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Abstract

In this paper we prove that if u is a solution to second-order hyperbolic equation
afu + a(x)o,u — (div, (A(x)qu) +b(x) - Vau+cu) =0 and u is flat on a segment
{xo} X (=T, T) (T finite), then u vanishes in a neighborhood of {x;,} X (=7, T). The novelty
with respect to earlier papers on the subject is the nonvanishing damping coefficient a(x) in
the hyperbolic equation.
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Mathematics Subject Classification 35R25 - 35L10 - 35B60 - 35R30

1 Introduction

In this paper we study strong unique continuation property (SUCP) for the equation
Oju+a(x)ou— L) =0, inB, x(-T,T), (1.1)

where p, T are given positive numbers, B 2 is the ball of R", n > 2, of radius p, and center
at0, a € L*(R"), L is the second-order elliptic operator

L) = div, (A®)V,u) +bx) - Vu + c(x)u, (1.2)

b e L*([R";R"), c € L*(R") and A(x) is a real-valued symmetric n X n matrix that satisfies
a uniform ellipticity condition and entries of A(x) are functions of Lipschitz class.

We say that Eq. (1.1) has the SUCP if there exists a neighborhood ¢ of {0} X (=T, T)
such that for every solution, u, to Eq. (1.1) we have
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||”||L2(3,><(_T,T)) =00"),YNeN, asr -0, = u=0,inld (1.3)

Property (1.3) was proved (if the matrix A belongs to C?), under the additional condi-
tion T = +o0 and u is bounded, by Masuda in 1968, [25]. Later on, in 1978, Baouendi
and Zachmanoglou, [5], proved the SUCP whenever the coefficients of equation (1.1) are
analytic functions. In 1999, Lebeau, [23], proved the SUCP for solution to (1.1) when
a=b=c=0. The proof of [23] requires the symmetry of the differential operator, and
there seems no obvious extension of the proof to the nonsymmetric case, in particular, to
the case of damped wave equation dtzu + a(x)o,u — Au = 0. We also refer to [29, 32] where
the SUCP at the boundary and the quantitative estimate of unique continuation related to
property was proved when a = 0.

The novelty of the present paper with respect to earlier papers, with finite T, is the non-
vanishing damping coefficient a(x) in the hyperbolic Eq. (1.1).

It is worth noting that SUCP and the related quantitative estimates, have been exten-
sively studied and today well understood in the context of second-order elliptic and par-
abolic equation. Among the extensive literature on the subject here we mention, for the
elliptic equations, [3, 4, 15, 19], and, for the parabolic equations, [2, 8, 20]. In the context
of elliptic and parabolic equations, the quantitative estimates of unique continuation appear
in the form of three sphere inequalities [21], doubling inequalities [13], or two-sphere one-
cylinder inequality [9]. We refer to [1] and [31] for a more extensive literature concerning
the elliptic context and the parabolic context respectively.

In the present paper we prove (Theorem 2.1) a quantitative estimate of unique continu-
ation from which we derive (Corollary 2.2) property (1.3) for equation (1.1). The crucial
step of the proof is Theorem 3.1, in such a Theorem 3.1 we exploit in a suitable way the
simple and classical idea of converting a hyperbolic equation into an elliptic equation, see,
for instance, [12, Ch.6]. Formally, such a classical idea consists in substitute, in (1.1), the
variable ¢ by iy. More precisely, the idea can be told as follows. Let us define the integral
transform

T
v(x,y) = [T u(x, DOt + iy)de, (1.4)

where the kernel @ is a holomorphic function in variable z = ¢ + iy. It is simple to check
that v satisfies the elliptic equation

afv + L(v) — ia(x)ayv = F(x,y), (1.5)

where F'is an “error term” which depends on u(-, +7), d,u(-, +T) and ®(+T + iy).

The use of converting a hyperbolic equation into an elliptic equation, in the issue of
weak unique continuation property (WUCP) for finite time 7, can be tracked back to Rob-
biano in 1991, [26], see also [27]. By WUCP for (1.1) we mean: let R be a given positive
number, there exists a neighborhood V of {0} X (=T, T) such that for every solution, u to
equation (1.1) we have

u=0,inByxX(-T,T) = u=0, in V. (1.6)

Subsequently, in [16, 28] and [30], the WUCP was studied in the general context of equa-
tion with partially analytic coefficients (not only of hyperbolic type) and the exact depend-
ence domain V was determined, see also [6, 17, 22] for the related quantitative esti-
mates. The above mentioned papers rely on the so-called Fourier—Bros—Iagolnitzer (FBI)
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transform that is an integral transform like (1.4) whose kernel is the Gaussian function
D) =\u/ 2me™<, where u is a large parameter. Although the FBI transform works very
well to prove the WUCP for equation (1.1), it seems no obvious whether the FBI works
well to tackle the SUCP.

