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Abstract

We study the Hermitian curvature flow of locally homogeneous non-Kéhler metrics on
compact complex surfaces. In particular, we characterize the long-time behavior of the
solutions to the flow. We also provide the first example of a compact complex non-Kéhler
manifold admitting a finite time singularity for the Hermitian curvature flow. Finally, we
compute the Gromov—Hausdorff limit of immortal solutions after a suitable normalization.
Our results follow by a case-by-case analysis of the flow on each complex model geometry.
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1 Introduction

The Hermitian curvature flow (HCF shortly) is a strictly parabolic flow of Hermitian met-
rics introduced by Streets and Tian [22]. The flow evolves an initial Hermitian metric in the
direction of its second Chern—Ricci curvature tensor modified with some first-order terms
in the torsion.

More precisely, let (X, g,) be a Hermitian manifold. The solution to the HCF starting at
8o 1s the family of Hermitian metric g(¢) satisfying

9,8(t) = —S(g() + 0g®),  (0) = gy, (1)
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where S(g) is the second Chern—Ricci curvature tensor and Q(g) is a (1, 1)-symmetric ten-
sor which is quadratic in the torsion components of the Chern connection (see Sect. 2).
The flow arises from the unique Hilbert-type functional of Hermitian metrics for which §
is the leading term of the respective Euler—Lagrange equation. Moreover, when the starting
metric is Kéhler the HCF reduces to the Kéhler—Ricci flow and, in the compact case, it is
stable near Kihler—Einstein metrics with non-positive Ricci curvature [22].

Motivated by the above arguments, we carry out an analysis of the HCF on locally
homogeneous compact complex surfaces. Actually, one of the main reasons in studying
this new flow is to refine the Enriques—Kodaira classification of compact complex sur-
faces, as canonical metrics could appear as limit points of the flow (see e.g., [20]).

Our first main result completely characterizes the long-time behavior of locally
homogeneous non-Kéhler solutions, namely

Theorem A Let X be a compact complex surface and g, a locally homogeneous non-Kdhler
metric on X. If the solution to the HCF starting from g, develops a finite time singularity,
then X is a Hopf surface. Conversely, any locally homogeneous solution to the HCF on a
Hopf surface collapses in finite time.

It is worth noting that Theorem A provides the first example of a compact manifold
developing a finite-time singularity for the HCF. Moreover, we restricted our analysis
to starting non-Kihler metrics since the behavior of Kihler solutions is already known
(seee.g., [5, 17, 24]).

Our second main result concerns the Gromov—Hausdorff limits of immortal normal-
ized solutions to the HCF, namely

Theorem B Let X be a compact complex surface, g, a locally homogeneous non-Kdhler
metric on X and g(t) the solution to the HCF starting from g,.

1. If X is either a hyperelliptic or Kodaira surface, then (X, (1+t)_1g(t)) converges to a
point in the Gromov-Hausdorf{f topology as t — .

2. IfXis a non-Kdhler properly elliptic surface, then (X, (1+t)_1g(t)) converges to its base
curve (C, g ) in Gromov—Hausdorjf topology ast — oo, where Ric(g_) = —g_.

3. IfXis an Inoue surface, then (X , (1+t)‘1g(t)) converges to a circle in Gromov—Hausdorff
topology as t — oo.

We point out that the arguments used to prove (2) and (3) in Theorem B are analo-
gous to those used by Tosatti and Weinkove in [26] for the Chern-Ricci flow (see also
[7, 25, 27]), and the limit spaces arising in our context are the same. We highlight that
cohomological aspects of compact complex surfaces along the Chern-Ricci flow were
investigated in [1], and it would be interesting to carry out a similar analysis also for the
HCF.

Our results can be thought of as a first step in the study of the HCF on complex non-Kéhler
surfaces. In the same spirit of [3, 10], we expect the blowdown of any immortal locally homo-
geneous solution to converge to an expanding soliton. Nonetheless, at the moment we are not
able to confirm this statement. In this direction, in [9] the second named author, Lafuente
and Vezzoni proved that long-time existence of left-invariant solutions to the HCF is always
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Hermitian curvature flow on complex locally homogeneous. .. 817

guaranteed on complex unimodular Lie groups and such solutions always converge under a
suitable normalization to an expanding algebraic soliton (see also [12]).

We stress that different choices of the tensor Q in (1) give rise to an interesting family of
geometric flows generalizing the Ricci flow to the Hermitian non Kéhler setting. In particu-
lar one can choose Q to preserve different geometric conditions, making each of these new
flows well-suited to investigate a certain problem. Among these, one of the most studied is
the pluriclosed flow (PCF shortly), which preserves the pluriclosed condition ddw = 0 (see
e.g., [18-21, 23]). In [3] Boling studied the pluriclosed flow on complex surfaces proving
long-time existence and convergences results; while, In [2] Arroyo and Lafuente showed that
normalized left-invariant solutions to the PCF on 2-step nilmanifolds and almost-abelian Lie
groups always converge to expanding solitons (see also [6, 14]).

Let us also mention that recently Ustinovskiy [28, 29] found a new flow in the HCF family
which preserves both the Griffiths-positivity and a finite dimensional space of distinguished
metrics called induced metrics. We mention that related works have been recently appeared
(see e.g., [11, 13]) and it would be interesting to analyze Ustinovkiy’s flow on compact com-
plex surfaces in the same fashion as we did in this paper.

The paper is organized as follows. In Sect. 2 we recall some basics on HCF, complex
model geometries and Gromov—Hausdorff convergence. In Sect. 3 we explicitly compute the
HCEF tensor of each compact complex surface considered throughout the paper. In Sect. 4
we prove Theorems A and B by a case-by-case analysis of the involved equations. Finally,
in the "Appendix’’ we explicitly write the components of the HCF tensors K for our class of
surfaces.

2 Preliminaries
2.1 Basics on HCF

In the sequel, we describe the evolution equation of the Hermitian Curvature Flow on a com-
plex manifold X = (M, J). Given a Hermitian metric g on X, we denote by V its Chern con-
nection, by Q its Chern curvature tensor Q(X,Y) :=[Vy, Vy] — V|yy, and by § its second
Chern-Ricci curvature (we use the same convention adopted in [22]), i.e.,

S; 1= 87 Q.

L)

Let also 7 be the torsion of V and consider the tensor Q = Q; defined by

0 :=%Q1—%Q2—%Q3+Q“, 1
where
Q,IJ = gingmnquf"l’ Qi 1= gfkgqukijg;ﬁ,
Q) =g g Ty Ty O 1= %gikgqm(kaquﬁ + T Ti)- @

Notice that in the formulas above

T = 8Ty, T 3=gkiT§’ ") 1= (gp™".
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818 F. Pediconi, M. Pujia

Then, given a Hermitian metric g, on X, the evolution equation of the HCF on X starting
from g is given by

9,81) = —K(g(0),  80) = g, 3)

where K := S — Q. Henceforth, we will refer to K as the HCF tensor.

2.2 HCF tensor on Lie groups

Let (G, J, g) be areal Lie group G equipped with a left-invariant Riemannian metric g and a
left-invariant complex structure J such that g(J-,J-) = g(-,-). Let also g := Lie(G) and

HeENG®g uXY) :i=[XY]

In the following, we compute the components of the HCF tensor in terms of the structure
constants of g.

