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Abstract
In this paper, we are concerned with the existence of the least energy sign-changing solutions
for the following fractional Schrédinger—Poisson system:

(=AY u+V@u+rpxu = f(x,u), in R,

(—A)'¢ =i, in R?,
where A € R is a parameter, s, ¢ € (0, 1) and 4s + 2¢ > 3, (—A)* stands for the fractional
Laplacian. By constraint variational method and quantitative deformation lemma, we prove
that the above problem has one least energy sign-changing solution. Moreover, for any A > 0,
we show that the energy of the least energy sign-changing solutions is strictly larger than two

times the ground state energy. Finally, we consider A as a parameter and study the convergence
property of the least energy sign-changing solutions as A N\ 0.

Keywords Fractional Schrodinger—Poisson system - Sign-changing solutions - Constraint
variational method - Quantitative deformation lemma

Mathematics Subject Classification 35J61 - 58E30

1 Introduction

In this article, we are interested in the existence, energy property of the least energy sign-
changing solution u; and a convergence property of u; as A \ O for the nonlinear fractional

Schrodinger—Poisson system
(=A)'u+V@)u+rpu = f(x,u), in R, 0
(—A)'¢ =u?, in RY. '

where A > 0 is a parameter, s, ¢ € (0, 1) and 4s + 2r > 3, (—A)" stands for the fractional
Laplacian and the potential V (x) satisfies the following assumptions:
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(V1) V e C(R?) satisfies inf g3V (x) > Vp > 0, where V) is a positive constant;
(V2) There exists & > 0 such that lim|y|_,omeas({x € By(y) : V(x) < c}) = 0 for any
c>0;

where By (y) denotes an open ball of R? centered at y with radius # > 0, and meas(A)
denotes the Lebesgue measure of set A. Condition (V>), which is weaker than the coercivity
assumption: V(x) — oo as |x| — oo, was originally introduced by Bartsch and Wang [1] to
overcome the lack of compactness for the local elliptic equations and then was used by Pucci,
Xia and Zhang [18] for the fractional Schrodinger—Kirchhoff type equations. Moreover, on
the nonlinearity f, we assume that

(fv) f: R3xR —> Risa Carathéodory function and f(x, u) = o(|u|) as u — O for
x € R? uniformly;
(f2) Forsome 1 < p < 2f — 1, there exits C > 0 such that

|f e, w)] < C(+ [ul?),

where 2§ = ﬁ;
(f3) limpy|—o00 F(:A’”) = 400, where F(x,u) = f(;‘ f(x,s)ds;

(f1) fl(tx‘g') is an increasing function of # on R \ {0} for a.e. x € R3.

When s =t = 1, the system (1.1) reduces to the following Schrodinger—Poisson system

—Au+V@Xu+rpx)u = f(x,u), in ]R3,
—A¢=u2, in R3.

This kind of system has a strong physical meaning. For instance, they appear in quantum
mechanics models [4,6] and in semiconductor theory [2,3]. For the research of Schrodinger—
Poisson system, we may refer to [9,10,13,19,23].

In recent years, there has been a great deal works dealing with the nonlinear equations or
systems involving fractional Laplacian, which arise in fractional quantum mechanics [11,12],
physics and chemistry [14], obstacle problems [21], optimization and finance [8] and so on.
In the remarkable work of Caffarelli and Silvestre [5], the authors express this nonlocal
operator (—A)® as a Dirichlet-Neumann map for a certain elliptic boundary value problem
with local differential operators defined on the upper half space. This technique is a valid
tool to deal with the equations involving fractional operators in the respects of regularity
and variational methods. For some results on the fractional differential equations, we refer
to [7,16,18,25,26]. Recently, using Caffarelli and Silvestre’s method in [5] and variational
method, in [22], Teng studied the ground state for the fractional Schrédinger—Poisson system
with critical Sobolev exponent. To the best of our knowledge, there are few papers which
considered the least energy sign-changing solutions of system (1.1). In [20], Combining
constraint variational methods and quantitative deformation lemma, Shuai firstly studied the
least energy sign-changing solutions for a class of Kirchhoff problems in bounded domain,
where a stronger condition that f € C! was assumed. In virtue of the fractional operator and
Poisson equation which are included in (1.1), our problem is more complicated and difficult.

