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Abstract

We study the long-time dynamics of the Navier—Stokes equations in the three-dimensional
periodic domains with a body force decaying in time. We introduce appropriate systems of
decaying functions and corresponding asymptotic expansions in those systems. We prove
that if the force has a large-time asymptotic expansion in Gevrey—Sobolev spaces in such
a general system, then any Leray—Hopf weak solution admits an asymptotic expansion of
the same type. This expansion is uniquely determined by the force, and independent of the
solutions. Various applications of the abstract results are provided which particularly include
the previously obtained expansions for the solutions in case of power decay, as well as the
new expansions in case of the logarithmic and iterated logarithmic decay.
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1 Introduction

We study the long-time behavior of viscous, incompressible fluid flows in space R3. First,
we recall the Navier—Stokes equations (NSE) that describe the fluid dynamics.

Letx € R*and7 € R denote the space and time variables, respectively. Let the (kinematic)
viscosity be denoted by v > 0, the velocity vector field by u(x, r) € R3, the pressure by
p(x,t) € R, and the body force by f(x, t) € R3. The NSE are

ou 3
— 4+ @@-VYu—vAu=-Vp+f onR’ x (0, 00),
or T V) P 0. 00) (1.1)

divu=0 onR?x (0, 00).
The initial condition is
u(x,0) = u’(x), (1.2)

where u’(x) is a given divergence-free vector field.

We avoid the unbounded domains and the boundary conditions by considering only force
f(x, t) and solutions (u(x, t), p(x, t)) that are L-periodic for some L > 0. Hereafter, a
function g(x) is said to be L-periodic if

g(x+ Lej) = g(x) forall xeR?, j=1,2,3,

where {e{, e>, e3} is the standard basis of R3 and is said to have zero average over the domain
Q= (—L/2,L/2)if

/ g(x)dx = 0.
Q

By using a particular Galilean transformation, see details in, e.g., [19], we can also assume,
for all + > 0, that f(x, ¢) and u(x, t), have zero averages over the domain 2. In light of the
Leray—Helmholtz decomposition, and for the sake of convenience, we also assume that f(x, t)
is divergence-free for all > 0.

By rescaling the variables x and 7, we assume throughout, without loss of generality, that
L =2mrandv = 1.

Throughout the paper, we use the following notation

u(t) =u(, 1), f)=£C,1), u® =u’(),

which are function-valued.
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Asymptotic expansions in a general system of decaying... 1025

In the case of potential force, that is, f(x, ) = —V¢(x, t), for some scalar function ¢,
Foias and Saut proved in [15] that any non-trivial, regular solution « (¢) in bounded or periodic
domains admits an asymptotic expansion (as t — 00)

w(t) ~ Y gu(nye™ (1.3)

n=1

in Sobolev spaces H"(2)3, for all m > 0. The interested reader is referred to [3,13] for
early results on the solutions’ asymptotic behavior, Foias and Saut [12—16] for associated
normalization map and invariant nonlinear manifolds, Foias et al. [6—8] for the corresponding
Poincaré—Dulac normal form, Foias et al. [4,5] for their applications to analysis of helicity,
statistical solutions, and decaying turbulence. The recent paper [9] is a survey on the subject.

In case of periodic domains, it was then improved in [18] that the expansion (1.3) holds
in Gevrey—Sobolev spaces G » for any «, 0 > 0, see definition (2.1) in Sect. 2, which have
much stronger norms than those in H” (€2)3. When the force f is not potential, the asymptotic
expansion of Leray—Hopf weak solutions is established in [19] for an exponentially decaying
force: if the force has an asymptotic expansion

O~ patye™, (1.4)

n=1

then u(¢) has an asymptotic expansion of type (1.3).
The case of power-decaying forces is treated in [1]: if

FO~D ut™, (1.5)

n=1

then all Leray—Hopf weak solutions u(¢) admit the same expansion
o0
u(e) ~ Y gt (1.6)
n=1

Above ¢,’s and &,’s belong to some Gevrey—Sobolev space G4,o. The meanings of the
expansions (1.3), (1.4), (1.5), (1.6) are specified precisely in the cited papers.

The current paper aims to develop the results in [1] to cover a very large class of forces.
For example, we will prove that if

O~ gunD)™, or, f(t) ~ Y ¢u(in(n)) 7",

n=1 n=1

then

o0 o0
u(t) ~ Z &, (Int)™H», or, respectively, u(r) ~ Z E,(In(In 1)) ~Hn,

n=1 n=1

In fact, we obtain a much more general result which is described very roughly here. Let
(Yn)52 | be a sequence of time-decaying functions with 1,11 (f) decays to zero, as t — 00,
much faster than v, (¢). The functions ,,’s are assumed to satisfy a certain set of conditions.

Suppose there exist @ > 1/2 and ¢ > 0 such that

O~ da¥n(®) in G (1.7)

n=1
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1026 D. Cao, L. Hoang

We will prove that any Leray—Hopf weak solution u(¢) will admit an expansion

u(t) ~ Y EYa(t) inGao, (1.8)

n=1

where §,’s are explicitly determined by ¢,,’s. The meaning of the expansions (1.7) and (1.8)
is more sophisticated than (1.3)—(1.6), thanks to their generality, and will be made clear later
in the paper.

The paper is organized as follows. Section 2 reviews the functional setting for the NSE
which is suitable for studying the solutions’ dynamics in time. It also recalls basic inequalities
for the Stokes operator and the bilinear form in the NSE. In Sect. 3, we establish the long-time
estimates for solutions of both linearized NSE (Sect. 3.1) and the NSE (Sect. 3.2) with very
general decaying forces. The results for the linearized NSE play a key role in improving
the long-time estimates for the solutions of the NSE. Having their own merits, these esti-
mates are also crucial to the proofs in Sects. 5 and 6. Section 4 introduces the definitions of
systems of decaying functions in time and the asymptotic expansions in those systems. In
Definition 4.3, we aim to balance between the generality, such as in Definition 4.1, and the
technical requirements. Condition 4.4 is particularly emphasized on applications to ordinary
and partial differential equations with quadratic or integral power nonlinearity. Condition 4.5
is focused on functions which are larger than the exponential ones. We state and prove ele-
mentary properties for these systems and expansions. In Sect. 5, we obtain in Theorem 5.4
the expansions in Gevrey—Sobolev spaces for all Leray—Hopf solutions of the NSE, when a
continuum system of decaying functions is available as the expansions’ basis. The result gives
precise meanings to the above expansions (1.7) and (1.8). A version of finite sum asymptotic
approximations is proved in Theorem 5.6. It is suitable for a force that has limited information
about their long-time behavior. In Sect. 6, we study the situation when the discrete system of
functions for expansions cannot be embedded directly into a continuum system as in Sect. 5.
However, by using a continuum background system, we can still obtain in Theorem 6.3 the
asymptotic expansions for solutions of the NSE. An asymptotic approximation result for the
discrete system is similarly obtained in Theorem 6.4. Section 7 provides many applications
of the abstract results in Sects. 5 and 6. They consist of the recovery of the power decay case
previously established in [1], see Sect. 7.1, as well as the new logarithmic and iterated loga-
rithmic decay cases, see Theorem 7.3 and Corollary 7.4. Examples 7.6 and 7.7 demonstrate
some asymptotic expansions with trigonometric functions. More complicated expansions are
presented in Propositions 7.8 and 7.11, particularly, the latter one is achieved by simply using
of the background systems developed in Sect. 6. “Appendix A” contains some criteria for
a convergent series of functions to have corresponding asymptotic expansions of the types
specified in Sects. 4 and 6.

2 Functional setting and basic facts for the NSE

We recall the standard functional setting for the NSE, see e.g. [2,10,21,22], and some basic
inequalities and estimates.

Let L2(2) and H™(Q) = W™2(Q), for integers m > 0, denote the standard Lebesgue
and Sobolev spaces on 2. The standard inner product and norm in L*(£2)? are denoted by
(-, ) and | - |, respectively. (We warn that this notation | - | also denotes the Euclidean norm
in R" and C", for any n € N, but its meaning will be clear based on the context.)
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Asymptotic expansions in a general system of decaying... 1027

Let V be the set of all 2z -periodic trigonometric polynomial vector fields which are
divergence-free and have zero average over 2. Define

H, resp. V = closure of V in L2(9)3, resp. HI(Q)3.

Notice that each element of H is divergence-free and has zero average over €2, and each
element of V is 2 -periodic.
We use the following embeddings and identification

VcH=H cV/,

where each space is dense in the next one, and the embeddings are compact.

Let P denote the orthogonal (Leray) projection in L?(2)3 onto H.

The Stokes operator A is a bounded linear mapping from V to its dual space V' defined
by

Ju Jv
(—, —) forallu,veV.
axJ‘ ax/'

o
@

(Au, Vyry = (u,v) <&

3
J=

1

As an unbounded operator on H, the operator A has the domain D(A) = VN H 2(Q)3,
and, under the current consideration of periodicity conditions,

Au=—PAu=—Aue H forall ue D(A).
The spectrum of A is known to be
S(A) = {k*: ke Z’ k # 0},

and each A € G(A) is an eigenvalue. Note that §(A) C Nand 1 € G(A), hence, the additive
semigroup generated by G(A) is N.
For n € G(A), we denote by R, the orthogonal projection in H on the eigenspace of A
corresponding to 7, and set
Po= ) R

JE€S(A),j=n

Note that each vector space P, H is finite dimensional.
Fora,0 e Randu = Zk#) W(k)e'**, define

A% =Y k)N, oA = 3 Mgk,
K£0 K£0

and, hence,

1/2 1/2 ~ ik-
AanA u= eaA A% = Z |k|2aeo\k|u(k)ezk X
k#£0

The Gevrey—Sobolev spaces are defined by
Gaw =DA%y T tue H : Julge & 14774 0| < o0}, @.1)
and, in particular, when o = 0, the domain of the fractional operator A% is

D(AY) = Gyo=f{u€ H:|A%| = |uyo < 00}.
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1028 D. Cao, L. Hoang

Thanks to the zero-average condition, the norm |A™/?u| is equivalent to ||u| Hm(Q)? O
the space D(A™/?) form =0, 1,2, ...

Note that D(A%) = H, D(AY2) = V, and |[u| & |Vu] is equal to |A"/2u] foru € V.
Also, the norms | - |4, are increasing in «, o, hence, the spaces G, are decreasing in o, 0.

Regarding the nonlinear term in the NSE, a bounded linear map B : V x V. — V' is
defined by

(B(w,v), W)y y =b(u, v, w) def / ((w-V)v) -wdx, forall u,v,weV.
Q

In particular,
B, v) =P((u-V)v), forall u,ve D).

The problems (1.1) and (1.2) can now be rewritten in the functional form as

db:lit) + Au(t) + Bu(t), u(t)) = f(t) inV’ on (0, 00), 2.2)
u©0)=u’ e H. (2.3)

(We refer the reader to the books [2,20-22] for more details.)
The next definition makes precise the meaning of weak solutions of (2.2).

Definition 2.1 Let f € L? ([0, 00), H). A Leray—Hopf weak solution u(t) of (2.2) is a

loc
mapping from [0, co) to H such that

4/3
loc

u € C([0, 00), Hy) N L2 ([0,00), V), u' €L

loc

(10, 00), V1,

and satisfies

d
a(u(t), v) + (u(®), v) + b (), u(®), v) = (f (1), v) (2.4)

in the distribution sense in (0, 0o), for all v € V, and the energy inequality

1 4 1 4
Lo + / lu (@)t < ~ulio)P + f (F(0), u(0))dr 2.5)
2 1 2 0

holds for #p = 0 and almost all #y € (0, 00), and all # > #y. Here, H,, denotes the topological
vector space H with the weak topology.

A regular solution is a Leray—Hopf weak solution that belongs to C ([0, c0), V).

If t = u(T + 1) is a Leray—Hopf weak/regular solution, then we say u is a Leray—Hopf
weak/regular solution on [T, 00).

It is well known that a regular solution is unique among all Leray—Hopf weak solutions.

We denote by 7 the set of 7o € [0, co) such that (2.5) holds for all £ > #y. Note that
[0, 00)\7 has zero measure.

If u(t) is a Leray—Hopf weak solution and zp € 7, then u(#p+1) is also a Leray—Hopf weak
solution. Assume additionally that there exists a regular solution w(z) with w(0) = u(tp).
Then by the uniqueness of w(t), we have u(tp + t) = w(¢) and, hence, u(¢) is a regular
solution on [#g, 00).

We assume throughout the paper that
Assumption 2.2 The function f belongs to L° ([0, 00), H).

loc
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Asymptotic expansions in a general system of decaying... 1029

Under Assumption 2.2, for any u® € H, there exists a Leray—Hopf weak solution u(¢) of
(2.2) and (2.3), see e.g. [10]. The large-time behavior of u(¢) is the focus of our study. More
specific conditions on f will be imposed later.

