Annali di Matematica (2015) 194:343-367
DOI 10.1007/s10231-013-0379-x

The equivalence problem of curves in a Riemannian
manifold

M. Castrillon Lopez - V. Fernandez Mateos -
J. Muiioz Masqué

Received: 25 February 2013 / Accepted: 14 September 2013 / Published online: 29 September 2013
© Fondazione Annali di Matematica Pura ed Applicata and Springer-Verlag Berlin Heidelberg 2013

Abstract The equivalence problem of curves with values in a Riemannian manifold is solved.
The domain of validity of Frenet’s theorem is shown to be the spaces of constant curvature. For
a general Riemannian manifold, new invariants must thus be added. There are two important
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1 Introduction

A fundamental problem in Riemannian Geometry is that of equivalence of objects in a
determined class, namely to provide a criterion to know whether two given objects in this
class are congruent under isometries or not. Below, this problem is solved in full generality
for the simplest case: That of curves with values in a Riemannian manifold.

For the Euclidean space R™, the equivalence problem is solved by virtue of the Frenet
the theorem: Two curves parameterized by the arc length are congruent if and only if they
have the same curvatures, ki, ..., k,—1; but the domain of validity of Frenet’s theorem is
too restrictive. In fact, Frenet’s theorem classifies curves in a Riemannian manifold (M, g) if
and only if it is of constant curvature. In consequence, in spaces of non-constant curvature,
new invariants are required (different from curvatures «;) to classify curves and, although
by means of curvatures a given curve can be reconstructed (see Theorem 3.6), the role of
such invariants becomes weaker in spaces of non-constant curvature, even of low dimension.
A generic Riemanniannian metric in a compact manifold admits no isometry other than the
identity map (cf. [5,6]). Therefore, the difficulty of the equivalence problem is closely related
to the size of the isometry group.

Below, the equivalence problem is solved in general in the framework of real analytic
manifolds by means of functions that are invariant under the isometry group of the Rie-
mannian manifold. In this way, a general result is stated for their solution in Theorem 4.3:
Essentially, it gives a set of invariants that, together with the classical Frenet curvatures,
solves the congruence problem; But it has the inconvenience of using a redundant—in prin-
ciple, infinite—number of invariants (cf. Remark 4.7). The remarks following its proof (in
Sect. 4.3) show, however, that this is the best general result expectable, as simple examples
(see Example 4.9) make clear that a solution in closed form to the equivalence problem for
C* manifolds is not reachable. Furthermore, certain classes of Riemannian manifolds can be
characterized by means of their invariants; e.g. symmetric spaces or Lie groups with invariant
metrics.

The study of invariants is developed in Sect. 5, where the main questions on such func-
tions are solved for an arbitrary Riemannian manifold: The theorem of asymptotic stability
(Theorem 5.4 and Corollary 5.5), the completeness theorem (Theorem 5.10) that allows us
to solve the general problem of equivalence by means of a complete system of invariants
and the theorem of generation of invariants (Theorem 5.12). An interesting consequence of
the generating theorem proves that the ring of invariants can be generated by means of m
invariants (where m = dim M) by taking successive total derivatives with respect to ¢.

In [10] the number of differential invariants with respect to the induced operation of the
group G on jet bundles J" (R, G/H) of the homogeneous space G/H is calculated without
assuming G is the group of isometries of a metric. According to [14, IV, Example 1.3], if
the subgroup H is compact, the quotient manifold G/H admits a Riemannian metric left
invariant. The converse statement also holds true, as the isotropy subgroup of a point in a
Riemannian manifold is compact (cf. [14, I, Corollary 4.8]). Moreover, it should be noted
that most part of the results in [10] hold in general, i.e. without assuming the manifold to be
Riemannian homogeneous, as shown in Theorem 5.12 and Remark 5.13 below.

In Sect. 3.3, two basic existence theorems for the generic class F of Frenet curves are
stated. The first result (Theorem 3.6) is a generalization to arbitrary Riemannian manifolds of
the existence of curves in Euclidean 3-space with given curvature and torsion, but the second
one (Theorem 3.7) is completely new.

