Annali di Matematica (2017) 196:1573-1608 @ CrossMark
DOI 10.1007/510231-016-0630-3

Two infinite series of moduli spaces of rank 2 sheaves
on P3

Marcos Jardim! . Dimitri Markushevich? -
Alexander S. Tikhomirov?

Received: 25 April 2016 / Accepted: 24 December 2016 / Published online: 5 January 2017
© Fondazione Annali di Matematica Pura ed Applicata and Springer-Verlag Berlin Heidelberg 2017

Abstract We describe new components of the Gieseker—Maruyama moduli scheme M (1) of
semistable rank 2 sheaves E on P with ¢ (E) = 0, c2(E) = n and c3(E) = 0 whose generic
point corresponds to nonlocally free sheaves. We show that such components grow in number
as n grows, and discuss how they intersect the instanton component. As an application, we
prove that M(2) is connected, and identify a connected subscheme of M (3) consisting of
seven irreducible components.
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1 Introduction

Let M(cy; ¢2; ¢3) denote the Gieseker—Maruyama moduli scheme of semistable rank 2
sheaves on P2 with the first, second and third Chern classes equal to ¢y, ¢3 and c¢3, respec-
tively. We will be particularly concerned with M(n) := M(0; n; 0). In addition, we also

B Alexander S. Tikhomirov
astikhomirov@mail.ru

Marcos Jardim
jardim @ime.unicamp.br

Dimitri Markushevich
markushe @math.univ-lille1.fr

1 Departamento de Matemdtica, IMECC - UNICAMP, Rua Sérgio Buarque de Holanda, 651,
Campinas, SP 13083-970, Brazil

2 Mathématiques — bat. M2, Université Lille 1, 59655 Villeneuve d’Ascq Cedex, France

Department of Mathematics, National Research University Higher School of Economics (HSE),
6 Usacheva Street, Moscow, Russia 119048

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s10231-016-0630-3&domain=pdf

1574 M. Jardim et al.

define B(n) to be the open subset of M (n) consisting of stable locally free sheaves, and let
R(c1; ¢2; ¢3) denote the open subset of M (cy1; ¢2; ¢3) consisting of stable reflexive sheaves.

The study of stable rank 2 locally free sheaves on IP3 in the past 40 years has been mostly
concentrated on instanton bundles, that is, those stable rank 2 locally free sheaves E on P3
satisfying ¢ (E) = 0 and hY(E(=2)) = 0. Let Z(n) denote the moduli space of instanton
bundles E with c2(E) = n, regarded as an open subset of M (n); the basic questions about
its geometry have been settled just recently: it is an irreducible [24,25], nonsingular [16],
affine [5] variety of dimension 8n — 3. However, Z(n), the closure of Z(n) within M(n),
is not the only irreducible component of M(n) for n > 2; in fact, Ein showed in [7] that
B(n) has several irreducible components as soon as # > 3 and that the number of irreducible
components of B(n) is not bounded as n grows.

In addition, the closure 5(n) of B(n) within M(n) does not exhaust M (n) already for
n > 2, as it was observed by Le Potier [17, Chapter 7], Trautmann [26] and Miré-Roig
[19]. In other words, for each n > 2, M(n) possesses entire irreducible components whose
generic point corresponds to a stable rank 2 torsion free sheaf which is not locally free. Such
components are the main focus of the present paper.

To be more precise, let E be a rank 2 torsion free sheaf on P? with ¢{(E) = 0, c2(E) = n
and c3(E) = 0. Clearly, ¢;(EYY) = 0; we denote m := ¢(EYY) and | = c3(EVY)/2.
Setting Q := EVV/E, one has the fundamental sequence

0>E—>EY > Qp—0 )]

from which one can check that c;(Qg) = —(n — m) and ¢3(Qg) = 21. If E is not locally
free, then O # 0 and there are three possibilities:

(i) dim Qg = 0; in this case, n = m and EVV is not locally free; we say that E has
O-dimensional singularities;
(ii) Qp has pure dimension 1; in this case, n > m and we say that E has [-dimensional
singularities;
(iii) dim Qg = 1, but it contains 0-dimensional subsheaves; in this case, we say that E has
mixed singularities.

Note that in general Supp(Qg) C Sing(E), with equality if £V is locally free. Remark that
Sing(E) may contain O-dimensional components even when Q g has pure dimension one.

We present a systematic construction of irreducible components of M (n) whose generic
point corresponds to stable rank 2 torsion free sheaves with 0- and 1-dimensional singularities,
see Theorems 7 and 17 below, respectively. Furthermore, we also show that the number of such
components grows as n grows, cf. Theorem 9, for the 0-dimensional case, and Theorem 19,
for the 1-dimensional case, below.

These results raise the questions of whether it is possible to enumerate all of the irreducible
components of M(n), at least for low values of n, and whether M (n) is connected. Indeed,
it is not difficult to check that M(1) is irreducible (see Sect. 6), while Le Potier [17] and
Trautmann [26] showed that M (2) has precisely three irreducible components, Z(2) plus
two additional ones. In Sect. 6, we show, in addition, that the generic point of each of the
two so-called Trautmann components identified by Le Potier corresponds to a sheaf with
0-dimensional singularities, and that M (2) is connected.

Finally, we show in Sect. 7 that M(3) has at least seven irreducible components. In
addition, we provide a discussion on how these various components intersect each other,
showing that their union forms a connected subscheme of M (3).
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2 Torsion free sheaves with 0-dimensional singularities

Let us begin by fixing some basic facts about torsion free sheaves E with 0-dimensional
singularities. Given any coherent sheaf G on IP3, one has Exr3(E, G) = 0 and Ext2(E, G) ~
Ext*(QF, G) due to the reflexivity of EVV. It follows that torsion free sheaves E with 0-
dimensional singularities have homological dimension equal to 2; in other words, E admits
a resolution of the form

0—-L,—>L —-Ly—E—O0 2)

with each Ly (k = 0, 1, 2) being a locally free sheaf.
Note that Ext! (E, E) and Ext2(E, E) are O-dimensional sheaves, while Ext3(E, E) van-
ishes. Thus using the spectral sequence of local-to-global Ext’s, we obtain:

(i) Ext'(E, E) = H'(Hom(E, E)) @ ker d)!
(ii) Ext*(E, E) = ker dgz @ coker dgl
(iii) Bxt*(E, E) = coker d3?

where dg Uand dgz are the spectral sequence maps

A" HY(ext' (E, E)) - H*(Hom(E, E)) and A3)
d¥? . H(ext*(E, E)) — H>(Hom(E, E)). 4)

It then follows that

3
Z(—l)f dimExt/ (E, E) = x(Hom(E, E)) — h®(Ext'(E, E)) + h°(Ext>(E, E)). (5)
j=0

Remark 1 Observe that for a reflexive sheaf F (so that Ext2(F, F) = 0) the previous expres-
sions for Ext/ (F, F) simplify to

e Ext!(F, F) = H'(Hom(F, F)) ® kerd}";
° Extz(F, F)= cokerdgl;
o Ext3(F, F) = H3(Hom(F, F)),

where @' is the spectral sequence map d3' : HO(Ext' (F, F)) — H?(Hom(F, F)). Note
as well that (5) simplifies to

3
> (=) dim Ext/ (F, F) = x(Hom(F. F)) — h®(Ext' (F, F)). (6)
j=0

Lemma 2 [f E is a rank 2 torsion free sheaf with O-dimensional singularities and ¢ (E) = 0,
then

3
Z(—l)f dimExt/(E, E) = —8¢»(E) + 4.
j=0

Proof The strategy is to show that
x (Hom(E, E)) — h°(Ext' (E, E)) + h®(Exi*(E, E))
= x(Hom(EVY, EVV)) — hl®(Ext" (EVV, EVV)).
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The desired equality will follow from (5), (6), and
3 . .
> (=1 dimExt/(EYY, EYY) = —8cy(EYY) + 4,
j=0
see [12, Prop. 3.4].

Indeed, applying the functor Hom(-, E) to the fundamental sequence (1) we obtain the
isomorphism Ext*(E,E) ~ £xt3(Q E, E) plus the exact sequence

0 — Hom(E"Y, E) — Hom(E, E) — Ext" (Qp, E) — Ext'(EVV, E) @)
— Ext'(E, E) — Ext*(Qp, E) — 0, 8)
since Ext*>(EVV,E) = 0 because EYV is reflexive. Next, apply the functor

Hom(E"", -) to the fundamental sequence (1), obtaining

0 — Hom(EVY,E) = Hom(EYY,EYY) — Hom(E", QF) 9)

— Ext"(EVV,E) = Ext"(EVY, EVY) - Ext"(EVY, QF) — 0.
(10)

Comparing Euler characteristics of these last two sequences, we conclude that

x (Hom(EYY, EVV)) — x(Ext (EVY, EVY))
= x(Hom(E, E)) — x(Ext"(E, E)) — x(Ext"(Q, E)) + x (Ext*(QE, E))
+ x(Hom(E™Y, Qp)) — x (Ext'(EVY, Q).

Thus, since x (Ext2(E, E)) = x(Ext*(QE, E)), it is now enough to show that
D (=D x(Extl (Qp, E) = =Y (=) x(Ext!(EYY, Qp)). (11)
j=0 j=0

noticing that Hom(Qg, E) = 0 and Ext/ (EVY, Qg) = 0 for j =2, 3.
We first consider the left-hand side of (11). One can break a locally free resolution of £
as in (2) into short exact sequences

0O—->IL,—>L —-T—-0 and 0>T — Ly — E — 0.
Applying the functor Hom(QE, -) to the first sequence, we obtain
0 — Ext*(QE, T) — Ext*(QF, Ly) — Ext*(Qp, L1) — Ext*(Qp, T) — 0,
with all the other sheaves vanishing. Passing to Euler characteristics, we obtain
X(Ext*(QE. T)) — x(Ext*(Qp., T)) = x(Ext(Qk. L2)) — x (Ext*(QE. L1)).

But Ex*(QF, Ly) = Ext’(QE, Ops) ® Ly, hence x (Ext3(QE, L)) = tk(Ly) - x(QF).
Therefore

X (Ext*(QE, T)) — x (Ext*(Qp, T)) = (tk(L2) — tk(L1)) x (QE). (12)

Next, apply the functor Hom(QE, -) to the second part of (2) to obtain the isomorphism
Ext (QE, E) ~ Ext*(Qg, T) and the exact sequence

0 — Ext*(Qp, E) — Ext*(Qp, T) — Ext>(QF, Lo) — Ext*(Qk, E) — 0.
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Passing to Euler characteristics, we obtain

X (Ex*(QE, E)) — x(Ext*(Qk, E)) = x(Ext*(Qp, T)) — x(Ext*(Qk, Lo)).

Subtracting Ext! (QE, E) from the left-hand side and Extz(Q g, T') from the right-hand side
and then substituting for (12), we obtain

3
Z(—l)jx(gxtj(QE, E)) = (tk(Ly) — k(L) —1k(Lo)) - x(Qk) = —2x(QE).

j=0

Finally, we compute the right-hand side of (11) in a similar way. Take a locally free
resolution of EYY:

0— M; - My — EYY — 0.
Applying the functor Hom(-, Q ) and passing to Euler characteristics, we obtain

X (Hom(E™Y, Qp)) — x(Ext' (EVY, Qp)) = x(Hom(Mo, Qr)) — x (Hom(M, QF))
=2x(Qk).

as desired.
Next, we consider semistable rank 2 torsion free sheaves with 0-dimensional singularities.

Lemma 3 Let E be a rank 2 torsion free sheaf on P3withci1(E) =0, c2(E) = n, c3(E) = 0,
and with O-dimensional singularities. If E is semistable, then EV is stable.

