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Abstract We characterize helix surfaces (constant angle surfaces) in the special linear group
SL(2, R). In particular, we give an explicit local description of these surfaces by means of a
suitable curve and a 1-parameter family of isometries of SL(2, R).
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1 Introduction

In recent years much work has been done to understand the geometry of surfaces whose unit
normal vector field forms a constant angle with a fixed field of directions of the ambient
space. These surfaces are called helix surfaces or constant angle surfaces and they have been
studied in most of the 3-dimensional geometries. In [2] Cermelli and Di Scala analyzed the
case of constant angle surfaces in R? obtaining a remarkable relation with a Hamilton—Jacobi
equation and showing their application to equilibrium configurations of liquid crystals. Later,
Dillen—Fastenakels—Van der Veken—Vrancken [4], and Dillen—Munteanu [3], classified the
surfaces making a constant angle with the R-direction in the product spaces S* x R and
H? x R, respectively. Moreover, helix submanifolds have been studied in higher dimensional
euclidean spaces and product spaces in [5,6,10].
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The spaces S* x R and H? x R can be seen as two particular cases of Bianchi—Cartan—
Vranceanu spaces (BCV-spaces) which include all 3-dimensional homogeneous metrics
whose group of isometries has dimension 4 or 6, except for those of constant negative sec-
tional curvature. A crucial feature of BCV-spaces is that they admit a Riemannian submersion
onto a surface of constant Gaussian curvature, called the Hopf fibration, that, in the cases
of > x R and H? x R, it is the natural projection onto the first factor. Consequently, one
can consider the angle ¢ that the unit normal vector field of a surface in a BCV-space forms
with the Hopf vector field, which is, by definition, the vector field tangent to the fibers of
the Hopf fibration. This angle ¢ has a crucial role in the study of surfaces in BCV-spaces as
shown by Daniel, in [1], where he proved that the equations of Gauss and Codazzi are given
in terms of the function v = cos ¢ and that this angle is one of the fundamental invariants
for a surface in BCV-spaces. Consequently, in [7], the authors considered the surfaces in a
BCV-space for which the angle ¢ is constant, giving a complete local classification in the
case that the BCV-space is the Heisenberg space Hj.

Later, Lopez—Munteanu, in [8], defined and classified two types of constant angle sur-
faces in the homogeneous 3-manifold Sol3, whose isometry group has dimension 3. Also,
Montaldo—Onnis, in [9], characterized helix surfaces in the 1-parameter family of Berger
spheres Sg, with € > 0, proving that, locally, a helix surface is determined by a suitable
1-parameter family of isometries of the Berger sphere and by a geodesic of a 2-torus in the
3-dimensional sphere.

This paper is a continuation of our work [9] and it is devoted to the study and char-
acterization of helix surfaces in the homogeneous 3-manifold given by the special linear
group SL(2, R) endowed with a suitable 1-parameter family g, of metrics that we shall
describe in sect. 2. Our study of helix surfaces in (SL(2, R), g;) will depend on a constant
B := (12 + 1) cos? & — 1, where ¢ is the constant angle between the normal to the surface
and the Hopf vector field of SL(2, R). A similar constant appeared also in the study of helix
surfaces in the Berger sphere (see [9]) but in that case the constant was always positive. Thus
we shall divide our study according to the three possibilities: B > 0, B =0and B < 0.

2 Preliminaries
Let R‘z‘ denote the 4-dimensional pseudo-Euclidean space endowed with the semi-definite
inner product of signature (2,2) given by
(v,w) =viw; + V2 W2 —VIW3 —V4W4, V,W e R*.
We identify the special linear group with
SL2,R) = {(z,w) € C%: |z]> = |w]* = 1} = (v € R}: (v,v) = 1} C R}

and we shall use the Lorentz model of the hyperbolic plane with constant Gauss curvature
—4, that is

H2(—4) = {(x,y,2) € R}: x2 + y2 — 722 = —1/4},
where ]R% is the Minkowski 3-space. Then the Hopf map v : SL(2, R) — H?(—4) given by
1 -2 2
Yz, w) = 5(2zw, lzI” + w|)
is a submersion, with circular fibers, and if we put

X1(z,w) = (iz,iw), Xa(z, w) = (iw,i2), X3(z,w) = (W, 2),
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we have that X is a vertical vector field while X5, X3 are horizontal. The vector field X is
called the Hopf vector field.
We shall endow SL(2, R) with the 1-parameter family of metrics g,, T > 0, given by

ge(Xi X)) =68ij, &(X1.X) =1 g(X1.X;))=0, i, je{23}

which renders the Hopf map v : (SL(2, R), g;) — H?2(—4) a Riemannian submersion.
For those familiar with the notations of Daniel [1], we point out that (SL(2, R), g;)
corresponds to a model for a homogeneous space E (k, T) with curvature of the basis k = —4
and bundle curvature T > 0.
With respect to the inner product in R‘zl the metric g; is given by

g (X, ¥) = —(X,¥) + (1 + 5)(X, X1)(Y, X1). e)
From now on, we denote (SL(2, R), g;) with SL(2, R).. Obviously
Er=—t"'X\, Ex=Xy, E3=X;, )

is an orthonormal basis on SL(2, R); and the Levi-Civita connection V* of SL(2, R); is
given by (see, for example, [11]):

VE Ei =0, VR E,=0, Vi E;=0,
Vi Ex=—1'Q+1)E;, VpEz=1'Q+1)E,
V)TEZEI = —1Ej3, VE3E1=‘L'E2, V£~3E2=—‘L'E1=—V£~2E3. 3)

Finally, we recall that the isometry group of SL(2, R). is the 4-dimensional indefinite unitary
group Uj(2) that can be identified with:

Ui(2) ={A € 02(4): AJ1 =xJ1A},

where J; is the complex structure of R* defined by
J 0 0 -1
Jl_(o J)’ J_(l 0)’

02(4) = (A € GLU.R): A' = A ), 6:((1) —01)’ I:(é (1))

while

is the indefinite orthogonal group.

