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Abstract We deal with the problem of existence of periodic solutions for the scalar differ-
ential equation x” + f (¢, x) = 0 when the asymmetric nonlinearity satisfies a one-sided
superlinear growth at infinity. The nonlinearity is asked to be next fo resonance, and a
Landesman—Lazer type of condition will be introduced in order to obtain a positive answer.
Moreover we provide also the corresponding result for equations with a singularity and
asymptotically linear growth at infinity, showing a further application to radially symmetric
systems.
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1 Introduction

In this paper we are going to study different types of scalar second-order differential equations.
We are interested in nonlinearities which, roughly speaking, are next to resonance. We will
provide different results of existence of periodic solutions extending some previous well-
known theorems in literature treating the case of nonresonant nonlinearities. We will first
focus our attention on nonlinearities defined on the whole real line; in particular, we will start
looking for periodic solutions of the scalar differential equation

x"+ f(t,x) =0, (1)

where f : R xR — R is a continuous function which is 7 -periodic in the first variable. Then,
in Sect. 3, we will show how such a result can be adapted to the case of nonlinearities with a
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singularity. Finally, we will provide a further application to radially symmetric second-order
systems.
It is well known by classical results [2, 16, 18] that the asymmetric oscillator

X'+ uxT—vxT =0
has nontrivial solutions if the couple (i, v) belongs to the so-called Dancer—Fucik spectrum
=9
JjeN
where
6o = {(pc,v) GRZ:Mvzo}

and, for j > 1,
T 1 1 1
Ci = 1(u,v) ERZ:M > 0, v > 0 such that — (——i——) = f_].
! [ T\yr W) o
In particular, it consists of the two axes, i.e., 6y, and of an infinite number of curves €’; having

a vertical asymptote = ; and a horizontal one v = v; with u; = v; = (jm/T)>.
The study of asymmetric nonlinearities f satisfying

f, x) f(, x)

v, <liminf <limsup —— =< vy,
X——00 X X——00 X
t,x . r,x
,u¢§liminfM§hmsupf( ) = U1,
X—+00 X X—>+00 X

for some suitable constants in [0, +o00], providing the existence of periodic solutions to
Eq. (1), presents a wide literature (see e.g., [1,2,4-6,11,16] or the survey [18] and the refer-
ences therein). The existence is strictly related to the position of the rectangle (or generalized
rectangle) W = [u, uy] x [vy, v4] with respect to the set X:

o ifthe distance between the sets W and X is positive (nonresonance), we have the existence
of at least one periodic solution (cf. [1,4,6]);

o if Wisboundedand WN X = {(uy,vy)}or WNZ = {(us, v1)} (simple resonance),
the existence of a periodic solution can be obtained by the introduction of a Landesman—
Lazer type of condition (cf. [5]) or of an Ahmad-Lazer—Paul type of condition (cf. [17]);

o if Wisbounded and W N'X = {(u, v}), (1, v4)} (double resonance), the existence
of a periodic solution can be obtained by the introduction of a double Landesman-Lazer
type of condition (cf. [7,8,10]).

In this paper we will present an existence result of periodic solutions for the double-resonance
case in which W is unbounded. Such a situation presents three possible interpretations: non-
linearities with one-sided superlinear growth, nonlinearities with a singularity and equations
with impacts. In this paper we will present the first two situations, and the last one has been
considered by the author recently in [19]. We are going to treat nonlinearities satisfying the
following asymptotic asymmetric behavior.

(A) Assume

lim f@,x) = 400

X—>—00 X

(@)
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and that there exists a constant ¢ > 0 and an integer N > 0 such that

UNx —c = f(t,x) < puy+1x + ¢, 3
foreveryx > 0 and every t € [0, T, where u; = (jm/T)>.

Notice that the specular case can also be considered as well. The case of a nonlinearity sat-
isfying a nonresonant one-sided superlinear growth was studied, e.g., in [6]. However, the
literature is richer in the case of equations with a singularity. In particular, some generaliza-
tions of the result by Del Pino et al. [3], to the case of simple resonance, have been provided
by Wang [21] by the introduction of Lazer-Leach conditions, and by Fonda and Garrione
in [9], where the authors provide a Landesman—Lazer type of condition. To the best of our
knowledge an existence result for nonlinearities satisfying a double-resonance condition has
not been provided yet.

We are now ready to state the first of the main results of this paper. We address the reader
to Sect. 3 for corresponding theorems related to scalar equations with a singularity and to
Sect. 4 for some applications to radially symmetric systems.

Theorem 1.1 Assume (A) and, for every ¢ € [0, T, the Landesman—Lazer conditions

T
/ 1im+inf (f(t,x) — uyx)pn(t + @) di > 0, 4)
0 X—>+00
T
/0 liszrup (f(t, %) = uns1X)dn41( + @) df <O, (%)

where ¢; is defined as
40) = (sin (V1) telo, 7/j]
0 telT/j, Tl

extended by T -periodicity to the whole real line. Then, Eq. (1) has at least one T -periodic
solution.

