J0,Gy)

then z;, is a regular point.
We can drop the pressure p by Wolf” method of local suitable weak solutions, the proof
to see Sect. 5.

Proposition 1.2 Let the triple (u, d, p) be a suitable weak solution to system (1.1). There
exist a small constant €, > 0, such that if

3 3
. lu]” + |Vd|’ < g,
1

then u and d are smooth in a
2

There is another type of regularity criterion called the Ladyzhenskaya—Prodi—Serrin
condition (to see [13, 30, 36]). For system (1.1), [24] showed that if

0 ﬁ i
il = / < / |u|p) <,
-1 B

where §+§=l and (p,q) # (3,00), then the weak solution (u, d) is regular in

Q0 =Bx(—1,0), Serrin’s method [36] and Struwe’s method [38] dealing with
Navier—Stokes equations are applied. For the Borderline case where (p, ¢) = (3, ), [28]
showed that the weak solution (u, d) is smooth in R3 x (0, T'] when u € L*(0, T;L3(R3))
(also to see [25]). The (3, o) case requires a technique utilizing the backward uniqueness
of heat operator and unique continuation through spatial boundary, which was used to deal
with the Navier—Stokes equations in [3]. For general Lorenz space L>7(R3),3 < ¢ < o
case, we prove in [26] if u € L*(0, T;L>9(R3)) then (u, d) is smooth. For N-S equations we
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refer to [29]. For L>®(R%) case, Choe, Wolf and Yang [2] prove that if
u € L®(0, T;L>*(R?)) and an additional local small condition

Ll e Bl lu, )] > £l < (13)

then weak solution u of Navier—Stokes equations is smooth on Q,,(z,). Also to see Seregin
[35].

In this paper, we shall established the regularity of weak solutions of liquid crystals equa-
tions in Lorentz space L>*, the technicality is different from Navier—Stokes equations, the
main technique is to deal with the new norms. Our main results can be stated as following.

Theorem 1.3 Assume (u, d, p) is a weak solution of (1.1) with u € L®(0, T;L>®(R")).
There exists a positive constant € small with following property. If z, = (xy,1,) € Oy and
R > 0 such that Qg(zy) C Qr and (d, p) satisfy

C(Vd,R,zy) + D(p.R,z) < N,
for some 0 <r <R/2,

r_3|{x € Br(x()) . |M(X,t0)| > sr_l}‘ <e.

Then (u, d) is smooth in Q,,(z,). Here C(Vd, R, z) and D(p, R, z,)) are dimensionless quan-
tities in Sect. 2.

Theorem 1.4 Let (u, d) be a suitable weak solution to the liquid crystal equations in Qp

with u € L®(0, T;L>*(R")). Then there exist at most finite number N of singular points at
any singular time t.

2 Notations and preliminaries

Let us recall the scaling property of (1.1). Denote
u,(x, 1) = Au(Ax, A°t), p,(x,1) = Pp(Ax, A°1), d,(x,1) = d(ix, A*0).

If (u, p, d) is a solution in R3 x (0, T), then obviously (u,,p,,d;) s a solution to the follow-
ing equations

uy —Auy, +u, - Vu, + Vp, ==V -(Vd, © Vd,) in R3x (0, A*T),

Vou, =0 in R3x (0, A7),
d,,—Ad; +u,; -Vd, = —A*)(d,) in R3x (0, 7).
Thus, the scaling dimension of corresponding quantities are dimu = —1, dimp = -2, and

dimd = 0 (we assign x with dimension 1 and ¢ with 2). There are some useful dimension-
less quantities and we list them here, let z, = (x,, ;).
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A(u,r,z9) = sup r! / lul®dx,  E(u,r,zy) = 17" / | Vu|*dxdz,
B,(x) 0,(zp)

ty—r2<t<ty

-t L B0

16 Iy
Clu,r,z9) =17 / flull* dt, K(u,r,z)=r"> / |u|*dxdr,
0,(z9)

3
Cl(u,r,z0)=r_2/ lu|3dxdz, Dl(p,r,z0)=r_2/ |p| 2 dxdz,
0,(z9) 0,(z9)

_w [P
Dz 1) = / b2,

7
0= LS(Bxy)

Similarly, we denote these notations for Vd:

A(Vd,r,zy) = sup ! / |Vd|*dx, E(Vd,r,zy)=r"" / |V2d|*dxdz,
1o—r2<t<t, B,(x) Q,(z9)
Iy
C(Vd,r,z0)=r_]76 / Ivd|l* ., dr, K(Vd,r,zp) =r" / |Vd|*dxdz,
ty—r2 LS (B,(x)) 0,(z)

C(Vd,r,z) =172 / \Vddxdr,
0,(z9)

For simplicity when z;,=(0,0), we write A(u,r)=A(u,r,(0,0)) , and write
A(r) = A(u, Vd, r) = A(u, r) + A(Vd, r), and the meaning of E(r), C(r), K(r) are alike.