Now, we recall some theory of the fractional Sobolev spaces. We firstly define the homo-
geneous fractional Sobolev space DLL(R3)(a € (0, 1)) as follows

CluG) —uy)l
3

DU2(R3) = {u € L%R3) : e L2(R3 x R3)}

lx — y|2t®
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which is the completion of C5°(R?) under the norm

lullpegsy = ||(_A)%M||L2(R3) = (// dedy)%-
RIxR3 |x — yPH2

The embedding D*2(R?) < L2 is continuous and there exists a best constant Sy > 0
such that

Z 02
S, = inf = JelA)Tuldx

. (1.2)
ueD®2(R3) Y
(fio luoear)

The fractional Sobolev space H*(R?) is defined by

HORY) = {ue L2®): @) =4 23 R,
v — y|2*

endowed with the norm

Ju(x) — u(y)* 5 \?
el e sy = (//;@x]}@ dedy + /Rs Jul dx) :

In this paper, we denote the fractional Sobolev space for (1.1) by
H= [u € H'(R%) : / V(outdy < oo],
R3

with the norm

llull = ([/ dedy—i—f V(x)uzdx)%
RIxR3 |x — y[3t2s R3 '

In the sequel, we need the following embedding lemma which is a special case of Lemma
1 in [18], so we omit its proof.

Lemma 1.1 (i) Suppose that (V1) holds. Let q € [2, 271, then the embeddings
H < H'R?) — LR

< ||u||2f0r all u € H. In particular, there exists

are continuous, with min{1, Vo}|lu|| s@®3 =

a constant Cy > 0 such that
lull Larsy < Cqllull forallu € H.

Moreover, if g € [1,2}), then the embedding H — — L4(Bg) is compact for any R > 0.
(ii) Suppose that (V1) — (V2) hold. Let q € (2, 2%) be fixed and {u,}, be a bounded sequence
in H, then there exists u € H N LY (RN) such that, up to a subsequence,

u, —> u strongly in LY(R* as n — 0.

Assume that 5,1 € (0, 1), if 45 4+ 2 > 3, there holds 2 < 313, < 3% and thus

H — L% (R3) by Lemma 1.1. For u € H, the linear functional £, : DR - Ris
defined by

L, (v) :/ w?vdx,
R3
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the Holder’s inequality and (1.2) implies that

342t

1
12 « .\ ¥
cal = ([ i) ([ wPian) T < ClulPioloes),

By the Lax-Milgram theorem, there exists a unique ¢/, € D’ 2(R3) such that
/ (=A)Zu(—A)2vdx = / WPvdx, Vv e DR,
R3 R3

that is ¢/, is the weak solution of
(—A)tqb,’l = uz, x eR3
and the representation formula holds
2
t u=(y) 3
= ———dy, e R7,
¢u(-x) Ct /R3 |X—y|372t y X

which is called t-Riesz potential, where

¢ =m 327 Li;)zt) . (1.3)

In the sequel, we often omit the constant ¢, for convenience in (1.3). The properties of the
function ¢/, are given as follows.

Lemma 1.2 ([22]) If 4s + 2t > 3, then for any u € H*(R?), we have
(1) ¢! : HS(R?) — D"2(R3) is continuous and maps bounded sets into bounded maps;
(2) Jgs dluPdx < SHul* 4, ;

L3+
(3) $ry =T°¢) forallt € R, ¢l = ¢l (x +y);
(4) bu, = 0> (pl)o for all & > 0, where ug = u(z);
(5) If up—u in H*(R?), then ¢!, —¢!, in D"*(R?);
(6) Ifu, — uin H*(R3), then bl — ¢ in DLE(R3) and Jrs ,""unzdx — [r3 ¢ utdx.
If we substitute ¢/, in (1.1), it leads to the following fractional Schrédinger equation
(=AY u+ V)u+rplu = f(x,u), in R, (1.4)

whose solutions are the critical points of the functional /; : H — R defined by
1 32 2 A 12
L(u) = - (J(=A)2u|” + V(x)u")dx + — ¢, u"dx — F(x,u)dx
2 R3 4 R3 R3
where F(x, u) = fO" f(x, r)dr. The functional I, € Cl(H,R) and for anyv € H

(I;’\(u),g)) =/ ((—A)%u(—A)%(p—i—V(x)uv)dx—i—)»/ d);u(pdx—/ f(x, u)pdx.
R3 R3 R3

We call u a least energy sign-changing solution to problem (1.1) if u is a solution of problem
(1.4) with u® # 0 and

I(u) = inf{; (v) | v* #0, I; (v) = 0},

where vt = max{v(x), 0} and v~ = min{v(x), 0}.
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For problem (1.4), due to the effect of the nonlocal term ¢/, and (—A)*u, that is

/ ((—A)%u+(—A)%u—>dx>o and / ¢>;u2dx>/ ¢;+(u+)2+/ ¢;,(u—)2
R3 R3 R3 R3

for u® # 0, a straightforward computation yields that

L) > L™+ Lu),
(L), uty > (L@, ut), and (I @), u") > (I@),u). (1.5)

So the methods to obtain sign-changing solutions of the local problems and to estimate the
energy of the sign-changing solutions seem not suitable for our nonlocal one (1.4). In order
to get a sign-changing solution for problem (1.4), we firstly try to seek a minimizer of the
energy functional [, over the following constraint:

My ={ueH: ur #0, (I w),u’) = (I(u),u") =0}

and then we show that the minimizer is a sign-changing solution of (1.4). To show that the
minimizer of the constrained problem is a sign-changing solution, we will use the quantitative
deformation lemma and degree theory.