We observe that O(4) is the group of 4 x 4 real matrices preserving the semi-definite
inner product of R‘Z‘.

Suppose now we are given a 1-parameter family A(v), v € (a, b) C R, consisting of 4 x 4
indefinite orthogonal matrices commuting (anticommuting, respectively) with Jj. In order
to describe explicitly the family A (v), we shall use two product structures of R*, namely

0 0 0 1 0 0 1 0
0 0 1 0 0 0 0 -1
=10 1 0 0" B=|1 0o 0o o
1 0 00 0 -1 0 0

Since A(v) is an indefinite orthogonal matrix, the first row must be a unit vector ry(v) of
R‘Z‘ for all v € (a, b). Thus, without loss of generality, we can take

ri(v) = (cosh&;(v) cos & (v), — cosh &1 (v) sin &2(v), sinh & (v) cos &3(v),
—sinh &1 (v) sin &3 (v)),
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for some real functions &1, & and &3 defined in (a, b). Since A (v) commutes (anticommutes,
respectively) with J; the second row of A(v) must be ry(v) = xJir;(v). Now, the four
vectors {rp, Jiry, Jory, Jary} form a pseudo-orthonormal basis of R?, thus the third row
r3(v) of A(v) must be a linear combination of them. Since r3(v) is unit and it is orthogonal
to both ry (v) and Jir; (v), there exists a function £(v) such that

r3(v) = cos§(v) Jory(v) + sin§(v) J3ry(v).

Finally the fourth row of A(v) isrs(v) = £Jir3(v) = Fcos&(v)J3ry(v) £sin&(v) Jory (v).
This means that any 1-parameter family A(v) of 4 x 4 indefinite orthogonal matrices com-
muting (anticommuting, respectively) with J; can be described by four functions &1, &, &3
and £ as

ri(v)
| EJiri(v)
AG L1828V =6k (0) Jor1 (v) + sin & (v) Jar1 ()
F 05 £(v) 311 (1) £ sin £ (v) Jor (v)

“

3 Constant angle surfaces

We start this section giving the definition of constant angle surface in SL(2, R)..

Definition 3.1 We say that a surface in the special linear group SL(2, R) is a helix surface
or a constant angle surface if the angle ¢ € [0, ) between the unit normal vector field and
the unit Killing vector field £ (tangent to the fibers of the Hopf fibration) is constant at every
point of the surface.

Let M2 be an oriented helix surface in SL(2, R); and let N be a unit normal vector field.
Then, by definition,

lgz(E1, N)| = cos 9,

for fixed ¥ € [0, w/2]. Note that ¢ # 0. In fact, if it were zero then the vector fields E, and
E3 would be tangent to the surface M 2, which is absurd since the horizontal distribution of
the Hopf map is not integrable. If ¥ = /2, we have that E; is always tangent to M and,
therefore, M is a Hopf cylinder. Therefore, from now on we assume that the constant angle
v #m/2,0.
The Gauss and Weingarten formulas are

VyY =VxY +a(X,Y),

VN = —A(X), (%)
where with A we have indicated the shape operator of M in SL(2, R),, with V the induced

Levi-Civita connection on M and by « the second fundamental form of M in SL(2, R),.
Projecting E onto the tangent plane to M we have

Ei=T+cosv N,

where T is the tangent part which satisfies g (7, T) = sin? 9.
For all X € T M, we have that

VYEi = ViT —cos ¥ A(X)
= VxT + g:(A(X), T) N — cos 9 A(X). (©6)
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Helix surfaces in the special linear group 63

On the other hand, if X = > X, E;,

VYEI =1 (X3Ey — X2E3) =1 X AN E)
=18 (JX,T)N —1 cos¥JX, (7

where JX = N A X denotes the rotation of angle /2 on 7' M. Identifying the tangent and
normal component of (6) and (7) respectively, we obtain

VxT =cost (A(X) —tJX) 8)

and
g:(AX)—1tJX, T)=0. )

Lemma 3.2 Ler M? be an oriented helix surface in SL(2, R), with constant angle ¥. Then,
we have the followings properties.

(i) With respect to the basis {T, JT}, the matrix associates to the shape operator A takes
the form

for some function A on M.
(ii) The Levi-Civita connection V of M is given by

VT = —2tcos JT, VyrT = Acosv JT,
VrJT =2tcosd T, VirJT = —icos?P T.

(iii) The Gauss curvature of M is constant and satisfies
K =-4(1+ 12) cos? 9.
(iv) The function X satisfies the equation
Th+ 2% cos® +4B cosd =0, (10)
where B := (t2 + 1) cos? 9 — 1.
Proof Point (i) follows directly from (9). From (8) and using
g (T, T)=g.(JT,JT) =sin*9, g (T,JT)=0,

we obtain (ii). From the Gauss equation in SL(2, R), (we refer to the equation in Corollary 3.2
of [1] with v = cos 6 and k = —4), and (i), we have that the Gauss curvature of M is given
by

K = detA + 12 —4(1 —|—r2) cos? ¥
= —4(1+ 12) cos® 9.