Next, we write down several facts about Lorentz spaces. We say a locally integrable
function f € [74(Q), if the quasi-norm below is bounded

o 1
1da 1
Wl oy = <P/ Mdf,g(“)”;) , g <oo,
0

2.1
|lf||um(g) = i‘ilg adf,g(a)’l” q =00,
where
dg(a) = [(x€Q : f@)] > a}l.
A basic fact for such spaces is
P cpPP =1 clPcP® = wa (2.2)

where 0 < g, <p<gq,<oo, and L!, is the weak-I” space. If |Q| is finite then
LM1Q)c L'(Q)forall0 < g < oo0and 0 < r < p,

11
”g”L'(Q) <1Qr "”g”uw(gzy (2.3)

Lemma 2.1 Let (u, d, p) be a weak solution to the liquid crystal Eq. (1.1) in Q = Q X (a, b).
Let zy = (x4, ty) and let p > 0 be such that Qp(zo) C Q. Foreveryr < (0, f]’ we have
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3

5 3 3 3 3
Do) <c(2)’ |4, . 20) B p,20)° + AV, p.20) E(Vd, .20
X 24
+ CiD(pyZ(y p)za

2 16
D(p’ rvz()) SC [(%) D(p7pvz())+ (é) ’ C(l/l, Vd,P,Zo)] . (25)

Proof Let z, = (0,0), we decompose p so that
P =pi+D
where p, satisfies in Bp for a.e. t € [—p?, 0], in the weak sense,

{ Apy = —divdiv(u @ u — [u @ ulp ) — divdiv(Vd ® Vd — [Vd ® Vd]p )
P1|aB,, =0.

And p, is a harmonic function in Bp, ie.,
Ap, =0.

Regarding p,, by theory of Laplace operator and Calderén—Zygmund theorem, we have

2
s 3
( / |p1|zdx)
B,

Sc(/ U@ u—[u@uly |> + |Vd®Vd—[Vd®Vd]Bﬂ|;)dx)

B,

SC/ Vul ] + |V2d|| V]
B/’

2
< {1Vl Nl sy, + 12l I Vel |

/ IPi* < P43 PET () + AT (VA ES (Vd, ).
o,

For x € B,,

1
ol e [ |p2|5c<—/ |p2|f>, 1> 1,
B, B,

ie., forr < g,
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3 3/2
—/ Ik / I 17
p14 - L5(B,)

Now,

so that

D, (p. r><—/ |p1|z+—/ ik

<e(ly |47 ) 0, p) + A3 (B, DE? (VL )]

0
cr 3/2 3/2
+ <||p||/ +1lp 1||/ )
pis J=p (8,) 5(B,)

0
r 3/2 r
5 / ”plll /z < _Dl(p17 p)v
2 ey TP

p14

r 0 3/2 r 3

L [ i} <o
—p? L3 (B P

2

pia

2 3 3 3 3 3
Di(p.1) < o 2) A . pES (. p) +AX (V. p)EF (VL p) +e2Dip. ).

On the other hand

we have

For x € B,,
2

we have

therefore,

1 1 14
Ipils <c [ uls +]|Vd|5,
B, B,

16

D(pl,r)<c< ) Cu, Vd, p).

3
7
7
P2 Cx, )] 5c<—/ |p2|sdx> ,
Bﬂ

2
_1s r
D(p,,r) =r"7 / ”Pz”2 5C<_> D(p,, p)
— L5 (B, P

2
Sc<£> [D(. p) + D(py. )]
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D(p, 1) Sc[D(p], r) + D(p,, 7))

<c (r> C(u, Vd, p) + ¢ D(py, 1)

cl</’> D@, p)+< ) Cu,Vd, p)]

IA

|

We use following analysis Lemma 2.2 which can be found in ([6], Lemma 6.1) to prove
local estimate Lemma 2.3.

Lemma 2.2 Let I(s) be a bounded nonnegative function in the interval [R,,R,]. Suppose
that for any s, p € [R,,R,]and s < p, the following yields

Is) < [a1(p = )" + ay(p— )7 + as(p— )7 +ay] +61(p),
witha > f >y >0,a;>0,i=1,2,3,4and 0 € [0, 1). Then,
IR)) < c(a, p,7)a;(Ry —R)™ + ay(R, — Rl)_ﬂ +a;(R, — R +ayl.