We remark that the vanishing of the third Chern class is an essential hypothesis: the sum of
the ideal sheaves I, /ps @ I, p3 of two points x, y € IP3 is semistable and with 0-dimensional
singularities, but (I, ps @ I, ps)"" is not stable. Recall also that the Hilbert polynomial of
a rank 2 torsion free sheaf on P? with ¢j(E) = 0, c2(E) = n, c3(E) = 0 is given by

Pe(k) = %(k +3)k+2)(k+ 1) —n(k +2).

Proof Tf EVY is not u-stable (or, equivalently, stable), then it has a section o. We can then
form the following diagram

0 0 0
O IA/IF’3 Op} OA/IP3 O (13)
0 E EVW —* 0 0

where A is a 0-dimensional scheme contained in the support of Qg and I, ps is its ideal

sheaf. Notice that one cannot have po = 0 because h1°(E) = 0 by semistability.
Let d denote the length of A; it follows that

1
EPE (k) — P, (k) = —%(k +2)+d <0 for k sufficiently large

thus /o would destabilize E, contradicting our hypothesis. O
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We remark that the only properly semistable torsion free sheaf E with ¢{(E) = c3(E) =
0 and with O-dimensional singularities is 2 - Ops. Indeed, assume that Qg # 0; if E is
semistable, then EVV is u-stable by Lemma 3 above; hence, E is also u-stable and thus
stable. When Qg = 0, this claim is just [12, Remark 3.1.1].

In addition, Hartshorne provides in [12, Thm. 8.2(b)] a bound for the third Chern class
of a stable rank 2 reflexive sheaf on P, Translating this bound to our context, we have the
following statement.

Corollary 4 If E is a semistable rank 2 sheaf on P3 with c{(E) = 0, c2(E) = n, c3(E) = 0,
and with O-dimensional singularities, then c3(EVY) < n? —n + 2.

Lemma 5 Let E be a rank 2 torsion free sheaf on P3 withc1(E) =0, c2(E) = n, c3(E) =0,
and with 0-dimensional singularities. If E is stable, then

(a) Bxt!(E, E) = H'(Hom(E, E)) ® kerdy';
(b) Ext2(E, E) = HO(Exi*(E, E)) ® coker d9!;
(c) Ext3(E, E) = 0;

(d) dimExt'(E, E) = 8n — 3 4+ dimExt?*(E, E).

Proof The stability of E implies that
dimExt’(E, E) = h®(Hom(E, E)) = 1
and, by Serre duality,
Ext’(E, E) ~ Ext’(E, E(—4)) = 0.

Item (c) now follows, and item (d) is then immediate from Lemma 2.
Item (a) coincides with item (i) in page 2, so it only remains for us to establish item (b).
Since Ext'(Qf, E) has dimension zero, we get from sequence (7) that

H'(Hom(E, E)) ~ H' (Hom(E"", E)) for i =2,3. (14)
Similarly, since Ext'(EVY, E) has dimension zero, we get from sequence (9) that
H! (Hom(EYY,EVV)) >~ H' (Hom(E"", E)) for i =2,3.
Putting the isomorphisms above, we get
H'(Hom(E, E)) ~ H (Hom(E"", EVY)) for i =2,3. (15)
In particular, H3(Hom(E, E)) ~ Ext3(EYY, EYY) = 0 since EVV is stable. Thus, the

spectral sequence map dgz in (4) vanishes. Item (b) now follows from item (ii) in page 3. O

2.1 Components of sheaves with 0-dimensional singularities

In this section, we will show how to produce irreducible components of M (n) whose generic
point corresponds to a sheaf with O-dimensional singularities.
Start by considering the following ingredients:

(i) A stable rank 2 reflexive sheaf F on P3 with ¢1(F) =0, c2(F) = n and ¢3(F) = 21;
(ii) A O-dimensional sheaf Q of length / on P3;
(iii) An epimorphism ¢ : F — Q.

Now let E := ker ¢. Clearly, this is a (u-)stable rank 2 torsion free sheaf with ¢ (E) = 0,
c2(E) =nand c3(E) = O such that EYY = F and EVY/E = Q; in particular, Sing(E) has
dimension 0.
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Proposition 6 Let F be a stable rank 2 reflexive sheaf with c1(F) = 0, co(F) = n
and ¢3(F) = 21 such that Ext>(F, F) = 0. Take | distinct points qu, ..., q; such that
{q1, ..., qu}NSing(F) = ¥, and set Q = @lj:l(’)qj. Then, the kernel E of any epimorphism
¢ : F — Q satisfies dimExt' (E, E) = 8n — 3 + 4l.

Proof Since E is stable, it is enough to show, by Lemma 5(d), that dim Extz(E, E) =4l.
The first step is to show that the spectral sequence map (3) is surjective. Indeed, one has the
commutative diagram

01

0 1 % 2
H&xt'(F, E) — 2> H*(Hom(F, E)) (16)

L.k

HOxt\(E, E) —2> H*(Hom(E, E))
where vertical arrow in the left is the natural map coming from the exact sequence
0—-E—F—Q0—0, 17)

while the vertical arrow in the right is the natural isomorphism obtained as in (14). Applying
Hom(F, -) to the sequence (17), we get

Ext!(F, Q) — Ext>(F, E) — Ext’(F, F).

To see that Ext'(F, Q) = 0, note that H (Ext/(F, Q)) = 0 if i,j # 0: indeed,
Exti(F, Q) = 0 for Jj = 2,3 because F is reflexive; Ext!(F, Q) = 0 because the sin-
gular locus of F' is disjoint from the support of Q; and Hom(F, Q) has dimension 0. It
follows from the spectral sequence of local-to-global Ext’s that Ext/ (F, Q) = 0 for j > 0.
Since, by hypothesis, Ext?(F, F) = 0, it follows that Ext>(F, E) = 0. Since Ext?(F, E)
coincides with the cokernel of top horizontal map in diagram (16), it follows that the bottom
horizontal map, which is precisely the spectral sequence map d9' in (3), is also surjective.

It then follows from Lemma 5(b) that dim Ext>(E, E) = h%(Ext*(E, E)). To compute
this, note that

HYEx?*(E.E) = P Extép}Yp(Ep, E,), (18)
peSing(E)
where Sing(E) = Sing(F) U {q1, ..., q1}.

First, take p € Sing(F); since p ¢ Supp(Q), we get E, =~ F,. However,
Sxtéwp (Fp, Fp) = Ext*(F, F), = Obecause F, being reflexive, has cohomological dimen-
sion 1.

Next, take p = ¢g; for some 1 < j < [; restricting the sequence (17) to an open affine
subset U of P containing p but none of the other singularities of F, we have the following
short exact sequence of sheaves on U':

0—>OU@IP/U—>2~OU—>OP/U—>O,

where I,y denotes the ideal sheaf of the point p € U and O,y denotes the structure sheaf
of the point p as a subscheme of U. It follows that

Extéﬁﬁip(Ep, Ep) = HExt, (Ipju. Opyu)) ® H(Ext, (Ipyu. 1pv).

We argue that the first summand has length 1, while the second one has length 3. Indeed,
we might as well perform the calculation globally, using the ideal sheaf 7, ps of the point

p € P? and its structure sheaf © /B3 -

@ Springer



1580 M. Jardim et al.

From the exact sequence
0— [p/P3 — OP3 — Op/P3 — 0

we obtain that Sxtz(lp/]ps, Ops) = Ext? (Opp3, Ops) = O, p3, so it has length 1.
Now use the resolution of , s by locally free sheaves:

Applying the functor Hom(, I, p3) to the sequence
0—>G—>3-Op(=1)—>1,ps >0

we obtain that Ext>(I p/p3s Lp/p3) = Ext' (G, 1 »/p3)- Applying the same functor to the exact
sequence

0— Ops(=3) = 3-Op3(=2) > G — 0
we obtain the sequence
3-1,p3(2) = 1,p3(3) > Ext' (G, 1, p3) — 0.

Note that the cokernel of the first arrow is just 7, ;p3s ® O, p3 > 3-O,, 35 thus, Ext!' (G, 1 p/P3)
has length 3.

Thus, the points of Sing(F’) do not contribute to (18), while each of the / points in Supp(Q)
contributes with a sheaf of length 4. We conclude that dim Ext®(E, E) = 4, as desired. 0O

Now let S(n, [) denote an irreducible, open subset of R (0; n; 2/) whose points correspond
to stable reflexive sheaves F satisfying Extz(F , F) = 0; in particular, S(n, /) must be the
nonsingular locus of an irreducible component of R(0; n; 2/) of expected dimension 81 — 3.
In the product S(n, I) x (P3)!, we consider the open subset

0
(S0uD x @) = {(FL g1, lai £ aj . ai ¢ Sing(F)).

Clearly, a point in (S(n, 1) x (IP’3)1)0 can be regarded as a pair of sheaves ([F], Q :=
GBlj:](’)qj) which fulfills the condition of Proposition 6. Next, with ([F], Q) €

(S(n, ) x (]P’S)l)0 as above, consider the open set Hom(F, Q). of Hom(F, Q) consisting
of epimorphisms ¢ : F — Q; the group Aut(Q) of automorphisms of the sheaf Q acts on
Hom(F, Q). just by homotheties on each factor O, ; of Q.

Putting all these data together, we construct the set of triples

0
T 1) = {([F], 0.9) [ (1F1.0) € (St ) x '), ¢ € Hom(F, Q)e/Aut(Q)} .

By construction, 7 (n, I) is an irreducible, quasi-projective variety of dimension 8n — 3 +4/.
Indeed, one has the surjective projection

0
T = (Se.D x ), (FL.Q.0) — (F1. 0)
onto an irreducible base variety of dimension 8n — 3 + 3/, with fibers given by
Hom(F., Q)/ Aut(Q) ©> Hom(F. Q)/ Aut(Q)

which have dimension 2] — [ = 1.
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To each point t := ([F], Q, ¢) € 7 (n, 1), one associates the sheaf
E(t) :=ker{p : F - Q}
which defines a point [E(t)] in M (n). Proposition 6 tells us that, for each t € 7 (n, ),
dim Ext! (E(t), E(t)) = dim T (n, [);

therefore, the image of 7 (n, [) into M (n) is a dense open subset of an irreducible component
of M (n); to simplify notation, we denote such component by 7 (n, /), the closure of the image
of 7 (n, ) within M(n).

We summarize the considerations above into the following result.

Theorem 7 For every nonsingular irreducible component F of R(0; n; 2l) of expected
dimension 8n — 3, there exists an irreducible component T (n, ) of dimension 8n — 3 + 4l
in M(n) whose generic point [E] satisfies [EVV] € F and length(Qg) = I.

2.2 An Ein-type result for sheaves with 0-dimensional singularities

Recall that Ein has shown in [7, Proposition 3.6] that the number of irreducible components
of B(n) is unbounded as n grows. We now prove a similar statement for those irreducible
components of M (n) whose generic points correspond to sheaves with O-dimensional sin-
gularities.

We begin by considering morphisms

a:a-Op(=3)®b-Op3(-2)Bc-Ops(—1) > (a+b+c+2) Ops
whose degeneracy locus
Ala) = {x € P3 | @(x) is not injective}

is O-dimensional. It follows that the cokernel of « is a rank 2 reflexive sheaf on P2, which
we normalize as to fit into the short exact sequence:

0 — a-Ops(—3)®b-Ops (—2)®c-Ops (—1) —> (a+b+c+2)-Ops — F(k) — 0, (19)

with a, b, ¢ > 0 and such that 3a 4+ 2b + c is nonzero and even; we set k := (3a +2b+c)/2,
so that ¢ (F) = 0.
For simplicity of notation, let

Glabe):=a-Ops(=3) Db - Ops(—2) ® ¢ - Ops(—1).