Let {Z,,...,Z,} be a left-invariant frame of T'°G. Since the Chern connection is the
unique Hermitian connection with vanishing (1,1)-part of the torsion, it follows that

V3 Z, =V, 2+ w2y Z,)
or, in terms of the Christoffel symbols of V

Ty =My Tip =My
On the other hand VJ = Vg = 0 implies
8(V2 2., Z) = —8(2,,N 3, Z) = —8(Z;, w(Zy, Z))
and hence
Ty =88y @)
By definition, we have
Qkiij = g(vZkafZi’Zj) - g(VZfVZkZi’Zj) g(vy(Zk Z/) )
with
8(Vz V3,2 /) 8l l—ir gpj”f Fp

P
g(VZf VZkZl’ j) ngrlrdrﬁr gp/'ufrr;;’

g(vll(ZA Z/)Zl’ ]) gpj(ﬂkfrlr)z +M Mp)
Thus, the second Chern—Ricci curvature S takes the form
__fk_rP_Pr_rp_Fp
S5 =88 (up U = 1z Ut = 1L = Myght):
or, equivalently,

’k v q
Sj = =8 8,18 &g M = &7 8ig WHE. = &7 8iq M - + T HL).
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Hermitian curvature flow on complex locally homogeneous. .. 819

On the other hand, since T; = V, Z; — VZ,_ZI- — u(Z;, Z), from (4) we have

Ts = —g™ gjahl; + 8" ikl — 1}

and hence
Tig = =8jaky, + Giaky; = Gmihy;- )

Therefore, the explicit expression of the tensor Q can be recovered from (1), (2) and (5).
Indeed,

;= 8" 8™ (=giaky; + 8iaklyy — 8ughi)(—8uity: + 8uHy - = Lurhp):
2 Ck ,a a a ) b b 7
Q; = 878" (=8mak, T 8uak, — 8iiHin)(8ugH; t 8uibiy — Sirkz,)s
3 Ck ,q a a b b 7
Q; = 878" (=8kaHz, + Siakt s, = 8uiMi) (= 8bgh, i t Bijhug — 8mrky):
24_ikqm_ a A 0 0V Vo b b _ 7
Q= 8"°8" | (=8iaky,, + Bmakyy, = 8vity)(=8uiHiy + 8oghs = 8irh )

) ) ) ) ]
+ (=8iat, + 8malsy = 8k (~8biHiy + 8ghs — Sk p) |-

2.3 Complex model geometries

In this subsection, we recall some basics about the geometry of locally homogeneous
Hermitian manifolds. In particular, we focus on compact locally homogeneous Hermitian
surfaces.

A Hermitian manifold (X, g) is locally homogeneous if the pseudogroup of local auto-
morphisms of (X, g) acts transitively on X, i.e., for any choice of x,y € X there exist
neighborhoods U,, U, C X of x and y, respectively, and a holomorphic local isometry
f + U, — U, such that f(x) = y. If in addiction (X, g) is compact, then its universal Her-
mitian covering (X, g) is globally homogeneous (see [16]) and hence it admits a left coset
presentation X = G/H for some closed subgroup G C Aut(X, g). Here, with a slight abuse
of notation, we denote by g both the Hermitian metric on X and its pullback on the univer-
sal cover X.

Motivated by this, we recall the following

Definition 2.1 A complex model geometry of dimension n is a pair X,G) given by a con-
nected, simply-connected n-dimensional complex manifold X and a real connected Lie
group G such that:

® G acts properly, transitively and almost-effectively by biholomorphisms on X;
e G contains a discrete subgroup I' C G with I'\X compact.

If G is a minimal group with such properties, then the complex model geometry is said to
be minimal.

Let (X G) be a_complex model geometry. A Hermitian manifold (X, g) has geometric
structure of type (X G) if X is the universal cover of X and the pulled-back metric g on X
is invariant under the action of G. Of course, if (X, g) has a geometric structure, then it is
locally homogeneous. On the other hand, by the previous observation, any compact locally

@ Springer
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homogeneous Hermitian manifold has geometric structure of type ()? , G) for some minimal
complex model geometry (X, G).

By the Riemann Uniformization Theorem, it is known that there exist exactly three min-
imal complex model geometries of dimension 1, that are

(C,0), (CP',SU(2), (CH'SU(1,1)).

Here, the group G acts on the respective space X in the standard way.
Subsequently in [30, 31] Wall classified all complex model geometries of dimension 2.
In particular, he proved the following

Theorem 2.2 ([30, 31]) If()N(, G) is a minimal complex model geometry of dimension 2,
then one of the following cases occurs:

1. ()N(, G) = ()Nfl X }Nfz, G, X G,) is the product of two complex model geometries of dimen-
sion 1.

2. ()N(, G) = (CP?%,SU®3)) orN()N(, G) = (CH?,SU(2, 1)), both considered endowed with the
standard action of G on X.

3. X =(G,J)where G acts on itself by left translations and J is a left-invariant complex
structure.

Remark 2.3 If ()N(, G) i§, one of the model listed in (1) or (2) above, then any Hermitian
G-invariant metric on X is necessarily Kéhler—FEinstein.

2.4 Gromov-Hausdorff convergence

We collect here some basic facts about Gromov—Hausdorff convergence of compact metric
spaces. We refer to [4, Sect. 7.3.2] and [15] for more details.

Let Z = (Z,d,) be a metric space and X,Y C Z two compact subsets. The Hausdorff
distance between X and Y is given by

dist!(X, ) :=inf{e >0 : X C B.(Y) Y C B.(X)},
where B (X) :={x € Z : d;(x,X) < e} is the e-tube of X in Z. The pair

<{compact subsets of Z}, disti)

is also a metric space and it is compact if and only if Z is compact as well.
Let now X = (X,dy), Y = (Y,dy) be two compact metric spaces. The Gromov—Haus-
dorff distance between X and Y is defined as

dist,_(X,Y) := inf { dist” (¢, (X). (1)) }

where the infimum is taken with respect to all metric spaces Z and all pairs (¢;, ¢,) of
isometric embeddings ¢, : X - Z and ¢, : ¥ — Z. Letting X denote the set of isometric
classes of compact metric spaces, it turns out that (X, distGH) is a complete metric space.
Therefore, given a one-parameter family {X,},c(o ) and an element Y both in X', whenever
lim,_, ;- dist_ (X, Y) = 0 we write
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Hermitian curvature flow on complex locally homogeneous. .. 821

GH
X,—Y ast—>T"

and we say that X, convergences in the Gromov—Hausdorff topology to Y.

Finally, a GH e-approximation between two metric spaces X, Y € X, with € > 0, is a pair
of non-necessarily continuous maps ¢ : X — Y and y : Y — X satisfying for any x,x’ € X
andy,y €Y

|dy(x,x") — dy (@), p(X"))| < €,  dy(x,(wop)(x)) <,
|dy(y.y") — dx(w). w ()| <€, dy(y,(@ow)(y)) < €.

Remarkably, if there exists a GH e-approximation (¢,y) between X and Y, then
distGH(X, Y) < %e (see e.g., [15, Lemma 1.3.3]).

3 HCF tensor on complex model geometries

The aim of this section is to compute the HCF tensor K of any 2-dimensional complex model
geometry ()N( ,G) endowed with an invariant metric g. By means of Remark 2.3, we will
restrict our discussion to those minimal complex model geometries arising from (3) in Theo-
rem 2.2. Hence, following [3, Sec. 2.2], we list below all the connected, simply-connected real
4-dimensional Lie groups which admits a left-invariant complex structure, their compact quo-
tients according to Enriques-Kodaira classification and their HCF tensors. We mention here
that all the computations were made with the help of the software Maple.

In the following, given a connected, simply connected 4-dimensional real Lie groups
(G, J) equipped with a left-invariant complex structure, we will consider a fixed left-invariant
(1, 0)-frame {Z,, Z, } and we will denote by {£, {2} its dual frame. This allows us to write any
left-invariant Hermitian metric g on (G, J) in the form

g=xC1Oé:l+yCZO§2+ZCl®52+Z§2®EI, (6)
with x,y € R., z € Cand xy — |z]*> > 0.

Remark 3.1 We refer to the "Appendix’’ for an explicit computation of the HCF tensors
written in the following.

3.1 Complex tori

The Lie group is G = R*, which is abelian and admits a unique left-invariant complex struc-
ture J.. In this case, the HCF tensor of any left-invariant metric on C? = (R*,J,) is just
K = 0. Compact quotients of C? are complex tori.

