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Abstract

In this paper, we prove a general stability result for higher-order geometric flows on the
circle, which basically states that if the initial condition is close to a round circle, the curve
evolves smoothly and exponentially fast towards a circle (possibly not the one it started close
to), and we improve on known convergence rates (which we believe are almost sharp). The
polyharmonic flow is an instance of the flows to which our result can be applied. We will
also present general families of flows for which our stability result applies.
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1 Introduction

The study of deformation of curves by using flow methods has become an important area of
research in geometric analysis. In general, the purpose is to deform the curve as follows. We
let

x:S'x[0,T) — R?

be a family of smooth convex embeddings of S!, the unit circle, into R2. and we assume that
this family of embeddings satisfies an equation of the form

0x
_— = o (n)
2 F(k,ks,...,ks )N, (€))
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where k is the curvature of the embedding and N is the normal vector pointing outwards;
the region bounded by x(-, ) and k§m) denotes the mth derivative of k with respect to the
arclength parameter.

The dean of all these family of flows is the curve shortening flow, which occurs when in
(1) we make F = —k. The curve shortening flow has been widely studied and is very well
understood ([8]). The family of p-curve shortening flows is obtained by making F = — %k” ,
and the family of polyharmonic flows (which gives an example of an application of our main
result) is obtained with F = (— 1)1’+1k§2p).

In most cases, as in the case of the curve shortening and p-curve shortening flow (see [1,8])
this flows does what is expected of them: they deform convex embedded curves into circles
(after normalisation). However, some interesting behaviour occurs in the case of higher-order
flow (see, for instance, [9,15]), and even proving that solutions starting close to a circle exist
globally and converge to a circle can be challenging (see [7]).

Our purpose in this paper is to look at the structure of the evolution equation satisfied by
the curvature k of a solution to a flow of form (1) (written in terms of a parameter 6, known
as an indicatrix, which corresponds to the angle between the tangent to the curve at a given
point with respect to a fixed direction on the plane), so that the following stability property
can be deduced: if we start close to a circle, in a sense to be specified below, the curve evolves
smoothly and exponentially fast towards a circle, although perhaps not the same circle the
curve started close to.

With these considerations in mind, the semilinear parabolic equations we shall consider
are of the following general form,

ok 8%Pk ok 82—k
— =DM ——— + Gk, —,...,—— ] [0,2 0,7),
or — D aorr * 09" agro-1 ) 102X (O.T) ®)
k(0,0) = ¥ (0),
endowed with periodic boundary conditions, with ¥y > 0. In our case, G (z(), ., 22 p_l)

is any polynomial in 2p variables for which the following conditions hold. Any term
2%z ... zg;‘fll of G satisfies

(I) either oy +op + - -- +a2p—1 > I,

(I) orin the case that oy + a3 + -+ - + 21 = 1, there is a j such that ap; = 1.

Notice that these two requirements imply that for any constant kp we have that F = 0. Let
us justify this claim. First of all, observe that the left-hand side of (2) is 0 if we replace k by
a constant: the reason is that all the terms on the right-hand side of (2) contain a derivative
of k. On the other hand, it is well known that given a flow (1), the curvature of the solution
satisfies, when given in terms of €, an equation

ak  9*F ak\>
— = —— +kF—k|—) .
or a2 T <ae>

d a
where then we use Frl ka—e, to write everything in terms of 6. Then the only way for (2) not
s

to contain any terms of the form k! (which is not allowed by conditions (I) and (II)) is that F
does not have terms which are just powers of k, so every term of F involves a derivative of k
with respect to 5. Therefore, circles are fixed points of (1), whenever the equation satisfied by
the curvature satisfies the two conditions required above. Observe that the equation satisfied
by k in the case of the curve shortening flow does not satisfy the requirements we have made
on the right-hand side of (2).
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Stability of geometric flows on the circle 711

We shall also require something else from solutions to (2), but before revealing what our
requirement is, and to put our results into context, let us first analyse the linearisation of the
operator on the right-hand side of (2) around the solution k = 1, which is given by

2p—1 ;
8%Pu dlu
[:u:(—l)p+l ) + E E(I,O,...,O)f
j=0

362 j 907"

Hence, the eigenvalues of £ of the eigenfunctions e’ with n € Z can be computed as

P! 3G
Ay = —n2P + -1/ —(1,0,...,0mn%.
0 §)< ) 8Z2j( )

Here increasing n does not imply any monotonicity of the eigenvalues; it is just a label to
indicate that A, is the eigenvalue associated with the eigenfunction ¢, In the case of the
higher-order curvature flows we want to study, besides having 1o = 0 we also have that
A1 = 0. Itis because of this that it might not occur, in principle, that solutions with the initial
data close to the constant function 1 will evolve towards a constant function.

On the other hand, solutions to (2), as long as k is the curvature function of a closed curve
and remains positive, satisfy the identities

+i6

de
k@,1)

2w
Ui (k@0,1)) = /0 =0. 3)
These identities are the key to showing exponential convergence of the curvature function k
towards a constant function if the initial data i are close to a constant function. They give
us control over the Fourier coefficient of the wave numbers n = % 1. So we will require that
solutions to (2) also satisfy (3). We shall call these flows geometric flows.
Henceforth, we will use the following seminorms

/115 = max {:%W [Re {7} sup of? 1 {f(n)}\} ,

where f (n) represents the nth Fourier coefficient of f.
Notice also that

0G
—(1,0,...,0) = i
azzz( ) jZla]l

where (and this notation will be important in the statement of our main result)

] ) ) 821 k
a;, 1is the coefficient of the term k/' —-.
Jl 392[
We can now state our main theorem.

Theorem 1 Consider Eq. (2) with the initial data > 0, U+ (y) = 0, in the Sobolev space
H2p+3 (Sl), a geometric flow. There exists a § > 0, which may also depend on the L°°-norm
of ¥, such that if

1 ll2p+1 < 89(0), 4
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and there exists a ¢ < 0 such that for all integers n > 2

Pyss = —nP(1 = 58)" " (0)
p—1 .
+ Z Z(—l)lnyajl (1 + sgn ((—l)lajl) 53)11 1/}1'/ 0) < c,
=1 ji

then the solution k of (2) with the initial data > 0 exists for all time, remains positive, and
converges exponentially fast to a constant that we shall denote by k(0, 0o). Moreover, if for
every 0 < € < 58 we have the inequality

P2,e > Pn,e

then we have the following estimate on the rate of convergence of the solution towards a
constant: for any € > 0, there exists a Cj ¢ such that

Hk(e, 1 — kO, oo)‘ < CreeP, 1=0,1,2,....

ci(shy —

A few comments are in place here. To verify that the assumption on P, s5s holds for
8 > 0 small, it is enough to verify that it holds for § = O (perhaps with a different negative
¢). Also, the regularity required on v is assumed in order to show that finite-dimensional
approximations of the infinite-dimensional system of ODEs for the Fourier coefficients of
solutions to (2) approximate well the solution of the full system, and in principle, it might be
weakened. Theorem 1 implies that the solution to the original flow, via the support function
(see the discussion in Sect. 1 in [16] or in Sect. 2.1 in [5]), when starting close enough to a
circle in the sense of condition (4), will end up converging towards a circle, again, perhaps
a different circle to the one it started close to.