Finally, (10) follows from the Codazzi equation (see [1]):
VxA(Y) — Vy A(X) — A[X, Y] = —4(1 + 7%) cos ¥ (g (Y, T)X — g-(X, T)Y),
putting X = T, Y = JT and using (ii). In fact, it is easy to check that

—4(1+1%) cos® (g (JT, T)T — g (T, T)JT)) =4(1 + %) cos ¥ sin® * JT
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64 S. Montaldo et al.

and

VrA(JT) — V7 A(T) — A[T, JT]
=V (=t T+ AJT)—=V (=t JT)— AQRtcos® T —rcosv JT)
= (4r%cos® + T(A) + A% cos®) JT.

As g:(E1, N) = cos 9, there exists a smooth function ¢ on M such that
N =cos®E| + sin ¥ cos ¢ Ey + sin ¥ sing E3.
Therefore
T=E;—cos? N =sin?d [sind E1 —cos? cosg Ey — cos ¥ sing E3]
and
JT =sin® (sing Ey — cos g E3).
Also

A(T) = —VEN = (To — 12+ 1) sin® ¥ + tcos’> 9) JT,
AUJT)= -V N=(JTg)JT —tT.

Comparing (12) with (i) of Lemma 3.2, it results that

JTo = A,
Ty =-2t"'B.

‘We observe that, as
|[T,JT)=cos® 2t T —AJT),
the compatibility condition of system (13):
~VrJT =VyrD)e =[T,JTlp=TUTp) - JT(Ty)

is equivalent to (10).
‘We now choose local coordinates (1, v) on M such that

o, =T.
Also, as 9, is tangent to M, it can be written in the form
oy=aT+bJT,
for certain functions @ = a(u, v) and b = b(u, v). As
0 =10y, 0y] = (ay, +2tbcosP) T + (b, — brcosv) JT,

then
a, = —2tbcos v,
b, = b\ cos .

Moreover, the Eq. (10) of Lemma 3.2 can be written as

ALt+cosz9A2+4B cost = 0.

(an

(12)

13)

(14)

15)

(16)

a7

Depending on the value of B, by integration of (17), we have the following three possibilities.
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() IfB=0

ru,v) = ————,
(@, v) u cos ¥ + n(v)

for some smooth function 1 depending on v. Thus the solution of system (16) is given
by

a(u,v) = —tu cosv (u cost +2n(v)),

b(u,v) = u cosv + n(v).

(i) If B >0
Au, v) = 2v/Btan(n(v) — 2 cos ¥ B u),

for some smooth function n depending on v and system (16) has the solution
a(u,v) = ﬁ sin(n(v) — 2 cos ¥+/B u),
b(u, v) = cos(n(v) — 2 cos /B u).

(iii) If B <0
Mu,v) =2+/—Btanh(n(v) +2cos Vv —Bu),

for some smooth function 1 depending on v. Solving the system (16), we have

[a(u,v):— *_ sinh(1(v) + 2 cos 9v/—B u),

v—B
b(u, v) = cosh(n(v) +2cos¥v/—Bu).

Moreover, in the case (i) the system (13) becomes
[0
and so ¢(u, v) = v + ¢, ¢ € R. In the cases (ii) and (iii), the system (13) becomes
( o =—2t"'B,
¢y =0,
of which the general solution is given by
ou,v)=—-2t"'Bu+c, (19)

where c is a real constant.
With respect to the local coordinates (u, v) chosen above, we have the following charac-
terization of the position vector of a helix surface.

Proposition 3.3 Let M? be a helix surface in SL(2, R); C Ré with constant angle 9. Then,
with respect to the local coordinates (u, v) on M defined in (14), the position vector F of
M?in Rg satisfies the following equation:

(@ ifB=0,
VE_, (20)
du? ’
() if B #0, A ,
%+(52—25)%+52F=0, Q1)
where
a=—-t2sin’>®B, b=-2t""B. (22)
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Proof Let M? be a helix surface and let F be the position vector of M? in R‘z“ Then,
with respect to the local coordinates («#, v) on M defined in (14), we can write F(u, v) =
(Fi(u,v), ..., Fa(u, v)). By definition, taking into account (11), we have that

F, = 0uF,0,F2,0,F3,0,Fy) =T
= sin ¥ [sin ¥ Eq|p () — COS T €OS @ E2|p(y,v) — COS Y Sin @ E3|p(,, )]
Using the expression of Eq, E, and E3 with respect to the coordinates vector fields of R‘Z‘,
we obtain

9, F1 =sin® (t7'sin® F, — cos 9 cos ¢ Fy — cos 9 sin ¢ F3),
9, F» = —sin® (" lsin® F; 4 cos & cos ¢ F3 — cos ¥ sin g Fy),
9, F3 =sin® (t~'sin® F;y — cos 9 cos ¢ Fy — cos 9 sing Fy),
9. Fs = —sin® (t7'sin® F3 + cos ¥ cos @ F — cos ¥ sing F»).

