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Abstract We initiate a low-order regularity theory for vectorial minimizers of the functional

W /G(z,w(z),dw(z))dug(z),
M

where w : M — N and M and N are orientable Riemannian manifolds, in the case where
G is only asymptotically convex. In particular, we prove three interrelated regularity results.
The first result establishes partial Morrey regularity estimates, and Holder continuity, for
minimizers. For the second result by utilizing the obtained partial Holder continuity, we
prove a partial Caccioppoli-type inequality for minimizers. Finally, this result then allows
us to deduce a higher integrability result for the gradient of minimizers of this functional.
Since we work in the asymptotically convex setting, our results apply to far more general
integrands than previously available in the literature for this type of problem.
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1 Introduction

With m > 2, let (M, g) be a bounded, connected, smooth, and positively oriented m-
dimensional Riemannian manifold with metric tensor g € €*°(M; T*M © T*M) (In
Sect. 2, we summarize the notation used). Let dug represent the volume form for M. In this
paper, we investigate the regularity of minimizers of the functional

Wi /G(z,W(z),dW(z))dug(z), (L.1)
M

among weakly differentiable mappings w : M — N, where N is a (not necessarily
bounded) smooth orientable n-dimensional Riemannian manifold isometrically embedded
in R¢. Throughout this work, we assume that I\ = f)—i.e., A" has empty boundary. Our
assumptions on the integrand G: M x N x (R¢ ® T* M) — R appearing in (1.1) are quite
flexible. For eachz € M and & € R @ T* M, put

n 5 :
o DY (L , 1.2
€ lregr A [§<E (az’) E(az,)>d -

1

m

where { ‘)21- } is an orthonormal basis for the tangent space T, M. Let A : M x N —
9z | ;=

REORHQ (T*MOT* M) be uniformly positive definite, in the sense that thereisa A > 0

such that

AGW)E ®E) = A€oy pq

for all (z, w) € M x N and each & e RY ® T* M. The primary assumption, roughly speaking,
is that for each z € M the function § — G (z, w, &) behaves like [A(z, w)(¢E ® f,’)] 5 , for some
p > 2,whenever |& |pr O3 M is sufficiently large in magnitude. To be more precise, we assume
the following: there is a y > 0 such that for each ¢ > 0, there is a o, € L?"Y (M) so that

L
2

G(z! w, E) - [A(Z, W)(S ® S)]

P
< 8|§|RZ®TZ*M!

whenever |& |R‘®Tz* M > 0¢(2). Here LP°Y (M) refers to a Morrey space on M as defined
in Sect. 2. The other main assumption is the following natural growth condition: there is a
A >0ando € LPY (M) such that
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G w, §) <T@ + MElgigr.

for each (z, w, §) € M x N x (R ® T* M). If the admissible mappings were not required
to satisfy a manifold constraint and, in addition, the asymptotic relatedness was with respect
tothe map § — (EQE )€ only, then these conditions would be essentially sufficient to
establish everywhere Holder continuity of a minimizer—see, for example, [22,23]. In this
paper, however, we consider mappings into the target manifold NV, and it is well known that
one can only expect partial regularity results in this case—that is, regularity within an open
set of full measure.

The purpose of this work is to initiate a low-order regularity theory for integral functionals,
whose integrands are only asymptotically convex, in the Riemannian manifold setting. As
mentioned in the previous paragraph, we achieve this in the context where G may retain
dependence on w even as || — +00, an allowance, which, as we describe in the sequel, is
relatively rare even in the much simpler Euclidean setting.

More specifically, our investigation produces three interconnected results. Suppose that
u : M — N is a minimizer for (1.1). Let M,(z9) € M be the relatively open geodesic
ball of radius p centered at zg. Our first result establishes partial Morrey regularity for the
minimizer. More specifically, we show that whenever zo € M is such that

o [ U@ g @) *)

BM(z0)

is sufficiently small, then this quantity remains small (in fact it decays) as the geodesic radius
of the domain of integration decreases. Using the fact that the quantity in (*) can be made
as small as we wish throughout sufficiently small neighborhoods of each Lebesgue point of
du, we obtain the partial Morrey regularity for du. A by-product of this result is that u is
partially Holder continuous with a closed singular set that has Hausdorff dimension of at
most m — p. Our second result shows that the differential of the minimizer u also satisfies a
partial Caccioppoli inequality. As with the Morrey regularity result, we show that whenever
the quantity in (*) is sufficiently small, the Caccioppoli inequality holds. Now, the Morrey
regularity result ensures that (*) remains small as the radius of the domain of integration
decreases. It follows that the Caccioppoli inequality holds throughout an open neighborhood
of the set of Lebesgue points of du. As with the Morrey regularity result, we can say that the
set on which the Caccioppoli inequality fails to hold is closed and has Hausdorft dimension
of at most m — p. Our final result invokes a well-known argument utilizing Gehring’s lemma
to obtain partial higher integrability of du from the Caccioppoli inequality.

Letus also mention at this juncture the basic strategy used to obtain our results. Essentially,
we follow a blow-up strategy to deduce our primary results. In particular, Lemmata 3.1 and
3.2 constitute some of the central, novel contributions of this work, and to deduce these
results, we analyze the behavior of an appropriate blow-up sequence, namely

u(py (90@) + pix)) —a;
§; ’

vi(x) =
see (3.1) in the sequel. In the definition of the collection {v;}{2, we have that ¢ is an element
of a local coordinate chart, whereas u is a minimizer of (1.1). The blow-up technique in
regularity theory is by now classical in the sense that it has been used for some time—see, for
example, either Evans and Gariepy [15] or Fusco and Hutchinson [29] for clearly written and
typical examples of the blow-up technique in regularity theory. Nonetheless, our utilization
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1408 M. D. Foss, C. S. Goodrich

of the technique in this work is significantly complicated by the fact that both the domain
and codomain of u are Riemannian manifolds.

In particular, Lemma 3.1 establishes that, under appropriate hypotheses, which are detailed
in Sect. 3, the blow-up sequence {v; }7° has the property that its weak limit, say v, is a (B, p)-
harmonic function—see (2.4). This leads to v possessing good regularity properties, which
are then utilized in the proof of the partial Holder continuity result of Sect. 4. The difficulty
in proving Lemma 3.1 is the care that is required in constructing an arbitrary comparison
map. In particular, a careful sequence of steps is required to construct this comparison map
and then, at last, to demonstrate the minimality of v.

On the other hand, Lemma 3.2 demonstrates that if we consider the same blow-up sequence
{v;}72, as in the proof of Lemma 3.1, then under appropriate hypotheses, it holds that v; — v

strongly in Wllo’cp ( T Rz). This lemma is then used to produce the partial Caccioppoli
inequality, which then, finally, produces a higher integrability result.

Another difficulty that occurs in our arguments is that great care is required in switching
from the manifold to the local Euclidean space and back again; of course, this issue is moot if
one works solely with the Euclidean problem. The particular problem is that when we make
this switch, the radius of, say, a geodesic ball in the manifold does not remain invariant when
transforming this ball, via a local homeomorphism, to a coordinate ball in the Euclidean
space. Then when, inevitably, we wish to pass back to the manifold, the radii again vary.
Moreover, we can only assert a range within which the altered radii must live. In any case,
keeping track of these changing radii requires careful arguments and bookkeeping to ensure
that the many inequalities which arise in the arguments are carefully justified. This especially
requires great care in the proof of the partial Caccioppoli result, alluded to above, wherein we
must switch between the manifold and a suitable local coordinate chart and yet back again,
all the while keeping very careful track of the change of the associated radii of the balls in
the integral estimates.

Having described the general thrust of our results together with the associated techniques
we utilize to obtain them, we now contextualize our results by discussing the existing literature
on the type of problem investigated in this paper. Let us first mention the problem of partial
regularity in the Euclidean setting. In particular, it has been known since De Giorgi’s [8]
fundamental work in the late 1960s that vectorial minimizers to variational problems need
not be everywhere continuous. Instead, it is typically shown that there exists an open set £2
of full measure on which the minimizer possesses some degree of regularity and outside of
which the minimizer may be singular; depending upon the structure conditions imposed on the
problem, everywhere regularity may also be achievable at times. For example, in addition to
the now-classical works by Giaquinta and Giusti [31,32] and Giaquinta and Modica [33-35],
these sorts of problems have been studied in the context of VMO structure conditions [3—
5,7,43,53-57], boundary regularity [2], irregular growth [18], parabolic-type problems [48],
singular set estimation [46], elliptic systems [21], asymptotic convexity [19,23], and obstacle
problems [10,11]. The monographs by Giaquinta [30] and Giusti [38] provide excellent
overviews of the whole of regularity theory. Furthermore, Mingione [50,51] has produced
two very readable survey papers regarding regularity theory for minimizers of functionals as
well as weak solutions of elliptic PDEs.

A typical assumption to make when studying the regularity of minimizers of the functional

u|—>/ f(x,u, Du)dx (1.3)
Q

is that the map (x,u, &) — f(x,u, &) is convex in &. It is thus of interest to investigate
regularity in the setting where f fails to satisfy a convexity assumption. Along these lines,
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the notion of asymptotic relatedness, which implies a sort of convexity “at infinity”, has
proved to be the source of a most fruitful idea in regularity theory. Essentially, and as made
precise in Definition 2.10, we assume that as || — +oo the map (x,u, &) — f(x,u, &)
“looks like” a more regular map, say (x, u, &) — G(x, u, &), and in this way, we are able to
move most of the typical hypotheses one would make about f onto the map G; in fact, the
notion of asymptotic relatedness has even proved to be useful in the somewhat disparate area
of boundary value problems for ordinary differential equations—see [39—42]. As concerns
its use in the context of regularity theory, the concept of asymptotic relatedness was first
introduced by Chipot and Evans [6]. Raymond [58] later investigated the regularity properties
of minimizers of the functional

u— / f(Dv) + g(x,v)dx,
Q

where f is asymptotically related to the p-energy map & + |&|” and g is a Carathéodory
function; it is worth noting that Raymond treated the superquadratic setting—i.e., where
p > 2. In fact, the subquadratic setting was treated later by Pasarelli di Napoli and Verde
[52]. More recent results in the context of asymptotic relatedness assumptions may be found
in the works of Scheven and Schmidt [60,61].

We should also like to mention that in the Euclidean setting, i.e., where M := R” and
N := R¥, Foss and Goodrich have recently proved in [20] that for the functional (1.3)
partial Holder regularity is enjoyed by a minimizing map # : £ € R" — R under very
weak structure hypotheses—namely, that the map (x, u, §) — f(x, u, &) is asymptotically
related to the functional a(x, u)F (§), where F has p-Uhlenbeck structure and the map
(x,u) — a(x,u) is continuous and uniformly bounded on £ x RY. Due to the recent
investigations of Scheven and Schmidt [60] as well as Dolzmann et al. [9], the partial regularity
results produced by Foss and Goodrich are sharp in the setting studied in [20]. Moreover, the
results of [20] are also of interest since they allow f to maintain dependence on u even as
|§] — +oo.

In contrast to the richness of existing results in the Euclidean setting, when it comes to the
regularity properties of minimizers of the very general functional given in (1.1), wherein the
minimizer maps between Riemannian manifolds, the existing results are much more scarce
and, in particular, restricted in nature. In part, we direct the reader to Simon’s monograph
[65] for some general results on p-energies and properties of harmonic maps, each of which
we briefly discuss next.

In particular, we begin by recalling that a series of classic papers by both Uhlenbeck [68]
and by Schoen and Uhlenbeck [62—-64] provide, among other results, regularity theorems for
minimizers of the functional

Ex(u, 2) := /Q |du|® dug(z), (1.4)

where it is assumed thatu : 2 € M — N; here M and NV are Riemannian manifolds. The
treatment of (1.4) is quite broad since, in fact, the integrand may be replaced by F (|du|) for
some sufficiently regularmap & +— F'(&§), and, inaddition, systems of PDEs associated to (1.4)
are considered in [62—-64,68]. For instance, in [62] they obtain, under suitable hypotheses,
a smoothness result concerning a harmonic minimizer u; they also address the Hausdorff
dimension of the singular set. In [63] boundary regularity is addressed, whereas, finally,
in [64] they extend their previous studies to the case in which the target manifold, N/, is
either a sphere or a closed hemisphere. These early works by Schoen and Uhlenbeck are
fundamental, but, naturally, they only concern a restricted class of functionals, and so, more
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1410 M. D. Foss, C. S. Goodrich

complicated functionals as well as functionals whose integrands are less regular are not
considered. It should also be mentioned that Evans [14] considered (1.4) and demonstrated
that if the target manifold—i.e., N'—is the m — 1 sphere, 8™~ then one finds that a weakly
harmonic mapping u is of class €*° (V; S’"_l), where V C 2 C R”" is open and satisfies
the Hausdorff measure estimate .#”"~2(£2\V) = 0. A similar energy, namely

1 m
E(u, @) = /9 3D @) o) I, - ditg @),
a=1

where u : R" — (N, .%), where (V, .%) is a Finsler manifold with .# a Finsler structure,
was considered by Tachikawa [66], who proved partial Holder continuity of minimizers
together with an associated Hausdorff estimate on the singular set; a similar problem is
treated by Tachikawa in [67], wherein boundary regularity is treated. Although we shall not
be interested in Finsler manifolds in this paper, we observe that [66,67] treat functionals,
whose integrands have a very special, though admittedly important, form.

Later, in a series of papers by Fuchs [24-27], the problem of regularity of minimizers of
the p-energy functional

Ep(u,2) = /Q |du|? diug(z), (1.5)

as well as the regularity of minimizers of the so-called splitting functional

P
Fy(u. 2) :=/ (aus B (. wydou dgul) * dx (1.6)
2

were treated, where again it is assumed thatu : M — A/, in which M and AV are Riemannian
manifolds. One of the keys to Fuchs’ analysis is the construction and proof of a suitable
Caccioppoli-type inequality, the conclusion of which is realized as

1
Fiaurangw <5 tdul auge+Crt f - @, dug. 1)
B%(x) By (x) By (x)

In addition, Fuchs [28], utilizing a result of Evans [14], also demonstrated a.e. ¢ 1 regularity
of p-harmonic maps, whose codomain is the sphere S¥~1. In any case, once again and as
with the earlier work of Schoen and Uhlenbeck, Fuchs’ work only permits one to treat a
restricted class of functionals.