As we said before, the main difficulty to prove Theorem 1 is the fact that the eigenvalue
A1 might be equal to 0, and thus, we cannot expect smooth exponential convergence of the
function & (-, t) towards a constant. The reader should compare our discussion with Theorem
1 (and the remark right after its statement) in Simon’s celebrated paper [14]. Also, the fact
that the (sub)set (of the set) of equilibria (we are interested in) has dimension 1, whereas the
kernel of the linearisation of the right-hand side of (2) has dimension 3 shows that Theorem
1 does not follow from the general results presented in [13]. We deal with this issue using
the approach presented in [6] for the p-curve shortening flow: that is, we make use of (3)
to control the Fourier coefficients corresponding to the wave number n = % 1 in terms of
the Fourier coefficients for the higher wave numbers; one difference with the family of flows
considered in [6] to those considered in this paper is the fact that in that family of flows the
average of the curvature blows up which in turn helps on sharpening the convergence rates,
whereas in the flows considered in this paper the average of the curvature remains bounded,
but also large enough, so that it can be shown that the convexity of the curve is preserved
(something that is not obvious in the case of higher-order flows, as pointed out to us by the
referee [3]; see Lemma 2 which shows how small § > 0 must be to guarantee that convexity
is preserved). In any case, though we do not obtain sharp rates of convergence, our method
allows us to give better convergence rates than the known ones, which are basically related
to the expected rate ¢*2’.

Notice that the requirement in Theorem 1 on how close the initial condition must be to
a constant (in this case its average) can be also recasted in terms of the norm of the Holder
spaces C>P3¢ (S1) (0 < & < 1) or the Sobolev spaces H27*3 (S!).

As hinted above, we will be using the Fourier method to prove our results. To the best
of our knowledge, this method was introduced by Palais [11] to show blow-up of certain
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Stability of geometric flows on the circle 713

nonlinear equations. Later, Mattingly and Sinai [10] used similar ideas to show regularity for
the Navier—Stokes equations. The main idea of the method, as developed in [10,11], and as
expressed by the authors of these beautiful works, is to trade a PDE by a system of ODEs,
which approximate the infinite system of ODEs for the Fourier coefficients of the solutions
to the PDE. Further, in [10], the authors introduced the following important idea: assuming
certain growth condition on the Fourier coefficients of the initial data can be used, along with
techniques borrowed from the theory of dynamical systems (in fact, the idea of the existence a
trapping region), to demonstrate regularity results, in particular that under certain conditions
the solutions to the Navier—Stokes equations become analytic in space instantaneously. Then
in [4-6] these ideas were adapted to show stability of the flat profile of blow-up for certain
equations with geometric flavour, the main difficulty being that, in the case of the equations
coming from a geometric framework, the linearisation around an equilibrium of the operators
depending on the spatial derivatives of the curvature might posses nonnegative eigenvalues
(which is not the case in [10]). These ideas are borrowed once again in this paper, this time
to show a proper stability result.

To show how our main theorem applies, we will first consider the case of the polyharmonic
flows which corresponds to the case when F = (_])mk§2m) in (1). For polyharmonic flows,
assuming that the initial curve encloses an area of 7, it can be shown that if the flow converges,
necessarily 12(0, o00) = 1 (see Theorem 1 in [12]). Also, in this case, for the equation satisfied
by the curvature function, with the notation employed in (2), we have that p = m + 1 Then
we obtain the following corollary.

Corollary 1 Consider Eq. (2) corresponding to the case when
F = (=1)"®m,

i.e. when (2) represents the evolution of the curvature in the case of the polyharmonic flows,
with the initial condition € H>"+> (Sl). There exists a § > 0, which may depend on the
L norm of ¥, such that if the curvature of the initial curve satisfies

1% ll2mss < 89 (0), Q)

and the area enclosed by it is equal to 1, then the solution of (2) with the initial data v exists
for all time and converges smoothly and exponentially towards the constant function 1 (i.e.
the curve is evolving towards a unit circle). Moreover, we have the following estimate on the
rate of convergence of the solution towards a constant: for any € > 0, there exists a Cj ¢
such that

Ik@®.1) = lcisty < Cree™. 1=0,1,2,....
where P¢ is given by

_22m+2(1 _ 6)2m+2 4 (1 +6)2m+222m.

We must point out that the rates given in Corollary 1 improve on those obtained in [12,15].
Also, condition (5) is not sharp and we will discuss this issue in the very last section of this
paper.

It is worth pointing out that Theorem 1 allows us to show stability results for families of
flows by only having to check the form of the function F in (1). This will be considered in
Sects. 3.3 and 3.4 of this work.

This paper is organised as follows. In Sect. 2, we give a proof of our main result; in
Sect. 3, we apply it to the polyharmonic flow. Then we give an example of another flow
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714 J. Cortissoz, C. Reyes

and propose families of flows for which stability (in the sense described above) holds (see
Propositions 10 and 11); in Sect. 3.5, we will present a brief discussion on how condition
(5) might be weakened in the case of the polyharmonic flow and a flow recently studied
in [2]. We have complemented our exposition with an appendix where we show that finite-
dimensional approximations of the ODE system for the Fourier coefficients of a solution
to (2) approximate quite well the full infinite-dimensional system of ODEs for the Fourier
coefficients equivalent to (2).

2 Proof of Theorem 1
2.1 Preliminaries

Given a function f, we shall denote by f its Fourier transform. For the purpose of the
discussion below, we shall call the values f (g) the Fourier coefficients of f and the integer
g will be called the wave number of the Fourier coefficient.

Applying the Fourier transform to the evolution equation (2), we obtain

ok . s R
5 &0 = (=DPTM (& 1) % (1) Pk(E, 1) + GE, ).
If G has the form
ak 92r=1k o[k Tt k]
Glkgg o ggmmt) = 2o G K 5ol S|
J1€{0,1,...,m}

then G is given by

*ij—l

A a AT . A
GEn= D ppiy ko) [igk] " @ [EPP TR (g2pm0),

J1€l0,1,...m)
where

. AT T * I~ ~ A

[[lé]lk] (q) =i Z [ar1a12 - aij] k@, Dk(qra, ) - k(g 1),
qi

and the notation Z;z indicates that the sum is over all tuples of integers (6]1,1, qi2,---.41, jz)

whose sum is g;.
Then the evolution of k(&, #) equation turns out to be

dk(, 1)

=— > ¢*Pk(qg.0OF*ME —q.1)
qEZ

*
L i+ 2p=1)jap—1
+ Z Z“JOJl...sz_ll 4
j1€{0,1,....m} &
2p—1
><[q1,1611,2-~611,jl]-~-[f/zp—l,mzp—l,z-~~q2p—1,,/zp,l]

[/3(40,1, Dk(goa. 1)+ k(qo, jy- t)] e [/2(612;771,1, Dk(@op—12.1) "é(QZp—l,jzp,l , t)}
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==Y q*Pk(qg.0F*M & —q.1)
qeZ

+ DY agil Ol D 0y BT R0, 1)+ k(Q2p 1. 1)

=—Y q*kq.0k"ME —q, 0+ "> asi’ *oRk, 1),
q€e’Z J &

here J = (jo, ji.-... jap—1), R = (0,1,....2p = 1), O = (Qo, Q1. ..., Q2p—1) and
0= (f]l,o, qi1s - qz,_/l), and we adopt the notation

k(Q.1) =k(Qo.1) -+ k(Q2p—1.,1),
and

k(01 =k (qro) k (qi1) -k (q1.7) -

Notice that the sum over J contains only a finite number of multi-indices. Also, given a
multi-index J = (ji, ..., jn) We write its size, as is customary, as

)= i+ + -

We will rewrite the system above in a more convenient way. In order to do so, we define
the sets

By 0= (ql,l,.-.,qul,.-.,qu—l,l,---,612p—1,j2,,_1)1 ZQLk =n

A, = {Q € B, : QO has at least two nonzero components}.