Lemma 2.3 Let (u, d, p) be a suitable weak solution to the liquid crystal Eq. (1.1) in
0 = Q X (a,b). Assume that z, = (xy,ty) and 1 > r > 0 with Q,(zy) C Q. Then the following
holds:

A, Vd,r[2,z0) + E(u,Vd,r/2,z)

< e|Cw, Vd, r.2)7 + Clu, r.2)3 C(Vd, 1.20)* + Clu, . 2) o

3
+ D(p. r.29) 1 Cu, r.29) |

Proof Let r/2<s<p<r<1, and Q,CQ,=Q. Choosing test function
ox, 1) = ﬂl(x)”lz(f) with 7, € CP(B,(xp)), 0 < <1 in R3, #,=1 on Bs(x(,), and
Ve, | < = )M, for all multi-index «, with |a] <3. And #, E C°°(t0 P2ty + oY),
0<n, <1inR, n)=1fortelt -2 , 1 + 52, with |n2(t)| < — e ‘2 < (— From the
local energy inequality we have
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'
/(|u|2 +|Vd|?)pdx + 2/ /(|Vu|2 +|V2d|*)pdxds
Q a Q
Iy ) )
< C/z ) [u]” + [Vd] ”W—IVZ(B‘,(XO))”V(@ + A¢)||L2(Bﬂ(xo))dt
0P
fy
b [ My 19 T
to=p? (2.8)

Ty
+C/ i ||IulIVdIIIw—n.z(Bp(xo))IIIVzdIIVqﬁI + IVdIIV2¢IIILz(Bp(XO))dZ
lo=p

Iy
/ / lpu- Vq§|dxdt+c/ / |Vd|*¢
ty—p? ty=p* J B,

=J +Jy+Jy+ T, + s

Here, we rewrite the term

/ / |Vd|? u - Vpdxdr = / / u® Vd) : (V¢ ® Vd)dxde.
to—p* to=p?

Denote
I(s) = sup / [Vd|*dx + sup / lu|?dx
to—s2<t<ty J By(xy) t0—3'2<r<t0 B(x)
Ty
+/ / |V2d|?dxds + / | Vu|*dxdt
19—s2 J By(xy) ty=s? J B,(xy)
=s5A(Vd,s,zy) + sAu, s, z) + sE(Vd, s, zy) + sE(u, 5, )
=1,(Vd,s) + I,(u,s) + I,(Vd, s) + I,(u, s),
and

I(u,s) =1,(u,s) + Lu,s), 1(Vd,s)=1,(Vd,s)+ 1,(Vd,s).

Estimate J,, J,, J5,J, and Js, respectively, as the following:

cp?

(p—s)°

Iy
2 2
J, < / [ul® + | Vd| ”W*LZ(B,,)dt
1y—p*

5
3 Iy 2
cp?
s@_QJ/’an+wmn%er

by Young’s inequality, we get

@ Springer



1718 X.Liuetal.

X ||V“||L2(B ) ||M||L2(B )
J, SC/ Nl 125 ~ o+ = || dr
ty—p? ’ p—Ss (p—9)

) 21ia % 1
) “Iul ” —I,Z(Bp)dt IZ(V’ p)z
—P

1
. 1
cp /0 212 2 L
+t—= [ael 1155, dt] 1y (u, p)?
(p—s5)? [ ty=p? HED

c sz )
+ u
(p— sy (p—s)‘*]/, ey, 4

i[(u p)+

similarly, we have

< /’o vd ”vzd”LZ(BP) ||Vd||L2(Bp) d
<c u -1, + t
sxe | IlVlllya, | —= T

<Livap 4 | v L / vl
= u
=gver (p (0 =5)] Jiy- wereas) &
For the term J,, using Holder’s inequality and Sobolev inequality, we have
)
J, < uVv
“‘C/,O_p 11,25 0 WVl 20,

1y 3
< 7
<c / Pl ;. IVGYBI., vl

=0 L3 (B,)

fy 4 3
se [ Wz, IV DN, + 1V G, | 1501
IO—

fo 7 ;
< —IIVMII / llpll® |IuIIs
Py 120, o) 2 ey )

f 3

. :

s IIuII . / el 7, Ml
(p—57 o e i,

p

1 1y 7 3
<, p>+—7/ ol llull’,
I

(p—s)5 I L35GB LiB,)

7
1 3 5
. T
+—[/ ol 2 ||79]
(P—s)l?l fo=p? i) L3 (B,)
7 3
1 ) 10 Iy 4 20
S T N VA
(p—S)S to=p* 3 (B,) w-p? L5 (B)
ﬁ
cp
+ﬂ_[

1 = 1 2
0 10 0 20
2 4
I / I~ ] [/ lloall™ 1 ] .
v U6 Up 56y

(p—s)5

5 N 1/2
= 4
Js <cpT [/ Ivdll* s ] -
t5—p? L5 (B,)
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From (2.8), using estimates above with respect to J;, J,, J3,J, and J5 we get

fy

1®<MH(2A/IM”WﬂM%Y

—r2

[ ¢ cr” ]/% T2 |2
+ + [ u + 1lu
(=52 (p=9*Jir W) W)

C}’% ty % ) %

2 2 4

+——ﬁ/|w7][/|wm] 29)
2L m) e L e)

(p—5)5
crﬁ 4 »
+ - 1 |M|| 14
(p — s)? I,‘O—rz IO—)Z (B,)