The following are the main results of this paper.

Theorem 1.1 Let (f1) — (fa) and (V1) — (Va) hold. Then, for any A > 0O, problem (1.1) has
a least energy sign-changing solution u,, which has precisely two nodal domains.

Let
Ny :={ue H\{0}: (I;L(u), u) = 0}, (1.6)
and
c) = Mier}\fal,\(u). (1.7)

Let u) € H be a sign-changing solution of problem (1.4), it is clear from (1.5) and (1.6) that
+
u;. ¢ No.

Theorem 1.2 Under the assumptions of Theorem 1.1, ¢, > 0 is achieved and I, (1)) > 2c;,
where u;_is the least energy sign-changing solution obtained in Theorem 1.1. In particular,
¢y > 0 is achieved either by a nonpositive or a nonnegative function.

Itis clear that the energy of the sign-changing solution u; obtained in Theorem 1.1 depends
on X. Furthermore, we give a convergence property of u; as A N\ 0, which reflects some
relationship between A > 0 and A = 0 in problem (1.4).

Theorem 1.3 If the assumptions of Theorem 1.1 hold, then for any sequence {\,}, with
An \( 0 asn — oo, there exists a subsequence, still denoted by {A,},, such that uy, — ug
strongly in H as n — 00, where uq is a least energy sign-changing solution of the problem

(=AYu+V@u= f(x,u), in R, (1.8)
which has precisely two nodal domains.

This paper is organized as follows. In Sect. 2, we present some preliminary lemmas which
are essential for this paper. In Sect. 3, we give the proofs of Theorems 1.1-1.3, respectively.
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2 Some technical lemmas

We will use constraint minimization on M to look for a critical point of 7, . For this, we
start with this section by claiming that the set M is nonempty in H.

Lemma 2.1 Assume that (f1) — (fa) and (V1) hold, ifu € H with u™ 0, then there exists
a unique pair (o, By) € Ry x Ry such that ayu™ + B,u~ € M;.

Proof Fixed an u € H with u™ # 0. We first establish the existence of «,, and §,,. Let
g1, B) = (I (au™ + Bu~), au™)
= /RS(—A)S?((W+ + Bu)(=A)? (uT)dx + o /R} V(o) () dx
+ ra? /l‘@ ¢éu++ﬁu_(u+)2dx - /R3 fx, auNoutdx
=a2/ I(—A)%u+|2dx+aﬁ/ (—A)Zut (=) u"dx
R? R
+ o2 /M V)@ dy + ret /]Rs ¢ (™) dx + ra?p> /R} ¢ () dx
— /]R‘ fx, au)autdx, (2.1)
and

g2, B) = (I (au™ + pu™), pu™)

= / (—A)2 (™ + Bu)(—A) 2 (Bu~)dx + B2 f Vo) dx
R3 R3
$08 [ Ghsp e = [ frpupuas
R3 R3
:,82/ I(=A)2u~ Pdx +aﬂ/ (=A)Iut (—A)Tu—dx
R3 R3
+ ,82/ V(x)(u—)zdx+w4/ ¢;_(u—)2dx+m2,32/ ¢! () dx
]R3 ]R3 R3

- / S, Bu™)Bu"dx. (2.2)
R3

By (f1) and (f3), it is easy to see that g1 (o, @) > 0 and g2(«, @) > 0 for « > 0 small and
g1(B, B) < 0and g2(B, B) < 0 for B > 0 large. Thus, there exist 0 < r < R such that

gi(r,r) >0, g(r,r)>0, gi(R,R) <0, g(R,R)<O0. (2.3)
From (2.1), (2.2) and (2.3), we have
gi1(r, ) >0,81(B,R) <0 VB e|[r,R]
and
g(a,r) > 0,82, R) <0 Vo e€[r,R].