Using these sets, we can rewrite the system above as

o
ik(n, 1) = =n*P kM0, k(1) + > (=1)'n?a; k0, k(n, 1)

=1 ji
> @¥kg. kM —q.0+ )Y as;i’ *QRk(Q. 1),
qezf{n} J  Ap
forn # 0, and
0k(0,1) = =" g*Pk(q, DM (=g, 1)+ Y Y asi’ R ORk(Q, 1),
qeZ J Ao
forn = 0.

To justify these expressions notice that the G may contain terms of the form (because of

requirement (IT))
) aZlk
aj]kjl <ﬁ) , l > 1,

and for such a term when taking the Fourier transform, which gives a convolution, which is
a sum of terms of the form,

a/zk(ql .. (%17 ) ‘1/1+1k qji+1, t ZQm =n.
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716 J. Cortissoz, C. Reyes

Now, if we look at such a term in the convolution which has exactly one nonzero wave
number, i.e. at least a k (q s t) with g; # 0, the only possibility for it to be nonzero and to
contribute to the Fourier transform is for it to be of the form

(—)!na; k7 0, Ok, 1).

The other typical term of G for J a fixed multi-index is of the form

) J1 2p—1 \ J2p-1
aen (N (2 ,
a0 062p-1

with at least two indices jx > 1, k > 1. Therefore, if we look at a term of the convolution
giving the Fourier transform of the expression right above, which is a product of Fourier
coefficients of the Fourier transform of k and its derivatives, and has exactly one wave number
with g # 0, by the pigeonhole principle at least one term coming from a derivative, say of
order j, will contribute with a term of the form 12(0, t). But this term will be accompanied
by a 0/ corresponding to the order of the derivative, and hence, this term of the convolution
will be 0. This shows our assertion.

In some of the arguments below, we will not be working with the full system
given above but with a conveniently defined finite-dimensional approximation. To define
this finite-dimensional approximation, we let Z be a finite subset of integers of the
form {—a,—a+1,...,0,...,a—1,a}. The finite-dimensional approximation is then
kz(qg.1)=0ifqg ¢ Z,andforn € Z

p—1
dkz(n, 1) = —n* k¥ 0. 0kz(n. )+ Y > (=D)'n%a; kL0, Dkz(n. 1)
=1 i

— Y Ph@oka—-g.0+Y Y it RoRkz(0.1),

qeZ—{n} J ANzl
forn # 0, and
k(0,0 ==Y " g Pkz(q, 0kF (=g, )+ Y Y asi”F0Rkz(0,0),
qez J  AgnzZI
forn = 0.

2.2 Important remark

We shall be using the following fact freely. The sums (here [ > 1) satisfy

*

Z 11 1 1 - C
a3 gt m—q—q-1—...q)* ~ n*
and
101 1 1 G
Z 772 P 72 2 S R}
9195 g n—q—qi—-1—-..q1) n
where the » means that the sum is over all the ¢, g2, ..., g such that |q j| > 1 and
[n —qx — --- — q1] = 1. (This can be proved by induction; see Lemma 3.1 in [5].)
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2.3 Beginning the proof of Theorem 1: the solution remains close to the initial
condition

The main idea of the proof of Theorem 1 is to show that the Fourier coefficients with nonzero
wave numbers decay exponentially in time. As a warm up and to introduce the main tools
used in proving this exponential decay, we shall show that if the initial data  are close to its
average (in the sense of the hypotheses of Theorem 1), the solution to (2) with i as the initial
data remains close to its average. To do this, we must show that the set of Fourier coefficients
with wave numbers ¢ = 41 and |¢| > 2 control each other and remain small with respect
to the average of k (here we use the concept of a Trapping region), as long as the average of
k remains large enough, and that k£ remains positive.

Then, in the following section, we will prove the exponential decay of the Fourier coeffi-
cients of the solution to (2): Lemma 7 guarantees that if we start close enough to @(0) (the
average of the initial data), the Fourier coefficients of the solution decay exponentially in
time, as long as the average of k remains large enough. That the average of k remains large
enough (and does not blow up) is the purpose of Lemma 8. We resume all these findings in
Proposition 9 and then proceed on to finish our proof of Theorem 1.

From now on, all the hypotheses of Theorem 1 on the structure of (2) are assumed.

To begin, as we need our curves to remain convex as long as the solution to (2) exists, we
shall prove the following.

Lemma 2 There exists a 6 > 0 such that if a solution k to (2) with the initial data > 0
satisfies on an interval of time [0, t] that

(1 —48)y(0) < k(0,1) < (14 48)¥(0)
and for all g # 0 that
|q|2er1 max { ‘Im (lg(q, t))

then k(-,t) > 0on [0, t].

Re (lg(q, t))” < 89(0),

’

Proof Using the Fourier expansion of k, and the hypotheses of the lemma, we have that

289/(0)

|q|2p+1 '

k(0,1) = (1 —48)y(0) — )

q7#0

Thence, we will have that k(-, t) > 0 as long as § > 0 is such that
(1—48)—26 >0,

which happens to be true whenever 0 < § < 0.16.

From now on, to proceed safely with our arguments we shall require that 6 < 0.05.

Lemma 3 Given a smooth function  (which from now on we assume to be the curvature
Sunction of a simple smooth closed convex curve), there is a § > 0, which may depend on
1V |l oo, Such that if ¥ satisfies

1241 < 89(0),

and if on [0, ), the solution to (2) with the initial condition \r satisfies

(1 —48)P(0) < k(0,1) < (1 +48)(0),
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718 J. Cortissoz, C. Reyes

and
‘/G(i 1, z)’ < 289/(0).

Then,
g7+ max {|Re (k(g.0)|

on the same time interval.

(k@.n)|} <89 gez\(-1.1)

Proof We will show that for any p > 0 and any finite-dimensional approximation kz with
Z large enough, and ¢ € [0, 7) the following holds

ViR max”Re (122(6]» f))‘ ) ‘Im (IGZ(q, f))‘} < (1+ )3y (0).

Being p > 0 arbitrary, we obtain the result for the full solution k. So let p > 0 and @ > 0 be
arbitrary. First we choose Z so that for any Z D Zj on [0, T — w] we have that

lkz(£1,0] < 2+ )8 (0)
(this is, of course, justified by Theorem Al in appendix), and
(1—45 — p)Pr(0) < kz(0,1) < (1+48 + p)yr(0).