We note that, thanks to Remark 1(e) of [11], the Leray—Hopf weak solutions in Defini-
tion 2.1 are the same as the weak solutions defined in [10, Chapter II, section 7]. Hence,
according to inequality (A.39) in [10, Chap. II], we have for any such solution u(z) that

t
lu@®))? < e |u)? +f e O f(0))PdT Vi > 0. (2.6)
0

Below are some inequalities that will be needed in later estimates. First, for any o, « > 0,
one has

max(x%e~"%) = dy(ar, o) & (1>a. 2.7)
x>0 eo

Thanks to (2.7), one can verify, for all , o > 0, that
A% 4| < dy(e, 0)|v| Vv € H, (2.8)
|A%~"A 0] < doa, 0)|v] Vv e H,
and, consequently,
1A%] = [(A%e A" A ) < doy e, o)A V] Yo € Gog. 2.9)

For the bilinear mapping B(u, v), it follows from its boundedness that there exists a
constant K, > 0 such that

1B, v)lly: < Kyllull vl Vu,veV. (2.10)

The estimate of the Gevrey norms |B(u, v)|o,, Was initiated by Foias—Temam [17]. Here
we recall an extended and convenient (though not sharp) version from [18, Lemma 2.1].
There exists a constant K > 1 such that if o > 0 and o > 1/2, then
[B(t, V)|a,o < K Nulas1/2,0 Vlat1/2,0 Yit, v € Gayi/2,0- (2.11)
Notation We make clear the meaning of the “big oh” and “small oh” notation. Let f and g

be two non-negative functions defined on a neighborhood of infinity (in R).

e We write f(t) = O(g(¢)) (implicitly means as t — o0) if there exist T, C > 0, such
that f(t) < Cg(¢t) forallt > T.

@) .
o Wesay f(r) = g(),if f(r) = O(g(t)) and g(1) = O(f(1)).
e We write f () = o(g(t)) (implicitly means as t — o0) if for any ¢ > 0, there exist
T. > 0, such that f(¢t) < eg(t) forallt > T.

Letu(t) = O(f(¢)) and v(t) = O(g(t)). Then clearly (uv)(t) = O(g(t)g(t)), which we
simply write as

O(f(1)O(g(1)) = O(f(t)g(t)), and particularly, f(1)O(g(t)) = O(f(1)g(1)).
(2.12)

If f(t) = O(g(1)), then (u + v)(r) = O(g(t)), which we write as
O(f (1) + Og(1) = O(g®)). (2.13)
Note that the identities in (2.12) and (2.13) are only for convenience and should be read

from left to right.
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1030 D. Cao, L. Hoang

3 Large-time estimates

This section contains long-time estimates for solutions of the linearized NSE and of the NSE
with the force decaying in time.
First, we have a convenient integral estimate which will be used repeatedly later.

Lemma 3.1 Let F be a continuous, decreasing function from [0, 00) to [0, 00). Forany o > 0
and 6 € (0, 1), one has

1
1
/ e oD p(rydr < f(F(O)e_(l_e)‘” + F(@t)) Vi > 0. 3.1)
0 (e
Proof We follow the proof of [1, Lemma 2.2]. We split

t
/ e PO E@Ydr =11 + b,
0

where [ is the integral from O to 67, and I, is the integral from 01 to . Using the monotonicity
of F, we estimate

o1 o—(1=6)o1
I < F(0) / e 77 dr < F(0)——,
0 o

t
1
L<F®O) | ¢ 9dr < FOr)—.
ot o

Thus, we obtain (3.1). ]

3.1 The linearized NSE

We establish an explicit estimate for solutions of the linearized NSE in terms of the decaying
force.

Theorem 3.2 Given a,0 > 0, let § € Gy, and f be a function from (0, 00) to Gy.s that
satisfies

[f(O]ao < MF(t) a.e.in (0, 00), (3.2)

where M is a positive constant, and F is a continuous, decreasing function from [0, 00) to
[0, o0).

Let wo € Ggo. Suppose w € C([0,00), Hy) N Llloc([O, 0), V), with w' €
Llloc([O, 00), V'), is a weak solution of

w =—-Aw+E&+ finV on(0,00), w(0) = w,
i.e., it holds, for all v € V, that
d

a(w, v) = —(w, v)) + (§ + f, v) in the distribution sense on (0, 00).

Then the following statements hold true.
(1) w() € Gyt1-s,0 foralle € (0,1) andt > 0.
(ii) For any numbers a,ag € (0, 1) with a + ap < 1 and any ¢ € (0, 1), there exists a

positive constant C depending on ay, a, €, M, F(0), |§|o.c and |woly,o Such that

[w(t) — A Elg1-6.0 < C(e™™ + Far)) Vi > 1. 3.3)
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(iii) Assume, in addition, that
o There exist kg > 0 and Dy > 0 such that
e X' < D\F(r) Vt >0, and (3.4)
e Foranya € (0, 1), there exists Dy = D; 4, > 0 such that
F(at) < DyF(t) ¥Vt >0. (3.5)
Then there exists C > 0 such that
w(t) = A Elas1-60 < CF() Vi = 1. (3.6)
Proof (i) Thisregularity resultis the same as [1, Lemma 2.4(i)] in which we set f := £+ f.
(ii) First, we state and prove a more technical version of (3.3).

For any ¢,8,0,0" € (0, 1), there exists C > 0 depending on ¢, 8,0, M, F(0), |§|a.c
and |wolg,s sSuch that

w(t) — A Elag1—e0 < Ce™ P L F(0'01) Vi = 1. 3.7)
Proof of (3.7) We follow the proof of [1, Lemma 2.3].
(a) Let N € G(A). We recall formula (2.19) of [1]:

t
Py(w(t) — A7'E) = e Pywg — A7 e A PyE +/ e~ UTOAPy f(z)dr Vi > 0.
0
(3.8)

(This formula was derived by using the equation of Pyw and the variation of constant

formula.)
Let ¢ € (0, ). Applying A~ to both sides of (3.8), and estimating the | - |4, norm of

the resulting quantities, we obtain

IPy(w(t) — A7 ) gr1-e0 < [AF e M wgla0 + |A e AE 40

t 3.9
+/ le=C=DAAE £(1)|, odT.
0

Let 8,56 € (0,1) and + > 1. We estimate each term on the right-hand side of (3.9)
separately.

(b) Rewriting the first term on the right-hand side of (3.9) and applying (2.8) yield
e — e —(I— _ l—¢ ql-e _
A1 e gy g = [A1F T P A < | | e woleg

e(1— o)t
I—¢& ql-¢ _g
< .
= [e(l —8)] 4 |w0|a,a

The second term on the right-hand side of (3.9) can be easily estimated by

e —1A A _
[A™%e ! Elao < le ! Elao < e t|$|a,(r-

(c) Dealing with the last integral in (3.9), we split it into two integrals

t
/ e~ DA £ () odt = Iy 4+ Iy,
0
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where /] is the integral from O to 67, and I, from 61 to ¢.
For I, we have

0
I :/ ! ‘e—(z—r)(l—B)A(e—(t—r)SAAl—Sf(T)>’ dr
0

o,0

dr.

o,0

0
< / ! ‘e—(l—())t(l—é)AAl—s (e—(t—r)BAf(T)>
0
Utilizing (2.8) and then using hypothesis (3.2), we obtain

o l1—¢ I—¢
S — —(t—1)3A
h= /o [e(l —0)(1— 5):] le f(Ola.odt

l1—¢ 1— (01
—(t—1)8
= [e(l ~o) —5);] /O ¢ MF()dr.

l—¢ 1—e 01 —8(01—1)

Let 0’ € (0, 1). Then by Lemma 3.1,

|- 1-e 1 ,
I < M[ig] S(FOe 1= 4 F(@'on).

e(1—-0)(1-9)
For I, we apply (2.8) and use (3.2) to have

t
L= [ |e (=4 t=D=DA 1= py)l, o dr
ot
t
5/ e—(t—r)é|e—(t—t)(1—6)AA1_5f(r)|a’gdf
01
! 1—¢ 1—¢
78(17r)[7]
= ¢ T dr
_/Gz e(1=38)(t—1) If(Dla,o

1 p=8(1=1)

< [ " ]I_EMF(Qt)

e(1—35) Gt

We estimate the last integral by

R [ a-or -0 1
— dr :/ F7le™%dz < f 7 dz+ (1 -0)°" /
/Qt (t—1)—=* 0 0

1-6

B ) ey
- £ )

(d) Combining the above calculations, we obtain

1Py (w(t) = A8 ) lgq1-e0 < Ce” 7% 1 F(0'01)) Vi > 1,

(1)t
e %24y

(3.10)

with constant C independent of N. By passing N — oo in (3.10), and the fact A~'¢ €

Gyt1—s,0, Weobtain w(t) € Ggy1—¢,0 together with the estimate (3.7).

Proof of (3.3) Take 0 € (a + ag, 1), and set § = ap/(0® — a) and ' = a/6. Then
0 —a > ap > 0, which gives 8,0’ € (0, 1). It is also clear that 0’ = a and (1 — 6")08 =
(8 — a)8 = ag. Therefore, with these values of 8, §’, §, inequality (3.3) follows (3.7).
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Asymptotic expansions in a general system of decaying... 1033

(iii) Note, by the monotonicity of F', that the property (3.5) in fact holds true foralla > 0,
with Dy , = 1 for all @ > 1. Then we have
e~ 4 F(at) = e foatko 4 F(ar)

(3.11)
D1 F(aot/ko) + F(at) < (D1D2,ay/ky + D2,a) F(2).

IA

Combining (3.11) with (3.3), we obtain inequality (3.6). The proof is complete. O

3.2 The NSE

This subsection aims at establishing the large-time estimates for weak solutions of the NSE.
First, we obtain a result for small initial data and force.

Theorem 3.3 Let F be a continuous, decreasing, non-negative function on [0, 00). Given

o > 1/2 and numbers 0y, 0 € (0, 1) such that 6y + 0 < 1. Then there exist positive numbers
cx = cx(a, 00,0, F), fork =0, 1,2, 3, such that the following holds true. If

|A%u°| < co, (3.12)

[fD)la-1/2,6 < c1F(t) a.e in (0, 00) for some o > 0, (3.13)

then there exists a unique regular solution u(t) of (2.2) and (2.3), which also belongs to
C([0, 00), D(A%)) and satisfies, for allt > 8 (1 —0)/(1 — 6 — 6p),

(s < c2(e™P + F2(01)'/2, (3.14)

t+1
/ (D) 341 /2,047 < 372" + F2(01)). (3.15)
t

Proof The proof follows [1, Theorem 3.1]. The calculations below are formal, but can be
made rigorous by using the Galerkin approximations and then pass to the limit.
Let0, =6y/(1 —60) € (fp, 1) and denote t, = 80 /(1 —0,) =8a(1 —0)/(1 — 6 — Oy).

(a) Foro > 0,let ¢ be a C*>°-function on R such that ¢ ((—o0, 0]) = {0}, ¢([z, 00)) = {0},
and 0 < ¢’ < 20/t, on (0, t,). We derive from (2.2) that
12 du
dr
— @ (AT OA L pa o WA Ay B ) + f).
(3.16)

E(Aaeq;(z)A‘/?u) _ gDx(t)A1/2Aae<p(z)A‘/2u + A%ep A
dr

By taking the inner product in H of (3.16) with A”‘e‘/)(’)Al/zu(t), we obtain

1d
Sl 1AV ) = @ (AT 20Ny qerOAT )

2dr et
. (Aaego(z)Al/zB(u’ W), Aaego(z)Al/zu) + (Aa—l/2e<p(t)A1/2f’ Aa+1/2e¢(z)A1/2u)_

Using the Cauchy—Schwarz inequality, and estimating the second term on the right-hand
side by (2.11), we get

2
%) (3.17)
+ KQ|A1/2’/‘|2,¢(1)|”|(1,¢(0 F1f Ola—1/2.00) 1A 1t o) -

1d
5 3 g 142Ul ) = @' OIA 2l
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1034 D. Cao, L. Hoang

Using the bound of ¢’ () and applying Cauchy’s inequality to the last term gives
1d 1/2 1/2
55' Iw(t)JrlA ul; <flA ul;

o, (1) o, (1)

t
1/2,,,2 1/2 * 2
+ Kl | A Pul} 0 + Z'A Ul + 5o 1 Ol-1 2,000

which, together with the fact ¢ (¢) < o, implies

Id 4o 12 1 1y 2
s ar o + (1= 7 = K llagio )AL ) < g1 F O 12
Thus,

d 1
29 A2 (1 _ ¥ KYAY )Aa+1/2 2 Ae=1/2 ¢12 1
2dz| ul” + [A%ul )| ul _1—0*| flI7. (3.18)

(b) Foro = 0, let ¢ = 0 on R. Then the first term in (3.17) vanishes. Applying Cauchy’s
inequality to the last term of (3.17):

1-—
|f(t)|a—1/2,w(t)|A1/2u|a,<p(t) <

A1/2 1
| ”|a R0} + |f(t)|o, 1/2,0(1)>

we obtain the same inequality (3.18).
(c) In the calculations below, we use the following constants

1 -0, 1
= ,00,0,F) = s =y(F)=—— € (0, 1],
Cx cx(a, By ) 1K Y )/( ) FO) +1 ( ]
co = co(a, 00, 0, F) = ycy, c1 = ci1(a, 00,0, F) = y*c(0:(1 — 0,))/2,

2 =c2(@, 00,0, F) = V2ycs, 3 =c3(,60,0, F) = (146, H2yc

At the initial time, we have

(0|, p0) = 1A%u°] < 2¢0 < 2¢s.

