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Abstract In this paper, we examine an elliptic system of divergence form in a homogeniza-
tion problem in order to obtain a global W7 estimate for 1 < p < oco. Throughout our
study, the coefficients are assumed to have a small bounded mean oscillation seminorm, and
the boundary of the domain is assumed to be flat in the Reifenberg sense, which is a natural
generalization of a Lipschitz domain with a small Lipschitz constant. As a consequence, an
optimal W17 regularity is determined.
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1 Introduction

This study aims to produce Calderén—Zygmund type estimates for the weak solution to a
Dirichlet problem of a divergence-form elliptic system in a homogenization problem :

’Da (A @ Dpul ) = Do fix) in 2 (L1)

ui(x) =0 on 052

forl < o, <nand1 < i,j < m with m > 2, where the nonhomogeneous term
F = {f,} is given by a matrix-valued function. Here, 2 is a bounded domain in R" with
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n>2and0 < e < 1. Also, the coefficients A° = (A"} for 0 < € < 1 from A = {A{7},
A?f : R" — R, are defined to be

Af‘jff(x) = Af‘f'l(x) and Af‘f’é(X) = Aftf (g) : (12)

The coefficients are assumed to have uniform ellipticity and uniform boundedness. In
other words, we assume that there exist positive constants v and L such that

g < Aﬁ;ﬂ(x)g;gg and || All oo qgn grnxmny < L, (1.3)

for every matrix £ € R"" and for almost every x € R".

The primary question that W !-? regularity theory poses for (1.1) is : what are the minimal
ap

requirements for coefficient A, i and the boundary condition of €2, which are related by

F e LP(Q,R™) = Du, € LP(Q,R™) forevery 1< p < o0? (1.4)

When € = 1, meaning there is no homogenization issue, W'? regularity theory for
elliptic equations and systems has been extensively studied by investigating the regularity
requirements for the coefficients and smoothness of the domain’s boundary. We refer to [2,4—
7,9-11,16] and the references therein for related results. In [15], we see that the coefficients
must not be measurable in two variables. Also, as it relates to the domain, W7 regularity
does not hold even for Poisson’s equation when €2 is a bounded Lipschitz domain [13].

Homogenization theory of partial differential equations studies equations that have rapidly
oscillating coefficients. Therefore, this theory has many applications in multiple fields, such
as mechanics and physics. One of the goals of this theory is to find a macroscopic, or effective,
description, even when the microscopic structure is irregular. In this study, we examine the
global W7 theory of the homogenization problem (1.1). Hence, our goal is to produce a
uniform result of (1.4) that is independent of € for 0 < € < 1. Namely, if F € LP (2, R™"),
we want to derive the following estimate for 1 < p < 0o :

IDucllLrie) < clFllLr), (1.5)

where the constant ¢ is independent of F and €.

Much research has been devoted to the globalization of the homogenization problem. In
[1], a uniform W7 regularity for (1.1) was proved when the coefficients are Hlder continu-
ous and the boundary of the domain is C!-%. Following this, given continuous coefficients, the
interior W17 regularity for linear elliptic equations was established in [9]. Also, the estimate
(1.5) of a linear elliptic equation for 1 < p <3+ §; whenn > 3,andfor 1 < p <4+ §;
when n = 2 under the conditions that the coefficients are in the vanishing mean oscillation
(VMO) class and the domain is a general Lipschitz domain was established [19]. Contrary
to the result in [19], we want to prove (1.5) for all p, in which 1 < p < oo.

Study of global W!? regularity of the homogenization problem (1.1) has been limited
to Lipschitz domains. However, we want to extend the previous results of W' regularity
to an irregular domain : the Reifenberg-flat domain, which is not contained in the Lipschitz
domain category. A Reifenberg-flat domain was introduced in [17] and a typical example of
this kind of domain is a Van Koch curve, which allows for fractal structures. Even though this
domain has a sufficiently irregular structure on its boundary, its beneficial properties help
address the partial differential equations over a Reifenberg-flat domain, such as a scaling
invariance. In this domain, some regularity results when there is no homogenization [4-7].
Also, we assume that the coefficients are in the bounded mean oscillation (BMO) class with
small BMO seminorms. It should be noted that for ¢ = 1, W!-? regularity was established
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under the weaker condition for coefficients than that for a BMO [4,7]. However, in order to
remain consistent with the conditions between the coefficients in the homogenization and
the domain, we provide a BMO condition for the coefficients.