Now, fix Z as above, and consider the set (which will be our trapping region)
Qz = {w e C%: (1+ )Y (0) = g1+ max (Re (w(g)] . [m w(@)]}. lq] =2}

We shall argue that when the trajectory k z hits the boundary of Qz at time t’ € [0, T — ]
then its velocity vector dkz points towards the interior of Q2 z (i.e. the trajectory kz is trapped
in Qz), which in turn shows that the inequality that defines € = holds beyond time 7’. Notice
that t/ > 0 due to the fact that the initial condition belongs to the interior of the trapping
region. Hence, since the set of times for which k= belongs to Q% is clearly nonempty and
closed by continuity, we would then have that it is also open, and by connectedness that for
all times in [0, 7), IGZ belongs to Qz.
In order to proceed, assume that

Re (Eg(n, r’)) ,

2p+1

max {

(k201 o)) [} = a1 + 0500

In|

for a given n occurs for a first time at time t’ > 0, T/ as described above. Let us consider the
real and imaginary parts of the evolution equation

d . N
*kZ(’l, t) = PnkZ(fh t)

dr
— > qPhkz@. 0k n—g.0+) Y aji’foRkz(0, 1),
qeZ—{n} J AnZN
where
p—l1 )
Py =—n*k¥ 0.0+ > > (=D'n*a;k%0.1).
=1 ji

Do keep in mind that P, is real valued. So what we must show in order to prove that Q2 z is
truly a trapping region is that in the differential equation right above, the real and imaginary
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Stability of geometric flows on the circle 719

parts of the term containing P, have the opposite sign of the real and imaginary parts of k z,
and that it also dominates in size, for § > 0 small enough, the other terms in the equation
when & z hits the boundary of Qz.

To begin, first, we examine the terms different from Pnlz(n, t) in the last equation. We
begin with

— D q¥kz(qg. 0k (n—q. 1.
qeZ—{n}

The condition ¢ # n in the sum implies that in the convolution term IQ}M (n—gq,t) thereis at
least one term kz (gj,t) with g; # 0. (If all the terms in this convolution term are kz O, 1),
then necessarily ¢ = n.) Hence, in any term of the sum there are at least two factors of order
8, since necessarily ¢ # 0. The fact that

gl k2 (@, 0| = V2800 + p)d0)

(where we have used the fact that for a complex number z, |z] < V2 max {|[Re(2)], [Im(2)|})
together with IQZ 0,t) < (1 +46 + p)k/Af(O) for t € [0, t'] implies that the sum can be
bounded independently of Z (recall the “important remark”). Hence, this term is of order
o (82 / n) and the implicit constant in this bound may depend on powers of U (0).

Let us be a little more explicit regarding our estimates. In the sum being considered, every
term in each of the products, which are parts of the sum, can be bounded as follows. First, by
the discussion above, there are at least two Fourier coefficients with nonzero wave number,
and each can be bounded above by (the extra 2 + p is to include the Fourier coefficients
k(£ 1, 1) in the bound)

V22 + p)8(1 + p)r(0)

|q|2p+1

Therefore, taking into account that given a term in the sum among its M + 1 factors there
might be exactly d of them, with 2 < d < M + 1, Fourier coefficients with nonzero wave
number, and that

kz(0.1) < (1+48+ p)ir(0),
the sum can bounded above by (here g; plays the role of g)

M+1
(ﬁ)M+l (2+p)M+]52(1 +46 +p)M+1(1 +p)M+],(Z_(O)M+1 Z (M;- 1)
k=2

*

1 1 1 1
X — s
2 a1l 1g2 P qa?P T I —q1 — - — qal*PH!

where > indicates that the sum is over all tuples (g1, . . ., g4) of integers such that g; # 0
andn —q; — - -- — qq # 0. Then using the important remark gives our claim.
Now we look at the term

> > aitfofkz(0,n)|.

J ANzl

In this case, by theAdeﬁnition of thP set A, N 2!, in the convolution k =z(Q, t) there are
at least two terms kz (qj, , t) and kz (qu, t) with g;,,qj, # 0. Also, the fact that in the
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720 J. Cortissoz, C. Reyes

expression QF the powers of the individual terms are less than or equal to 2p — 1 together
with that on the interval [0, 7'], |¢|27+! ’ég(q,t)‘ < V2(1 + p)8v(0), and kz(0,1) <

(1+45+ p)@ (0) imply that the sums can be bounded independently of Z, and hence, by our
previous observation, this sum is O (82 /n) and the implicit constant may depend on powers

of 1&(0). To be more precise, fixing a multi-index J, the term

> asi’®oRkz(0,1

ApNZ V]
can be bounded as follows. Since the Fourier coefficient & z (g,1),q # 0 can be bounded by
2V2(1 +20)59:(0)/ lg PP+,

and if this term comes from a derivative, it will contribute to a term of the convolution which
can be bounded above as follows

lg|™ max ”Re (léz(q, t))

i (k2(.0)|} = @+ 0) (1 + ) 890141,

)

this taking into account that m < 2p — 1. Since there are at least two terms for which ¢ # 0,
and each term in the sum, which is the product of | /|, can have exactly d, 2 < d < |J]|,
Fourier coefficients with nonzero wave number we obtain a bound

ay (2ﬁ)m (1 +2o)V1 2+ p)182(1 4 48 + 019 )]

1] *
|J |) 1 1 1
X .. s
t;(d Z|q1|2 lgal®" In —q1 =+ = qal®
where again the Y_* indicates that the sum is over all tuples (g, . .., g4) of integers such
thatg; #0Oandn —qy — - - - —gq # 0. The fact that we are only adding over a finite number

of multi-indices J allows us to conclude our claim.

By the hypotheses of Theorem 1 (more precisely that referring to P, 5s), which are in
place here, it is not difficult to see that there is a ¢ < O such that for all n, P, < ¢ < 0, and for
n large and p small, Py, 454, ~ n2P and that ]22 (n, t) is of order 8/n21’+1, at time t’. Hence,
by taking § > 0 small enough, when the trajectory kz hits the boundary of 2z, the real and
imaginary parts of o; k z(n, /) are dominated by the real and imaginary parts, respectively,
of the term P,,Igg (n, '), which is of order §/n, and this implies that the trajectory I%Z (n,t)
enters the interior of z at 7. This shows that if the trajectory & z hits the boundary of Qz,
it will then go to its interior; from this, we conclude that on [0, t) the estimate claimed at the
beginning of the argument holds for the full solution k.

]

To extend the control to the Fourier coefficients 12(:|: 1, 1), we use the following lemma.

Lemma4 There exists a § > 0 such that if

lg1?P T max [ ’Im (l%(q, t))’ ,

Re (kg.n)|} =89©@

forall |q| > 2,

k(x1, r)‘ < 26V (0), and (1 — 48)Yr(0) < k(0, 1) < (1 + 48)V(0), then

)

max {‘Re (l;(:l: 1, t))

Im(ié(il,z))” < 839(0).
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Proof The proof of this lemma is the same as the proof of Lemma 3 in [6] (even though its
statement is different), and the key fact used in the proof is identity (3). For completeness
sake, we reproduce the proof given in [6] here.