The dimension of the family of rank 2 reflexive sheaves constructed as in Eq. (19) is given
by

dim Hom (G (4 p,c), (@ +b + ¢ +2) - Ops) — dim Aut (G (g p.0)) — (@ + b +c +2)* + 1
= 8k> + 24k — 8(b+¢) — 3 = 8¢»(F) — 3.

One easily checks for that h°(F) = 0 for every F given by (19); thus, F is always
stable. In addition, it is not hard to check that Ext?(F, F) = 0. Indeed, applying the functor
Hom(-, F(k)) to the sequence (19), we obtain

Ext! (Gap.e), F(k)) — Ext*(F, F) — Ext*((a + b + ¢ +2) - Ops, F(k)).

The group on the left vanishes because H LF@) = 0 for every t € Z, while the group
on the right vanishes because H2(F(k)) = 0. We conclude from [12, Prop. 3.4] that
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dim Ext' (F, F) = 8c,(F) — 3, matching the dimension of the family as computed in the
previous paragraph. It follows that the family of sheaves given by (19) provides a component
of the moduli space of stable rank 2 reflexive sheaves on P3.

Summarizing the results obtained so far, we have the following theorem.

Theorem 8 For each triple (a, b, c) of positive integers such that 3a + 2b + ¢ is nonzero
and even, the rank 2 reflexive sheaves given by (19) fill out an irreducible, nonsingular,
component S(a, b, ¢) of R(0; n; m) of expected dimension 8n — 3, where n and m are given
by the expressions:

1 3
n:Z(3a+2b+c)2+§(3a+2b+c)—(b+c),

2 b+2 2
m:m(a,b,c):27(";r )+8< ;r >+<CJ3r >+3(3a+2b+5)ab

3
+ 5(3(1 +c+4)ac+ 2b + 3¢ + 3)bc + 6abc.

More precisely, let g(a, b,c) C Hom (G(a,b,c), (@+b+c+2)- OP3) be the open subset
consisting of monomorphisms with 0-dimensional degeneracy loci; then,

S(a, b, c) = g(a, b, ¢)/(Aut(G(q,p.c)) X GL(a + b+ ¢ +2))/C").

Two particular cases deserve special attention, as they were previously considered by
Chang [4]. First, we seta = b = 0 and ¢ = 2, so thatn = 2 and m = 4 and (19) reducing to

0—2-Ops(—1) = 4. Ops — F(1) — 0. (20)

It is shown in [4, Lemma 2.9] that every stable rank 2 reflexive sheaf F' with ¢ (F) = 2 and
c3(F) = 4 admits a resolution of the form (20); in other words, S(0, 0, 2) = R(0; 2; 4).

The second case considered by Chang correspondstoa = ¢ =0and b = 1, so thatn =3
and m = 8 and (19) reducing to

0— Ops(—2) —> 3-Ops — F(1) = 0. 1)

One can check that every stable rank 2 reflexive sheaf F' with c2(F) = 3 and ¢3(F) = 8
admits aresolution of the form (21), cf. [4, proof of Theorem 3.9]; in other words, S(0, 1, 0) =
R(0; 3; 8).

Finally, we are ready to establish the result promised in the beginning of the section.

Theorem 9 Let &, denote the number of irreducible components of M(n) whose generic
points correspond to sheaves with O-dimensional singularities. Then, lim sup,,_, o, { = 00.

Proof For any integer ¢ > 1 setny, = 94% — 6g — 1 and for any integeri, 0 <i < g — 1,
setay; =i, by; =3q —3i — 3, c4; = 3i + 2. Then, according to Theorem 8, the sheaf F
defined by (19) for the triple of integers (a, b, ¢) = (aq,i, by,i, cq,i) belongs to an irreducible
component S, ; = S(aq.i, by,i,cq,i) of R(0; ng, my;), where my ; = m(ay,i, by,i,cq,i) is
an even integer given by the second formula of Theorem 8. Now by Theorem 7, to each S ;
there corresponds an irreducible component 7 (n, %) of dimension 8ny; — 3 + 2my ; in
M(n4) whose generic point is a sheaf with 0-dimensional singularities. Since 0 < i < g —1,
we therefore obtain ¢ distinct irreducible components of M (n,) with this property. In other
words, in the notation of this theorem, ¢, . >4 Hence, lim sup,,_, o, { = o0. O
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3 Components of sheaves with 1-dimensional singularities

Let E be a rank 2 torsion free sheaf with 1-dimensional singularities, that is, the quotient
sheaf Qr = EYY/E has pure dimension one. Given any coherent sheaf G on P3, one has
Ext*(E, G) = 0 and Ext*(E, G) ~ Ext3(Qf, G) = 0 due to the reflexivity of EVV. There-
fore, torsion free sheaves E with 1-dimensional singularities have homological dimension
equal to 1; in other words, E admits a locally free resolution of the form

00— L —>Ly— E— 0. (22)

Lemma 10 If E is a rank 2 torsion free sheaf on P3 with ¢, (E) = 0, and with 1-dimensional
singularities, then

3
x (Hom(E, E)) — x(Ext'(E, E)) = Z(—l)j dimExt/ (E, E) = —8¢»(E) + 4.
j=0

Proof In this case, the spectral sequence of local-to-global Ext’s converges in the third page,
and it yields

(i) Ext'(E, E) = H' (Hom(E, E)) @ ker d?';
(i) Bxt>(E, E) = cokerdy! @ kerd}!;
(iii) Ext*(E, E) = cokerd) !

where dg and d2” are the spectral sequence maps

&' HO(ext" (E, E)) — H*(Hom(E, E)) and (23)
4 H'(Ext'(E, E)) - H?(Hom(E, E)). (24)

The first equality is then an immediate consequence.
As for the last equality, the same proof of [12, Prop. 3.4] applies here, since E has
homological dimension 1.

Remark 11 We observe that the proof of the first equality does not depend on the hypothe-
ses tk(E) = 2 and ¢1(E) = 0, being valid for any torsion free sheaf with 1-dimensional
singularities.

Recall that a rank 2 instanton sheaf on P? is a rank 2 torsion free sheaf E with ¢; (E) = 0
such that

RO(E(=1)) = h' (E(=2)) = h*(E(=2)) = I’ (E(=3)) = 0.

These are precisely the sheaves obtained as cohomology of linear monads of the form (cf.

[15D)
0= n-Ops(—1) -5 @n+2)-Ops L5 n- Opa(l) — 0.

The second Chern class of E is called the charge of E. An instanton bundle is simply a
locally free instanton sheaf. Let Z(n) denote the moduli space of instanton bundles of charge
n; since every instanton bundle is p-stable, Z(n) can be regarded as an open subset of M (n).
Moreover, for each n > 1, Z(n) is an irreducible [24,25], nonsingular [16], affine [5] variety
of dimension 8n — 3. The trivial sheaf 2 - Ops is considered the instanton bundle of charge
0; with this in mind, Z(0) consists of a single point. Z(n) is known to be rational for n < 3.
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For n > 0, denote by £(n) the union of those irreducible components of M (n) whose
generic points F satisfy the condition

h'(F(=2)) = h®(F(=2)) = 0.

We call L(n) the instanton stratum of M(n).

In this section, we study the sheaves from M (n) with 1-dimensional singularities obtained
from the instanton bundles of charge n — d by elementary transformations, in the sense of
[14, Section 3], along complete intersection curves of degree d in IP3.

Let di < d, be positive integers, and fori = 1,2 let Sy, be a surface of degree d; in P3.
If the scheme Cy, 4, := Sq; N S, has pure dimension 1, we call it a complete intersection
curve. The degree, the arithmetic genus and the Hilbert polynomial of the curve C = Cy, 4,
are given by the formulas
di=degC=diab, po(C) =14 DELTEZD
didr(2n+4 —d, — dp)

2

Let Hilby, 4, be an open subset of the Hilbert scheme Hilbg ;) consisting of reduced complete
intersection curves Cy, 4,. This is a smooth irreducible scheme of dimension

(25)

H(n) =

di+3
dim Hilbg, 4, :2( 1;’ )—4:h°(NC/]p3), if di =ds,

di+3 dr+3 dr—dy +3
dimHilbdl,dzz( 1; >+<2: )_<2 31+ )_2 (26)

=h'(Nesps), if di < d,
where C € Hilby, 4,. Besides, the h'-cohomology of the sheaf N- /3 is given by

W Ny =2(P N 41 it gy =d
c/p3) = 5 )L i di=dy,

dy—1 dy — 1 dy—d; —1
h1<NC/P3>=(13 )+(23 )—(2 . ) it d<dp,

hO(Nejps) — h' (Neps) = 4dda.
Let H be an open dense subset of Hilby, 4, defined as

‘H = Hay .4, :={C € Hilby, 4, | C is areduced curve with

at most ordinary singularities = simple double points}. (28)
Note that H contains a dense open subset
Hs := {C € H | C isasmooth irreducible curve}. (29)
Let
Z <> HxP? (30)
be the universal family of curves over H. For any C € H, denote g := p,(C) and let
P=Pn) =dd-n (31)

be the Hilbert polynomial of Oc ((g — 1)pt) with respect to the sheaf Ops (1).
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Consider the relative Jacobian functor J = J* : (Schemes/H)° — (Sets) defined as
J(T) = {invertible sheaves F on Z x4 T with fiberwise Hilbert polynomial P}/~,

where F; ~ F; if there exists an invertible sheaf N on T such that F; >~ F, ® p*N, for
p: Z xy T — T the projection. Let P be the étale sheaf associated with J. It is known
(see [1], [9, 0.2]) that P is represented by an algebraic space IP, locally of finite type over H.
Furthermore, according to [9, Theorem B] there exists an étale base change

o:H—>H (32)
such that the functor J = J x4 H is represented by a H-scheme
s
together with the universal (Poincaré) line bundle
LonJxzZ, (33)
where Z := Z x4; H. Consider an open subfunctor J** of J defined as
J¥(T) = {(Fmod ~) € J(T) | F is fiberwise Op3 (1)|c-semistable}
The functor J = J* x1¢ H is represented by a H-scheme
TEH (34)
of finite type over ﬁ, which is an open subscheme of J endowed with the universal (Poincaré)

line bundle R
L =L,z (35)
On the other hand, J** is an open subfunctor of the moduli functor M = M?
(Schemes/H)° — (Sets),

M(T) = {T-flat sheaves F on Z x4 T with Op3(1)|c-semistable
fibers over T having fiberwise Hilbert polynomial P}/~,

where by Simpson [23] (see also [13, Section 4]) M is corepresented by a projective H-scheme

M =M%, 5 H, (36)
respectively, J*° is corepresented by a quasi-projective H-scheme

M =M%, 5>H (37)
which is an open subscheme of M and 7’ = 7 |pr. Note that set-theoretically the schemes i
and M’ are described as

T={(C,w,[L]) | C € H, weo '(C), Lisan invertible
Ops3 (1)|c-semistable sheaf on C with Hilbert polynomial P},

M’ ={(C,[L]s) | C € H, L is an invertible Op3 (1)|c-semistable
sheaf on C with Hilbert polynomial P},

(38)

(39

where [L]g denotes S-equivalence class of L withrespectto Op3 (1)|c. Under this description,
the corepresentability of J** by M implies that there exists a surjective morphism of schemes

¢: J—M, (C,w,[L])+ (C,I[Lls). (40)
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Note that, since every invertible sheaf on a smooth (hence irreducible) curve C € H; is
Ops (1)|c-stable, it follows that the functors J; = J** x4y H; and M x 3y H, are isomorphic,
and they are represented by the scheme

M, = M xn Hy = Hs, 41)

where 7y = v, . Hence, the functor js =Js X, ﬁs is represented by the scheme

T, = My xoq, Fy = M xy Hy 5 F, 42)

of finite type over H,, which is an open subscheme of J. Note that, by construction, g is a
fibration
m: My — Hy, 77'(C) =Pict”(C), CeH,y, (43)

where Pic8~1(C) = {[L] € Pic(C) | deg L = g — 1}. This implies that M is smooth and
irreducible, since H; is clearly smooth and irreducible. In addition,

Ay : Js — Hy (44)

is also a fibration with fiber Pic8~!(C) which is smooth since 7—75 is smooth as an étale cover
of H;.
Now consider the closure
M .= M, (45)

of the scheme M in M. In the next section (see the proof of Lemma 20 (iv)), we will make
use of the following lemma.

