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1 Introduction

Let P be a positive self-adjoint operator of order m > 0 with domain H” (M) < L*(M),
M a Riemannian, n-dimensional smooth closed manifold. Assume that the resolvent of P is
compact, so that the spectrum is discrete and given by a sequence of eigenvalues with finite
multiplicities. Let {A j} jen = o (P) be the set of the eigenvalues of P, repeated according to
their multiplicity. The counting function Np(7) is defined as

Np()= > 1= 1 (1)

Ajeo(P)N[0,7) Aj<T

The Weyl law, see, e.g., [15,16], describes the asymptotic expansion of the counting
function Np(7), as T goes to infinity. It is well known that the leading term of the asymptotic
expansion of (1) depends on the dimension of the manifold, on the order of the operator and on
its principal symbol, see, e.g., [16]. Similar formulae can be obtained in many other different
settings, see [24] and [2] for a detailed analysis and several developments. To mention a
few specific situations, see [18,26] for the case of the Shubin calculus on R”, [7] for the
anisotropic Shubin calculus, [5,8,21] for the SG-operators on R” and the manifolds with
ends, [10] for operators on conic manifolds, [20] for operators on cusp manifolds, [9] for
operators on asymptotic hyperbolic manifolds and [4,6] for bisingular operators.

In this paper, we study the counting function of the tensor product of  pseudodifferential
operators. We consider the cases of Hormander operators on closed manifolds and of the Shu-
bin calculus on R”. In the case r = 2, for classical Hormander operators on closed manifolds,
the operators we consider are a subclass of the so-called bisingular operators, studied by
Rodino in [23] (see also [22]) in connection with the multiplicative property of the Atiyah—
Singer index [3]. An asymptotic expansion of the counting function of bisingular operators
was obtained by the first author in [4]. The basic tool was the spectral ¢ -function, in the spirit
of Guillemin’s so-called soft proof of the Weyl law [13]. This method allows determining
the leading term of the asymptotic expansion in the non-symmetric case (corresponding to a
simple first pole of the spectral ¢ -function). In the symmetric case, the spectral ¢ -function has
a first pole of order 2. Using a theorem due to Aramaki [1], it has been possible to determine
the leading term, which has a behavior of type ¥ log t, as well as the second term, which
has a behavior of type 77, p being the first pole of the spectral ¢-function. However, it was
not possible, through the aforementioned method, to give a good estimate of the remainder
term. We notice that the asymptotic behavior of the counting function in the bisingular case
has some similarities with the Weyl law in the setting of SG-classical operators on manifolds
with ends [5,8].

A version of bisingular operators, based on Shubin pseudodifferential calculus on R”, was
introduced in [6]. The counting function was studied also in this setting, obtaining results
analogous to those which hold for the “standard” bisingular calculus.

In this paper, we consider the same class of operators studied in [11], namely, tensor
products of r pseudodifferential operators, that is,

A=A1® - ®A.

In the sequel, we will assume either that each A is a classical Hormander pseudodifferen-
tial operator on an j-dimensional closed manifolds M, thatis, A; € LZ{’ Mp,j=1,...,r,
or that each A; belongs to a classical global Shubin class on R"/, that is, A; € sz (R™5),
Jj =1,...,r. We also assume that A is positive, self-adjoint and Fredholm. It is straight-
forward to check that the Fredholm property of A implies that A; is invertible for any
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Sharp Weyl estimates for . . . 797

j = 1,...,r. We illustrate here our results in the case r = 2, see Sect. 4 below for the
statements which hold for an arbitrary number of factors.

Denoting by o (A1) = {)\'j}jEN and o (A2) = {k}ren the spectra of Aj and Ay, with
eigenvalues repeated according with their multiplicities, we easily obtain that the spectrum
of A is given by

o(A) = {)‘j '/’Lk}(j,k)eNz :

Therefore,

Nu(t) = Z 1= Z 1. )

peoa(A)N[0,7) Aj Uk <T

Assume that A = A} ® Aj is positive, self-adjoint and Fredholm, with A| € LZ{I (My),
Ay € L2 (Mp), my,my > 0, dim My = ny, dim M, = ny and r'r'l—‘l > % Our first main
result, proved in Theorem 2, states that, under such assumptions,

C n m-l -1
714‘ (A27 ﬂ)r"ll +O(T mj ) lf ni < ni ,
mi

ni ma mj
Cq ni np n -1 .. n ny—1
Na(t) =1 —¢ (A, — ) + 0|t ™ logr) if —= , 3)
ny mj m3 mj
1 ny n . .. N2 np—1
—C Ay, — )T + O 1™ if — > —,
ni mi mp mi

for T — +4o00. In (3), ¢ denotes the spectral ¢-function and

1 df1dx;
C] = 7(27[)”' . 7"7I .
My IS ay,, (xq, 61)]7

A similar statement holds for the tensor product of two Shubin operators with pos-
itive order. Moreover, using spherical harmonics, we show that the estimate (3) is
sharp.

In [11], Gramcheyv, Pilipovi¢, Rodino and Vindas considered the same class of operators,
finding a slightly weaker estimate for the remainder term of the Weyl formula. Explicitly,
they prove that, under the assumptions stated above,

Cq n np s
Na(tr) = nflé“ Aa, = T+ 0(t%)

ni—1 no ni
where max {W’ m—z} <§ < mr
The asymptotic expansion in (3) is related with the position of the first poles of the spectral

¢-function associated with A| and A», as sketched in the following pictures.
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ng - m—l1
Case e <

iR
e First two poles of (A1)
B First pole of ((Az2)

ma
H—e o
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my mi
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The key point in the proof of our results is the following equivalence, explained in (13):

Nam= > 1= ZNAZ(i).