3.2 Hyperelliptic surfaces

The Lie group is G = SF\E(Z) X R, where éT-E(Z) is the universal cover of the special Euclidean
group SE(2) := SO(2) X R2 It admits a unique left-invariant complex structure J and the
structure constants y of its complexified Lie algebra are

uz,.2,) = 7,, M(lezz) =-Z.
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822 F. Pediconi, M. Pujia

The HCF tensor of a left invariant Hermitian metric on (é‘E(z) X R, J)is given by
)z P P
Qv =1z 7T =1z TR Gy = 2P

Compact quotients of (§E(2)x IR,J) are hyperelliptic surfaces, which admit Kéhler
metrics.

K=

3.3 Hopf surfaces

The Lie group is G = SU(2) X R. It admits a one-parameter family J, of left-invariant com-
plex structures, with A € R, and with respect to J, the structure constants y = yu, of its com-
plexified Lie algebra are

UZ,Z) =27y, uwZ,Zy) =2y, u(Zy,Z)=(=1+V-10)Z +(1+V-11)Z,.
The HCF tensor of a left-invariant Hermitian metric on (SU(Z) XR,J ﬂ) is given by

L+ 22+ z2P2x% + |23

Kj =

(xy — |z]%)?
(14 A2 z]* + 20y — [213)? + 21207 + 2]z1*) — 2(1 + A)x*(xy — |z]%)
Ky = = .
(xy = 1z%)
xZ(A2 + (x +y)?)
K= ———s—

(xy — |z]%)?

Compact quotients of (SU(2) XR,J /1) are Hopf surfaces, which are non-Kéhler.

3.4 Non-Kahler properly elliptic surfaces

The Lie group is G = §I:(2, R) X R, where §I:(2, R) is the universal cover of SL(2, R). It
admits a one-parameter family J; of left-invariant complex structure, with A € R, with respect
to which the structure constants 4 = u, of its complexified Lie algebra are

uZ,,2,) = V-17,, ,M(ZI,Z2) =V —121,
y(Zl,Zl) =(=A+V-1Z,+ (41 + \/—I)ZZ.
The HCEF tensor of a left-invariant Hermitian metric on (§f,(2, R)XR,J A) is given by

(1 + 22y |z]* = 2(xy = |23 + 2] (2 = 2]z?) — 2(1 + A2)y*(xy — |2]?)

K=
a Gy — |z]2)?
A2yt + (% = |z]*)?
Kp= 22
(xy — 1z1?)
ya(A%? + (x — y)?)
Kip = 22
(xy = 1z]%)

Compact quotients of (§I:(2, R)XR,J ,1) are non-Kihler properly elliptic surfaces.
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3.5 Primary Kodaira surfaces

The Lie group is G = R X H3(R), where H;(R) is the three-dimensional real Heisenberg
group. It admits a unique left-invariant complex structure J and the structure constants y of its
complexified Lie algebra are

ﬂ(Zl’ZI) =V-1(Z,+ Z2)-
The HCF tensor of a left-invariant Hermitian metric on (R X H;(R),J ) is

P ol 2 0 o < D PO
- ’ 22 — s 2= .
" (y — 12?2 y—1z2? TP Gy -1z

Compact quotients of (R x H3(R),J ) are primary Kodaira surfaces, which are non-Kéhler.

3.6 Secondary Kodaira surfaces

The Lie group is G = R X H;(R). It admits two different left-invariant complex structure J,
and the structure constants y = y, of its complexified Lie algebra are

uZ,,2,) = €Z,, wZ,2,) =—€Z;, u(Z;,Z))=—-e\V-1(Z,+2,), withe==+1.
The HCF tensor of a left-invariant Hermitian metric on ([R X H;(R), J i) is given by
|27 + %) = 2y ey — [2]%) v+l vz +y%)
K= 22 » Kp= e K= 02
(ry = Iz (ry = 121%) (xy —12I*)
Compact quotients of (R X H3(R),J,) are secondary Kodaira surfaces, which are
non-Kihler.

3.7 Inoue surfaces of type S°

The group G = Solg is a solvable 4-dimensional real Lie group which admits a two-parameter
family J, ,, of left-invariant complex structures, where a,b € R, and with respect to J,, the
structure constants u = u,, of its complexified Lie algebra are

H(Z,Z) = =(b+ V=10)Z), u(Z,Z)) ="+ V=-1a)Z,, wZy,2,) = -2V=-1aZ, +Z,).
The HCF tensor of a left-invariant Hermitian metric on (Solg, Ja!b) is given by

_ X2z + 9a?)

K,: =
Ty - 22
Koo |Z|4(112 + b2) + 16|z|2a2xy _ 8a2x2y2
> (xy = |z]2)?
x*yz(b* + 9a°)
K; = 2\
(xy = [z|*)

Notice that (Solé,]a,b) does not always admit a co-compact lattice. When such a lattice
does exist, the quotient is an Inoue surface of type S°, which is non-Kdhler.

@ Springer



824 F. Pediconi, M. Pujia

3.8 Inoue surfaces of type S*

The group G = Sol‘]1 is a solvable 4-dimensional real Lie group which admits two differ-
ent left-invariant complex structure J, ,. The structure constants u = y, of the complexi-
fied Lie algebra of (Sol‘lt,Jl) are

WZ,2y) = =2, #(Zl,zz) = -2, M(Zl,zl) =-Z + Zl,
and the HCF tensor of a left-invariant Hermitian metric on (Sol}, J; ) is given by

V-2
(xy — |22’

22 —

12

_z2Pe-2? _Y@(EF =2 — 20z - 2)
ey — 22 oy = 2?2

On the other hand, the structure constants u = p, of the complexified Lie algebra of

(Sol}, J, ) are

Ky =-

wZ,,2,) = —2,, M(Zl,zz) = -2, M(lezl) =-Z +Z| +7Z, - Zz,
and the HCF tensor of a left-invariant Hermitian metric on (Sol‘l‘, J2) is given by

P =22 + 290y — [2?) — 2zl

K;i=-3
H (xy — |22
Y ((z-27 -y
Ky =2 — 27
o (xy — |2]2)2
K. 2 Y@ =) - 2@ -2 +y%)
2 (xy — [z12)?

Compact quotients of (Sol‘f,]l) are Inoue surfaces of type S*, while compact quotient of
(Sol‘l‘, Jz) are Inoue surfaces of type S*. In both cases, these surfaces are non-Kéhler.

4 HCF on locally homogeneous surfaces

In this section we study the behavior of locally homogeneous solutions to the HCF on
the family of compact complex surfaces we listed in Sect. 3. Furthermore, whenever a
solution to the HCF is immortal, we determine the Gromov—Hausdorff limit of its nor-
malization (14+£)~'g(?) as t — +co.

Let X be a compact complex surface covered by a connected, simply-connected
4-dimensional real Lie group G and I' C G a co-compact lattice such that X = I'\G. By
construction, all left-invariant tensor fields on G factorizes through X. This yields a one-
to-one correspondence between locally homogeneous solutions to the HCF on X and
solutions to the corresponding ODE on G

de(t)=-K@®),  80) =g

where g, denotes the pull-back of the starting metric on G. Nonetheless, since the standard
left-action of G on itself does not always factorize through X = I'\G, the quotient I'\G is
not globally G-homogeneous in general.
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Hermitian curvature flow on complex locally homogeneous. .. 825

Notation. Any left-invariant Hermitian metric g on (G, J) will be considered in the
form of (6). For the sake of shortness, we set D :=xy — |z|> and u := |z|.

4.1 Hyperelliptic surfaces

The HCF on (éﬁ(Z) X R, J) reduces to the following ODEs system:

x2u o . szyu
o YT T

x:

Proposition 4.1 Let g, be a locally homogeneous Hermitian metric on a hyperelliptic sur-
face X. Then, the solution g(t) to the HCF starting from g exists for allt > 0. Moreover

(X,(1+t)‘1g(t))ﬂ> {point} as t — oo.