In addition to Frenet curves, another generic class N of curves in a Riemannian manifold
is introduced in Definition 2.3, which seems to be the natural setting for the statement of the
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asymptotic stability theorem (Theorem 5.4). The classes F and A are compared in detail
in Sect. 3.4. As it is proved in Theorem 3 8 if either dimM = m < 4 or g is flat at a
neighbourhood of xg, then ]-',’g‘ xol M) = ,O o (M ), (to, x0) € R x M. In general, however,
both generic sets of curves do not coincide, as shown in the example 3.9.

We want to note the connection of this article with other different frameworks on the
techniques of moving frames as those in the interesting papers [22,23] and the references
therein. The approach in these references is different and, in particular, is strongly oriented

to other general geometric settings dealing with other groups of invariance.

2 General position
2.1 Definitions

Definition 2.1 A smooth curve o : (a, b) — M taking values into a manifold M endowed
with a linear connection V is said to be in general position up to the order r,for 1 < r <
m = dim M, atty € (a, b) if the vector fields 77, VT, ..., V;;l T along o are linearly
independent at f(, where T is the tangent field to o. The curve o is in general position up
to the order r if it is in general position up to this order for every ¢ € (a, b).

Geometrically, a curve in general position is as twisted as possible. For example, if (M, g)
is of constant curvature, then o is in general position up to order r at o (fp) if and only if no
neighbourhood {o (¢) : |t — f9] < &} is contained into an auto-parallel submanifold (cf. [14,
VII, Section 8]) of M of dimension < r. The condition of being in general position up to
first order is none other than an immersion, and hence, it is independent of V; but for r > 2,
the condition of being in general position up to order » does depend on V.

Lemma 2.2 Leto: (a,b) — M be a smooth curve taking values into a manifold M endowed

with a linear connection V. If (x', ..., x™) is a normal coordinate system with respect to V
centred at xo = o (ty), a < ty < b, then the tangent vectors
k(i
ok d'(x'oo0) d
U,” = T(’O) o e ToqpyM, k=>1,keN, (@]

o (1)

do not depend on the particular normal coordinates chosen.

Proof 1f x’ i = a;.xj , A= (a;) € Gl(m, R), is another normal coordinate system, then

el -
=bl—, BH=A"",

ax" dxh
and hence
d (x"1 °9) (1) 2 d*(a’x? oa)(; o2
— (o - = ————)b; —
drk x|, o) dtk L oxh o)
:bh ld x4 o00) o i
d k 3xh o (ty)
d*(x7 o 0)
= 7( ) afj :
X o (10)

[}
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Definition 2.3 A curve o is said to be in normal general position up to the order r at
to € (a, b) if the tangent vectors U, U2, .. , Uy are linearly independent. The curve

s Y o

o is in normal general position up to the order r 1f 1t is in normal general position up to this

order for every t € (a, b).

2.2 Genericity results

Lemma 2.4 Let (U;x',..., x™) be a coordinate open domain in a smooth manifold M

endowed with a linear connection V. There exist smooth functions
FRU R R U) >R, keN, 1<i<m,

such that,

A (x 0 0) , 9
k o _ ki [ :k
(vh1), = (g2 + 7 () 5

o(t) ,

for every curve o : R — U and every t € R, which are determined as follows:

F% =,
Z r hx xl,
Jj.h=1
where F‘}.h are the local symbols of V in (U, xt o x™), and

m
Fi =D (FM) 4+ 3 T (s + AL k=2,
h,j=1

(x; )(I)sz(m being the coordinates induced by (x")f":l in the k-jet bundle, i.e.

dl
it (jfo) = deo0) x=x" 0<i<k l<h<m,

dt!

and Dy denotes the “total derivative” with respect to t, namely

d o~ 0
—7"‘;)@_’_1@.

(@)

3
“

(6))

Proposition 2.5 Let M be a smooth manifold of dimension m endowed with a linear con-
nection V. The set of curves in general position up to the order r < m — 1 is a dense open

subset in C*° (R, M) with respect to the strong topology.