Aj Uk <T Hk<T

The argument is then a careful application of the well-known sharp Weyl law. A main
aspect is the possibility to estimate the reminder term, in the Weyl law of A, evaluated in
ﬁ, uniformly with respect to .

The paper is organized as follows. In Sect. 2, we shortly recall the Weyl laws in the case
of the Hormander calculus on closed manifolds and of the Shubin calculus on R”. We also
study the asymptotic behavior of the sum

>
oc
=t Mk

for different ranges of ¢ € R, where {1}, cn is the spectrum of an operator in the calculus

we consider. In Sect. 3, we prove our main results in the case of tensor products of two
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factors. In Sect. 4, we extend the results to the case of tensor products of r > 2 factors. In
Sect. 5, we show that our estimates of the remainder term of the Weyl law are sharp, focusing
again on the case of tensor products of two factors. Finally, we collect in the Appendix some
remarks concerning the connection of this analysis with lattice problems, in particular with
the Dirichlet divisor problem in the classic setting and in the anisotropic case.

2 Preliminary results

We recall well-known results on the sharp Weyl law in the case of operators on closed
manifolds and of operators of Shubin type on R”, see, e.g., Hormander [15], Hellfer and
Robert [18], see also [17].

Theorem 1 (Sharp Weyl law) Let A be a positive self-adjoint elliptic classical pseudodiffer-
ential operator in LY (M), with M a closed manifold of dimensionn, and leto (A) = {Aj }jeN
be its spectrum. Then,

NiA(A) = Z 1 =

Aj<A

dfdx
L
(2m) =1 [ay (x,0)]m

with a,, the principal homogeneous symbol of A, and

Am + Rs (M), @

where

Na(A) — Saxm

< +o00. (®)]

. . |Ra (V)]
im sup — = lim sup ———;
A— 400 Am A—+00 A m

Analogously, let P € G (R") be a positive self-adjoint elliptic classical pseudodifferential
operator of Shubin type on R" withm > 0, and let o (P) = {4k }ien De its spectrum. Then,

NeO)= D 1= —ﬁé' +Rp (V). ©)

g <A

where

1 / de
= 2n 2n
Q@)™ S8t [py (0)]
with py, the principal homogeneous symbol of P, and

2
Np () — 522

i L IRp (V)]
im sup Y = limsup —5——

L——+00 A m A—>+00 A m

< 400

The next Propositions 1 and 2 will be crucial in our proof of the Weyl law with sharp
remainder for tensor products. They follow as consequence of well-known properties of the
spectra of positive self-adjoint operators. We examine in detail only the case of Hormander
pseudodifferential operators on closed manifold, since the argument for the case of Shubin
operators is similar.
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800 U. Battisti et al.

Proposition 1 Let M be a closed manifold of dimension n, and A € L% (M), m > 0, be
elliptic, positive and self-adjoint, with spectrum o (A) = {i}ken. Define

Fi@ if ==,
1 n
Fato)= > —=1F@ i c=—, )

i<t M A

n

() if c<—.

m

Then,
. §(A,0) — Fi (1) . F (1) . F5 (1)
lim sup ——————— = k1, limsup = k7, limsup —— = k3,

T—+00 Tm € T—>+o0 1087 T—>400 Tm

for suitable positive constants k1, k2, k3. That is, for T — +00,

(A0 = A =0 (t57), R0 =0dogn), F(1) =0 (i),

Proof 1If ¢ > % it is immediate that the series Z,‘:OZO # is convergent, in view of the
k

holomorphic properties of the spectral ¢ -function associated with A. To prove the asymptotic
properties of (A, ¢) — Fi(t), we switch to B = AY™ 5o that the order of B is one and

o(B) = /L,i/m. We have

1 1
{(A o) = Fi(r) = ZITICCZ e
Mi=T M}(/’”Zrl/m (/’Lk )
+oo 1
- / o e Na ) ®)

Since B is of order one, it is well known that
Np(l+1) = Np(h) < 2{o(B) N [h, A+ 11} = 0" N, A — 400 9

(see, e.g., [12, § 12]). Using (9) and the properties of Stieltjes integral, we obtain, for T —
~+00,

+oo 1
C(A,C)—Fl(f)=/ dNp (1)

1/m /,Lcm

IA

o0
1 . .
> swp ( Cm)(NB(jH)—NB(/))
‘/'=[T]/;n]_1l"l'€[jvj+l] M

— 1

=K Z jcm7n+1

j:[l’l/mj—l

+00 1

=K ———dt

/[‘L’l/mj—l (Z _ 1)cm—n+1

1 n

=k [t/ oy e o (Th ).

cm—n

where [a] denotes the minimum integer such that [a] > a.
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Sharp Weyl estimates for . . . 801

To prove the results for F» and F3 we can assume, without loss of generality, that ug =
o = 1. Using again the properties of the Stieltjes integral, we write

l/m [z/m |
FA(r,c>=/ —dNp(w) < D sup ( Cm)<N3<j+1>—NB(j)).
1 123 =1 welj,j+11 \ K

Let us initially suppose that ¢ > 0, so that XLL is a decreasing function on [1, +00). In
view of (9), we have

1/m [rl/m] [rl/m]

' 1 1 n—1 ~ 1
/ s = 37 - OGS R Y oy
oK = =

[.L,l/m]
§E/ p=em=lq 4 1), (10)
1

By integration, we find

K1 n_ .
c1/m Tm ¢ if 0<C<79
FA(t,C)Z/ —dNp(p) <y r—cm n
1 1 %logr if ¢c=—,

as claimed. Finally, if ¢ < 0, then % is a non-decreasing function and also in this case,

similar to (10), we obtain

[7_—1/"’] ’IZ} n
Fua(t,c) < K/ (x + D' ldy < Tm €,
1

T n—cm

The proof is complete. O

Proposition 2 Let P € G (R") be an elliptic, positive and self-adjoint Shubin operator of
order m > 0, with spectrum given by o (P) = {A;}jen. Define