Proof A direct computation yields that

b=2>o,
D

i.e., the determinant of g(#) is always increasing. On the other hand, since all x, y, u
decrease, the first claim follows. The last claim follows directly from the fact that

A4+~ %), A+ @), A+ u(@) - 0

ast — +oo. O

It is easy to show that a left-invariant metric g on (STE(Z) X IR,J) is Kdhler if and
only if z = 0. Indeed, by a direct computation, one gets

do=—z"NEANEP+ZE2AEV AL

Moreover, in that case it is also flat and so we get

Corollary 4.2 Any locally homogeneous solution g(t) to the HCF on a hyperelliptic surface
X converges exponentially fast to a flat Kdhler metric g

Proof We recall that g(¢) is immortal and D(¢) > 0, x(£) < x, y(t) < Y, u(t) < u, for any
t > 0. Notice that

) u
u<-2—,
Yo

which implies u(f) < uge ' for all # > 0. Finally, since

lim D(t) = D, € (D, +0),

t—>+o00

it comes that x(t) — x, € (0,x,) and y(¢) = y., € (0,y,) as t = +oo. O
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826 F. Pediconi, M. Pujia

4.2 Hopf surfaces

The HCF on (SU(2) X R, J, ) reduces to the ODEs system

cx* + u2x* + u)
0
2ex?D — cx?u — u(y* + 2u)
+ s
D2
2xu(cx2 +2xy +y?)
b

y=-2

)

withe 1= 1+ A%

Proposition 4.3 Let g, be a locally homogeneous Hermitian metric on a Hopf surface X.
Then, the solution g(t) to the HCF starting from g, develops a finite extinction time T < oo
and (X, g(t)) collapses ast — T~.

Proof Let T € (0,+o0] be the maximal existence time of the flow. Then, for any ¢ € [0, T)
we have

cx® = 2x%y + (4x + y)u

D ' 3
<0, <0 = x(t)<x) ul®)<Lu,.

D=

Let us suppose by contradiction that 7 = +o0. Then, it necessarily holds

2.2 2
lim ¥()=0 = lim (c—1)<"—) — lim X X% 9
t—>+00 t—+00 D =400
W e . ©)
lim i) =0 = lim -(c—l)(—) = lim xu( ) —0.
t—+00 t—>+00 X D t—+00 D
On the other hand
27y 2y 2 2 2
y+2:20xD ex“u — u(y +2u)$2cx—§2cx +u’
D2 D D
and so by means of (9)
e <
Jlim 50 <=2

which is absurd. Thus g(¢) develops a finite time singularity 7 < oco. In order to prove the
last claim, let us suppose by contradiction that D — oo ast — 7. Then,

lim x(z) =0 and lim y(r) < -2,
t—-T- t—>T-
this in turn imply lim,_ ;D # oo, which is not possible. On the other hand, since the
solution cannot be extended over ¢ = T, the limit lim, - D cannot be positive and finite.
Therefore, lim,_,;- D = 0 and the thesis follows. O
Next, we exhibit an explicit solution to the HCF starting from a diagonal metric on

(SUQ) xR, J,).
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Example 4.4 Let g, be a left-invariant diagonal Hermitian metric on (SU(2) XR,J ,1). Then,
the ODEs system (7) reduces to

x? . y—cx
X=—-Cc—, y= 2 10
y? y {10
It is worth noting that
2
x:—4c;c—2<y—%cx), ji=+4c}%<y—%cx). (11)
Now suppose that y, = %cxo and that the solution to (10) starting from g, satisfies
y(t) = %cx(t) forallr € [0, 7).
Then, by (11) we would get
() =y =0,
which in turn implies
3 3
x(t)=xy+kt, y@) = 3¢Xo + Eckt (12)

for some k € R. A direct computation yields that (12) solves (10) if and only if k = —i.
Notice that the maximal existence time for this explicit solution is 7 = %cxo .

4.3 Non-Kahler properly elliptic surfaces

The HCF on (§I:(2, R)XR,J ,1) reduces to the ODEs system

+ 2¢y?D — cy*u — ux* + 2u?

=2 =
vt = 2v%u + u?
j=- : (13)
yu(x* = 2xy + cy?)
= T
D2

withe 1= 14 A%

Proposition 4.5 Let g, be a locally homogeneous Hermitian metric on a non-Kdhler prop-
erly elliptic surface X. Then, the solution g(t) to the HCF starting from g exists for all
t > 0. In particular, x(t) ~ 2t and y(t) < y,, u(t) < ug for anyt > Q.

Proof Let T € (0, +00] be the maximal existence time of the flow. Then, for any ¢ € [0, T),
we have
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_ ¢y’ +2y(D — u) + xu
B D
¥<0, <0 = y@) <y, u@®u,.

s

(14)

We prove now that D(f) > 0 for any ¢ € [0, T). Let us suppose by contradiction that there
exists ¢, € [0, T) such that D(t*) < 0. Then, using (14) we get

—x(t,)u(t,) 2 ey(t,)’ = 2y(t,)u(t,) = D(1,)). (15)
On the other hand, since D(¢) = x(¢)y(t) — u(¢) and it(z,) < 0, it necessarily holds
X )y(,) +x(2,)¥(2,) < 0. (16)
Moreover, by (15) and a straightforward computation we get
D(t,)(t,)y(t,) 2 4D(t,)y(t,) + 3ey(t,)’ D(z,) a7)
and
D(t,)x(t,)3(t,) 2 4y(t,)u(t,)D(t,) = cy(t,)*D(z,). (18)
Finally, (16), (17) and (18) imply
4D(t,)y(t,) + 2cy(t,)* + 4y(t)u(t,) < D(2)(K()y(,) + x(t,)5(2,)) < 0
which is not possible. Hence, the determinant D satisfies
D>0 = D@ >D, forallzel0,T). (19)

On the other hand, it holds

2ey?D + 21> Yo o up yo o oup
xS2+uS2<l+c—0+—0> = x(t)§2<1+c—0+—o>t+x0
D? Dy, D; Dy D}

(20)
and hence (14), (19) and (20) imply 7' = +oo0.
We are now ready to prove the second part of the proposition, that is, x(¢) ~ 2t as
t = oo. To do this, we use again a contradiction argument. Let us denote with

Uy = lim u(?), Voo := liin (),
t—>+0c0

t—+o00
and suppose by contradiction that u ., > 0. Since
2

Y
D

2 —
)=limy “ o,
D

t—>+00

lim =0 =— lim (c— 1)(
t—>+00 t—+o00

lim i()=0 =—> lim E(c—1)(y )2= lim yu(xl_)y>2:0,

t—>+00 t—+o00 y t—+o00

we have by means of (14)

y_x y

oY=y Y -u oxxy 1_;_
Am —p - =ln—7p-=0 = [lm =7 =1lm =0 @n

xy Xy
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In view of (21), we have two cases depending on whether lim 1 - ﬁl is bounded or

11—

not. If we suppose that lim,_, _ |1 — xly| < oo, then

11—

lim xy=u, and lim D=0.

t—+00 t—+00

On the other hand, if lim,_, _ |1 — ;—; = o0, then

11—

lim xy=0 and 1lim D= -u_.

(=+00 1—>+00 &
Since both cases lead to an absurd, it comes
- =0. (22)

Let us now suppose by contradiction that x(#) - x, <+oco as t— +oo. Then,
D) - D, = XYy € (Dy,+00) ast — +oo and therefore it must holds x > 0. By means
of (14)

lim D=0 = o) +2y,D=0 = y,=0 = D =0

—>+o00

which is not possible. Therefore, x(f) — oo ast — oo0. On the other hand, we have

2 2 2 2
. y y ux u
=242 —a(g) - 5+
and, since
2 2 2 2
y——)O, u(l> -0, u(£> -0, (ﬁ) -0, (23)
D D D D

the claim follows. Indeed, if y,, > O, then D_ = 400 and hence (23) follows. Now, let us
assume that y, = 0. Since D, > D, > 0, we get

2 2 2
y——»O, u(l> -0, <£> - 0.
D D D

2
Moreover, u<1> ~ < and
D y
2

i) =2(5)5 (12 5),

Hence, there exist C > 0 and ¢, > 0 such that

d(u u
E<)7>S_2C()7> forany t >1,.