Lemma 12 M’ ¢ M.

Proof 1t is known (see, e.g., [9, Section 0.2], [18, Fact 4.4]) that the algebraic space P
representing the functor P is formally smooth over H. This implies that the scheme J hence
also the schemes J and J. s, 18 formally smooth over H.

Take a point x = (C, [L]s) € M. . By definition, L is an invertible sheaf on C. We have to
show that x € M. For this, let ¥ € J be any point in the fiber ¢! (x) where ¢ is defined in
(40) and let w = 7 (X). Refining the étale base change o, we may assume H= |_|U,, where
each U = o~ 1(U;) is irreducible and UU; is an open cover of H. The point w € H lies in
some U;, and let X be any irreducible component of 7 ~!(U;) containing ¥. Since H, is an
irreducible dense open subset of H, it follows that U;; = U; N H; is a dense open subset of
U;. Hence, l7is :NU’I (Uis) is a dense open subset.

Next,as 7 : J — H is formally smooth, 7|y : X — ﬁi is dominant. Hence, X' =
XN ﬁ_l(ﬁis) is dense open in both X and ﬁ_l(ﬁis). Thus, ¢(X’) is dense in ¢(X) and, by
construction [see (42)—(44)], (X’) lies in My and contains a nonempty open subset of M.
Since M is irreducible, M? = M = ¢(X’) = ¢(X), and, by construction, x € p(X). O

Note that, since j is formally smooth over ﬁ, it follows that :]Ts is dense and open in :]T;

hence, (44) implies that
~ ~ didy(dy +dr — 4
dimT = dimJ, = 1 + % + dim H, (46)

where dim H is given by (26).

Take any curve C € H,. Then, the set Uc := {[L] € Pict~1(C) | h%(L) = h' (L) = 0}
is dense and open in Pic® —1(C) since it is the complement of the divisor ® = im(a), where
a: 88 1C = Pics1(C), D — O¢(D) is the Abel-Jacobi map. Therefore, denoting
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J:={(C,[L]) e My | i°(L) = h'(L) = 0},
Jo := {(C,w, [L]) € Ty | KO(L) = h' (L) = 0} = J x3, Hs,

we obtain that J is a nonempty and, by semicontinuity, open subset of M, which is dense
and smooth as M is smooth and irreducible. Similarly, J]o is smooth, dense and open in i 5
Note also that by (35), J]o X7 Z carries a universal (Poincaré) line bundle, which is

Eo =L, 2. @7)
Next, for ¢ > 0 and any point ([F], C,[L]) € Z(c) x J, set
PHom(F, C, L), := {k¢ € P(Hom(F, L(2))) | ¢ : F — L(2) is an epimorphism}.
Recall that Z(0) = {pt}.
Lemma 13 Foreach ¢ > 0, there is a smooth, dense and open subset (Z(c) X J )2 of Z(c) xJ
such that, for any ([F], C,[L]) € (Z(c) x J)g, one has:

Q) ML) =h L '"®wc)=0,i=0,1;
(i) "'"(F®LQ2) =h"(FQ (L™ @ wc)(2)) = 0;
(iii)) PHom(F, C, L), is a dense open subset of P(Hom(F, L(2)));
(iv)
dim PHom(F, C, L), = 4did, — 1. (48)

(v) There is a smooth, dense and open subset (Z(c) x J). of Z(c) x J containing (Z(c) x J)S
and such that, for any ([F], C, [L]) € (Z(c) x J)e., the statements (iii) and (iv) and the
equalities KoL) = ! (L) = h! (F ® L(2)) = 0 from (i) and (ii) above are true.

Proof Take a point (C, [L]) € Jo N Js, so that
R(L)y=h' (L' ®wc) =0, i=0,1. (49)

We first consider the case ¢ = 0, so that FF ® L(2) >~ 2 - L(2) and Hom(F, L(2)) =~
HO2 - L(2)). Items (ii), (iii) and (v) follow immediately. As for item (iv), just note that
¥ (L(k)) = d1d>-k (since x (L) = Oanddeg C = dd>); thus, h%(L(2)) = x (L(2)) = 2d,d>.

Next, let ¢ > 0; take a 't Hooft bundle [F] € Z(c), i.e., a bundle fitting in an exact triple

0— Ops(—1) > F > Iy(1) > 0,

where Y is a union of ¢ + 1 disjoint lines in P3. Choose Y in such a way that ¥ N C = @.
Then, tensoring the above triple with L(2), we obtain exact triples

0—-L(1)— F®LQ2)— L3)—0,
0—> L'"®wc)1) = FR(L' ®wc)2) » (L' ® wc)(3) — 0. e
The equalities (49) imply
hN(L1) =h" (LB =0, K'(LT'®@wc)(1) =h' (L' ®wc)(3) =0,  (51)
so that (50) yields
RFRL2)=0, W"(F® L '®wc)2)=0

for the above chosen point ([F'], C, [L]) € Z(c) x J. Since, by semicontinuity, the vanishing
of W' (FRL(2)) and h' (F®(L™'®wc)(2)) is an open condition on ([F], C, [L]) € Z(c)xJ,
it follows that the set
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(Z(c) x ) ={([F1,C,[L]) € Z(c) x J | W' (L) = (L' ® wc) =0,

1 1 —1 . (52)
hW(FOL2)=h (F®(L Qwc)?2)=0,i=0,1,}

is a nonempty (hence dense) open subset of Z(c) x J. Next, from (49) and (50) we obtain the
exact sequence

0— H%L(1)) > HYF ® L(2)) > H°(L(3)) — 0. (53)

Since the sheaves Op3(1) and Op3(3) are very ample, it follows from (49) that the linear
series |L(1)| and |L(3)| on C have no fixed points. This implies that there exist such sections
si € HO(L(i)), i = 1,3, that

(s1)o N (s3)0 = 1.

Take any section s’ € £~ !(s3), where ¢ is the epimorphism in (53). Then, the last equality
implies that the section s := s' +s; € H O(F @ L(2)) has no zeroes. Hence, its transpose
¢ =Fs: F >~ FY — L(2) is an epimorphism, i.e.,

PHom(F, C, L), # #. (54)

Since PHom(F, C, L), is an open subset of the irreducible space P(Hom(F, L(2))), it is
dense in P(Hom(F, L(2))). Moreover, (54) is an open condition on the point ([F], C, [L])
in (Z(c) x J)'. Thus in view of (52), there exists a dense open subset (Z(c) x J), of (Z(c) x J)’
(hence of Z(c) x J) for which the statements (i)—(iii) of Lemma hold. Besides, the smoothness
of (Z(c) x J). follows from that of Z(c) (see [16]) and of J.

Next, since F ~ FV, we have

dim PHom(F, C, L), = dim(Hom(F, L(2))) — 1 = hO(F ®L12)) —1
Note that
RO(F @ L(2)) = h°(L(1)) + h°(L(3)) = x(L(1)) + x(L(3)) = 4d;d>,

where the first equality follows from the exact sequence (51), while the second equality
follows from (53). Putting the last two equations together, we obtain (48).
At last, the statement (v) is clear by semicontinuity. O

In particular, note that (Z(0) x J), = J.
Next, using Lemma 13 consider, for each ¢ > 1 and d» > d; > 1, the set

W(dy. dy. ¢) == {([F1. C.[L]. kg) | ([F].C.[L]) € (Z(c) x I, kg € PHom(F, C, L)}
(55

and the surjective projection
7w W(d.d.c) > (Z(c) x De, ([F1.C.[L], k) — ([F1,C.[L]) (56)

with fiber open
nfl([F], C,[L]) = PHom(F, C, L), Cp—> P(Hom(F, L(2))). 57

When ¢ = 0, one must also quotient out by the action of GL(2) on the trivial sheaf
2-Ops3(2) in order to obtain a family of isomorphism classes of torsion free sheaves. Therefore,
we define:

W(d,, d>,0) := {(C,[L],ke) | (C,[L]) € I°, kg € PHom(2 - Ops, C, L),/PGL(2)}.
(58)
Also denote _
W(dy, da, ¢)° := 771 (Z(c) x I)Y). (59)
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Remark 14 Note that W(d] ,d>, c) with ¢ > 1 is a dense open subset of a Severi—Brauer
variety fibered over B := (Z(c) x J), with fibers, given by P4142=1 yia the projection 7.
Indeed, let V := B XK H — B be an étale covering induced by (32). According to
[13, Section 4], over Z(c) there exists (locally in the étale topology) a universal rank-2 vector
bundle. This means that there exists an open étale covering ® : W — Z(c) and arank 2 vector
bundle E over P? x W such that, for any w € W, E|ps,,, = E;, where t = ®(w) € Z(c)
and E; denotes the instanton bundle whose isomorphism class is represented by 7. Let U=
W Xz V,andletT := U X5 Zilett: T — U x P3 be the lift into U x IP? of the universal
family of curves Z. Let also Egy be the lift into U x P? of the sheaf E and let L be the lift onto
T of the sheaf Lo defined in (47). We thus obtain a vector bundle T := Homg /U (Eg, t:L(2))
over U, the fiber of which over a point u € U lying over a point ([F], C,[L]) € B is by
construction isomorphic to Hom(F, L(2)). Hence, by (48) the associated projective bundle
Pt — Uis a P12~ _fibration. Applying to it the argument from the proof of Proposition
6.4 from [14], we obtain that this fibration descends to a Severi—Brauer variety pp : P — B
with fibers P*192=1 gyer B such that, by the above, for any point ([F], C, [L]) € B one has

5 (F1, C,[L]) = P(Hom(F, L(2))). (60)

This, together with (57), shows that the variety Pg contains W(a’l, ds, c) as a dense open
subset.

Finally, for the case ¢ = 0, note that although the fibers of the projection 7
W(dl, d, 0) — J° are not open subsets of a projective space, they are still smooth.

From the previous remark and the smoothness of (Z(c) x J), (see Lemma 13), we obtain
the following statement.

Theorem 15 For each ¢ > QO and dy > d; > 1, W(dl, do, ¢) has a natural structure of a
smooth integral scheme of dimension

- 1
dim W (dy. dy. ©) = 8¢ = 3+ Zdid(dy +dp +4) + dim H 61)

where dim 'H is given by (26), and, for ¢ > 1, the map
7 Wdi,do,e) = (Z(e) x e

defined in (56) is a morphism. Respectively, W(dl, dy, )0 is a dense open subscheme of
W(di, d>, o).