(23)

Therefore, if B = 0, taking the derivative of (23) with respect to u and using (18), we obtain
that F,,, = 0.
If B # 0, taking the derivative of (23) with respect to u and using (19), we find two
constants & and b such that .
(FDuu = a F +é(F2)u,
(F))uw = a Fo — b (Fi)u,

- ~ (24)
(F3)uu = a F3 +Q(F4)ua
(F4)uu =a Fyq — b(F3)us
where
1t lsin?p 2 .9 ~
a:f%:—t sin“ U B, b=
Finally, taking twice the derivative of (24) with respect to # and using (23) and (24) in the
derivative we obtain the desired Eq. (21). ]

Remark 3.4 As (F, F) = 1,using (21), (23) and (24), we find that the position vector F (u, v)
and its derivatives must satisfy the relations:

(F, F)=1, (Fy, Fy) = a, (F, F,) =0,

(Fy, Fuu) =0, (Fuu, Fyu) = D (F, Fyy) = —a, (25)
(Fm Fuuu) =-D, (Fum Fuuu) = 0, (F, Fuuu) = 0,

(

where
D=ab*-3a*> E=@0b*-2a)D-a.

In addition, as

JiFu,v) = X1 |Fuv) = —T ElF@u,v) = —T (Fu +cost N),
using (21)—(25), we obtain the following identities
(IWF, F,) = —t"'sin? 0,
(JlF Fuu) =0,
(Fu, i Fuu) =a (b — " sin?9) := 1,
(Ji Fu, Fuuu) =0,
(J1Fu, Fuu) + (1 F, Fuuu) =0,
(J1Fuus Fuuu) + (N1 Fus Fuyun) = 0. (26)
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Using Remark 3.4 we can prove the following proposition that gives the conditions under
which an immersion defines a helix surface.

Proposition 3.5 Let F : Q@ — SL(2,R); C ]R% be an immersion from an open set Q C R2,
with local coordinates (i, v), such that the projection of E| = —t ' J1 F to the tangent space
of F(2) C SL(2,R); is Fy,. Then F(2) C SL(2,R), defines a helix surface of constant
angle vV if and only if

gc(Fu, Fy) = g(E1, F) = sin® 9, @7

and
gr(Fv;El)_gI(Fuv Fv):O (28)
Proof Suppose that F is a helix surface of constant angle ©. Then
ge(Fu, Fi) = =(Fu, Fu) + (1+ T)(Fy, 1 F)?

=17 %sin” 9B + 1+ r2)(1:_2 sin* D)

= sin® ¥.
Similarly

ge(Er, F) = v NI F, F) =t (4 o) (I F, F) (L F, i F)
=1 NI F, F)[1 = (1+7%)] =sin’ 0.

Finally, using (15), we have

a b
gc(Fy, E1) — g (Fy, Fy) = _;gr(Fuv J1F) — ;gr(JlFu, J1F)

—agc(Fy, Fy) — bg (1 Fy, )
=asin?® —0—asin®® —0 = 0.
For the converse, put
g (Fy, F)F,
gT(FM’ Fu) '

Then, if we denote by N the unit normal vector field to the surface F(S2), {F,, T2, N}
is an orthogonal bases of the tangent space of SL(2, R), along the surface F(£2). Now,
using (28), we get g;(E1, T>) = 0, thus E; = a F,, + ¢ N. Moreover, using (27) and that
g:(E1, Fy) = a g.(Fy, F,), we conclude that @ = 1. Finally,

T =F,—-

| = g:(E1, E\) = g:(Fy + ¢ N, F, + ¢ N) =sin® 9 + ¢?,
which implies that ¢> = cos® 1. Thus the angle between E1 and N is

gr(E1,N) =g (F, +cost?N, N) = cos V.

4 The case B =0

Theorem 4.1 Let M? be a helix surface in the SL(2, R); C ]R‘zt with constant angle ¥ such

— _ 1 . 2 w4
that B = 0. Then cos 9 = N and, locally, the position vector of M~ in R3, with respect
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to the local coordinates (u, v) on M defined in (14), is given by

Tu Tu
P =40 (L~ 5 7 0)
where A(v) = A, &1, &, &) (v) is a I-parameter family of 4 x 4 indefinite orthogonal
matrices commuting with J1, as described in (4), with
[6'(v) + & (v) + & (v)] sin(€2(v) — &3(v)) sinh(2&(v))
—2(§'(v) — £5(v)) sinh” &1 (v) + 2[£] (v) cos(£2(v) — £3(v) + 5 (v) cosh® & (v)] = 0.
(30)

(29)

Conversely, a parametrization
Tu Tu
F(u,v) =A( (1,—7,7,0),
vy =Aw\l =y
with A(v) as above, defines a helix surface in the special linear group with constant angle

¥ = arccos ———.
1+72

Proof Since B = 0 we have immediately that cos2 = 1/(1 + 72). Integrating (20), we
obtain that
Fu,v) =h'"() +uh?(v), 31)

where A (v), i = 1,2, are vector fields in Rg, depending only on v.
Evaluating in (0, v) the identities:

(F,F):l, (FuaFu)=Oa

(F,F) =0, (J|F, F)=—t""sin®® = —ﬁ,

it results that

('), ') =1, ('), h*@w) =0,

(02 (), @) =0, (Jih' (), i) = = 4:12' (32)
Moreover, using (23) in (0, v), we have that

W) = ——— (k' (v) — B W)),
1+ 12
where /13 (v) is a vector field of ]R; satisfying
P W), P W) =—1, (h'@), k@) =0, (Jih' @), W) =0. (33)