By virtue of Miranda’s Theorem [15], there exists some point (¢, 8,) withr < «y, B, < R
such that g (ay, Bu) = g2(0tw, Bu) = 0. So au™ + Buu™ € M;.
Now, we prove the uniqueness of the pair («y,, B,) and consider two cases.
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Caselu € M,.
Ifu € M;,thenut +u~ = u € M. It means that

(L), uty = (I, (w),u”) =0,

that is
f |(—A)%u+|2dx+f (—A)%u+(—A)%u*dx+/ V)t dx
R3 R3 R3
+ x/ ¢;+(u+)2dx+;\/ ¢!ty dx :/ Fee, uMutdr, 2.4)
R3 R3 R3
and
/ |(—A)%u—|2dx+/ (—A)%Lﬁ(—A)%u—der/ V() ) dx
R3 R3 R3
+ A / RRURE R / i) dx = / Sl d. 2.5)
‘We show that (o, ﬂu) = (1, 1) is the unique pair of numbers such that auu"‘ + Buu— € M,.
Assume that (&, ,Bu) is another pair of numbers such that é&,u™ + ﬂu ~ € M,. By the
definition of M, , we have
&Zf |(—A)%u+|2dx+&u,§u/ (—A)%u+(—A)%u—dx+&§/ V)t dx
R3 R3 R3
+ Ad, / ) dx + 2622 / ¢l () dx = / f@ @uh)autdx, (2.6)
R3 R3 R3
and
=2 s _ 9 ~ = LR s 52 —\2
ﬂuf [(=A)2u |dx+auﬂu/ (=A)zu™(=A)zu dX+/3u/ V(x)(u™) dx
+M3u/ by, (u™ )idx + 2a? o, “f (T )y = / f@, Buu)Buudx. (2.7)
Without loss of generality, we may assume that 0 < &, < ,Bu. Then, from (2.6), we have
&5/ |(—A)%u+|2dx+d5/ (—A)%u+(—A)%u*dx+&§/ V() (ut) dx
R3 R3 R3
+ A&jf ¢l’l+(u+)2dx+ko~z;‘/ ¢! (ut) dx 5/ FOx, @pu)autdx
R3 R3 R3
Moreover, dividing the above inequality by &,; 4 we have
&;2(f |(—A)%u+|2dx+/ (—A)%u+(—A)%u—dx+/ V(x)(u+)2dx)
R3 R3 R3

3 out
3 %ﬁm 2.8)

+ 2 f Phe @) dx + 2 f - @h)dx <
R3 R3
By (2.8) and (2.4), one has
@ - 1)(/ |(—A)%u+|2dx+/ (—A)%u+(—A)%u—dx+/ V(x)(u+)2dx)
R3 R3 R3

5 out +
EK/RW (f(x,O[”M )_ f(X,M )>(u+)4dx' (29)

(@uu®)3 (ut)3
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By (f4) and (2.9), it implies that 1 < &, < Eu. By (2.7) and the same method, we have that
(B% - 1)(/ I(—A)3u~Pdx + / (—A) S ut (—A) u—dx + / V(x)(u_)zdx)
R3 R3 R3

Zf (foi,ﬁuu*) _ fu)
BN (Buu)? ™)

)(u7)4dx.

It is easy to see that Bu < 1. This together with 1 < @, < BM shows that &, = /§u =1

Case2 u ¢ M,.

Ifu ¢ M, then there exists a pair of positive numbers (o, B,) suchthata,u™+B,u~ € M.
Suppose that there exists another pair of positive numbers («/,, B,) such thata/,u™ + B,u~ €
M;. Setv :=a,ut + B,u” and v’ := o,ut + B, u", we have

/ /
o B, _ _
ot + 2y =alut + Blu =0 e M;.
oy u

Since v € M, we obtain that o, = «, and B, = f,, which implies that (ay, 8,) is the
unique pair of numbers such that a,u™ + B,u~ € M;._. The proof is completed. O

Lemma 2.2 Assume that (fi) — (fs) and (V) hold for a fixed u € H with u* # 0. If
(I (u), u™) < 0and (I} (u), u™) < 0, thenthere exists aunique pair (a,, B) € (0, 11x (0, 1]
such that (I] (ouu™ + Buu™), auu™) = (I} (uu™ + Byu™), Byu~) = 0.

Proof Foru € H with u* # 0, by Lemma 2.2, we know that there exist «,, and §,, such that

a,ut + B,u— € M;. Without loss of generality, suppose that ;, > B, > 0. Moreover, we
have

ai(/ |(—A)%u+|2dx+/ (—A)%u+(—A)%u—dx+f V(x)(u+)2dx)
R3 R3 R3
+ aah( / $Le (wh)’dx + / 9, (ut)ax)
R3 R3
za;‘l/ |(—A)%u+|2dx+auﬂuf (—A>%u+(—A>%u*dx+a3,/ V() @) dx
R3 R3 R3
+ Aafﬁ/ ¢’+(u+)2dx+m§,33/ o (u)dx
R3 “ R3 u
=/ Flx, aua,utdx. (2.10)
R3
Since (1] (u), u™) < 0, it yields that
/ |(—A)%u+|2dx+/ (—A)%u+(—A)%u—dx+/ V)@t dx
R3 R3 R3
+ A/ ¢;+(u+)2dx4rk/ () dx 5/ Flr,uyutdr. (2.11)
R3 R3 R3

Combine (2.10) and (2.11), we have

<i2 - 1) (/ |(_A)%u+|2dx+/ (—A)%u*(—A)%z,fdx-l-/ V(x)(u+)2dx)
au R3 R3 R3
zf (f(omu*) J®)
R?