13 ) 4
ept /" Ivdll .
ty=p? LS B)

By Lemma 2.2, we have

-

)
2
/IM+WMM%J
ty—r2

Ty
-2
wr/ (11 V) + NP1 )
0

)

3 ty % Iy zlo
+aﬂ/|w%][/|wm]
wer i) e LS
5 fy 1/2
+cr7 [/ ||Vd||414 ] .
ty—12 L5 (B)

A, Vd,r/2,20) + E(u,Vd, /2, 7,)

2
<o L/ Mu|+|vm|m”u34
t(]—r

0
-3
HV/ZWWMW%ﬁWWWW)
to—r
1 z 1, l
68 0 10 0 20
- 2 4
+w4/|w7][/|wm]
w-r  L5(B) w-r> LS ®B)
. fo 172
+cri [/ ||Vd||414 ] .
T L3 ®8)

For f € L’*(B,(x,)) and ¢ € C (B, (xp)), we have

1(r/2) Scr_% [

Finally, we get

/2

(2.10)
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1720 X.Liuetal.

of (X)dx

SC/ [/ Wq)(y)ldy]lf(X)ldx
B,(xy) L/ B.(xy) lx = yI?

e Vo (y)l[/ lf(x)|2 ]dy
B(xo) B.(y) 1X— I

<l V(p”LZ(B,.(xO)) [T, (ZB,_(xO) lfl)”LZ(B,(xo))'

B,(xq)

where I, is the first order Riesz’s potential defined by

du(y)
LG = 5 XER
R X =yl
By using Hardy—Littlewood—Sobolev inequality, we have
U llw- 12(B,(x))) < (xp (xo)lﬂ)”LZ(B (Xo))

<cllfll e AN

LS(B( )) L5(B ()’

@2.11)

Applying (2.11) with f = |y|?> 4+ |Vd|? and f = |u||Vd|, we obtain

Ty

-3 2

N VAP g,
10*

-6 fo 4 4
<r7 <||M|| w IV, >
o LS (B) L3S (B)

= C(M, Vd’ rv Z())?

Iy
-3
(VWP )
I

072

< |l rz0) €V, 2% + Cl )|

O

We need the bounded estimates for C(Vd, r) and D(p, r) with the help of the bounded of
C(u, r).

Lemma2.4 Suppose that (u,d, p) is a suitable weak solution in Q,(z,) = B (xy) X (t, — 1, 1y).
Let

Clu,r,zg) <M forany0<r<1,

for M > 0. Then for every 0 < r < 1/4, we have the following estimates:

A, Vd,r/2,zp) + Eu,Vd,r/2,zy) + C(Vd,r/2,z,) + D(p,r/2,z;)
<cM,C(Vd, 1/2,zy),D(p,1/2,zy));
C,(u,Vd,r,zy) + D(p,r,z9) < c(M,D(p,1/2,2,),C(Vd, 1/2,zy)).

Proof Without loss of generality, we consider z, = (0, 0). It is easy to see that

C(Vd,r/2) < ¢|E(Vd, »i c(va, ri + cvd, nT|. 2.12)

@ Springer



A remark on regularity of liquid crystal equations in critical. .. 1721

Combining with (2.7) and (2.12) we obtain

C(Vd,r/2) <) |1 + C(Vd, 1} + D, | C(Vd, r)} o1

+cC(Vd,r)h.
Letr = 0p with 6 < i. From (2.5) (2.13), we have

C(Vd,r) + D(p, )¢
s )
<cM)O™s [14+077C(Vd, p)2 + 075D, p) | C(Vd, p)7
+c075 C(Vd, p)Ti +c03D(p, p)s + 0~ 3 C(Vd, p)s + c(M, 0)

Using Young’s inequality, we have

C(Vd,r)+ D(p,r)i <nC(Vd, p)+ (1 +cO)D(p, p)s + c(B, 1, M)

Set F(r) = C(Vd, r) + D(p, r)% .Choose # > 0 and 6 > 0 small enough, we have
F(r) < %F(p) +c.
By the standard iterating argument
C(Vd,r)+ D(p, r)g <cM,D(p,1/2),C(Vd, 1/2)), re (0, %].

So that for 0 < r < 1/4,
A, Vd,r)+ Ew,Vd,r)+ C(Vd,r) + D(p,r) < c(M,C(Vd, 1/2),D(p, 1/2)).

The estimates of C,(u, Vd, r) and D, (p, r) are immediate results. O

3 Proof of Theorem 1.3
We shall prove the following Proposition 3.1, Theorem 1.3 is an immediate result.

Proposition 3.1 Let (u, d, p) a weak solution of (1.1) with
el o 0 7120 moy) < M
Jor zy = (xy,ty) and R > 0 such that Qx(zy) C Oy, (d, p) satisfy
C(Vd,R,zy) + D(p,R, z,) < N.
there exists a positive number e(M,N) < i such that if for some 0 < r < R/2,

r-3|{x € B,(xy) © lulx,1p)| > er—‘}| <e, 3.1)

then there exists p € [2re, r] such that
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1
= lul® +|Vd|* < & (3.2)

2
P~ J 0,z

where g is the same number in Proposition 1.2.