Throughout this paper, we address periodic homogenization. In particular, we assume the

following periodicity condition on {Af;ﬂ (x)} :
B B
Aj.’j (x+2) = A?‘j x) (xeR' zeZ". (1.6)

In general, we say that u, = (ul, oult) e HOl (2, R™) is a weak solution of (1.1) if

/Ajf‘z)ﬁugz)awdx:/f;Dagb"dx, Vo = (¢!, ..., ¢™) € H(Q,R™). (1.7)
Q Q

In order to understand the periodic homogenization problem (1.1), we must recall some
basic facts. First, (1.1) is considered to be well posed if F € L?(2, R”"). The Lax-Milgram
lemma implies the existence and uniqueness of the solutions u. € Hol (2, R™) with the
estimate

I Duclir2@) < cllFllp2 g, (1.8)
where the constant ¢ does not depend on €. The matrix of correctors y = { Xéj }, with
1<i,j<mand1 <« < n,is the weak solution of the following cell problem:

Dy A7l (x) in R"

D (A5 ) Dp )

foap =0 (1.9)
ka 7" periodic,
in which the L estimate is defined by
I xllzoo@ny < c(v, L,m,n). (1.10)

Let
B0 _ ap ay kj
A= /[o 13" (A"f T Aic Dy xg )

Then the linear elliptic system

D (A?jf’*ODﬁug(x)) = Dofi(x) in £

uf(x) =0 on 3%

(1.11)

is the homogenized problem of (1.1), whose weak solution ug of (1.11) is the weak limit of
the weak solutions u, in Hol (2, R™) as € — 0, see [3].

This paper is organized as follows. Section 2 introduces some basic notations and states
our main result. Section 3 addresses analytic and geometric tools used to determine the global
WP regularity. Section 4 establishes the uniform W7 estimate.

2 Main results

We begin this section with some notations.
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1. An open ball in R” with center y and radius r > 0 is defined to be
B (y)={x eR":|x -yl <r}.

If the center is the origin, we denote B, (0) by B, for simplicity.
2. The integral average of g € L' (U) over bounded domain U in R" is denoted

_ 1
gyz][ g(x)dx=f/g(x)dx'
U i Ju
3. Bf = B, ﬂ{xn > 0}, T, = B, N {xn = 0}

p
4. Q, =B, NQ, 02, =3(B, NQ).
5. 0w = B, N 02 : the wiggled part of 9€2,.

Hereafter, § is a small positive constant to be determined later. On the other hand, the
constant R can be 1 or any other constant greater than 1 to be determined by our purpose,

since our primary problem (1.1) has a scaling invariance property.
Definition 2.1 Let U be a bounded domain in R”.
af . P .
1. We say that A} s (8, R)-vanishing if
2

Aff (x) — Af‘fBr(y) dx < 8% Q2.1

sup sup][
O<r<R yeR"J B,(y)

2. We also say that U is (8, R)-Reifenberg flat if for every x € 02 and every r € (0, R],
there exists a coordinate system {yy, ..., y,} dependent on r and x so that x = 0 in this
coordinate system and

B, N{y, >ér} C B, NQC B, N{y, > —ér}. 2.2)

Remark 2.2 Recall that the class of vanishing mean oscillation functions VMO consists of
functions whose integral oscillation over balls shrinking to a point converges uniformly to
zero, see [18]. In fact, (2.1) holds true if the term on the left-hand side of (2.1) vanishes as
R — 0. This means that the small BMO assumption (2.1) generalizes the case of VMO
coefficients.

Remark 2.3 This definition prompts a few comments. The constant § is a small, positive
constant that is still invariant under scaling. This small number will be selected later. In fact,
Reifenberg flatness (2.2) is meaningful when 0 < § < % [21], and a small § allows the
deviation of 9€2, an (n — 1)-dimensional affine space, to be sufficiently small for each scale
r > 0.