. 2n

Fi(z) if ¢>—,

I o

n

Fp(t.c)= Y T RO e=" (11)
Aj<T J n
F3(t) if c¢< Pt
Then,
i ¢(P,c) — Fi (1) . F> (1) . F3(7)
imsup —————— =k, limsup —— =«3, limsup —5— =«3,

T—+00 Tm € 400 lOgT T—>400 m €

for suitable positive constants k1, k2, k3. That is, for t — +00,

¢(P.c)— Fi(t) =0 (r*) , F(t) = O(ogt), F3(1) = O (frc) ,

3 Spectral asymptotics for the tensor product of two operators

We start considering the case of the tensor product of two operators. Let M, M> be two
compact manifolds of dimension n1, ny, respectively. Let A = A} ® Az, A; € LZ{" (M),
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802 U. Battisti et al.

mj >0, j =1, 2. Assume that the spectra of A| and A; are sequences of eigenvalues and
set

o(A1) = {Aj}jen,  0(A2) = {Us}ken,
so that

o(A) ={rj -k :hj €0 (A)), wik € 0(A2)}.

For simplicity, we start with the case m; = 1 and n1 > rrr% Let ¢ be an arbitrary positive

constant and B an operator with spectrum o (B) = {1k }ren; then, o(c B) = {c - ti}ren-
There is a simple and useful formula relating the counting functions N, p and Ny, namely

Negm= > 1= 1:NB(£). (12)

Ck<T <%

In particular, (12) implies that, without loss of generality, we can assume' A j > land
ur > 1forall j, k. Let us now summarize the hypotheses on the factors Ay, A».

Assumptions 1
My, My smooth closed manifolds of dimensions ny, ny, respectively ;
ny

A=A1® Ay, Aj € LYy(M)), Ay € L (Ma), mp > 0,ny > o
2

A1, A positive, self-adjoint, elliptic ;
o (A) = {x,-}jeN, 0 (A2) = {idgen. Aj > 1L x> 1, forall j, k.

Since A, uy > 1forall j, k, using (12), we have?

Namy= > 1=> | > 1

Ajek <T Hk<T \Aj-pi<t
_ZNkAl(r)_ZNAI( ) (13)
Mk <T Mk <T

Proposition 3 Let A, A| and Ay be as in Assumptions 1. Then,

C " 1
Na = (ml (i) + wlm(r)),
k

k<t

/ / dbdx; (14)
(27T)"1 yJsn-t o e
! am (x1,61)]m

andri(t) is O (7:"1 ’1), uniformly with respect to jux. That is, there exists a positive constant
C such that

with

Ire(0)] < Ct"~ Y, forall keN. (15)

I'In fact, if that condition were not true, we could consider the operator czA, with ¢ = (min{2 , g} — s)_] s
& > 0 small enough.

2 Recall that A j > 1forall j. In the first term of (13) we can reduce the summation to p; < T since,
otherwise, we would have Ay - > 7 for all k, and the second summation would be zero.
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Proof By (13) we have

NA(‘E) = Z NA1 (i)

<t
Using (4), we can write
N =3 (%r—,,ll + Ry (i)) (16)
fp<t 1 Ky 273
Equation (5) implies that
IR < kt™™', 1> 1,

for a suitable constant «. Since uy < v = i > 1 in the summation (16), we can write

T 7\
[k i
_ T
re(@) = 1p ' Ra (—) :
i

we have the assertion. O

Hence, setting

. . na
Lemmal Let A, Ay, Ay be as in Assumptions 1, and assume ny > —. Then, we have, for
my

T — 409,

C
=Lt Ay n) T +O@Em) if <n -1,
ot n
n

Na(r) = n—}‘;(Az,nl)r"l +0O (" ogr) if m22 =i -1,
Cy n . ny
— (A, n) T+ O™ if —>n;—1,
ni my

where Cq is given by (14).

Proof Using Proposition 3, we obtain

C " 1
=3 (G () @)

k<t

where r¢(7) is uniformly O (t”l’l) for T — +00, in the sense of (15). We can then write

Cp ™™ 1 _ Ci
Z (n,"‘nl_l"k(fnl l))— {(Az,nl)r'”’
Iz m

UK <T g k
1
np—1
D> @ h
<t Mk

N < m
A(T) — EC(ALIH)T

IA

Ci
nilfnl |FA2(.E5 f’l]) - f(AZ, I’l])| +

IA

C
nfllfr” |Fa, (1, n1) = ¢(Az,ny)| + CT"  Fay(t,my = 1),
a7
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m

Let us start with the case ny — 1 > %2, Using (17), we find

Na(@) = £e(Ar, n)T"

lim sup 1 < —limsupt [¢ (A2, n1) — Fay (7, n1)|
T—>+400 T np r—+4oo
+ Climsup Fa,(t,n1 —1).
T—>+00
Since
na n
n>n—1>—=——n; <—1,
my my

(A, m) — F1(zr) =0 (r@_ 1) for t — +o00, in view of Proposition 1. It follows that

~ m
limsup t|¢(A2, n1) — Fi(v)| < Climsupzm " =0,
T—>+00 T— 400
which implies

\NAm — CLe(Ag, ny)e™

ni

lim sup
T—>+00 -l

< Climsup Fa,(t,n1 — 1) = C{ (A2, n1 — 1).
T—>+00
Sincen; — 1 > ;’722 (A2, n1 — 1) is finite, and we have the desired assertion.