Proof Let (u, d, p) be a weak solution of (1.1) with u € L*(0, T;L>*(R?). We assume

sup ||u()|l;3.0ps < M.
ose B 1O 63

Note that |d| < 1, we have (see [28])

1 1 1
2 7 1/2 3
IVdlle < eIVl 1IVdll}, <eclldl, 21Vl

Also since the real interpolation L* = [L%%, L3*], , holds, then
L

1 1 1 1
lullgs < cllull,lull . < llVall .M
N x

x

From energy inequality and estimates above we get
I, VIl 11,y < ¢(M, ), 34

which yields (u, d, p) is a local suitable weak solution of (1.1) and u € C([0, T];L*(R3)).

We use a contradiction argument for z, = (0,0) and R = 1. Fixed N, M > 0 if the asser-
tion of the proposition were false, then there would exist ¢, | 0, and suitable weak solu-
tions (uy, dy, p;) of (1.1) and r;, < 1/2 such that

Nt ll oo -1 0.3 3y < M5 (3.5)
C(Vd,, 1)+ D(p;, 1) £ N; (3.6)
(e B0 ¢ 10l > e} < e (3.7)
and for all p € [2r.€, 1],
1 / 3 3
— lu |” + |Vd,|” > gy/2.
7 Joo k k 0 (3.3)

Since for0 < r <1

0
_,—16/7 221y i
Cluy,r) =r /_r2 1B 1= Mt s s

4 4
SC ||uk||L°°(—1,O;L3-°°(Bl)) S M ’

combining the estimate and (3.6) with Lemma 2.4, we get, for0 < r < 1/2,
A(uy,, Vdy, r) + E(uy,, Vd,,r) + C(Vd,, r) + D(p;, 1) < c(M,N).

Similarly, for any z, € Q) , and 0 < r < 1/2, we have
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A(uy, Vdy, r,29) + E(uy, Vdy, r,20) + C(Vdy, 1, 20) + D(py, 1, 29) < (M, N).

Define, for (x,1) € Q,;l,

U, (x, 1) = ra(rx, r]%t),
Dy(x, 1) = di(rix, rit),
P(x,1) = r]%pk(rkx, r]%t).

(3.9)

Obviously, (U, Dy, P,) are weak solutions to system (1.1) with the right side of (1.1),
replaced by rif(Dk) in Qrk—l. Now, fora > 0,and ar;, < 1/2,

”Uk“LN(—r;‘,O;Ll""(Br;])) = ||uk||L°°(—l,0;L3v°°(Bl)) <M,
C(VD,,a)+ D(P,,a) = C(Vd,,ar,) + D(p;,ar;) <N,
CUy,a) =C(uy, ary)

0
-16/7 2/21 4
<(ary™/ / 1B, P2
— arg

(ar)?
Sellugllta gy S M
We have by Lemma 2.4 again
AU, VDy,a) + E(U, VD, a) + D(P,, a) (3.10)

+C,(Uy, VD, a) + D(P;,a) < c(M,N).

So that
0
4 2 2
||Uk”L4(Qa) <c [ ”Uk”LB,m(Ba)“Uk”Lé(Ba)

a2
0 0
2 2 2 2
<c [ MW WU g+ [ VBN o I

a

<caM*(A(U;,a) + E(U,, a)),

||VDk||i4(Qa) <ac(M,N)(A(VDy,a) + E(VD,a)).

Thus, the L7 estimate holds for (U, D, P,)in Q,, for any a > 0,

4 4 4 4 24 2 4 4
|U* + |VDL|* +[0,U, |3 +10,VD, |5 + |V7U,|5 + |V°VD,|5 + |VP,]|3 G
Q .

a

< cy(a, M, N).

By Aubin-Lion’s lemma, there exists a triplet (v, e, ¢) such that

U, — v, in L*(Q,),

VD, — Ve, inL*(Q,), (3.12)
3

P, —q, in L2(Q,),

and
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U, —v, VD,— Ve inC(~a®0}:L(B,)).

Using estimates above, the limit function (v, e, g) satisfy, in the sense of suitable weak
solutions on R3 X (—o0, 0),

v, —Av+v-Vv+Vg=-V.(Ve® Ve),
V.v=0, (3.13)
e,—Ae+v-Ve=0.