In the present paper to prove SUCP for (1.1) we use integral transform (1.4) with
well-chosen family of polynomial kernels. More precisely, we define

T
Vi, y) = / u(x, )@t +iy)dt, VkeN, (1.7)
-T

where @, (t + iy) is a polynomial with the following property:

(a) @t +10) is an approximation of Dirac’s §-function,
() |@p(&T +iy)| < C¥|y|* for k € Nand |y| < 1, where C is a constant.

In this way functions v, turn out solutions to the elliptic equation
O}vy = ia(x)0,vy + L(v) = Fi(x,y), in By XR, (1.8)

where |F,| < C¥|y|¥, for k € N and |y| < 1. This behavior of F, allows us to handle in a
suitable way a Carleman estimate with singular weight for second-order elliptic operators,
see Sect. 2.3, in such a way to get u(x,0) =0 for x € B, where p < p,/C. Similarly, we
prove for every 1 € (=T, T), u(-,t) = 0 in B ), where p(t) = (1 — tT~"p. So that we obtain
(1.3) with U = U,E(_T’T)(Bp(,) X {t}). As a consequence of this result and using the WUCP,
we have that # = 0 in the domain of dependence of /.

The quantitative estimate of unique continuation that we prove in Theorem 2.1 can
be read, roughly speaking, as a continuous dependence estimate of u, from u

1By, x(=T,T)”
where r is arbitrarily small. The sharp character of such a continuous depenl()ience
result is related to the logarithmic character of this estimate, that, at the light of coun-
terexample of John [18], cannot be improved and to the fact that this quantitative esti-
mate implies the SUCP property. The quantitative estimate of strong unique continua-
tion (at the interior and at the boundary) was a crucial tool, see [33], to prove sharp
stability estimate for inverse problems with unknown boundaries for wave equation
0*u — div, (A®)V, u) = 0.

Before concluding Introduction, we mention an open question (to the author knowl-
edge). Such an open question concerns the SUCP, (1.3), for the second-order hyper-
bolic equation with coefficients that are analytic in variable ¢t and smooth enough (but
not analytic) in variables x. This is, for instance, the case of the equation

0u + a(x, Nou — Au =0,

where a(x, ) is smooth enough w.r.t x and analytic w.r.t. . Concerning this topic we men-
tion [24] in which it is proved that if u satisfies the conditions: (a) ({0} X (=T, T)) N suppu
is compact and (b) D/u(x, 1) = O(e7*/M), j = 1,2, for every k as x > 0,1 € (T, T), then u
vanishes in a neighborhood of {0} X (-7, T).

The plan of the paper is as follows: In Sect. 2 we state the main result of this paper,
and in Sect. 3 we prove the main theorem.
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2 The main results
2.1 Notation and definition

Let neN, n>2. For any xeR" we Wll}lz denote x = (x,x,), where
X =@,...,x,_) ER" x €Rand |x| = <ZJ','=1 sz) . Given r > 0, we will denote by

B,. B/ and B, the ball of R", R"~! and R"+! of radius r centered at 0, respectively. For any open
set Q C R" and any function (smooth enough) u we denote by V., u = (d, u, -+, 0, u) the gra-
dient of u. Also, for the gradient of u we use the notation D u. If j = 0, 1, 2 we denote by D.u
the set of the derivatives of u of order j, so Di)u =u, D}Cu = V,uand Dﬁu is the hessian matrix

{0, . u }?J—l' Similar notation is used whenever other variables occur and Q is an open subset of
X =

R"!or a subset R"+!. By H 7(Q), ¢ =0, 1,2, we denote the usual Sobolev spaces of order 7
(in particular, H(Q) = L*(Q)), with the standard norm

1/2
. 2
V)40 = ( D / |D’v(x)| dx> .
ogj<z 4@

For any interval J C R and Q as above we denote
WUQ) = {u € C°(J:HX(Q)) : o/ ue CO(IH*(Q)).£ = 1,2}.

We shall use the letters ¢, C, C,,, C}, -+ to denote constants. The value of the constants may
change from line to line, but we shall specified their dependence everywhere they appear.
Generally we will omit the dependence of various constants by n.