Theorem 2.4 Suppose F € LP (2, R™) for some 2 < p < oo. Then there exists a small
positive constant § = §(v, L, m, n, p) such that lfA?]ﬁ is (8, R)-vanishing and Q is (§, R)-
Reifenberg flat, then for the weak solution u € HOl (2, R™) of (1.1), we have
Du, € LP(Q,R™) (2.3)
with estimate
IDucllzr@) < cllFllLr(e), (2.4)
where the positive constant ¢ = c(|2], v, L, m, n, p) is independent of €.

Remark 2.5 When p = 2, the estimate is a classical one. After the estimate has been deter-
mined for 2 < p < oo, the estimate for the 1 < p < 2 case follows using a duality
argument.
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3 Preliminary tools

In this section, we introduce analytic and geometric tools that will be used later in the proof
of our main theorem. Our approach is based on the Hardy-Littlewood maximal function,
classical measure theory, and a Vitali-type covering argument.

First, let us recall the Hardy-Littlewood maximal function and its basic properties. If we
suppose g is alocally integrable function on R”, then the Hardy-Littlewood maximal function
is given by

1
M = sup ——— dy.
(Mg)(x) fgngr(x)l - lg(y)Idy

If g is defined only on a bounded subset of R”, then we define
Mg = Mg,

where g is the zero extension of g from the bounded set to R”. This maximal function satisfies
the weak 1-1 estimate and strong p-p estimate as follows :
For g € L(R™), there is a constant ¢ = ¢(n) > 0 such that

c
{xr e R": (Mg)(x) > 1}] < T8l @y, V> 0.

Also, given g € LP(R") for some p € (1, 00), Mg € L?(R") holds with the estimate

1
E”g”LP(R") < IMgllrwry < cligllLr @ 3.1

for some constant ¢ = c¢(n, p) > 0[20].
In order to apply it later, we need to review some classical measure theory.

Lemma 3.1 [8] Assume g is a nonnegative, measurable function defined on the bounded
domain Q@ C R", and let 0 > 0 and A > 1 be constants. Then for 0 < g < oo, we have

geli(Q) — S=Z)ﬂk‘{x €Q:glx) >9AkH < 00
k>1

and
1
=S = lgllfa(g) = QI+ 5). (32)

The positive constant ¢ depends only on 6, A, and q.

In addition, we will use the following version of the Vitali-type covering lemma for the
proof of our main theorem.

Lemma 3.2 [5,22] Assume that C and D are measurable sets with C C D C Q2 and Q
being (8, 1)-Reifenberg flat. Also assume there exists a small n > 0 such that

ICl < nl|Bil (3.3)
and that for each x € Q and r € (0, 1] with |C N B-(x)| > n|B,(x)|, we have
B.(x)NQ C D. 34
Then

o< (2 . (3.5)
1—s5) "
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4 Global WL:P estimate

Because the proof of the interior case is essentially the same as that of the boundary case, we
briefly introduce some counterparts to the boundary case of the interior case without proof.
In order to do this, let us suppose Bs C €2 and that u, € H!(Bs, R™) is a weak solution of

Da(AZﬁ’éDﬁug) = Dy,f in Bs “.1)

foreachi =1, ..., m. Then we consider the following homogeneous problem.

[ Do (A @Dgul ) =0 in By 42

vi(x) = ul(x) on 3By

In order to solve this problem, we need the following higher integrability lemma for the
weak solution ve € H'(Bs, R™) of (4.2).

Lemma 4.1 [19] Let ve be the weak solution of (4.2). Then for any 2 < q < 00, there exists
8§ =48, L,m,n,q) such that thf;ﬁ is (8, 5)-vanishing, then we have

|Dve| € LY (B, R™)

: L\
(][ |Dv€|qu) <c (][ | Dve| dx) (4.3)
By Bs

for some positive constant ¢ = c¢(v, L, m, n, q), independent of €.

with the estimate

Remark 4.2 Tn [19], the author proved interior W7 regularity with VMO coefficients using
a blow-up argument. Using the same argument, we can prove Lemma 4.1 for our situation
by using the interior W7 regularity for coefficients with small BMO seminorms which was
already established, [6].