Inthecasen; — 1 = %, from (17) we analogously get

Na(z) — %((Az,nl)f'”

lim sup
T—+00

=1 Jogt
T

C 1 n
< —llimsup |§(A2,n1)—FAz(r,n1)|+Climsup FAZ(T, —2)
nl t—+o0 10g7 T—>+00 1087 my
Sincen; >n; —1 =22

ma in view of Proposition 1 we find

t(Ay,n) — Fi(t) =0 (t7'), Fa, (r, ’%) = Fy(r) = O(log1),

so that
‘NA(T) - Se(Ag, npyTm |
lim sup <C,
T too tmi~llogt
as claimed.
Finally, in the case n; — 1 < r’rszz (17) gives
Na(®) = She(Aa, n)T" | Y
liszrup o3 < Eliszrupr ) |§(A2,n1) — FAQ(r,nl)‘
T—>+00 rm T—>+00

+Climsupt™ ™

_n
" Fa,(z,np — 1),
T—>+00

. ny _ . L
Since ny > me > 1, Proposition 1 implies

{(Az,n)) — Fi(1) = O (FQ*) L Fay (@ =)= Fy () =0t ).
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Therefore,

Na(®) = T (Az, np)e"
lim sup B < +o00.
T—>+00 Tm

The proof is complete. O
We can now prove our main result.

Theorem 2 Let My, My be two closed manifolds of dimension ny, ny, respectively. Let
A=A ®A where Aj € L:{j (Mj), m; >0, j =1, 2, are positive, self-adjoint, invertible

., np
operators, with — > —. Then, for T — 400,

mj my

C n n nj—1 n n —1

71;' 1427 71) Tm +O T M ) l‘f 72 < 1 i

nj mi my m
Na@) =1 —¢ (4. —]) 1 4+ Ot ™ log r) L S

ni nmi my my

C n n L} n ny—1

—L¢ (Az, 71)1,"] +O<r'"2) T —

ni mj my mi

where C1 is given by (14).

Proof Withoutloss of generality, we canassume m| = 1, possibly considering an appropriate
power of A, see [4]. Moreover, again without loss of the generality, we can assume that all
the eigenvalues are strictly larger than one, so that the Assumptions 1 are fulfilled. Then, the
claim follows from Lemma 1. O

The case of the tensor product of two Shubin operators can be treated in a completely
similar fashion, using Proposition 2 in place of Proposition 1, and the Weyl law (6) which
holds in this setting.

Theorem 3 Let P = Py ® P, and P € G:{j (R"), mj > 0, j = 1,2, be positive, self-

C e . . 2ny 2no
adjoint, invertible operators, with — > —=. Then, for t — 400,
mi my
K 2 2y 2y -1 2 21 — 1
714‘ (PZ’ ﬂ)tnz] +O(‘L’ my lf 2 < ni )
2n 1 my mq
K, 2n 2y -1 . 2ny 2n; — 1
Np(t) =1 — ¢\ P, — )z +0O (7 ™ logt) if — = ,
2n mi my mj
Ky 2n 2y 2my o 2np 2ny1 —1
— P — )T+ O™ if — > ,
2n mi my mj
where
1 dé,
K| = .
2m)2nt Joon -1 2n)

[pm, (O]

4 Spectral asymptotics for the tensor product of r operators

As in the previous sections, to avoid redundancy we will prove in detail our results for tensor
products of r factors only in the case of operators belonging to the Héormander calculus on
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806 U. Battisti et al.

closed manifolds. We will then omit the proof of the analogous Theorem 4 for the case of
operators belonging to the Shubin calculus, which can be obtained by similar arguments.
The main tool in the study of the extension of Theorem 2 to the product of r > 2 factors

is a refined version of Proposition 1. Let us first state the hypotheses.

Assumptions 2

My, ..., M, smooth closed manifolds of dimensions ny, ..., n,, respectively ;

A=A1® --®A, AjeLly/(Mj),mj>0, j=1,...r;

Aj positive, self-adjoint, elliptic, j=1,...,r;
A ={f ] s 1 j=1.
o (Aj) =1/, gy’ =L r
Proposition4 Let A, A;, j =1,...,r, be as in Assumptions 2. Set
ni ny . n;
p=maxi—,...,—¢, S=4j€{l,...,r}: —=pt, s=t45,
nmi ny m;

and define, for t — 400,

! Fi(z) if p<cg,

Fatw.0) = Z Cur) oo Cur ) @ ¥ p=c
Yty - oo ", < ! " F() if p>ec.

Then,

M= ¢, 0 = Fio)

lim su =K1,
t~>+o<I>) 7= (log7)*~!
5 F (1)
im sup s = K2,
t—>+00 (logT)
i F3(7)
1m sup = k3,

1400 TP (log7)*~!
that is, for T — 400,

[T¢Aj. 0 = Fi(r) = 0 (x77¢ (log7)* ") .

j=1
F(t) = O ((og1)*), F3(r) = 0O ("¢ (log r)s_l) .

Proof We will make use of the straightforward inequality

1 - !
FA(77C)= Z f(lﬂkl)c’-“’(r//“kr)c SH ZIW’

kg oo Ty < Jj=1 j,U«kj<

(18)

as well as of the following consequence of the absolute convergence of the involved series,

- T 1 1
gg(A'i’c):rllTooH Z (J'Mkj)c_Z(lukl)c.“..(r,ukr)c’

=V <t

@ Springer
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where ¢ belongs to the holomorphic domain of the functions {(Aj,z), j = 1,...,r, and
the last summation in (19) is taken on all the r-tuples of eigenvalues (lukl, o) €
c(A)® - - Pa(A).