Itis possible to relax the Landesman—Lazer conditions (4) and (5) in the previous theorem,
requiring that the nonlinearity f satisfies the following additional hypothesis.

(H) Foreveryt € [0, T] and for every ¢ > 0, consider the setZ(t,¢) = [t — ¢, T +¢] and
the functions

X) = min t,x X) = max t,x
Srec(x) Iez(r’{)f( ) S () zez(r,;)f( )

with their primitives Fj ¢ - (x) = [ fi.c.-(€§) d&. We assume that
F
lim ( lim 72’“(’()) —1

(=0 \x—>—0o0 Fl,{,r(x)
uniformly int € [0, T].

The variant of Theorem 1.1 is thus given by the next one.

Theorem 1.2 Assume (A), (H) and, for every ¢ € [0, T], the Landesman—Lazer condi-
tions (4) and (5) where ¢; is defined as

850 = Jsin (y757)].

Then, Eq. (1) has at least one T -periodic solution.
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Let us briefly explain the main differences between the two types of Landesman—Lazer
conditions adopted in the previous theorems. The one involved in Theorem 1.1 is stronger
than the one introduced in Theorem 1.2. In fact, it is easy to verify that the first implies the
second. Hence, we can replace the stronger Landesman—Lazer conditions of Theorem 1.1,
with the weaker ones by introducing the additional assumption (H). Roughly speaking, it
requires that the superlinear behavior of the nonlinearity at —oo is an infinity of the same order
when ¢ varies, as explained in the following example, where we show some nonlinearities
satisfying (or not) such a hypothesis.

Example 1.3 Suppose that there exists a function i : R — R satisfying

h
lim ﬂ = +o00,

X—>—-00 X
such that

t t
0 < liminf J.x) < lim sup . x)

X—>=00 X r——oo h(x

< 400

Then, (H) holds. As a particular situation, we can consider a nonlinearity f which can be
split (when x < Q) as f(t,x) = q(t)h(x) + p(t, x) with g(¢) > 0 and lim,_, _ Ph(é;;) =0
uniformly in 7.

As a direct example, (H) holds for nonlinearities f not depending on # when x < 0, or
nonlinearities as f (7, x) = (1 + sin?(s))x> 4+ x3, or f(z, x) = x> + sin?(r)x2.

Otherwise, for example, if f(z, x) = x3 + sin? (t)x5 when x < 0, then f does not satisfy
(H).

2 Proof of Theorems 1.1 and 1.2
By degree theoretic arguments, the proof consists in finding a common a priori bound for all
the T-periodic solutions of the differential equations
x" + g, x) =0, (6)
where A € [0, 1] and
g, x) = Af(t,x) + (1 — Mh(z, x),

with
f(t, x) x < —1
ht,x)=qux +x[ux — ft,x)] -1 <x=<0
ux x>0

defining u = (uy + pn+1)/2.
In particular we will find a Rgooq > 0 such that every T -periodic solution of (6) satisfies

x(O)2+x'(1)? < Réood forevery ¢. In 1993, Fabry and Habets proved in [6] that there exists at

least one T -periodic solution to (6) with A = 0, by the use of degree arguments. In particular,
they found a similar a priori bound Rpgy for all the solutions of

X" A, x) 4+ (1= ) (uxt —vx7) =0,
with A € [0, 1] and (i, v) ¢ =, thus solving the case of nonresonant nonlinearities. Hence,

simply asking Rgood > RFp, using Leray—Schauder degree theory, the proof of Theorems 1.1
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and 1.2 easily follows. In Sect. 2.1, we will provide some preliminary lemmas which make
use of some phase—plane techniques; then, in Sect. 2.2 we will prove the existence of the
common a priori bound.

2.1 Some preliminary lemmas

In this section we present some estimates on the behavior of the solutions to (6) provided
by the use of some phase—plane techniques. We will not present all the proofs, and we leave
some of them to the reader as an exercise of mere computation, referring to other papers for
comparisons. By the way, some of the statements are well known in literature.

Let us set

fi(x) =t€r{10iyn”f(t,x) and fz(x)=tg[1§§]f(t,x),

and then, by (2), there exists d < 0 such that

fix) < f@t.x) < f2(x) <0

forevery x < d, withlimy_, _o, f2(x)/x = +o00. Define the primitives F;j(x) = fdx fi(5)dé.
Notice that F| > F; are decreasing functions when x < d.
For every solution x of Eq. (6) the couple (x, y) = (x, x’) is a solution of the planar

system

x'=y

@)
I—y/ =g, x).

We will say that
(x,y) is R-large, if xz(t) + yz(t) > R? for every t € [0, T], (8)

where (x, y) is a solution of (7).
We will also consider the parameterization of such solutions in polar coordinates

x(t) = p(t) cosO(t)
y(2) = p(1) sinO(r)

where the angular velocity and the radial velocity of 0-large solutions are given by

Y2(t) + x()ga(t, x (1))
x2(1) + y2(1)

YO [x(t) — g.(t, x(1))]
NEOES O

An easy computation gives us the following.