Let T € (0, 00). Assume that

(D) o) < 2¢x V1 €[0,T). (3.19)

This and the definition of ¢, give

K% u(®)la,p@) < 2c:K* = (1 —05)/2 YVt €[0,T). (3.20)
Fort € (0, T), we have from (3.18) for both o > 0 and o = 0, and (3.20) that

d _

31l T 20 A P ) < 200 = 00T S Ol (3.21)
Applying Gronwall’s inequality in (3.21) and using (3.12), (3.13) yield, for all ¢ € (0, T),
that

t
WO gy = MR g +20 097 [ 2D @E e
0

t
e M +2(1 - 6,7 / e DR (r)dr.
0
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Asymptotic expansions in a general system of decaying... 1035

For the last integral, applying (3.1) with F := F2, o := 26, and noting that (1—6)8, = 6y
give

‘ 1
/ e~ 20D F2 (147 < (FZ(O)e_ZQOt + F2(6’t)) Vi > 0.
) 20

*

Then we obtain
U5 ) < o0 + 101 — 017" (y 27> + F2(01))
<22y (e + F2(01)).
This implies
() la.g) < V2eey (€720 + F2(01)'/* Vi € [0, 7). (3.22)
Letting t — 7~ in (3.22) and using the monotonicity of F give

m |u()la.p) < vV2ey (14 F20)'? < 2¢,. (3.23)
t—T—

By the standard contradiction argument, it follows (3.19) and (3.23) that the inequalities
(3.19) and (3.22), in fact, hold true for T = oo. Then, due to the fact ¢ () = o forall t > t,,
inequality (3.22) implies (3.14).

(d) Fort > t,, by integrating (3.21) from ¢ to ¢t 4 1, and using estimates (3.14), (3.13), we
obtain

s 1/2 2 1 2 12 s 2
/ AY2u(D)1G odr < o lu@)]G o + 10,01 = 617 ¢) / F2(x)de
t * t
< 2y20,7 (e 4 F2(01)) + 2y F2(01).
Then inequality (3.15) follows. The proof is complete. O

Theorem 3.4 Let F be a continuous, decreasing, non-negative function on [0, 00) that sat-
isfies

lim F(t) =0. (3.24)
11— 00
Suppose there exist o > 0, « > 1/2 such that
If(Ola,c = OF(1)). (3.25)

Let u(t) be a Leray—Hopf weak solution of (2.2). Then there exists T > 0 such that u(t)
is a regular solution of (2.2) on [T, 00), and for any ¢, A € (0, 1), and ap, a, 6y, 60 € (0, 1)
withag +a < 1, 6y + 0 < 1, there exists C > O such that

(T + Dlar1-e.0 < Cle™® 4720 L F2X(9ar) 4+ F(ar)) Vi >0.  (3.26)
If, in addition, F satisfies (3.4) and (3.5), then
(T + Ola+1-e.0 < CF(t) Vi 2 0. (3.27)
Proof By (3.25), there exist 71 > 0 and C; > 0 such that
[fOlao < C1F @) t>Ti. (3.28)

We claim the following fact which is weaker than the desired estimate (3.27).
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1036 D. Cao, L. Hoang

Claim For any A € (0, 1),and 6,0y € A(O, 1) with 6 4 0y < 1, there exists T > Ty such that
u(t) is a regular solution of (2.2) on [T, 00), and one has for all t > 0 that
(T + Dlay1/2.0 < Cle P + F01)'2, (3.29)

Sfor some positive constant C.
Accepting this Claim at the moment, we prove (3.27). Rewrite the NSE (2.2) as the
linearized NSE:

w4+ Au = ) L _Bw@), u®) + £). (3.30)

Then from (3.29) and (2.11) we obtain for ¢ large,
IB@(T + ). u(T + 0))lao < K*u(T + 034,05 < Cale ™ + F(01))
for some positive constant C,. From this and (3.28), we have, for r > 0,

|f(T + Do < Ca(e™2N" + F2(01)) + C1F(T + 1) < C3F (1), (3.31)

where C3 = Cy + Cy and F(t) = e %" + F2(01) + F(1).
By (3.30) and (3.31), we apply part (iii) of Theorem 3.2 with w(z) := u(T +1), f(t) =
f(T +1),E=0,M=Cs3, F(t) := F(t) to obtain from (3.3), with t := ¢ + 1, that

(T + 1+ Dlati-e.0 < Cale™ D 4 Fa(e + 1))
< Ca(e™ ! 4 720091 L F2X(9ar) + F(at)).

for all + > 0 and some constant C4 > 0. By re-denoting T := T + 1, we obtain (3.26).
Now, assume (3.4) and (3.5). Taking A = 1/2,a¢9 = 6o € (0, 1/2) anda = 1/2, we obtain
from (3.26)
u(F + Dlati-eo < Cle™® + F(61/2)) Vi > 0. (332)

Similarly to proving (3.11), we obtain inequality (3.27) from (3.32).
The rest of this proof is to prove the Claim.

(a) By Assumption 2.2, there exists Co > 0 such that
[f@®)] < Co, ae.in(0,Ty). (3.33)
On the one hand, using (2.6), (3.28), (3.33) we have, for all t > T, that

T t
lu()* < e uol* + C§/ e~ Pdr + cf/ eI FX(r)de
0 T

t
e ugl* + Cle~e™ + CF f e "D FX(7)dr.
0

To estimate the last integral, we apply inequality (3.1) with o := 1,6 = 1/2, F := F?,
hence, obtain

lu@®)*> < e (uo> + Cle™) + CHF*(0)e ™2 + F2(1/2)) Yt =Ti.  (3.34)

On the other hand, we estimate in (2.5)

1 2 1 2 1 2
{f @) u() = Slu@I"+ 5 If( ) = @™+ S 1 OF.

@ Springer



Asymptotic expansions in a general system of decaying... 1037

Hence, we obtain
t t
P + / Ju()Pdr < Jutio) > + / (O dr (335)
to 0]

foralltyg € 7 and t > 19.
Letty € T N [T, 00). Setting t = 19 + 1 in (3.35), using (3.34) to estimate lu(t)|?, and
(3.28) to estimate | f(7)|, we derive

to+1
/ lu(m)I*dr < e (Jugl* + CFe™) + CT(F*(0)e ™/ + F2(19/2)) + CT F*(to),
to
thus,
to+1
/ lu()|?dr < e 2 (Jug|® + CZe™ + CF?(0)) + 2CTF?(10/2).  (3.36)
to

Let ¢ > T be arbitrary now. There exists a sequence {t,},° , in 7 N (77, 0o) such that

lim,_ ~ t, = t. Then (3.36) holds for 7y = #,,, and letting n — oo gives

/ " e < M E P uof? + Ce™ + CTF*(0))
'
+2C2F2(t/2) Vit = Ty. (3.37)
Note that the quantity M, in (3.37) is decreasing in ¢, and goes to zero as ¢ tends to infinity.
(b) Consider o > 0. Let A € (0, 1). For T > 0, we write
Ft+T)=F" ¢+ T)F*¢+T) < F(T)' " F*@). (3.38)
Choose T, > T such that
Mz, < co(1/2, F*)/2 and F(T2)'™ < ¢1(1/2, F*)/C.
By applying inequality (3.37) to t = T», there exists tp € 7 N (T2, T» + 1) such that
|Au(to)| < 2My, < 2Myp, < co(1/2, F*).
Moreover, for t > 0, by (3.28) and (3.38),

<ci(1/2, FH)F*@). (3.39)

|f(to + D)oo < C1F(to+1) < C1F (o) ™ F*(1) < C1F(T2)' ™" F*(1)

Applying Theorem 3.3 to the unique regular solution u(t) := u(tg + t), force f(t) :=
f(to + t) with parameters « = 1/2 and F(¢) := F*(t), we obtain from (3.14) that

lu(to + D120 < c2(1/2, F*) (e ™" + F*(01)) V¥t > 1, (3.40)
where 7, is a non-negative number. Then by (2.9), we have for all ¢ > #, that
1A% 2y (1 + 1)] < doQar + 1, 0) 1" “ulty + 1)] < doQa + 1, 0)u(to + D1 2.0+
and, hence, thanks to (3.40),

Jlim |AY T2y (19 + 1) = 0. (3.41)
— 00
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Using (3.41), and similar to (3.39) with the norm | - |+ replacing | - |o,o, we deduce that
thereis T € 7 N (ty + t,, 00) so that

|AT24(T)| < cola + 172, F), (3.42)
|f (T 4 O)|ao < cr(a+1/2, FYF*1) Vi >0. (3.43)

(c) We will establish (3.42) and (3.43) when 0 = 0. First, we observe the following: if
j € Nsuch that j <2« + 1 and

+1
lim A/ 2u(t)|Pdr = 0, (3.44)
—00 t
then
t+1 )
lim / [AUFTD/2y(2)2dr = 0. (3.45)
r—00 t

Indeed, since (j — 1)/2 < «, and thanks to (3.25), we have
IA%f(I)I = O(F(1)). (3.46)

By (3.44) and (3.46), we obtain, similar to (3.42) and (3.43) that there exists 73 € 7 N[7T7, 00)
so that

|AT2u(T3)| < co(j/2, FP),
(AT E(Ts + 0] < e1(j /2, FHF* 1) Vi = 0.

Applying Theorem 3.3 tou(t) := u(T3+1), f(t) := f(T3+-), F(t) := FM0),a := j/2,
o := 0, we obtain from (3.15) that

t+1 ) t+1-T3 )
/ |AVTD2y (7)) 2 de = / |AUTD2y (T3 + 7)2dT
t 1—=T3

= 02001 L F2(0(1 — T3))),

which proves (3.45), thanks to (3.24).

Now, let m be a non-negative integer such that 2o < m < 2o + 1.

Note that m > 1, and, because of (3.37), condition (3.44) holds true for j = 1. Hence we
obtain (3.45) with j = 1, which is (3.44) for j = 2. We apply the arguments recursively for
j=1,2,...,m, and obtain, when j = m, from (3.45) that

t+1
lim |ATHD2y (1)2dr = 0.

—>00 t

Since o < m/2, it follows that
t

+1
lim |A%T1/2y () )2dT = 0. (3.47)

—00 t

By (3.47), (3.28), (3.38) and (3.24), there exists T € 7 N[T}, oo) so that (3.42) and (3.43)
similarly hold true (for this case of o = 0.)

(d) With T € 7 N [T}, 00) in (b) and (c), we apply Theorem 3.3 to the unique regular
solution u(t) := u(T +1), f(t) := f(T +1), F(t) := F*(t), @ := a + 1/2, and obtain
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that there is ¢, > 0 such that, following (3.14) with ¢ :=t + t,,
1/2
(T + 1+ Dlat1 2.0 = €200 +1/2,60,0, F1) (2000 4 F20(1, +1))
S C(672901 _|__ sz(et))l/z
for all # > 0. By setting T =T + t,, this estimate implies (3.29). The proof is complete. O

Remark 3.5 Because the constants c¢o and ¢ in (3.42), (3.43) can be small, we could not
prove (3.29) for A = 1 directly. Rather, we use (3.30) and the estimate (3.6) in Theorem 3.2
for the linearized NSE to improve (3.29) to (3.27).

4 General asymptotic expansions

Now, we introduce a very general definition of an asymptotic expansion in a normed space
with respect to a system of time-decaying functions.

Definition 4.1 Let (1/,)72 ; be a sequence of non-negative functions defined on [7, co) for
some T, € R that satisfies the following two conditions:

(a) Foreachn € N,

lim v, () = 0. 4.1
—>00
(b) Forn > m,
Yn (1) = o(Ym (1)). (4.2)
Let (X, || - ||) be a normed space, and g be a function from [T, oo) to X. We say g has an

asymptotic expansion (implicitly as t — 00)

g(t) ~ > &y, (1) in X, 4.3)

n=1

where &, € X forall n € N, if, forany N € N,

N
gt) = Y Entn(0)

n=1

=o(Yn (). (4.4)

Obviously, if g(7) = Zflvzl £,y (1) for some N € N, then g(t) ~ > o2 | &, %, (1) where
&, = 0 forn > N. In case of the infinite sum, the convergent series

HOEDIRAAG! (4.5)

n=1

does not necessarily imply the expansion (4.3). We refer to “Appendix A” for some criteria
for both (4.3) and (4.5) to hold, with the infinite sum not reduced to a finite one.

Note that the expansion (4.3) does not determine the function g. Indeed, if & : [T}, o0) —
X is a function that satisfies ||2(¢)|| = o(v,(¢)) for all n € N, then both g and g + & have
the same expansion on the right-hand side of (4.3). The converse is considered in the next
proposition.
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Proposition 4.2 Let (¥,)°°,, (X, ||-||) and g be as in Definition 4.1. Suppose, for eachn € N,

n=1’

that the function Vr, is not identically zero on [T, 00) for all T > T,. Then the asymptotic
expansion (4.3), if exists, is unique.