Case p = c. Letus split the last term in (18) as

0 o= (002 o) (02 s

c
Jj=1 Iy <t Jj¢S Iy <7 teS fpy, <t Heke)

Recalling that ::l—fj < cforall j ¢ S, that is, ¢ belongs to the holomorphic

domain of (A}, -) for j ¢ S, and that r"'l—’t = cforallt € S, using Proposition
1 we have

H Z (/lLk )e H Z (tht)c = H((Aj,c) -0 ((log7)*)

j¢s J,u,k <t teS 'y, <t j¢S
=0 ((log7)"),
which implies our claim in this case, in view of (18).

Case p > c. To simplify notation, we can suppose, without loss of generality, p = X

mil'
Recalling the assumption 7 j¢x ;> 1,j=1,...,r, we observe that
! T
1 r J 1
Wiy = veev My < T & )<t Al < 'upy < =———
: JI:IZ / I H;=2(/Mkj)

In fact, the <= implication is immediate, while

1 1
iy oo Tl < T A gy > 1

T

=1< I,uk < =
: H;’—Q(Jﬂk-)

= 1< < ey H”‘““

Then, we can write
Fa(t,c) = F3(7)

1 1
Z (G775 R (P Z (M )€

I r 1<!
Py oo My <T <y <5

2
Hiy o iy

1 /717_ T 1
= I=2TRT —dN g ().
Z I | e 1

j c
TR
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1 1
Switching to B = (A1) ™1, recalling that then o (B) = {(' sx,) ™1 } and?

1

mi
]‘[’.:zfuk‘) 1 _ |:l'[’-::/'uk'):| 1
/1 j=2C 1% EdNA,(,u)_/l = —McmldNB(u),

using (9) with n; in place of n, it turns out that, for t — +o0,

p—c
1 T
F = - @) -
3(1) Z H;’:z(]:ukj)c ((H;‘:Z(]Mkj)) )

Hyzz('fﬂkj)<f

1
B z Cpi)? oo )P

2 kg oo iy <T

(@] (t”fc) .

Using the result of the case p = ¢ above, with s — 1 in place of s, we conclude

F3(t) = O (tP~¢ (log7)* '),

as claimed.

Case p < c. Since ¢ > ::Tj, forall j =1,...,r, c belongs to the holomorphic domain of
all the functions £(Aj, z), j =1, ..., r. Then, by (19), in this case we have,
for all 7,

[1¢(Aj.¢) = Fa.oo =[] ¢ (4).c) - Fi(x)
j=1 j=1

1 1
_Z(lﬂkl)c"--'(rﬂkr)c_ Z t(ll’Lkl)c."'.(r/“Lkr)C

Yy oo ey <

1
B Z . (oo )€+ Cp)E

'Mkl ce Ty =

We will prove the claim by induction on the number of operators. The case
r = 2 is proven in Proposition 1. Let us then suppose that the desired estimate
holds true for a tensor product of » — 1 operators, r > 2, and let us prove that
it holds true also for a tensor product of r operators.

We can again suppose, without loss of generality, p = ;’1—'1 Since, clearly,

1
R U
T r r
1 . .
My = W A H(]Mkj) <tV H(]Mkj) =T,
j=2\ Hk; j=2 j=2
3 That is,
1 1
Z = (1llk )¢ = Z = 1 qemy
l<lukl<2u T. ! e |:(]Mk1)mlj|

r 1 m

el g L 1
ko kr ‘<('Mk1)m' <y
Hiey oo Pk

similar to the proof of Proposition 1.
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we can write

[Teas.0-Fi@

j=1

l +oo 1
-

[5G i) <7
+ > : /+OO LNy, 1)
- A () -
J c T ¢
1_[] z(jﬂk )=t Hj 2( Mk ) Hr 2(’ M

Let us first consider (20). Arguing as in the previous case p > c, and using
the case p = ¢ with s — 1 in place of s, we find, for t — 400,

> o L o
—dNa, (1)

J c T c 1
ITi= z(j#k )<t H =2 Hj ) H;:2(~//Lk_,-> #

p—c
_ Z 1 O T
1= (/uk )<t H/ Z(Jﬂk-f)c ((H;=2 JMk-f) )

=0 ("7 (log ‘c)s_l) ,

which is the desired estimate. We now show that (21) fulfills the same estimate.
Using the fact that { (A1, ¢) is finite, we can estimate (21) as

2 : /W SNy =Y AL,
H _g(jll-k )< e H _2(/ )L

l_ljfa(fm )=t ]:Z(j#k/) ITj= 2(’ML )>T

(22)

By the inductive hypothesis, we see that (22) is O (‘Cﬁ_c (log r)g_l) for
. r

T — +o00, where p = max{ ] i < pands < s. Therefore, it is

also O (t”’c (log r)"l) for T — +o00, and the same of course holds for
(21), in view of the above estimate.

The proof is complete. o
Assumptions 3 Let A, Ay, ..., A, be as in Assumptions 2, and suppose that there exists
1 e{l,...,r}such that

— > max
my mj ,,,, \{l

For notational simplicity, in the next two statements we also assume, without loss of
generality, that/ = 1. As in the previous section, we first consider the case whenm; = 1. We
will denote by ftj_, the product H;zz e ;» Where Jj>2 denotes the multi-index (k2, ..., k) €

N"~!. The following proposition is an extension of Proposition 5.

Proposition 5 Let A, Ay, ..., A, be as in Assumptions 3. Then,

Cq 7 \™ 1
Na@ = . —( ) ol O )

n i .
ni, <t \ 1 V=2 i
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810 U. Battisti et al.

where C1 is given by (14) and rj., is O (T’”’l), uniformly with respect to jij.,, for any j>».
That is, there exists a positive constant C such that

i, (D) | < cml, forall jso € N

Proposition 5 implies the next lemma, which is a multidimensional version of Lemma 1.
We omit the proof, since the argument is analogue to the one used to prove Lemma 1, similar
to what has been done in the proof of Proposition 4.