(@ut)? (w3

)(u+)4dx.
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If @, > 1, the left-hand side of this inequality is negative. But from ( f), the right-hand side
of this inequality is positive, so have o, < 1. The proof is thus complete. O

Lemma 2.3 Forafixedu € H withu™ # 0, then (a,,, B,) obtained in Lemma 2.1 is the unique
maximum point of the function k : Ry x Ry — R defined as k (a, B) = L (au™ + Bu™).

Proof From the proof of Lemma 2.1, we know that («,, 8,) is the unique critical point of «
in Ry x R;. By (f3), we conclude that « («, 8) — —oo uniformly as |(«, 8)| — 00, soitis
sufficient to show that a maximum point cannot be achieved on the boundary of (R, R}).
If we assume that (0, E) is a maximum point of k¥ with E > 0. Then, since

i, B) = Luau™ + pu™)

= l / <|(—A)%(otuJr + Bu7)|2 + V) (eut + 5u7)2)dx
2 ]R3

+ A fR} Bt G (au™ + Bu~)?dx — /R3 e, aut + Bu)(aut + Bu)dx
is an increasing function with respect to o if « is small enough, the pair (0, B) is not a
maximum point of ¥ in R4 x R. The proof is now finished. O
By Lemma 2.1, we define the minimization problem
m; :=inf {I)L(u) Tu € MA].

Lemma 2.4 Assume that ( f1) — (fa) and (V1) — (V) hold, then m) > 0 can be achieved for
any A > 0.

Proof For every u € M;, we have (I (u), u) = 0. From (f1), (f2), for any € > 0, there
exists C¢ > 0 such that

|f(x, wu| < eu’® + Celu|Pt' forallu € R. (2.12)

By Sobolev embedding theorem, we get

L 5/ (|(—A)%u|2+V(x)u2)dx+A/ ¢! uldx =/ F(x, wudx
R3 R3 R3

56/ |u|2dx+C€/ lu|P*dx
]Rfé ]R3

< Coellull* + CLu|Pt. (2.13)

Pick e = % So there exists a constant y > 0 such that ||u 1% > V.
By (f4), we have

fx,uw)u —4F(x,u) >0,
then
el
4
This implies that 7, («) is coercive in M and m) > % > 0.

Let {u,}, C M, be such that I, (u,) — mj. Then {u,}, is bounded in H by (2.14).
Using Lemma 1.1, up to a subsequence, we have

uf—\uit weakly in H,

1
L) = I (u) — ZU’{(M)’ u) = > (2.14)

ENIEN
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u;t — ui[ strongly in L (R?), for g € [2, 29,
u,jf — uf a.e. in R3,
(—A)2uf = (=A)uf ae inR3. (2.15)

Moreover, the conditions ( f1), (f2) and Lemma 1.1 imply that

lim f(x,ujf)ujfdx:/ F O, u)uitdx,
R3

n—oo [p3

lim [ Fx,ub)de= | F(x,uf)dx. (2.16)
n—00 Jp3 n R3
Since u, € M;, we have (I] (u,), uX) = 0, that is
/ |(—A)%u;|2dx+/ (—A)%uj(—A)%u;dx+/ Vo) h dx
R3 R3 R3
2 2
+ %@ ¢l () dx “/n@ ¢l () dr = fR £ uusfdx, 2.17)
and
/ |(—A)%u;|2dx+/ (—A)%uj;(—A)%u;der/ V() @) dx
R3 R3 R3

+ x/ ¢f_(u;)2dx+A/ o' () dx =/ £, u;u; dx. (2.18)
RS Up RS Up R3

Similar to (2.12) and (2.13), we also have ||u,j1E |> > 8 foralln € N, where 8 is a constant.
Since u, € M;, by (2.17) and (2.18) again, we have

8 < uf)? </ fx, uuFdx < e/ |uff|2dx+C€/ lu| P+ dx
R3 R3 R3
< if |u,ﬂf|2dx+Cs/ 1P+ dx.
V() R3 R3
Using the boundedness of {u,},, there is C» > 0 such that
8§ <eCy+C. / luF|PTdx.
R3
Choosing € = §/(2C»), we get
)
/ )P ldx > —. (2.19)
R3 2C

where C is a positive constant, in fact, C=cC i
2
By (2.19) and Lemma 1.1 (ii), we get

8
f P > —
R3 2C

Thus, uf # 0. From Lemma 2.1, there exists a,,, , B, > 0 such that

- . + —
Uy = oy Uy + By, u; € M.
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Now, we show that ay, , B, < 1.By (2.15), (2.17), the weak semicontinuity of norm, Fatou’s
Lemma and Lemma 1.2, we have