This in turns implies

()%) < ()%)e—zco—t*) forany ¢ > 1.,

2
and hence u(%) - 0. O

In view of this result it comes the following
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Proposition 4.6 Let X be a non-Kdhler properly elliptic surface and g(t) be a locally homo-
geneous solution to the HCF on X. Then,

(X, (A+0)” g(t)) (Cg ) ast— oo,

where C is the base curve of X and 8, Is the Kdhler—FEinstein metric on C with
Ric(gKE) = S

The proof of this statement follows the same arguments used in [26, Thm 1.6 (c)]. For
this reason, we just recall the main points.

Proof By definition, a properly elliptic surface is a compact complex surface X with
Kodaira dimension x(X) = 1 and first Betti number ,(X) odd admitting an elliptic fibra-
tion 7 : X — C over a compact complex curve C of genus g(C) > 2. Moreover, by the
Riemann Uniformization Theorem, C admits a unique Kéhler-Einstein metric g  with
Ric(g ) = —g, . Note that, this metric also satisfies 7*¢ = 2¢' @ {.

On the other hand, the fibers of the elliptic fibration 7 : X — C are spanned by the
real and imaginary parts of Z,, which shrinks to zero along (1+f)~'g(#) as t = co. There-
fore, if we consider a not necessarily continuous function f : C — § satisfying zof = id
then for any e > 0 there exists 7,(€) > 0 such that (x,f) is a GH e-approximation between
(X,(14+0)~"g(1)) and (C, g, ) for any 1 > ¢,(e). This concludes the proof. O

4.4 Primary Kodaira surfaces

The HCF on ([R x H3(R),J ) reduces to the ODEs system

2y’D —y*u »woo yu
=S y=—r a=-275 (24)

s

Proposition 4.7 Let g, be a locally homogeneous Hermitian metric on a primary Kodaira
surface X. Then, the solution g(t) to the HCF starting from g, exists for all t > 0. Moreover,

(X, (1+0)~ g(t)) {pomt} as t — oo.

Proof Let T € (0, +o0] denote the maximal existence time of the flow. Then, for any
t € [0,T), it holds that

3

Ly

D==>0 = D) =D,
D~ (0 2 Dy (25)

¥<0, <0 = y@) <y, ul®)<uy,

and, on the other hand
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a Yo 3 2
DSB == D(t)S\/ZIyO+DO,

Zy2 2y
i< = x(t)s(—°>t+x0.
0 DO

(26)

Therefore, the long-time existence of the solution follows from (25) and (26). For the sec-
ond claim, we notice that

2
lim y()=0 = lim — =0,

t—+00 t—+o0 D

o @7
lim () =0 = lim — =0.
t—+00 t—+00 D2

2
Now, let us suppose by contradiction that % — 6 >0, as t > +o0. From this and (27) it
comes that

, u
X~—"— ast— oo
D2

and hence there exist 0 < §’ < § and ¢, > 0 such that, for any 7 € [, +00), it holds
<=8 = x()<-=-8t+x,),

which is not possible. As a consequence, we have that x(f) — 0 as t — +oo0. From this last
claim, arguing again by contradiction, we also get (14+£)~'x(f) — 0 as t — +oo. a

4.5 Secondary Kodaira surfaces

The HCF on (R X H3(R), J ) reduces to the ODEs system

2D —u(P+y) . Y+t yu(x® + y%)
i=——= y=- h=-2— "
D2 D2

(28)

Proposition 4.8 Let g, be a locally homogeneous Hermitian metric on a secondary Kodaira
surface X. Then, the solution g(t) to the HCF starting from g, exists for all t > 0. Moreover
—1 GH .
(X, (140" g(t)) — {point} ast — .

Proof Let T € (0,+c0] be the maximal existence time of the solution. Then, for any
t € [0, T) it holds

Y +au
)}
¥y<0, <0 = y@) <y, ul®)<Lu,.

D

>0 = D@ =D,

Moreover, since
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22 _ 2% 2%
(< —<— = H< (—>t+ )
i< D, x(1) D, Xy

it follows that T = +o0. For the second claim, we firstly suppose by contradiction that
u(t) = uy, > 0ast — +oo. Thus, since

N Y U
tg};go =0 = tl}-l;—lloo D tlg—rlo D 0,
o (29)
lim () =0 = lim — =0,
t—+00 I—+0o
we have
u
0<=<2 .0 = IlimD@O)=4c0 = lim x(O)y{®) = +oo.
D D t—+00 t—+o00

On the other hand, it follows by (29) that

xzyu_ 1
D> 1-L

Xy x

1 u
u-——7—->0 = y—-->+o0
-= X

which is not possible, and hence u(r) - O as ¢ — +oo.
Finally, let us assume by contradiction that %” — 6 > 0ast — +o0. Then, we get

x2M

X~—— ast— o
D2

and so there exist 0 < §’ < § and 7, > 0 such that, for any ¢ € [, +c0), we have
i<—-8 = x(t)<-8t+x(t,),

which is absurd. Consequently it comes (f) — 0 as t — +o0. Arguing again by contradic-
tion, we finally get (14£)~'x(¥) = 0 as t = +o0. O

4.6 Inoue surfaces of type S°
The HCF on (Sol, J,, ) reduces to the ODEs system
o 9 2 b2 xzu
X = —( a” + )ﬁ
2 2 INIAS
= 84> — (9a +b)(5) . (30)
2
. 2 2. XU
iw=-209a"+b )ﬁy
Proposition 4.9 Let g, be a locally homogeneous Hermitian metric on an Inoue surfaces X

of type S°. Then, the solution g(t) to the HCF starting from g, exists for all t > 0. In par-
ticular, y(t) ~ 8a® t and x(t) < x,, u(t) < ug for any t > 0.
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Proof Let T € (0,+oco] denotes the maximal existence time of the solution. For any
t € [0, T) we have

D = 8d%x + (94> + bz)% >0, = D@ >D,,
<0, <0 = x(t)<xy ul®) <Lu,.
Moreover, since

5 < 8a’xy < 8a’xyy

kt
- < ype",
=7p D, Yy <Yo

8a’x,
XoYo—lzoI? . L. u .
For the second claim, let us assume by contradiction that 5 6>0,ie,u—uy,>0

and D — D_, < oo. Then, there exists a finite time ¢, > 0 and a constant k; > 1 such that,
foranyr > 1,

where k .= , it follows that T = +oco0.

—kx(1)® < (1) < = x(0)
and hence

T = >

ki(t—t)+

x(t,)

Lo L GBD
ky (t t*) + x(t,)

Up to enlarge ¢, we can also assume that there exists k, > 1 such that
—kpx(t) S i(t) < —-x(1)  forany 1> 1,
2
and so, by means of (31)

! <i(t) < —+ !

27 1 ky 1
E(Z_t*)-i-x(T*) kl(t—t*)+x(T)

-k

for any ¢ > t,. This leads us to
u(t,) = kyky log (S22 = 1,) + 1) <u(t) < u(r,) — = log (kyx(t,)t = 1,) + 1),
1 1%2

for any ¢ > t,, and hence lim,_, |  u(f) = —oo, which is not possible. Therefore, L—l; — 0 must
hold and we have

$(t) > 84>

ast — +oo. O
Then, in view of this result, we have

Proposition 4.10 Let X be an Inoue surface of type S° and g(t) be a locally homogeneous
solution to the HCF on X. Then,

(X,(1+r)—‘g(r))ﬂ> s‘(@) as t — oo,
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where S! (%) = {z eC: |zl = @} is the circle of length 2\/5a.