From (3.7) and (3.8), we get

|{x € BO) : |U,(x,0)] > ek}| <e. (3.14)
and for p € [2¢,, 1]
l 3 D 3 2
> [Ul” + IVD]” > gy/2. (3.15)
= Jo,
Taking limit we get
V('70) = 07 inBl(O), (3.16)
and for p € (0, 1]
%/ vI? + Vel > g,/2. (3.17)
P~ Jo,

The crucial point here is a reduction to backward uniqueness for the heat operator with
lower order terms as [3]. Set

Ve = ool i), e = elpex, pit), Gy = prq(piX, pit).
Then (v, e, g,) satisfy (3.13), and similar to (3.10) for any a > 0
A(vy, Ve, a)+E(v, Ve, a) + D(q, a)

+C,(v, Vey,a) + D(qy,a) < c(M,N). (3.18)
As before there exists a triplet (v,¢, g) is suitable weak solution of (3.13) such that
v, =7, in L*(Q,),
Ve, — Ve, in L33(Qa), (3.19)
4 =G, inL2(Q,).
and
Vv =¥, Ve, — V& inC([—a? 0L (B,)).
From (3.16) we get
¥(-,00=0, inR3, (3.20)
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from (3.17) and take p = p,

/ V1P + Vel > gy/2. (3.21)

On the other hand, for fixed zyand 0 < R < zL’ as (3.18)
T

A, Ve, R, zg) + E(vi, Ve, R, zp) + D(qy, R, 7p)

3.22
+ Cy (v Ve, R, 2) + Dy (e R. 20) < c(M.N). (3-22)

By the Fubini theorem, we have,

|{(x, 1 € R3 X (=T,0) : [¥(x,0)| > y}|

0
= / . dyy()dt <y MPT.

Hence, for any # > 0, there exists a B such that
{0 € ®R\BR X (=T.0) : {0l > 7} <.

Let Q,(z9) C (R*\Bg) x (=T, 0], by (3.22), we have A(V, Ve,0,z,) + E(, Ve, 0,zy) < C(M, N)
for any 0 < 8 < 1. Thus, by the interpolation inequality we have

63/3 / V1973 +|ve|'%dxdr < c¢(M, N).
0y(z9)
Thus

.6 1,2) < 710, (z0)] + // W dxdi

01N {VI>r}

0,(z) N {IV] > y}‘l/lo

3 i~
< ey’ + Vlipos, )
1
<e(y® +nn).

For any € > 0 we choose y and # such that C,(V, 1, z,) < €.
It is easy to see that, by [28] (to see Lemma 3.2),

K(V&,0,20) <c07C,(, 1,20’ [ACVE, 1,29) + E(VZ, 1,2)] + 02K (VZ, 1,2))

<c(M,N)O3e*? + 6?)
(3.23)

Utilizing (3.23) and Holder’s inequality we have
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C\(V2,0,2,) =67 / |ve|®
Qg(Zo)

s 10 % 2 ;
<leo / Vel 0‘3/ |Vel (3.24)
04(z9) 0(20)

<cM,N)K(Ve, t‘);zo)i
<M, N)(9—3/4€1/6 + 91/2).
Thus
Cl(\\); V’E’ 0’ Zo) S0—2€ + C(M,N)(6_3/4€]/6 + 9]/2).

First we take 6 such that c(M,N)8'/? <g,/2, then take e such that
072 + c(M,N)O~3/4e!/0 < g, /2, i.e.,

C, (7. V2.0.2,) < &

which implies that z; is a regular point by Proposition 1.2, therefor (v,¢, ) are smooth and
their derivatives are bounded in (R? \ B,g) X (=T /2,0). Next, we show

Ve(-,0)=0. (3.25)
For any B(y) and ¢ € C*(B(y)), since e is Holder continuous (to see following Lemma

3.2), we have

Ve(x, 0)pdx

B(y)

< / [Ve(x,0) — Ve (x,0)|dx +
B(y)

/ Verd
B()

< c||Ve(x, 0) = Ve (x, 0)[l a3y + C”;3 / le(x, 0) — e(0, 0)|dx
B, (ry)

<o(l)+ cr/:3r

i
<o(l).

k

The backward uniqueness theorem of parabolic equations [3], we conclude
ex,t) =0, in R¥*\B,z(0) X (=T/2,0].

Using unique continuation theorem of parabolic equation in the bounded domain again [3],
we conclude that

2x,n=0 inR>x(=T/2,0).
Thus, V satisfies Navier-Stokes equations in R3 x (=T7/2,0)

OV —AV+YV-VV+ Vg =0,
divw = 0.

Using (3.20) and backward uniqueness of heat operator again [3], we get
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Vx,£)=0 inR3x(-T/2,0),

which is a contradiction with (3.21). O
We need following lemma.

Lemma 3.2 Forv € L®(0, T;L>*(R?3)), if e satisfies in R> x (0, T)
d.e — Ae=—v- Ve.

Then e is Holder continuous.

Proof From [34], if v € L®(0, T;BMO~'(R?)), then e is Holder continuous. We only prove
the following inclusion relationship for 3 < p < oo,

S
LR c Bp,; "(R* ¢ BMO™Y(R?),

3

where L? (RY) = L**(R?) is the weak Lebesgue space, and BP,O: ”(R3) is a homogeneous
Besov space.