/ |(—A)%uf|2dx+/ (—A)%u;(—A)%u;der/ V() @) dx
R3 R3 R3

Faf o @Hde+a | ¢ _)de < | fouHufd. (2.20)
R3 Y R3 Y R3

From (2.20) and Lemma 2.2, we have «,, < 1. Similarly, B,, < 1. The condition (f4)

implies that H (1) := uf(x,u) — 4F(x, u) is a nonnegative function, increasing in |u|, so
we have

1
my <Iy(uy) = Ly(uy) — 1(1,{(5!/\), i)

= a4 [ (r@m - ar@))ar
4 A 4 B3 AU A

1 1 _
= Z||%u;*||2 + 15 |12

- —““ﬂ”*/ (=8)3uf (=) 2u; dx
2 R3

1
+ 7 /3 (f(auku;\")amu;f — 4F(x,a,uu1'))dx
R

1 _ _ _
+ 1/1%3 (f(x7 ﬂbt)hu)L )IBM)LM)L —4F()C, ﬂu)‘u)L ))dx

1 1 1 s s
+ 2 -2 5.+ 5§ -
= g™+ 2l +5/R3(—A)2ux (=A)2u; dx

1 1 o )
+ 1 /11&3 (f(x,u;{)u;\F —4F(x,uf)>dx + I /R3 (f(x, u u, —4F (x, u; ))dx

1
< liminf[lx(un) (), u,,>] —m,.
n— 00 4

We then conclude that o, = By, = 1. Thus, u;, = uy and I (u;) = m;. O

3 Proof of main results

In this section, we are devoted to proving our main results.

Proof of Theorem 1.1 We firstly prove that the minimizer u, for the minimization problem is
indeed a sign-changing solution of problem (1.4), that is, I /{ (uy) = 0. For it, we will use the
quantitative deformation lemma.

It is clear that Il{(u;\)uj{ =0 = I (up)u; . From Lemma 2.2, for any (o, 8) € R x Ry

and (o, f) # (1, 1),
L(auf + Buy) < L) +uy) =m;.
If I; (u;) # 0O, then there exist § > 0 and « > 0 such that
11, ()|l >« forall|lv—u,| < 38.
Let D := (%, %) X (%, %) and g(a, B) = au;f + Bu, . From Lemma 2.3, we also have

mj = max([, o g) < my.
oD
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For € := min{(m; — m,)/2,k5/8} and S := B(u,, §), there is a deformation 7 such that

(@ n(l,u)=uifu ¢ I, ([my — 2¢, m; +2€]) N Sas;
(b) n(1, " NSy C L
(¢) Li(n(1,u))) < I (u)forallu € H.

See [24] for more details. It is clear that

max _I, (n(1, g(a, B)))) < m;.
(@B)eb

Now we prove that n(1, g(D)) N M, # # which contradicts the definition of m,. Let us
define h(a, B) = n(1, g(a, B))) and

(e, B) = (1] (g BNt 1} (g, B0 )
= (I)/\(ozur + Bu u, I (eu + ﬂu;)u;),
Wite B) = (1 hia BN (@ B). 5 I} (et Y™ @ B)).
o B

Lemma 2.1 and the degree theory imply that deg(Wo, D, 0) = 1. It follows from that g = h
on dD. Consequently, we obtain

deg(¥q, D, 0) = deg(¥o, D,0) = 1.
Thus, V1 (ag, Bo) = 0 for some (g, Bo) € D, so that

n(1, g(ao, Bo))) = h(ap, Bo) € M,

which is a contradiction. From this, u; is a critical point of /,, and moreover, it is a sign-
changing solution for problem (1.4).

Now we prove that u; has exactly two nodal domains. By contradiction, we assume that
u) has at least three nodal domains 21, €27, 23. Without loss generality, we may assume that
u) >0ae. in Q, u); <0a.e. in ;. Set

u)”_ = Xgl.u;\, i = 1,2, 3,

where

_ 1 )CEQ[,
X2 =10 xeR3\ Q.