Proof Suppose g(t) has two expansions

g) ~ D dutn(1) and g(1) ~ Y EYu (D). (4.6)

n=1 n=1

We will prove by induction that ¢, = §, foralln € N.
One has from the triangle inequality and each expansion in (4.6) that

(@1 = EDV1OI < [p1¥1(1) = gD + 18 (1) — &1 (D] = o(1(1)). 4.7)

Since ¥ is asymptotically non-trivial, then one can verify from (4.7) that ¢ = &;.
Let N € N and assume ¢,, = &, forn = 1,2, ..., N. Then

N+1
1(@N+1 — EN+DUNH1 (D] = Z(% — &)V (1)
n=1
N+1 N+1
<D0 v — g + [80) = Y EW ()| = 0(Wn11(D).
n=1 n=1
Hence, ¢n+1 = En+1. By the induction principle, ¢,, = &, foralln € N. O

Note that the rate of convergence, as t — 00, in (4.4), in fact, can be related to the next
term Y41 (¢). Indeed,

N N+1
g) = Y EVa (| < |80) = Y &Evn@) | + YN OllEn11ll.
n=1 n=1

Hence, we can replace equivalently (4.4) by

= O(Wn+1(1)). 4.8)

N
g(t) = Y En(r)
n=1

The equivalence of (4.4) and (4.8) is essentially due to the infinite sum in (4.3). If the
sum is finite, this is no more the case. Moreover, for general ¥,’s, the relation (4.2) is not
informative enough to work with.

These prompt us to have the following more specific definition.

Definition 4.3 Let W = (v;)>0 be a system of functions that satisfies the following two
conditions.

(a) There exists T, > 0 such that, for each A > 0, ¥, is a positive function defined on
[Ty, 00), and

Tim () = 0. 4.9)
(b) For any A > p, there exists n > 0 such that
Y () = OW ()Y, (0)). (4.10)
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Let (X, || - ||) be a real normed space, and g be a function from (0, co) to X. The function
g is said to have the asymptotic expansion

g0~ Y &y, (1) in X, @.11)

n=1

where &, € X forall n € N, and (4,)72, is a strictly increasing, divergent sequence of
positive numbers, if it holds, for any N > 1, that there exists ¢ > 0 such that

N
g(t) = Y Etn, ()

n=1

= OWny ()Y (1)). (4.12)

We have the following remarks on Definition 4.3.

(a) If & > p, it follows (4.10) and (4.9) that

Y () = o(Yu(1)). (4.13)

(b) If a function g has an expansion (4.11), then g(¢) ~ Zf,il £,v3, (t) in X in the sense
of Definition 4.1.

(c) Thanks to (b) and Proposition 4.2, the &,’s in (4.11) are unique. Similarly, following the
proof of Proposition 4.2, we also have the uniqueness of &,’s in (4.16).

(d) The main difference between Definition 4.1 and Definition 4.3 is the specific decaying
rate ¥, (t) on the right-hand side of (4.10), in contrast with the non-specific one in (4.2).
In the proofs, this crucially allows comparisons and estimates for different quantities.

We have the following special cases for the expansion (4.11).
(i) Assume (4.11). If there exists N € N, such that
& =O0foralln > N, (4.14)

then it holds for all A > O that

N
gt = &, (0] = OWs(1)). (4.15)

n=1

(i) Assume there exist N € N, &, € X forl <n < N,and A,’s,for 1 <n < N, are
positive numbers, strictly increasing in n such that (4.15) holds for all . > 0. We extend
&, € Xforl <n < Ntoasequence (§,)52, with (4.14), and extend A, for 1 <n < N
to any sequence (A,) ; that is a strictly increasing and divergent. Then one can verify
that (4.11) holds true.

Therefore, we say in cases (i) and (ii) that the function g has the asymptotic expansion

N
g0~ 3 &y, (1) in X. (4.16)
n=1
(iii) If &, =O0foralln € N in (4.11), then
gl = OWn (1) (4.17)

forall A > 0.
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(iv) Assume (4.17) holds forall A > 0. Let &, = Oforalln € N. Let (1,);2 | be any strictly
increasing, divergent sequence of positive numbers. Then we have (4.11).
Therefore, we say in cases (iii) and (iv) that the function g has the asymptotic expansion

¢() X 0in X.

(v) For N = 0, we conveniently set the sum Z,Ilvzl &na,, (1) to be zero in (4.16), and see
that the condition (4.15) is, in fact, (4.17). Thus the expression

0
g0~ Y &, () will mean  g(1) ~ 0.

n=1

(vi) If a function g has an asymptotic expansion

N
g0~y &, () in X,

n=1
for N € N U {0, oo}, then by remark (c) above, this expansion is unique for g.

For solutions of ODEs or PDE:s, the linear and nonlinear structures of the equations will
impose more conditions on the system. We consider below the ones that are appropriate to
our current study of the NSE.

Condition 4.4 The system V = (Y)),~0 satisfies (a) and (b) in Definition 4.3 and the fol-
lowing.
(i) Forany A, i > 0, there exist y > max{A, u} and a nonzero constant d;, ;, such that

1//)\1#;1 = d)h,;ﬂ/f;w (4.18)

(ii) For each ) > O, the function V) is continuous and differentiable on [Ty, 00), and its
derivative ; has an expansion in the sense of Definition 4.3

Ny,
VO~ i () inR, (4.19)

k=1

where N, € NU {0, oo}, all ¢  are constants, all AY (k) > A, and, for each A > 0,
AV (k)’s are strictly increasing in k.

The following remarks on Condition 4.4 are in order.

(a) By (4.13), the numbers y and d; , in (4.18) are unique.
(b) By (4.18), we have the reverse of (4.10) in the following sense:

Y ()Y (1) = O3, (1)) for some A > pu. (4.20)

(c) Thanks to (4.10) and (4.20), the condition (4.12) is equivalent to

N
g(t) = > &, (0| = OWn(1)).

n=1

for some A > Apn.
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(d) Expansion (4.19) of v, in all cases of N, and property (4.10) imply that there exists
n > 0 such that

Y3 (D] = OWa () Yy (). 4.2

(e) If, instead of (4.19), 1/f/’\ = ¢, forall A, then 1, ’s are exponential functions. This case
was studied in [19]. For other examples of (4.19), see Sects. 7.3 and 7.4.

Notation Denote y in (4.18) by A A u, which is uniquely determined thanks to remark (a)
above.

For the current study, we focus on decaying functions that are larger than the exponentially
decaying ones; hence, we impose more specific conditions.

Condition 4.5 The system V = (r,),>0 satisfies (a), (b) of Definition 4.3, and the following.

(1) Foreach ) > O, the function v, is decreasing (in t).
(i) If A, o > 0, then

e " = o(Y(1). (4.22)
(iii) For any number a € (0, 1),
Vi(at) = O (1)). (4.23)
The followings are direct consequences of Condition 4.5.
(a) By (4.22), for any o, A > 0, there exists a positive constant C, ; such that
e ) < Count + T) Vi 20,
hence, by denoting D| (%, a) = e**C; o, we have

e < DA, )Yt + Ty). (4.24)

(b) Fora € (0, 1), we have from (i) that 1, (t) = O(¥; (at)). Thus, the condition (4.23), in
fact, is equivalent to

¥i(at) 2 9(0).
(c) Property (4.23) and the decrease of ¥, (¢) in ¢ imply, for a € (0, 1), that
Vi(at) < Da(a, MY (1) Vi =Ti/a,
where D;(a, A) is a constant in [1, 0o). Consequently, fora € (0, 1) and t > 0,

Yo(at + T) = Y(a(t + Ti/a)) < Da(a, .t + Ti/a) < Daa, Myt + Ty).
(4.25)

Then by the decrease of ¥, in ¢, we have
Vi(at + T.) < Da(a, My (t) Vi > T,. (4.26)

In particular, forany 7 > Oand ¢t > 2(Tx + T), we have t — T > t/2 + T, then by
(4.26),

it = T) < Y (t/2+ Ty) < D3 (M) (1), where D3(1) = Dy(1/2, 2).
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Combining this with the boundedness of ¥, (t — T) /v (¢) forsmall ¢t € [T+ T, 2(T +
T)], we obtain

Yot = T) < Da(A, T)Y () Vi =T+ T,
which yields
Vi(t) < Da, )Yt +T) Vi = Ty,

for some positive constant D4(A, T'). Consequently, for any T € R,

Ya(6) (e + 7). 4.27)

In applications to the NSE, suppose that the force f has an expansion containing the
terms ¥, ’s for some numeric sequence (y,)52 ;. Then the operators in the NSE require that
a solution u(¢), in case of having an expansion itself, may need many more terms in addition
to v, ’s. We describe below a general principle to find those other terms.

For any x € (0, 00), define the set

@, if Ny =0,
Gy =1{xY(k): 1<k <N}, if Ny €N,
{xV (k) : k € N}, if Ny = oo.

A non-empty subset S of (0, 00) is said to preserve the operation V if
VxeS:Gy CS. (4.28)
Similarly, S is said to preserve the operation A if

Vx,yeS:xAyeS. (4.29)

Lemma 4.6 Let S be any non-empty subset of (0, 00).

(i) There exists a smallest set S, C (0, 00) that contains S, and preserves the operations Vv
and A.
(ii) In fact, Sy = S*, where S* is constructed explicitly in (4.30) below.

Proof (i) For any non-empty subset M of (0, 00), we denote
M"={xAy:x,ye M},

MY = U G,.

xeM

(a) Let Sp = S. We define recursively the sets S, forn € N, by

Sok+1 = Sox U Szvk and Sok+2 = Sok41 U SZAk+1 for k > 0.

Define
oo
s = s (4.30)
n=0
We obviously have
Sok C Sok+1 C Sokt2 C Sak+3 Yk = 0. (4.31)
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It follows (4.31) that (S,), (S2,) and (S»2,41) are increasing sequences, and, hence,
o oo
§* = J Sae = | Saws1- (4.32)
k=0 k=0

Clearly, S = Sp C S*. Next, we prove S* preserves the operations V and A.

Letx € S*. By (4.32), x € Sy, forsome k > 0. Then obviously by definition G, C Szvk C
Sok+1 C S*. Thus, G, C S*.

For x, y € S*, then by (4.32), x € S2k+1, y € S+ for some k, m > 0. Assume k > m,
then y € Sog+1 by (4.31). This implies x A y € Soryo C S*.

(b) Let C be the collection of sets M that contain S and preserve the operations Vv and A.
Because S* € C, then the collection C is non-empty.

Let S, be the intersections of all the elements in C. Then S, C S*. Let M € C, properties
(4.28) and (4.29) for S := M clearly imply

MY C Mand M® C M. (4.33)
Thus,
SH)YcMYCcM and (S)" CcM" C M.
It follows that

SV Cc ([ M=S. and($)"C [ M=S.
MeC MeC

Therefore, S, € C. By its definition, S, is the smallest set in C.
(ii) We prove S, = S*. It suffices to show §* C S,.

Let M be an arbitrary element in C. We shall show that S* C M. First, we see that So C M.
By (4.33),

S;=SUSy cCMUMY =M,
and then,
S$H=8USf CcMUM" =M.

By induction, we can prove similarly that S¢ C M for all k. Therefore $* = |2, Sx C M.
Then $* C (\yrec M = Si. This completes the proof of the lemma. O

Notation We denote the set S, in Lemma 4.6 by Gy (S).

5 Asymptotic expansions in a continuum system

Let ¥ = (¥1)a>0 be a system of functions that satisfies both Conditions 4.4 and 4.5.

Assumption 5.1 Suppose there exist real numbers ¢ > 0, @ > 1/2, a strictly increasing,
divergent sequence of positive numbers (y,,);2 | and a sequence (¢,,),;2 | in Gy o such that,

in the sense of Definition 4.3, N

FO 3 Gty (0 in Goyo 5.1)

n=1
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Note from (5.1) that f(¢) belongs to G4, for all ¢ sufficiently large.
Letu(t) be aLeray—Hopf weak solution of the NSE. We search for an asymptotic expansion
of u(t) in the form

u(®) ~ Y &, ). (5.2)

n=1
Formally substituting expansion (5.2) into the NSE (2.2), we find that the indices X,,’s natu-
rally take values in the set

Gu({yn :n eN}). (5.3)

However, the expansion (5.2) only agrees with (4.11) in Definition 4.3 if the set in (5.3) does
not have a finite cluster point. Therefore, we impose one more condition.

Assumption 5.2 There exists a set S, that contains {y,, : n € N}, preserves the operations Vv
and A, and can be ordered so that

S« = {X, : n € N}, where A,,’s are strictly increasing to infinity. 5.4

We usually choose S, in Assumption 5.2 to be (5.3), but this is not the only choice.
Under Assumption 5.2, we can show that the expansion (5.1) implies

FOXY ¢, () inGao ast — oo, (5.5)

n=1

where the sequence (¢,)°°, in G, is defined by ¢, = &y if there exists k > 1 such that

n=1
An = Yk, and ¢, = 0 otherwise. Note in the former case that such an index k, when exists,

is unique.

Remark 5.3 In case the set S = {y, : n € N} itself preserves the operations Vv and A, then
S = g:p (S). Hence, Assumption 5.2 is met with S, = § and (5.5) holds with A, = y,,
¢n = ¢n, i.e., expansion (5.5) is just the original (5.1).

Our first main result on the expansion of the Leray—Hopf weak solutions is the following.