In order to prove this statement, we recall the underlying geometry of the Inoue sur-
faces of type S9. Leta,b € R, witha>0and b # 0, and A € SL(3, Z) be a matrix with
eigenvalues

o2V2a eﬁ(—aﬂ/—Tb) eﬁ(—a— V=1b)

The pair G, := (Solg, Ja’b) can be realized as the group of complex 3 X 3 matrices of the
form

es\@(—a+\/:h) 0 P+ \/—_lq
Ga,hz M(P,q,r,s) = 0 652 2a r : p,l],l’,SER .
0 0 1

Indeed, let {E;} denote the standard basis of g¢I(3,C). Then, the Lie algebra
4., -= Lie(G,;) C gl(3,C)is the R-span of

X, :=(1-V-DE;, X,:=(1+V-DE;,, X;:=E;,

X, := V2(=a+ V-1b)E! +2V2a E2.

Since the structure constants of g, , with respect to {X;} are given by

[X,.X,] = V2aX, - V2bX,, [X,.X,] = V2bX, + V2aX,, [Xs5,X,]=—2V2aX,,

setting

=X1—\/—_1X2 =X3—\/—_1X4
I I

one obtains the structure constants given in Sect. 3. Let now (v;,v,,v;)' € R? and
Wy, wy, wy) € C? be the eigenvectors of 62\/55’ and e\/i(—‘”\g”), respectively, and consider
the lattice I’ , C G, , generated by

Z, Z,

eV2-arV=Ib o 0 10w,
hy 1= 0 e2V2aq) |, h; :==|01v;|, i=12,3.
0 0 1 001

Then, the left action of I', , on G, is explicitly given by

hy - M(p, q, 7, s) = M(e~V(cos(\/2b)p — sin(V/2b)g), eV (sin(V2b)p + cos(V2b)g), 2V r, 5 + 1)
h; - M(p,q,r,s) = M(p + Re(w;), g + Im(w;), r + v;, s)
(32)

and the quotient X =T, ,\G,,, is an Inoue surface of type S°.
Proof of Proposition 4.10 Let X =T, ,\G,, be an Inoue surface of type S° and g(#) a locally
homogeneous solution to the HCF on X. By (32), the projection
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G, >R, M@p,qrs)—s

factorizes to a map z : X — S' = R/Z, which is a fibration with standard fiber T3 (see
[8]). On the other hand, the path

R—-G,, s~ MQ000,s)

factorizes to a section y : S' = R/Z — X whose length with respect to g(¢) is

£ @) = V0. (33)

Notice also that by Proposition 4.9
00
-1 s
(A+)"'g(t) = &, = <08a2> ast — oo.

Moreover, in analogy with [26, Lemma 5.2], the kernel of g_, is the integrable distribution
D spanned by X, X,, which is dense inside any fiber of z. Finally, the claim follows by
(33) and this last observation (see e.g., [3, Cor 3.18]). O

4.7 Inoue surfaces of type S*

The HCF on (Sol{, J ) reduces to the ODEs system

ulz=z> Ylz—zP . 2P z-z
=3 =, =
D?

2 2 (34)

Proposition 4.11 Let g, be a locally homogeneous Hermitian metric on an Inoue surfaces
X of type S* obtained by (SOIT,JL). Then, the solution g(t) to the HCF starting from g,
exists for allt > 0. In particular, x(t) ~ 3t and y(t) < y,, u(t) < ug for anyt > 0.

Proof Let T € (0, +co] be the maximal existence time of the flow. Then, for any ¢ € [0, T),
we have

_ 32
e s,

D (35)
¥<0, <0 = y@) <y, u@®u,.

D=3y+

On the other hand

_ulz—zP

:3 D2

<3 = x(1)<3t+x

and the long-time existence follows, i.e., T = +oco. Finally, to conclude the proof it is
enough to show

. lz—17|
lim =
=00 D

0. (36)
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Let us assume by contradiction that =2 — ¢ > 0. Then, by the means of (34) and (35).
there exists ¢, > 0 and a constant k; > 1 such that

eyt < 3(0) < —kly(t)2 for any £ > 1,.
1

This in turn implies, for any ¢ > ¢,,

1 37)

Besides, up to enlarge 7., there also exists a constant k, > 1 such that
—kyy(t) < i) < —kiy(z) forany 1 > 1,.
2

Therefore, since (37) holds, for any 7 > ¢, we have

1 . 1 1
_klﬁ <un < _k_k—l
p—t)+ o5 2kt —1)+ 5
and
¥(t,) 1
u(t,) — kik, log (t—t)+1) <u@) <ut,) — — log (k;y(t,)(t —1,) + 1).
ky kyik,
Nonetheless, this would imply lim,_,, u(f) = —co, which is not possible. Hence, (36)
holds and x ~ 3¢ follows. a

The HCF on (Sol‘l‘, Jz) reduces to the ODEs system

22 u(?+ e =2P)

P=3+ =
o D D?
2 =12 2
oy (z=zZIt+y)
y=-T2 T : (38)
2z =z + yw)
- pr

Proposition 4.12 Let g, be a locally homogeneous Hermitian metric on an Inoue surfaces
X of type S* obtained by (SOIT’JZ)' Then, the solution g(t) to the HCF starting from g,
exists for allt > 0. In particular, x(t) ~ 3t and y(t) < y,, u(t) < uy for anyt > 0.

Proof Let T € (0, +o00] denote the maximal existence time of the solution. Then, a direct
computation yields that

_ 312 2
by D S
D? 39)

¥y<0, <0 = y@) <y, ul®)<Lu,.

On the other hand, since
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2y 2%
(<3+— <3+ —,
2T 20T,
we have T = +o0 and the first part of the claim follows. To conclude the proof it is enough
to show that

232 2 =2
lim 2 — i Y07 * 222D (40)
t—oo D t—o0 D2
By the means of (39), we can have either
lim D(t) = +o0 or lim D(f) < +oo.

t—>+o00 t—>+00

In the former case, (39) directly implies (40). Let us assume then lignt_, +oo D() < +00. By
means of (39), this implies y(#) — 0 for # — oo, and hence lim,_, % = 0. Moreover, using
the same argument as in the proof of Proposition 4.11, one can prove that 'Zl_)zl — 0 neces-

sarily holds, and so we obtain (40). O

In view of the above results, we have

Proposition 4.13 Let X be an Inoue surface of type S* and g(t) be a locally homogeneous
solution to the HCF on X. Then,

GH
(X. (1407 g0) == §'(2) as 1 > oo,
where S' (\2/—7?) ={zeC: |7 = ;/—f}is the circle of length \/5

We briefly recall the construction of Inoue surfaces of type S*. Let N € SL(2, Z) be
a unimodular matrix with real positive eigenvalues given by A and A~!, with A > 1. It is
well known that any S* surface can be realized as the quotient of the group

luv
G, :=4M (r,q,v,u) :=|0gr|: rvueR, geR,,;.
001

by alattice I', := (f,.f}./>./3), Where f; € G, are defined starting from N (see [8]).

Notice that Inoue surfaces of type S* enjoy nearly the same properties of surfaces of
type SO (see [8]). In particular, they do not contain complex curves and any S* surface
is diffeomorphic to a bundle over S'. Moreover, since any S~ surface admits an unrami-
fied double cover given by a S* surface, it is enough to prove the statement for Inoue
surfaces of type S*.

Proof of Proposition 4.13 Let X = I',\G, be an Inoue surface of type S* and g(¢) a locally
homogeneous solution to the HCF on X. The application

logg

Gy =R, M (r.q,v,u) > 75

factorizes to a map 7 : X — S', which is a locally trivial fibration (see [8]). On the other
hand, the path

@ Springer



838 F. Pediconi, M. Pujia

R—->G,, s~ M.(0,2,00)

factorizes to a section y : S' — X whose length with respect to g(¢) is

£ 1) = V().