So supp(uy,) Nsupp(uy,) = B, up, # 0and (I'(uy), uy;) = 0fori = 1,2, 3. Assume that
v i=uy, +uy,, then v = u, and v = uy,, e, vE # 0. By Lemma 2.1, there is a unique
pair (e, By) of positive numbers such that

ayvT + vt e My,
so we have
I(ayuy, + Bour,) > my.
From (I'(u;), uy,;) = 0 fori = 1,2, 3, we have

(I'(v), vt) < 0.
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By Lemma 2.2, we know that («y, 8y) € (0, 1] x (0, 1]. Since

1 1 1 s s
0= Z(I)/L(”A)s Upz) = Z||14A3||2 + 1 /ﬂ@(—A)Zuxl(—A)legdx

1 S S
+ 1/3(—A)7M12(—A)7uk3d)€
R
A t 2 A t 2 A t 2
* 1[;@3 Py, iy dx + Z/]Rz Py 135 dx+1/]Rz Puyy " dx
1
- Z/]‘@ f(x5u)\3)u)\3dx
1 5 1 s s 1 s s
< Z””M” +Z R}(—A)Qum(—A)qusdx+Z R}(—A)sz(—A)Qu/\adx
+5/ @' u,\2dx+&f ¢! u,\zdx—l—&/ ¢ up2dx — | F(x,up,)dx
4 R3 Uy 3 4 R3 )y 3 4 RS Ujs 3 ®3 5 3
1 5 s 1 5 5
< IA(”)@)"""*/ (=A)2up (=A)2upsdx + — | (=A)2up, (—A)2u);dx
4 R3 4 R3 )
A t 2 A ' 2
+ Z/I;(f)m\luh dx+1/1~gz¢ux2u}\3 dx.
From (f4), we have

my < Ly(oyuy, + Boitn,)

1
= I)L(Olvl/{)\l + ﬁvulz) - Z(I)/L(Olvu)q + ﬂvu)\.2)! Ayl + ﬂvu}uz)

1
+/ <ff(x,avux1)avux1 - F(x,avuxl))dx
]R3 4

N lovus, + Bots, ”2
B 4

1
+/ (Zf(x,ﬁvuxz)ﬂvu,\z - F(x,ﬂvu,\z))dx
R3
2 2 s s
< Do P a2 +f/ (=A)Zuz, (=A)2u;, dx
4 2 R3
], %f(x,u,\l)u,\l—F(x,u,\l) dx + \ %f(x,u,\z)u,\z—F(x,ukz) dx
R R
s s 1 s s
= I)\(ukl)+lk(ukz)+f3(—A)2u,\](—A)2u)hzdx+Z/3(—A)2u;hs(—A)2ude
R R
-l-l (—=A)Zus (—A)Zu dx—l—& o u 2dx+& @' u;, 2dx
4 Jgs A3 A2 4 Jgs Uz, 0 4 Jp sy U
42 ¢! uﬂdx+5 o' u;,dx
4 R3 U "2 4 R3 U3 "2
< Luuy,) +1A<uxz>+lx<uk3)+f3(—A)%uM(—A)%uxzdx
R
S S S S A.
+f (—A)fuxl(—A)iuxgdx-i-/ (—A)fuxz(—A)fuxgdxﬁ-*/ @l dx
R3 R3 4 R3 22

A ' 2 A ' 2 A ' 2
+ Z/I‘gs%%m‘l dx+1/l;¢uhmz dx+z R3¢"A3M2 dx
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+§ ¢ u;\zdx—i—& & uy,tdx
4 R3 iy =43 4 R3 Uiy ™43
= Li(uy) = m;,

which is impossible, so u; has exactly two nodal domains. O

Proof of Theorem 1.2 Similar to the proof of Lemma 2.4, foreach A > 0, we can getav; € Ny
such that 7, (vy) = ¢, > 0, where N, and ¢, are defined by (1.5) and (1.6), respectively.
Moreover, the critical points of I, on N are the critical points of I, in H. Thus, v, is a
ground state solution of problem (1.4).

From Theorem 1.1, we know that problem (1.4) has a least energy sign-changing solution
u) which changes sign only once. Suppose that u; = u;r + u, . As the proof of Step 1 in
Lemma 2.1, there is a unique @+ > 0 such that

auru;f € N;.
Similarly, there exists a unique ’BMZ > 0, such that
ﬂu; u; S N)\ .

Moreover, Lemma 2.2 implies that Ayt :3,4; € (0, 1]. Therefore, by Lemma 2.3, we obtain
that

26, < Loy pu) + DB, 15) < Doy + By-uy) < L +up) =m,

that is 1) (u;) > 2c;. It follows that ¢, > 0 which cannot be achieved by a sign-changing
function. This completes the proof. O

Now, we prove Theorem 1.3. In the following, we regard . > 0 as a parameter in problem
(1.4). We shall study the convergence property of u; as A N\ 0.

Proof of Theorem 1.3 For any A > 0, let u; € H be the least energy sign-changing solution
of problem (1.1) obtained in Theorem 1.1, which has exactly two nodal domains.

Step 1 We show that, for any sequence {A,}, with A, \( 0 as n — o0, {u;,,}, is bounded in
H.

Choose anonzero function ¢ € CS°(R?) with® # 0.By (f3) and (f4), forany A € [0, 1],
there exists a pair (61, 62) € (R4 x R;), which does not depend on A, such that

(I, (019" +6207),019") <0 that (I, (019" 4+ 6297),6297) <O0.