Theorem 5.4 Let Assumptions 5.1 and 5.2 hold true, and let f have the asymptotic expansion
(5.5). Then any Leray—Hopf weak solution u(t) of (2.2) has the asymptotic expansion

u() ~ 3 6, (1) in Gasi—po forall p € (0, 1), (5.6)

n=1

where &,’s are defined recursively by

E1=A"¢p, (5.7)
b= A" (== Y du B E) fornz2, (58)
Frv e
where
Y whetta-nxn G, kp, i Ap € [Lin =11,k € N Aj(k) = An,
Yn = Ay (0= (5.9)

0, otherwise.
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Proof The proof is divided into parts A, B, .. ., steps 1,2, and substeps (a), (b), ...
A. Notation. For n € N, denote

Fa®) = ¢, (1), Fu() =Y Fi0). and Fy(t) = f(1) — Fy(0),
j=1

“n(t)=gnw}»n(t)s ﬁn(t)=zuj(t)v and v, = u(t) — u,(1).

j=1
According to the expansion (5.5) and Definition 4.3, we can assume that
[N (Dlae = OWnny (P55 (1)), (5.10)

for any N € N, with some §y > 0.
B. We observe that

&1 € Gaylo Yn = 1. (5.11)

The proof of (5.11) is by induction and is the same as in [1, Lemma 4.2].
By (5.11), we have

litn (D)lat1,0 = OWn, (1)) Vn € N. (5.12)

C. As a preparation, we need to establish the large-time decay for u(¢) first. Letting N = 1
in (5.10) gives | £ (1) — $1¥, (Dlae = O, (D5, (1)), which implies

Lf Do = OWn, (1)) = O, (t + T2)).

The last relation is due to (4.27).

Let F(t) = v, (t + T.). Then | f(t)|q.c = O(F(t)), and, by (4.24) and (4.25), the
function F satisfies (3.4) and (3.5). We now apply Theorem 3.4 with ¢ = 1/2. Then there
exists time 7 > 0 and a constant C > 0 such that u(t) is a regular solution of (2.2) on
[f”, 00), and

(T + Olat1/2.0 < CPs, (t +Ty) Vi = 0. (5.13)
It follows (2.11) and (5.13) that
|B@(T + 1), u(T + t)lao < Clu(T + )3y 100 < CY3 (t+T) V1 =0. (5.14)
D. It suffices to prove, for any N € N, that there exists a number ey > 0 such that
loN (Do = OWny () ey (1). (5.15)

We will prove (5.15) by induction in N. In calculations below, all differential equations
hold in V’-valued distribution sense on (T, 00) for any T > 0, which is similar to (2.4).
One can easily verify them by using (2.10), and the facts u € leoc([O, o0), V) and u’ €
L},.([0, 00), V') in Definition 2.1.

Step 1: N = 1 Define wi (1) = ¥;. ' (u(®).

(a) Equation for wq(¢). We have

wi (1) =y, O (1) = 5 2 (OP], (Ou)
=5, (O(— Au(t) = B, w) + ¢19, (1) + F1() — ;.2 (O], (Du(@).
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Thus,
wi () + Awi (1) = 1 + Hi (1), > Ty, (5.16)
where
Hi(t) = ;' [F1(6) = B(u(®), u(t)] — ¥, 5, u®).

(b) Estimation of |H|(?)|q,0. By estimates (5.13), (5.14), and the relations in (4.27), we
have

lu®la+1/2,6 = OW, (1)). (5.17)
|B(®), u()))lao = OW;, 1)) (5.18)

By (5.10), (5.17), (5.18), and properties (4.21), (4.27), there exist Top > Ty, n; > 0, and
Do > 0 such that forr > 0,

Y (To + DIF1(To + Dlao < Dovry, (To + ¥, (To + v, (To + 1)
< Doyrs, (To + 1),
¥ (To + DB @(To + 1), u(To + D)lao < Doty (To + Y7, (To + 1)
< Doy, (To + 1),

and
Vi, (To + OV 2 (To + O[u(To + Olati2.0

< Doyrs, (To + vy, (To + ;> (To + Y, (To + 1)
=< Dovry, (To +1).

Let & = min{dy, n1, A1}. Then
[Hi (To + Dla,c < 3DoYe (To +1) Vi >0.

(c) We apply Theorem 3.2(iii) to Eq. (5.16) in G4 with w(t) := wi(To + 1), f(t) =
Hi(To+1), F(t) := ¢, (To + t) and £ = ¢1. We obtain from (3.6) that

wi(To +1) = A Pilari—p.0 = OWe, (To +1)
for any p € (0, 1), which yields
w1 (t) = A Pilari—p,e = OWe, (1))
Multiplying this equation by v, (¢) gives
lu@) = &9, Dlari-p,0 = OWn, (DY, (1)) Vo € (0, 1).

This proves that (5.15) holds for N = 1.
Step 2: Induction step Let N > 1 be an integer and assume there exists e > 0 such that

loN (Dlat1-p.0 = OWiy (Oey (1)) Vp € (0, 1. (5.19)

(a) We will find an equation for vy which is suitable to study its asymptotic behavior.
First, we have the preliminary calculations.
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Rewriting u’. By the NSE,

u'=—Au— B(u,u)+ f(t)
= —Avy — Aiiy — B(iiy + vy, ity +on) + Fy + Fyy1 + Fyq
—Avy — Aty + Fy — BN, i) + $N1¥y,, () + Ay,

where

hy+11 = —B(in, vy) — Buy, iiy) — By, vy) + Fyi1.

On the one hand,

—Aiiy + Fy = - i ¥, 0480 = 6.

n=1

On the other hand,
N
By, i) = Y VY1, OV, ()BGm, &)
m,j=1
N
=> 0| Y. dia;BEnE)
n=1 I<m,j<N,
)\m/\)\j:)\n
+ Yoy @) Z 3 j BGEm, &) + hnt12,
)\ml/\s)’\l;f)x\}+l
where

hviip= D Y, OV, (OB En, &)

1<m,j<N,
AmAAjZAN 42

Then we obtain the equation

N
W=—Avy =Y U, | A& —du+ Y dinBEnE)

n=1 I=m,j=<N,
Am Ak j =
(5.20)

— Yy () Z rpi; BEm, §j) — dnv1 | —hnti2 + ANt

I<m,j<N,
)Lm/\)\j:)\N-H

In calculations below to the end of this proof, & denotes a generic positive index used for
function ¥, (¢).
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Utilizing (5.10), (5.12) and (5.19), we estimate, with the use of the short-hand notation
Y = (o),

[hN+1,1ODae = OWa ) )OWray Vey) + OWniy Yep )OWay)
+ OWiy Ve YOy Wey) + OWiy i Vonr)
= O, Yy Yey) + OWayy Vony)
= OWa nay Ven) T OWiayy Vsysy)-

Since A1 A Ay > An+1, we have

[An+11(D e, = OWnyyy (DY (1)).

It is also clear that

hvi2@lee < Y i Wann, O1BEn. £

I1<m,j<N,
AmAAjZAN42

= Oy (1) = OWiy,, (D) Pe(1)).

Rewriting uy,. We have

N N Np Np

- /

iy = Z v, 6p = Z%’p ZCAp,kWA;(k) Vi, — ZCA,,,k%;(k) ,
p=1 p=1 k=1 k=1

where N p 1s the largest integer & such that
Ay (k) < ANt

Then we obtain

N
iy = > Vi, xn + Vay XNl + Ay s, (5.21)
n=1
where
N Np
hnes =Y & | Vi, = D k¥
p=1 k=1

Note from (4.19) and the definition of N p that
Np
3, () — chp,k‘ﬂx;(k)(t” = O (1)), somei > Anii.

k=1

Together with (4.10), we have

[An+1,3D) e = OWiy, O Pe(1)).
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Equation for vy.Combining (5.20) and (5.21) yields

vy =u' — iy

N
=—Avy =Y ¥, O | A&+ Y iy BEE) — b+

n=1 1<m,j<N,
)LmA)Lj:)\n
F VO | = D dia BERED vt — xvr |+ hngra),
1<m,j<N,
)Lm/\)\j:)\N-H

where

hn+14=hyy1,1 —hny12 — BNt 3.

Note, for 1 <n < N + 1, that
Y BémE)= Y, BEw&).

1<m,j<N, 1<m,j<n—I,

Am AR j=hn A Ak j=hn

Therefore, one has, for1 <n < N,

Abn + Z s j BEm, &) — G+ xn =0,

1<m,j<N,

Am AR j =
and
= D i BGu £+ dne — v = Abnpr
I<m,j<N,
Am AL j=AN+1
These yield
vy = —Avy + Yoy, (D AENL1 4 hyg1,4(0). (5.22)

(b) Estimation of vy (#). In Eq. (5.22), we have

hNs1,4Oeo < AN+ 1lao + 1ANE12l00 + 1ANT13la0 = OWiy,, (DY (D).
(5.23)
One has from (5.23) that
[y DAEN+1 +hN+14D]ae < Yy OIAEN+1 0o + 1EN+1,4) a0 = OWnyy, (D).

Similar to part (c) of Step 1, we apply Theorem 3.2(iii) to the linearized NSE (5.22)
with w(t) = vy(To +1),§ = 0, f(t) = ¥y, (To + DAEN+1 + hy+1.4(To + 1), and
F(t) = ¥y, (To + 1), where Ty > T is an appropriate, sufficient large time. We have from
(3.6), for any p € (0, 1), that

lon Dlat1-p.0 = OWny, (). (5.24)

(c) We will improve the precision of decay in (5.24). Define wy1(t) = ¥y, @ ton (@)
for t > T,. We have

Wy =Y, OV + 5 OV (O,
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which, thanks to (5.22), yields
Wy = —Awnt1 + Aén1 + Hy1(0), (5.25)

where Hy11(1) = Y] (Dhnw1a(0) + 5 (OV;7 (DN (D).
We estimate Hy 41 (¢) next. By (5.23),
Wi, OhN 114D = V5, DOy (D) = OWe (1)).
For the second term, we use (4.21) and (5.24) to obtain

W] OS2 Oy Dlao = V52 (DO Wiy, OV (DO Wiy, (1) = O (1)).

Hence, there exists ey > 0 such that

[Hy+1(Da,o = OWey, (1).

(d) Note from (5.11) that Aéy+1 € Go 6 C Ga—%,a‘ Again, by applying Theorem 3.2(iii)
to equation (5.25) with w(t) := wy1(T1 + 1), § := Aény1, f(t) := Hyy1(t + T1),
F(t) := Yey,, (t + T1) for some Ty > T, sufficiently large, we obtain from (3.6), for
any p € (0, 1), that

lwy 1 (T1 + 1) = A" (AEN Dl 1—po < Ceyy, (t+T1) Vi= 1

Thus, [wy+1() — Entilati—p,o = OWey,, (¢)). Multiplying this equation by .., ()
yields

|UN (t) - 5;_N+11/f)LN+1 (t)|(¥+1—p,o‘ = O(wlN+1 (t)wé‘[\ur] (t))

Since the left-hand side of this equation is |[vy41(#)|a+1-p,0» it proves that the statement
(5.15) holds true for N := N + 1.

Conclusion By the induction principle, we have (5.15) holds true for all N € N. Our proof
is complete. O

In Theorem 5.4, both force f and solution u have infinite sum expansions which means
that they can be approximated by infinitely many terms v,’s as A — oo. The case of finite
sum approximations can be treated similarly. We briefly discuss the idea and result here.

Assumption 5.5 Suppose there exist numbers o > 0, « > 1/2, an integer No > 1, strictly
increasing, positive numbers y,, and functions ¢, € G, , for 1 < n < Ny such that

= O(Y (1)) for some A > yy,. (5.26)

No
‘f(t) N A0)
n=1 a0
Assume further that there exists a set S, that contains {y, : 1 < n < Np} and preserves
the operations Vv and A, so that the set S, def Soo N [v1, YN, ] 1s finite.
In applications, we often choose Sooc = Gu({yn : 1 < n < Np}), but it can be more

general than this.
We rewrite S, = {A, : 1 < n < N,} for some integer N, > Ny, where A,’s are strictly

increasing. Note that Ay, = yu,. Then from (5.26) we have
N
10 =3 ¢, 0] = O (1) for some & > A, (5:27)
n:l o,0
where ¢, € Gy forall 1 <n < N,.
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Theorem 5.6 Let Assumption 5.5 hold true, and let f have the asymptotic approximation
(5.27). Let &, be defined by (5.7) and (5.8) for 1 < n < N,. For any Leray—Hopf weak
solution u(t) of (2.2), it holds that

N
u(t) = Y &, ()

n=1

= O, (1)) for some A > Ay, .

o,0

Proof The proof of Theorem 5.6 is the same as that of Theorem 5.4 except that we only use
finite induction to establish (5.15) for | < N < N,. ]

6 Asymptotic expansions in a discrete system with a continuum
background

In this section, we investigate the case that the system of functions (1,,);2 ; in Definition 4.1
cannot be mapped directly to a system (¥, )2, to be embedded into a continuum system
(¥3.)»=0- Hence, Definition 4.3 will not apply. However, we consider below the case when
each 1y, is of the same decaying order, when t — 00, as ¢;, with the functions ¢;,’s being

part of a continuum system (¢;)30-

Definition 6.1 Let ¥ = (wn)flozl be a sequence of positive functions defined on [7}, co) for
some Ty € R, and ® = (¢;),>0 be a continuum system as in Definition 4.3 such that there
exists a strictly increasing, divergent sequence (A,)~ | of positive numbers such that

Yn() € @, (1) foralln e N. 6.1)

Let (X, || - ||) be a normed space, and g be a function from (0, co) to X. We define the
asymptotic expansions

o] N
g0 > Y &), g() > Y EYn() with N €N, g(@0) ~0inX,  (62)

n=1 n=1

in the same way as Definition 4.3 and the special cases (i)—(iv) below it, where we replace
Yy, with v, replace (4.12) with

N
8 = Y &vn ()| = OWN (), (6.3)
n=1
replace (4.15) with
N
g() — Zé“n%(t) = O(pr (1)), 6.4
n=1
replace (4.17) with
lg®ll = O (1) (6.5)
We refer to ® as a background system of ()72 . We will write expansions in (6.2) as
N
g() ,; Zént/fn(t) in X, for N =00, N € N, and N = 0, respectively.
n=1

The following remarks on Definition 6.1 are in order.
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(a) It follows (6.1) immediately that property (4.1) holds true. Moreover, for any n > m,
there exists > 0 such that

Yn(t) = OWm ()gy (2)). (6.6)

where 1 is anumber such that ¢, (1) = O(gj,, (1)@, (¢)), thanks to property (4.10) for the
system ®. Thus, property (4.2) is also true. Therefore, Definition 4.1 for the asymptotic
expansions g(t) ~ Z?lO: 1 &y (1) in X still applies.