—60'(t) =

’

p'(t) =

Remark 2.1 There exists Ry > 0 such that every Rp-large solution of (7) rotates clockwise
(ie., —=0'(t) > 0).

In what follows the constant Ry will be enlarged in order to obtain some additional
properties on Rp-large solutions.
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t=ts d x
g t=t,
t=1s
\
t=1ty
Fig.1 A Ry-large solution and the instants 71, ..., g

Consider a Rp-large solution (x, y); then, there exist some instants #; (see Fig. 1) such
that

x(t) =d, y() >0,
x(2) =0, y() >0,
x(3) >0, y(13) =0,
x(t4) =0, y) <0,
x(t5) =d, y(ts) <0,
x(t6) <0, y(ts) =0,
x(t7) =d, y(t7) >0,
x(t3) =0, y(tg) > 0.

The following lemma can be obtained easily (see e.g., [10,11] for details).

Lemma 2.2 Foreverye > 0, itis possible to find R, > Ry, such that every R.-large solution
of (7) satisfies

t te( il T —l—) (T T+)
s—1 -, e)=\———¢& < +¢

VHN+1 VN N+1 N
andt; —t5 < €.

Hence, we obtain easily the next one, choosing ¢ sufficiently small.

Lemma 2.3 It is possible to find Ry, such that every Ro-large T -periodic solution of (7)
performs exactly N or N + 1 rotations around the origin in the phase—plane.

With a similar reasoning, we can prove the following.
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Lemma 2.4 Foreverye > 0, itis possible to find R, > Ry, such that every R.-large solution
of (7) satisfies
T

T
—— —g<h4—h < —+ecandtyg —1t4 <6&.
Nl 4 — N and tg — 14

The following lemma gives us some information on the dynamics when x > d.

Lemma 2.5 It is possible to find Ro-large enough to have the existence of some positive
constants 0y and Lo such that every Ry-large solution to (7), when written in polar coordinates,
satisfies

—0'(t) > wy and |p'(1)] < Lop(t)

when x(t) > d. So that, for k = £y/wy,

‘ d(=0)
We leave the proof to the reader as an exercise. We refer to [11,13] for details.
Remark 2.6 A direct consequence of the previous lemma is that
e x(t3) < Iy(t)| = €2 x(t3), with j = 2.4,
if (x, y) is Ro-large.

Let us now focus our attention on the dynamics when x < d. We are going to prove
that there exists a functions 7 such that y(t;) < 7 (y(#5)), thus permitting to find a second
function £ such that y(#3) < L£(y(#2)). We will have consequently a control on the behavior
of solutions escaping from the origin. We start defining the energy functions

1 .
mmw=5f+ﬂ@xz=Lz

Then, we have

d d

EHl (x(@), y(@) <0if y(r) >0, aHl (x(@),y(®) >0ify() <0 9
and

d . d .

aHz(X(t), y(@®) <0if y(#) <0, aﬂz(X(t), y(@®) > 0if y(z) > 0. (10)

These functions give us a control on the behavior of the solutions, see Fig. 2a. In particular,
we have that

—V2F1(x(t6)) < y(ts) < —/2F2(x(t6)),
V2F2(x (1)) < y(t7) < +/2F1(x(t6)),

thus giving us y(#7) < 7 (y(t5)), where
Tw) = .[2F (F;l(uz/z)) > .

By the estimate in Lemma 2.5, we have /y(t5)2 +d? < "t y(t;) and y(13) <
e/ y(t7)? + d?, where a = i arcsin(d/Rp). Summing up, we obtain

y(tg) = L(y(12)) with L(v) = e“\/T2 (\/ e2lem+a) y2 — d2) +d>. (11)
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(@) +y O -

wH

X2 ;

Fig. 2 a The level subsets x1 and yx; of the energy functions Hj and H control the behavior of the solution
(x, y) of system (7) when x < d. b The solution, while it rotates around the origin, is guided by some curves,
thus permitting to obtain the estimate in (11). The curves y; and y» can be found by using the estimate in
Lemma 2.5

The same argument can be obtained by gluing together some guiding curves in the plane
(x, y) following an idea introduced in [11] and developed in [12, 13,20] in different situations.
Figure 2b illustrates this idea.

Moreover, by (2), we can suppose Ry sufficiently large to have

2F(—r) —r? > 2F(x) — x*> forevery r > Ro and x € (—r,d). (12)
In particular, once fixed r > Rp, we have
Hi(x,y) < H(—r,0), i=1,2,

for every (x, y) satisfying x2 + y? < r2 and x < d. In other words, if Ry is sufficiently
large, the level subsets x; of the energy functions H; passing through the point (— Ry, 0) do
not enter the open ball of radius Ry, see Fig. 3b. By (2), we can also suppose that

2Fy(—Rg) > R3e*tm+@), (13)

We can now state the following lemma.
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@ 1¥ (b) =
\gq 2
el
X1
o RO
i
0 g
X0 X2 ]
d d

Fig.3 alf x(zg) > 0 or x(trg) > d with y(7g) < 0, then the solution re-enters the ball of radius R before
exiting the bigger ball of radius R(Ry), excluding this situation. b In the other cases, the level curves x|
and x», respectively, of the energy functions H; and H;, drive the solutions, permitting us to find the desired
estimate y(1p) < y

Lemma 2.7 There exists R(Ro) > Ro such that every T -periodic solution of (7) such that
x2(t) + yz(zo) > R(Ro) at a certain time ty is a Ry-large solution.