2.2 Statements of the main results

Let p > 0,7, A€ (0,1], A >0 and A; > 0 be given numbers. Let A(x) = {aif(x)}:ljzl be a
real-valued symmetric n X n matrix whose entries are measurable functions, and they satisfy
the following conditions

AEP <AWE-E< ATNE?,  foreveryx, & € R, (2.1a)

|AGx,) —AW)| < pA|x* —x|, forevery x,,x € R". (2.1b)
0

Letbh € L*(R";R") and a, c € L*(R") satisfy
Tla()| + T?p;' |b(x)| + T*|c(x)] < A, for almost every x € R”, 2.2)
Let
L(u) = div, (A@)V ) + b(x) - V. + c(x)u. (2.3)
Letu € W([-T, T];Bpo) be a solution to
Oju+a(x)ou—Lw) =0, ae. inB, x(-T,T). 2.4)

Let € and H be given positive numbers and let r, € (0, p,]. We assume
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T
Py T™! / / lux, )|’ dxdr < € 25)
-T /B,

and

70 20

—n+1 2 )
ZEI[nTT] (p() /B |u(x Z)| dx + Py /B |0tu(x, [)l dx) < H". (26)

Theorem 2.1 Let u € W([ T,TLB, ) be a weak solution to (2.4) and let (2.1), (2.2),
(2.5) and (2.6) be satisfied. For every a € (0,1/2) there exist constants s, € (0,1) and
C > 1depending on A, A, A, @ and Tp only such that for every ty € (=T,T) and every
0 < ry < p < sypg the following inequality holds true

(log po/ro))a(H +¢€)?
(log (e + He™!))"

pan/ |u(x, t0)|2dx <C .7)
B

i)

where

p(ty) = (1 = 11| T ")p.

The proof of Theorem 2.1 is given in Sect. 3.
The proof of the following corollary is standard (see, for instance, [32, Remark 2.2]),
but we give it for the reader convenience.

Corollary 2.2 (Strong Unique Continuation Property) Let u € W([—T, T];B po) be a weak
solution to (2.4). Assume that (2.1) and (2.2) be satisfied. We have that, if

1/2
T

<pa"T_1/ / |u(x,t)|2dxdt> =0@r)), VNEeN, asry,— 0,
-1 JB,,

then

polt
u(-,t) =0, for |x| + E < 80P 2.8)

where s, is defined in Theorem 2.1.

Proof We consider the case r=0; similarly, we could proceed for r#0. If
[|u(-, 0)]| I ( B ) = 0 there is nothing to proof, otherwise, if
50P0

||u("0)||’“2(3sopo) >0 (2.9)

we argue by contradiction. By (2.9) it is not restrictive to assume that

—n+1 2 _
te[ TT] </’0 /g lu(x, 1)]? dx + p A |0,u(x, 1) dx> =1. (2.10)

PO P0
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Now we apply inequality (2.7) with € = CNrJOV , H = 1 and passing to the limit as 7, — 0 we
derive

[EQUIAIIE CN™*?2, VN eN, @.11)
5000

by passing again to the limit as N — 0 in (2.11) we get ||u(:, 0)||L2 (B ) = 0 that contra-

S0P0

dicts (2.9). O

2.3 Auxiliary result: Carleman estimate with singular weight

In order to prove Theorem 2.1, we need a Carleman estimate proved by several authors;
here we recall [3, 15]. In order to control the dependence of the various constants, we use
here a version of such a Carleman estimate proved, in the context of parabolic operator, in
[11], see also [7, Sect. 8].

First we introduce some notation. Let P be the elliptic operator

P(w) 1= 07w + L(w) — ia(x)o,w. 2.12)
Denote
—1 2\ 1/2
otx,y) = (A7 Ox-x+y*) "7, (2.13)
B ={(x,y) €R™ : o(x,y) <1}, r>0. (2.14)
Notice that
B°_ CcB.cB Yr > 0.
Jir Cb, C VT r>0 (2.15)

Theorem 2.3 Let P be the operator (2.12) and assume that (2.1) is satisfied. There exists
constants C, > 1 depending on A, and A only and t, > 1 depending on A, A and A\, only

such that, denoting
"e G — 1
W(r) =rexp / Td” , (2.16a)
0

v,y = ‘P(o(x, »/ Zﬁ), (2.16b)

foreveryt > vyandw € Cy° <§0 \ {0}> we have

2viyc,
/ <Tl[/l_ZT
[RIH»I

2
Vx’yw| +T3y/_l_27|w|2>dxdy < C*/R 1;/2_2’|77(w)|2dxdy. 2.17)

n+1
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Remark 2.4 We emphasize that
Yr)~r, asr—0.