Lemma?2 Let A, Ay, ..., A, be as in Assumptions 3. Let us suppose that my = 1 and
n1>,','7,]—2 , 7 and set

=2,...,

Then, we have, for t — 400,

CArnl—l—O(r'”*l) if p<ni—1,
Na@=]Cat" +0 (" ogn)’) if p=m—1,
Cat +0(t” logr)*™) if p>n—1,

where
C r
= n—ll H{ (Aj, nl)
j=2

and Cq is given by (14).

Finally, using powers of the operator A, it is possible to extend the result to the case where
all the factors have arbitrary positive order, which is, together with Theorem 5 below for the
tensor product of r factors in the Shubin calculus, our next main result.

Theorem 4 Let M, ..., M, be closed manifolds of dimension ny, . .., n,, respectively. Let
A=A Q- QA where A; € LZ](Mj), mj > 0, j =1,...,r, are positive, self-
adjoint, invertible operators, and assume that there exists | € {1,...,r} such that '” >
ma. {"j ] Set
Jell o r\ {1}
p max[—]] ,S:[j:l rj #EI1 :p],s:ﬁS
Mj ) ie(l,...r\{l) m;

Then, for t — +00,

ny ny—1 nl_l
Cat™m +0(Tt ™ if p< ,

. 1 n—1
Na(r) = Cat™ +O(T "l (logr)s) if p= ,

n
Cqat™ +0O(c? (logt)s_l) if p> ,

C ny db;dx;
CA = l’lf H f (Ajv mi) s l (27_[),” / /n . - -
= ! M TS Ly (g, 0]

where
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Theorem5 Let P = P ® --- ® Pr and Pj eGJ(RJ) mJ>Oj—l , be
positive, self-adjoint, invertible operators, and assume that there exists | € {1, . r} vuch
that 2"’ > max %:j . Set
J ) jell, ... or\{}
J . 2nj
p = max { —- ,S=3j=1,...,rj#I: =pi, s=14S
mj ) jet,...,\il) m;

Then, for t — +o0,

20y -1 , 2 — 1
Kptm 40|t ™ ifp < ,
m
Zﬂ 2ny—1 2 _ 1
Np(t)=1Kpt™m +O(t ™ (Ing)‘Y) ifp= M,
mj
20 2np — 1
Kpr’”l + 0O (z” (log7)* ) ifp> nl ,
mj
where
Vi 2n; 1 do,
=g T1 (o) =G Lo
J=1er [pm, (O]

5 Sharpness of the result

In this section, we show that the estimates obtained in Theorem 2 are sharp. To begin,
we choose two pseudodifferential operators on spheres, whose spectrum we can describe
explicitly. Namely, we set

1
1\2
A= (-4g +2) -2 (—Asz + Z) L3(SY), Ay = —Ag + 1€ LjSh,

where A is considered as an unbounded operator on L? (Sz), where S? is the two-dimensional
sphere, and A; is considered as an unbounded operator on L%(S"), where S! is the one-
dimensional sphere. It is well known, see, e.g., [26, §3], that

o (-Ag) = {k* +k |k e N, mult (k* + k) = 2k + D)},
o (=Ag) = {n* | n € N, mult (n?) =2},

where mult (7) is the multiplicity of the eigenvalue t. Therefore, by the functional calculus
of operators,

oA ={k* —k+1|keN, mult (k* —k+1) = 2k + 1)}, (23)
o (A) ={n*+1|neN, mut(n®+1) =2}, (24)

since the eigenfunction of A; and —Ag are the same. Notice that all the eigenvalues of A
are larger then 1; therefore,

Np (1) =0, <1 (25)
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812 U. Battisti et al.

Knowing precisely the eigenvalues of A; together with their multiplicities, we can write,
fort > 1,

Na(@= D mult(k®—k+1)

kK2—k+1<t
;
= > @k+D=> 2k+1
kK2—k+l1<t k=0
where
R—ktl<t<k+1)—(k+1)+1=k+k+1,7> 1
That is,

K

oo 1

2 2

Nay () =D 2k +1) = Z _mult(k +k) = N_a, (k +k+5), (26)
k=0 K2 +k<k2+k

provided that
R—ktl<t<(k+1)—(k+1)+1=R+k+17> 1
Using a well-known result on the counting function of the Laplacian on the spheres (see
[26]), we have, for each k € N,
N_ap (122+1€+ %) =k*+2k+1.
So, in view of (26), supposing T > 1, we find
Na,(t) = k> 4+ 2k + 1,
R—kt<t<(k+1)—(k+1)+1=R+k+1
The asymptotic expansion (4) implies that
N, (1) =7+ R (1), R:O(ﬂ).
We can then obtain a bound for R(7):
R(t) =Ny (v)—1
=k +2%k+1—1, P—k+l<t<kP+k+1

Therefore, for t > 16,

- - - - - 3yt
RO 2K +2%k+1-k—k—1=k> *Tf,
which implies, in particular, that the remainder is positive for r > 16. We also have
R(t) <k>+2k+1—k>+k—1=2k <4x,

and we can conclude that

¥ <R(r) <41, 1> 16. 27
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Summing up, we proved that
Ny (r) = 7+ R(1), (28)
Na,(r) =22 4 0(1), (29)

where the R(7) in (28) satisfies (27). Notice that both A and A, are elliptic, invertible and
positive, so it is possible to consider powers of these operators of arbitrary exponent. Now,
we examine separately the three different situations that can arise.