Then, in view of Lemmas 2.1 and Lemma 2.2, for any A € [0, 1], there is a unique pair
(ap (1), By(1)) € (0, 1] x (0, 1] such that ¢ := a(p(k)eup"’ + Bp(M)br9~ € M,. Thus, for
all A € [0, 1], we have

A

1
Li(uy) = Li(@) = Li(p) - ZU’{@)’ @)

_ loi? L _
— U [ (G- Foep)as

< ||¢||2 Cala 2 —p+1
==+t 3l@l” + CalolP™ )dx
R3

1197117 n 6200~ 117
4 4

IA

1 s s
s / (—A)3 019 ) (=AY} (a7 )i
R3
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RS 3 ol
CO-

Moreover, for n large enough, we obtain

1 1
Co+12 I, () = 1, 3,) = 240, ), 0, = e, 1.

So {u;,}, is bounded in H.
Step 2 The problem has a sign-changing solution uq.
By step 1 and Lemma 1.1, there exists a subsequence of {},},, up to a subsequence and

ug € H such that
uy,—uo weaklyin H,
uy, — ug strongly in L1(R?) forg € [2, 21,

uy, — up ae.in R, (3.1)

Since u;,, is the least energy sign-changing solution of (1.4) with A = A,, then we have

/ ((—A)%uln(—A)%v+V(x)u;\nv)dx—i—)xn/ ¢ uknvdx=/ £(x, us, yudx.
R R R3

3

for all v € C°(R?). From (3.1), we get that

/ ((—A)%uo(—A)%v+ V(x)uov)dx - /3 £ (x, up)vdx,
R;

R3

forallv e C§° (R3). So ug is a weak solution of (1.7). From a similar argument of the proof
in Lemma 2.4, we know that u(:)'E #0.

Step 3 The problem (1.7) has aleast energy sign-changing solution v, and there is a unique
pair (ay,, B1,) € RT xR* suchthata;, vot+8;,v0~ € M,.Moreover, (ay,,, B1,) = (1, 1)
asn — oo.

Via a similar argument in the proof of Theorem 1.1, there is a least energy sign-changing
solution vg for problem (1.7) with two nodal domain, so we have

/ |(—A)%vo+|2dx+/ (—A)%v0+(—A)%v0—dx+/ V(x)(vo ) dx
R3 R3 R3

= /M fx, v Hvetdr, (3.2)
and

[ |(—A)%vo—|2dx+/ (—A)%v0+(—A)%vo—dx+/ V(x)(v(;)zdx
R3 R3 R3

=/ S(x,v07 v dx. (3.3)
R3

By Lemma 2.1, there exits an unique pair of (ay,, B,) such that ;,, voT + Br,vo~ € M.
So we have

o /R )20 Pdx + s, B, /R (=)0t (=A) Sy d

+ o, / V() (o) dx
R3
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+ A,,a;‘n/ ¢f}0+(uo+)2dx+>»nafnﬁfn/ ¢207(U0+)2dx
R3 R3
:/ f(x, o, v0 e, vo T dx, (3.4)
R3
and
B f |(=2)2 v Pdx + s, By, / (=M 20t (—A)Tug~dx + B, f V(o) dx
R3 R3 R3
2 2
+ B, /R3 ¢}~ (Vo) dx + hnety By /R} by+ (o) "dx
= /3 f(x, Br,vo")Bx,vo dx. (3.5)
R

From (f3) and A,, — 0 as n — oo, we get that the sequences {«;, } and {8} are bounded.
Assume that o3, — o9 and §;, — Po as n — oo. From (2.16), (3.4) and (3.5), we have

o2 /R3 I(=A)3v™ [2dx + @0 o fR}(—A)%voJr(—A)%vo—dx +af /R} V() (") dx
- /R e aouHagu s, (3.6)
and
B3 /R3 [(—A)2 v~ [2dx + a0 o /RS(—A)%UOW—A)%o—dx + B3 /R} V() (vy) dx
= /R3 f(x, Bovo™)Bovo~ dx. (3.7

Moreover, by ( f3) and ( f4), we know that f(sxl’f) is nondecreasing in |s|. So from (3.2), (3.3),
(3.6), (3.7), we obtain that («g, o) = (1, 1).
Now, we complete the proof of Theorem 1.3. We only need to show that u( obtained in

step 2 is a least energy sign-changing solution of problem (1.7). By Lemma 2.3, we have

Io(vo) < Ip(uo)

IA

lim £, (u3,) = lim I, (u +u;)
n— 00 n—00 n n

< lim I, (s, v0" + B, v0 ")
n—oo

= Ip(vo).
This show that i is a least energy sign-changing solution of problem (1.7) which has precisely
two nodal domains. We complete the proof of Theorem 1.3. O
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