Moreover, ¥ is an increasing and concave function and there exists C > 1 depending on A,
and A such that

Clr<¥@<r, Vre(l]. (2.18)

3 Proof of Theorem 2.1
The primary step to achieve Theorem 2.1 consists in proving the following

Theorem 3.1 Let us assume py=1and T =1. Let u € W([—l, 1];Bl) be a weak solu-
tion to (2.4) and let (2.1), (2.2), (2.5) and (2.6) be satisfied. For every a € (0,1/2) there
exist constants sy € (0,1) and C > 1 depending on A, A, A, and a only such that for every
0 < ry <5 < 5 the following inequality holds true

log 1/ro)"(H + €)?
/ |u(x,0)|2deC( g1/r) - G.1)
B, (log (e + He'))
In order to prove Theorem 3.1, we define
1
Vi, y) = / ulx, ) (t + iy)dt, Vk €N, (3.2)
-1
where
o =m(1-2), z=i+iyec, 3.3)
and

= (/_] (1 —tz)kdz> : (3.4)

so that we have

1
/ @ tdt =1, VkeN. (3.5)
-1

My = \/E, as k — oo. 3.6)
s

We need some simple lemmas to state the properties of functions v;.

It is easy to check that

Lemma 3.2 We have
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1406 S.Vessella

logk
||Vk(" O) - u('y 0)||L2(B ) S C&, Vk € N, (3 7)
1 \/; .

where c depends on n only.

Proof By (3.2) and (3.5) we have

1
vi(x, 0) — u(x,0) = / (u(x, 1) — u(x,0))@, (Hdt, Vx € By;
-1
hence, by Schwarz inequality and integrating over B, we have

1
/ Vi (x, 0) — u(x, O)|2dx < / dx/ lu(x, 1) — u(x, 0)|> @ (Hdt =
B, B, -1

= / @ (Ddt / lu(x, 1) — u(x, 0)|*dx + / @ (Ddt / lu(x, 1) — u(x, 0)|dx,
[=7.r] B, [=LIN[=7.r] B,
(3.8)
where y € (0, 1) is a number that we will choose. Now we have

o) < w1 =y, vee -1, 11\ [-7,7]

and, by (2.6),

/ lu(x, 1) — u(x, 0)|>dx < *H>.

B,
Hence, by (2.6), (3.6) and (3.8), we have
[V 0) = uC, )| 25, < cH (r + K740 =y*)2),  for everyy € 0,1),  (3.9)
where ¢ depends on 7 only. Now, we choose y = k~'/? log k and we get (3.7). O

Lemma 3.3 Let u be a solution to (2.4), and let (2.1) and (2.2) be satisfied, then
v, € H? (Bl X (-1, 1)) is a solution to the equation

of,vk —ia(x)0,v; + L(v) = Fi(x,y), inB; XR, (3.10)
where F, € L®(—1, 1;L2(B1)) and it satisfies
G s, < CHkp |[V5yI!, Wy e [-1,1], (3.11)
C depending on A, only.
In addition, v, satisfies the following properties

k
et VG 2,y < 2" i, (3.12)
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[ er

/2

2 2(k+2)
Vx,yvk| >dxdy < C<r04kke32 + H* P <\/§r0) >, (3.13)

where C depends on A and A, only.

Proof The fact that v, belongs to H? (B1 X (-1, 1)) is an immediate consequence of differ-
entiation under the integral sign. Actually we have

1

a;"D;vk(x,y) = / 1 Dl u(x, t)a;,”((pk(H iy))dt, forj,m=0,1,2; (3.14)

hence, by Schwarz inequality and taking into account that u € W([—l, 1];31), we have
v, € H*(B; x (=1,1)).

Now we prove (3.10).

By integration by parts and taking into account that

: 1 :
0@t +iy) = 70},(pk(t + i),

,we have

1 1
/ o,u(x, e, (t + iy)dt = / o,u(x, 1)@, (t + iy)dt
—1 -1

1

= 1 .
= (u(x, t)tpk(t+ly))|§=1_1 -7 / u(x, 10, (t + iy)dt
-1
t=1

= (u(x, )@, (t + iy))|t:_1 + i0,v(x, y).