Now, in view of the above results
(1+07'g(0) = 2o 1= <(3)8> a5 — oo,

Again, the kernel of g, is the integrable distribution D spanned by the real and imaginary
part of Z,, which is dense inside any fiber of z (see [26, Lemma 6.2]). Therefore, in anal-
ogy with the case of S surfaces, the claim follows. a

We are now in position to prove Theorems A and B.

Proof of Theorems Aand B Let X be a compact complex surface and g, a locally homogene-
ous non-Kihler metric on X. By Theorem 2.2 and Remark 2.3 X is a quotient I'\G, where
G is one of the Lie groups listed in Sect. 3, i.e.,

SEQ) xR, SUQ)xR, SLZ,R)xR, RxH;[R), RXH®R), Solf, Sol,

and I C G is a co-compact lattice.

Let also T € (0, +o0] be the extinction time of the HCF solution starting from g,. Then,
by means of Propositions 4.1, 4.3, 4.5, 4.7, 4.8, 4.9, 4.11 and 4.12, we have T < oo if and
only G= SU(2) x R. This implies Theorem A.

Finally, Theorem B comes from Propositions 4.1, 4.6, 4.7, 4.8, 4.10 and 4.13. O
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Appendix

In this “Appendix”, we explicitly write down the tensors S and Q' used in Sect. 3 to obtain
the HCF tensor K. We assume G to be one of the (non-abelian) Lie groups listed in Sect. 3,
equipped with a left-invariant Hermitian structure (J, g) as in (6). Our results directly follow
by the formulas given in Sect. 2 and the structure equations of G.
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Hyperelliptic surfaces

_ Xz _ ol *yz
Sii= Gy=lz22” S = Gy—lz22° Si2= -z’
1 2P 1 xylz? 1 xzlz)?

117 y—lz2)2’ sz_ —|z[2)2’ Qli_ cy—|z|2)2°
(xy=1z|?) (oy=zI*) (xy=z?)
2 _ 2 2|z 2 _
11~ 0’ 2 xy—|z]2” Qli - O’
Q3 _ XL 3 2! Q3 _ ez
I y=lz??’ 22 (y—l2??’ 12 y—lz??’
4 _ 4 _ 2P 4 _
QIT =0, QZQ T -z’ Qli =0.
Hopf surfaces
§ = X3 (14+42)+]z21* 2x+y))
1 (xy—1z|?)? ’
S5 = ZUFADRey=21z) =41z co—la)H? e +12P)
2 (xy—z??
_ xz(=iAy—=]z)) 1+ A +y () +z])
S5 =
12 -1zl ’
1 x(@4220 y= [z 41zl 02y |2 D+t y =21z ) [zl +22%yay—[z]?)
11 Coy—lz2)* ’
1 y4200 y= [z +ylal 02y |2 D+t ey =21z ) [zl +22% yay—[2]°)
2 (xy—z2) ’
1 Z(1+2)3+Qx+y)]z)?)
12 (xy—1z[?)? i
0> = 2|z
11 xy—|z|2”?
2 2(1+A4%7
27 TP
2 _ —2xy(1+id)
12 xy—|z|?
Q3 _ Q)+ 2P|z
11 (=22 ’
3 _ (A2 +Qx+y)ylzf
22 (=22 ’
3 _ 2(1+A2)83 +i A+ (xc+y) 2] > +x2y)
12 (xy=1z[?)? ’
Q4 — 2|2
1T |22’
Q4 _ (A2
22 xy—|z|2
0. = —(1+id)xz
12 xy—|z]2 °

Here, A € R denotes the parameter of the family of complex structures related to Hopf

surfaces.
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Non-Kéhler properly elliptic surfaces

i = —y(2X+(1+/12)Y)(X,V—|Z|2)+((X+.v)2+azy2—4)|z|2’
(=22
S5 = MU+ =2z
2 -2
S5 = YA+ =2+ =2xy+(1+42)y?)
12 (y—lz1%)? ’
1 _ M+ +a=2p)lel?)
1= y-12?)? ’
1 _ 42y +a=2y)lel?)
22 Coy=[z]?)? ’
1 _ 2+ +(=2y)[z)
27 (xy=lz?y? ’
2 _ 2P(+R)
17 -l
2 _ 2
22 xy—|z]2”

2 2(1+id)yz
12 =z’

3 _ (A2 +x(x=2) [z
0}, = (AT

1 (xy—1z[2)?
3 _ (A0 4222 =2
2~ Cy—lz2y2 ’
3 _ A(=idyy—|z)+(1+42)y* +x]z]?)
127 (y—lz)2 ’
4 _ yU+4D)
R
4 _ Lz
22 -z’
4 _ 14k
QIQ T oyl

Here, A € R denotes the parameter of the family of complex structures related to non-
Kihler properly elliptic surfaces.

Primary Kodaira surfaces

= y=2[z°) ¥ ¥’z
S T = Yy - S 5 = S 5 = -
1 Gy=lz2? 27 y—lPR’ 127 G-z
10 L 1 _ e
11 (ry—1z)?” 22 (-2’ 12 (y—lz??’
) 2 _ 2 _
1T xy—|z2’ 2 0, 12 0,
3 _ kP 3 _ W 3y
1T =122’ 22 (-2’ 12 (y-lz??’
4 _ ) 4 _ 4 _
1T xy—|z2’ 2 0, 127 0.
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Secondary Kodaira surfaces

)z =y @y—z[?)

S 7 =
1 (ey=lz[?)? ’
1 2z
I =22’
2 _ 27
17 -z’
3 _ ol
T y—z»?”’
Q4— D
R e L

Inoue surfaces of type S°

S5 = Yl
2 Co—lz1»?
0! Y&z +y?)
22 (-l

§ 5 = GHticy—Iz?)
12 (xy—1z2)?

2(xlzP4y°)
Cy—l21»)?’

s

1
iz

2 _ 2z 2 _
22 xy—|z|2’ 12
3 _ et Q3 —
22 (-l 12

0t = lzI? 4 _
27 -z’ 12

2iyz
xy—lz|?’

(xy=[z?)?
iyz

xy—lz]?”

X((B2+9a?) |z *+4a* (xy—12]*)
(xy=1z]?)?
(B?+9a?)|z|* =8 (xy—|z|*)
(xy=1z[?)?
xz2((B*+9a*)xy—2a(a+ib)(xy—|z|?))

(xy—1z[?)? ’
*(B*+9%) |z +4a> (xy—[z]>)
(y—lz1%)? ’
(B> +94%)|z*+4a* (xy—[z])
(xy=lz%)? ’
x2((b*+9a%) |z|* +4a* (xy—|z[»)
Coy—|z1»)? ’

)

s

8a’x?
=22’
2(b*4a?)|z)?
xy=|z|?
—4a(a+ib)
xy=|z|?
(D2 4+9a*)x2 |z |?
(xy—[z?)?
(D2 49a2)|z)* +4a* (xy+2z)2) (xy—1z]%)
(xy—1z]?)? ’
x2((D*+96) |z|*+2a(3a+ib)(xy—|z|*))
(xy—1z]2)? ’

il

)

)

4a2x*
xy—|zl?’
(b*+ad?)|z|?
xy=|z|?
—2a(a+ib)
xy=|z|?

)

i)z =iy?)

s

Here, a,b € R denotes the parameters of the family of complex structures on Inoue sur-

faces of type S°.
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Inoue surfaces of type S*

For what concerns the complex structure J; on Inoue surfaces of type S*, we get

i = o o .50 i 23 5
(xy—1z?)?
Sy = Yoyl (42)
(xy—[z?)?
Sy = xyz(z—2)+yz(x_v—zz),
(xy=1z[?)?

1 _ oy+lP=(+2%)

7 -l

1 _ YPoy+lP=E+2)

27 y-lz?

1 _ yAG=9)lzP+xyz=2)

127 Coy—1z1»)? ’

2 _ 2P

1T x|z’

2 _ 2

227 -z’

2 - 2yZ

12 -z’

3 _ 2y -n@4)+l?
0 = -l
Q3 _ YQEP-E+2)

22 Co—lz»?

3 _ yay-2)E-3)

0, = (y=lzl??