Proof Set R(Ry) = LN12($) with § = e*/2F;(—Rg) + d2. Argue by contradiction and
suppose the existence of a T-periodic solution (x, y) of (7), such that, for some instants 7o
and 7 with 79 < 71 < 10 + T, it satisfies x(r9) + y*(10) = R, and x*(r) + y>(t) > R}
for t € (w0, 71) and x2(z1) + y2(11) > R(Rp).

By Lemma 2.1, set 7o > 19 the smallest instant such that x(73) = 0 and y(t2) > 0. We
prove now that y(12) < y.

First of all, it could not be x(tg) > 0, or x(zg) > d with y(79) < 0: The solution would
enter the ball of radius Ry too early (see Fig. 3a). In fact, using Lemma 2.5, we can find an
instant 73 € (70, 72), with x(13) = d and —e*" ¥Ry < y(r3) < 0. Then, by (13) and the
estimates in (9) and (10), we obtain the contradiction: The solution re-enters the ball guided
by the level curve of Hy(x, y) = Ha(d, —e“" T4 Ry), denoted by x¢ in Fig. 3a.

The possibility of having x(7p) < d with y(tp) < 0 is avoided by the guiding-level curve
Hy(x,y) = H2(—Ryp, 0), denoted by x» in Fig. 3b. So, it remains the case x(tp) < 0 with
y(tp) > 0. In this situation the guiding-level curve Hi(x, y) = Hj(—Ro, 0), denoted by x
in Fig. 3b, controls the solution when x < d and then by the estimate in Lemma 2.5 we
obtain y(1) < J.

Now, in the interval [17, 71] the solution performs a certain number of complete rotations
around the origin, which is less than N + 2 thanks to Lemma 2.3. Hence, by (11), y(71) <
LVNT2(y(12)) < LNT2($) = R(Rp) thus giving a contradiction. u]

Some easy consequences of the previous lemma are the followings.

Remark 2.8 1If a T -periodic solution x of (6) satisfies ||x|loc > R(R), then Lemmas 2.3, 2.5
and Remark 2.6 hold for (x, y) = (x, x’) solution of (7).
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Remark 2.9 Suppose to have a sequence x, of T-periodic solutions of (7) such that
lim,, maxo,77(x2 (1) + y2(t)) = 400 then lim,, ||x, [|oc = +00.

The proof of this last remark easily follows by noticing that Lemma 2.7 holds similarly
for every R > Ry.

Repeating some of the arguments contained in the proof of Lemma 2.7, we can see that
x(t6) > M(x(t3)) where M(v) = Fy ' (% (e +2¢ y2 — @2)). In particular

. M)
lim =

r——+00 r

0.

As an immediate consequence, we have the following lemma.

Lemma 2.10 Suppose to have a sequence x, of T-periodic solutions to (6), with
lim,, ||x,]lco = +00, then
min x;, (1) —o.

n [ xalloo

2.2 The a priori bound

The proof of Theorems 1.1 and 1.2 is given essentially by the validity of the following
proposition.

Proposition 2.11 There exists Rgood sufficiently large, such that every T -periodic solution
of (7) satisfies X2 + y2(t) < Rgood for everyt € [0, T].

Proof We argue by contradiction and suppose that there exists a sequence of T-periodic
solutions (x,, y,) of (7), with A = A,, such that maxo ) x,%(t) + y,%(t) > n?. We have
immediately, by Remark 2.9, that lim,, ||x,;||lcc = +00. Let us denote by 7, the point of
maximum of x,, i.e., such that x,,(7,) = ||x,|lco. We can assume, by Lemma 2.7, all these
functions to be Rp-large. In particular, by Lemma 2.3, all the solutions must perform N or
N + 1 rotations around the origin.

Consider the sequence of normalized functions

Xn

Un = k)
llxn oo

which are solutions to
v 8 (X))
" l1 1l oo

(14)

We have, by Lemma 2.10, v, < 1 = v,(#,) and lim, min v, = 0. Clearly, v}, = y,/llxnlloc
and, by Remark 2.6, [|v}, [0 < e /2 For this reason, up to subsequence, v,, converges weakly
in H' and uniformly to a T-periodic nonnegative function v, with ||v]jsc = 1. Moreover,
we can assume that A,, — lambda and that all the solutions v,, draw in the phase—plane the
same number of rotations around the origin K € {N, N + 1}.