Hence, we have

1
—id, v (x,y) = —/ 0,u(x, D@ (t + iy)dt + (u(x, )@, (t + iy))|l:1_1. (3.15)
-1

Similarly, we have

1
Rve(x,y) = v (x,y) = — / 0 uCx, Dy (t + iy)di+
Y ) 1 (3.16)
+ Qulx. D@t + i) — (wlx. D@+ iy)|Z. .
Now, by (2.4), (3.14), (3.15) and (3.16) we have

9}y = ia(x)0,vy + L(vy) =

1
= - / {07uCx, 1) + a(x)o,u(x, 1) = La)(x, 1) } oy (¢ + iy)di + Fi(x,y) = Fy(x, ),
-1
(3.17)
where
Fi(x,y) = @ (1 + iy) (a@u(x, 1) + 0,u(x, 1)) — @} (1 + iy)u(x, 1)

= |ou(=1 + iy) (a@ulx, 1) + d,u(x, =1)) = @} (=1 + iy)u(x, =1)|.
(3.18)

@ Springer



1408 S.Vessella

and (3.10) is proved.
Now we prove (3.11).
It is easy to check that for every k € N we have

ol +iv)| = m (42 +3)°, wyeR, (3.19)

k=1)/2

@, (1 +iy)| = 2k (1+57) % (4% +3%) vy € R. (3.19b)

In addition, since

|t + )| = w [t = 2221 =) + (1 + 3?2,
we have
loct+iy)| < 25, V(ty) € [-1,11x [-1,1]. (3.20)

By (2.2), (2.6), (3.19a) and (3.19b) we have (3.11).
By Schwarz inequality and (3.20) we have, for any R € (0, 1],

1 1/2
sup ||vk(-,y)||Lz(BR)52’<uk< / / u2(x,r)dxdr> ; (3.21)
yel-1,1] -1 JB,

hence, for R = 1, taking into account (2.6), we obtain (3.12).
Finally, let us prove (3.13). For this purpose, we firstly observe that applying (3.21) for
R = r, and taking into account (2.5), we have

k
velohy O (3.22)

Afterward, since v, is solution to elliptic equation (3.10), the following Caccioppoli ine-
quality, [10, 14], holds

/~ VL},vk|2dxdy < Cr0_2[ <|vk|2 + ré\Fk|2>dxdy, (3.23)
B B

/2 [0

where C depends on A only. Finally, by (3.6), (3.11), (3.22) and (3.23) we get (3.13). O

Proof of Theorem 3.1 Set

\/Ero

8

r =

By (3.13) we have

[ en

4ry

2
Vx,yvk| >dxdy < Criou(e, 1)), (3.24)

where C depends on 4 and A, only and

) 2k+2

ole,ry) = 4ke* + HE (Cyry) ™, (3.25)
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where C, = 24/5471/2,
Now we apply Theorem 2.3.
Denote

wo(r) = ‘P(r/Z\/;) , forevery r > 0

and

Let us define
Cx.y) = h(y (x, y)).
where & belongs to C(z) (0, WO(2R)) and satisfies
0<h<l,
h(r)=1, Vre [y(2r). wo®)],

h(r) =0, Vre [0,wy(r,)] U [wo(BR/2),wy(2R)].
ri|W' ()| + rf|h"(r)| <e¢, Vre [wo(rl),wo(Zrl)],

[H@)|+ |0 e, Vre [w@R),w(3R/2),

where ¢ depends on A and A only. Notice that if 2r; < o(x,y) < R, then {(x,y) = 1 and if

o(x,y) > 2R or o(x,y) < ry, then {(x,y) = 0.

By density, we can apply (2.17) to the function w = v, and we have, for every 7 > 7,

.A
By

<TW1—27

where C depends on 4, A and A, only and

I, = /Tgo w2_27|Fk|2§’2dxdy,

2R

5=[u#%ﬂm%wwm
B()

2R

13 — /N lI/2—24:
Bl

2 2
Vx’yvk| Vm,g( dxdy.

Estimate of ;.
By (2.18) we have

— —-1/2 ~
< (WP + ) Pwey <G, Vi) €8,

where C, > 2 depends on 4 and A only.