Since we have thaté‘l@(O) > ’1/7(:& 1)‘, we can choose a 7’ € [0, 7] such that ‘IQ(:!: 1, t)’ <
25k (0, 1) on [0, T']. We have the following identity

1 1 1 1 1 1 i( e
= = = = = = < —_ Z ,
k@,t)  k(0,1) k(g,t) . k@©.nl+z k@O0 =
1 + Zq#o _ elq@ n=
k(0,1)
kq.0) 00 . .
where z = z(0,1) = Y_ q 7&0]2 © )e 97 Tt can be easily seen that for the Fourier modes of z
, 1
we have:
0 if p=0,
ip.ty =1 kip,n) .
— otherwise.
k(0,1)

Taking Fourier transform of the previous expression yields

/1N 1 X 0 . . X
(k>(—1,r>=]€(0[ LD+ YD Y gD g

1) m=2 qrt-tgm=—1

Since k is the curvature of a convex curve, we have U4 (k) = 0; so,

—

] 21 ,—(=1)if
(0(—1,:) :/0 D do = U (k) = 0;

then,

Lol =D YT DA D)

m=2 g1+ +gm=—1

In order to estimate the sum on the right-hand side, first notice that

m—1 m—j—1 .
. . m\ , ; m—j\. ;
E (g1, ) - 2(gm. 1) = E (J.)z(l,t)’ E ( ; )z(—l,t)’
q1++gm=—1 Jj=0 =0
E 2(‘1j+l+17t)"'2(Qm»f)~

qjt+i+1ttgm=—1—j+l

Now we proceed to estimate S,,, = qu+"‘+qm=71 z2(q1,t) -+ - Z2(gm, t). We shall use the
fact that

lg1*7 N z(q, ] < 8/(1 —48) < 1
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722 J. Cortissoz, C. Reyes

for § > 0 small enough:

m—1 m 1

i
Sl < Y <’;’> da,nl Y
=0

=0

m-—=j\ . ! o 1 1
( ; )z(—l,z)y Yoo
Gjti+1+Fqm 9j+i+1 Din

=—1—j+

2(~1,0)| em=i-ipm=i-t

IA

m 'm—j .
> (") aor > ("77)
j=0 N/ l

(

where L is a constant independent é (actually one can take L = 72/3).
As we have that |2(£ 1, 1)| < 28, we get

1Sul < (|20, D]+ [2(=1, )| +6L)" < 8™ @4+ L)".

Therefore,

2 2 3
8“(4+ L) _ 82
—8(@4+L) ~ 1+48

l2(=1,0)] < 1

for § > 0 small enough, and the conclusion of the lemma follows.

We resume what we have proved in this section in the following.

Proposition 5 Given a function > 0, the curvature function of a convex closed curve, there
is ad > 0 (which may depend on ||V || ) such that if

¥ ll2ps1 < 89(0),
and on [0, 1), a solution to (2) with the initial data  satisfies
(1= 48)P(0) < k(0. 1) < (1 +48)3(0).

Then

3

g7+ max {|im (kg 0) | |Re (@, )|} = 870 g €2\ (0,

on the same time interval.

2.4 Exponential decay of the Fourier coefficients: finishing the proof of Theorem 1

Our purpose now is to show exponential decay for the Fourier coefficients with wave number
q #0.

Lemma 6 Assume that on [0, T], T > 0, we have estimates

g7+ max | |im (kg 1))

Re (lE(q, t))‘} < 8¢V (0)

’

for gl = 2, and (1 — 48)y (0) < k(0, 1) < (1 + 48)V/(0). Then there exists n > 0 so that
the same estimate holds on [0, T + n).
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Proof As in the proof of Lemma 3, we will show that for any p > 0 small there exists
n > 0 independent of p so that for any finite-dimensional approximation k z, with Z and
t € [0, T + n) the following holds

gl max | |m (k2 (q. 1))

(kz@.0)|} = A +20089 @ 7",

Being p > 0 arbitrary, we obtain the result for the full solution k.

First of all, by Proposition 5 the fact that k is actually smooth on (0, 7)) by parabolic
regularity, where (0, T') is the maximum interval of existence of k, and Theorem Al in
Appendix, there is an n > 0 so that for all Z large enough,

k2.0 = 28007,
and
(1 —58)9(0) < kz(0,1) < (1+58)y(0),

fort € [0, 7 + 7n) (so n > 0 is independent of p). Also, by Theorem Al in appendix, the
choice of Z can be made such that for all ¢ € Z on [0, T] we have

gl max {[im (k2 (q.0)|

kz(g,0)[} < (1 + p)syr(0)e ", (6)
(kzta.0)]}

Having fixed Z, we let v(n, 1) = exp(ylnlt)l%z (n, 1), then, as for the finite-dimensional
approximation that we are considering we have that

p—1

d: 2piM 7 120 7 »
EkZ(n’ 1) =-—n"Tkz (0,0)kz(n,t) + ;Z(—l) n”a;k%(0, 0)kz(n, 1)
=1

- > qPkzq. 0k m—q. 0+ Y asi’FoRkz(0, 1),
qeZ—{n} J ANzl
we obtain the following equation for v(n, t),n € Z

3 0(n, 1) = ylnld(n, 1)

p—1
+ exp(y|nlr) [—nZPléM(o, Dk, 1)+ Y (=1'n?a; k0, 0k, 1)
=1 ji

Z qulz(q,z)lg*M(n—q,t)—i-Z Z aJiJ'RQng(Q,f)i|

qgeZ—{n} J ANzl

= yln|d(n, 1) —n* M (0, 1)i(n, t)+ZZ( D!n?a;, 070, )b (n, 1)

=1 j

¢*Po(q, M — g, 1)

B Z exp(y|n|t)
eXP(y[In ql +gqll)

qeZ—
exp(yInlt) ;&
+
;Aém ewriom ™’ Q@D
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Consider the set
Qz = {w e C%: (14+20)69/(0) = g1+ max {Re (w(@)] ., [m (w(@)]}. lq] = 2}

We shall argue that when o hits the boundary of Qz at time ¢ then 9,0 points towards the
interior of Qz. To proceed, let n be a witness of this; that is to say, let n € Z be such that

In[*" ! max {|Re (6(n, )], [Im (D(n, )|} = (1 + 2p)89(0).

Notice that as at time 7 the estimate (6) holds, necessarily ¢ € (t, T + 7).
To begin our argumentation, we shall show that the term

p—1

=M, b, 1)+ ylnl + Y Y (=D'na; 570, D0, 1) @)
=1 j

dominates over the other terms in the expression on the left-hand side of the equation given.
Notice that by the inequalities

(1 —58)9(0) < kz(0,1) < (1+58)y(0),

and the assumption on P, 55 in Theorem 1 (recall that 9(0, 1) = k =(0, 1)), for a well chosen
y,and p > 0 small enough,

p—1
—n?P MO, 0) + ylnl+ Y Y (=D'n*a;d7(0.1) < c <0,
=1 ji

and v(n,1) = O ((S/nzl’“), so (7) is of order 6/n and its real and imaginary parts have the
opposite sign to the real and imaginary parts of v (n, r): This fact, if (7) were the only term
we had to deal with, would imply that 9,0 points towards the interior of Qz. However, this
is not the case and we must examine other terms and show that they are smaller than (7) in
absolute value when § is small.