We can find some instants ¢ and s such that the solutions v,, in the phase—plane (x, y),
cross the positive y semi-axis at 7' and the negative y semi-axis at 5", i.e.,

fo<sy <ty <sy <---<tg<sg<tg =t +T, (15)
such that, forevery r € {1, ..., K},

x,(t) > Oforeveryt € (1), s)),
xn(t) < Oforeveryt € (s;, 1", |).
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Up to subsequences, we can assume that " — £, and s — &, such that

<& <b<b< - <éx<bx<Exn=8+T.

n n _

By Lemma 2.4, we have lim,, ¢ s/ 0, then §r = §,+1. Let us simply denote &, =

r+1
ér = §r+1. Clearly, v(§,) = 0. By the estimate in Lemma 2.4, we can easily conclude that
necessarily &1 — & =T/K.

Being ||v|lc = 1 we are sure that there exists an index r such that v > 0 in the interval
Jr = (&, &41). Let us state the following claims, which will be proved in Sect. 2.3, for the
reader convenience. We emphasize that the proof of these claims is a crucial part of the proof
of Theorems 1.1 and 1.2.

Claim 2.12 Suppose that v is positive in at least one instant of an interval J, = (&, &+1),
then v(t) > 0 for everyt € J,.

Claim 2.13 If (H) holds, then we have v > 0 in the interval J, = (&, &-+1), for every index
r. Moreover, the right and left derivatives at & exist with —v'(£7) = v'(§1).

We will now prove that v solves v/ + pugv = 0 for almost every 7. By the use of
some functions with compact support in J,, we can prove (see [9] for details) that v €
HZ.(J;) N C'(J,) is a weak solution of v” + p(¢)v = 0 in any interval J,, where p(z) is
such that uy < p(t) < pn41.

We need to show that p(t) = ug for almost every ¢ € J,.. Consider one of the intervals
J; in which v remains positive (Claim 2.12 guarantees that v remains positive in the whole
interval J,.). We will simply denote the extremals of J, with « and 8, i.e., we set («, B) = J,
for the reader convenience. We have § — o = T/K . Introducing modified polar coordinates

[v(r) = i A0 cos(B (1)
V(1) = p(1) sin(d (1))

we obtain, integrating —9" on[a, Bl,if K = N
B 2 Y
PO+ v T
= — -~ dt > — =
" V”N/a O R e
andif K =N +1
S /ﬁ POV’ + VW (e T
T = _t
MN+1 ; ;LN+1v(t)2+v’(t)2 = VHUN+1 N+l

thus giving us, in both cases, p(¢) = pug for almost every ¢ € [«, B]. In particular, for every
t € Jy, if (H) holds

)

v(t) = sin (VN1 — &), (16)
thanks to Claim 2.13, while, if it does not hold, we have only
v(t) = ¢ sin (VEN+1(t — &), (17

with ¢, € [0, 1] and at least one of them is equal to 1, being ||v]|oc = 1. Moreover, we have
necessarily A, — A = 1.

We still consider the interval (¢, ) = J, for a certain index r. The function v is a solution
of the Dirichlet problem:

v/ +pugv=0
v(ie) =0, v(B)=0.
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Denote by (-, -) and || - ||2, respectively, the scalar product and the norm in L*(a, B).
Call ¢k the solution of the previous Dirichlet problem with ||¢x || = 1 and introduce the
projection of x,, and v, on the eigenspace generated by ¢ :

X = (%, o) px  and v) = (v, ¢k ) k-
Being v = ||v]|2¢k, we have v,(l) — v uniformly in [, ] and vg > 0, for n sufficiently large.

Multiplying Eq. (6) by v and integrating in the interval [e, 8] we obtain

B B
/ g, (1, Xy ()0 (1) dt = — / @) (vl (r) dr

B B
- / X" (1) dt = / pxx2 (@)l () dr

o

B
/ 1k Xa ()V) (1) dt.

Defining r, (¢, x) = gy, (t, x) — g x we have

B
/ Fa(t, X, (D)) dt = 0

and, applying Fatou’s lemma,
B B
/ lim sup 7, (1, x, ()00 (1) dt > 0 > / lim inf r,, (¢, x, (1))v° (¢) dr.
o n— 00 o n—oo

It is easy to see that for every so € («, B) it is possible to find 72(sg) such that x,(sg) > 0
for every n > n(so). So, pointwise, for n large enough r,, (¢, x,,(t)) = A, f (¢, x,()) + (1 —
An)pxn, (t) — g x, (). Hence, being v,(l) — vand A, — 1, wehave,if K = N

B
/ liminf[ f (¢, x) — punyx]v(t)dt <0
a xX——+00
andif K =N +1
B
/ limsup[ f(t, x) — uny1x]v(t)dt > 0.
o X—>400

The previous estimates contradict the hypotheses in (4)if K = N orin (5)if K = N + 1.
Notice that, by Claim 2.13, if (H) holds, then this reasoning can be repeated for every interval
J;- thus obtaining the contradiction being v as in (16) and not as in (17). ]

2.3 Proof of Claims 2.12 and 2.13

In this section we prove Claims 2.12 and 2.13. We have preferred to postpone their proof
because the arguments we will use are totally independent by the rest of the proof of Propo-
sition 2.11. This section is inspired by some recent results obtained by the author in [19] for
impact systems at resonance (see also [12]).