Another article worth mentioning is a contribution by Duzaar and Mingione [12]. In
this paper, the authors consider minimizers of the p-energy (1.5) for maps of the form
u: 2 — M, where £2 is an open subset of R, n > 2, and M is a compact, smooth
Riemannian manifold of dimension at least two. In particular, they deduce an appropriate
p-harmonic approximation lemma. They then present some regularity results for such maps.
A related article by Riviere and Strzelecki [59] addresses certain properties of p-harmonic
maps in the manifold setting.

Similarly, Fardoun and Regbaoui [16] have recently considered the regularity of minimiz-
ers of the p-energy

1
Ep(u) = ; /M |du|? djg(z) (1.8)

whereu : M — N isamapbetween compact Riemannian manifolds M and AV. The authors,
in particular, argue the €% (£2; N) regularity of a minimizer u for some 0 < < 1, with
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On partial Holder continuity and a Caccioppoli inequality 1411

§£2 € M open, provided that the range of u is contained in a small geodesic ball about some
point of \V.

Finally, we mention the well-known paper of Luckhaus [49]. In fact, Luckhaus’ work
will be most helpful to us here, for, as is mentioned in Sect. 3, we use certain of the ideas
developed in [49] as a starting point for constructing and proving the main results of this
paper; in particular, the so-called Luckhaus Lemma [49, Lemma 1] is central for our purposes
here. In any case, Luckhaus considered the general functional

u / Gz u). du@) dug @), (1.9)
M

where u# maps between Riemannian manifolds M and AN Essentially, it is assumed that
G satisfies standard p-growth and a blow-up condition with respect to its third argument.
Moreover, and crucially different from our work in this paper, it is also assumed that the map
(x,u, &) — G(x,u, &) is convex in & for all pairs (x,u) € 2 x N.

In consideration of the preceding paragraphs, we note a substantial difference between
the manifold and Euclidean settings. Indeed, although it is surely the case that the regularity
theory for asymptotically convex functionals is incomplete in the Euclidean setting, there
nonetheless exists a rich and deep existing literature on these problems, and many substan-
tial results have been established. By contrast, the corresponding theory in the Riemannian
manifold setting is essentially void, existing results instead relying on the underlying func-
tional possessing special forms, such as the p-energy in (1.5) or the splitting functional in
(1.6). Even in the case of Luckhaus’ study, it is nonetheless assumed that the partial map
& — G(, -, &) is convex. In summary, then, the results of this paper are the first to treat the
asymptotically convex problem in the Riemannian manifold setting. Moreover, in addition
to the regularity results we provide, the partial Caccioppoli and reverse Holder inequalities
that we provide are of independent interest in and of themselves, given their centrality in the
study of the regularity of minimizing maps.

To conclude this section, we briefly mention the outline of the remainder of this paper. In
Sect. 2 we collect several preliminary lemmata, definitions, and notations that will be used
throughout the remainder of the paper. In Sect. 3 we prove two key lemmata that form the
basis for the proofs of the partial Caccioppoli and reverse Holder inequalities as well as the
partial regularity results in Sects. 4 and 5. The proofs of these lemmata begin with Luckhaus’
ideas in [49], but eventually require considerable and careful modification of the ideas in
[49]. Finally, in Sects. 4 and 5 we use the two lemmata of Sect. 3 to prove very generally
applicable partial Caccioppoli and reverse Holder inequalities as well as the partial Holder
continuity result.

2 Preliminaries

In this section, we collect some notations and preliminary definitions that will be used
throughout this paper. We also provide some fundamental lemmata, such as the well-known
Luckhaus lemma, which also are utilized at several points in the sequel. All manifolds are
assumed to be smooth and oriented. The Riemannian manifolds (M, g) and NV, as described
in the introduction, are fixed for the remainder of the paper. As indicated before, we take
advantage of the Nash-Moser embedding theorem and assume that N is isometrically embed-
ded in R¢. The texts by Jost [45] and Lee [47] are excellent references for the material that
we briefly review in this section.
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1412 M. D. Foss, C. S. Goodrich

2.1 Euclidean sets

Given k > m, we use 621 x) C R* to denote an m-ball of radius p centered at x € R* that
is open with respect to the relative topology of each m-dimensional hyperplane in R¥. An
m-sphere, i.e., the boundary of an (m + 1)-ball, of radius p centered at x is represented by
&7 (x). When a statement is independent of the center x or the center can be easily determined
from the context, then we will typically just use BZ’ and S;". For similar reasons, we may
also suppress the dimension of the ball or sphere. We will use B(x) and S(x) for a unit ball
and a unit sphere, respectively, centered at x.

For a Euclidean space R/, we use | - | for the standard Euclidean, or Frobenius, norm and
(-, -) for the standard inner product. Given A < R/ and xy € R/, we define the minimum
distance from x( to A by

dist (xg, A) := ian4 |x — xo].
xe

If A is Lebesgue measurable, then we denote its Lebesgue measure by |.A|. Finally, given a
linear subspace )V € R/, we set

xo—l—y::{xo—i-yeRj 1y eV}
2.2 Manifolds and mappings

Given two vector spaces A and B, we use A ® B to denote the space of tensor products of
members from .4 with members from 5. We use A © B C A ® B for the symmetric products
of elements of .4 with elements of 5 and A A A C A ® B for the antisymmetric products.
For brevity, we write ®2A for A ® A, and given an element & € A, we may use ®2a for
a ® a. A similar convention will be used for A © A.

Suppose that Q is an m-dimensional Riemannian manifold with metric r. We use 7, Q for
the tangent space to Q atg € Q and 7,7 Q for the cotangent (dual) space. The tangent bundle
for Q is denoted by T Q; the cotangent bundle is represented by 7*Q. At each ¢ € Q, the
metric F € €>(Q; ©*T*Q) is a positive definite symmetric bilinear form defined on T, 9.
For each ¢ € Q, the metric induces an inner product (-, -)7, o : T4 Q x T, Q — R defined by

(91.92)7,0 = r@(q ®¢5) foreachqy, g, € T,Q.

The associated norm is denoted by | - |1, 0. Let dist 9(q;, g,) denote the geodesic distance
between q, g, € Q. We define the geodesic ball of radius p > 0 centered at g, € Q by

B2(q0) == {q € Q: dist o(go.9) < p}.

When convenient, we will instead use B, (q(), and as with the Euclidean ball, when appro-
priate we may suppress the center g, and just use B,. The topology on Q that we use is
the smallest one in which the geodesic balls are open. An open submanifold of Q is a sub-
manifold Q' C Q that is open in the topology on Q. Given A C Q, we use A to denote its
closure in Q and int (A) for its interior. The boundary of A is denoted by d.4. If Q' is an
open submanifold of Q such that Q’ is compact with respect to the topology on Q, we say
that Q' is compactly contained in Q and write Q' € Q.

We use dur to denote the volume form and u, for the associated Riemannian measure
on (Q, r). Whenever we refer to a measure on Q, we mean (. For a measurable set £ C Q,
we have
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On partial Holder continuity and a Caccioppoli inequality 1413

ur(E) = / dur(q).
E
A set Qp € Q is said to have full measure in Q if u,(Q \ Qp) = 0. Given a mapping

welLl (9; R[) and a measurable set £ C Q, with up(E) > 0, we define the mean value of
w over E by

1
W)g == ]ZW(q) dur(q) := i (E) E/W(q) dur(q).

E

For convenience, if E = BPQ (qq) for some g, € Q and p > 0, then we might use (W)gq.p» OF
Jjust (w) ,, for (w) B (qo)" Similar notation will be used for averages of balls in an Euclidean
space.

Let k € N and R, an n-dimensional Riemannian manifold, be given. If u € €*(Q; R),
then the differential map du € e (Q; TR ® T*Q) is the unique map that satisfies

[du(go)(§)1(f) = E((f ou)(gop))

foreachqy € Q,§ € Ty Q,and f € ¢ L(R; R). We extend this notation to also represent a
weak differential. If R is identified with an isometric embedding in R?, then as indicated in
the Introduction, we define the Hilbert-Schmidt norm of du at g, by

1

5\ 1212
du(qy) (871’) :| .
d

m
Here {—} 1 is an orthonormal basis for Ty, Q. Let (V, @) be a local coordinate chart on
=

m

|du(qo)lnory o = [Z

i=1

g’

A m

aif } ] be an orthonormal basis for Ty R™ for each g € V. We
=

denote the local coordinates in V by @(g) = (x'(q), ..., x"(g)). Withx = ¢(g), the metric

r is represented in local coordinates by a matrix r with components

Q, with gy € V, and let {

0 d

-1

Fiyip (X) (¢~ x) <3Xi, ® 3)6,'2)
for 1 < ij,ip < m. The inverse r~1 of this matrix has components rit2 In these local
coordinates, the norm of du(q,) = du ((p‘1 (xp)) defined above is given by

m

_ ivi duog™'l ~ dluce”']
|du(e l(xo))IR@@,TqBQ: > r“(xo)< o, 0 (xo)>

< ¢
i1,i2=1 R

Suppose that Q is identified with an embedding into R/. We define ITg : R/ — 22 by
IIg(g) :={y € Q:lg—yl=dist(qg, Q)}.

In general, this projection onto Q is multi-valued. There are, however, open sets U < R/
such that Q C U and ITg is uni-valued on U. Set 20 € R’ to be the union of all such
sets. We will also use ITg to denote the corresponding uni-valued nearest-point projection
map I1g : 29 — Q. It can be verified that I1g is differentiable and Lipschitz on £2¢g (see

@ Springer



1414 M. D. Foss, C. S. Goodrich

e.g., [1]). Now suppose that P € Q. Then, according to [17], there is a § > O such that for
eachq € 9029 \ O, we have dist (g, P) > 8. Moreover, the following limits hold:

lim sup sup {p*1|x — Mo :xeBiE)Nip+ T,,Q]} =0 @.1)
p—>0% pep
and
lim sup sup {|q — [dITo)lg| : xBiP) NIp+ T,Ql, ¢ € TyQ and |q| < 1} —0.
p—=>0F pep
2.2)

Here we have identified 7, Q with an m-dimensional linear subspace of R/ for eachp € P.

2.3 Function spaces

Definition 2.1 Given an open bounded set U € R™, for each p € [1, +00) and y € [0, m],
we define the Morrey space

LPY(U;R)) :={we LP(U;R/): sup p~7 / [w@)|? dx < o0},
xoeU
p>0 UNB,(xo)

For each y € [0, 00), we also define the Campanato space

. . B p
LPY(U;R)):=3weL?(U;R/) : sup p77 / ‘w(x) — WunB, x| dx <400
U
NS0 UnB,xo)

We write w € LYY (U;R/) if w € LPY(V;R/) for each V &€ U. The local version of

. loc
ZLPY(U; RY) is analogously defined.
The extension of the Morrey and Campanato spaces to compact Riemannian manifolds was
developed in [37]. For the remainder of this section, let (Q, F) be a compact m-dimensional
Riemannian manifold.

Definition 2.2 For each p € [1, 00) and y € [0, m], set

LPY(Q; Ry :={we LP(Q;R/) : sup p” / w(@)|” dur(q) < +o00
90€Q
'2>0 BpQ((IO)

and for y € [0, 00), put

LPY(Q;R)Y = dwe LP(Q;RY) : sup p~ ¥ / W(q@) — W)y, 0 P dur(q) < 400
90€Q
p=0 B (q0)

Using the geodesic distance, we define Holder continuity on Q.
Definition 2.3 For each @ € (0, 1], we define

"R = {weC(Q;R/): sup —|w.(q1) — (@)l < 400
a.qee distolqr, g2)*
9179
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In [37] it is shown that Definition 2.3 is essentially equivalent to Holder continuity in local
coordinates.

Proposition 2.4 Suppose thatw € €%*(Q; RY) for some o € (0, 1]. For each qo € 9, there
is a local coordinate chart (V, @) on Q such that gy € V and w o o le ‘50’“(¢(V); R/).

We next introduce a couple of Sobolev-type spaces that we need.
Definition 2.5 For each p € [1, +00), set
WM N = {w e WP MR u@) € N forae.z e M)
Since T, Q is isomorphic to R” for each g € Q, we may identify R/ ® T Q with R/*" and
make the following

Definition 2.6 For each p € [1,00) and y € [0, m], we define the following Sobolev—
Morrey space:

W Qi RY) = w e WHP(QiR))  dw € LMY (Q R @ T Q)
The compactness of Q and the Poincaré inequality in Euclidean spaces yields the following

Theorem 2.7 Let p € [1, 00) be given. There is an R(Q) > 0and K(Q, J» p) < 00 such
that for each w € WP(Q;R/) and 0 < r < R the following scale-invariant Poincaré
inequality holds for each gy € Q:

(@) — W)y, 17 dirlg) < Kr” ][ DI g7, 0 @)
B (q0) Br(q0)

Finally, we collect several embedding results.

Proposition 2.8 Let p € [1, 00) be given.

(i) Foreachy € [0, m], the space W' P-Y)(Q; R/) is continuously embedded into the space
LPPEY(Q;RI),

(ii) Foreachy € (m,m 4+ p) the space L7 (Q, ]Rj) is isomorphic to %0’¥ (9; Rj).

Remark 2.9 Combining the above embeddings, it follows that wl .y (Q; R/ ) is continu-

+p—m .
ously embedded into " = (Q; RY), for each y € (m — p, m) (or for each y € (0, m) if
p > m).

2.4 General assumptions

Next we define asymptotical relatedness.

Definition 2.10 Let F, G : M x N x (R* ® T*M) — Rand y € [0, n] be given. We say

that ' and G are (p, y)-asymptotically related if the following is satisfied: there is a family
{oc}e=0 C LPY (M) such that for each ¢ > 0 and each z € M it holds that

p

GG w.§) = Fw. Ol < ellpigr. v

whenever ISIRI@,T;M > 0.(2).
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Remark 2.11 Note that because the function o, in the above definition is only required to
belong to the Morrey space L?-7, it is possible that o, is essentially unbounded at some
points in M. Thus at some z € M, the condition in Definition 2.10 may, in fact, impose no
asymptotic restriction on F and G whatsoever.

Remark 2.12 Using the triangle inequality, the condition for (p, y)-asymptotic relatedness
is an equivalence relation.

We now discuss the structural conditions that we assume the integrand G satisfies.