Proof Itis enough to prove (61). For ¢ > 1, since dim Z(c) = 8¢ — 3, (61) follows from (46)
and (48). For ¢ = 0, one easily sees from (58) and (46) that

~ 1
dim W(d;, dr,0) = dim J + 4dd, — 4 = Edldz(dl +dy +4)+dimH — 3,
as desired.
Now for any pointw = ([F], C, [L], ky) € W(dl, dy, c) set

E(w) := ker(F % L(2)).
By definition, we have an exact triple

0— E(w)— F % L) —o. (62)
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One easily checks, using the irreducibility of C, that E(w) is a stable sheaf (see [14,
Corollary 4.2 and Lemma 4.3]) and, in fact, [ E(w)] € M(c+d1d>). Moreover, Lemma 13(i)
and the triple (62) twisted by Op3 (—2) yield

[E(W)] € L(c + didy). (63)

Given a point (C, [L]) € J, we call the invertible Oc-sheaf L a theta -characteristic on
Cif
L®2 >~ wc.
Consider a subset of J defined as

Oy :={(C,[L]) € J| L is a theta-characteristic on C}. (64)

It is a locally closed subset of J. (Indeed, ®j is a fixed point set of an involution J —
J, (C.ILD = (C.loc ® L7']).)
Denote

Ow(dy, da, ¢) := 7 ((Z(c) x D). N (Z(c) x Oy)),
W(dy, da, c) = W(dy, da, c)° \ Ow(dy, da, ©),

Yhere @J is the closure of ®7 in J. By dgfinition, W(d, d>, c) is an open subset of
W(dy, d>, c). Since for p,(C) > 0 the set ®j is clearly a proper CloseNd subset of J, it
follows that for p,(C) > 0 the set W (dy, da, ¢) is a dense open subset of W(dy, d>, ¢).

Proposition 16 For an arbitrary closed point w = ([F], C,[L],ke) € W(dy, d>, c) with
c>0,and (d1,dr) # (1, 1), (d1, d2) # (1,2), the sheaf E = E (W) satisfies the relations:

dim Ext*(E, E) = h' (N¢/ps) + pa(C) — 1, (65)
dimExt'(E, E) = h'(N¢p3) + pa(C) — 1 + 8(c + dida) — 3, (66)

where p,(C) and h! (NC/P3) are given by (25) and (27), respectively.

Proof The conditions (d1, d2) # (1, 1), (d1,dz) # (1,2) imply that p,(C) > 0, so that
W(d1, d>, c) is nonempty. Apply the functor Hom(L(2), —) to the triple (62):

oo Ext'(LQ). L)) > Ex2(L(Q2). E)
— Ext}(L(2), F) — Ext’(L(2), L(2)) — Ext*(L(2), E) (67)
— Bx(LQ2), F) — ---

Next, apply the functor Hom(L(2), —) to (62). Using the vanishing of the sheaves
Hom(L(2), F), Ext'(L(2), F) and Ext' (F, L(=2)), i = 1,2, (note that dim L(2) = 1 and
F is locally free on IP?), we obtain an isomorphism 8y : Hom(L(2), L(2)) = Ext! (L(2), E)
and an exact sequence

0— Exr'(L2), L2) 3 ext*(LQ). E) — Ex*(LQ), F) 5 ex*(L(2). LQ2)) (68)
Respectively, applying the functor Hom (-, L(—2)) to the triple (62) yields an isomorphism
¥ Ext'(E, L(=2)) ~ Ext' (L(2), L(=2)). (69)
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The isomorphisms h'(3) : H!'(Hom(L(2),L(2))) — H'(Ext'(L(2), E)), the
homomorphism & in (67) and the monomorphism A%(3,) : HO(Ext'(L(2), L(2))) —
HOY(Ex2(L(2), E)) induced by (68) fit in the commutative diagram

0 0 (70)
H! RO) e 1

(Hom(L(2), L(2))) —= H (Ext' (L(2), E))
j
Ext'(L(2), L(2)) —— ~ Ex®(L(2), E)

HO(Ext! W®) 0.0 2
(Ext'(L(2), L(2))) ——= H (Ext*(L(2), E))

O 07
in which the vertical exact triples come from the spectral sequences

HP (Ext1(L(2), L(2))) = Ext*(L(2), L(2)) and
HP(Ext1(L(2), E)) = Ext*((L(2), E),

respectively. Now restrict the triple (62) onto the curve C. Using the relation det F' ®
Oc ~ Oc¢, we obtain an exact triple 0 — L~!(=2) - F® Oc — L) — 0.
Tensoring this triple with the invertible O¢-sheaf Ext2(L(2), O¢) and using the isomor-
phisms Ext2(L(2), O¢) ® L1 (=2) ~ &xrA(L(2), L~1(=2)), Ext3(L(2),0¢) @ F ~
Ext*(L(2), F), Ext*(L(2), O¢) ® L(2) =~ Ext*(L(2), L(2)), we obtain the exact triple

0 — Ext*>(L(2), L™ (=2)) — Ext*(L(2), F) > Ext*(L(2), L(2)) — 0.
This triple together with (68) yields an exact triple

0 Ext' (L), L2) B exP(LQ), E) — ExA(LQ), L™ (=2)) = 0. (T1)
Note that, since L is not a theta-characteristic on C, it follows that the sheaf

Ext*(L(2), L™1(=2)) ~ Ext*(O¢, Oc) ® L™2(—4) ~

(72)
det NC/]P)3 (4 wp3 [ L_2 ~ wc [ L_z

is an invertible O¢-sheaf of degree 0, nonisomorphic to O¢; hence, it has no sections. Thus,
the above triple gives an isomorphism

0oyl W@ oo o
H-(Ext' (L(2), L(2))) =~ H (&Ext"(L(2), E)). (73)

This is the lower horizontal isomorphism in the diagram (70) from which it follows that the
homomorphism § is an isomorphism:

§: Ext'(L(2), L(2)) > Ext*(L(2), E). (74)
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Next, from Lemma 13(i) and the triple (50) twisted by Op3 (—4) it follows easily that
HY(F ® L(—2)) = 0, and the Serre—Grothendieck duality together with the isomorphism
F ~ FY implies

Ext*(L(2), F) ~ Hom(F, L(—2))" = 0. (75)

Similarly, since dim C = 1, it follows that Ext!(L(2), F(—4)) ~ H*(F ® L(-2)) = 0.
Thus, the exact sequence

0 — Hom(F, F(—4)) — Hom(E, F(—4)) — Ext'(L(2), F(—4))

together with the equality Hom (F, F(—4)) = 0 (note that F is stable) yields Hom(E, F(—4))
= 0, and again by Serre—Grothendieck duality we obtain

Ext*(F, E) = 0. (76)

Next, twisting the triple (62) with F¥ ~ F and passing to cohomology, we obtain an
exact sequence H'(F ® L(2)) — H*>(FV ® E) — H*(FY ® F). Using the vanishing of
H*(FY ®F) (see [16]) and of H'(F ® L(2)) (Lemma 13(ii)), we get since F is locally free:

Ext*(F,E) ~ H*(FY ® E) = 0. (717)

Now apply the functor Hom(—, E) to the triple (62) and use (76) and (77) to obtain the
isomorphism
Ext*(E, E) ~ Ext*(L(2), E). (78)

The sequence (67) together with (74), (75) and (78) yields an exact sequence
0 — Ext*(L(2), F) — Ext*(L(2), L(2)) — Ext*(E, E) — 0. (79)
Next, since F ~ F" is locally free, the Serre—Grothendieck duality on P3 and on C yields:
Ext?(L(2), F) ~ H'(F¥ ® L(-2))" ~ H'(F ® (L™' ® wc)(2))". (80)

On the other hand, Riemann—Roch for the sheaf F @ (L~ ®w¢)(2) and item (ii) of Lemma 13
imply h(F ® (L™! ® wc)(2))Y = 4did>, hence (78) and (80) yield

dim Ext*(E, E) = dimExt*(L, L) — 4d,d>. (81)

Next, using the fact that H2(£xt2(L, L)) = 0 since dim Ext? (L, L) = 1, we obtain that
the spectral sequence H?” (Ext4(L, L)) = Ext®(L, L) yields an exact triple

0— H'(N¢/ps) = Ext*(L, L) — H(Ext*(L, L)) — 0.
Note that, in view of the isomorphisms
Ext* (L, L) ~ Ext*(Oc, Oc) = det N jps =~ Oc (dy + da),
and of Serre duality W (Oc(d) + da)) = hP(O¢(—4)) = 0, we obtain by Riemann—Roch
WO Ext*(L, L)) = h%(Oc (dy + da)) = x(Oc(dy + da)) = dida(dy + da) + 1 — pa(C).
This, together with the above triple, yields
dimExt’(L, L) = h' (N¢ps) + dida(di + d2) + 1 = pa(C).

Now (65) follows by substituting the last equality in (81) and using (25). The equality
(66) follows from here in view of the relation

dim Ext!(E, E) — dim Ext*(E, E) = 8¢2(E) — 3 = 8(c + d1dr) — 3

(see Lemma 10 above). ]
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Consider the map
f: Wdi, da,c) = L(c+didr), W [E(W)]. (82)

Using Remark 14 and Theorem 15, one easily sees that f is a morphism.

Theorem 17 For any pointw € W(dy, da, ¢) withc > 0, and (d1, d2) # (1, 1), (d1, d>) #
(1, 2), one has
dim Ext' (E(w), E(w)) = dim W(d;, d3, ¢). (83)

In addition, the morphism f|w(, dy,c) is an open embedding. Thus,

C(di,dr, c) == f(W(d1,d2, ) (84)
is a dense smooth open subset of an irreducible component

Cldi,d>,0) = f(W(dy, d>, 0))
of L(c + d1d>), hence also of M(d1d> + c).

Proof Equality (83) follows by comparing formulas (61) and (66) and using (25)—(27).

As for the second claim, note that f'|w (4, ,4,,¢) is aninjective morphism by construction. Its
Kodaira—Spencer map df|w : TwW(d1, dz, ¢) = TpwyM(didr+c¢) = Ext!(E(w), E(w))
is an isomorphism by (83) for any w € W (d|, da, c). The assertion follows. O

Remark 18 The cases (di,d>) = (1, 1), and (d{, d») = (1, 2), in which C is either a line
or a conic, respectively, were studied in [14], where elementary transformations of instanton
bundles by smooth rational curves of arbitrary degree are considered. In fact, for k = 1, 2,
C(1, k, c¢) coincides with the variety D(k, ¢ + k) introduced in [14, Section 6]. It turns out
that D(k, ¢ 4 k) are irreducible projective varieties of dimension 8(c + k) — 4 lying in the
closure Z(c + k) of Z(c + k) within M(c + k). In particular, for k = 1,2, C(1, k, ¢) does
not define a new irreducible component of M(c + k), differently from the conclusion of
Theorem 17.

We conclude this section with a result in the same spirit of [7, Proposition 3.6] and
Theorem 9 above, showing that the number of irreducible components of M (n) whose
generic points correspond to sheaves with 1-dimensional singularities becomes arbitrarily
large as n grows.

Theorem 19 Let n,, denote the number of irreducible components of M(n) whose generic
points correspond to sheaves with I-dimensional singularities. Then, lim;,_, 5, 0, = 00.

Proof Indeed, the number of ways in which a given positive integer n can be represented as a
sumn = c+didy, where ¢, dj and d; are positive integers and (dy, d2) # (1, 1), (d1, d2) #
(1, 2), is unbounded as n grows. Thus, the result follows from Theorem 17.

4 Nonemptiness of the intersection C(dy, d2, ¢) N Z(n)

In this section, we will perform an inductive procedure showing that each irreducible com-
ponent C(dy, da, ¢) of M(did> + ¢) (with ¢ > 0, and (d1, d») # (1, 1), (d1,d>) # (1,2)),
constructed in Theorem 17, has a nonempty intersection with the closure of the instanton
component Z(d1da + ¢).
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We start with a construction of areduced curve C € ‘H = Hy, 4, completely decomposable
into a union of projective lines and satisfying some additional properties. Namely, we prove
the following lemma.