Case 2L > M2 gpq =l o m
mi my mip my

Let us consider the operator

B=A;®A;
Clearly, L = % =1> ;’TZZ = % and "jn_ll = % > ”122 = %, so we are in the first case of
Theorem 2, which states that
Np(t) = £(A, DT+ O (7'72). (30)

By Egs. (23) and (24), we obtain

o (B)={(2—k+1) (1 +1)° | k.n €N,
mult ((k* — k + D)(n* + 1)?) =22k + 1)}.

Therefore,

neN, keN
Np(1) = > mult (k2 —k +1) (x +1)°)
(R2—k+1) (n2+1) <7
neN, keN
= > 20k +1)
(R2—k+1) (2 +1) <7
neN, keN
=2 > mult (k2 — k + 1)
(k*—k+1)< 2+1)2

neN ( )
2 S W G
2
(n24+1)2<t *+ 1)

neN

T T
= X () o

(n24+1)2<t

Notice that in (31) we have made use of (25) to reduce the summation. Let us now show
that the estimate (30) is indeed sharp, that is,

[Np(@) — £ (43.1) 7|
712

lim sup
T—+00

> 0,
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814 U. Battisti et al.

by direct computation. In view of (32), we can write

|Ng(t) — ¢ (A3, 1) 7|

lim sup

T—+00 Tl/2
2
) ’2 Z(n2+1)2<.[ ((nzj_l)z + R ((nzj-l)l)) - ; (Az; 1) 'L"
= lim sup 72
T—>+00 T
2
. ’2 Z(nz+l)2<r (nZ.TH)Z —¢ (AZ’ 1) T+ 22(n2+1)2<f R ((nz-ri-l)z)‘
= lim sup 73 .
T—>+00 2%

(33)
‘We notice that

2
‘2Z(n2+1)2<r (nzj_l)z —¢ (sz 1) T‘

Y = lim sup rl/z(FAz(r 1)—{( 1)),

T— 400

lim sup
T— 400

where we have used the notation introduced in Sect. 2. By Proposition 1, F A2 (r, 1) —
(Al ) =0 (T_%); therefore®,
2
‘ZZ(,12+1)2<, ﬁ - (A3.1) r‘

lim sup =0.
T—+00 T1/2

Since, for all 7,

T 2
A5, 1)t <0,
> 2 c(b)rs
(n2+1)2<t
(33) becomes
2
. [Np(r) — ¢ (A3, 1) 7 . ¢ (A3 1) =2 X1 <r Gy
lim sup s > —lim sup 3
r—>+oo T— 400 T
& ()|
+ 2 1lim sup e/
T—+00 Tl/2
(n2+1)2<t
1/2
T
= 711m sup Z 2 L 1-1/2
/2
T—+00 (2 D2<r (n-+ Dz
3 5 1
=-Cc|A5, =).
2§( : 2)
Here, we have used the estimates (27), and the quantities ;:T‘] =1 and % = % are

larger than ,’:1—22 = 1. The latter implies that ¢ (A%, %) is a finite, positive quantity?, in view of
the holomorphic properties of the spectral ¢-function of elliptic positive pseudodifferential
operators on closed manifolds, see [25]. This proves the desired result.

3

4 Actually, here one could prove directly that Fj(t) — ¢ (A%, l) is asymptotic to 7~ 4.

5 The convergence of the involved series is straightforward.
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n1 ny ni—1 _ np
Case > 5 an nd = me

We consider the operator

C=A1®A;.

ny _ 1

ny 2
Clearly, ;- =37= 1> e
Theorem 2, which now states that

= % = ;—22 so that we are in second case of

Ne(r) = £(Ag, Dt + O (tY*logt) .
Using (23) and (24), we obtain explicitly the spectrum of C, namely

o(O)={(kK* —k+1) (n* +1) | mult ((k* —k + 1) (n* + 1)) =22k + D} .
Therefore, using (25),

neN,keN
Ne(t) = > 202k +1)
(K2 =k+1)(n>+1) <t
neN,keN
=2 > mult(K+k+1)

(K2 —kt1) < o

neN

T
=2 z Ny, (n2+1)

(n®+1)<t

neN -
=2 3 (Zire(a): e

n24l<t

Let us check directly that

|Nc(7) — (A, D]

lim su > 0. 35)
T—>4+00 1/2 IOg T
Using (34) and (27), we can write
o NC@ — (A2 DTl _ 2% i< (5 + R (57)) — ¢4, e
im sup 73 = lim sup 2
T— 400 1/210g T 400 t'/“logt
2 (c(A2 ) =2 X 2410 i)
> —lim sup
T—>+00 logt
1
) 3 1/222n2+1<r (n2+1)1/2
+ limsup -7 72
T—> 400 t'/%logt
1
. 22n2+1>r nz+l 3znz+l<r (1)1
> —limsup 12 ————————+limsup
—+o0 logz oo 2 logz
(36)
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Finally, using the results of Proposition 1 (or directly, by integral inequalities), we obtain
that
1 1
1 22n2+]zr 21 1 2Zn2+12t 21

limsupt2 ——— = lim 712
T—>+00 logt T—+00 logt

=0.