For the remainder of the paper, fix p € [2,00), y € (m — p,m), A >
0 and o € LI’V(M)—see Remark 2.13 in case m < p. Let A €

€ (/Vl x N (QzRK) ® (GZT*M)) be given, and suppose that
(A1) foreach (z,w) € M x N and § € R' ® M
A E g < AR W)(@) < A2IEG g v

(A2) and for some monotone increasing concave function w € ¢ (M x N; [0, 1]) with
w(0) = 0 it holds that

A1, w1) — AR2. w2) |02t @ 02rimy < Ao (dist A(21.22) + W1 — wal)
for each (z1, w1), (z2, w2) € M x N.
We assume that G : M x N x (]RZ ® T* M) — R satisfies the following:
(A3) foreach (z,w, &) € M x N x (Re ® TZ*M)

G w, E) <T@ + MlElge g g

P
(A4) and G is (p, y)-asymptotically related to (z, w, &) > {A(z, w)(®°§)}*.

Remark 2.13 If p > m, then we only require y € [0, m). The restriction on y ensures
p—m+y>0.

For the rest of the paper, the function @ and the family {0, }.~o provided by Definition 2.10
are fixed.
Define the functional I : W7 (M; A') — R by

Iiw] = / Gz w@), dw(@) djig(@) 2.3)
M
for all w € WhP(M; N). Throughout the sequel, we assume that u € WEP(M; N) is a
local minimizer for /. By this, we mean that

Iu] < I[w]

for each w € WP (M; N\) satisfying supp (u — w) € M. Of course, if M is a compact
manifold, then supp (# — w) is a compact subset of M for all w € WP (M; N). For each
B ¢ (QZR") ® (QZR’”), we also define the functional J[-; B] : W!-P (BT; R”) — R by

P
2

Jw; B] := / [B (2%dw(x))]

By

dx. 2.4)
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We will refer to minimizers of J[-; B] as (B, p)-harmonic.

2.5 Preliminary lemmata

In the following lemma, we introduce o — |« for the floor function and 2"~ for the
(m — 1)-dimensional Hausdorff measure. This lemma provides a transition map between two
functions specified on the boundary of an annulus. The key result is that this can be done
with some control on the L? norm of the differential of the transition map as well as some
control on how far the values of the transition map deviate from its boundary values.

Lemma 2.14 (Luckhaus Lemma) [49, Lemma 1] Lerv, w € W' (S~ R7), 3. € (0, 3],
B e (%, 1), and n € (0, 1) be given. Define the constant K by

_ p
K7 = / l|dv(x)|p + ldw )l + M] .28
n 2
S)In—]
Then there are constants i = i (j,m, p) and ¢y := ca(j,m, p,B), and a map ¥ €
WLP (B \ B, ; RY) satisfying
(i)
x_ m—1
Y = [ (%) xe o
w(x), x eS|
(ii)
nP
/ ldy|? dx < ¢ KP (l—f—)\—p))\
BB,
(iii) and

Y(BI\Bio) SYSHUWS) U [y € BV ¢ dist 0. v(S1) + dist 0. w(S1) < Ro}.
Llp=1]—@m-1)

where R :canl_ﬂk P .

The next lemma provides a Morrey regularity estimate for (B, p)-harmonic maps from a

unit ball into a Euclidean space.

Lemma 2.15 Let a positive definite B € (O°R") ® (O*R™) be given. Suppose that v €

WbLr(B™: R") is a local minimizer for the functional J[-; B). Then for each o € [0, 1) (or

o € [%, 1) if p > m) there is a constant ¢c3 = c3(n, m, p, a, B) such that

/ |dv(x)|P dx < c3p" =P / ()| dx
B By

forall p € (0,1); i.e., v € WL P17 (gm. gy

Remark 2.16 Lemma 2.15 is an application of Lemma 2 from [49] using the following
estimate for the minimizer v:

ya L
2 2

sup [B(®2dv(x))] dx.

m
xeBl/2

<C(j.m,p.B) / [B(@*dv(x))]
By

@ Springer



1418 M. D. Foss, C. S. Goodrich

This estimate is obtained via a minor modification of Uhlenbeck’s regularity argument,
in [68], for solutions to elliptic systems (see also [36] and [44]).

The final lemma for this section establishes the coercivity for the integrand G. Recall that
we are working under the assumptions (A1)—(A4).

Lemma 2.17 There is a constant c4 > 0 such that the function G satisfies the following
coercivity condition: for each (z,w, &) € M x N x (R® @ T* M) we find that

G w, &) = cal€lfgru g — C40(@).
Proof Omitted—see, for example, [20, Lemma 2.7]. O

Notation 2.18 In the sequel, the number C > 1 shall represent a constant that may change
from line to line. In general, we shall not indicate the dependence of C on the other constants
in a given argument. However, we make the declaration that C shall depend neither on the
functions involved in the argument, e.g., w and u, nor on the radius of the balls utilized in the
arguments. Any other specific dependence that is important in the argument shall be noted. In
particular, constants of which we especially wish to keep track shall be denoted by ¢y, ¢, and
so forth, and in this latter case the dependence shall be explicitly noted—e.g., ¢| := c{(m).

3 Main lemmata

In this section, we prove two key lemmata. These will provide the principal ingredients for
proving the main results of this paper in Sects. 4 and 5.

3.1 Statement and Proof of Lemma 3.1

Our first lemma shows that the weak limit of the blow-up sequence, based on the minimizer
u, is a minimizer for the functional J[-; Ap]. The map Ay is defined by A frozen at an
appropriate point. This will be used to prove an appropriate decay estimate in Sect. 4 that
subsequently yields the partial Holder continuity result.

Lemma 3.1 Ler M' € M and {8;, p;}{2, C (0, 1), such that 8;, p; — 0%, be given. Also
let {z;}32, € M, with a single local coordinate chart Vo, @) on M such that z; € Vo and
B;’f. (90(zi)) € 9o(Vo), be given. For each i € N:

(a) We assume that (w),, ,. € S2x, and define a; € N bya; := Iy ((")zi,pi)'

(b) Letv; € WhP(BI'; RY) be defined by

u(py ' (9o@i) + pix)) —a;

vi(x) = 5

(3.1)

Assume:

(c) We have lim;_, o pipfm+y/8ip = 0. (Recall that y was fixed so that p —m + y > 0.)

(d) Thereis azg € M such that lim;_, o dist A¢(z;, z0) = 0.

(e) There is anay € N such that a; — ag in RE.

(f) Thereisav € WP (BI'; TyyN) such that v; — v in WP (B1; RY), upon identifying
Tay N with an n-dimensional subspace of R

Let Ay € (QZR”) ® (OZR’") be the local coordinate representation, with respect to Vo, @),
of Ao, ao). Then, upon identifying Tay N with R", the mapping v is a local minimizer of
J[; Aol
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Proof Our proof is an adaptation of an argument used in [49]. The main issues to be addressed
are that M is not assumed to be a Euclidean set and the generality of the asymptotic relatedness
condition that G satisfies. Because the proof is lengthy, we break it into several constituent
parts.

3.1.1 Nearest-point projection map
Define the sequence {x;}72, C ¢o(Vo) by x; := @ (z;). From assumption (d), we conclude
that there is an xo € ¢(Vp) such that x; — xo in R™. Assumption (e) implies {a;}72 is a
bounded sequence. Hence, there is an A7 € N such that {a;}?°, C N’. We may select a
sequence {L;}7° | sothatlim; .o L; = coand yetstillhavelim; . 8; L; = 0and, from (2.1)
and (2.2),

_ 1
lim sup ‘—|y — Iy 1y € Bl (@) N la; + T,,,/\/]] —0 (3.2)
i—00 di
and
lim sup {|q — [dITnO)lgl :y € By, @) Nl + Ty N, g € TN and lg| < 1} —0.
(3.3)

In Sect. 2.2, we defined §2s to be the domain of ITy/. Since we are ultimately only interested
in the limit as i — oo and since A is compact, without loss, for each i € N we may
assume that Bg(“i (a;) C 2. Since I1ys is uniformly Lipschitz on U?il Bss, 1, (a;), there
is a constant Cy; > 1 such that

[T (yy) — TN O] < Crrlyy —y2l

foreachy;,y, € U2, Bas, 1, (@i).
3.1.2 Mappings

w: The comparison map for v

Letw € Whr(Bm: Tz, ) such that supp (v — w) € B be given and fixed. Select p €
(0, 1) so that supp (v —w) C B5. Thus, v(x) = w(x) for a.e.x € By \ B;. Since v; — v in
wlrp (assumption (f)), it follows that {v;}7°, is bounded in wkp, By the Rellich-Kondrachov
theorem, there is an unrelabeled subsequence so that v; — v in L? (B’I"; RY). We may now
pick p € (p, 1) so that both of the following hold:

lim vi —wlP d™ ' =0 (3.4)
1—> 00
syt
and
sup / {vil? + w|? + |dv;|? + |dw|P} dor™ ™! < oo. (3.5)
ieN
sp!

To show that v is a minimizer, we need to take advantage of the assumption that each
a; + §;v; is a local minimizer for the functional 7, where we recall that 7 is defined in (2.3).
The map w, however, does not satisfy the constraint that @; + §;w maps into N. Therefore
a; +§;w cannot be used directly as a comparison map. To overcome this requires transforming
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1420 M. D. Foss, C. S. Goodrich

a; + 8;w into a sequence of maps that are comparable to a; + §;v;. Moreover, this needs to
be done in such a way that, as i € N gets large, this transformation approaches an identity,
in some sense. At each stage of the transformation, we will establish the convergence, in
whp (B%’; RY), of the new sequence of maps to the original w.

w;: The rotated truncations of w

Definition of w;: The first component of this transformation involves mapping the
image of w from 7,V to T, N and then truncating to ensure the projection map can be used.
By viewing, for each y € A, the tangent space T, A" as an n-dimensional linear subspace of
R¢, this can be accomplished through a rotation. Define Q, € R® ® R’ as the rotation—i.e.,
orientation preserving isometry—operator that maps T,, A onto Ty . Since a; — ag in RY,
the smoothness of A/ implies

lim sup {|Quq — gl : q € ToyN and |g| < 1} = 0. (3.6)
11— 00
Define the sequence of truncated rotated maps {w;}7°, C Whp(B;; Ty N)NL®(By; Ty; N)
by

o (Li/Ch)Qawx)
Wil = {we)l, Li/C3Y’ G.7)

$0 Wi llLe(B)) < Li/CIZ-,, for each i € N, and ITxr(a; + 8;w; (x)) is well defined for each
x e B

Convergence of w;: We now verify that w; — w in W17, Denote the identity map by
I. From (3.7), we see that

w(x), w@)| < Li/Ch
—l ) — 2
Qa,- w; (x) = LI/CH w(x), |w(x)| . L,/C127 (38)
[wx)|
and

dw(x), w@)| < Li/Ch

d[Q,'wix)1 =1 Li/C} &w(x) o

o ||~ T | A e = i/

Thus, lim;_ o ’{x € By 1 wx) # Q' () or dw(x) # d[Q; ', (x)]}‘ — 0and

~ r .
lim ’Q;lwi —w‘ dx < lim / [w|? dx = 0.
i—00 ' i—00
B B
Binjwo)l> 4
T

Also

14
|dw|? dx

i—00 =00 |W|2

2
lim /‘d[a‘;lw,-]—dw(p dx < lim / ‘I—M
B

B ﬁ[\w(x)\ L—l]
1 >C[27

1—>00

<C lim / |dw|” dx = 0.

L
BN \w(x)\>—’]
‘ [ h
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Hence Oa_l.lﬁf,- — win WLrP(By; TgoN'). Combining this with (3.6) implies w; — w in
WP (By; RY).

w;: The oscillations in ITar(a; + w;)
Definition of w;: The next step is to project each a; + &;w; onto /. As was mentioned
before, this projection is well defined, so we may define {w;}°, C wlhp (Bm Rz) by

T (a; +5iw;i(x)) —a;

w;i(x) = 5 . 3.9)

We note that the Lipschitz continuity of Ty implies [|[W; ||z 5,) < L;/Cp for eachi € N.
Convergence of w;: To facilitate the production of a transition map between w; and v;,
we will show both w; — w in W”’(B’I”; RY) and w; — v; — 0 in LP(Sg_l; RY). Based on
the convergence of w already established, we have

lim |w,—w|”dx<C11m /Iw,—w,|”dx
l—)OO
By
. M (a; + 5iw;) — [a;i + 8;w;]|”
=C hm
i%oo 8i
B

Since a; + 8;w; (x) € 833 L N [a; + T, N for each x € By, the limit (3.2) implies w; — w
in L?(B1; RY). Next we again use the convergence of w; — w in W!-? to conclude that
lim [ |dw; —dw|’dx = lim [ |dw; — dw;|? dx

I—00 I—00
B By

= lim /|[d17/\/ (a; +8,-w,~)] dw; — dw,”p dx
11— 00
Bi

Now, dw;(x) € Ty N for each x € By, so it follows from (3.3) that dw; — dw in
LP(By; RY™), Thus, w; — win WHP(By; RY).
We now argue that w; — v; in LP(S%”_] : RY). From (3.4), we write

Hyr(a; + 8iw;) — [a; + 8iw;]|?

lim Ww; —v;|Pds#"! < C lim dom!
i—00 i—00 (Si
m—1 m—1
Sﬁ Sﬁ
+C lim [w; —w|? dsm 1.
1—00
m—1
Sﬁ

We again deduce from (3.2) that the first limit (on the right-hand side) vanishes. Recalling (3.6)
yields

lim Wi —vi|?do™"! < C lim [w; —w|? dszm !
1—> 00 1—>00
m—1 m—1
Sﬁ sﬁ
< C lim 1Q; W —w|P dom!
i—00 !
m—1
Sﬁ
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Now (3.8) and (3.5) implies

lim w; —vi|? d™ ! < C lim / w|? dm ! = 0.
i—00 i—00

syt m—1 L

3 Sﬁ ﬂ’lw(x)|>¥]

w}: The transition map between w; and v;
Definition of w}: We are now in position to produce a map that provides a transition
from w; to v; on an annular region within B". Define {;}°, by

nl = / vi —wi|Pdsm L (3.10)
sp!