The first inclusion is obtained through Sobolev embedding and real interpolation. To be
specific, we write weak space Lfv a real interpolation

L} (R?) = (L*(R%), I’ (R?)).o,.

p

where 6 = %3

Notice we have the following two embedding relations
33
23y — 70 (3 — RO (M3 23
L°(R%) =F,,(R") =B,,(R") C B;,z (R?),
PR3 — FO (R3 0 (3
PR =F ,(R°) CB, (R,

where we have used Littlewood—Paley Theorem to characterize L" by the Triebel-Lizorkin
space F’ ?2 (for1 < r < o). Thus the identity map is bounded:

3.3
id : IA(R®) - 3;22(R3),
id : [P(R%) > ng(uqé).

By real interpolation, and (1 — @) - (% - %) +60-0=-1+ 5, this leads to

3

1+3 2
B,o" ®) = (B, (R),B) (R))y,
thus the identity map
) 3.3 Sl 142
id : LR = B, " (R*) C B, " (R%)

is also bounded. The second inclusion is obtained by using the heat kernel characterization
of the corresponding spaces, denote s = —1 + %
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—5 A
”f“Blvwo(R}):Sll(I;)”t 28[ fHUJ(RS)’
’ >

1

R? 2
1 A 12
Wl lsyom ey = sup —/ / e Payd |
BMOTED ™ rakso | 1B By Jo

Direct calculation yields:

o
Wl looss = sup / / |etAf|2dyd
MO ) = o |BR(X)I By(x)

< sup (1Bl / ([ 1etraya
0 Bg(x)

XER3,R>0

2

2
2
< sup | IByol / €311 0 ]
x€ER3,R>0 0

2R
S Sup |BR(x)| I,/O r”f“Bv (R3) ]

o=

XER3,R>0

< C||f||3;m(uz<3)-

The proof is thus finished. a

4 Proof of Theorem 1.4

Define for any r > 0 such that Q,(zy) C Oy,
Cy(u,r,29) = 1! / lul*, Cy(Vd,r,zy) =r"" / |vd|*.
0,(zo) 0,(z)

By interpolation inequality we have
C(Vd,R,zy) < A(Vd,R,z))%"C,(Vd,R, )" < c(cy, R).
and
C,(u,R,29) < cM*[A(u, R, zp) + E(u, R, 2y)].
where |[u| oo~ 1 913003y < M. On the other hand, by Calder6n-Zygmund theorem,
PO, s, < el VDDIE, g, for 1 <5 < oo,
and
(u, Vd) € L*0, T;L*(R?)),

which implies
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p € L0, T:LA(RY),
we have
D(p, R, zy) < c(cy, R).
Since forany 0 < r < R,
Clu,r,zg) < cM?,
by Lemma 2.4, we have for any 0 < r < R/2 and z, € Q X (0, T),Q cC R?,

A(u,Vd,r,zy) + E(u,Vd, r,zy) + C(u, Vd, r,z5) + C,(u, Vd, 1, 2,)
+ C(Vd, r,zp) + D(p, r,29) + D, (p, 1, 7)) 4.1
<c(M,R,cy) =N.

The number £(M, N) of Proposition 3.1 can be determined.

Let S be a singular points set of (u, d) at {(x, T) :x€e IR3}. Assume that it con-
tains more than M3~ elements. Letting P = [M?¢™*]+ 1, we can find P different sin-
gular points {(xk,T) k= 1,2,...,P} of the set S. We can choose R, <R such that
Bg (x) N By (x;) = @, k # [, and bounded domain € such that UleB r, (%) C €. According to
Proposition 3.1, for all r € (0, R,,/2], it holds true

€< %3 {x € B,(x}) : |u(x,T)| > %}‘ 4.2)

forall k = 1,2,..., P.In particular, taking r = r, = R,/2, we have
o1
£
Pe < sz 5 {x €B, (x) : |utx.T)| > r—}‘
=179

0

< % xe Ul B, (x) : lux, T)| > =
% = 0 r()
0
s% {xEQ s lux, T)| > i}‘
r Iy
0
-3 3
<e ”I/l(‘, T)”L}.oe(g)
<e”MP,
ie., P < M3¢* < P, which is a contradiction. O

5 Appendix: Proof of Proposition 1.2

According to the L? theorem of Stokes system in [5], if f € w-h(Q:R3),1 < g < o0, and Q
is a C! bounded domain, the following Stokes equations
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—Av+Vp=f1,
divv=0, [,p=0, .1
V|ag=0,

there exists exactly one solution (v, p) € W4(Q) x L(Q), and
1Vl oy + 1PNl o) < DIl w-ra)- 5.2)
Wolf’s the local pressure projection P, tell us,
P, WHQ) - WH(Q), P,K)=p.