With these lemmas established, we are able to return to the boundary case. In order to
address this problem, we must first assume that

B € Qs C BsN{x, > —108}. (4.4)

Let us suppose that u, € H 1(Qs, R™) is a weak solution of

D (A7 0Dgul () = Do fix) in s “5)
ul(x) =0 on 3, Qs,
in which

— | |Duc)Pdx < 1. (4.6)

1Bs| Jos

Then we can consider the homogeneous problem :
Do (A7 0Dpwl ) =0 in @
wi(x) = ul(x) on 9LQu.

This leads us to the following regularity result.
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Lemma 4.3 [12,14] Let w be the weak solution of (4.7). Then there exist small positive
constants o1 and ¢, which depend only on v, L, m and n, such that

IDwell 2401 g, < c- 4.8)

However, a higher integrability is required—an integrability up to the flat boundary for
the following homogeneous problem on the flat boundary :

D (A(.xfs’sx D v‘i) =0 in BF
o ij () B 6. 3 (4.9)
v. =0 on T3.

Lemma 4.4 [19] Let v, € H! (B;', R™) be a weak solution of (4.9). Then for any 2 < q <
oo, there exists § = §(v, L, m, n, q) such that ifA;.jfB is (8, 50)-vanishing, then we have

1 1
q 2
7/ |Dvcl?dx ) <c¢ ][ |Dvc|*dx (4.10)
Bf B

for some positive constant c = c¢(v, L, m, n, q), independent of €.

Remark 4.5 In [19], Lemma 4.4 was proved for VMO coefficients and a general Lipschitz
domain but not for all ¢ in which 2 < ¢ < oo because the author dealt with a general
Lipschitz domain. In our case, we only control the flat boundary, and our results still hold
forall 2 < g < oco. Also, the proof of the case involving BMO coefficients with small BMO
seminorms is similar to that involving VMO coefficients, see [2].

Therefore, we need the following lemma in order to justify our argument in a Reifenberg
domain.

Lemma 4.6 Let uc € H'(Qs5, R™) be a weak solution of (4.5) satisfying (4.6), and let
we € HY(Qu, R™) be the weak solution of (4.7). Then for any fixed k > 0, there exists a
small 8 = §(k, v, L, m,n) > 0 such that if

B C Qs C BsN {x, > —105} 4.11)

holds for 6, then there exists a weak solution v, € H! (B;', R™) of (4.9) with

7[ +|Du5|2c1x <c (4.12)
B

3

for some positive constant ¢ = c¢(v, L, m, n) such that

][ 1D (we — ve)Pdx <« (4.13)
B

1

Proof We argue this by contradiction. To do this, we assume there exist kg > 0, {”e,k}/fip
and {Q’g};:il such that u  is a weak solution of

Do (A7 (0ODpwer) =0 in @4

‘ (4.14)
(e ) =0 on 3,Q%

@ Springer



2068 S.-S. Byun, Y. Jang

with
][Q§|Due,k|2dx <1 (4.15)
and
B;FCQ’§CB5H[xn>—1k—O]. (4.16)
However,
][B+|D<we,k = vo)l’dx > i3 @.17)

1

for any weak solution v, of

Do (477 <0oDgol) =0 in BY

. (4.18)
v. =0 on T3,
where
]f |Dve|?dx < ¢ (4.19)
B+
3
for the same positive constant ¢ as in (4.12) and we x is the weak solution of
D (A?W x)Dgw! x)) -0 in @
o (i (O Dptie i€ , 4 (4.20)
w  (6) = ul  (x) on 9.
Applying (4.15) and the standard L?-estimate for (4.20), we know that
1 2 1 2
— |[Dwe k|7dx < c—— |Due r|“dx < c. 4.21)
|Bal Jok |Bs| Jak

Also, using the fact that we x = 0 on 9y, Q’g and (4.16), we apply Poincaré’s inequality to
find that

1 2 1 2 ¢ 2
B . [we k|7dx < B | |we k|7dx < B s | Dwe i |~dx
|B3| JB; B3| Jok |B3| Jak