From the convergence w; —v; — 0in L? (S%” -1 i RY just established, we have lim; . n; =
0. Let the sequence {;}72, C (0, 1) be defined by

1
A= —,
1+ |Inn;|
so that
lim % =0 and lim 2% —o0. G.11)
i—o00 i—00 Aj

For the transition map, we use the Luckhaus Lemma. Fix 8 € (% s 1) . Define the sequence
{Ki}72, C Rso that

Ay —w: (7D 14
[ldvi(px)lp—i— \dw; (5P 4 PP ;v’(px)' ] 4" (x).

n;

1
P _
Ki_ﬁp

-1
sy

Invoking Lemma 2.14 yields transition maps {y;}72, € Wl’p(BT \BL, RY) satisfying

= (B -
Vi) =1" (Hz‘)’ * €51y, (3.12)
Vi(ﬁx), X € S;ﬂ—l’
n?
|dy;|P dx < 1K} 1+A—’p i, (3.13)
BB, ’

and

¥ (Bi \ Bioy,) Cvi(Sp) UWi(Sp) Ufy € RE : dist (¢, v;(Sp)) + dist (v, Wi (Sp) < R;}.
(3.14)

Here
Lp=1]—@m—-1)

Ri=cKin Pa 7

l
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where 8 was fixed above. We now let w} € Wl*l’(B’I"; RR?) be given by the following defini-
tion.

w: [ —%— mn
Wi (25). e B,

wix) = v, (%) , xe B%’ \3%1(17)\[) (3.15)
vi (%), x e B \8%1

Note that for x € 8%1(1_/\1_), we find that wi(%) = Wi(l%ki); and for x € S, we have

wi(%) =v;(x). Also since 1 — 8 > 0, we conclude that

1_p, Le=liotnmh)

4 - P —
lim n; "2, =0.
1—> 00

Moreover, sup; .y K; < oo. It follows that lim; o R; = 0. Again, as we are interested in
the limit as i — oo, we may assume without loss of generality that R; < 1 < L;/Cpy for
each i € N. Recall that ||w;|.~ < L;/C. The bound on the range of ¥, in (3.14) implies
that for each x € Bz \ B5(1-1,)

either |w;(x)| <2L;/Cpp or wi(x) € v;i(Sp).

As each of @; 4 8;w; and a; + 8;v; has range in AV, we conclude that a; + §;w} (B[") C Q2.
The map we ultimately use to compare with each v; is 85_1 [[Iar(a; + Biw;“) —a;l.
Convergence of w]: First we argue that wi — w in W“’(B%’; RY). Let us check the
convergence of w; — w in L”. Based on the definition in (3.15) and the convergence of
w; — win WP (By; RY), we write

Bg
x p x p
= lim w; ( ) —w;(x)| dx+ lim / v, (:) —w(x)| dx.
i—00 11— i—00 0
Bg(i-i;) Ba\Bg(1-2,;)

:=1|.,‘ :=12.,'

Clearly, we have that [W,-(I%M) —w; (x)] — 0 for ae. x € Bj. We also see that

p
W,-(I%M) -w,x)] <C {Iw(x)lp + |w( lf/\; )|1’}. The Lebesgue dominated convergence
theorem implies lim; .~ I1; = 0.

We now examine lim;_, «, I2 ;. The bound on the range of ¥; in (3.14) implies that
either [¥;(x)] < |vi(x)| or |¥;(x)] < |w;x)|+1 (3.16)

for each x € B \ By1-1,;). Since v; — v € LP(B";RY, w;, —> w € LP(B";RY), and
lim; , o0 |B5 \ Bs(1-1,)| = 0, we have

11— 00
Ba\Bg(1-2;)

lim / {vil? + wi|? + [w|”} dx = 0.
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From this limit and (3.16), we may estimate
lim I;; < C lim |B5 \ Bs—wl +C 1lim / {|Vi|p + |w;|? + |W|p} dx = 0.
1—> 00 1—> 00 11— 00
B\Bg(1-3;)

Thus, w! — win LP(B;"; RY).
Now we turn to the convergence of dw} — dw in L. As before, the convergence of
w; — win WP and the definition of w; yields

P
lim /|dw;f—dw|” dx = lim d[wi( . )} —dwi(x)| dx
i—00 i—00 1—A;
Bz Bg(1-;)
=13;
¥ P
+ lim / d |:1ﬁ,~ (:)] —dw(x)| dx.
i—00 P
Ba\Bg(1-3;)
=1y

As was done with /1 ; above, the Lebesgue dominated convergence theorem may be used to
argue that lim; . I3; = 0. For the limit of /4 ;, we recall that sup; .y K; < 00, so (3.11)

and the inequality in (3.13) imply
x\ 7117
d ['ﬁi (:)] dx 4+ C lim / |dw(x)|? dx
P 1—00

\B51-3;) 7\Bp1-1;)

lim I4; < C lim
i—00 i—00

P
< C lim (1+yl’)ki+c_1im / |[dw(x)|? dx =0,
11— 00

i—00 )\_lp
Ba\Bg(1-3;)

sincew € WP (B;; RY) and lim;_, oo |Bz \ Bs(1—3;)| = 0. This completes the argument that
wi — win WP (B RY).
I (a; + 8;w): The comparison map for v;

Finally, we demonstrate the convergence 81._1 [Ty (@i +6iw!)—a;] — win wlp (Bg; RY).
For each i € N and each x € Bp(1_3,), we find that @; 4 §;w}(x) is already in N, so
Si_] [[Tnr(a; +8;w} (x)) —a;] = w} (x). From the convergence of w; that was just established,
we conclude that
(@i +8iw?) — la; — 8iw]

o™
81‘ WI'II(BE(I—AI-)QR[)

lim
i—00

It remains to show the convergence on Bz \ B5(1-3,), for which we again use the fact that
the measure of this set vanishes in the limit. Since /T is Lipschitz, for x € Bz \ Bs1-x))
we have the estimate

87 M (@i + 8wr(x) —a;i| < Crrlw} )]
Now wi — w in L?(Bg; RY) implies

lim / {Iw|? + |w|?} dx = 0.
11— 00
Ba\Bg(1-3;)
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Hence,
M (a; + 8iw?) — [a; — 8iw] [P
lim (@i + ow7) — [a; = W] dxgcnm/{|w;*‘|1’+|w|1’}dx=o.
i—00 8; i—00
B\Bp(1-1;) Ba\Bg(1-3;)

This verifies that (Si_l [[Iar(a; + Siwj‘) —a;] — win L?(Bg; RY). To finish the argument, we
again use the fact that [T/ is Lipschitz to estimate

I 4 Sw) —as r

lim d[ w (@i + oiwi) “l]—dw dx
i—00 5,‘

Ba\Bg(1-3;)

*\ 117
< C lim [ d[wi (:)] + |dw|P] dx.
1—00 P
7 \Ba(1-1;)

Using the same argument that showed lim; _, », 14; = 0, we see that the above limit vanishes
as well. This establishes the convergence 8;1 [[In(a; +8w)) —a;] — win lep(Bﬁ; RY).
With this in hand, we now are ready to begin comparing J[v; Ag] to J[w; Ao].

Comparison between J[v; Ag] and J[w; Ap]
3.1.3 Definitions

Before proceeding to compare J[v; Ag] to J[w; Ag], we need to make a few more definitions.
Givenz € Vyandw € RY, we will require a representation of A(z, w) and g(z) in local coor-
dinates. With { %}7’;1 an orthonormal basis for 7, R” for each x € ¢,(V)), and {dw"‘}ft=1
an orthonormal basis for 7,; R’ for each w € R¢, we define the components of the tensor-
valued maps A € € (py (Vo) x R (O°RY) ® (©°R™)) and g € €™ (9o Vo) ; ©’R™) by

0 0
ap,0 . -1 03] an
AT ew) = A (% (x),w) (dw ® duw*”? ® Y7 ® asz)

and

B 9 9
gjrn®) =g (‘Po (x)) (8le ® 3sz)'

The components of the inverse matrix g~ ! are denoted by g/1"2 for 1 < ji, j» < m. We put

Ap 1= A(xg, ap) and g := g(xo). For convenience let £; € €>° (R™; R™) be given by
$i(¥)i=xi+pi X

for each i € N. Also define {4;}%2, C % (B x RY; (0’RY) ® (0*R™)) and {g;}?2, C
€ (B1; O’R™) by

Ai(x, w) :=A;(¥),a;+8w) and g;(¥):=g(;(¥)). (3.17)

Let gi_1 denote the inverse of g;. The uniform continuity of g on ¢()) implies

lim sup |/detg;(¥) — \/detgo‘ =0. (3.18)

120 FeBy
Assumption (A2) implies that for each r > 0

sup  sup A (%, W) — Aol =A% (dist e (07" @itpi®) . 05" (x0))+lai + 8 —aol).

XeBy weBt
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1426 M. D. Foss, C. S. Goodrich

Recalling that x; — x¢ in R™ and that by hypothesis goal € Ex® ((pO(VO); /\/) anda; — ag
in R¢, we deduce that for each r > 0

lim sup sup |A;(X, w)—Ap| =0. (3.19)

=00 $eBM Bt

Assumption (A1) implies Ay is positive definite.
For each i € N, define u; € WP (¢ (B (x:)); N) by

u;(2) = M@ + 5w (& (9o@))

For each ¢ > 0, also define the sequence of measurable sets {E; ; }°, by

Eei={xe By |du (9" (5,00))

-1
R, M oc(9 (£:(0))) f SBF. (3.20)
%y €@

For each x € B' we compute

o [nwi + 8;v;f‘<x>> —a ] .y [ui(«»a l(c;@)) - al}

= %dui«pal@,»(x)))dwa‘(c,-(x))
Foreachi € N, define §; € L?(B}; R @ R™) by
£:(x) := du;(py ' (&;0)))dey ' (5 (),

SO

d |:HN(ai + 8wl (x) —a;

_Pig
(Si ]_ 81' Ez(x)~

Since 8, [T (a; + 8;w;) —a;] — win WI’P(B%’; R?), we deduce that

—1
ujo@, o¢; —aj
di

=0.
LP;REQR™

pi
5

- W

=0 and 'lim‘

11— 00
Whp (B:RY)

i—00
(3.21)

We note that the representation of @ in local coordinates is x and moreover that the map
do, € € (goal(Bg (x); R™ ® T*M) is the identity matrix I € R™ ® R™ in local coor-
dinates.

3.1.4 Main estimates

Let ¢ > 0 be given. We write

lim [Ao (®2d |:17N(a,- +8w?) —a; i|) ] 7 "

/ {Ao(@dwx)}* dv = lim 8,

L
2

p
= lim i 2
= lim 57 detgoB/{AO (®%§,)}7 Vdetgpdx.  (322)
D

=11
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Using the convergence in (3.21) and the uniform convergence of ,/detg; — ,/detg, and
of A; to A, in (3.18) and (3.19), we conclude that
1 ] ‘
> - =0.
i

. —1 . — -
4, (x’ ui (9, (c,§x>)) a,) JaE® — Aov/TeTEe
of ot wiloy' €N -a\ ., |
lim 1 =11rn1nf—p/ Ail x, : ® ‘g',-(x)) Vdetg; (x) dx.

lim
i—00

Bs:
s ;

We also have from (3.21) that §&; — w in L? (B R’ ® R™). Thus,

i—00 8[ i—o00 ; 6
Es.i
=ID;
.. p,'p 2 5
+ /detgg lllrgggfg—p {Ao (®7¢,0))}? dx

i

Bﬁ\Es,i

> 112,1' (323)

Recall that d¢ is I in local coordinates. Turning to I, ;, we change variables to get

Ih :% A ui@) (©° | dui@)dey ' (90@)d, @) gdl/«g(Z)
Pi
05 @i (Eei)
1 r
= / {AG.ui @) (®°du;i(2))}* dug().
l 05 (€ (Ee)
Foreachi € N, put
9 =17 o9

The asymptotic convexity assumption in (A4) implies

(SIS

{AGz. u;2) (®°du;(2))}? > Gz u; ), du;2)) — e|du; )|

P
R{QTF M

for every z € (oi_1 (E¢,i). Hence,

1 &
1L > p / Gz, ui(2), du;(2)) djig(z) — o / |t ()l g7 0 A9 @)
e o7 (e
1 1
> o / Gz, ui(2), du;i(z)) dug(z) — pW/G(Z’ u;(z), du;(z)) dug(z)
(ﬂ:_l(Bﬁ(H—Ai)) (ﬂi_l(éﬁ(lﬁ-l,')\Bﬁ)
1 &
v / G(z,u;(2), du;(z)) dug(z) — o / |du,-(z)|ﬂ’;zwM dig(2).
lq;l.—‘(Bﬁ\Eg,i) I(Pi_l(Ee.i)

Rewriting definition (3.1), for each z € (pi_l (Bg) we get

a; +38;vi(9;(2) = u@).
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1428 M. D. Foss, C. S. Goodrich

Thus,
sidvi(;(z)do;(z) = du(z).

Since u is a local minimizer for /, and u; = u on By \ By, for eachi € N, we must have that

/ Gz, u;, duj)dpg > / G(z,u,du)dug

0 ' (Bp) o' Bp)
= / G(z,a; +6;vio@;,6;d[vio@;])dug.
07 (Bp)
Therefore,

1
IhL; > o / G(z,a; 4+ 6;vi(9;(2), 8;dvi(¢;(2)de;(z)) dug(z)

i

07 (B
=113,
_ L / G(z,uz(z),dui(z))dptg(z)—i /Iduz(z)lpz dug(z).
plm plm REQT; M
07 (BF\Ee.) 07 (Eei)
Iy =I1s;

(3.24)

We now work to estimate /3 ; from below in terms of J[v, By]. For each i € N, set

- .8, . -1 -1
Fri= \x € B0 |dviodeitor o0l ool @) S B

9 @)
Assumption (A4) yields
Gz, a; +6ivi(9;()), 6 dvi(9;(2))do; )

> 8 {A@, a; + 5vi(9;2))) (®7 [dvi(9;@)de; (2)])}
—e8] |dvi(9;2)d9; @) |7 04

]

foreachz € (plf1 (F;). It follows that

P
I, > 6" / {AG.a; + 8ivi 0 9) (R7d[vi 0 9;])} 7 dug

o7 (F)

- /G(Z,ai+5ivi°(0ia3id[vi°¢i])dﬂg_55,‘p/ 1d[vi 0 @1 g7 g Ag-
z

07 (B5\F) o7 (F)

The identification of ¢, with x in local coordinates implies the identity element | € T* M ®
T* M is represented by d(pal € €X°(By, (x;); T* M ®R™). Upon changing variables again
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On partial Holder continuity and a Caccioppoli inequality 1429

we obtain

14
2

11 = 500" [ {utrnio) (& [aniodo o7 cndpg! 0]) | Vet o ax

By
=11
ya
-8 / [AG, a; + 5vi(9; (@) (&% [dvi(9;2)de;(2)])}* dig)
07 (BR\F)
2=II7_,'
- / Gz, a; + 8ivi(9;(), 8;dvi(p;(2)d;(z)) dig(z)
07 ' (Bs\F)
I1g;
—edf / |dvi(@;@)d0; @) g | pq dHg@)- (3.25)
ol
o7 (F)
2=119,,'

3.1.5 Final comparison

Collecting the above estimate along with the estimates (3.22), (3.23), and (3.24) gives us
P
[ to@dm)® ax
B

p—m P
lim inf pipII()J —limsup ——111; — elimsup ———1IIs;

z : P P
\/detgo i—00 i—00 (Si i—00 (Si

p—m
— lim sup pip_mllu — lim sup pia 113 ; — ¢limsup pip_mllg,i] . (3.26)

. . 4 .
i—00 i—00 i i—00

‘We observe that
_ 1 _
do;(p; ' (x)) = PRI '@)).