Obviously, if g(7) f; Zfl\]: 1&n¥n(t) theng(r) ~ Z;V: 1 £&n¥n (1) in the sense of Definition

4.1. Then, thanks to Proposition 4.2, the uniqueness of the latter expansion implies the
uniqueness of the former one.

(b) We can equivalently replace O(Yn (t)ps (1)) in (6.3) with O(¢;, (1)@: (1)), or O(@s (1))
for some A > Apn.

(c) For a given sequence (/,);2 ;. there may be different background systems. However,
the asymptotic expansion of a function g as defined in (6.2), thanks to remark (a), is
unique disregarding the choice of the background system &.

(d) Let ® = (¢5)r>0 and ® = (9,),~0 be two systems as in Definition 4.3. If there exists a
strictly increasing bijection p from (0, 0o) to (0, co) such that g, (¢) @ P (t) for all
A > 0, then

N N
§(0) ~ Y Evn() ifandonlyif g(t) ~ Y E(o).

n=l1 n=1

(e) Let W = (Yu)a>0 and @ = (¢y),~0 satisfy (a) and (b) of Definition 4.3. Suppose there
exists a strictly increasing bijection p from (0, oo) to (0, co) such that

Y () 2 90 (1) for all & > 0. 6.7)

Let X, (§,);2  and (A,);2, be as in Definition 4.3. Set &n =, foralln e N. If g is
a function from (0, o0) to X, then

§(1) % Y&y, (1) if and only if g(r) - 360 (6.8)

n=1

For simplicity, we will write the last expansion as

g0~ len ¥, (). (6.9)

While the functions v, ’s, with discrete index n, are the actual functions presented in the
expansions in (6.2), the functions ¢, , with the continuum index A, provide specific rates in
comparison (6.6) and remainder estimates (6.5), (6.4), (6.3). The fact that A has the range
(0, c0) gives ¢, the flexibility in many comparisons and estimates, while the structure of
the expansions is maintained by ¥,,’s. Note also that v,,’s are not required to be decreasing
anymore.

Assumption 6.2 For the rest of this section, we assume that W = (1/,,)72 ; and ® = (¢3)>0
are a pair of systems as in Definition 6.1 that further satisfy

(1) For any m, n € N, there exist a natural number & > max{m, n} and a nonzero constant
dp n such that

YV = dp V. (6.10)
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(ii) Foreachn € N, v, is continuous and differentiable on [T}, 00), and v, has an expansion
in the sense of Definition 6.1
N"

Va0 ~ > cnxtr() inR,

k=n+1
where N, € NU {0, oo}, all ¢, x are constants.
(iii) The system ® = (¢;),~0 satisfies Condition 4.5.
Notation We denote the unique number k in (6.10) by m A n.

We obtain the asymptotic expansions of type (6.2) for the NSE.

Theorem 6.3 Suppose there existow > 1/2, 0 > 0, and ¢, € Gy for all n € N such that

FO) D butn(t) in Goo.

n=1

Then any Leray—Hopf weak solution u(t) of (2.2) has the asymptotic expansion

u(t) ~ D Entn(®) in Gayi-pq forall p € (0.1, (6.11)

n=1

where

E=A7"¢1, &L =A"|¢—xa— Y. dimBG. &) | forn=2 (6.12)

1<k,m<n—1,
knm=n

with xn = Z';;]l Cp.nkp.
Proof We follow the proof of Theorem 5.4 and make the following replacements:

e Y, isreplaced with ¢, for all n € N, and
e Y is replaced with @; whenever the subscript symbol # is 81, €, €1, 71, éN, EN+1, SN41-

It results in the expansion (6.11) as desired. ]

For finite sum asymptotic approximations in a discrete system, we obtain the following
counter part of Theorem 5.6.

Theorem 6.4 Suppose there exist numbers o > 0, « > 1/2, N, € N, and functions ¢, €
Gy.o for 1 <n < N, such that

Ny
‘f(f) - Zd’nlﬂn(t) O(g,.(1)) for some A > Ay, .

n=1

o,0

Let &, be defined by (6.12) for 1 < n < N,. Then any Leray—Hopf weak solution u(t)
satisfies

N
() = Y Eatn(t)

n=1

= O(gy. (1)) for some ) > Ay, .

a0

Proof The proof of Theorem 6.4 is the same as that of Theorem 5.6 with the use of replace-
ments in the proof of Theorem 6.3. O
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7 Applications

We will apply results in Sects. 5 and 6 to obtain specific expansions for solutions of the NSE
corresponding to different types of forces. We focus on the infinite expansions, hence, show
only applications of Theorems 5.4 and 6.3. Their counterparts using the finite asymptotic
approximations in Theorems 5.6 and 6.4 can be similarly obtained. However, they will not
be presented here, for the sake of avoiding repetitions and keeping the paper concise.

First, we discuss a very frequently used type of systems of functions for long-time asymp-
totic expansions.

Definition 7.1 A P-system is a system W = (¢/;)>0, With 1, = ¢*, where ¢ is a positive
function defined on [T}, oo) for some T, > 0, and ¢(t) — O ast — oo.

Property (P) Clearly, a P-system WV satisfies (a) and (b) in Definition 4.3 withn = A — 1,
and (i) in Condition 4.4 withdy ,, = landy = A A =L+ .

In this case, a set S C (0, co0) preserves the operation A, see (4.29), if and only if it
preserves the addition, i.e., x +y € S whenever x, y € S.

InSects.7.1-7.4,letc > Oanda > 1/2be given numbers, (y,);> | be astrictly increasing,
divergent sequence of positive numbers, and (‘2’")30:1 be a sequence in Gy, .

7.1 The system of power-decaying functions

We quickly demonstrate how to apply Theorem 5.4 to recover one of the main theorems in
[1] on the expansions in the system of power-decaying functions.
Let W = (+*),-0 whichis a P-system.
(i) By Property (P), W satisfies (a) and (b) of Definition 4.3.
(i) By Property (P), W satisfies (i) of Condition 4.4. In addition, it satisfies (ii) of Condi-
tion 4.4 with

Ny=1, c1=-1 AV(1)=xr+1forali > 0. (7.1)
Thus, ¥ meets Condition 4.4.
(iii) Elementary calculations show W meets Condition 4.5.

Therefore, W satisfies the conditions set from the beginning of Sect. 5.

Note from (7.1) that a set S C (0, oo) preserves the operation V, see (4.28), if and only
if it preserves the increments by 1,1i.e., x + 1 € S whenever x € S.

We assume the force has an expansion

o
w ~ .
f@~Y gut™" in G (72)
n=1
Let
p
Se=1{> yu,+k: p.nina,....npeN, ke NU{0} . (7.3)

j=1

Clearly, the set Sy in (7.3) satisfies Assumption 5.2. We assume (5.4), and rewrite (7.2)
as

o0
7 _ .
F@~Y gut™ in Gy,
n=1
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where the sequence (¢,), C Gy, is defined as in (5.5). Then Theorem 5.4 implies that

n=1

any Leray—Hopf weak solution u(#) of the NSE (2.2) has the asymptotic expansion
w o
w(t) ~ Y &t in Gyp1_po forall p € (0, 1),
n=1

where

f§=A""¢, L =A"[dutxa— Y. BGu&)| forn>2,

1<k.m=<n-—1,

Ak+Am=An

with x, = A& if there exists an integer p € [1,n — 1] suchthat A, + 1 = A,,and x, =0
otherwise.
We have recovered Theorem 4.3 in [1] as a consequence of Theorem 5.4.

7.2 Systems of iterated logarithmic, decaying functions

We consider the case when the force decays as logarithmic or iterated logarithmic functions.
Fork,m e N, let
Li(®) =In(In(---In(®))) and Ly, (1) = (L1(2), L2(2), ..., Lin (7).
—— ———
k-times

Let Qo : R™ — R be a polynomial in m variables:

Qo(2) = anz"‘ for z € R™, (7.4)

where the sum is taken over finitely many multi-index « = (o1, @2, ..., &), and ¢, ’s are
(real) constants. We use the lexicographic order for the multi-indices in (7.4).

We assume that Q¢(z) has positive degree and positive leading coefficient. Denote by
oy = (0xl, 042, - - - 5 Oy ) the largest multi-index (with the lexicographic order) in (7.4) for
which ¢q, 7% 0. Then we have |ay| > 1 and ¢o, > 0.

Let O be a polynomial in one variable of positive degree with positive leading coefficient.
Denote the degree of Q1 by d > 1, and the leading coefficient by a; > 0.

Given a number 8 > 0, we define

() = (Qo 0 Lm o 01 (t?)) with t € R. (7.5)

One can see that there exists 7, > 0 such that w is a positive function defined on [T, co)
and w(f) — coast — Q.
Let ¥ (f) = w(t)™* for A > 0, and let W be the P-system (¥),.~0-

Lemma7.2 IfA > 0, then
Jim 9 (0 L (1) = (ca, (B)™) " (7.6)

Proof First, if k < j, then L;(t) = o(L(t)). With the lexicographic order, we have

L t 13
im (Q00Lm @)y ik implies Tim — 20— s o,
t—00 Ca*ﬁm(l‘)a* t

=00 Ly (Q1(tF))*
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Moreover,

g Lm (@1
im —————— =
=00 Em(adtﬂd)a*

By the properties of the logarithmic function, one has, for any a, r > 0, that

Lk(atr) r, fork = 1,

im = 7.7)
t—oo  Lp(t) 1, fork > 1.
Combining these gives
w(t)
im
t—=00 L, ()%
t c 1Py Lo (aqtPdye
i OO D@ L @t
1500 L (Q1(tP))% 1500 L, (agthPd)e  1—00 L, (1)%
Thus, (7.6) follows. ]
As a consequence of (7.6), we have
(@] _
V(1) = Ly (1) (7.8)

In particular, if o, = pger for some py € N, where ¢; is the k-th unit vector of the
canonical basis of R™, then

Ya(6) £ Li() =P, (7.9)

We verify Conditions 4.4 and 4.5 for the P-system W.
Verification of Condition 4.4 Because of Property (P) for W, we only need to check (ii) of
Condition 4.4. By Chain Rule,

O N R NP B
a(ﬁm(t) ) = Zakﬁm(t) k 5 Li(t) = Zakﬁm(l‘) k tH/;)—:lle(t)

k=1 k=1
I ¢ er—er
:*Zakﬁm(l)a er—ex— ek
! k=1
Then,
d wn BIPTIOVAP) & et —er e
a(cm(gl(ﬁ’»)th;)Zak&n(erﬁ)) 1T,

k=1

We estimate

d
au:m(Ql(rf’))“) = O™ L (Q1(tP)*) = O L (1)™).
Hence,
&/ (1) = O™ L (1)™).
Since Wi (1) = =2 ()1 (1), we combine these with Lemma 7.2 to obtain

) L ()% 1
[V, @) =0 (W) =0@).
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This implies
195 (D] = O (L (@) ™H*) = OWu (1), Y > 0.
Therefore, by definition,
w6y X 0forall & > 0. (7.10)

Thus, W satisfies (ii) of Condition 4.4 with N = 0 for all A > 0.
Verification of Condition 4.5 Thanks to (7.6) and (7.7), the requirements (ii) and (iii) are met.
For (i), using the above calculations we find

BP0 (tP) ¢ ey
a)/tzi1 C oLl t‘6 a—er—er k
0] o > Z L (Q1(t%))
a=(a1,02,...,0) k=1
Let y, be the largest multi-index among & — e; — e3 — - - - — ¢ with nonzero ¢y k.
Then y, = ax — e — ey — - - - — e; where £ is the smallest index for which the component

oy > 1. Hence the corresponding coefficient is cq, osx > 0. Note also that Q’] (tﬁ ) > 0 for
large ¢. We conclude, for sufficiently large ¢, that @’(r) > 0, and hence lﬂ,/\ (t) <O0.
Now, we assume the force has the following expansion

o0 oo
v ~ _ ~ .
F@O =) g7 =" Gaty, (1) in G
n=1 n=1
Let Sy = {Zle Ynj PPN N2, .. Ry € N}. Then, again, this set S, satisfies Assump-

tion 5.2; hence, we can assume (5.4) and the expansion (5.5), which reads as

i~ D puo) M in G (7.11)

n=1

for a sequence (¢,)52; in Gg,o-

Theorem 7.3 Let w be defined by (7.5) and assume the expansion (7.11).