Lemma 20 For any 1 < d| < dy, there exists a curve C € H which is completely decom-
posable into a union of d\d> projective lines

dydy
c=J¢ (85)
j=1
such that
(i) The Oc-sheaf
dydy
Lo =0 (=1 (86)
j=1

is Op3(1)|c-semistable.

(ii) There exists a curve Y with a marked point 0 € Y, a morphism f : Y — H and a
sheaf L on Y xu Z, flat over Y and such that, for C; := pr='(f(t)), t € Y, where
pr . Z — H is the projection, one has

Lic, = Lo, 87)

where Cy is the curve C from (85), and

L|c, islocally free, ¢t € Y* :=Y \ {0}. (88)
Proof Let x; = (P,-zl, ey Pz‘zdi) e (P3V)*di | = 1,2, be two collections of hyperplanes
in P3, and set Ljj, = IE”%J.1 ﬂ]P’%jz, 1 <j1 <d, 1 £ jp < dy. Itis clear that, for a

general choice of the points x; € (P3V)*%, i = 1,2, the curve C = ydi-d2

i1 jp=1¥j1jo satisfies
the statement of Lemma. We re-enumerate the lines £, ;, as the lines £; in (85).

Next, the sheaf Ly in (86) is polystable as a direct sum of stable Ops (1)-sheaves Op; (—1).
Hence, it is Ops3 (1)|c-semistable.

For the second item, set C; := ¢ and, for 2 < k < djdy — 1, consider a sub-curve
Cr = U’;zlﬁj of C and a subscheme Dy := ¢, N Cr_; of £;. Since C € H, it follows that
Dy is a reduced divisor on Cy; let, say, Dy = ag + --- + akm, - Consider a sequence of
Oc,-sheaves Ly, where L1 := Oy, (—1) and for 2 < k < d1d, — 1 the sheaf L is defined
inductively as an extension

0— Li—1 = Ly = Og(—=1) = 0. (89)

Each such extension is given by an element of the group Ext! (O, (=1), Lx—1), and an easy
calculation (cf. [9, proof of Lemma 4]) shows that

my
Ext' (Og, (—1), Li—1) = H(Op,) = Pk, ~ A" (90)

i=1
Furthermore, for any point 7, € A" := {(t1, ..., ty,) € A" | t; #£0, j=1,...,m},
the sheaf Ly is locally free at the points of Dy. Hence, the last extension Ly, 4, = Lg,4,(t) in
the sequence (89) defined by the element t = (7y, ..., Tg,q,) € A* := A"™1* x ... x AMAD*

is a locally free Oc-sheaf. In addition, from (89) it follows immediately that, for this point
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t, the sequence of sheaves 0 C L1 C Ly C --- C Ly, 4,(t) is a Jordan—Holder filtration of
L 4,4, (t) with the associated graded sheaf L in (86). Thus,

[Lols = [Laya, (V)]s
Hence, since Ly, 4, (t) is a locally free O¢-sheaf, it follows that, in the notation of Lemma 12,
[Lols € MP. 1)

Now, recall the construction of the moduli space M containing M as a closed subscheme
(see, e. g.,[13, Thm 4.3.7]). Namely, M is obtained as a GIT-quotient p : R — R//GL(N) =
M for an appropriately chosen open subset R of the Quot-scheme Quotz 3 (V, P), where
P is the Hilbert polynomial defined in (31), V = OZ/H(—m)éBN, N = P(m) and m large
enough. Now, for the point s = [Lgls € MPO, there exists a point [p : Vi — Lol € R
such that p([p]) = s. Consider the closed subscheme Ry = p’l(MO) of R. Since Ry is
quasi-projective over M? and M is open dense in MY, it follows that there exists a curve ¥
in R( passing through the point 0 = [p] and such that

Y¥ =Y\ {0} c p~ (V).

By the definition of M?, the last inclusion means that the universal quotient sheaf on Ry x4 Z
being restricted onto Zy = Y x4 Z becomes a sheaf L such that, for r € Y'*, the sheaf L|c,
is locally free, where C; = pr='(f(t)),and f = ply : Y — Hand pr : Z — H is the
projection. Besides, by the above, L|¢c, > Lo. O

Lemma 21 Foranyc > 0, 1 < dy < d», and any [F] € Z(c), there exists a curve C € 'H
satisfying the properties of Lemma 20, and, in addition, the following ones:

Flpt 220p1, 1<i=<did; (92)
([F1, Gy, [Lic,D € (Z(c) x D), teY™ (93)

Proof Both (92) and (93) are immediate when ¢ = 0.
Since every instanton bundle of charge ¢ > 0 is stable, there is, by the Grauert—Miillich
Theorem (see [2,13]), a divisor D in the Grassmannian Gr = Gr(1, P?) such that, for any
lineP! € Gr \Dp, F|p1 = 20p:. Thus, for a general choice of the points x; € (]P’3V) xdi i —

1, 2, the condition (92) above holds.
From (92) and (86), it follows immediately that

([F1, Co, [L := L|¢,]) satisfies the statements (iii) and (iv) of Lemma 13. (94)

Since L is flat over Y, the rest is clear by semicontinuity (after possibly shrinking the curve
Y). O

In the notation of Lemma 20, let py : Zy = Zxy £ — Yandty : Z — ¥V x P3
be the natural projections; let F := F X Oy, ty.L(2) := ty;L ® Op3(2) X Oy, and
Ty := Homz,;y(F, ty:L(2)). In addition, consider the projections py : Pty — Y, and
Py : ]P’r*;, := Pty Xy Y* — Y™*; by construction, py is a projective bundle over Y such that,

p;l(t) = PMHom(F, L;(2))), where L; :=Ll|¢c,, teY. 95)
By Lemma 21, one has a morphism

VY= B=(Z() xDe, tr> ([F],Ct,[L:]),
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and from (60) and (95), it follows that
Pty =Pt xgY*. (96)
Moreover, using Lemma 13, (iii)—(v), consider the open dense subset Wy of Pty defined as
Wy == {([F), C/, [L/]. k@) | t € Y, kg € PHom(F, C;, L;).}. 97)
Comparing (97) with (55) and using (96), we obtain the relation
Wys := Wy xy Y* = W(di, do, ¢) xp Y* 25 W(di, da, ). (98)
On the other hand, consider the morphism

fr: Wy = L(dida+¢): w=(F1,C, L] kg) = [E(W) = ker(¢p : F — L,(2))].
99)
From (82) and (98), it follows that fy| Wys coincides with the composition
Wy Y W(dy, do, ©) 5 Ldrds + ).

In view of Theorem 17, this implies that fy(Wy*) C C(d,, d>, c). Since C(dy, d», ¢) is
projective, this implies that also

fr(Wy) C Cd1, da, ©).
In particular, since by (97)

PHom(F, Co. Lo)e = (pr|g,) " (0),

where Cj is the curve C defined in (85) and C(dy, d2, ¢) is a projective scheme, we obtain
the following result.

Theorem 22 In the conditions and notation of Lemma 20 and of Lemma 21, there is a
morphism
fo =fy|PHom(F,Co, Lo), : PHom(F, Co, Lo)e — C(d1, d2, ¢) :

(100)
(LF], Co, [Lol, k) > [ker(p : F — Lo(2))].
Now, take a point
w = ([F], Co, [Lo], kg) € PHom(F, Cp, Lo)e
and, as above, denote
E(w) :=ker(¢ : F — Lo).
Next, using (86), set
k
Loy =@POu(-1. 1<k =<da.
i=1
so that
L(d]dz) =Ly (101)
and we have splitting exact triples
0— ng(—l) — L(k) ELQ L(kfl) -0, 2<k<dd (102)
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where each gy, is the projection onto a direct summand. Set ¢(4,4,) := ¢ and, using (101),
define the epimorphisms ¢) as the composition

1 &d,d &dydy—1 &(k)
9w F = Layay2) = Lagya—1y2) = -+ = Lgy(), 1 <k<did— 1.
Set E ) := ker ¢(), so that, by the above,
Ea) = E(W) (103)

and, for 2 < k < dd», there is a commutative diagram

0 (104)
0 Oy, (1)
P(k)
0 E F Ly (2) 0
E(k)
Pk—1)
0 Eg—1 F ‘ Lg-1(2) ——=0
6
Oy, (1) 0
0,

in which the right vertical triple is the triple (102) twisted by the sheaf Op3 (2).
We are going to show, by induction on &, that

[EwleZ(c+k), 1=<k<dd. (105)
First, in the case k = 1 we have the exact triple
0—>Eq—>F—>L1p2)—0 (106)

which by Jardim et al. [14, Proposition 7.2] yields (105) for k = 1.
Next, given k > 2, assume that (105) is true for k — 1, i. e., in the diagram (104),

[Eg—1] € Z(c +k —1).

This implies that there exists a curve T with a marked point 0 € T and a sheaf E' on P? x T,
flat over T' and such that

E/|p3x{0} >~ Eg—1) (107)

and, fort € T* = T~ {0}, the sheaf E := E/|]P’3><{t] is an instanton bundle from Z(c+k —1):
[EfleZ(c+k—1), teT". (108)

Now one easily sees that, after possibly shrinking the curve 7', the epimorphism 6 in the

diagram (104) extends to an epimorphism © : E' — O, (1) K O, and we denote E =
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ker ©. By construction, the Ops , y-sheaf E is flat over T, so that, restricting the exact triple
0—-E—E — 0, (1) KOr — 0onto P3 x {t}, t € T, we obtain an exact triple

0— E, - E, > Oy (1) > 0, (109)

where E; = E|p3 ;). By Jardim et al. [14, Proposition 7.2], this triple together with (108)
implies that
[E/)eZ(c+k), teT* (110)

On the other hand, by the construction, the triple (109) for + = 0 coincides with the left
vertical triple in (104), so that
Ey ~ E(k). (111)

Besides, in the case ¢ > 0, since F is u-stable, the upper horizontal triple in diagram (104)
easily shows that the sheaf E is (u-)stable as well. When ¢ = 0 and F = 2 - Ops3 in diagram
(104), we again proceed by induction on k. For k = 1, triple (106) and [14, Lemma 4.3]
implies that E(jy is stable. Now assume that E_1) is stable; the first column of diagram
(104) immediately implies that E ) is also stable, since any sheaf that would destabilize E )
would also destabilize E 1.

Thus, in view of (110) and (111) we obtain a modular morphism

f:T — M(c+k), t — [E].

Since Z(c + k) is closed in M(c + k), it follows that [Eqy] = f(0) € Z(c + k), i.e., we
obtain (105).
In particular, (103) and (105) yield

[E(W)] € T(c + did>).

Since by construction [E(w)] € im fp, it follows from Theorem 22 that [E(w)] €
I(c+did2) NC(d1, dy, ¢).

Finally, note that each E ), and hence Ey, is actually an instanton sheaf. Indeed, since F’
is a locally free instanton sheaf, one easily checks from triple (106) that E (i) is an instanton
sheaf. Assuming that E_1) is an instanton sheaf, one can use the first column of diagram
(104) to check that so is E ).

Summing it all up, we obtain the following theorem.

Theorem 23 Foranyc > 0and 1 < d; < dy,

I(c+didr) NC(dy, da, c) # 0.

In addition, the above intersection contains instanton sheaves.