Thus,

1
do; (¢ (x)do; ' (x) = o

for each x € Bz. The uniform convergence in each of (3.18) and (3.19) along with the strong
convergence of v; — v in L? implies

r
lim inf pipII(,,i = /detgylim inf/ {Ao (®2dv,~ (x))} 2 dx.
11— 00 11— 00
B
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1430 M. D. Foss, C. S. Goodrich

Since A is positive definite, this integral is weakly lower semicontinuous in L?. It follows
from the weak convergence v; — v in L?, provided by assumption (f), that

b
liminf p/ I1s; > \/detg / {Ao (®*dv(x))}? dx
1—> 00
The growth condition in (A3) allows us to estimate
pp m pp—m
T / (7@ + A1dui @1 g 0} dig@
1
07 (BAE:)
pl—m
< / (@) + Aloc@)|”} dug().
"o By )

Here we used the inequality |du; (z) |RZ®TZ* M < 0¢(z), whichholds foreachz € ¢i_1 (B>\E;)
by the definition of E, ; in (3.20); we have also used the fact that from the definitions of ¢,
@;, and ¢; we notice that

o, (Bo\Eei) = 0y (8 (Bo\Ee.i)) € 0y (Bpp (x0) S 0y (B, (x0) -

Since @, I(Bpi x)) C YV < M’ and M’ is compactly contained in M, there must be
a constant C’ < oo such that ¢ (Bp, (x;)) < B (z,) for each i € N. By hypothesis

G, oe|? € LYY (M) and lim; 0 p!’~ ”‘”/5{’ = 0. Hence,

p—m
lim sup I1y; <lim sup / (6@ + Alos@)]7} dug (@)
i—00 i i—00
C/ (i)
p= m+)/
i—00 5,~
Completely analogous arguments yield
p—m

lim sup ,ol.p_mllm = lim sup I1g; =0.

i—o00 i—00 i

Next we see that

pl " ol
i yps; < b / ‘du (05"
p NS P i
6i (Si

o Vdetg(¢)de.
N0

Bﬁpi (xi) (/)0

Using the local coordinate representation produces:

plg 1151
p—m m —1 -1
P i dui oyl duiog 1
< b 2 g/ () L0 Sy, ——T9 “(p) detg(¢)d¢
8! = CIqh 3¢ ¢
Bﬁpi (xi) T 2= *
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Io.pfﬂl
= 81’
< [([duicor @nder! )] [¢7 )] dustog €ndey @) Vg @ dc.
Bpp; (xi)

Continuing with a change of variables using {; = x; 4+ p;x yields

p—m
Pi
I1s;
7
P
5 /<d |:HN(lli +8iwi(x) —a; ] [gi—l (x)] d [HN(ai + 8iwi(x)) — a; ]>2
Si i R{QR™
Bs
detg; (x) dx.
Thus,
pl " 1 £
. 1 . -
lim sup 57 Is; < /detg, / (dw(x)go : dw(x>>Rz®Rm
Bz

14
2

:,/deth/{ggl[dw(x)@)dw(x)]} dx.
Bz

The analysis of lim sup;_, pf ™11y, is similar. We obtain

2
lim sup o/~ 1o ; < lim sup / <dvi (x)gi_1 (x), dv; (x)> : Jdetg; (x) dx
[—>00 ' —00 REQR™
5
P
2

< /detg, sup/ {ggl [dv,» ®)® dvi(x)]} dx.
ieN
Bz

Using the above estimates in (3.26) yields

/{Ao (@))% dr < /{Ao (®%dw)}* dx+s/ fe;' [dw @ aw]}” ax

+e sup/ {gal [dvi ® dvi]} dx.
ieN

2

Put Ay := A(zo, ap). Thus, Ay is just the restriction of A to (GZT,,ON) ® (O*R™), and
so Ay (®2dv) = Ay (®2dv) and Ay (®2 dw) = Ay (®2 dw). The last estimate is valid for
each & > 0 and sup; .y || dv; ||Lp(8r]n;RZ) < 00. We may therefore take the limit as ¢ — 0% to
get

Jv; Apl < J[w; Apl.

As this demonstrates the desired minimality of v, the proof is thus complete. O
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1432 M. D. Foss, C. S. Goodrich

3.2 Statement and Proof of Lemma 3.2

The second lemma shows that if the blow-up sequence converges weakly to some map, then
it actually converges strongly. This second lemma is, in part, used in establishing the partial
Caccioppoli inequality.

Lemma 3.2 Let M’ € M and {5;, pi};2, C (0, 1), such that §;, p; — 0%, be given. Also
let {z;}72, C M, with a single local coordinate chart Vo, ¢q) on M such that z; € Vo
and B/”}i (90@i) € @o(Vo), be given. For each i € N: let {ag} U {a;}2, C N, z0 € M
and {vi}j’il c whr(B™ RY along with assumptions (a)—(f) be as described in Lemma 3.1.

. 1
Then we have the strong convergence v — v in Wlo’cp (B™: RY).

Proof Several elements of the setup that we need are the same as were used in the proof of
Lemma 3.1. We will therefore take advantage of some of the definitions already made in that
proof. As with the proof of Lemma 3.1 we have broken the proof into several steps.

First we observe that the Rellich-Kondrachov theorem yields v; — v in L?(BY"; RY). It
only remains to verify that dv; — dv in L”(B’%; Rf @ R™) for each 7 € (0, 1).

3.2.1 Definitions

Select p € (0, 1), which is henceforth fixed but otherwise arbitrary. It is enough to show
dv; — dvin L”(B%”; R! @ R™) for some p € (7, 1). Since v; — v in L”, we may find a
number p € (o, 1) such that

lim vi —v|Pds#"" 1 =0

11— 00
m—1
Sﬁ

and

sup / {Ivil? + vIP + |dv;|” + |dv|”} d#™ " < oco.
ieN
syt

For Lemma 3.1, we modified a given w € W7 (B"; Ty, N) into a sequence {w7}?°, via a
series of transformations. Since v is a choice for a map in whp (B'; TayN'), we use the exact
same transformations to produce a sequence {v}°, C whr(B": RY) with the following

properties: for each i € N, it holds that

(i) a; +6;vi(x) € 2y forallx € By;

(i) v¥(x) = ;@) forallx € By \ Bz
(iii) ITrr(a; + 8;v} (x)) is well defined for each x € Bg;
(iv) lim; 0 [V} — V”WI,I)(B%;RZ) = 0; and

. I ar(ai+68iv])—a; _

(V) llmlaoo H 5 HW'vf’(Bﬁ;Rl) =0
Before estimating | dv; — dvlli[, (Rigrmy Ve recall a few more definitions that were
used in the proof of Lemma 3.1. The sequences {;}7°, C €*°[R™;R™) and {9;}°, C
¢ (Vo; R™) are given by

§(®)=xi+p%  and @)=L (@)
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For each i € N, define the map w; € wlr ((p;I(B’l" (xi)); ./\/) by

wi(2) := T\ (a; + 8iv} (9;(2)) - (3.27)

Note that w; is well defined by property (iii) for v;.

Let {4;}2, C % (B]' xR (O°RY) ® (©°R™)) and {g;}2, C €™ (B': ©’R™) be
defined as in (3.17). Thus the convergences in (3.18) and (3.19) are both valid. These in
combination with the strong convergence v; — v in L (By; RY) imply

lim
i—00

‘x € B1 1 A; (x,vi(x)) —Ag| > ll” =0. (3.28)

LetAg € (O?RY) ® (O2R™) be the local coordinate representation, with respect to (Vo, @),
of A(zo, ap).

3.2.2 Upper bound for lim; ., [ |dv; — dv| dx
Bs

The positive definiteness of A, and hence A;, allows us to write

/|dvi —dv|? dx
By

1
p—2
< C(p)A? / / (1= $)p {Ai @, vi(x) @ [sdvi(x) + (1 —)dv®)]} 7
By 0
[Ai (e, vi(x)) ® (dv;(x) — dv(x))?] ds dx

1
2 2
< C<p,A>//(1 9 i @ [sanw + (1 - ndvw]) asas
By 0

= C/ l[Ai(x, vi(x)) ® dv;(x)]

By

S

L
2

—[Ai e, vi(x)) @ dv(x)]

p—2
—p Ay () @ dv(x)] T Aylx, i) [dv ) @ (dv;(x) — dv(x))]] dx.

The convergence in (3.28) and the boundedness assumption in (A1) imply both that

. vy @2 dy 2 =
Jim [AiCvi) @ dv—Ao @ dv| 4 =0
and that
v P2
Jim H [Ai(vi) @ dv] T Ai(vddy — [Ag @ dv] T Aodv| =0
Jim LP=T(B;RY)
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1434 M. D. Foss, C. S. Goodrich

Now the weak convergence dv; — dv in L? implies the last integral above vanishes as
i — oo. Recalling the uniform convergence in (3.18) gives

lim [ |dv; —dv|’ dx

—00
By
1 4 P
< C lim m/[Ai(x,vi) ®” dv;]* ‘/detg[dx—/[A()@Z dv]* dx

By By

=1

(3.29)

By definition
) P -1 1
dvi(x) = Edu(% (x))d‘P() (&; ().

Changing variables in /1 ; gives us

]

p—m
ni=" / [AG u@) [8*du@ do; ! (0y@)deo@ |} dig)

8P
07 (Bp)

1

/ [AG u@) & du@)}? dug().

07 (Bp)
Let & > 0 be given. Define the sequences {E;, F;}72, C B%’ by

> o (97 ' (1))

R mn . -1
Ei={xeBy: |dulo; @) et u
o«

and

> o (97 (%))

Fi:=1xeBy: ‘dwi(‘p;l(x)) RI®T* | M
9

(x)
Using the growth condition in (A1) and the asymptotic property in (A4) we may write

p—m

vl g oA :
hi=" / [AG.w @ du]” daz+ o / [AG.w @* du]” @
' o7 (BA\E) ' 0 ()
ol "
< lg? [AP / log|” dug + / Gz, u,du)ydug +¢ / |du|ﬂ%‘®Tz*MdM9i|'
’ o7 (Bs) o7 (Bn) o' (By)
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Property (ii) implies w; (z) = u(z) for eachz € (p_] (B \Bp) Since u is a minimizer for the
functional 7, we have the bound

p—m

p.
I < AP 16," / loe|” dug
o7 Bp)
pp—m pp—m
o / Gz wi. dwi) dyug +e 2 / 112, 0 g (330)
" orlBy) "By
=D
Assumptions (A3) and (A4) yield
L= /G(z, Wi,dwi)d//«g""/G(Za wi, dw;)dug

0 (Br\F) Fi
P
< /(E—i—AlaglP) dug + / [AG. w) ® dw;]* dug

o' (Bp) ;' (Bp)

+ ¢ / |dw, ]Rl@T*M Hg-
07 (Bs)

We now provide an estimate of the middle integral appearing in the upper bound for /5 ;
above. First of all, observe that from the definition of w; in (3.27), we have

i
dw;(z) = ;dHN (ai +8;v} (9; @) AV} (9, @) doy ().

l
Second of all, we introduce a change of variables into the middle integral appearing on the

right-hand side of the upper bound for I ; by means of the substitution x = ¢; (z). Observe
that it then holds that

dug@) = pl.lm ‘dwo (q;;l(x)))_l dx,

which corresponds to the volume correction factor from the substitution and in which we use

the notation ‘d(po ((oi_l(x)) ’_1 = [det (d(po ((pi_l (x)))]_l. We then obtain that

P
/ [AGz. wi) ® dw;]? dug
0 ' Bp)

_ Sf / |:Ai (x, I\ (ai + (S,-v;k(x)) - ai)
p—m S
P; .

By
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1436 M. D. Foss, C. S. Goodrich

S

®* dIy (a; + 8;vi(x)) dvi(x)dg, (w;l (x)) ] . ‘d(po ((pl.’l(x)) ’_1 Vdetg; dx

=5 dwi (07" )
8/ My (ai +8ivi(x)) — g2 P | :
= pim/ Al x, 5 dw, ((pi_ (x)) V/detg; dx,
Pj i

Bz

where we have used the fact that in local coordinates @ is the identity map, and, hence, dg
is represented by the identity matrix in R” @ R™, as was mentioned earlier in the proof of
Lemma 3.1. In summary, we obtain

L; < / (@ + Aloe|”) dug + ¢ / |dw; | R4®T*Md,ug

07 (Bp) 07 By
b
87 Iy (a; + 8;v*(x) _ 2
+ p’_m / |:Ai (x, (@ 81 (W) - ®? Pi dwl (goi 1(x)) J/detg; dx.
P; i
By

Let us also notice at this juncture that
d [HN (@i +8iv} (@) —a;

i

:| = %d[HN (@i +8ivi(x)) —ai]

1
= 5—d17N (ai + (SiV;k(x)) -8 dv}(x)

i
= Srdwi (o7 @).

which since

ok sy —a |
d|: N(al—i_slvl) ai —dv—0
i

in L? (B5) implies that

lim
i—00

&din(pfl—dv =0,
di L7 (By)

a fact that shall be used momentarily.