Moreover,

1
322 =7 3
limsup = = =T noHl <z 1 _ -,
T—>4o00 2 logt 4

so that, by means of (36), the desired result is proven also in this second case.

ngo_ ony n—1l _ ny
Case mr > and < ms

In this situation, we consider the operator

3
D=A1®A§.

Clearly, ;’1—11 = % =1> r% = % and = 5 < 22 = £, s0 we are in the third case of

Theorem 2, which implies that " ?
3 2
ND(T)Z;(Ag,l)rJrO(ﬂ). 37)
It is immediate to observe that
3/4
o(D) = {(& +k+1) (2 +1)" |
mult (K> + k + )(n* + 1)) =22k + 1)} (38)
Therefore, using again (25), we obtain
neN,keN
Np(t) = > 202k +1)
(kK2—=k+1) (n2+1)" <z
neN,keN
=2 > mult (k* — k + 1)
(k2—k+1)<w
neN -
=2 Z NA1 72 374
34 (ﬂ + 1)
(n2+1)"" <z
neN - -
=2 > ( - +R( )) (39)
3/4 3/4
(2 +1) < (nZ + l) (n2 + l)

Let us now compute directly

‘ND(r) —¢ (Ai“, 1) r‘

7273

lim sup
T—+00
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By (39), we find

V(@) = £ (a3, e
lim su
rﬁ+o§ 72/3
2 r R —= —¢ (a3, 1)
T Z(”2+1)3/4<T ((112+1)3/4 * ((n2+l)z3t )) “\h !
T—>+400 23
. _ T 3/4
= 112 Sup‘[ 2/3 . 2 Z 27]3/4 — é‘ (AZ/ s 1) T+
e (n2+1)* <z (n + )

_|_2 Z R#

3
5 3
(112+1)3/4<r (n + 1)4
We also notice that

3/4
R i G N
lim

T—+00 1;2/3

3/4
¢ (A2 ) 1) T 22(,,2+1)3/4<I A(nz-:1)3/4
= lim
T—>+00 -[2/3

1
lim 2¢/3 —
T—>+00 (n2 + 1) /
(n2+1)3/42r

and that

1 1 1
> TR > 73/452”%-

2
(n+1)2>1 (n2+1)"*>c (2 +1) n32z7

Using the standard integral criteria of series convergence, one can easily check that

1 1
: 13 _ 1 1/3 _
,BTOOT Z 1+ 13 TBTOOT Z 372 2

(n+1)3?>1 n32>t
Hence,
1
lim 27'/7? — =4 40
rJToo t (I’l2 + 1)3/4 (40)
(n2+1)*>1
By a similar argument, we also have that
1
lim ¢~ 1/® — g =4 (41)
T—+00 (n2 + 1)3/8

(n2+l)3/4<1:

@ Springer
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In view of (27), (40) and (41) we finally obtain

3/4

. Np() = ¢4y Dr| — Np() —¢A)* e
lim sup 73 > lim sup T
T—+00 T T—+00 T
1
=— lim 27! 7
T—>+00 24 1) /
(n2+1)*>c (n
. Z(n2+l)3/4<r R ((,12:1)3/4)
+limsup?2 P
3 1
> —4+flimsupr’l/6 35
T— 400 Y (nz + 1)‘
(n24+1)"" <1
> 446=2>0. 42)

Equation (42) proves the desired result also in this last case.
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Appendix: The Dirichlet divisors problem

Counting functions of the type (2) suggest a spectral approach to a prominent type of lattice
problem, the so-called Dirichlet divisors problem. Let us suppose that the spectrum of both
Aj and Aj in (2) is formed by all strictly positive natural numbers, each with multiplicity
one. Then,

Na(m)= D 1=D(1).

nm<t

The function D(7) is called Dirichlet divisor summatory function, and it is straightforward
to check that it amounts the number of points with integer coordinates belonging to the first
quadrant of the Cartesian plane which lie below the hyperbola xy = 7. In 1849, Dirichlet
proved that

D(r) =tlogt + 2y — Dt + 0(x'/?), (43)

where y is the Euler—-Mascheroni constant, namely
1 Tl
= lim - = —dx |,
4 rﬂ+00( z n /0 X )
O<n<t

y = lim (= 1) ¢r(2).

or, equivalently,

where (g (z) is the Riemann ¢ -function. Several papers aimed at finding the sharp remainder
term in (43), see [19] for an overview on this type of problems. Hardy, in [14], proved that
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O(r%) is a lower bound for the remainder in (43). It is conjectured that the sharp estimate
in this case is (’)(t%‘“) or, more precisely, O (r1/4 log r). The best-known result, due to
Huxley, is that the remainder is O(7* (log r)ﬁ‘H ), where
131 18627
a=-—~0,3149... B=—~2,2513....
416 8320
In order to have a spectral interpretation of the Dirichlet divisor problem, a global bisin-
gular calculus based on Shubin calculus has been introduced in [6]. Then, the following
Hermite-type operator

H-:l(—a2 +xz-)-i-l j=12
J 2 Xj Jj 2’ s &y

has been examined. Using Hermite polynomials, it turns out that o (H;) = {n}uen+, j = 1,2,
and each eigenvalue has multiplicity one. Therefore, o (H1 ® H) = {n - m}, ez and

NH1®H2(7:) = D(f)

This clear spectral meaning of the Dirichlet divisor problem was one of the main motivation
of the papers [6,11]. For the connection between Dirichlet divisor problem and standard
bisingular operators on the product of closed manifolds, see [4]. Actually, since we deal with
the non-symmetric case, it is not possible to attack directly the traditional Dirichlet divisor
problem through the approach described in the previous sections, while our techniques are
well suited to treat generalized anisotropic Dirichlet divisors problems such as, for instance,

Nysoup (@D = D, 1. a#p.

n®-mb <t

In [11], it is proven that

o) 1 B 1 1
Nyoon? (t):{(g)rﬁ +§(a)w+(9(r“+ﬂ), (44)

where ¢ is the meromorphic continuation of the Riemann ¢ -function. Notice that (44) proves

the sharpness of the result stated in Theorem 3 in the case ZH%Z > 2""‘1—171
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