5 Intersection of C(dy, d3, ¢) with the Ein components

For any three integers ¢ > b > a > 0, consider the monad

0= Ops(—c) —% Ops(—b) ® Ops (—a) ® Ops (@) ® Ops (b) 2> Ops(c) — 0, (112)

with morphisms given by

o = and ﬂ:(al 0y 03 04) (113)
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where

o1 € H'(Ops(c + b)), 02 € H (Ops(c + a))
03 € H'(Ops(c —a)), o4 € H'(Ops(c — b))

do not vanish simultaneously. Ein showed in [7, Proposition 1.2(a)] that the cohomology
of such a monad is stable if and only if ¢ > a + b; in this case, there exists an irreducible
component A (a, b, ¢) of B(c? — b> — a*) whose generic point corresponds to a locally free
sheaf given as cohomology of (112). Such components are called Ein components.

Let A(a, b, ¢) denote the closure of A (a, b, ¢) within M(c?> — b*> — a?). The main goal
of this section is to establish the following result.

Proposition 24 The components N'(0, b, ¢) and C(c — b, ¢ + b, 0) intersect within M(c?—
b?) along a subvariety of codimension 1 + (2 =bH(c—2)inC(c—b,c+b,0).

Proof Given a parameter ¢ € A!, consider the following family of monads

0= Ops(—c) % Ops(—b) ®2 - Ops ® Ops (b) 5> Ops(c) — 0, (114)
where «; is given by
04
t-03
—t-0p
.

oy =

while g is given as in (113). Clearly, for each ¢ # 0, the sheaf E; =: ker 8/ im «; defines a
point [E;] € N(0, b, ¢); we thus obtain a modular morphism

A0} > M(P =Y, 1> [E]

whose image lies within A/(0, b, ¢).
Next, we show that Ej fits into the following exact triple:

00— Ey—2-Ops — Or(c) = 0, (115)

where I is the complete intersection curve defined by {01 = 04 = 0}; we may assume that I"
is irreducible since this is an open condition. Note also that Or (¢ —2) is a theta-characteristic
onT.

Indeed, consider the following short exact sequence of complexes:

0 0 0

0 —— Op3s(—c) e, Op3 (—b) ® Ops3 (D) ﬁ—> Op3s(c) ——0

~ ~

0> Ops(—c) —% Ops (—b) B2 - Ops ® Ops (b) > Ops(c) ——> 0

0 2. Op 0
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where the complex in the middle line is (114) for # = 0 and the morphisms & and  are given
by

o= <_O_T4> and ,3:((71 0'4).

Passing to cohomology, we obtain precisely the triple (115).

By Jardim et al. [14, Lemma 4.3], (115) implies that Ey is stable; hence, it follows that
[Eo] € N(O, b, ¢). On the other hand, one clearly sees from (115) and from the definition of
C(c —b,c+b,0) in Theorem 17 that [Eg] € C(c — b, ¢ + b, 0).

Finally, note that a generic point [ E] in the intersection

N(@©O,b,c) N C(c—b,c+b,0)

will be precisely of the form (115), fixing the choice of a line bundle in Pic$ —I(I"), where
g=1+ (= bH)(c — 2) is the genus of I'. It is then easy to see that such sheaves form a
family of codimension g in C(c — b, ¢ + b, 0). ]

6 Connectedness of M (2)

As mentioned in Introduction, it is not difficult to check that M (1) is irreducible; this fact
is probably well known to specialists, but for lack of a suitable reference, we present a brief
argument here.

The key point is to show that every semistable rank 2 sheaf E on P? with c(E) = 0,
c2(E) = 1 and c3(E) = 0 is a nullcorrelation sheaf in the sense of [6], that is, given by an
exact sequence of the form

0— Ops(—1) 5 Qp;(1) > E — 0.

It follows that E is uniquely determined by the sectiono € H° (Q]Ij)3 (2)) up to scalar multiples,
so that M(1) = PHO(Q,(2)).

Indeed, semistability implies that 1°(E) = 0. If E is locally free, then E is stable and
it follows from Barth’s theory of spectra, see [3] or [12, Section 7], that E is an instanton
bundle of charge 1, and these are precisely the locally free nullcorrelation sheaves. On the
other hand, if E is not locally free, then EVY is a p-semistable rank 2 reflexive sheaf with
c1(EYY) =0andc(EYY) =0, 1.If c(EYY) = 1, so that E has 0-dimensional singularities,
then EVY must be stable by Lemma 3; it follows from [4, Lemma 2.1] that c3(EVY) = 0, so
EYY/E = 0, contradicting the hypothesis of E not being locally free. Therefore, we must
have c2(EYY) = 0, hence EVY >~ 2 - Ops and

0— E—2 Ops — Op(1) > 0

where £ is a line. One can then check that E satisfies the cohomological conditions of [6,
Proposition 1.1], so that E is a nullcorrelation sheaf.

Next, we recall the description of M(2) given by Hartshorne [11], Le Potier [17] and
Trautmann [26]. By Hartshorne [11, Section 9], the scheme B(2) coincides with the instanton
component Z(2) of dimension 13, so its closure Z(2) is an irreducible component of M (2).
According to [17, Thm. 7.12], M(2) contains two additional irreducible components, which
are given by the closures of the subschemes

PQ) = {[E] € M(2) | dimExt*(E, Ops) =1} [=1,2
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within M (2); furthermore, dim P(2); = 13 + 4. Le Potier calls these the Trautmann com-
ponents.

Note that these actually coincides with the components 7 (2, /) described in Section 2.1
above. Indeed, note that if [E] € 7 (2, ), then

dim Ext*(E, Ops) = h°(Ext*(E, Op3)) = h(Ext*(QE, Ops)) = h°(Qk).

However, the length of Qg is half of c3(EY"), which means that [E] € P(2);, thus 7 (2,1) C
PQ2);.

In addition, Chang proved in [4, Section 2] that, foreach/ = 1, 2, R(0; 2; 2/) isirreducible,
nonsingular of dimension 13. It follows from Theorem 7 that, foreach! = 1,2, 7(2,1) is
an irreducible component of M(2) of dimension 13 + 4/; therefore, we must have that
T12,1)=PQ2),.

Consequently, Le Potier’s result can be restated in the following form, see also [26]:

MQ)=IQ)UTQ2,1HUT(2,?2). (116)

The main goal of this section is to show that M (2) is connected.

Recall from Sect. 2.1 that a generic sheaf E from 7(2, 1) is obtained as the kernel of
an epimorphism € : F — O, where F is a generic reflexive sheaf from R(0; 2; 2) and
q ¢ Sing(F):

0> E—F50,—0, q¢Sing(F). (117)

Every [F] € R(0;2; 2) satisfies hO(F (1)) = 3, cf. [4, Table 2.8.1]; moreover, the zero
scheme Y = (s)g of a generic section s € H O(F(1)) is a disjoint union of a line £ and a
nonsingular conic C [4, Lemma 2.7], i.e., there is an exact triple

0— Op(=1) = F = Iyp(1) >0, Y=¢uC. (118)

In addition, a generic sheaf E from 7 (2, 4) is obtained as the kernel of an epimorphism
€: F — Oy & Oy where F is a generic reflexive sheaf from R(0; 2; 4) with g, g2 ¢
Sing(F), and q1 # g2:

0> E—F50,®0, 0, q,q ¢Sing(F), q1 # q. (119)

Every [F] € R(0;2;4) satisfies hO(F(1)) = 4, cf. [4, Table 2.12.2]; the zero scheme
Y = (s)o of a generic sections € H O(F(1))isa nonsingular twisted cubic curve [4, Lemma
2.13], i.e., there is an exact triple

0= Ops(=1) = EYY = Iy pa(1) — 0. (120)

We are finally in position to prove the main result of this section.

Theorem 25 Both components T (2, 1) and T (2, 2) have nonempty intersection with the
instanton component Z(2). In particular, M(2) is connected.

Proof We first consider the case / = 1. Recall from [11] that a generic locally free sheaf G
from Z(2) is a 't Hooft bundle, fitting in an exact triple

0= Op(=1) > G — Iyp(l) >0, Z={ut U, (121)

where €, €1, £ are disjoint lines in P3. We include Z as a generic fiber Z;, t # 0, into a
1-dimensional flat family Z of curves in P3:
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r: 2P xUuZu, (122)

with base U > 0 which is an open subset of AL, such that

(a) fort # 0 the fiber Z, = 7~ (¢) of the family Z is a disjoint union of three lines in P3;
(bl) the zeroth fiber Zy of this family, being reduced, is a union of lines

(Zo)red = Lo U (€1 U L), w:=¢€1 NLy = {pt}. (123)
and as a scheme Z( has an embedded point w:
0— Ow — OZ() g O(Zo)red — 0. (124)

The sheaf G from (121) can then be included into the family G of sheaves on IP? with base
U fitting in the exact triple

0> O0p(=DXROy - G — Iz/psy ®Ops(1) KOy — 0. (125)
We thus obtain a modular morphism
Sy U—> MQ2), t =[G, G;:=Glpsyyy- (126)
Moreover, in view of (125), the sheaf G fits into the exact triple
0= Ops(=1) > Go = Iz, ps(1) = 0;

composing the morphism r in the previous equation with the standard monomorphism Gy —
GV we obtain, using the triple (124), the following exact triples for G :

0— Go— Gy’ — 0, -0, (127)
0= Ops(=1) > Gy = Iz, (1) = 0. (128)

Now (123) and (128) show that s is a section of a reflexive sheaf Gg Y having a disjoint union
(Zy)red of a line and a reducible conic as the zero scheme. Note that Gg V'is p-stable, since
Y is not contained in a plane (cf. [12, Proposition 4.2]); it follows that Gy is stable. Since,
by construction, ® (U \ {0}) C Z(2), we conclude that

[Gol € Z(2). (129)

By the description of R(0; 2; 2) above, it follows that the triple (128) is a specialization of
the triple (118) within a flat family of triples in which the conic C specializes into a reducible
conic £1 U £, so that Y in (118) specializes to (Zg)req. It follows that the triple (127) is a flat
specialization of the triple (117), so that

[Gol e T(2,1). (130)

Finally, (129) and (130) imply that 7 (2, 1) N Z(2) # @, as desired.
Next, consider the case [ = 2; one takes a family Z as in (122) satisfying property (a)
above and replacing property (bl) by the following one:

(b2) the zeroth fiber Z of this family, being reduced, is a (connected) chain of three lines
not lying in a plane:

(Zo)rea = Lo U L1 ULy, q1:=LoNtr ={pt}, q2:= €1 NE2 = {pt}, q1 # q2. (13])
and as a scheme Z( has two embedded points g1 and g>:

0— O & Oy, > Ozy = Ozg)req = 0.
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Then, as above, the 't Hooft bundle G from (121) is included into the family G of sheaves on
IP3 given by the exact triple (125). In this case, instead of the triple (127), one has an exact
triple

0—> Go— Gy’ — Oy ®0,, — 0, (132)

Besides, the triple (128) holds as before; thus, in view of (131), the morphism s in (128) is
a section of a reflexive sheaf GV (1) having the chain of lines (Zp)req in (131) as its zero
scheme. Note that G is u-stable, since Y is not contained in a plane (cf. [12, Proposition
4.2]); it also follows that G is stable, so that [G(] € Z(2), where, as before, G =: Glps x{0}-

Hence, from the above description of R(0; 2; 4), it follows that the triple (128) is a
specialization of the triple (120) within a flat family of triples in which the twisted cubic
Y specializes to the chain of lines (Zg)req in (131). It follows that the triple (132) is a flat
specialization of the triple (119), so that

[Go] € [Gol € T(2,2). (133)
Now T(2,2) NZ(2) # ¥ follows from (129) and (133). o

Remark 26 1t follows from [14, Theorem 7.8], (116) and Theorem 25 that the boundary of
charge 2 instanton bundles

97(2) :==I()\Z(2)

has exactly four components, divided into two types:

D C(1,1,1)and C(1, 2, 0), which corresponds to D(1, 2) and D(2, 2), respectively, in the
notation of [14, Theorem 7.8]; and
am 7, HNzR)forl=1,2.