3.2.3 The convergence dv; — dv in Ly (B; R¢ @ R™)

loc

Using the last estimate for (3.30) and inserting the result into (3.29) yields

lim /|dv,~ —dv|? dx
1—>00

Bz

r

@) —a :
< Clim sup / |: < )) 2 b dw, ((ﬂl-_l(x))j| Jdetg; dx
i—00 etgo i

=13
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p—m

2 ol
— [ [Ao®@*dv]? +e—"—— [dup o, FldwiP, ]d
L v e e R
B 07 (By)

Iy

p—m 9
P; —
N E— (@ +2Al0¢17) dug
Sf Jdetgg ]
9o (Bp)
Is,i
p—m
Essentially the same argument that showed that lim sup;, _, o, p"(s—,,l I4; = 0 in the proof of

p—m
Lemma 3.1 also shows that lim sup; _, '()"715, ; = 0 here. The analysis of 14 ; is analogous

to what was used for /s ; and I I ; for préof of Lemma 3.1. We get

p—m P
2

lim sup pi(sp Iy; < \/detg, ;ug/ [gal [dv,- ® dvi]} dx
1S

i—00 i

2

P
+/ g5 [av@av]}” ar
Bz
Turning to I3 ;, property (v) and the uniform convergence both in (3.18) and (3.19) together
with the previous demonstration that £ dw; o ¢; ' — dvin L? (B;) jointly imply

VA
limsup I3; = / [Ao ®? dv] 2 dx.
i—00

By
Hence,

L
2

p
lim [ |dv; —dv|Pdx < esup/ {g&1 [dv,- ® dvi]] * dx +8/{g51 [dv ® dv]] dx.
11— 00 ieN

Since sup; ey 1dVill Lr (3, RE@Rm) < OO, by taking the limit & — 0" we conclude that

lim [ |dv; — dv|? dx = 0.
11— 00
By

Thus, lim; o [[dv; = V| (5 5.RtrRm) = 0,andsince p € (0, 1) was arbitrary, the lemma
is proved. o

4 Partial Holder continuity

In this section, we prove partial Holder continuity for a minimizer u € W'?(M; N) for 1.
Having proved Lemmata 3.1 and 3.2 in Sect. 3, we are now in possession of the principal
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1438 M. D. Foss, C. S. Goodrich

ingredients needed to deduce the Holder continuity. We must first establish a decay estimate,
which we label Lemma 4.1; we then demonstrate in the proof of Theorem 4.2 that the decay
estimate can be iterated to obtain the desired Morrey estimate. Finally, with the Morrey
regularity of du shown, we are then at last able to deduce the partial Holder continuity of u
in the standard way.

4.1 Decay lemma

We begin by stating and proving the relevant decay lemma.

Lemma 4.1 Let o € (0, W) k > 0, and M' € M be given. Suppose that u is a

minimizer of (1.1). Then there exist constants ro, 8o > 0, and c5 > 1, with the following
property: if r < ro and B,(z9) C M/, then

()
| @)z, | <K

and

(b)

- p
poP g ppm / |du(Z)|1Rl®TZ*M dug < do,
BM (z0)

together imply that

r p—m -~ r op
o P ap_p—m P _
BY! o) BM (o)
s
Proof The proof of this decay lemma is inspired by the proof of [49, Proposition 1]. In
particular, as in the proof of [49, Proposition 1], we prove the decay lemma by contradiction.
Furthermore, much of the divergence from Luckhaus’ argument in [49] has been isolated in

Lemma 3.1. For convenience in the sequel, we introduce statement (S), which is the desired
implication of this lemma:

there exist constants rg, 8o > 0,and ¢s5 > 1, with the following property: if r < rg
and B, (zo) C M, then
[y dig <G and | < x
BM (z0)

together imply

S p=m
® (i) / |du@) G, dHg

Cs
B} o)
5

<c; ap.p—m / |dU(Z)|Hp§z®TZ*M dpLg + (g) .
BM (z0)
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On partial Holder continuity and a Caccioppoli inequality 1439

We need to translate this statement into suitable local coordinates. Let {(Vg, (o?)}? M be
a smooth atlas of geodesic orthonormal (Riemannian normal) coordinate charts (see, e.g. [45]
or [47]). Foreach 7 € M, let 87 € €% (o7 (Vz); ©2R”’) be the representation of the metric
g with respect to the local coordinate chart (Vz, ¢+). Without loss of generality, we may
assume that V3 has been selected so that

1
5'”2 < [gz®] 0oy <27 4.1)

for eachx € ¢ (Vz) and all y € R™. Thus, in particular,

Bg @) C 93 (B 9z @) C By (), 4.2)

whenever Bé\r" (z) € Vz. Since M’ is compactly contained in M, we may extract a finite
family {(V~, wj)}j::l from {(Vf, ‘pf)}?e/\/l such that M’ C U§=1 V;. Moreover, we may
select an rg > 0 such that for each zg € M’ we find that Bﬁg/l (zo) C Vj, for some jy €

{1, ..., 7}. We use (4.1) and (4.2) to deduce that (S) will follow from a verification of the
following statement:

There exist constants pg, §, > 0, and ¢5 > 4, with the following property: if
p < po and (p;l(Bg(xo)) C M’ forsome j € {1,...,j}, then

(uo(p;])xo p/2 =4
and
- —1 —L P /
o7+ [ due) )] 1L g b < By
By (x0)
(8" o
together imply
p—m
o ~1 —1,47
<c5) / dute; wnde; @)
Bz#(xo)

‘s

< (c5) / du(o}" () de7! @)

B%ﬂ(xo)

p op
dx + (ﬁ,) .
REQR™ Cs
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1440 M. D. Foss, C. S. Goodrich

Let us suppose that (S’) is not true. Then the following alternative must hold:

There exist sequences {8;, p;} C (0, 1), with§;, p; — 0T asi — oo,and {z;} € M’
satisfying the following for each i € N:

e thereisa j; € {1,..., j} such that (pﬁl(BZf, (‘Pji @) cM

—1
uog, ) .
( il @) %

< 4"k (4.3)

(AlD ool [ e e 0 =8 )

By, 0@

but

m _ _ p 1\%
ol / \du(«p,ﬁ(x))d;o,,.l(x) dx>(c—,) 87, (4.5
5

R QR™M
B>

c.

>

(@), @)

3N

where the sequence {p/}.~  is defined by

The constant cg > 4 will be determined later in the proof. We assume (Alt) holds and will
reach a contradiction. o
Since M’ is compactly contained in M, there is azg € M’ such that

im dist a4 (zi,20) = 0.
1—> 00

It is, therefore, no loss of generality to assume that there is a single coordinate chart (V, @),
among {(V;, (oj)}j.:l, and an ro > 0 such that B,/(\)/‘ (zo) C V. In addition, we may assume
that Ufil B% (z;) C B,/(‘)/‘(z()). Let us define the sequence {xi}ioi1 € R™ by x; := ¢@(z;).
Then lim;_, o0 X; = Xp =: @(z0). We immediately observe that (4.4) implies

f

B (xi)
2

. p
P du(o (x))do~" ) dx<C and pf <5 (4.6)
5i RZ@]Rm

for each i € N, and where the constant C appearing in (4.6) depends only on m. Observe in
particular that, since pao < p —m + y, we must have

p—m+y
lim +—— =0.

i—o00 (Sl.p

We now argue that (z o @) € Q) for i large enough. For each x € By, (x;), we

. Xi,pi
estimate

dist ((u ° (p’l)xl_.% ,./\/) < '(u ° (p’l)xl_.% —u(p~' () e
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Hence,

p p
dx,

R¢

dist ((u ° (p’l)xi% ,N)

= f Jue - @oe ), 4

Bp; (xi)
7
and Theorem 2.7 and (4.6) imply that

dist (oo™, 4 ,/\/)p <27 PKp’ ][ |du(p ™" @) do ! @0)|Ligpn dx
3%(161')

< C27PKé!.

It follows that lim;_, o, dist ((u S N) = 0, so there is no loss in assuming that
i3

{woo ) n]

i=

| C 2. Foreach i € N, we may therefore define

e (e o), ).

2

Moreover, the continuity of I7xs and the uniform bound in (4.3) allows us to further assume
that there is an @y € A such that lim;_, o, |@; — ag| = 0.
Define {¢;}7°, C €*°(R™; R"™) and {9;}°, C €>°(V; R™) by

1
£i(x) :==xi+px  and 0@ =t o@).

We define the blow-up sequence {v;}7°, C wbr(B; R by

u(p; ') —a;

vi(x) = 5;

Let us verify that there is av € WP (B"; TayN) such that v; — v in WI’P(BT; RY). Let
g € €®(p(V); ©*R™) be the local representation of g, so g is uniformly bounded and
positive definite by (4.1). By definition and a change of variables

2m _1 _1 p
7’"8’7 ‘uotp —H/\/((uotp )x,%’)‘ dx
P; 9;

/|v,-|1’dx
1

By B, 1)
2

m _1 _1 p
= | [vweeh =y (oo, 4 )| ax
D)
2

Recall that 7 is Lipschitz continuous. Theorem 2.7 and (4.6) imply

¢ P
/|Vi|pdx§87 ][ ‘uo(p_l—(uO(p_l)xi’% dx
By By )

2
CRp? B
= Bpp’ |du(p~' (@x)de~'(x)|” dx < CK. 4.7)
i By, (x;)
2
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1442 M. D. Foss, C. S. Goodrich

We also deduce from (4.6) that

p C'in -1 -1 p
ldv;|Pdx < —F- |du(p™! (x)de™" (x)|
By B (x)

2

<C.

Hence, {v;}72, is uniformly bounded in WLP(B;; RY). Therefore, there is a subsequence,
which we do not relabel, and a map v € wl P (By; R?) such that v; — v in W P (By; ]Re)

We now argue that the range of v is actually contained a.e. in 7,, . As in Lemma 3.1,
for each y € N we define Q, € R® ® R as the rotation operator that maps 7, A onto T\
From (4.7), we deduce that

-1 P TSP Y
u(p; (x)) —ag| dx < CK$; + Cla; —ao|”.
By
Since N is smooth, we find that y +> O; e #°W; R @ RY). Tt follows that x —

Q;(](p,l(x)) e L®(B™; Rt @ RY) and that for a.e. x € B we have

lim

a-
i—>o00 ‘ u(p; ' ()

For each i € N define q; € L?(By; Ty, N) by

~1|=o

g = / a,! ., ([duo xnde 0] x) as

Now we use g; to provide an estimate in L? as to how far the range of v; is from T, . Since
v;(0) = 0 foreachi € N, we have

1 P
/‘vi(x) —qi(x)‘l7 dx = / /|:I — Q;(iaf'(sx))] ([du((p;l(sx))d(p_l(sx)] x) ds| dx
B By 1o
//‘ u(q:, I (sx)) ’du(@‘(sx))d(p*l(sx)‘p dx ds.
0 BYII

Thus,
lim |vi(x) —¢;(x)|” dx =0,
11— 00

and we conclude thatv € WP (B1"; Ty N).

The sequences {p;, i, a;, Zi, Vi }?i 1 and the coordinate chart (V, @) satisfy all the hypothe-
ses in both Lemma 3.1 and Lemma 3.2. We therefore conclude that v is a local minimizer
for the functional J[-; Ag], with Ay := A(zo, ap), and moreover that we have the strong
convergence v; — v in WIL’CP (B™: RY).

Finally, we work toward determining a value for ¢ that produces a contradiction. Recall

that
’ Pi ( Pi )
L= — € O’ —1,
Pi c5 4
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On partial Holder continuity and a Caccioppoli inequality 1443

with cg > 4 yet to be determined. From (4.4) and (4.5) and the definition of v;, we have

_ 1 P
()™ < lim pP ™" / L due ' wyde )| dx
i—00 B, (xi) S;

= (""" lim p/™" /B . |dvi(9: (07! () do; (97 (@) do ™' ()" dx.

2
P

Recalling the definitions of ¢; and ¢;, we find that

2EZXD ana doy(o7! () dp ) = 1.

Pi Pi

(Tl =pie7 ) =

ol (B RY),

Thus, upon changing variables and using the strong convergence v; — v in W}/

we obtain

=@ am (o [ Jdvie @] ar
1—> 00 B )

o
25
‘s

= 227" tim. /B i (01 dx = 207 (¢ /B vl d.

4 4

ok cl

5 5
Select @ € («, 1). By Lemma 2.15, there is a constant ¢3 such that

4 m—(1—a)p B
(c5)™" = 2P "e3(cs)" 7 (?) /B ldv(x)|” dx = Ce3(cs) ™7,
5 T

from which it follows that
()@ 0P < Ces,

where C and c3 are constants that are independent of cg. Since @ — o > 0, it follows that
cg > 4 may be selected large enough to yield a contradiction. Consequently, we deduce that
statement (S) is true, and since this implies that the conclusion of Lemma 4.1 holds, it follows
that the proof is complete. O

4.2 Partial regularity result

Our next result, which we label Theorem 4.2, proves that any minimizer u of (1.1) must be
Holder continuous at a.e. z € M; the precise statement of the result specifies not only the
degree of Holder continuity that can be expected but also describes the points at which this
regularity fails. To prove this result, we follow the well-known technique of demonstrating
that we can inductively iterate Lemma 4.1. This implies that, essentially, at any Lebesgue
point for the gradient du such that the quantity limsup,_, ¢+ |(u)zO, p| remains bounded,
we may conclude that du satisfies a Morrey regularity estimate on a small ball about the
Lebesgue point. This will then allow us to conclude the partial Holder continuity of u.
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1444 M. D. Foss, C. S. Goodrich

Theorem 4.2 Let a € (0, p_r;"w). Suppose that u is a minimizer of (1.1). Define the set
MG S M by

* L N T p—m 14 —
My =120 € M : li)n_l)glf,o / Idu(z)IR/z@Tz*M dugz) =0

BM (z0)
N3zg €M : limsup|(u)zO,p|R[ <4007 .
p—0t

Then there exists an open submanifold Mo of M such that Mg € Mg and for each number
B € (0, min{m — p, ap}) we find that

1— ptB—ap

we WwhPrtmTrmh (joy and  wed,. 7 (Mo).

oc loc

In addition, it holds that
AP (M\Myp) = 0.

Proof We first need to show that we can inductively iterate the estimate provided by
Lemma 4.1. To carry out this program, we proceed in a manner similar to [29, Lemma 6.1],
though certain of the details here are more complicated. In order to accomplish this, we shall
appeal to Lemma 4.1.