Let us begin by the term

2

qeZ—{n}

exp(y |n|t)

225(q, )M — g, 1)) .
exp(ylin—ql+1gn? "7 1

Observe that

exp(y In|t)
“exp(ylln —ql +lqllt) —

and hence, we will just have to bound

> |gri niMe—g,n)|.

geZ—{n}

As we argued before, the condition ¢ # n in the sum implies that in the convolution term there
is at least one term Ig(q i 1) with g; # 0. (If all the terms in this convolution term are 9(0, 1),
then necessarily ¢ = n.) Hence, in any term of the sum there are at least two factors of order
8. The fact that |¢|*P*! (g, 1)| < 280(0,7) and 9(0, 1) = 9(0, 1) < (1 + 58)9(0) imply
that the sums can be bounded above independently of Z, and that the sum being considered
is of order 82 /n.
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On the other hand, the term

2

J ANzl

explylnl)

.J-R AR~
ap(ylon ™ 2D

is relatively easy to deal with, because by the definition of A, N Z!! in any of the terms in
the sum which, as the reader knows, are basically products of 0(q, t), there are at least two
factors for which g # 0, which amounts to the fact that the whole sum is of order 82 /n.

Then, we can conclude that for § > 0 small enough 9,0 points towards the interior of Q=
whenever 0 belongs to its boundary. Hence,

1?7 max {[Re (D(n, )|, [Im (8(n, 1))}
decreases, and therefore, for times a bit after 7’

max i ’Re (iz(n, t))) . )Im (lgz(m 0)“ - I+ Zpié;pﬁf?)efylnn |

and as anticipated, we get the claimed estimate for the full solution, at least for wave numbers
q with |g| > 2. We now use Lemma 4, to obtain the estimate for the Fourier coefficients
corresponding to the wave numbers =+ 1.

[m}

Lemma 7 Given afunction v, there is a 5§ > 0, which may depend on ||V || oo, Such that if the
initial datum  satisfies the following inequality

1 ll2p+1 < 81(0),
and such that if for all t € [0, t]
(1 —48)P(0) < k(0,1) < (1 +48)(0),

and |n|*P+! )IG(n, t)‘ < 81@(0), then there exists a y > 0 that depends on § > 0, and a
constant C > 0 such that the solution to (2) satisfies on [0, t]:

. C8r (0)e 7 Inlt
[fen. 0] < =S5

Proof Notice that the set where the estimate is valid is obviously nonempty (it at least contains
t = 0) and closed, and it is also open by the previous lemma. The result follows.
]

Now we show that the average curvature IE(O, t) remains controlled.

Lemma 8 Given an initial condition , there is a 6 > 0, which may depend on ||V | o,
such that if the solution to (2) with the initial data \ satisfies on the time interval [0, t] that

(1=48)(0) < k(0,1) = (1+48) (0, n? [k(n,1)| < 8k(0, 1, and [k(&1.0)| < 8k(0.1),
then we actually have (1 — 38)1&(0) < 12(0, )<+ 38)1&(0) on the same time interval.

Proof With the same proof of Lemma 3.5 of [5], it is easy to see that

E :qll 72 qlfle—ﬂ\ql|e—l‘-|f12\ e Mallgmrin=qi—qil < Cpppe ¥IFRTF0 Il
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Using the above equation, and because

d . A N N
TRO.D==3 k@ 0k (—q.0+ 3 Y aji’ 0 k0, 1),
q#0 J QeAy

by Lemma 7, we get that
d -~ o
—kon=o0 (521,0(0)675”) ,

and integrating (here taking into account that 12(0, 0) = 1/7(0)), this equality for § > O small
enough implies the result.
O

From the previous lemmas, we can conclude the following.

Proposition 9 (Trapping Lemma) Given an initial condition V¥, there is a 5 > 0, which may
depend on ||V || 0o, Such that if { satisfies the following inequality

1 ll2p+1 < 89(0),

then the solution to (2) with the initial data \ satisfies the following. There is a y > 0 and
a constant C > 0 such that

c _,

. _ C
‘k(n, 1)‘ e LA

and (1 — 38)1&(0) < 12(0, <1+ 38)1,@(0), as long as the solution to (2) exists.

As a consequence of the previous proposition, the curvature function k remains uniformly
bounded as long as the solution to (2) exists, so the flow exists for all time. Also, it follows that
k is converging towards a constant smoothly and exponentially. Indeed, by the fundamental
theorem of calculus

~ ~ Sd s
k(0,s) = k(0, 1) +/ —k(0, 7) dr,
, dt
and hence, by Lemma 8 we can take the limit as s — oo. Denote
lim (0, s) = k(0, 00),
§—> 00
and then
~ ~ *d .
k(0, 00) = k(0, 1) +/ —k(0, ) dr.
; dt
Therefore,

o0
~ ~ d ~
‘k(O, 00) — k(0 z)‘ 5/ ‘d—k(o, 0| dr < Ce P!,
p T

which shows our claim.
In order to improve our estimates, we need to consider the integral form of the equation

p—1
dk(n, 1) = [—nZPIEM(o, N+ > (=D'n?a; k0, z)}l%(n, )

=1 j

— > @Fk@ kM —q.0+ > asi’ RoRkQ.1).

qgeZ—{n} J Ay
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For that, we can use the integrating factor method to obtain
k(n, 1)

¢ 0 =
B / > o> aii’ ™o k. 0y~ Y qk(g.o)k M —g.0) e S EOVdo

T J A, qeZ—{n}

+kn, ) | e B0 8,
where E (s) is given by

p—1
—n?P kM0, 5) + Y Y (=D'na;ki 0, s).

=1 ji

Using the bounds proved above yields

ka1
Y o> it ok~ Y k(g kM (n—q,0) do

t
<[/
ThoA, geZ—{n}

+ [, r>\] [ofe 23

‘e— 17 B(s)ds

2p [t M p—1 1,2 LR
< Ke " P kMO, 1) dT+Y Zjl(fl) n“aj, J; kI (0,r)dr.

The bound K on the outermost integral can be shown to exist due to the decay estimates
(which are exponential) that we have shown for the Fourier coefficients k(n, t).
Hence, by our previous considerations, given € > 0, there is t such thatif + > 7 then
(1 = €)k(0, 00) < k(0,1) < (1 + €)k(0, 00).
Thence, we can bound
‘12(11, t)‘ < Kefreli=7l,
where P, . is given by

Poe = —n*P[1 —eMiM (0, 00)

p—1 .
+ 3P Dnay (14 sen (=Dl ) €) " £10, 00).

=1 ji

This finishes the proof of Theorem 1, as for e > 0 small enough, withn = 2 we have assumed
that P> ¢ > Py .
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3 Applications
3.1 Polyharmonic flows

If s is the arclength parameter and k the curvature, the polyharmonic flow is given by
9 %Pk
2 (=P
oy =D [ 9520 ] V.