The functions v, = x,,/||x,||ec solve Eq. (14), which we rewrite in a simpler form

v;l/ + ha(t,v,) =0,

where, for every n,
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|hy(t,v)] <d(w—+1) foreveryt e[0,T]and v > 0, (18)

for a suitable constant d > 0.

Remark 2.14 Let[a, b] C J, such that v is positive in [a, b]. The sequence vy, C! -converges
to v in [a, b].

Proof We have already seen that (v,), is bounded in C 1 and by (18) as an immediate
consequence we get v, (z)| < |h,(t, v,)| < 2d for every t € [a, b]. So, being v, bounded
in C2 in such a interval, by the Ascoli-Arzela theorem, we have that v, Cl-converges tovin
[a, b]. O

We can now prove the first of the two claims.

Proof of Claim 2.12 Let s € J, be the point of maximum of v restricted to the interval J,
with v(5) = v. Suppose that v vanishes at so € J,, and let Up be a closed neighborhood
of so contained in J,.. We assume without loss of generality that Uy C (5, &41), the case
Up C (&, 5) follows similarly. Notice that v}, (1) < —e_"”/zf)/Z < 0in Uy as a consequence
of Lemma 2.5 (cf. Remark 2.6), so that the previous lemma forces v to be negative on a right
neighborhood of sg, thus giving us a contradiction. O

The following lemma gives us the estimates on the left and right derivatives when v
vanishes.

Lemma 2.15 Suppose that v is positive in the interval J, = (&, &,+1), then the following
limits exist

V(€)= lim V(1) >0 and V(g ) = lim v'(r) <0.
=& t—>&

Proof We will prove only the existence of the second limit, and the other case follows
similarly. In the interval J, the function v has a positive maximum; thus, we can assume that
maxy, v > M andmax,, v, > M forasuitable constant M € (0, 1) forlarge indexes n. Using
Remark 2.6, we obtain that —v), (s;’H) € [M/c,cM], where ¢ = ek7/2 . So, we can assume
up to subsequence that lim,, —v), (sfH) =y > 0. We now prove that limt—>$f+l —v'(t) =y.
Fixe > Oands € (0, €). Itis possible to find, for every n sufficiently large, that the following
inequalities hold:

s;’_H >&41—8 > sf_H — 2e,
U (Er1 —8) — Vg1 —5)| <€,
v (s741) + 3] <e.
Moreover, by (18), for every § > 0
o (s741) — vy (57 — 8)| < 2d8,
thus giving us that
[V (Er1 = 5) + 3| < (4d +2)e.

The previous inequality holds for every € > 0 and s € (0, €). The lemma is thus proved. O

In what follows we study how the validity of hypothesis (H) gives more information on
the function v.

@ Springer



2020 A. Sfecci

Lemma 2.16 Assume (H), then for every index r,

)y )

lim =
novy, (trn+1) (1)

Proof Fix r and define the interval Z,, = (s, tr” . 1) whose length tends to zero for n large.
Using the notation introduced in Fig. 1, by the estimates in Lemma 2.5, we can obtain

a (yn(t4)) < Y, )’n(IS)Z +d? < a+()7n(t4))»

where a— (v) = e @y and a™ (v) = @y with a(v) = « arcsin(d /v). Moreover, by the
same argument which gave us (11), we have

T3 (1)) < i) < T3 (o is)),

where

—1
5 = \/2Ff" (7)),

with FiI" = Fj ¢, v, defined as in (H), being Z(t,, ¢,) = Z,. Then, again by Lemma 2.5, we

have
o (Ve + ) <0 = (oo v ).

Notice that lim,,_, oo a®(v) = 1, and by (H) we have also

T
lim lim — =
n o—00 o
Hence, the desired estimate follows. O

The previous estimate is the main ingredient we need to prove the following lemma.

Lemma 2.17 Assume (H). Suppose that v is positive for a certain ty € J, = (&, &41),
then &, and &, are isolated zeros. Hence, by Claim 2.12, as an immediate consequence v
is positive in every interval J,.

Proof We just prove that &, is an isolated zero. By the argument presented in the proof of
Lemma 2.15, if the left derivative v’(gr:_l) = —n < 0, then we can assume —v}, (sf_H) >n/2
for n large enough. Suppose by contradiction that there exists g € (0, n/8d), withd asin (18),
such that v(&,41 + €9) = 0. For every n large enough we have |tr"+2 —&41| < €9/4 and
by Lemma 2.16 v;, (¢ ;) > 1/2. Being |v,| < 2d when v, is positive we can show that if
s < n/4d, then vy (7, +s) > sn/4. By construction &1 + &9 = 1, , + so for a certain
so € (e0/2, n/4d), so that we obtain v, (§+1 + &9) = v, (" ot s0) > nep/8 for every n
large enough, thus contradicting v, — v. O

We can now prove the remaining claim.