Proof By using the formulas (2), it follows that the mapping
DL I (R, M) — R x (&' TM),
¥ (0) = (103 . e 70 (9577, ).

is a diffeomorphism inducing the identity on JO(R, M) = R x M. We set

E={(t.X".....X")eRx (&TM): X' A--- A X" =0},
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The equivalence problem of curves in a Riemannian manifold 347

forevery 1 < k <r — 1 and for every strictly increasing system of indices 1 <ij < --- <
i <r we set

(1, X', ... X") €RX (@ TM): X' A--- A X 0,

Bty = X, X e (XL X,

with j; < -+ < jr—rand {j1,..., jr—k} = {1,2,...,r}\ {i1, ..., ik}, and finally we set
Eo =R x Z, Z being the zero section in &" 7T M. Hence

k=1 ij<---<ig

Moreover, if Uy (M) C @*T M denotes the open subset of all linearly independent systems
of k vectors, then the mapping

Ay i s RITPFCR Sy (M) — R x (97T M),

Ew! 1 —k —k. y1 k .yl
A (53 TR X LX) = (5 R R,

.....

X =x" 1<h<k,
k
)_(jh:Zkf?Xi,lfhfr—k,

i=1

is an injective immersion such that im(A;,

..........

codim E;; . ; = dim (]R X (earTM)) —dimE;,
={0+m+rm)—A+k(r —k)+m+km)
=m-k)r —k)

>m+1-—r,

.....

as the product (m — k)(r — k) takes its minimum value when k takes its maximum value,

,,,,, i) is a submanifold in J" (R, M) of
codimension (m —k) (r —k). From Thom’s transversality theorem (e.g. see [28, VII, Théoréme
4.2]) the set of curves o : R — M the r-jet extension of which, j" o, is transversal to Y;, _;,
is a residual subset (and hence dense) in C*° (R, M) for the strong topology. For such curves,
(j" o)~ (Yi,,....i;) is asubmanifold of the real line of codimension (m —k)(r —k) > m+1—r.
If r < m — 1, then it is only possible if such a submanifold is the empty set. Consequently,
for r < m — 1, the following formula holds:

,,,,,

= {o € C®(R, M) : j"o is transversal to every Y;, . ,-k}
={o e C®®R.M): (j'o) ®)NY =0},
where Y = Yy U U;(;i Ui, <-..<i Yir...ix- Therefore, @5, (j"0(R) N E =@ ifo € F';in
other words, o is a curve in general position up to order r with respect to V.
Finally, we prove that £ " is an open susbet. If d is a complete distance function defining

the topology in J' (R, M), then for every o € [ the function §,: R — RT, §,(t) =
d (jtra, Y) > (0 makes sense as Y is a closed subset and

N@)={y e C*R, M) :d (j/o, jly) <8;(1),Vt € R}

is aneigbourhood of ¢ in the strong topology of order  and hence, also in the strong topology
of order co. As y € N(o) implies y € F", we can conclude. O
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Remark 2.6 The statement of Proposition 2.5 is the best possible, as the curves in general
position up to the order m = dim M with respect to a linear connection V are not dense in
C*(R, M) for the strong topology, because inflection points are unavoidable. In fact, with
the similar notations as in the proof of Proposition 2.5, we set

F" ={o e C*®R,M) : j"o(R)NY = @},

"= {o € C*(R, M) : j™o is transversal to every Y;, ik}-

The set £ ™ is dense in C*®° (R, M) as it is residual and f ™ coincides with the set of curves

in general position up to order m. In order to prove that " is not dense, it suffices to obtain
an open subset contained in its complementary set. We set

m—2
-1 .
V=) U Yiuirs Yi=(®) (E). 1<i<m,

k=0 i1<---<iy
where E; is the set of points (¢, X!, ..., X™ e R x (@"T M) such that,
() X'A - AXIA - AXT £0,
(i) X' e<X1,...,Xf,...,X'">.
Then, Y =Y UYU-.-UY, and Yy = ¥ N---N Y, is an open subset in each ¥;; hence,
Yy is a submanifold of codimension 1 in J” (R, M). According to a classical result (see [20,
Theorem 6.1]), there exists a curve o : R — M such that, 1) j™ o is transversal to Yy, and 2)
Jj"o(R) N Yy # @. Therefore, j™o (R) N'Y # (. Moreover, according to [18, Lemma 1, p.
45]], given a neighbourhood U of ¢, there exists a neigbourhood E, of ¢ in the weak (and
hence, in the strong) topology, such that t € E, implies j™ t cuts transversally to ¥ at some

point#’ € U. Hence, T € E, implies j"t(R) NY # @, i.e. T ¢ F™ and o thus possesses a
neighbourhood of curves not belonging to F™.