As in [39], we have following Lemma.

Lemma 5.1 Let (u, d) be a weak solution of (1.1), then for every C* bounded sub-domain
Q, and any ¢ € C?(Q x (0,T)), there holds

T T
—/ /(u+Vph)-¢,—/ /(u®u+Vd®Vd+pll):V¢
0 Ja 0 Jo

T (5.3)
+/ /(Vu—pZI)Zng:O,
o Ja
ie,setvg=Vv:.:=u+Vp,
ov+diviu®u)+ Vp, + Vp, = Av -V - (Vd © Vd), (5.4)

where 1 is identity matrix, and

Pp= _,Pz(u)y
P1=-P3pu®@u+Vdo Vd),
p2 = Pz(AM)

In addition, following estimates hold for a.e. t € (0, T)

IVD, Ol ey < c lu@llpngy, 1<m <6,
Iy Ol 52 @) S ¢ llu @ u+ Vd © V|l 5, (5.5)
12Dl 12 @) < cIVu®ll2)-

Here ¢ > 0 depends on the geometry of Q and in (5.5); on m only. In particular, if Q is the
ball By(x,) then c in (5.5), depends only on m, while in (5.5), and (5.5); c is an absolute
constant.

Hence, we have local energy inequality, for p € C°(Q X (0, 7))
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/ (WO + VA0 +2 / / (Vv + V2P
Q 0 Q

s/ /(|v|2+|Vd|2>(wt+A¢>+/ /(|u|2u+|Vd|2v>-w
0 Q 0 Q
+/ /2(171+P2)V'V(P+2/ /“i”jai(ajl’hfp)
0 Q 0 Q
t
+2/ /(u-Vd)-(Vdv(p)
0 Q

t
+/ /2V2ph 1 (Vd o Vd)p — |Vd|*Vp, - Vo
0 Q

—2/ /VJ(d)Vd(p.
0 Q

Note that the suitable weak solution of (1.1) satisfies the local energy inequality (5.6).
From local energy inequality we can get the Caccioppoli-type estimates

(5.6)

2 2
Il W”L'“”(Q;qg) +1 VW||L2(QR/2)

—1/3 2 —1 3
S CR / ||W||L2(QR) + CR ”W”L3(QR)

(5.7)

Here, W = (u, Vd), and
2 _ 2 2
IWIE, o, =l g, + IV g

Q)
Obviously,
Cl (W’ r, Z()) = C] (I/l, Vd9 r, Z())s E(W7 r, Z()) = E(M, Vda r, Z(])'

Proposition 1.2 is an immediate result of following lemma and Theorem (A).

Lemma 5.2 Suppose that (u, d) is a local suitable weak solution of (1.1). Then there exist
universal constants €* > 0 and 0 € (0, %] with following property. For any € € (0, *]if

C1(W, I,Zo) <e,
then
C,(W,0,zy)) < e.

Proof We prove by contradiction. Let 6 € (0, i] be a constant to be specified later. Suppose
there exist a decreasing sequence {¢,} converging to 0, and a sequence of pairs of local
suitable weak solutions (u,, d,, p,) such that

Cl(Wn’ 19Z()) = 62’ (58)
and

Ci(W,,0,29) > €. (5.9
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dpn

Define (v,, ,,q,) = ( : ) then they satisfy

n

0V, +€,v, " an + Vg, = Av, —g,div(Ve, ®© Ve,), divy, =0,
de,+¢€,v, Ve, — Ae, = —c"2(|d,|* — 1))e,.
Write w, = (v,, Ve,,), then
Ciw,, 1,zg) =1, (5.10)
and
Ci(w,,0,zy5) > 1. (5.11)
Using the Caccioppoli estimate (5.7) we conclude
Wallzor, ) + 1V Wall20, ) < 6 (5.12)
which implies
W, = VWallzsiso, pn S IVWall 2o, s 1Wall o, o < €

The coercive estimate for the Stokes system (see, for instance, [27]) with a suitable cutoff
function implies

5 5 5 5
/ [0w,|% + V2w, +|Vg,|+ +|w,|* <c,
[}
3

where the constant c¢ is independent of n. Thanks to the compact embedding theorem and
(5.12), there exist w € L3 (Q1/5(zp)) and g € Li (@) 3(zp)) such that

w, > w=(,Ve) in L3 (Q1/3(zo)),
N
g, = q 1n Li(Q 3(zp).
Thus, (v, e, g) satisfy

0v—Av+Vg=0, divv=0,

de — Ae =0 2e.
Moreover

||W||L3(Q1/3(z0)) ||q||L1(Q /4(10))

By the classical estimate of the Stokes system [37], we get

sup |w| <c¢,
Q1/3(z0)

which implies that for0 < 8 < 1/3
Cl(W, 0, Z()) < C93~

This contradicts (5.11), if we choose 6 sufficiently small. The lemma is proved. O
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