Proof of Claim 2.13 The first part of the statement is given by Lemma 2.17. The estimate
on the derivatives easily follows by Lemmas 2.15 and 2.16, remembering that in the proof of
Lemma 2.15 we have shown that lim,, = v),(s/") = v/(§,7) and lim,, = v}, (¢ +1) =0 (<§+). O
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3 Nonlinearities with a singularity

In this section we provide a result of existence of periodic solutions to scalar differential
equations with a singularity in the spirit of Theorems 1.1 and 1.2. In particular, we consider
the differential equation

x"+ f(t,x) =0, (19)

where f:R x (0, 4+00) — R is a continuous function, 7-periodic in the first variable. The
nonlinearity f presents a strong singularity at x = 0, in the following sense.

(A% There exist § > 0 and two continuous functions fi, f» : (0, 8) — R such that
fix) < f(t,x) < fo(x) <0, foreveryr e Randx € (0,9),

satisfying

§
lim fj(x) = —oo0 and / fi(§)dé = —o00, i=1,2.
x—0t 0

We assume that the nonlinearity f has an asymptotically linear growth at infinity, as
follows.

(A®) There exist a constant ¢ > 0 and an integer N > 0 such that
UNX —c¢ < f(t,x) < pny1x +c,
forevery x > 1 andeveryt € [0, T].

The corresponding Theorem 1.1 can be reformulated for the differential Eq. (19) in this
way.

Theorem 3.1 Assume both (A%) and (A%°). Moreover, for every ¢ € [0, T, assume the
Landesman—Lazer conditions

T
/ lim+inf (f(t,x) — unx)pn(t + @) di > 0, (20)
0 X—>+00
T
/0 limiup (f(t,x) = un1x) N1+ @) dr <O, (21)

where ¢; is defined as

sin (/1) 1 €[0,T/j]

¢ = [0 t€(T/),T]

extended by T -periodicity to the whole real line. Then, Eq. (19) has at least one T -periodic
solution.

As in the previous section, we can introduce an additional assumption on the behavior of
f near zero, in order to obtain a different version of the previous theorem.

(ﬁ) Forevery T € [0, T] and for every ¢ > 0, consider the setZ(t,¢) = [t — ¢, T+ ¢] and
the functions

X) = min t,x X) = max 1, X
Srr.c(x) zez(r,;)f( ) Jre(x) lez(m)f( )
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with their primitives F; ; ¢ (x) = fo fiz.c(§) d&. We assume that

F
lim (lim 22nett) (x)) =1

t=0 \x=0 F1 ¢ ¢ (x)
uniformly int € [0, T].

Hence, the corresponding Theorem 1.2 is the following.

Theorem 3.2 Assume (A?), (A%) and (ﬁ), and, for every ¢ € [0, T, the Landesman—Lazer
conditions (20) and (21) where ¢ is defined as

¢; (1) = |sin (Y1) -

Then, Eq. (19) has at least one T -periodic solution.
Let us here show some nonlinearities satisfying (or not) hypothesis (ﬁ), cf. Example 1.3.

Example 3.3 Suppose that there exists a function % : (0, +00) — R satisfying

lim h(x) = —o0,
x—0t
such that
fa,x)y . ft,x)

0 < liminf < lim sup
x>0 h(x) x>0 hx)

< +o00

Then, (H) holds. As a particular case, suppose that f can be split (for 0 < x < 1) as

f(t, x) =qt)h(x)+ p(t, x) with g(t) > 0 and lin}) p;;;r)) = 0 uniformly in ¢. In particular
x—0 -

we can consider nonlinearities not depending on # when 0 < x < 1, or nonlinearities as
F(t,x) = —(1 +sin?()x™> —x73, or f(t,x) = —x3 —sin>(t)x 2.

Otherwise, if for example f (¢, x) = —x73 —sin?(r)x > when 0 < x < 1, then f does
not satisfies (I~{).

The previous theorems can be viewed as the generalization of the result provided by
Del Pino et al. [3] to nonlinearities near resonance. Recently an existence result by the
introduction of Lazer-Leach conditions has been proved by Wang in [21], and we recall the
result obtained by Fonda and Garrione in [9] where the authors provide a Landesman—Lazer
condition on one side, roughly speaking, with respect to the smaller eigenvalue. In particular
the previous theorems can be viewed as an answer to [9, Remark 2.5].

3.1 Proof of Theorems 3.1 and 3.2

The proof of Theorems 3.1 and 3.2 follows step-by-step the proof of Theorems 1.1 and 1.2,
with some wise adjustments. Hence, we will provide only a sketch. We refer to [14] for
detailed computations in this setting.