The curvature then evolves by the equation
dk 3P 9%k ok \ 2
S= D S R =k (5 )
ds2p+2 0s2p 20

9 909 93
as  8sa0 00

It is easy to show that the evolution equation satisfied by the curvature in the case of the
polyharmonic flow satisfies an equation of the form of (2) plus the structure conditions (I)

where

a
and (II). In fact, if all the operators 20 jump over all the k’s we obtain a term

(I)Pk2P+2(32p+2k 32Pk>

002p+2 962p

. 0 . .
whereas, if any of the operators — act on any of the k’s, we obtain a term where there is

at least a product of two derivatives of k (of perhaps different orders). So in general, the
curvature function in the polyharmonic flow satisfies an equation

B lpk2p+2 82p+2k a2pk e 82p+1k )
=(-1 8921’+2+HOTP + ,...,W s 3)

ot
where any term zg ) zg;’rll of the polynomial H (2o, . .., 22p+1) satisfies &) + a2 + -+
a2p+1 = 2. In this case, we have then that

2p+2
G = (=1)Pz"" (z2p42 + 22p) + H,

and G satisfies the structure conditions (I) and (I). For instance, for p = 1 the flow takes

the form
dk e 9% 9k \ 2
— =(=1 +i2— |-k =
ot 854 as2 80
*k 9%k ok ok 9%k
—kt— —k* — ) -1k
90* 002 "\ 96 20 892
0%k ok 8%k ok 9k \?
43— ) —I=— -k —k — .
062 26 363 26 20
It is then clear that G satisfies the conditions required in the introduction. The polynomial
that determines the stability is then

&(0)2174-2 (_x2p+2 + x2p) ,
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which is clearly negative for x > 2.

Applying Theorem 1, if we start close to the unit circle, in the sense of the seminorms
| - ll2p+s5, the solution to the polyharmonic flow exists for all time and converges smoothly
and exponentially fast to a circle (and as shown in [12] to a unit circle if the area enclosed
by the initial curve is 7).

We can also give rates of convergence. For instance, in the case of p = 1, for any € > 0
and ¢ large enough (assuming that the initial curve encloses an area of ),

‘lg(n, t)‘ < Kelnli=er+n?li4elt]it—7],

Also, as it is known that if convergent, when the initial curve encloses a region of area 7, the
polyharmonic flow satisfies k — 1, then we have that for any € > 0 and ¢ large enough the
following estimate holds

||k(6, t) _ 1||Cl(Sl) < C[,ee[_16[1_6]4+4(]+6)4]ty

which improves on known results (see [12]). The general case of this estimate, as described
in Corollary 1, follows from the structure of the evolution equation of the curvature given by

(8).

3.2 Other flows: a very specific example

As another example, let us consider a simple plane curve y evolving by the following flow
o _ 4 9%k N ©
ar as> ]

where s is the arclength parameter, k the curvature and N the exterior normal. A calculation
shows that the curvature evolves by the following equation

ok P\ 4 (0% 22k ok [ 93k k2
=kl )-K(=)-(=) -2(=)[=)-k=
ot as4 ds2 ds2 as ) \ 9s3 36
a4k 9%k 2K\’ ak\2
=k |— |- (—=)-5— ) —k|—
964 362 962 36
5 [ 3k\* s (0k\? [0k 4 [0k (93K ok \*
2 =) —218 (=) (= )-9%* =)= )-«k[—=) .
36 36 362 36 ) \ 963 36
First of all, notice that for a given § > 0 we have that

Peas = —x*(1 — 48)° (1/}(0))5 +2(1 4 48)° (&(0))5

(—x4(1 —48)5 +x2(1 + 45)5) (&(0))5 <05 (&(0))5 ,

whenever 0 < § < 3%

As a consequence, our computations give us for this case that for the initial conditions
near the circle of radius 1, with &(0) = 1, the solution to (9) converges towards a curve
whose curvature converges exponentially towards a constant, say koo, and for any € > 0,

there is a time 7, > 0 and a constant K, such that for t > T¢ the following estimate holds

‘,g(n’t)‘ < K el i—eP4n?l1+eP el -
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and a convergence rate of the curvature towards ks is given by (that is, for any € > 0 there
is a constant Cy ¢ such that)

k@, 1) — koo”cl(sl) < Cl.eekgo[716[175]5+4[1+e]5]t7

which means that the rate of convergence is as close to exp (— 12kgo) as wished.

3.3 A more general family of examples |

In this section, we will consider flows of form (1) with

2p 2i
0k
F (ks k) = Za,a o+ H, (10)

where H is again a polynomial on the derivatives of k of order less than 2p and where we
only allow terms which contain products of two or more derivatives of k of order bigger or
equal than 1. To give an example, H may contain terms of the form ksk;s (as long as2p > 4)
or k(ky)?.

For a constant W such that given  there exists a § > 0 for which whenever

W =14(0) > 8¥ll2p+s

then the conclusion of Theorem 1 holds, then we say that flow (1) is stable around W, which
in turn corresponds to the solution of the original flow being stable around a circle of radius
W1 in the sense discussed above.

Again using the fact that the curvature k satisfies an equation

ok  9°F ak\? 9 9
— = +kK*F —k , where — =k—
3t 952 36 s

it can be shown that the polynomial that determines the stability of the flow is
(- 1)p+lap$(0)2p+2n2p+2
+
P07 (a0 +aj-1) Y (©)n?
_l’_
(=Dary (0)*n?,

since the negativity of this polynomial for n > 2 implies the condition on P, 45, for § > 0
small enough, needed in the hypothesis of Theorem 1. Notice then that if W = ¢ (0) is

large enough, the previous polynomial is strictly negative for n > 2. Hence, we have from
Theorem 1 the following.

Proposition 10 Assume that sgn(a,) = (—1)P. There exists an M such that if W > M then
flow (1) with F of form (10) is stable around W.

This proposition basically tells us that in the case of a flow with F' of form (10), its stability
depends on the sign of the derivative of the largest order, and this holds around circles that
are small enough.
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3.4 A more general family of examples I

Now we consider

2p— 2’k
@p) 2j 9
F(kokes o k) = Za,, KT Sy + H. (1)

with H as in the previous section. This family of possible F’s includes as an example the
case of

2 1 2
V= kssss +k kss - Ek(ks) ,

which is associated with the (normal) evolution of a curve, which is related to the steepest
gradient flow of the functional (see [2])

ﬂﬂzf%fm
Y

In the case that F has form (11), the polynomial that determines stability is given by

(- 1)p+lap Iﬁ (0)2p+2n2p+2

+
p—2
DD (apj ap—j1) YO 2n2
Jj=0

+

(=Dary (0)*+2n?,
and hence, a conclusion we can draw without much difficulty is the following.
Proposition 11 Assume that sgn(a,) = (—1)?, and

3 Pl s
Z}a”} z 24'7

j=l1

then flow (1) with F of form (11) is stable around any 1&(0) =W=>0.

Finally, notice that V above satisfies the hypothesis of the proposition.