4 _ Lzl

1T |22’

4 _

22wy’

4 yZ
0, = xy=|z2”

On the other hand, given the complex structure J, on Inoue surfaces of type S*, we get
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S = X2 (4x—y)—Q|z|* =2y* 422422 |z P —y(Tx—(z+2) (y—[2]>)
1 )

= (y-1zPy
S,5 = Yzl 4y iy —@42)
(xy—lz])?
S = YZ(XY—|Z|2)+xy2(2z2—Z)+zy(v2—z2),
(oy=lz»)?
1 (P =@+ Hy(e+y)
1T (y—|z1»)? ’
0. = V(2P =@+ +y0c+y))
27 (ey=22)? ’
0. = WDzl hyety’aeh)
12 (xy—[z?)?
0> = 212y E+D+H?)
11 xy—lzl? ’
2 _ 2
227 xy-lz2?
Qz — 20+
12 ay-l2?’
0 = 20yl —xy @42y 2Py -y D) — 2y —zl?)
11 (xy=lz|*)? ’
3 _ YQERP-E+H?)
22 (xy—1z]2)? ’
3 YelPHylePoxy D2 +yieny?)
12 (xy=1z?)? ’
4 _ Py’
17 -z
4
22 xy-l?’
4 YO+D)
12 x|z’

References

10.
11.

12.

Angella, D., Sferruzza, T.: Geometric formalities along the Chern—Ricci flow. Complex Anal. Oper.
Theory 14(1), 27 (2020)

Arroyo, R., Lafuente, R.: The long-time behaviour of the homogeneous pluriclosed flow. Proc. Lond.
Math. Soc. 119(1), 266-289 (2019)

Boling, J.: Homogeneous solutions of pluriclosed flow on closed complex surfaces. J. Geom. Anal.
26(3), 2130-2154 (2016)

Burago, D., Burago, Y., Ivanov, S.: A Course in Metric Geometry. American Mathematical Society,
Providence (2001)

Chen, X.X., Tian, G.: Ricci flow on Kihler-Einstein surfaces. Invent. Math. 147, 487-544 (2002)
Enrietti, N., Fino, A., Vezzoni, L.: The pluriclosed flow on nilmanifolds and Tamed symplectic forms.
J. Geom. Anal. 25(2), 883-909 (2015)

Fang, S., Tosatti, V., Weinkove, B., Zheng, T.: Inoue surfaces and the Chern—Ricci flow. J. Funct. Anal.
271(11), 3162-3185 (2016)

Inoue, M.: On surfaces of class VII,. Invent. Math. 24, 269-310 (1974)

Lafuente, R., Pujia, M., Vezzoni, L.: Hermitian curvature flow on unimodular Lie groups and static
invariant metrics. Trans. Am. Math. Soc. 363(6), 3967-3993 (2020)

Lott, J.: On the long-time behavior of type-III Ricci flow solutions. Math. Ann. 339, 627-666 (2007)
Panelli, F., Podesta, F.: Hermitian curvature flow on compact homogeneous spaces. J. Geom. Anal.
(2019). https://doi.org/10.1007/312220-019-00239-7

Pujia, M.: Expanding solitons to the Hermitian curvature flow on complex Lie groups. Differ. Geom.
Appl. 64, 201-216 (2019)

@ Springer


https://doi.org/10.1007/s12220-019-00239-7

844

F. Pediconi, M. Pujia

13.

14.

15.

16.
17.

18.

19.

25.

26.

217.

28.

29.

30.

31.

Pujia, M.: Positive Hermitian curvature flow on complex 2-step nilpotent Lie groups. arXiv
:2002.07210

Pujia, M., Vezzoni, L.: A remark on the Bismut—Ricci form on 2-step nilmanifolds. C. R. Math. Acad.
Sci. Paris 356, 222-226 (2018)

Rong, X.: Convergence and collapsing theorems in Riemannian geometry. In: Handbook of Geometric
Analysis, No. 2, Advanced Lectures in Mathematics, Int. Press, Somerville, pp. 193-299 (2010)
Singer, I.M.: Infinitesimally homogeneous spaces. Commun. Pure Appl. Math. 13, 685-697 (1960)
Song, J., Tian, G.: The Kédhler—Ricci flow on surfaces of positive Kodaira dimension. Invent. math.
170, 609-653 (2007)

Streets, J.: Pluriclosed flow on manifolds with globally generated bundles. In: Complex Manifolds, vol.
3, no. 1 (2016)

Streets, J.: Classification of solitons for pluriclosed flow on complex surfaces. Math. Ann 375, 1555—
1595 (2019)

Streets, J.: Pluriclosed flow and the geometrization of complex surfaces. arXiv:1808.09490

Streets, J., Tian, G.: A parabolic flow of pluriclosed metrics. Int. Math. Res. Not. IMRN 16, 3101—
3133 (2010)

Streets, J., Tian, G.: Hermitian curvature flow. J. Eur. Math. Soc. JEMS) 13(3), 601-634 (2011)
Streets, J., Tian, G.: Regularity results for the pluriclosed flow. Geom. Top. 17, 2389-2429 (2013)
Tian, G., Zhang, Z.: On the Kéhler—Ricci flow on projective manifolds of general type. Chin. Ann.
Math. 27B(2), 179-192 (2006)

Tosatti, V., Weinkove, B.: On the evolution of a Hermitian metric by its Chern—Ricci form. J. Differ.
Geom. 99, 125-163 (2015)

Tosatti, V., Weinkove, B.: The Chern—Ricci flow on complex surfaces. Compos. Math. 149, 2101-
2138 (2013)

Tosatti, V., Weinkove, B., Yang, X.: Collapsing of the Chern—Ricci flow on elliptic surfaces. Math.
Ann. 362(3-4), 1223-1271 (2015)

Ustinovskiy, Y.: Hermitian curvature flow on manifolds with non-negative Griffiths curvature. Am. J.
Math. 141(6), 1751-1775 (2019)

Ustinovskiy, Y.: Hermitian curvature flow on complex homogeneous manifolds. Ann. Scuola Norm.
Sup. Pisa Cl. Sci. (2019). https://doi.org/10.2422/2036-2145.201903_011

Wall, CTC.: Geometries and geometric structures in real dimension 4 and complex dimension 2. In:
Geometry and Topology (College Park, Md., 1983/84), Lecture Notes in Mathematics, vol. 1167,
Springer, Berlin, pp. 268-292 (1985)

Wall, C.T.C.: Geometric structures on compact complex analytic surfaces. Topology 25, 119-153
(1986)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

@ Springer


http://arxiv.org/abs/2002.07210
http://arxiv.org/abs/2002.07210
http://arxiv.org/abs/1808.09490
https://doi.org/10.2422/2036-2145.201903_011

	Hermitian curvature flow on complex locally homogeneous surfaces
	Abstract
	1 Introduction
	2 Preliminaries
	2.1 Basics on HCF
	2.2 HCF tensor on Lie groups
	2.3 Complex model geometries
	2.4 Gromov–Hausdorff convergence

	3 HCF tensor on complex model geometries
	3.1 Complex tori
	3.2 Hyperelliptic surfaces
	3.3 Hopf surfaces
	3.4 Non-Kähler properly elliptic surfaces
	3.5 Primary Kodaira surfaces
	3.6 Secondary Kodaira surfaces
	3.7 Inoue surfaces of type 
	3.8 Inoue surfaces of type 

	4 HCF on locally homogeneous surfaces
	4.1 Hyperelliptic surfaces
	4.2 Hopf surfaces
	4.3 Non-Kähler properly elliptic surfaces
	4.4 Primary Kodaira surfaces
	4.5 Secondary Kodaira surfaces
	4.6 Inoue surfaces of type 
	4.7 Inoue surfaces of type 

	Acknowledgements 
	References