(i) Then any Leray—Hopfweak solution u(t) of the NSE (2.2) has the asymptotic expansion

o0
u(t) 2 S &)™ in Gati—p.o forall p € (0, 1), (7.12)

n=1

where

f=A"¢, & =A""|d.— )Y  BG.E&)| forn=2.  (713)

1<k,m<n—1,

Akthm=An

(ii) By defining ) (t) = L)% and ® = (¢3)y=0, We can equivalently replace X with
; in (7.11) and (7.12), in the sense of (6.9).
In particular, if oy is co-linear with the k-th unit vector ey of the canonical basis of R™,
then this replacement still holds true for ® = (Lg &™) 0.

Proof (i) Applying Theorem 5.4 while noting that x, = 0in (5.9) for all n € N due to the
fact (7.10), we deduce (7.12) from (5.6).
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(i) Let g3 (t) = L)% and ® = (p3)1~0. Note by (7.8) that ¥y (f) e @ (1) which
implies (6.7) with (%) = A. Then the replacement is valid thanks to (6.8) and (6.9) in
remark (e) after Definition 6.1.

Now, consider the case when o, = poey for some py € N. Let ¢, () = Li()™" and,
again, ® = (¢y)a>0- By (7.9), we have

O
Vi (1) = @por (1) = @y (1), where (X)) = poA.
Hence, the replacement is valid again by the same (6.8) and (6.9). ]
Corollary 7.4 Givenm € N, define W = (L, (t)™*)y.~0. Suppose (An)y2 | is astrictly increas-

ing, divergent sequence of positive numbers such that the set {A, : n € N} preserves the
addition. If

f@® EI“ Z¢an (t)_)m in Gl)l,Uv

n=1

then any Leray—Hopf weak solution u(t) of the NSE (2.2) admits the same asymptotic expan-
sion

o
)~ Y L) in Gasi—p.o forall p € (0, 1),

n=1

where &,’s are defined by (7.13).

Proof We choose Qo(z1, 22, ..., 2Zm) = Zm, Q1(t) =t and B = 1. Notice, in this case, that
(7.5) becomes w(t) = L,,(t). Then the result in this corollary follows Theorem 7.3(i) and
Remark 5.3. O

Example 7.5 Thanks to Theorem 7.3, we can have asymptotic expansions of many different
types. We illustrate it with just two here. Let (A,);°, be a strictly increasing, divergent
sequence of positive numbers that preserves the addition. By Remark 5.3, we can use, from
the beginning, expansion (7.11) for the force. We will also use the replacements indicated in
Theorem 7.3(ii).

(@) Whenm =5, Qo(z1, 22, - ., 25) = 32123 — 22223, Q1(1) = t,and B = 1, if

O > ou[30n02L3(1) = 2Lo () Ls)*] ™" in Gao.

n=1

where ® = ((ln t)*ZAL3(t)*)‘) then

A>0°

u(e) ~ Zgn [3(n0)*Ls(t) - 2L2(z)L5(z)4]*“ in Gyy1-p.o forall p € (0, 1).

n=1

(b) Whenm =7, Qo(z1,22,....27) =420 — 23+ 3, 01(t) =3 =3t + 1,and B = 1/2,
if

—An

o0
FO = on[4L2(¥? =302 1) = L3 (%2 = 3012 +1)° +3]7 in G0

n=1

@ Springer



Asymptotic expansions in a general system of decaying... 1061

where ® = (L»(t)"*)3~0, then

oo
u(t) ;’ Zgn[4L2(l‘3/2 _ 3tl/2 + 1) _ L7(t3/2 _ 3t1/2 + 1)5 +3]—)Ln

n=1

in Gyq1-p,0 forall p € (0, 1).
Example 7.6 Given m € N. Consider the system
s
v = = ([sincL;' @)]), .
(Wa)=0 = ([sin(L;," ()] 0

Clearly, sin(L,;l(t)) is a positive function defined on [T, co) for some 7, > 0 and
sin(L,;l(t)) — 0 ast — oo. Thus W is a P-system.

Since sin*(x) is increasing in x on (0, r/2), it implies that [sin(L,;1 (t))]'\ is decreasing
on [T, oo) for some sufficiently large number 77. Noting that

2
i <sin(x) <x, forO0<x <m/2,
T

and 0 < L,;l(t) < 1 for large ¢, one has sin(L;l(t)) @ L;l(t).
This and Lemma 7.2 yield

Ag[

[sin(L; @] E[L;" @] € [L;' ] £ [sinL;' @)]"

Clearly,

—at

€ S —at Ao
o tl_l)ﬂgoe L,@®)" =0.

Therefore, W satisfies Condition 4.5. We write

lim
11— 00

1
(ML) L 02

W) = — (sin(L; ()" cos(L; (1))

and estimate
[y ] = O (1 Gin(L, " )™ =0 (17 L)) = O (L (1)) = O (1))

for all i > 0. Then W satisfies (ii) of Condition 4.4 with N, = 0 for all A > 0, and thus, all
parts of Condition 4.4 due to Property (P). Let (1,);2, be as in Example 7.5. By Theorem
5.4, if

F©O 3 ¢ [sin(Ly, )] in Gao.

n=1
then
v > A
u(t) ~ Zg,, [sin(L,,')]™ in Gay1-p,o forall p € (0,1),
n=l1

with &,’s being (7.13).
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Example 7.7 Given m € N. Consider the system

A
= 2o = ([tan(L (¢ )
Wiie0 = ([tan(Ly' @0]")
Similar to Example 7.6, using the fact that
x <tan(x) <2x, forO<x <1/2,

one can verify that W satisfies Condition 4.5 and Condition 4.4 with N, = 0 for all > > 0.
Again, let (A,)°°; be as in Example 7.5. We obtain that if

n=1

FO ¢ [tan(@, )] in Gao

n=1

then

o0
u(t) 2 Zgn [tan(L,;‘(t))]*" in Gyt1-p.0 forall p € (0, 1),

n=1

with &,’s from (7.13).

7.3 A system with infinite expansions for the derivatives

In the previous two subsections, the expansion (4.19) is zero or a finite sum. In this subsection,
we demonstrate the case when each expansion (4.19) is an infinite sum.

Consider a particular P-system W = (y;);>0 With ¥, = (/7 + ™. Let A > 0. We see,
for any ¢ > 0, that

11 ) 1 1
Y ) = AVi+ D o — =S Wi+ ! :
2V 2 N/ 1_ﬁ1+1
A
—f(«f+1) - T O/ D
Z:(\erl)k ,; 2

ApplyingLemmaA.lto X =R, (1) = (Vi+ 1)~ Ay = A+n+1,M =2,&, = —1/2,
co = 1/2, k = 1, we deduce that the derivative 1///’\ (1), in fact, has the expansion

oo

A
OB DIV Py

k=1
Thus, we have expansion (4.19) with
N) =00, and ¢, =—1/2, A'(k)=Ai+1+kforallk e N.

With this, Property (P), and some elementary estimates, we can verify that Conditions 4.4
and 4.5 are met.
We assume the force has the expansion

FO 3 gt = Gai + D7 in Ga.

n=1 n=1
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Define

p
Sy = {(Zynj)+k:p,n1,n2,...,n,,eN, k:OorkeNﬁ[Z,oo)}.
=1

Then the set S, satisfies Assumption 5.2, and we can assume (5.4) and the expansion

FO Y uWi+ D in Gao, (7.14)

n=1

for a sequence (¢,)52 | in Gy,o. We apply Theorem 5.4 and obtain the following.

Proposition 7.8 Assume (7.14). Then any Leray—Hopf weak solution u(t) of the NSE (2.2)
admits the asymptotic expansion

o0
v _ .
w(t) ~ Y E T+ 1) in Gay1-po forall p € (0, 1),

n=1

where

1
fr=A"lg1, E=AT" ot D MpEp— D BkEw) | fornz2,

pPEZ, 1<k,m<n—1,
Ae+Am=An

with Z, ={p e NN[l,n—1]:3k e N, A, + 1 +k = 1,}.

7.4 Expansions using a background system

In this subsection, we present a scenario for which the use of the background systems in
Sect. 6 is essential. To motivate our more general force f later, we consider a simple case
first. Let y € (0, 1), Bo > 0, and

¢
(7 + 1P

We expect a solution u(t) of the NSE (2.2) to have an asymptotic expansion containing
at least (77 + 1)~# for some B > 0. (Here, the structure of f(¢) is maintained without being

converted to a different form such as (7.2).) The derivative term u, in the NSE will contain
L7 +1)7#, which is

@) = with ¢ € Gq.o.

dr @+ DFFY g DB + D (1 = )
_ 7B i !
(17 + DPFL = 117y 4 DR
thus,
d - —vB
—@"+1)7F = : 7.15
a D Z (17 + DB+ 1=y 4 1)k 7.15)

k=1

Thanks to the term Au in the NSE, (7.15) in turn suggests that a possible asymptotic
expansion of u(¢) may have to include infinitely many terms (¢¥ + 1)~*(r1 =7 4+ 1)=#.
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Because of this, we now consider a function ¥ (1) = (t¥ +1)~*(¢'~7 + 1), Taking the
derivative by the product rule gives

V) = ( d 1 ) 1 i 1 ( d 1 )
T\dr @V + DM @y + D @ + DA \dr ¢y + )
Using (7.15) with B := A for the first derivative, and with y := 1 — y, § := u for second
derivative, we obtain

o0 o0

, —yA —1=y)n
¢ (1) = kX—I: (ty + 1)A+1(t1—y + 1)/L+k + kZl: (tl—y + 1)/L+1(1y + 1)A+k' (7.16)

Observe that the sums in (7.16) involve the functions of the same form as yr, but with dif-
ferent powers. Also, the equality can be converted, under proper conditions, to an asymptotic
expansion with the background system & = (t™*);.¢.

Fixing a background system Let us fix the P-system ® = (¢; )0, Where ¢, (t) = =, By
(i)—(ii) in Sect. 7.1, we see that ® satisfies Condition (iii) of Assumption 6.2.
From the above observation, we consider a force f having the following general expansion

o0

> b -
~ (1) = _ _ Gao, 7.17
f@® Py E G (1) Z (7 + D (1Y + 1) e ( )

n=1 n=1
where ¥, (1) = (17 + 1)@ (11=7 + 1)_5", y is a constant in the interval (0, 1), (&,);2; and
(B,,);’loz1 are sequences of non-negative numbers such that

An def Y&, + (1 — y) B, is positive, strictly increasing (in n) to infinity. (7.18)

B Note that the expansion~in (7.17) is understood in the sense of Definition 6.1 with U =
()2 replacing W, and A, replacing A,,.

A simple example of (7.17) is a finite sum f () = Z,}:/:l q3n1/~/n (t) for some N € N. For
more complicated cases of infinite sums, see Corollary A.3.

Assumption 7.9 The number y is irrational, while numbers &, and §, are rational for all
neN.

Define the sets
p P
Se= v D am +k|+U =)D B +¢
j=1 j=1

p.niny,....ny €N, (k,£) e N*U (0,0}, (7.19)

Ey=1> @y +k:pniny....npeN, keNU{0} ¢,

q
by = Z ~kj"‘Ziq,kl,kz,...,kq eN, e NU{0}

Note that
GpineNCcS, CEE Y ya+(1—y)B:acE, BeE) (7.20)

We see that S, and E* preserve the addition.
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Lemma 7.10 For each u € E*, there exists a unique pair («, B) € E1 x E such that
w=ya+(-yp (7.21)

Proof The existence of the decomposition (7.21) comes directly from (7.20). We prove the
uniqueness now. Let 4 € E* and suppose there are («, B8), (¢, B’) € E x E; such that

p=ya+A—-y)p=yad +1-y)p.
Then y (¢ — a’) = —(1 — y)(B — B’). Note from this relation that « = o’ if and only if

B=p.
Consider the case @ # o’ and B # B’. Then

Y B—#
m = _a — a/. (722)
We have o — o = ’;:1 +a,; +k #0,and g — B’ = ;1-:1 i,ékj + £ # 0, for some

k, £ € Z, and some particular +/— signs in the two sums.
Since y is irrational, so is y /(1 — y), while the right-hand side of (7.22) is rational, which
yields a contradiction. Therefore, we can only have « = o’ and 8 = 8. O

We rewrite S, as

p
Sy = ZX,,}. +yvk+A—=y):p,ny,ny,....,np €N, (k, £) ENZU(O,O)
j=1
(7.23)

Since X, — o0, it follows (7.23) that we can order S, to be a sequence (A,);2; as in
(5.4).