.
B / ) |Duc i ?dx < ¢ (4.22)
|Bs| Jak

IA

for some positive constant ¢ = c(v, L, m, n). If we apply the zero extension of we ; from
Q4 to Bs, say, e, then (4.21) and (4.22) imply that {iex} -, is uniformly bounded in
H'(B3, R™). Thus, there exists a subsequence, which we will continue to denote as {we «},
and we o € H'(B3, R™) such that

(4.23)

D — Do weaklyin L?(B3, R™")
We k — We,0  strongly in LZ(B3,R’”)

as k — 0o. We define w¢ o on B3+ U T3 by we,0(x) = we o(x) forall x € B3‘L U T3. Hence,
We,0 18 a weak solution of
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D (A‘?’F“(x)D w ):0 in B
@« \%ij ¥e0 3 (4.24)
wé,o =0 on Ts.

From (4.21) and the lower semicontinuity with respect to weak convergence, we see that

][ |Dwe o|*dx < liminf][ |Dwe i |*dx < c. (4.25)
+ k— B;r

B] 00
Thus, we derive a contradiction by showing that
Dwe ; — Dw o strongly in Lz(Bf, R™).
In order to do this, we begin with the cut-off function ¢ € C3°(B3) that satisfies
0<¢<1, ¢=1o0n B, $ =0 on B3\By, and |D¢| < 2. (4.26)
Then,

IA

/ L ID(wek — weo)dx | D (e x = ie0)*dx
B

1 By

c / AP Dy (e — We,0)! Do (e ke — 1he.0) dx
B

IA

IA

c / AP D (e 1) Dy (e k. — e 0)' §dx
By

—c / AP D (ie.0)! Do (e i — e 0)' 7 dx
B3

IA

c / AP D (e ) Doy (¢ (e & — 1e.0))' dx
B3
—c / AP Dy (e ) (26 Da) (e g — e 0)' dx
Bs

- c/ AP Dy (1e.0)7 Do (e ke — e 0)' ¢ dx
— 0 "
as k — oo by applying (4.20) and (4.23). This completes the proof. O
Now we are ready to prove the following lemma, which is a key ingredient in our argument.

Lemma 4.7 Let 2 < p < oo. Suppose that u. € HO1 (2, R™) is the weak solution of (1.1).
Then there exists a universal constant n = n(v, L, m, n, p) so that one can select a small
8§ =6, L,m,n, p) > 0 such that zfA?ﬂ is (8, 50)-vanishing, Q2 is (8§, 50)-Reifenberg flat,
and for0 <r < 1andy € Q, then the ball B,(y) satisfies

[{x € @: M(IDuc*) > N*} N B.(»)| > 0B, (»)], 4.27)

where
N¥n= ! (4.28)
7 2’ '

and the following condition holds

QNB.(y) C{xeQ: M(Du*) > 1}U{x e Q: M(FP*) > §*}.  (4.29)

@ Springer
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Proof Our argument is one of contradiction. Using a scaling argument, it suffices to prove
this lemma for the r = 1 case. Therefore, assume (4.27) holds, but (4.29) is false. Then there
is a point x; € Q N By(y) such that

1 1
B |Duc*dx <1 and ——— |F|%dx < §° (4.30)
By (x| Ja,x1) IBp (x| Ja, i)

for all p > 0.

We divide this into the two cases : an interior case when Bs(y) C €2 and a boundary
case where Bs5(y) ¢ 2. Here, we only consider the boundary case because the proof for the
interior case is similar to that of the boundary case. Because €2 is (8, 50)-Reifenberg flat,
there exists an appropriate coordinate system such that

Bs(y) N Q2 C BjopN N (4.31)
and
B, € Qs0 C Bso N {x, > —1008}. (4.32)

It directly follows from (4.30) that

1 B 1
L[ pupdy < Bl |Duc|?dx < 2" (4.33)
| Bsol Jas, [Bsol  |B10ol Jog0x1)
because Bsg C Bigo(x1). Similarly, we have
|F|?dx < 28 (4.34)

[Bsol Jas,

The rescaled maps are defined as:

~ ue(10z) r F(10z) Tap,e af.,e
(2) = , F() = ——=, A%z = A%Y*“10z Qs). (4.35
e (z) 072" (@) oD i (@ ij (102) (z € Qs).  (4.35)

Therefore, i € H'(Q5, R™) is a weak solution of

D (A1 Diil () = Dafie) in 05

‘ (4.36)
ut(z) =0 on 0,5
with
1 . 1 =0 2
— |Dic|"dz <1 and —— |F|7dz < §°. 4.37)
|Bs| Jos |Bs| Jas
Let W, € H(Q4, R™) be the weak solution of
D(AQ[j’ezDzbjz)zO in
« (A @Dyt ) =0 4 @)
wi(z) = ul(z) on 9824.
Then it — we € H01(524, R™) is the weak solution of
Tap.e ~] ~j _ % .
Do (A7 @Dyl () - #l(2)) = Do fi) in Q. ws9)

ii(z) —wi(z) =0 on 9.
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Applying a standard L? estimate to (4.39) and (4.37), we obtain

1 - ) c 2 2
— | |Di. - Db Pdz < —— | |FPdz <5 (4.40)
|B4| Jo, [B4l Jo,

for some positive constant ¢ = c(v, L, m, n).
In addition, if we apply Lemma 4.6, then for any fixed « > 0, there exists a small
8§ =8(x, v, L,m,n) > 0 such that a weak solution 7. € H'! (B;’, R™) exists for

Dy (A;"f’f(z)D,gﬁg) =0 in B}

/ 4.41)
v, =0 on T3,
with
][ |Di|?dz < ¢ (4.42)
B

for some constant ¢ = c¢(v, L, m, n) such that

][ |D (e — ) |*dz < k. (4.43)
B+

Applying Lemma 4.4 to (4.41) with ¢ = p + 1, we know there is a small § =
8(v, L, m, n, p) so that

% %
i
(][B+|Dﬁ€|”“dz) < c(fB+ IDf)Elzdz) (4.44)

1 3

for some constant ¢ = c¢(v, L, m, n, p). Therefore, for the zero extension ¢ of v from B;’
to B3z we have

1 2 2
ool € @ M(|Ducl)” > N7} 0 Bi(y)]

|B1|
¢ ) ~ -0 ~ ~ 2 ~ 2 2
= lB—ll{z € Q1 : M(3|Dii¢c — DWe|* + 3|DWe — Do|* + 3|D3c|?) > N?}|
1
< |l;eq: m(Di —Da)|2)>N72
= |Bl| 1 - € € 9
+ S e MDD — D) > N
|, : _ N
|Bl| 1 € € 9
+-S e mDuP) N
—_ . v > —
B °= ‘ 9
9\ 1 9\ 1
<cl=)— Diic — Dw.|*d —)— Dwe — Dvc|*d
—C(Nz)wn g, Pt~ Pwel Z+c(Nz)uﬁm o P1e — Preldz
9\ 5"
5 p+l
+c (ﬁ) ][BrlDUAp dZ
=L+ DL+
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Estimate of /; : the inequality (4.40) gives us

C 0

I < W(S (4.45)

for some positive constant ¢ = ¢(v, L, m, n).
Estimate of I, : applying Lemma 4.3, Holder’s inequality, and (4.43), we see that

. / \Dib, — D, Pdz + — |Dive|?d
— | — We — v, Z —_ w Z
N2\ Bl Jgr ~ ° ‘ 1Bil Japsr  ©

— K2+(/ |D1D€|2+"‘dz) / dz
N Q5 Q\B/

% (Kz n 521—1,1) (4.46)

I

IA

IA

for some positive constant ¢ = ¢(v, L, m, n).
Estimate of /3 : from (4.42) and (4.44) we can conclude

p+l

2
< —S_ Do Pdz) < — (4.47)
TN g T = NPl
3

for some positive constant ¢ = c(v, L, m, n, p).
Therefore, if we combine (4.45), (4.46), and (4.47), we see that

1
Wux € Q: M(|Duc)* > N>} n Bi(y)|

IA

L+Db+15
¢ (22 %)
Nn+1+N2(K oo

IA

p+l1 2 2 2 o]
<cn 7 +cnr (K +6 +82+"1)
1 2 91
=1 (6177 +enr! (Ic2 + 8%+ 87 ))