2
Vx,y(é’vk)’ + T3W—1—2r|é’vk|2>dxdy < C(I1 +1,+ 12), (3.27)

(3.28a)

(3.28b)

(3.28¢)

(3.29)
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1410 S.Vessella

By (3.11), (3.28a) and (3.29) we have

I, = /Ep W2_2T|Fk|24’2dxdy < C;(Tfl) éa (|x|2+y2)l—r|Fk|2dxdy <

2R 2R

. (3.30)
< CHASH D /5 (Il +32)* " dxdy,
2R
where C depends on 4 and A only.
Now let k and 7 satisfy
k >T2> 70 (331)
By (3.30) and (3.31) we have
I, < CH*K5* 0. (3.32)
Estimate of I,.
By (3.12), (3.24) and (3.28b) we have
I, < Cr1_4 / B w2_27|vk|2dxdy + C[ B y/2_21|vk|2dxdy <
B, \B, Biro\Br
< C(rPwy  (rpoy(e, ) + HA kA g (R);
hence, by (3.29) we have
L < Cwy " (rpoy(e.ry) + Hk4 vy 77 (R)), (3.33)
where C depends on 4 and A only.
Estimate of 1.
By (3.28c) we have
2
Iy < Oy () /N |V
B \B,
(3.34)

2
A \ yvk| dxdy.
B° RO >

3R/2 \°R

Now in order to estimate from above the right-hand side of (3.34), we use the Caccioppoli
inequality, (3.11), (3.12) and (3.24) and we get

L SCrl_zq/g_ZT(rl)(rI_Z[ ~ |vk|2dxdy+r%% ~ |Fk|2dxdy>
i 0 B@ \B()

Ty \B/'1/2 4rp N /2

3.35
+Cu/§‘2’(R)<R—2 /~ |l dxdy + R? [ ) |Fk|2dxdy) < G
B@ 0 0 0

2R BR/2 28 \PR/2

< Coyle, Wy ™2 (r) + CHS 1Py, (R) =T,

where C depends on 4, A and A, only.

Letr, < gand let s be such that % <s< %. Denote
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s = \/Zs.

By estimating from below trivially the left-hand side of (3.27) and taking into account
(3.35), we get

_1- 2 —
lIIOI 21@[ ~ |vki +Wé 21(3‘)‘/~ ~
BB, BB,

where C depends on 4, A and A, only.
Now, by (2.15), (3.24) and into account that y,(5) > y(r,) we have

_1- 2 —
lI/OI 21(}‘)/; |vk| +W(§ 21(}‘)/;
B, B,

2 ~
V”vk| SC<11 +12+13)7 (3.36)

2
\Y x,ka| dxdy

5 (3.37)
“1-2¢ 2 Z1-2¢
< Cl,t/o1 2 G)/ <|vk| +r Vx,_\'vk| >dxdy < Cryo.(e, r,)lpol ().
B,
Now let us add at both the sides of (3.36) the quantity
2
wgl‘”(})ﬁ Ivk|2+w3‘2’®ﬁ Vx,yvk‘ dxdy
B, B,
and by (3.37) we have
—1-2¢ 2, 12 2 7
vy 6 | [l @ [ Vo] <c(n+n+T). (3.38)
BS B¢

where C depends on 4, A and A, only. Moreover, by (3.32), (3.33) and (3.35) we have
I + I, + 15 < Coyle, 1)y 75 () + CHAP S Coy 172 (R). (3.39)

Now by (3.29), (3.32), (3.33), (3.35) and (3.39) we have that if (3.31) is satisfied, then

/~ |vk|2+s2[
B}..\‘ B/l.‘

where C depends on 4, A and A, only and

l//()(}) 1+27 N W()(E) 1+27
a)T(e,r)=6(e,r)< > + H°k’5"C: < > . 3.41
EEE T TR TN () 2 \ wo(R) G40

2
Vx,yvk| <Coy, (3.40)

By a standard trace inequality, we have
5 / (- O < Caog (e, 1) (3.42)
By

and Lemma (3.2) implies

logk
SO <l == + o, (e, , .
S/Bm |u(-,0)] <\/7¢ o (€ r1)> (3.43)

@ Springer
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where C depend on 4, A and A, only.

Now, we choose k = 7 in (3.43) and using trivial inequality we have that for any 0 < a < %
there exist constants C; > 1and k, depending on A, A, A, and & only such that for every k > k,
we have

s/ . O)F < CSle[(Cﬂrl_l)zkaf + (C35)2k+1 +k_a]’ (3.44)
B
where
3
H, :=H+ee and g := .
H + ee

Let us denote

and put s = 5, by (3.44) we have trivially

B

e (3.45)

. loge,
k,=minspeZ:p2> .
2logr,

If k, > k,, then we choose k = k, and by (3.45) we have

s . 2 2 200 210g(1/r1) ¢
S/B,u/z |u( ,0)| < 2C3Hl (81 * < log(l/gl) ’ (346)