Consequently, if we fix the orthonormal basis {E i }?:1 of R‘z‘ given by
E;=(1,0,0,0), E»=(0,1,0,00, E3=(0,0,1,0), E4=(0,0,0,1),

there must exists a 1-parameter family of matrices A(v) € Oz(4), with J; A(v) = A(v) Jq,
such that

h'(v) = AW)E), J1h'(v) = AW)Es, K (v) = AW)Es, J1h*(v) = A(v)Es.
Then (31) becomes

Tu

Flu,v) =h'(v) - - 0

(k@) = B ) = A)(1,

Tu Tu )
1+12 1412
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Helix surfaces in the special linear group 69

Finally, the I-parameter family A(v) depends, according to (4), on four functions
&1 (v), & (v), &(v) and £(v) and, in this case, condition (28) reduces to (F,, F,,) = 0 which
is equivalent to (30).

For the converse, let

7 A ! Tu Tu 0

) = A0(L 1 e 0).

be a parametrization where A(v) = A(§(v), &1 (v), £&2(v), &3(v)) is a 1-parameter family of
indefinite orthogonal matrices with functions & (v), &1 (v), &2(v), &3(v) satisfying (30). Since
A(v) satisfies (30), then F satisfies (28), thus, in virtue of Proposition 3.5, we only have to
show that (27) is satisfied for some constant angle ¢. For this we put

v = (1.

Tu Tu )
1472 1412

Now, using (1) and taking into account that A(v) commutes with J;, we get

—(A@)y W), A@)Y @) + 1 + ) (AW®)Y @), TAQ)Y W)
2

g‘[(FM7 FM)

I+ @), Jiyw)? = =t

and we can choose @ such that t2/(1 + t2) = sin? 9. Similarly,

gc(E\, F,) = —(E1, Fu) + (1 + ©*)(E1, T F){F,, J| F)
- L”:lﬂ [1-(+7%)]
2
= (=Y ), J1y W) =

1412

[m}

Example 4.2 If we take & = &; = constant, (30) becomes &'(1 — sinh? &1) = 0. Thus, if
also & = constant, we find, from (4), a 1-parameter family A(v) = A(§;(v)) of indefinite
orthogonal matrices such that (29) defines a helix surface for any function &;.

5 The case B > 0

Supposing B > 0, integrating (21) we have the following
Proposition 5.1 Let M? be a helix surface in SL(2, R). with constant angle 9 so that B > 0.
Then, with respect to the local coordinates (u, v) on M defined in (14), the position vector
F of M? in Ré is given by

F(u, v) = cos(or u) g' (v) + sin(ar u) g%(v) + cos(az u) g (v) + sin(aa u) g*(v),

where

1
a2 = —(tvVBcos £ B)
T
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are positive real constants, while the g (v), i € {1, ..., 4}, are mutually orthogonal vector
fields in R%, depending only on v, such that

T
g =(g').g' W) = g0 = (¥ (). (V) = ——— a2,
f2B (34)
g3 = (8° W), £' W) = gaa = (¢* V), £* (W) = Sz 1.
Proof First, a direct integration of (21), gives the solution
F(u, v) = cos(a1u) g' (v) + sin(e1u) g% (v) + cos(azut) g (v) + sin(eau) g* (v),
where
\/152 —2a +b* — 4ab?
o =
1,2 >
are two constants, while the gi (v), i €{l1,...,4},are vector fields in ]R‘zt which depend only
on v. Now, taking into account the values of @ and b given in (22), we get
1
a12 = —(tv/Bcos® £ B). (35)
T

Putting g;; (v) = (gi(v), gj (v)), and evaluating the relations (25) in (0, v), we obtain:

g +8313+2813=1, (36)
af g + a3 gas + 20100 g4 = @, (37)
aj g2t a2 g4+ a1 g3 +oaxg3 =0, (38)
ai g2 + 103 g3 + s g4+ @3gas = 0, (39)
af g1 + o g33 +20fa3 g3 = D, (40)
af g +of ga + (o +03) g13 = a, 41)
af g0 +afon g4 + o105 o4 + 05 gua = D, (42)
o g2+ @0 g23 + af a5 g4 + o5 g34 =0, (43)
ai g2 +af g3+ 03 g4+ a5 g3 =0, (44)
of g2 + af gas + 20503 gos = E. (45)

From (38), (39), (43), (44), it follows that
g2 =814 = g3 = g3 =0.
Also, from (36), (40) and (41), we obtain

12(D + o) +2Bsin’ ¥ o3
g = IR . &13=0, gn=
T4 (a] — a3)

12 (D +af) +2Bsin? 9 o?
2(af —a3)2

Finally, using (37), (42) and (45), we obtain

t2(E —2Da3) — Bsin? 9 of
tza% (ozf — ot%)2

t2(E —2Da}) — Bsin? ¥ of
r2a§ (a% — a’%)2

g0 = , 84=0, gu=
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We observe that

«/E—rcosz? 0 \/E—}—‘L'cosz? 0
n=gn=——"—"—"7"——<§, BR=gu=——+7¥—¥—>0.
8 8 2VB 8 8 2VB
Therefore, taking into account (35), we obtain the expressions (34). ]

We are now in the right position to state the main result of this section.