1
for some constant ¢ = c(v, L, m, n, p). Finally, if we select n so that it satisfies cn? = %

2 2 o
and § so that it satisfies an_IKZ < % and an_l (82 + 82t ) < %, then given this n and
& we can conclude that

l{x € 2: M(IDuc)* > N*} 0 Bi(y)| < nlBil. (4.48)
This contradicts (4.27) and completes the proof. O

After establishing the preceding lemmas, we are ready to verify the required W -7 estimate
for the homogenization problem. Henceforth, we will fix constants n and N given by Lemma
4.7. The letter ¢ denotes the constant that can be explicitly computed in terms of the known
quantities: |2, v, L, m, n, and p.

Proof of Theorem 2.4 Given any p with 2 < p < oo, assume that F € LP (2, R™") and
A?jﬂ is (8, 50)-vanishing. Also let u, € HO1 (2, R™) be the weak solution of (1.1).
We can further suppose that

IFllLr@) <98 (4.49)
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by replacing u, and F with —" d

and for o > 0, respectively. We want
$IF N Lp (@) +o $IFl Lo+ » Te5P Y

to show that

1M Duc? 80, =€

for some universal constant ¢ > 0 when o — 0.
In order to do this, we write

C = {x € Q: M(|Duc*) > N?}
and
D={xeQ: M(Duc*) > 1}U{x € Q: M(F*) > 6*}.

If we use the weak 1-1 estimate, the standard L? estimate, and Holder’s inequality, we see

that
|C|<—/|Du6|dx< /lFl dx

IQI ||F||Lp(gz) W<U|Bl| (4.50)

inwhiché > Ois sufficiently small. This confirms the first condition of Lemma 3.2. Moreover,
the second condition of Lemma 3.2 directly follows from Lemma 4.7. Applying Lemma 3.2,

we see that
10 \" 80"
IC| < m|D|, where 7 = ) 1=(5)

when § < % [21].
On the other hand, because ( 1.1) has the invariance property under normalization, we

obtain the same results for (4 NN ry, (;\‘,‘2 s N ), (s NN L inductively. Using this iteration

argument, the following power decay estimates of M (|Du, |2) are produced :

x € Q: M(|Duc|?) > N*
I i

k
nt [ {x € @ MDu?) > 1} + D0 Hx eQ: M(FP) > 32N2<’<—">H.
i=1

If we apply Lemma 3.1 to
g=M(Duc®), r=N> 60=1, and q = §

then a direct computation yields

IA

g 2
IMADu®)7y < c |12+ D N

k>1

[x € Q: ./\/l(IDue|2) > Nzk”

IA

o[ 14D N9} |{x e @: M(Duc?) > 1}
k>1
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k

+ZNkpZn'i
k>1 i=1
=851 + 5.

{x eQ: M(FP) > 52N2<’<—”H)

S <c 1+ZNkpnlf|{x € Q: M(|Duc?) > 1}|

k>1
<c 1+|Q|ZNkp,]11<
k>1
koo |
SZ < CZNsznl] {x c QM(|F|2) - 82N2(k_l)}‘
k>1 i=1
= CZ (Npﬂl)i Z(Np)kfi {x eQ: M(FP) > 52N2(k—i)}‘
izl k>i
i . F 2 Ny
= cZ(NPm) Z(NP)J [x = Q:M(‘S )> N J”
izl j=0
. F2
< > (NPm) M(\a )
i>1 Lg(ﬂ)
p i IFlEn) o
< CZ(N 771) T < cZ(N 771) ]

i>1 i>1

Therefore, we have

14 k
IM(Duc®I?, < {1+ D (NPm)" ) <c
2
L2 (@) =1

n
because we know NPn; = NP (%) n < NP (870)” = from (4.28). Hence, we can
select a corresponding small 6 = §(v, L, m, n, p) > 0 from Lemmas 4.7 and (4.50). Using
the strong p-p estimate of (3.1), we have

[ DucllLr@) <c
for some constant ¢ > 0. This completes the proof. O
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