To this end, recall from Lemma 4.1 that for each zg € M’ € M, there exist numbers «
and Jp such that whenever

(@)
|(")zo,r| <K
and

(b)
ro? +r"_m/ | AU @)1, g7 g d1g (@) < b0,
BMz) REQTFM - HI

collectively hold, then there is r¢ such that for each r € (0, r9) the decay estimate

PP )

B/)j(zo)
<5
ap
- _ r
<cs op .p—m / |du(z)|£l®T*M dug + (g) ,
z
BM (zo)

thus follows; this we called statement (S) in the proof of Lemma 4.1. With this in mind,
henceforth let zp € M be a fixed but arbitrary point such that (a)—(b) above hold; the choice
of o will be specified later in the proof—see, specifically, inequality (4.15) in the sequel.
Now, fix a number pg satisfying 0 < pg < ro. Then by means of Lemma 4.1 we conclude
that the estimate
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£0 p=m d P d
g | u(z)|Rl®Tz*M Mg(z)

B4 20)
e
ap
_ _ 0
= ¢4 “Ppop m / |du(Z)|]lI;£®Tz*M d,ng + (g) 4.8)
B z0)

holds. We shall inductively iterate estimate (4.8).
So, for this purpose let us define

1
Pi ‘= —pPi-1-
Cs

Note that ¢s > 1 so that p; < p;—1 and lim;_, » p; = 0. In order to complete the inductive
iteration, we first need to check that the smallness condition on the quantity | Wz, i | remains
controllable at each step of the iteration. This is essential if we are inductively reapply
Lemma 4.1. Therefore, assume Lemma 4.1 applies on the finite sequence of radii {p; ﬁozo
and, moreover, that |(u)z0, 20 ‘ < k—i.e., the average is initially small. Then we first estimate

io
= |(")zo,po| + Z |(u)ZOst = Wzg,0; }

j=1

‘ (1)z, Pig

IA

io
K+ Z ‘(u)ZO,Pj - (u)ZOspj—l |
'=l

1

P

io 1 B
B o [l de@ | @9
=1

B;,f.\/.{l (z0)

IA

where to obtain estimate (4.9) we have used Holder’s inequality, Poincaré’s inequality, as
well as the fact that it can be shown that

’(u)zo,p_,' - (u)zo,p/,l‘ = an ][ ‘u(z) - (u)zo,p_,'fl ’ d//«g(z)-

B;\j{] (o)

By reapplying statement (S) from Lemma 4.1 a total of (j — 1)-times, we next obtain the
upper bound

[ 1@ g e

BM | o)
. ap
< el du(z)|” dug(@) + (212
= t5 p172 RZ@TZ*M :ug cs
B,{;.{Z(Zo)
. p—m . ap
—ap [(Pi=3 pj—2

B/p\;l_3 (z0)
s
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-2 _ 72 _
<cs al’pj.’_;" / |du(z)|£K®Tz*M dug (@) + cs rxppj_zfs +e3 appjzfz
BM @)
< ...
j—1
< gD ph / Idu(z)lfé@@Tz*M dug@ + > cs PP, (4.10)

k=1
B;%/l (z0)

Now, using the fact that p;_; = clgfj po and putting this into the preceding estimate we
deduce that, for j > 2,

o[ @Iy g @)

Bx{_\;{l (z0)

j—1
—(j=Dap p—m p —kap ap
<cs Py / |du(z)|R‘®Tz*M dug(@) + E cs .
Bé\o/((z()) k=1

—(ji—1 — . —(j-1
< ¢; ¢} )appg m / |du(z)|§l®rz*/v1 d,ug(z) +(— 1)05 ] )appgp

3,/,})/1 (z0)

. —(i—1 _
<G o [ i@ g g @

Bé}f (z0)

<80

< (j = De;U7ers, 4.11)

where we have invoked the initial smallness estimate in the second-to-last inequality. Thus,
putting estimates (4.10)—(4.11) into (4.9) we deduce

_1 _
‘(u)zg pig| =K + K»r cg” pjl?_lm / Idu(z)lﬂge@Tz*M dug(z)
= A @)
11l L1 \UDe
§K+Kﬁcg’8(§’2(j—1)p( )
j=1 s
1 1> 1/ 1\VUDe
<k + KPSy D (=7 (c) : (4.12)
5

Now, recalling that 0 < c5 ''<1and appealing to Fubini’s theorem, observe that we may
write

x P\U-De 2 e @
Zl(]—l)(cs) 522(7) = —>— <+, (4.13)
J=
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1 .
where we have used the fact that (j — 1)» < j — 1. Thus, the series converges, and so, we
conclude that

1 1
TP mtaep
K7es™6,

1 li 1\V—De
<k+K?”c 4 (j_])p(i) <K+ —>
R (g —1)°

Recalling that cs has no dependence on §(, without loss we may assume that §p was initially
so small that, say,

‘ (u)zogpio

P
€ (e —1)°
o< | — , (4.15)
KECgVH'Ot
whence
_1 1o L1\ De
m . >
(@i | <6+ K728 ZI(J—U” (g) <2x. (4.16)
]:

This proves inductively that if on the first ip — 1 balls the average of u remains sufficiently
small, then it continues to remain small on the io-th ball. In particular, if we initially put
80 := 80(2«) rather than 8y := (k) in the statement of Lemma 4.1, then (4.9)—(4.16) imply
that we will be able to reapply Lemma 4.1 at the io-th step of the iteration.

In fact, inequality (4.16) now allows us to apply Lemma 4.1 but with §o(2«) replacing
80(x) and p;, replacing pp. So, for notational convenience in this final part of the proof, put

1
T:=— € (0,1),
Cs

and define the function ¢ : [0, 400) — [0, +00) by
0@ i= [ 1@y g
BM (o)
Then recalling again Lemma 4.1 we have the following preliminary estimate
(tp0)? ™ @ (tpo) < TP p{ "¢ (po) + (Tp0)*
from which we may write

ap—p+m ap—p+m

p(tpo) < @ (o) + (tp0)

In observation of the estimates of the preceding paragraphs, we may repeatedly apply
Lemma 4.1 to obtain by induction the estimate

0 (tp0) = TP [ (oo + ko], @.17)
for any k € N. Indeed, to prove (4.17) we merely notice that it trivially holds in case k = 1

since this follows from Lemma 4.1, as above, whereas if we assume that (4.17) holds for
some arbitrary but fixed k € N, then we may compute
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IA

ap—p+m
@ (.L_k+1p0) rap=pEmg, (Tkpo) + (.L_k+1p0)

_ ap—p+m
Lap—p+m (Tk(otp—p+m) [(p (p0) + kpl” p+m]) n (Tk+1p0)

< r(k+1)(ap—p+m)(p (,00) + (k + l)r(k+1)(ap—p+m)p8fﬂ—p+m

IA

< kD (ap—p+m) [(p (00) + (k + l)ng_P+m] , (4.18)

where in (4.18) the first inequality follows from an initial reapplication of Lemma 4.1, which
is allowable due to the fact that we have already shown that | (Wzy, pi | remains small throughout
the iteration. Furthermore, the second inequality in (4.18) follows from an application of the
induction hypothesis itself. Thus, (4.18) proves that the inductive iteration (4.17) holds.

Suppose now that we are given a number p* > 0 sufficiently small. Then we may find
k € N such that T8t py < p* < ¥ py. Moreover, let B be a fixed but otherwise arbitrary
number satisfying § € (0,m — p) and also ap — f > 0. From these and the preceding
estimates it follows that

p
/ |¢J’u(z)|]R@®T;M dug(@)
B//,\f(zo)
- - - - —p+
< _L_(k+1)ap_[ otp_L_k(m P) / |du(z)|]1§l®rz*_/\/1 d,bLg(Z)—l—kT(kJrl)apT ap_L_k(m p)pgl’ p+m
Bt zo)

0\ ¥
< (7) rk(m—p)—ap / |d”(1)|]§z®T*M dﬂg(z) +k (7) .L.k(m—p)—appgp—['-km
£0 Z £0
Bt (zo0)

P\ ) _
< (%) ,E(k+l)(m r—B) al’r(k"’l)ﬂrl’ m |du(z)|]§i®r*/\/[ d//«g(Z)
z
Bt (z0)

%\ op
+k (&) gD m=p=p)=ap (et Dp g p-m op=ptm
00

PN (P (k+ 1)+ p
< (7) (%) ktDp+p—m—ap / |du(z)|R£®Tz*M dug()

Lo
Bt o)
-p—B
e T\ ¢kt Dptp=m—ap jap=ptm
0 0 0 '
whence

1 d ,
(p*)ertm—r=F 10U @) g g e pg d1g @)
M
Bp* (z0)
LY” - krk+DB
— pHB—m _(k+1)B+p—m » kDB
= ( tpo) pg " / 100 @) 5 g A9 @) + s PG -
B o)
In the preceding estimate, it is evident that
k+Dp+p—m _

lim 7
k—00
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On the other hand, since § > 0 holds, an application of L’Hdpital’s rule implies that

: |
lim kr®FD8 T =0.
k— 00 k—o00 ﬂr—(k+1)ﬁ In (1'—1)

And from these observations, it follows that upon taking the supremum of both sides of the
above estimate we deduce that

1
p
p*::‘:)ppo) (p*)otp-‘rm—p—ﬂ / |du(z)|]R£®TZ*M dMg(Z)

' B! (z0)

1\ 4 _
< sup (—) py e KD / 10U @) G 70 pq g @)
0*€(0,p0) Tho ‘
B (z0)

kr*+DB P
+ su _—
p*e(ol,)po) vaptm—p P

< +o00.

Now, by the continuity of the map p + ¢(p) we infer that the above estimate holds on
an open neighborhood of zg, say %,. Define the set My € M by

Mo = U Uy,
20
where the union is taken over all zop € M such that (a)—(b) hold and, hence, the Morrey-type
estimate of the previous paragraph holds. Evidently My is open. In addition, the inclusion

Mo 2 M;

obviously holds. Consider an arbitrary but fixed M’ such that M’ € M. Then by the
compactness of M’ it follows that there is a subcollection ¢ := {%i }:.'zl such that ¢ forms

an open cover for M’. But then we may assert that du € LP-*P+m=pr=F (/\/l/)
Finally, utilizing the arbitrariness of M’ the above argument implies that

du e LD 7P (Mg . (4.19)
At last from (4.19) we conclude that u satisfies
ue WhPrtmmr=h (.
But combining this fact together with an application of Proposition 2.8 implies that

1— ptB—ap

0,
u € 6, (Mo,

which completes the partial regularity argument. Note that the embedding result of Propo-
sition 2.8 may be invoked since we earlier required that ap — > 0, which implies that
ap +m — p — B > m — p. Furthermore, due to the structure of the set M, standard
arguments, which we omit (see, for example, [30, Theorem 2.2, §4.2]), imply the Hausdorff
measure estimate

AP (MAMG) = 0.
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But since Mo 2 Mg, this final estimate implies that
AP (M\Myp) = 0.
And this completes the proof. O

Remark 4.3 Notice that by the restrictions imposed on y, it follows that
p—m+y
<—<
p

Remark 4.4 Notice that by the restrictions imposed on the various parameters in the statement
of Theorem 4.2, especially that @ < 2 _}ZW , we may estimate

0 1.

p+p—ap p-m+y—-B p—m+y B p—m+y
- < = -_——— — <
p P p p p

as B — O7. Similarly, since the embedding theorem utilized at the end of the proof of
Theorem 4.2 only applies in case ap — B > 0, it follows that we may also estimate

_ptB-oap _ap—p
p p
Allin all, then, combining (4.20) together with Remark 4.3, we see that by suitably modulating

the Morrey exponent y, which recall controls the strength of the Morrey regularity satisfied

by the map z — 0. (z), the degree of partial Holder continuity obtained in Theorem 4.2 can

()
C

1

1, (4.20)

1 0.

be phrased asu € %12 (Mo), where 9 (y) — 17 as y — m™. In particular, it holds that

0<v(y) < 1.

Remark 4.5 In light of Remark 4.4, we see that the degree of partial Holder continuity
enjoyed by a minimizer # and the dependence of this regularity on the regularity of o is
precisely analogous to the Euclidean setting—cf., [20,43] and the references therein.

5 Partial Caccioppoli and reverse Holder inequalities

Having obtained in Sect. 4 partial Holder continuity of minimizers of the functional

Wi / GG w(@), dw() dug (@),
M

in the present section, we deduce a partial Caccioppoli-type inequality for minimizers of this
same functional and from this estimate deduce partial higher integrability for a minimizer
u of (1.1). We point out that this result is only a “partial” Caccioppoli inequality since it
only is guaranteed to hold at those points z¢ such that zp € Mp—i.e., atzop € M such that,
essentially, the smallness conditions provided in (a) and (b) in the statement of Lemma 4.1
hold. In any case, since most of the technical estimates have already been dispatched in the
previous sections of this paper, the arguments required to deduce these final two results are
relatively brief and uncomplicated.

5.1 Partial Caccioppoli inequality

In order to prove the partial Caccioppoli inequality, Theorem 5.2, we first state and prove a
proposition, which will be required in the proof of Theorem 5.2; the content of this proposition
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is similar in spirit to that of [ 13, Lemma 6]. This proposition essentially allows us to transition
from an integral on the manifold M to an integral on a local coordinate chart by suitably
rescaling the radius of the ball B!, while at the same time transferring the average value of
u from a geodesic ball on M to a coordinate ball, this latter point being the key contribution
of the proposition.

Proposition 5.1 Let u be a minimizer of problem (1.1) and let M' @ M be arbitrary but
fixed. Then there exists a constant ce := ce(p) such that forany R > 0 andzy € M satisfying
By (zo) € M, it holds that

1
][ |u—(u){;4}”cmg,(z)zE ][ ’uoqf‘—(uoqf‘)xo,g

2

p
dx,

Bt o) B (x0)
2
where xo = @ (20) for (V, @) a local coordinate chart with zg € V.