3.5 Regularity

Here we discuss the sharpness of requirement (5) in the statement of Theorem 1. We start
with the case of polyharmonic flows, and we shall centre our discussion in the case p = 1.
‘We will show that condition (5) which amounts to

MOERIIAE

can be replaced by a milder
(0 =8Iy,

where n > 0 is small, and hence (in view of the theorem in appendix), we only need to
assume in Theorem 1 thatyy € H 342 (Sl).
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732 J. Cortissoz, C. Reyes

Let us justify, without entering into the technicalities, the reasons behind our claim. As
the reader has seen so far, in the evolution of a Fourier wave number there are good and
bad terms. By a good term, we mean a term whose existence, if it were alone, affects the
evolution of a Fourier wave number lz(n, t) by making its norm decrease. The best of these
terms is given by

— k0, )*k(n, 1), (12)
which comes from taking the Fourier transform of the term

%
904"

Regarding bad terms, those that could offset the evolution of a Fourier wave number towards
values of smaller norm, there is what we might call a very bad term (it has the largest possible
order), which in this case is given by a sum

Y kg, n0k(ga, 0k (g3, 0k (ga,0)
q1:92:93,94

X(n—qr—q—q3—q)*k(n—q1 —q2 — g3 — qa, 1),

but in this sum, at least there are two ¢’s which are nonzero. If we assume that

k(g. 1) ~ ,
g+

. 3_ .
then one can show that the sum above is of order 8212 ~". But then the term (12) is of order

5n%”’, so it will dominate the behaviour of the evolution of lg(n, t), and then, there will be
stability for the flow. In the general case, in order to obtain stability for the polyharmonic
flow, we seem to require

AOERI I e
with n > 0 small.
As yet another example, working with this heuristics and which can be made rigourous

without much difficulty, it can be shown that the flow studied in the recent paper [2], for
which

2 1 2
F= kssss +k kss - Ek(ks) s
it is enough to ask for a condition, for a well chosen 6 > 0,
¥(0) > 8||w||%+,,,
instead of the stronger (required by the hypotheses of Theorem 1)

MOERIATS

to obtain stability.
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Appendix A: Convergence of the finite-dimensional approximations

Here we discuss how the finite-dimensional approximations kz converge towards the full
solution k of (2). We will prove the following.

Theorem A1 Assume (2) has a unique smooth solution in [0, t’). Then for any compact
subinterval [0, 7], 0 < T < T/, given € > 0 there exists a finite symmetric set Z such that if
Z D 2y, then

sup sup lq ! [kz(q. 1) — kg, 0] <.
tel0,7]geZ

For the purpose of the proof of this theorem, we have assumed that our equation has a
solution on an interval [0, ] which is smooth; however, we can require less regularity and
prove similar statements. In fact, we can ask for k to belong to L™ ([0, t]; H?>P*3 (S!)),
which, taking into account the regularity theory of parabolic equations, would require the
initial data ¥ to belong to H*PT3 (S!).

Now, we begin with the proof. The Fourier transform of k, 12, satisfies the (infinite-
dimensional) system described in Section 2, whereas the finite approximation satisfies a
truncated system as described in the same section. By definition, for ¢ ¢ Z we have
kz (g,1t) = 0. Notice that forg € Z lﬁz (q9) = 1/A/(q) and &Z(q) = 0 otherwise.

We can write a system of ODE:s for the difference k z(g,t) — lg(q, t)withg € Z.

0 (122(61, 1 —k(q. l)) =Frz <I€g,q> —Fz (12,6]) + Rz (12,61> .
A solution to this system can be written as
1
k.0~ ka0 = [ Fz(fz.q) - Fz (k.q) + Rz (k.q) ar
0

which we shall rewrite in the following convenient way, using the fact that the Fz, with Z
fixed, is multilinear,

t
0 =kz(q.0) —k(g.1) =/ Gz (9. k. k+9.q) + Rz (k.q) ar
0

To estimate ¢, we set up the following iteration scheme

t
Pnt1 =/ Gz (¢n ko +¢n.q) + Rz (k.q) a, (13)
0
with g9 = 0.

Since k belongs uniformly to the Sobolev space H 2p+3 (Sl), for any p > 0, there exists
an A such that on [0, 7]

k LA
‘ g, f)‘ = W’
and hence, we can bound (independently of ¢) on [0, 7]
Rz (k,q) = !
Z ( ’L]) =0 W s
where B = ming ¢z |q|. We shall write

Dy, = sup max |q|2p+1 |(/7n(q7 t)'
1€[0,8] 4€2
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734 J. Cortissoz, C. Reyes

and § > 0 will be chosen below.
We can bound the right-hand side of (13) after multiplication by |¢|*?*! by

SMD, (D, + A" + 80,

where 0 is a bound on |B |2/’+1 ‘R z (12, q) ‘, with B as above, M is a constant independent
of Z and ¢, and m depends only on F. Therefore,

Dypy1 <8MD, (D, + A" + 86.

From this, we propose the recurrence
m
EX), =sMEQ (E0 +4)" +00, EY =0,
Clearly D, < E,(,O), and

sup sup |g|*P*! ‘lzg(q, 1 —k(q, t)‘ <sup E = O,
t€[0,8] qgeZ n

Now we specify our choices. Given € > 0, we choose Z such that § = ¢/32M2+A)"+2

1
and we choose § = ——— . With this, it is easily shown that, given € > 0 small
2M Q2 + A"

enough, E,(,l) < 2 and then

28€

) —
ET <2660 = 32M(2+A)"T+2

on [0, 4d].

To proceed to [8, 28], we set for ¢ € [§, 28]

t
vi=kea.0~ ka0 =01@+ [ Gz (0.kk+0.0)+ Rz (k.g) ar,
8
where
Ui(g) = kz(q.8) — k(g. ),
and then, by following the same arguments as before (in particular setting up an iteration

scheme as in (13)), given the solution to the recurrence

£D

W =oMED (ED +4)" +o0+ 200, ES =0,

the number lim sup,,_, E,(ll) = EM gives a bound on

sup sup |g|*PT! ’ﬁz(q, 1 —k(g, 0|,
tel8,28]geZ

and again, from our choices it can be shown that E,(LI) < 2, so we have that

66€

i (1) —
limsup E,”” <656 = T AT

n—oo

In general, having established a bound

sup  sup |g*PH kz(q, 1) —k(g. )| < E® < 860, with C; < 351,
relks, (k+1)8] g2
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to obtain a bound on [(k 4 1)8, (k + 2)§], we get a recurrence

m
EXAY = sMESD (EXD 4 4)" + 00 + o0, Ef) =0,

Again, it can be shown that E,(,kH)

get, writing E®TD = lim sup,,_, .

< 2 (as a consequence of our choices), from which we
E(k+l)
n 9

sup sup g+ [z (g, 1) — kg, 0| = EXTD < Cpite,
te[(k+1)8,(k+2)81 geZ

with Cyy1 = 2(Cr + 1), Cp = 2, and we can show that Cr41 < 3%+2 The whole interval
will be covered ink = [2M (2 + A)"t| + 1 steps, and hence, we will have that

sup sup |g[*" ! ‘ﬁz(q,t) —IQ(q,t)‘ <e.
tel0,7]geZ
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