Theorem 5.2 Let M? be a helix surface in the SL(2, R); C Rg with constant angle v # /2
so that B > 0. Then, locally, the position vector of M? in R‘Z‘, with respect to the local
coordinates (u, v) on M defined in (14), is

F(u,v) = A(v) y(u), (46)
where
y(u) = (/g33 cos(ap u), —/g33 sin(aa u), /—g11 cos(ay u), v/ —g11 sin(oy u)) (47)

isacurveinSL(2,R);, g11, g33, @1, a2 are the four constants given in Proposition 5.1, and
A() = A, &1, &, &) (v) is a I-parameter family of 4 x 4 indefinite orthogonal matrices
commuting with Ji, as described in (4), with & = constant and

cosh? (&1 (v)) € (v) + sinh? (&1 (v)) £ (v) = 0. (48)

Conversely, a parametrization F(u, v) = A(v) y (u), with y (u) and A(v) as above, defines
a constant angle surface in SL(2, R); with constant angle & #* 1 /2.

Proof With respect to the local coordinates («, v) on M defined in (14), Proposition 5.1
implies that the position vector of the helix surface in Rg is given by

F(u, v) = cos(au) g' (v) 4 sin(yu) g2 (v) + cos(aau) g (v) + sin(aau) g*(v),
where the vector fields {g’ (v)}
llg' Il = [18*()|| = v/—g11 = constant,

g’ )| = [1g*()|| = /833 = constant.

Thus, if we put e; (v) = g )/1gt )], i € {1,...,4}, we can write:

F(u,v) = «/—g11 (cos(ay u) e1 (v) + sin(ay u) e2(v))
+4/¢33 (cos(az u) e3(v) + sin(az u) e4(v)). (49)

Now, the identities (26), evaluated in (0, v), become respectively:

4
i=

| are mutually orthogonal and

az g33(Jie3, eq) —a1g11(J1€1, €2)

+v/=g1185 (@1(J1e3, €2) + ar(Jien, ea)) = —t ' sin ¥, (50)
(Jie1, e3) =0, (51)
053 g33{Jies, eq) — o g1 {Jier, e2)

+v/—gngas (i3 (Jies, e2) + ajaa(Jier, es)) = —1, (52)
(J1e2, e4) = 0, (53)
ai{Jiez, e3) + aa(Jier, es) = 0, (54)
ar(Jiez, e3) +a1(Jier, es) = 0. (55)
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We point out that to obtain the previous identities we have divided by (xlz - oz% =

4714/ B3 cos ¥ which is, by the assumption on @, always different from zero. From (54)
and (55), taking into account the (xf — oz% = 0, it results that

(Jiez,e2) =0,  (Jier,es) =0. (56)
Therefore

[(Jier, e2)| = 1 = [(Jie3, e4)].
Substituting (56) in (50) and (52), we obtain the system

[061 gi{Jier, e2) — a2 g33{Jies, eq) = v sin? ¥
of gri{Jier, e2) — o3 gx3(Jies, eq) = 1,
a solution of which is

Tl —(x% sin? 9 r]—alzsinzﬂ

(Jier,e2) = ———5——~ (Jre3,e4) = ———5———.
g1 (e — o) tg33 0n(af —03)
Now, as
) 3
sin“ B 5 ) » 4vB
= — s o = — sin” v, oy — = cos 7,
811 833 1B 102 ) 1 — o) .
it results that
(Jie1, e2)(J1e3, e4) = 1.
Moreover, as
I — a% sin? ¥ =27~ ' v/ B3 cos ¥ sin? 9,
it results that (Jieq, e2) < 0. Consequently, (Jier, e2) = (Jie3,eq) = —1 and Jie; =

e, Jiez3 = —ey.
Then, if we fix the orthonormal basis of Rg given by

E; =(0,0,1,0), E»=1(0,0,0,1), E3=(1,0,0,0), E4=(0,-1,0,0),

there must exists a 1-parameter family of 4 x 4 ind§ﬁnite orthogonal matrices A~(v) € 0(4),
with J1A(v) = A(v)Ji, such that ¢; (v) = A(v)E;. Replacing ¢;(v) = A(W)E; in (49) we
obtain

F(u,v) =AWy (u),
where

y () = (/833 cos(aa u), —+/g33 sin(az u), /=11 cos(erg u), /=11 sin(ay u))

is a curve in SL(2, R),.

Let now examine the 1-parameter family A(v) that, according to (4), depends on four
functions & (v), &(v), &3(v) and &(v). From (15), it results that (F,, F,) = —sin? 9 =
constant. The latter implies that

0

7<Fvs Fv)\u:OZO- (57)
ou
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Now, if we denote by ¢y, €2, €3, ¢4 the four colons of A(v), (57) implies that

(e',e3') =0
{ 0 (58)

’

(e, eq') =
where with " we means the derivative with respect to v. Replacing in (58) the expressions of

the ¢;’s as functions of &1 (v), & (v), &3(v) and &£(v), we obtain

£ h(v) =0 59)
&'k(v) =0,

where i (v) and k(v) are two functions such that
h* + k% = 4(€])” + sinh® (2&) (=& + & + &)°.
From (59) we have two possibilities:

(i) & = constant;
or
(i) 4(&)? + sinh?(2&1) (—&' + & +&})? = 0.