Proof Let u be as in the statement of the proposition. For the point zp € M given in the
statement of the proposition, put xg := ¢ (o), where ¢ is a homeomorphism from a suitable
local coordinate chart (V, ¢); as in the previous results in this paper, since this proposition
really need only hold for R > 0 small, there is no loss in assuming that R is sufficiently
small such that B£4 (zo) S V. Let M 1/,\’1 € N represent the unique minimizer for the map

M — ][ lu(z) — M|’ dpug(2).
B @o)
Now let &g € R be given. Then the minimality of M 1/,\4 implies at once that
p
][ lu —oaol? dug(z) > ][ ‘u - M;,V“ dug(@). 5.1
BM @) B @)

Atthe same time, we observe that an application of both the triangle inequality and of Jensen’s
inequality implies the estimate

][ ‘u op '~ (u O(p’l)xo’ﬁ

2
B (x0)
2

P
dx

P ' ~
= ][ cﬁ‘uo(p_l—MI/,Vl’ + c6 7[ uo(p_l—M]/,V[dx dx

B (x0) "k (x0)
2 2

% (x0)

2

p P
<c¢g ][ ‘uotp‘l—M!’,\/t‘ + ][ ‘uow‘l—M[ﬁVl dx ¢ dx
B’k (x0) B
2

2
< 2c¢¢ ][ ‘uow‘l—MﬁA‘ dx,

B’ (xo)
2
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whence

_ 14 1 _ _ p
][ ‘uowl—M;,Vl dxzﬁ ][ ‘uowl—(uowl)x(}% dx. (5.2)

B (x0) B’ (xo)
2 2

Now, put o := (u)ﬁ’l € R’. Then invoking both inequality (5.1) and inequality (5.2),
together with (4.1)—(4.2) from earlier in the proof of Lemma 4.1, we thus obtain

p
][ lu — @' dugx) > ][ ‘u — MM dug(z)
B3 o) B (o)
p
> ][ ‘uo(o - Mlj)/l dx
B’ (xo)
2
1 1 P
> — u — (u dx,
~ 2c6 ][ ‘ °e ( °e )xo,§
B’ (xo)
2
as claimed. And this completes the proof. O

Theorem 5.2 Letu € WP (82) be a minimizer for (1.1). Then the set My € M, defined
in the statement of Theorem 4.2, is an open submanifold of M, and for each M' € My it
holds that for each z € M’ there is a constant C < +00 and Ro > 0 such that

C
][ Idulﬂ’;gmwodug(z)sﬁ ][ lu — @)z 2r|" dig)

B () B @)
iy

for each R < Ry.
Proof From Theorem 4.2, for each g € (0, min{ap, m — p}) we have that
du e LPePTm=r=B (A1),

In particular, since ap — B > 0, there is an &g > 0 such that du € LP"~P+20(A'). Hence,
for each zg € M/, we find that

. 1\"7? »
Byt zo)

Suppose for the sake of contradiction that the statement in the lemma is false. Then we have
the following alternative: There is a sequence {Ri}?il C (0, +00) such that R; — 01 and
{zi}2, € M’ such that

C
][ Al g i@ = f e — @), 2,

L
B @) B @)

1

" dug (@), (53)

where the constant C < +o00 will be identified at the end of the proof. Since M’ is compact,
upon taking a subsequence if necessary, we may assume that z; — zq for some zg € M’.
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Moreover there is a sequence {g,}?il C (0, +00) such that 8; — 0T and

p

R+ QR)P™ / » -0, (5.4)

\dul?, .  dug) =5
Bt eEM

where (5.4) follows, in part, from the initial estimate in this proof.

Just as in the proof of Lemma 4.1, we will convert (5.3)—(5.4) to local coordinates. Further-
more, just as in the proof of Lemma 4.1 we may assume the existence of a single coordinate
chart (V, @) such that

o0
B @) < v.

i=1

With this in mind, we shall putx; := ¢ (z;) in the sequel. In particular, by observing that (4.1)—
(4.2) may be again assumed, it follows that (5.3)—(5.4) may be phrased in local coordinates
by assuming that

R + 2R / |du(<p;1(x))dgo;‘(xnﬂ@mm dx =68 -0 (5.5)
Bag; (xi)
but that
Ftduto 0 de 1
B, (xi)
2

C ‘ 1 1
> —— uo — (1o
2c6R? 7[ ¢ (woy )x"’R"
Beg; (xi)

|
. (5.6)

Observe that to obtain inequality (5.6), we apply Proposition 5.1 to obtain the estimate
][ |u — (u)é,\-/,lzR,-| dugz) > i ][ ’u o¢*1 _ (u o(pfl)xi’Ri‘P dx.
Bt @i) By, (xi)
Similar to the previous proofs, for each i € N define ¢; and ¢; by
0 '@ =97 (¢;@) and &;(x):=x; + Rix,
and then define the blow-up sequence {v;}72, C wbr (B RY by

yi(x) = u((l’,-_‘ (;)) —a; _ u ((p—l (x; :SI— Rix)) —a; 7

where, but for the change in radius, as in the proof of Lemma 4.1 we put
a; .= Iy ((u o ¢71)xi5Ri) .

Observe that the collection {v;};2, is defined essentially as in the proof of Lemma 4.1. In
fact, due to the definition of §; in (5.5) we deduce that

f

Bag; (xi)

p

R; _ _
3 due 'x)de ' (x)

dx<C and R} <3¢,
]R£®]R’"
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which is exactly (4.6) from earlier, modulo the change of radius in the integration set. In
particular, by precisely the same argument as provided in the proof of Lemma 4.1 we obtain
the existence of v € W17 (B"; Ty, N') such thatv; — vin W“’(Bﬁ" : RY). It then follows that
the sequences {p;, §;, a;, z;, v }fi] and the coordinate chart (), @) satisfy all the hypotheses
in Lemma 3.2. We therefore conclude that v; converges strongly to v in whppm, TaoN).

We show, finally, that by the definition of v; together with the fact that v; — v strongly
in whr ( s TaoN ) a contradiction thus follows. To this end, let us first note that by the
definition of v; we have on the one hand that, for some constant ¢7 := c7(m),

du(e™' ) o™ ()IF, pn dx
B g, (xi)
2

= [ 1du T @) de @ 0

R\
(7) Bg; (xi)
2

= e\ / R |du (97" (xi + Rix)) do™" (x; + Rix) Ri |y g dx - R™7
(7) B
c7R™?P )
= Ok /|(Sidv,-(x)|Re®Rm dx
2 B,

2
85\ »
=) il dx. 5.7)
i B
2

where we have employed a change of variables, namely X — x; + R;x. On the other hand,
again employing the same change of variables as in (5.7) above, notice that, for each i € N,

(8]

ai—(wog™), o = ][ (ai —uop™') dr

B, (xi)
S [ai —u (o7 (x; + Rix))| R dx
= R i (4 i i i
i B
= ]l (@i — (woo™") (xi + Rix)) dx
B
= ][ai — [8;vi(x) +a;] dx
B
= —5,‘ (vi)] . (58)
Thus, (5.8) implies that, for each i € N,
C _1 _1 p
Q,CGR;'7 ][ ’uo‘p _(uo(p )xi,Ri' dx
Br; (xi)
_ Ccy ( e + R )_( _1) P R™ dy
= deorPRp | [0 Gt R) oo [ K

By
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P

c —1
:2C6Rlp][ 8,~v,~(x)+a,~—(uo(p )x,-,Ri dx
! ==8;(vi)
C 8\’
= e (EZ) ][|Vi(x) — i |7 dx. (5.9

B

Putting (5.7) and (5.9) together, we deduce that the contradiction hypothesis (5.6) may be
rescaled to read

8i g dv:|? dx ¢ 8i ! . 317 dx
®) | V1|R/®]Rm > 206 &) [vi(x) — (i)l ,
B By

from which it follows that

[S]

C
][ A1) g > 5 ][ 976) — (), |7 d. (5.10)
B B

Now recall that v; — v strongly in wl.r (B'I"; Tao./\/) and, moreover, that v is (B, p)-
harmonic. This fact implies that v satisfies a reverse Holder inequality, namely,

][ V1D g dX < 5][ lv(x) — (v),]” dx,
B B

for some constant C > 0. But, at the same time, the strong convergence combined with (5.10)
implies that

.
F 101 x> E]l p() — 0,17 d.
B% Bl

In light of the fact that v satisfies the above Caccioppoli inequality, by selecting the constant
C such that it satisfies the inequality C > 2¢¢C, we obtain the desired contradiction at once.
And this completes the proof. O

5.2 Reverse Holder inequality and an example

Finally, we provide the statement and proof of the reverse Holder inequality for a minimizer
of (1.1). We point out that this final result, Theorem 5.3, is really a statement about the higher
integrability of the gradient of a minimizer of functional (1.1). In particular, the conclusion
of this result asserts that such a minimizer with gradient a priori of class L? has, in fact,
gradient of class LP*¢ for some & > 0.

Theorem 5.3 Let u be a minimizer of (1.1). Then for each M' € Mg and each zg € M/,
there exist numbers Ry > 0 and g > p and a constant C > 0 such that for each) < R < Ry
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andz € B,’;{’)‘ (zo) it holds that

kR

F 1@y dng@ = C | f 1@ dig | - 6D
B/,‘{l(z) Bz{‘,;’(z)
3
In particular,
duc L] (My).

Proof Prior to proving the result, we establish a preliminary estimate, which will be used in

the proof of inequality (5.11). Now, similar to the proof of Proposition 5.1, let M ME be a

Py
minimizer of the map

M — ][ lw — M|P dug(z).

B @)
)

We estimate by means of both the triangle inequality and Jensen’s inequality that

P
7[ u— (u)%’t dug@)
B/Rg"(z)
T
' P / M r /
<6 ‘u(z) - M, x| + u(z') — Mp,% dug (2') § dug@)
B () B ()
T 7
ul?
< 2c¢6 ][ u— (u)g dug(@).
B/K"‘(z)
1

Then by utilizing the preceding inequality, invoking Proposition 5.1, switching back to the
manifold M, and using the minimality of the map M p. & we collectively arrive at the estimate

1 _ P
][ ’u - (u)f\e/l}p dug(z) > E ][ ‘u - (u cQ l)g dug()
By @) B @)
Py
1 p
= E ][ u— Mp,f dug (@)
B/E(z)
Py
1 M 4
= 12 ][ u— (u)g dug(2),
6
BJE(Z)
a1
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from which we obtain the estimate

P
7[ dug(@) < 2cs 7[ ‘u — (u o(p_l)g

BY @) B¥ (@
3 4

u— @y’ " dug(2).

This latter inequality then provides an upper bound dual to the lower bound established in
Proposition 5.1.

With this preliminary estimate dispatched, we now essentially follow the well-known
argument given in [38, §§6.3-6.4]. Since we only need the result to hold for a possibly small
number Ry := Ro (po,z0) > 0, there is, once again, no loss in assuming the existence of

a single coordinate chart (V, @) such that B4M§O (z) €V for each kvo € (0, % . Moreover,

estimates (4.1)—(4.2) are still applicable, and we shall use these repeatedly in the sequel.
So, on this coordinate chart, the partial Caccioppoli inequality of Theorem 5.2 assumes
the form

|du(e™! ) do™ ()17, pn dx

B'El (¢(z))
3

C
<=5 o - @yl dug@)
0

M
BQ’RT) (z)

][ u—@oo ")y, uz5|" drg@
BM ()

2Ry
Ccs —1 —1
G ][ ‘”O(" —(uogp )x0,41§5
Bz, (@@)

Cce
G

IA

IA

p
dx, (5.12)

where we have used the preliminary estimate (with a simple change of radii) from earlier in
this proof. Applying the Sobolev—Poincaré inequality [38, Theorem 3.17, (3.34)] to (5.12)
and absorbing the constant c¢ into the constant C we obtain the estimate

du (97" (x)) do™" () | e g dx

B g, (@)
1
In
<cC ][ |du (97! (x) o™ () | dx | (5.13)
By (9@)
where we put p = m’j_p < 1. From (5.13) we thus obtain
i
—17|P —17|P1
|d[wog™'|[gigpn ¥ <C ][ |d oo™ |zigrn dx | - (5.14)
B g, (0@) Bz, (@)
1
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Finally, one may apply Gehring’s lemma—cf., [38, Lemma 6.2]—in order to deduce from
(5.14) that

oo Nhgmm tr=C| £ [dfuoe g x| . G13)

B, (@@) Bz, (@@)
4

with g € (p, p + n) for some n > 0. Pulling back to the manifold, we thus recover from
(5.15) the estimate

q
P
F1au@l gy i@ | du@ g dug@ | 10
B/R%)‘ (@ ngio @)
3
which, as (5.16) is (5.11), completes the proof. O

We conclude this section and this paper by providing a brief example to explicate the
implications of the results derived in this work.

Example 5.4 Let p > 2 and r < p be given and fixed. Consider the map G : M x N x
(R ® T*M) — R defined by

2 r
GGz u.§) = {AG.uw) (®°)}° + {B@.u) (%)}

where A, B : M x N — (0*RY) ® (©>T*M). Suppose that A satisfies conditions

(A1)—(A2). We claim that if B satisfies the Morrey regularity condition |supuE ~ B(, u)| €

L7057 (M), then conditions (A1)~(A4) are satisfied.
To see that this is true, notice first of all that Cauchy-Schwarz implies that

L
2

G u. &) — {AG u) (%)) (B ), %)
HE B HE
_ 1Bzw)* (|07
- HE
_ 1Bz.w)* (§P)°
- HE
=BG, u)|2 g7

)%

We conclude from the above inequality that o, may be defined by

1

05(@) = sup (1|B<z, u>|%) o
/\/’ £

uc

Since, by assumption, we must have o, € L?Y (M), it follows that we need the condition

1 1 T
sup sup — —|B(z,u)| dugz) < 400
z0eMueN oY 3

M
p>0 Bp
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to hold. But since this condition is equivalent to

sup B(,u)| € L7077 (M),

ueN

the claim holds. And this ensures that G is (p, y)-asymptotically related to the map

2
@.w. &) > {Az w)(®%§)}7.

So, since G as defined above satisfies conditions (A1)—(A4), it follows that the associated
integral functional

/ [{A(z, w) (2%)}° + (B ) (®25)}5} dpg (@) (5.17)
M

ptB—ap
has the property that if u is a minimizer of (5.17), then it holds that u € ‘512’01 P (M)
for each B € (0, min{m — p, ap}), as in the conclusion of Theorem 4.2. Furthermore, by
means of Theorem 5.2 and Theorem 5.3, we conclude that if # is a minimizer of (5.17), then
u satisfies a Caccioppoli inequality on the compact submanifold Mg and, in addition, the
map du possesses higher integrability in the sense of Theorem 5.3.

Remark 5.5 We note that while the map (z,u) — B(z, u) must be uniformly bounded
in u, it can experience blow-up in z at a given u € N. Moreover, we see that even as
|& |R(€®Tz* M — +00,the map (z, u, §) — G(z, u, §) may, nonetheless, retain its dependence
not only on the spatial variable z but also u, which is unusual even in the Euclidean setting.
And as mentioned in Sect. 1, this initiates a low-order regularity theory for asymptotically
convex functionals in the Riemannian manifold setting.
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