_ log2
07 2log(1/r))"

where
(3.47)

Otherwise, if k,, < k,, then

log e, h
n
2logr, < k(), ence

0ylog(1/€)) =

02€1 1002 < & log2
0 og?2.
2logr, g 008
This implies
27 2%t > 1,
that, in turns, taking into account (2.6), gives trivially

/ u(-, 0)> < H? < 4hoe " H? < 4% (H + eg)1 =002, (3.48)

B

Finally, by (3.46) and (3.48) we obtain (3.1), with s, = 24~'5. O
Conclusion of the proof of Theorem 2.1.
Lett, € (=T, T). It is not restrictive to assume ¢, > 0. Denote
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pltg) = (1=T7"1))py,  T(ty) = (1 —=T7'1,)T
and
U, n) = u(plty)y, nT(1g) + 15),  for (v, 1) € By X (=1,1).
It is easy to check that % is a solution to
af,U +a(y)a§U —LU=0, for(y,n)€B,x(=1,1),
where
LU = div, (A0)V,0) +B0) - V,U +E0)U,
Ap) = (Toy")'Alplte)y). @) = (T — tp)a(plty)y).
b = (T(T = 100, )b (p(a)y).  T0) = (T = 1) c(p(ao)y).
By (2.1a) and (2.1b) we have, respectively,
Alel> SAWE- & < AF'|EP,  forevery x,£ € R,
|Z(y*) —A(y)’ < ?—Zly* -y|, foreveryy,y€eR",
where
Ao = Amin{ (Tp3")*, (Tpg") 7}, and Ay = T2p; " A.
By (2.2) we have
[a)| + ’Z(y)| +[¢()| <A, for almost every y € R".

In addition, by (2.5), (2.6) we have, respectively,

1
/ / | UGy, m*dydn < €2(1 —1,771)™"
-1/
o

and

2 2 2 —1\"
max UGy, m)|2dy + |6,1U(y,n)| dy ) <H*(1 -1,
nel-1,1] B, B,
Now we apply Theorem 3.1. Denoting s = pp' we have 0 < rp;! < s < s,; therefore,

C (log(po/ro)a(H + e€)?
1-1,T-")" (log(e+He™"))" .

/ UG 0)Pdy <
<

Finally, come back to the variables x and ¢ we get (2.7). a

Acknowledgements The paper was partially supported by GNAMPA - INdAM.

@ Springer



1414 S.Vessella

References

o

10.

12.
13.

14.

15.

16.

17.
18.

19.

20.

21.
22.

23.

24.

25.

26.

27.

28.

29.

30.

Alessandrini, G., Rondi, L., Rosset, E., Vessella, S.: The stability for the Cauchy problem for elliptic equa-
tions. Inverse Probl. 25, 1-47 (2009)

Alessandrini, G., Vessella, S.: Remark on the strong unique continuation property for parabolic operators
Proc. AMS 132, 499-501 (2004)

Aronszajn, N., Krzywicki, A., Szarski, J.: A unique continuation theorem for exterior differential forms on
riemannian manifolds. Ark. Matematik 4(34), 417-453 (1962)

Bakri, L.: Carleman estimates for the Schrodinger operator Applications to quantitative uniqueness. Com-
mun. Partial Differ. Equ. 38(1), 69-91 (2013)

Baouendi, M.S., Zachmanoglou, E.C.: Unique continuation of solutions of partial differential equations and
inequalities from manifolds of any dimension. Duke Math. J. 45(1), 1-13 (1978)

Bosi, R., Kurylev, Y., Lassas, M.: Stability of the unique continuation for the wave operator via Tataru ine-
quality and applications. J. Differ. Equ. 260(8), 6451-6492 (2016)

Bourgain, J., Kenig, C.E.: On localization in the continuous Anderson-Bernoulli model in higher dimension.
Invent. Math. 161(2), 389426 (2005)

Escauriaza, L., Fernandez, J.: Unique continuation for parabolic operator. Ark Mat. 41, 35-60 (2003)
Escauriaza, L., Fernandez, F.J., Vessella, S.: Doubling properties of caloric functions. Appl. Anal. 85, (Spe-
cial issue dedicated to the memory of Carlo Pucci (eds) R Magnanini and G Talenti (2006)

Caccioppoli, R.: Limitazioni integrali per le soluzioni di un’equazione lineare ellittica a derivate parziali.
Giorn. Mat. Battaglini 4(80), 186-212 (1951)