We will show that case (ii) cannot occur, more precisely we will show that if (ii) happens
then the parametrization F(u, v) = A(v)y (u) defines a Hopf tube, that is the Hopf vector
field E is tangent to the surface. To this end, we write the unit normal vector field N as

_ Ni1E1 + N2Ey 4+ N3E3

NP+ N3+ N3

A long but straightforward computation (that can be also made using a software of symbolic
computations) gives

Ni = 1/2(c1 + a2)/—811/833 [2§] cos(aiu + aru — & + £3)
+sinh(2&)) sin(oju + cou — & + £3)(—§" + & + &)1

N

Now case (ii) occurs if and only if £ = constant = 0, or if & = constant # 0 and
—&'+&)+& = 0.Inboth cases Ni = 0 and this implies that g (N, J1 F) = —1g:(N, E|) =
0, i.e. the Hopf vector field is tangent to the surface. Thus we have proved that £ = constant.

Finally, in this case, (28) is equivalent to

7 cos 9/ B[cosh? (&1 (v)) & (v) + sinh? (&1 (v)) & (v)] = 0.

Since ¥ # m /2 we conclude that condition (48) is satisfied.
The converse follows immediately from Proposition 3.5 since a direct calculation shows
that g (Fy,, F,) = g:(E1, F) = sin? @ which is (27), while (48) is equivalent to (28). 0O

6 The case B < 0

In this section we study the case B < 0. Integrating (21) we have the following result:

Proposition 6.1 Let M 2 be a helix surface in SL(2, R); with constant angle ¥ and B < 0.
Then, with respect to the local coordinates (u, v) on M defined in (14), the position vector
F of M? in R‘zl is given by
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F(u,v) = cos(b u) [cosh(B u) w' (v) + sinh(Bu) w? (v)]

+sin (g u) [cosh(B u) w? (v) + sinh(B u) w* (v)], (60)
where
= +/—B cos ¥
is a real constant, b=—2r"1 B, while the wi(v), i €{l,...,4}, are vector fields in R?,

depending only on v, such that

') w' ) = W), v’ ) = - e, we) = -, e e) =1,

(w! @), w®) = W' @, v ) = @), v o) = @ e, w'e) =0,  ©l)
1 4 2 3 28

'@, w©) = —wE), wie) = -7

Proof A direct integration of (21), gives the solution

F(u,v) = cos (b ) [cosh(B u) w ") + sinh(B u) w (v)]

+sin (b u) [cosh(Bu) w 2(v) + sinh(B u) w* V)],

where
Vaa — b2
B = N /=B cost
2
is a constant, while_: the w’:(v), i €{l,...,4)}, are vector fields in R* which depend only on
v. If w;; (v) := (w' (v), w’/ (v)), evaluating the relations (25) in (0, v), we obtain
wi =1, (62)
b? N
Bl wsy + fhuny =4, (63)
b
T w2 + Bwiz =0, (64)
b e e B2
E(ﬁ _Z)w12+ﬂ bw%4+l3*wz4+ﬂ(,3 —Z)ww—o (65)
b*\2 . . b?
2_ U 272 2_ =
(82— %) w4+ 520 waa + 285 (B> = = ) wia = D, (66)
2 b?
(B2 = %) w4+ phuwns = —a. (67)
b? b 2 (2 b’ 2
e I —3Z)wzz+ﬁ 4B =B wn =D, (68)
b 7 P "
L0 ) (2 w5 ()
b? b? b?
2 — _— — — =
(82 —32) (- L)+ 82 " (36 - ) wa =0, (69)
b, o . B
S8 - )wets(F -37)un=0. (70)
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52 ) 52 2 ) ) 52 2
(3= %) w82 (52 =37 ) s

4 4
. b? b?
2 U 2 b7 _
+,8b(3ﬁ 4)(;3 34)w23 E. 1)
From (62), (66) and (67), it follows that
2B
wi = —w44 = 1, Wig = ——=.
b
Also, from (64) and (70), we obtain
w2 = w3 =0
and, therefore, from (65) and (69),
wo4 = w34 = 0.
Moreover, using (63), (68) and (71), we get
2B
wp=-wy=1 wy= 5

m}

Theorem 6.2 Let M? be a helix surface in SL(2, R); with constant angle 9 # 1 /2 so that
B < 0. Then, locally, the position vector of M? in ]R‘z‘, with respect to the local coordinates
(u, v) on M defined in (14), is given by

F(u,v) =AW)yw),
where the curve y (u) = (y1(u), y2(u), y3(u), ya(u)) is given by
y1(u) = cos( u) cosh(Bu) — == sin (2”) sinh(B8 u),

y2(u) = sin (gu) cosh(Bu) + 2’3 cos( u) sinh(B u),

sin

va(u) = S5 cos ( u) sinh(B u)
ya(u) = f/ir% sm( u) sinh(B u),

(72)

B = A/—B cos ¥, b=-2t"'Band AW) = A, &1, &, &) (v) is a 1- parameter family
of 4 x 4 indefinite orthogonal matrices anticommuting with Ji, as described in (4), with
& = constant and

sin ¥ [2 cos(£2(v) — §3(v) &1 (v) + (5,(v) + £3(v)) sin(§2(v) — §3(v)) sinh(2&1 (v))]
—27 cos ¥ [cosh? (£1 (v)) & (v) + sinh? (£ (v)) &5 (v)] = 0. (73)

Conversely, a parametrization F (u, v) = A(v) y (u), with y (u) and A(v) as above, defines
a helix surface in SL(2, R); with constant angle ¥ # m /2.

Proof From (61), we can define the following orthonormal basis in Ré:
e1(v) = w'(v),
er(v) = w2(v),

e3(v) = o5 [V—Bw?(v) — T cos ¥ wz(v)]
eq(v) = 51219 [~/—B w4(v) + tcos® w!(v)],

with (e, e1) = 1 = (e, e2) and (e3, e3) = —1 = (e, ea).