Let us underline that, up to a rescaling of the x variable, it is not restrictive to assume
8 = 1in (A9). In [14], Fonda and Toader provide an a priori bound to solutions of Eq. (19)
when the nonlinearity satisfies (A%) and the nonresonance condition
S, x) S, x)

X

un < py <liminf < lim sup
x—>+00 X x—+00

= Mg < UN+IL-

@ Springer



Double resonance for one-sided superlinear. . . 2023

As a particular case we find the nonlinearity

f, x) x<1/2
h(t,x) =4Qx —Dux+ Q2 —-2x)f(t,x) 1/2<x=<1
nx x> 1

with © = (uy + un+1)/2. Arguing as in Sect. 2, we can introduce a family of differential
equations

x" + g, x) =0, (22)

as in (6), and by standard arguments in degree theory, the proof can be easily obtained when
we can find an a priori bound to the solutions of (22). Arguing as in Sect. 2.1 we consider
the corresponding system

x'=y
23
[—y’=gx(t,x). @)

which is now defined for (x, y) € (0, +00) x R. We consider the function
1
N@, y) == +x"+)%,
X
so that, as in (8), we say that

(x,y)is Np — large, if N'(x, y) > Ny forevery r € [0, T]. (24)

All the results contained in Sect. 2.1 (wisely adjusted) can be reformulated by the study
of the phase portrait when 0 < x < 1 and when x > 1. We list some of them for the reader
convenience.

Lemma 3.4 There exists Ny sufficiently large such that every Ny-large solution of (23)
rotates clockwise around the point (1, 0) performing exactly N or N + 1 rotations.

Lemma 3.5 Foreverye > 0 there exists N such that every Ng-large solution (x, y) of (23),
performing a complete rotation around the point (1, 0) in the interval [to, t;], satisfies

HhH—tel——— — dt) —t
e, —+¢€) an <e,
=i N+1 N 27

for a certain t| € (tg, t2), being x > 1 in the interval (ty, t1) and 0 < x < 1 in (11, tp).

We refer to [14] for the detailed computation giving us the previous lemmas. We simply
underline that the dynamics when 0 < x < 1 (respectively, when x > 1) remember the
dynamics of the one-sided superlinear scalar equation previously studied when x < 0 (resp.
when x > 0). By the construction of some guiding functions we can prove the following
estimates. Notice that the use of guiding functions was adopted also in [14], by the use of a
general method presented by Fonda and the author in [11].

Lemma 3.6 There exists N (Ny) > Ny such that every T -periodic solution of (23) such
that N (x(19), y(t9)) > N (Ny) at a certain time ty is a Ny-large solution.

Lemma 3.7 Suppose to have a sequence x, of T-periodic solutions to (23) such that
lim, maxo, 71 NV (x,,(t), yu(t)) = 400 then lim,, || x, ||oc = +00.
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All the four preceding lemmas are the main ingredients to obtain the desired a priori bound
which is given by the next statement.

Proposition 3.8 There exists Nyooa sufficiently large, such that every T -periodic solution
of (23) satisfies N'(x(t), y(t)) < Ngood for every t € [0, T].

The proof follows the one of Proposition 2.11: We assume the existence of a sequence of
solutions arbitrarily large in the sense of (24), and we introduce the normalized sequence
vy = Xn/|lXn|lco converging to a certian nonnegative function v. We can introduce the instants
¢! and s} as in (15) requiring now that x,, () > 1 forevery r € (¢, s) and 0 < x,(t) < 1
forevery t € (s/, t;, ;). Similarly, using Lemma 3.5, we can obtain the sequence of instants
& such that v(&,) = 0, being v, (¢]') = v, (s}) = 1/||xy]lc — 0 for n — oo. So, whenever
we need to consider an interval when v is positive, we can assume the index n sufficiently
large to have x,, > 1 and argue similarly as in Sect. 2.2. The analogues of results in Sect. 2.3
follow similarly.

4 Final remarks

We desire now to show an application of Theorems 3.1 and 3.2 to radially symmetric systems
thanks to a general technique introduced in [14,15] by Fonda and Toader. We consider the
differential equation

X'+ £t X)) — =0, 25)
x|

where x € R? and f: R x (0, 4+00) — R is a continuous function, 7'-periodic in the first
variable. By the radial symmetry of the equation, every solution of (25) is contained in a
plane, so we can pass to polar coordinates and consider solutions to the following system

LZ
p”—FJrf(t,p):O p>0

pz,&/ — L,

(26)

where L € R is the angular momentum. We are interested in the existence of periodic
solutions performing a certain number v of revolutions around the origin in the time k7" and
T -periodic in the p variable, i.e., such that

p+T)=p(),

9t +kT) = 9 (1) + 2v. 7)

Applying the Fonda—Toader general principle for rotating solutions (cf. [15, Theorem 2]),
we obtain as a corollary the following theorem, extending to nonlinearities near resonance
the previous result provided in [14, Theorem 2] by the same authors.

Theorem 4.1 If the nonlinearity f in (25) satisfies the hypotheses of Theorem 3.1 (or Theo-
rem 3.2), then for every integer v, there exists an integer k,, such that for every integer k > k,
equation (25) has a kT -periodic solution x, which makes exactly v revolutions around the
origin in the period kT. In particular the corresponding solution of system (26) satisfies the
periodicity conditions (27). Moreover there exists a constant R, independent by the choice
of v, such that 1/R < |X¢,(t)| < R for every t, and if Ly, denotes the angular momentum
of the solution xi,, then limy_, oo Li,, = 0.
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