Proposition 2.7 Let M be a smooth manifold of dimension m endowed with a linear con-
nection V. The set of curves in normal general position up to the order r < m — 1 is a dense
open subset in C*° (R, M) with respect to the strong topology.
Proof 1t is similar to the proof of Proposition 2.5 by using the fact that the mapping
Vo J'(R,M) - R x (@"TM),
. 1, 2, s
G (jno) = (10: Uy U URTY

is a diffeomorphism over R x M. O

3 Frenet curves
3.1 A Frenet curve defined

Definition 3.1 A curve o: (a, b) — M with values into a Riemannian manifold (M, g) is
said to be a Frenet curve if o is in general position up to order m — 1 with respect to the
Levi-Civita connection of the metric g.

Proposition 3.2 (Frenet frame, [3,7,8,11,13,25]) If (M, g) is an oriented connected
Riemannian manifold of dimension m and o: (a,b) — M is a Frenet curve, then
there exist unique vector fields X{,..., XS, defined along o and smooth functions
Lo S (a,b)—>]RwithK;.’ >0,0<j<m-—2, such that,
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@) (X7 @), ..., X, (1)) is a positively oriented orthonormal l;’nearframe, vVt € (a, b).
(ii) The systems (X{ (@), ..., X7 @), (T, (V1a T, ..., (V’;l T7)) span the same vec-
tor subspace, and they are equally oriented forevery 1 <i < m—1andeveryt € (a, b).
(iii) The following formulas hold:

(@ T? =«j X1,
(b) VXYX‘I’ = k7 X9,
(c) VXTX?:—K;LIXEZI-FK;TX(-T 2<i<m-—1,

i+1°
(d) VX‘]’X;’n = —K%_IX;;_I.
Definition 3.3 The frame (X, ..., X7) along o determined by the conditions (i)—(iii) above
is called the Frenet frame of o, and the functions k(, ..., kg _, are the curvatures of o.

3.2 Basic formulas

According to the item (ii) of Proposition 3.2, there exist functions fl‘]’ € C®a,b),1<i <
j < m, such that,

J
Vi, T = f9X7, 1<j<m, ™
i=1

and by using the equations (a)—(d) in the item (iii) above the following recurrence formulas
are obtained for these functions:

o __ o
I _’;Of’a
o _ 11 (8)
=g
I3 = kg Ky
dfe .
1,j—-1
o __ i o o ,.0
IT= : = 3 1kG KT
dfs.
o __ i,j—1 o 0,0 o 0,0
< 15 = dr Jirnj-1kok + 0 ko Ky ©
< ] <m . .
= 2<i<j-2,
dre . .
o _ J—1,j-1 o 0,0
1= g Tk
g __ o 0,0
f5 = I7 kK

Proposition 3.4 Ifo: (a,b) — M is a Frenet curve in an oriented connected Riemannian
manifold (M, g), then

< = /a7,

o[
1 — o\3?
(A7)
&i\J AT 1A )
k7 = 2<i<m-—1,

: JATA?

where

. . k
o _ i—1po J=lro
Ay =det (g (Vo7 V4T ))i‘jzl, 10,
g=1for2<i<m-—2, andey—1 = £1.
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350 M. Castrillén Lépez et al.

Proof The formulas in the statement follow from (7), (8), and (9) taking the identity A7 =
(det( f;-)szl)z = [T, (f2)? into account. O

For a smooth curve o, the property of being a Frenet curve at ¢ depends on j," ~!o only;
hence, for every t € R, we can speak about the open subset f,m_l(M ) C J,m_1 (R, M) of
Frenet jets. Let

i@ )TN FEI M) - R, 1<i<j<m,

be the mapping defined by f;;(j{"o) = f (), mf: JKR, M) — J(R, M), k > [, being
the canonical projections. Similarly, let

Ap: JFR, M) > R, 1<k <m, (11)

be the mapping given by Ay ( jtk o) = A7 (1), which is well defined according to the formula
(10).