Escauriaza, L., Vessella, S.: Optimal three cylinder inequalities for solutions to parabolic equations with Lip-
schitz leading coefficients. In: Alessandrini, G., Uhlmann, G. (eds.) Inverse Problems: Theory and Applica-
tions Contemporary Mathematics 333, pp. 79-87. American Mathematical Society, Providence (2003)
Garabedian, P.R.: Partial Differential Equations. Chelsea Publishing Company, New York (1986)
Garofalo, N., Lin, F.H.: Monotonicity properties of variational integrals Ap-weights and unique continua-
tion Indiana Univ. Math. J. 35, 245-267 (1986)

Giaquinta, M.: Multiple Integrals in the Calculus of Variations and Nonlinear Elliptic Systems. Princeton
University Press, Princeton (1983)

Hormander, L.: Uniqueness theorem for second order elliptic differential equations. Commun. Part. Differ.
Equ. 8(1), 21-64 (1983)

Hormander, L.: On the uniqueness of the Cauchy problem under partial analyticity assumption. Geometri-
cal Optics and related Topics PNLDE (32) Birkhduser, eds. Colombini-Lerner (1997)

Isakov, V.: Inverse Problems for Partial Differential Equations, vol. 2. Springer, New York (2006)

John, F.: Continuous dependence on data for solutions of partial differential equations with a prescribed
bound. Commun. Pure Appl. Math. 1, 551-586 (1960)

Koch, H., Tataru, D.: Carleman estimates and unique continuation for second-order elliptic equations with
nonsmooth coefficients. Commun. Pure Appl. Math. 54(3), 339-360 (2001)

Koch, H., Tataru, D.: Carleman estimates and unique continuation for second order parabolic equations
with nonsmooth coefficients. Commun. Partial Differ. Equ. 34(4-6), 305-366 (2009)

Landis, E.M.: A three sphere theorem. Soviet Math. Dokl. 4, 76-8 (1963)

Laurent, C., Léautaud, M.: Quantitative unique continuation for operators with partially analytic coeffi-
cients application to approximate control for waves. J. Eur. Math. Soc. 21(4), 957-1069 (2019)

Lebeau, G.: Un probléme d’unicité forte pour 1’équation des ondes. Commun. Part. Differ. Equ. 24, 777—
783 (1999)

Luca, M. P.: Strong unique continuation for hyperbolic operators. Thesis (Ph.D.)-Purdue University. pp.
71. ISBN: 978-1303-32138-2 (2013)

Masuda, K.: A unique continuation theorem for solutions of wave equation with variable coefficients. J.
Math. Anal. Appl. 21, 369-376 (1968)

Robbiano, L.: Thoreme d’unicité adapté au contrdle des solutions des problémes hyperboliques. Commun.
Partial Differ. Equ. 16, 789-800 (1991)

Robbiano, L.: Fonction de cofit et contrdle des solutions des équations hyperboliques. Asymptot. Anal. 10,
95-115 (1995)

Robbiano, L., Zuily, C.: Uniqueness in the Cauchy problem for operators with partial holomorphic coef-
ficients. Invent. Math. 131(3), 493-539 (1998)

Sincich, E., Vessella, S.: Wave equation with Robin condition, quantitative estimates of strong unique con-
tinuation at the boundary. Rend. Istit. Mat. Univ. Trieste 48, 221-243 (2016)

Tataru, D.: Unique continuation for solutions to PDE’s; between Hormander theorem and Holmgren theo-
rem. Commun. Part. Differ. Equ. 20, 855-884 (1995)

Springer



Strong unique continuation for second-order hyperbolic... 1415

31. Vessella, S.: Quantitative estimates of unique continuation for parabolic equations, determination of
unknown time-varying boundaries and optimal stability estimates. Inverse Problems 24, 1-81 (2008)

32. Vessella, S.: Quantitative estimates of strong unique continuation for wave equations. Math. Ann. 367(1—
2), 135-164 (2017)

33. Vessella, S.: Stability estimates for an inverse hyperbolic initial boundary value problem with unknown
boundaries. SIAM J. Math. Anal. 47(2), 1419-1457 (2015)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

@ Springer



	Strong unique continuation for second-order hyperbolic equations with time-independent coefficients
	Abstract
	1 Introduction
	2 The main results
	2.1 Notation and definition
	2.2 Statements of the main results
	2.3 Auxiliary result: Carleman estimate with singular weight

	3 Proof of Theorem 2.1
	Acknowledgements 
	References