Indeed, either [E] € 0Z(2) is an instanton sheaf, so [E] lies in one of the components of
type (I), or [E] is not an instanton sheaf, in which case [ E] lies in one of the components of
type (II). In addition, by Jardim et al. [14, Proposition 6.4], the components of type (I) are
irreducible and divisorial.

The fact that 0Z(2) has exactly 4 components was first observed by Narasimhan and
Trautmann [20]; they also showed that all four components are irreducible and divisorial.
Therefore, it is quite reasonable to conjecture that the components of type (II) above are both
irreducible and divisorial. O

7 Irreducible components of AM(3)

Ellingsrud and Stromme showed in [8] that 5(3) has precisely two irreducible components,
both nonsingular, rational and of the expected dimension 21; these can be described as
follows:

e The instanton component Z(3), whose points are the cohomology of monads of the form
0—3-0Op(—=1) —> 8-Ops = 3-Ops(l) = 0;

e The Ein component N (0, 1, 2), following the notation of Sect. 5 above, whose points are
the cohomology of monads of the form
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Recall also that Chang [4, Section 3] proved that R(0; 3;1) is, foreach I = 1,...,4,
irreducible and of expected dimension 21; in addition, R(0; 3; 4) and R(0; 3; 8) are rational,
while R(0; 3; 6) is unirational. Therefore, we can apply Theorem 7 to show that there are
four irreducible components 7 (3, /) of dimensions 21 + 4/, for each / = 1, ..., 4 within
MQ@3).

Furthermore, Theorem 17 provides one additional irreducible component whose generic
point corresponds to sheaves with 1-dimensional singularities, labeled C(1, 3, 0) in Sect. 3.

We therefore conclude that M (3) has at least seven irreducible components, divided into
three types, as below:

(I) Z(3) and (0, 1, 2), both of dimension 21, whose generic point corresponds to a locally
free sheaf;
1) €(1,3,0), of dimension 21, whose generic point corresponds to a sheaf which is sin-
gular along smooth plane cubic;
dm 7@3,1) forl = 1,2, 3,4, of dimension 21 + 4/, whose generic point corresponds to a
sheaf which is singular along 3/ distinct points.

In this section, we prove the following.

Theorem 27 The union

ZB)UN(O,1,2)UuC(1,3,00 UTGB, HUT@3B,2)UT(3,3)UT(3,4)

is connected.

Remark 28 1t seems likely that M(3) has no other irreducible components whose generic
point corresponds either to a locally free sheaf, or to a sheaf with pure O- or 1-dimensional
singularities. But M (3) might possess other irreducible components whose generic point
corresponds to a sheaf with mixed singularities.

First, note that Theorem 23 guarantees, in particular, that Z(3)NC(1, 3, 0) # (), something
that has also been remarked by Perrin [21, Thm 0.1]. In addition, Proposition 24 for ¢ = 2
and b = 1 guarantees that C(1, 3, 0) also intersects the closure of A/ (0, 1, 2). Therefore, the
proof of Theorem 27 is completed by proving the following result.

Proposition 29 Foreachl =1,2,3,4, we have T (3,1) NZ(3) # .

Proof We begin by recalling the description of 7(3,1), [ = 1,2, 3,4, from Sect. 2.1. A
generic sheaf E from 7 (3, ]) is defined as the kernel of an epimorphism e : F — @L 194,
where [F] € R(0; 3; 2[) and g; ¢ Sing(F), j=1,...,[:

0—E—FS5>@a\_ 0, >0, gq¢Sing(F), j=1,....1 (134)

According to Chang [4, Section 3], foreach/ =1, ..., [ there exist sheaves F in R(0; 3; )
such that h°(F (1)) > 0, and whose zero scheme Y = (s)o of a nontrivial section s €
HOY(F (1)) can be described as follows:

(1) For I = 1, the scheme Y is a disjoint union £; L £, L C of two lines ¢1, ¢, and a
nonsingular conic C;
(i) For ! = 2, the scheme Y is a disjoint union £ LI C of a line ¢ and a nonsingular twisted
cubic C, cf. [4, proof of Thm. 3.4];
(iii) For I = 3, the scheme Y is a nonsingular rational quartic curve, cf. [4, proof of Thm.
3.5];
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(iv) Forl = 4, the scheme Y is a nonsingular space elliptic quartic curve, cf. [4, proof of
Lemma 3.8].

In addition, such sheaves are generic for [ = 2, 3, 4, but special in the case [ = 1.

Let us first consider the case / = 1. We repeat with minor modifications the argument
from Sect. 6; more precisely, compare with Eqs. (117), (120)—(130). First, similar to (118)
the sheaf F = EVV fits in an exact triple

0— Ops(—=1) > EVY — lyps(1) >0, Y=~£U6UC. (135)

Next, according to [11] there exists a 't Hooft vector bundle H in Z(3) given by an exact
triple
0= Op(=1) > H— Izps(1) >0, Z=~£ 0l Ul30L, (136)

where £1, ..., {4 are disjoint lines in P3 of which ¢ and ¢, are taken from (i) above. We
now include Z as a generic fiber Z;, t # 0, into a 1-dimensional flat family Z of curves in
P3 asin (122), with base U > 0 being an open subset of A, such that

(a) Fort # 0 the fiber Z; = 77 L(#t) of the family Z is a disjoint union of four lines in P3;
(b) The zeroth fiber Zy of this family, being reduced, is a union of lines

(Zo)rea =1 Ul U (€3 ULy), g =4~3NL4 = {pt}. (137)
and as a scheme Zg has an embedded point ¢ :
0— Oq — OZ() e O(Zo)red — 0. (138)

The sheaf H defined in (136) is then included into the family H of sheaves on P? with
base U given by the exact triple

0= Op(-DROy = H — Iz, ®Op(1) KOy — 0. (139)

Thus as in (126) we obtain a modular morphism &y : U — Z(3), t +— [H;], where
Hy = H|p3 ;- In particular,
[Hol € Z(3). (140)

In view of (139), the sheaf Hj fits into the exact triple
0= Ops(—1) > Hy — I, pa(1) — 0;

composing the morphism r in the previous equation with the standard monomorphism Hy —
H\'Y, we obtain, using the triple (138), the following exact triples for H,":

0 — Hy — Hy" — Oy — 0, and (141)
0= Ops(=1) > HyY — Iz, p3(1) = 0. (142)

Now (137) and (142) show that s is a section of a reflexive sheaf FOv ¥ (1) having a disjoint
union (Zo)req of two lines and a reducible conic as its zero scheme. Hence, from the descrip-
tion of R(0; 3; 2) given in item (i) above, it follows that the triple (142) is a specialization
of the triple (135) within a flat family of triples in which the nonsingular conic C specializes
into a reducible conic £3 U {4, so that Y specializes to (Zg)req. It follows that the triple (141)
is a flat specialization of the triple (134), so that

[Hol € T(3,1). (143)
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Finally, the case [ = 1 follows from (140) and (143).

For [ = 2, 3, 4, the above argument goes through with the following modifications.

Forl = 2, instead of (137) one takes (Zg)req = €1 (€2 U€3ULy) with points g1 = €2 N3
and ¢» = £3 N {4, and consider it as a flat degeneration of a disjoint union of a line ¢ plus a
smooth twisted cubic C item (ii) above.

For [ = 3, one takes (Zg)req = £1 U €1 U £ U £3) to be a chain of lines with three distinct
points g1 = €1 N £y, g2 = €2 N €3, and go = £3 N £4, considered as a flat degeneration of a
nonsingular rational quartic curve C from item (iii) above.

Forl = 4, one takes (Zo)red = £1 U €2 U3 U £y, to be a space union of lines with distinct
intersection points g1 = €1 N €2, g2 = €2 N €3, q3 = €3 N L4, g4 = €4 N €1, considered as a
flat degeneration of the nonsingular space elliptic quartic from item (iv) above. O

Remark 30 Gruson and Trautmann conjectured that the boundary of charge 3 instanton
bundles

9Z(3) :=Z(3)\Z(B3)

has exactly 8 divisorial irreducible components, which can be divided into 2 types, cf. [21,
Remarque 3.6.8]:

(I) 4 Components whose generic point corresponds to an instanton sheaf which is singular
along a line, a smooth conic, a smooth twisted cubic or a smooth plane cubic;
(IT) 4 Components whose generic point corresponds to a (noninstanton) sheaf which is
singular along 2, 4, 6 or 8 points.

The components of type (I) are, in the notation of [14], D(m, 3) for m = 1,2, 3 and
C(1, 3,0) N Z(3); all of these are known to be irreducible and divisorial, see [10,14], [21,
Théoréme 0.1], and [22].

The components of type (II) are, in the notation of this paper, 7 (3,1) N ZQ@3) forl =
1,2, 3, 4. Perrin showed in [21] that 7 (3, 1) N Z(3) is an irreducible divisor within Z(3).

Therefore, completing the proof of the Gruson—Trautmann conjecture amounts to showing
that 7 (3, 1) N Z(3) are irreducible and divisorial within Z(3) for [ = 2, 3, 4 and that 3Z(3)
has no other divisorial components.

Remark 31 1t is interesting to note that the argument in Proposition 29 can be adapted to
show that 7 (3, 1) N N0, 1, 2) # 0.

Indeed, consider a 1-dimensional flat family Z of curves in P3 as in (122), with base
U > 0 being an open subset of AL, such that

(a) Fort # 0, the fiber Z, = 7w~ !(¢) of the family Z is a disjoint union of a nonsingular
elliptic cubic C; with a nonsingular space elliptic quartic Q;;

(b) The zeroth fiber Z of this family, being reduced, is the union a nonsingular elliptic cubic
Cp with a nonsingular space elliptic quartic Q¢ meeting a point ¢

(Zo)rea = CoU Qo, g = CoN Qo = {pt}
and as a scheme Z( has g as an embedded point:
0— Oy = Ozy = OzZp)req = 0. (144)
Next, consider the family H of sheaves on IP? with base U given by the exact triple

0— Op(-=2)K Oy — H — Iz, ® Op(2) KOy — 0. (145)
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As before, set H; := H |p3 ;). As observed by Hartshorne [11, Example 3.1.3], the sheaves

H; for t # 0 are stable locally free sheaves with ¢1(H;) = 0, ¢c2(H;) = 3 and « invariant

equal to 1; since instanton bundles have & = 0, it follows that [H;] € AV (0, 1, 2) when ¢ # 0.
On the other hand, the reflexive sheaf F defined by the exact triple

0— OP3(_2) — F - I(ZO)red/P3(2) -0

yields a point in R(0; 3; 2), since (Zo)red is not contained in a hypersurface of degree 2, so
that F is p-stable; note, however, that the sheaves obtained in this way are not generic in
R(0; 3; 2), cf. [4, proof of Lemma 3.6]. Since Hj fits into the exact triple

0 — Op3(=2) > Ho — Iz,p3(2) — 0,
it then follows from (144) that Hy and F are related via the exact triple
00— Hy— F— 0O, —0. (146)

The stability of F implies that Hy is also stable. Now, (145) implies that [Hy] € NV (0, 1, 2);
on the other hand, (146) implies that [Hy] € 7 (3, 1), proving our claim.
We conjecture that 7 (3,1) NN(0, 1,2) # @ also forl =2, 3, 4.
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