Proposition 3.5 Ifo: (a,b) > M, 6: (a,b) — M are two Frenet curves with values in

Riemannian manifolds (M, g), M, g), then |Kl"| = !Kf_’ ,0<i<m—1,ifand only if,

i—1 i—1 —(Gi-1pé i—1lpé o
g(v’Tg 7°. Vi, T") :g(v'ﬁ 7.V, T"), ij=1,....m, (12)
V, V being the Levi-Civita connections associated with g, g.

Proof If (12) holds for every i, j = 1,...,m, then A] = AZ for I < k < m. From the
formulas (10) in Proposition 3.4 we deduce k{7 =« forO <i <m—2and |« _ | = [k _;I.
Conversely, if ’K;’ ,0 <i < m — 1, then from the formulas (8) and (9) by recurrence
on the subindex of k; we obtain | fgm| = f,;l_’m| and 5‘ = 5‘ otherwise. Hence, for every

i,j=1,...,m, we have

| = l?

i i
¢ (Vi 77V TOT) = 30D S = 30D S S
k=1I=1 k=1 I=1
_ s (gi-1p6 gi-lyps
_g(VT& 7o, VI )

3.3 Existence theorems

The fundamental theorem for curves in Euclidean 3-space (cf. [26, pp. 29-31]) states that if
two smooth functions « (s) > 0, 7(s) are given, then there exists a unique curve for which s
is the arc length, « the curvature, and t the torsion, the moving trihedron of which at s = sg
coincides with the coordinate axes. The full generalization of this result is as follows:

Theorem 3.6 Let (M, g) be an m-dimensional oriented Riemannian manifold and let
(v1, ..., vp) be a positively oriented orthonormal basis for Ty M. Given functions k; €
C®@y—38,t0+3),0<j<m—1, withkj > 0for0 < j <m—2, there exists0 <& <§
and a unique Frenet curve o : (to — €, to + €) — M such that,

(1) o(to) = xo,
(ii) X‘JT(to) =vjforl <j<m,
(iii) K}’ =kjforO0<j<m-—1
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Proof Let (U; x', ..., x™) be the normal coordinate system centred at xo associated with
the orthonormal linear frame (vy, .. ., v,,) given in the statement, let pT,[ Q" TM — Mbe
the bundle projection, and let denote by (xf, y,{ ), i, j,k=1,...,m,the induced coordinate
system on (p’,{},)’l U), i.e.

uj:y§ A Yu= ui,...,un) € ®"T M, x€U.

X
First of all, we prove that the Frenet formulas are locally equivalent to a system of first-order
ordinary differential equations on the manifold @" T M. In fact, as a computation shows, the
formulas (a)—(d) in Proposition 3.2 can be written in local coordinates as follows:

d(x/ o0)

- kg (] o X%, (13)
d(y] o X°) , . '
# = K(‘)’Kf(yé o X") — K(()T(Flii Oo‘)(y{' ° XU)(ytl ° XJ)’ (14)
d(y¢ o X%) ‘ |
# = k(] (ipy 0 X7) — &1 (vi_y 0 X7)]

—k§ (T 00) (G o X)W 0 X7), 2<i<m—1, (15)

d(yS 0 X°)
ymT = kS (0 XT) — i (TS, 00) (O 0 XT)(¥h 0 X7),  (16)

where I';, are the components of the Levi-Civita connection V of g with respect to the
coordinate system (xh);’f:] and X°: (a,b) - @"TM, a < ty < b, is the curve given by
X7() = t(X7 (1), ..., X}, (1)), Vt € (a, D).

Hence, the functions x” o o, y’ oX%:(a,b) —> R, h,i,j = 1,...,m, are the only
solutions to the system (13) (16) satlsfymg the initial conditions (i), (11) in the statement; i.e.
(x" 0 0)(t9) = x" (x0), (¥} 0 X7)(10) = yj(vl, ce Up) = 3’

Conversely, if X7 and’ the curvatures k9 1 1 <j< m are replaced by an arbitrary
smooth curve X = (Xy,...,Xp): (to — 8,10 +8) — @™TM, and the given functions
kj—1, 1 < j < m,respectively, with o = p% o X, into the equations (13)—(16) above, then
the following system is obtained:

ﬂﬁﬂ?:muhxx (17)
dz
%%553—xwmhoX>—ma¢oaxﬁoxxﬁoXx (18)
% = kolki (Vi 1 0 X) —ki—1(yi_1 0 X)]
—ko (TS 00) (W o X)W o X), 2<i<m~—1, (19)
W —Kokm—1(V5_1 0 X) — ko (TS, 00) (3 0 X)(¥h, 0 X)), (20)

We claim that the only solution x” o o, y’;. o X: (o — &, to + &) — R to the system (17)-(20)
satisfying the initial conditions ‘

(" oo)(t) = x"(x0), 1 <h <m; (Vo X)(t) =08, i, j=1.....m,

provides the desired Frenet curve.
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First, we observe that from the very definition of (17)—(20), the linear frame (X1, ..., m)
—defined along the curve o with components x” oo —determined by X ,i.e. X;=( yj 0X)-L
satisfies the following equations:

axt’

T° =koXy,

Vx, X1 =k1X>,

Vx, Xi = —kic1Xic1 + 6 Xi1,2<i<m—1,
Vx, Xm = —km—1Xm—1.

21

Next, the item (i) in Proposition 3.2 is proved to hold for this linear frame. In fact, the functions
@ij(t) = g(X;(®), X;(1), |t —to| <&, 1 <i < j < m,are the only solution to the system

don
7 = 2K0K1012,
doij
7] = K0 (K1<.02j —Kj—191,j-1+ Kj‘/’l,j+l) ,
2<j<m-—1,
d(plm
dt = K0 (KI(PZm - Km71§02,m71) ,
ditl] = Ko (Ki‘PiJrl,j +KjQi j+1 —Ki—19i—1,j — Kj—l‘Pi,jfl) )
2<i<j=m-1,
d‘pim
7 = Ko (Ki(Pi-H,m — Ki—19i—-1,m — Km—lwi.m—l) s
2<i<m-1,
d(/)mm
dt - _2K0Km71¢m71,ma
such that ¢;;(0) = §;;, but Kronecker deltas are readily seen to be also a solution
to this system; hence g(X;(¢), X;(t)) = ;;. By virtue of the assumption, one has

volg (X1(0), ..., X;,(0)) = volg(vy, ..., vy) = 1,andaccordingly, vol, (X (¢), ..., X, (¢))
= lforeveryt € (typ — &, to + €).

Finally, as the curvatures K;’, 0 < j <m — 1, are completely determined by the Frenet
formulas, it suffices to prove that the linear frame (X1, ..., X,,) satisfies the property (ii)
of Proposition 3.2, which is equivalent to prove the existence of functions h;; € C*™(fy —
g fo+e),l<i<j<m, suchthatV;JIT” = lelh,]X forl <j<mlIfj=1,
then this formula follows from the first formula in (21) with 41, = k. Hence, we can
proceed by recurrence on j > 2. By applying the operator Vo to both sides of the equation
VITO = 3 hi o1 X, wehave Vi, ' T = 3277 ((dhy j—1 /d) X; + Vo X;), and the
result follows by replacmg the term V7o X; = ko Vy, X by its expression deduced from the
formulas in (21) above. ]

Theorem 3.7 Let (M, g) be an m-dimensional oriented Riemannian manifold. Given a sys-
tem of functions k = (ko, ..., Km—1), withkj € C®(to — 8,19+ 8) for 0 < j <m — 1 and
ki >0for0<j<m-2, letfl-’;: (to—38,t0+38) > R, 1 <i < j < m, be the functions
defined by the following recurrence relations:
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flKl :KOaK
df
Ko 11 (22)
flKZ %l‘ )
f2o = flikokt,
daf{ .
K _ 1j—-1 _ sk
f]j = ,glt fij_]KOKlv
K __ df‘l*jil K K
3o i = g ik ko + fisi,joiKoki-1, .-
<j< . A
JEMol2<izj-2, @3)
dff .
K _ Jj—1,j-1 K .
1= g TS jmikokj-2,
K K .
ji = Jj=1,j-1KoKj =1
Let wj € TyyM, 1 < j < m, be vectors such that the system (wy, ..., Wp—1) is linearly