(74)
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Evaluating the identities (26) in (0, v), and taking into account that:

F(0,v) = w'(v),

Fu(0,v) = g w?(v) + B w? (v),

72
Fu©0.0) = (£ = ) w' o) + phute),
_ I; 2 52 2 2 3~2 3
Fuu(0.0) = 2 (382 = ) w’ ) + 8 (82 = 36°) w' ),
_ 4 3 272 [;4 1 7 2 52 4
Fuu0.0) = (B* = 5875 + T) w' @) + 285 (8 - ) w' .
we conclude that
(hw?, wh = —(w', w? =1,
(iw, w?) = (Jw', w') =0,
4
(lez, w4) = (lel, w3) = —t\/c% .

Then,
—(Jie1, e2) = (Jiez, e4) =1,
(Jier, e4) = (Jie1, e3) = (Jiez, e3) = (Jiez, e4) = 0.
Therefore, we obtain that
Jier = —ep, Jie3 = —ey.
Consequently, if we consider the orthonormal basis {E,-}le of ]R‘z‘ given by
E; =(1,0,0,0), E»=1(0,1,0,0), E3=(0,0,1,0), E4=(0,0,0,1),

there must exists a l—pa{ameter family of matrices A(v) € O,(4), with J1A(v) = —A(v)J1,
such that e; (v) = AW)E;, i € {1,...,4}. As

F=(F,e1)e1 + (F,ex)er — (F,e3)e3 — (F, eq) ey,

computing (F, ¢;) and substituting e; (v) = A(v)Ei, we obtain that F(u, v) = A(v) y(u),
where the curve y (u) of SL(2, R); is given in (72).

Let now examine the 1-parameter family A(v) that, according to (4), depends on four
functions &1 (v), & (v), £€3(v) and &£ (v). Similarly to what we have done in the proof of The-
orem 5.2 we have that the condition

ad
(Fy, Fv)\u:O =0
ou

implies that the functions & (v), & (v), £&3(v) and & (v) satisfy the equation
' [2sin(§r — &3) &) — (6 + &3 — &') cos(&r — &3) sinh(2&;)] = 0.
Then we have two possibilities:

(i) & = constant;
or

(ii) 2sin(§ — &3) &) — (6 + &5 — &) cos(§2 — £3) sinh(2&)) = 0.
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Also in this case, using the same argument as in Theorem 5.2, condition (ii) would implies
that the surface is a Hopf tube, thus we can assume that & = constant.

Finally, a long but straightforward computation shows that, in the case & = constant, (28)
is equivalent to (73).

The converse of the theorem follows immediately from Proposition 3.5 since a direct
calculation shows that g.(Fy, F,,) = g:(E1, F,) = sin? 9 which is (27) while (73) is
equivalent to (28). m]

Acknowledgments S. Montaldo was supported by P.R.I.N. 2010/11—Varieta reali e complesse: geometria,
topologia e analisi armonica—Italy and INDAM. A. Passos Passamani was supported by Capes—Brazil.

References

1. Daniel, B.: Isometric immersions into 3-dimensional homogeneous manifolds. Comment. Math. Helv.
82, 87-131 (2007)
2. Cermelli, P, Di Scala, A.J.: Constant-angle surfaces in liczluid crystals. Phil. Mag. 87, 1871-1888 (2007)
3. Dillen, F,, Munteanu, M.I.: Constant angle surfaces in H~ x R. Bull. Braz. Math. Soc. (N.S.) 40, 85-97
(2009)
4. Dillen, F.,, Fastenakels, J., Van der Veken, J., Vrancken, L.: Constant angle surfaces in S? x R. Monatsh.
Math. 152, 89-96 (2007)
5. Di Scala, A., Ruiz-Hernandez, G.: Higher codimensional Euclidean helix submanifolds. Kodai Math. J.
33, 192-210 (2010)
6. DiScala, A., Ruiz-Hernandez, G.: Helix submanifolds of Euclidean spaces. Monatsh. Math. 157,205-215
(2009)
7. Fastenakels, J., Munteanu, M.I., Van Der Veken, J.: Constant angle surfaces in the Heisenberg group.
Acta Math. Sin. (Engl. Ser.) 27, 747-756 (2011)
8. Loépez, R., Munteanu, M.L.: On the geometry of constant angle surfaces in Sol3. Kyushu J. Math. 65,
237-249 (2011)
9. Montaldo, S., Onnis, LL: Helix surfaces in the Berger sphere. Israel J. Math. (2014). doi:10.1007/
s11856-014-1055-6
10. Ruiz-Herndndez, G.: Minimal helix surfaces in N x R. Abh. Math. Semin. Univ. Hambg. 81, 55-67
(2011)
11. Torralbo, F.: Rotationally invariant constant mean curvature surfaces in homogeneous 3-manifolds. Differ.
Geom. Appl. 28, 593-607 (2010)

@ Springer


http://dx.doi.org/10.1007/s11856-014-1055-6
http://dx.doi.org/10.1007/s11856-014-1055-6

	Helix surfaces in the special linear group
	Abstract
	1 Introduction
	2 Preliminaries
	3 Constant angle surfaces
	4 The case B=0
	5 The case B>0
	6 The case B<0
	Acknowledgments
	References