Note that A, — 00, hence consequently, o, + B, — 0.
The discrete system for expansions Let W = ()2 |, where

Y1) = (7 + D7 @7 4 1P,
with (o, B), thanks to Lemma 7.10, being the unique pair in E| x E; such that
A =yan + (1 —y)Bn. (7.24)

Clearly, ¥, (¢) it = ¢y, (). Hence, W and @ satisfy condition (6.1) in Definition 6.1.
We still need to verify the remaining Conditions (i) and (ii) of Assumption 6.2.
Verification of Condition (i) For m, n € N, we have

Y@ = @ + D@7+ D Ay =y + A —y)Bm €S, (7.25)
Yn() = @ + D)7 @Y + D)7 =y + (1= y)By € Si, (7.26)

where o, o, € E1 and B, B, € E>. Then
W) (0) = (17 + D70 (@1 4 P,
Since S preserves the addition we have X, + 1, € Sy, hence there exists k such that

Ak = A + An. (7.27)
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By (7.27), (7.25) and (7.26), we have Ay = y (o + on) + (1 — ¥)(Bm + Bn). Because
am +a, € Er, B + By € E2, and by the uniqueness of the decomposition of Ax, we deduce
oy + o = o and B, + By = Pk. Therefore,

Wm¥n) (1) = (7 + D)7 (@77 + 1) = gy (r).

This proves that (6.10) of Assumption 6.2 holds true with d,, , = landk =m An € N
satisfying (7.27).

Thus, Condition (i) of Assumption 6.2 is met.
Verification of Condition (ii) Using (7.16), we have, forn € N, ¢t > 0,

oo oo

- —( = y)Bn
' (1) = Y On
Va0 ; (t7 + Dontl(l=y 4 1)Butk + ]; (7 4+ Denth((—y 4 1)But]

= gn,1(1) + gn2(1),

where

o0

—ya,
1) = E '
gn,1(1) = (1Y + Dantl(t1=y 4 [)Butk

oo

_ —(1=9)Bn
gn,Z(t) = kg} (t” + l)an+k(z(lﬂ/ + 1)ﬂn+1 ’

Let n € N be fixed momentarily. We apply Lemma A.2 to
o) =17 Y@ = @ + D7 L )T T =1,
X =R, & =—ya, =y +1)+1=y)B+h.
Note, for ¢ > 1, that
aren Pt = @y @) TR < ) < 17,
which yields
Dl o™ < Yi(t) < Drp™,
where Dy = 29 At +1 Taking ¢ = yay,, k = 1, and M = 3/0-7Y) we have
00
|| < cox™, ZDkM_‘_”‘ < 00.
k=1

Since (k)2 | is already strictly increasing, it is its own strictly increasing re-arrangement.
Then, by Lemma A.2,

o o
z 7 —Yon
1) ~ 1) = . 7.28
gn.1 (1) ~ ;skwko ]; T 1A (7.28)
Now, with & = —(1 — y)B, replacing &, (1) = (7 + D)~~~V + 1)~fn~!
replacing ¥ (1), and g = y (o, + k) + (1 — )(B, + 1) replacing v, we similarly obtain
o0 o0
L ~(1—y)Ba
gna() ~ D En) =) e TR (729)

k=1 k=1
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Since V¢ and g belong to Sy, all functions Yr(r) in (7.28), and I/Afk (t) in (7.29) belong to
the collection {y,, : n € N}. Then we can rewrite

o0
gni0) k;en,i,kwka), fori = 1,2,

for some constants ¢, ; . Therefore,

V() = g1 (0) + gn 2 () ~ = en i), (7:30)
k=1
where
ik =—Cik+EGa) =y Y aj+(1—=y)) B (7.31)
j 14

withaj + 1 =ai, B + p = Br, and ag + g = o, Be + 1 = By for some p, g € NU {0}.
Note that these pairs (j, p) and (¢, ¢) are only finitely many. Indeed, since

aj+Bj+p+1l=ar+pranda; + B; — oo,

we have, for each fixed k, there are only finitely many j and p. The same arguments apply
to (¢, g). Therefore, the sums in (7.31) are only finite ones.

With (7.30), Condition (ii) of Assumption 6.2 is met.
Conclusion on Assumption 6.2 We have checked that the systems W and & satisfy Assumption
6.2.

We now return to the expansion (7.17) for the force. Since Jn € S., we have that each
function (¥ + 1)~% (+'=¥ 4+ 1)~ in the sum in (7.17) belongs to {y,, : n € N}. Hence, we
can rewrite (7.17) as

o0 o0
B $n .
F ~ §¢nwn(r> = 2 ST (7.32)
for some sequence (¢,)52; in Gg,o.

By applying Theorem 6.3, we obtain the following result.

Proposition 7.11 Assume (7.32). Then any Leray—Hopf weak solution u(t) of the NSE (2.2)
admits the asymptotic expansion

o0

u) 5 D G0 =) ])anffl,y Ty i Cati-paforall p € O.1),

n=1 n=1

where

n—1

E=AT"01, E=AT"| 6+ D cpubp— Y, B | forn=2,

=1 <k.m<n-—1,
! P iy
with cp, , being defined in (7.31).

Remark 7.12 This is a counterpart of Remark 5.3, but applied to the expansion (7.17).

Assume (&,);,2 | and (,3,1)2‘;1 are sequences of non-negative numbers such that
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(a) Property (7.18) holds true,

(b) For each n € N, the right-hand side of (7.18) is the unique decomposition among
yax + (1 —y)B; fork, j € N,

(c) Eachset E, 1 = {a, : n € N}, Exp = {ﬁ,, : n € N} preserves the addition, and the
increments by 1,

(d) Theset E, & (7, :n e N}isequalto £ {yay + (1 — y)f; : k. j € N},

Define E = {y(&,,+k)+(1 —)Bu+J)ineN, Kk, j eNu{O}}.

By the preservation of E | and E, 7 in (c), we have &, + k € E, | and 3,, + ke E.n.
Then E,. C E C E = E,, which implies E, = E.

Let S be defined by (7.19). We have E, C Sy C E = E,. Hence, S, = E,, which, by
(7.18), is already ordered by (Xn o ;- By this and (5.4), (7.24), we have A, = ):n, oy = Oy,
Bn = En, and ¥, = 1/7,,. Therefore, the expansion (7.32) is the original (7.17).

A Appendix

One way to generate an infinite expansion of the type (4.3) is to start with a function as a
convergent series in (4.5). We give a criterion for such a conversion.

Lemma A.1 Let ¢ be a positive function defined on [Ty, 00) for some T, > 0, and ¢(t) — 0
ast — oo.

Let (My)52 be a strictly increasing, divergent sequence of positive numbers and there
exists a number M > 1 such that

o0
> M < oo, (A.1)
n=lI

Let (X, || - ) be a Banach space and let (§,);2 | C X satisfy
€1l < cox™ Vn €N, (A2)

for some positive constants co and k.
Then the series 220:1 £,0(t)* converges absolutely and uniformly to a function g(t) on
[Ty, 0o) for some Ty > Ty, and g has the expansion

()~ Y &g in X, where W = (¢");-0. (A3)
n=1

Proof Since ¢(t) — 0ast — o0, there exists Ty > T such that for all ¢t > Ty,

@) = i (A.4)

Combining (A.2) and (A.4) yields, for all n € N,

sup & () || < coM .
[Tp,00)

This and (A.1) imply that Zf,o:1 £, (1) converges absolutely and uniformly on [7p, 00),
with g(f) = 220:1 £,0(1)* being its limit function.
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It remains to prove the expansion (A.3). We note, by the convergence of the series
Z;Cli] €,0(Tp), that

sup |1 llg(Tp)™ = ¢1 < oo,

neN

which implies

”Sn” = W Vn € N. (AS)

Again, since ¢(t) — 0 as t — oo, there exists 77 > Tj such that for all # > T7,

e _ 1 (A.6)
o(Ty) — M

Using (A.5) and (A.6), we estimate, for all ¢ > T,

D Ep)

N
gt =Y Ep(n)™

n=1 n=N+1
Z (p([))‘w B (p(t)AN+1 i ( 10) )MANH
o A
iy ¢T0) (T i \e(To)
@(1) N+

o0
Z M rntAn < CN(p([))LNJrI’

<o
@(Tp)* N+ Sl

where Cy = cl(M/go(To))}‘N*‘ Zzoz] M~ < oo. Therefore, we obtain the expansion
(A.3), according to Definition 4.3 with ¥, = ga)‘. ]

We extend Lemma A.1 to cover the expansions with a background system such as those
in Sect. 6.

LemmaA.2 Let ¢(t) and ¥, (t), forn € N, be positive functions defined on [Ty, 00) for some
T, > 0 that tend to zero as t — 00. Assume, for each n € N, there exist a numbers D, > 1
such that

D o) < Y, (1) < Dup(t)*" Vi = T, (A7)

where ()52 | is a sequence of positive numbers and A, — 00 as n — 00. Assume further
that there exists M > 0 such that

o0
Y DM < oo (A.8)

n=1

Let (X, || - ) be a Banach space, and (§,);2| be a sequence in X such that (A.2) holds.
(i) Then the series ZZOZI En Y (1) converges absolutely and uniformly on [Ty, 00) for some
Ty > Ty. Define

fO =) &P eX Vi=T (A9)

n=1

(ii) Assume the mapping n v+ A, is one-to-one. Let (ju,),2 | be the strictly increasing re-
arrangement of (A,) . Define ;= Y and & = & with j1, = k. Let & = (@) 3=0.
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Then
Ok ; Exv (D). (A.10)

Proof (i) There is Ty > T, such that ¢(¢r) < 1/kM for all r > Ty. Then for all t > Tj, by
(A.2), (A.7), and (A.8),

S 1Ealvn @) < 3 18l Dap@) <Y coDaM T < cc.
n=1

n=1 = n=1

Therefore, we obtain the absolute and uniform convergence on [7p, 00).
(ii) Let D;; = Dy with p, = A. After the re-arrangement we still have

o0 o0

Y DM =" DM M < oo, (A.11)
n=1 k=1

and, because of the absolute convergence,

@) = &) fort > T, (A.12)

n=1
Foreachn € N, let k € N such that u,, = Ay, then we have
(D) ~'¢" = DM <y = i < Deg™ = Dyt
The convergence of f(7p) in (A.12) implies that there exists ¢; > 0 such that
&1 < 19 (To) ™" < 1 Djo(To) ™™ ¥n € N.
Let Ty > To such that ¢(¢) /@ (To) < 1/M? for all t > Ty. Then, fort > Ty,

N 00 00
‘f(t)—ZE;"w;f(t) =| > gyrw| < > abDieT) ™ - Dip™
n=1 n=N+1 n=N+1

< ci(p() /o(To)N*! Z (D)2 (@(1) [ p(Tp))yln—Hn+1
n=N+1

< ci(p®)/o(To)*V+ Y (D> Mt
n=N+1

2

o0

561(M2<P(1)/§0(T0))“N“< > D;:M“") < Co()"V+,
n=N+1

where thanks to (A.11), C is a positive number. Since uy1 > @y, we obtain (A.10). ]

‘We emphasize that the sum in (A.9) must be re-arranged to have a meaningful expansion as
in (A.10). In particular cases, Lemma A.2 is used to obtain expansions when v, is generated
by two functions with two different sequences of powers.

Corollary A.3 Suppose ¢(t), 9 (t) and ¢(t) are three positive functions defined on [Ty, 00)
for some T, > 0 that tend to zero as t — 00, and there exist numbers D > 1, 51,55 > 0

such that
D7 lp(n)* < ¢(t) < Dp(1)"', D7 'et)? <9(1) < Dp(1)*? V1 >T,.. (A.13)
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Let (atn)2 | and (By)52 | be two sequences of non-negative numbers such that o, + B, —
Q.

Define Ay = s10, + 528, forn € N. Let (X, || - ||) be a Banach space, and (&,);2 | be a
sequence in X. Assume (A.1) and (A.2).

(i) Then the series Z;’lozl £,C(1)% 9 (t)Pr converges absolutely and uniformly on [Ty, 00)
for some Ty > T,. Define

fO) =) &0 0®F Vi = Tp.

n=1

(ii) Suppose the mapping n > A, is one-to-one. Let (ju,)52 | be the strictly increasing
re-arrangement of ()2 . Define ;¥ = ¢ P and Ex = & with p, = A
Let ® = (¢(1))a=0. Then

F -~ ;s:w:m.

Proof Let y,,(t) = ¢ ()% 9 (¢)P and D, = D*+Pr_Thanks to (A.13), we have
Dn_l(p)bn — D_(an‘i‘ﬂn)go}\n f wn S Dan‘ﬂsn(pkn — an)\n.

Note that A,, — 00. Denote s = max{1/s1, 1/s2}. Then

[e.¢] o0 o0
Z Dn(MDS)*)Ln — ZM*)\nD(lfslx)an“’(l*SZS)ﬂn < ZM*}W < 00.

n=1 n=1 n=1
Hence, (A.8) holds true with M := M D?*. Applying Lemma A.2, we obtain the desired
statements in (i) and (ii). O
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