independent. The necessary and sufficient conditions for a Frenet curve o : (to—¢€, to+¢) —
M, 0 < & <6, to exist such that,
(i) o (o) = xo,
i) (V4'77) (o) = w; for1 = j =m,
(iii) K}’_l =kj_1forl < j<m,
are the following:

i
g (wiwj) = frlo) frto), 1<i<j<m. (24)
h=1
Proof 1f the curve o in the statement exists, then f/ = i‘j’., where the functions fl‘J’ are given

in the formulas (8) and (9), and from the formulas (7) we have

i
o i1
g (wivwy) =g (Vi T7, V12 T7) (o) = 3 00 £ (o).
h=1
Hence, all the conditions (24) are necessary for the curve o to exist.

Let (vy, ..., vu—1) be the orthonormal system in Ty, M obtained by applying the Gram-
Schmidt process to the system (wy, ..., wy,—1), and let v, be the only unitary tangent vector
orthogonal to vy, ..., v,—1 for which the basis (vi, ..., Um—1, vm) of Ty, M is positively
oriented. According to Theorem 3.6, there exists a Frenet curve o: (fp — &,f0 +¢) > M
such that,

a) o (to) :xo;b)X;'.(to) =v;, 1<) Sm;c)K;.’ =k;j,0<j<m—1

Hence fl’; = fl‘]’, as follows from the formulas (8), (9), (22), and (23), and from (7)
we obtain (Vj ;lT”)(to) = {:1 i‘J’. (to)vi, 1 < j < m. Consequently, the Gram-Schmidt
process applied to (77 (tp), .. ., (V'T"g_ 2T")(to)) also leads one to the orthonormal system
(v1, ..., vyu—1). By virtue of (24), we thus have g(w;, w;) = g(ViTZIT", V%;lTU)(to)
for 1 < i < j < m, and we can conclude by simply recalling the following fact: If

(uy, ..., uy), (u’l, R u;() are two linearly independent systems such that, 1st) the Gram-
Schmidt process applied to (u1, . .., ux), as well as to (u/l, o u}(), leads to the same ortho-
normal system, and 2nd) g(u;, u;) = g(u;, u’j) for 1 < i < j < k, then both systems
coincide, i.e. u; = u) fori =1,... k.

Finally, the Frenet frame at 79 of any Frenet curve o : (fo — ¢, o + &) — M satisfying
(i)—(iii) in the statement coincides with the system (vy, ..., v,), and we can conclude its
uniqueness from Theorem 3.6. O
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3.4 Fn=Y (M) and NN (M)

Theorem 3.8 Let (M, g) be a Riemannian manifold. Let F}' (M) be the subset of Frenet

10, X
Jets j,'g‘_la e J" YR, M) such that, o(t9) = xo. Let J\(/)',g'f%ol (M) be the subset of jets
j,’g’_la e J" YR, M) such that, i) o (ty) = xo, ii) the curve o is normal general position
up to the order m — 1 at ty, i.e. the tangent vectors U,G’l, U;;’z, R U,((‘;’r defined in (1) are
linearly independent.

If either dim M = m < 4 or g is a flat metric at a neighbourhood of xo, then .7-",’:)1;01 (M) =
NP, Vi € R, Yxg € M.

19,x0

In the general case, FI" 7! (M)\./\/,m*1 (M) (resp. /\f,’"i1 (M)\F" 1 (M)) is not empty but

| 10,X0 (L)Co1 0,X0 1o, X0
nowhere dense in ' " (M) (resp. Ny' . (M)).
Proof If (U, x', ..., x™) is the normal coordinate system attached to an orthonormal basis
for TyyM with respect to the Levi-Civita connection V of g, then for every smooth curve
(to — &, t0+€) > M, o(ty) = xp, the following formulas hold:
0,1
1o =0

o

(VroT%), =UZ?, (V3,T°), =UJ’ (25)

to o > to fo >

and for r > 3, from the formqlas (2), (3), (4), (5), we conclude the existence of a polynomial
P/ in the values (8|[|I’;’k/8x’)(x0), I eN" |I|<r-2, I’;’k being the'Christoffel symbols
of V with respect to the coordinates chosen, and the components d*(x' 0 0) /dtk)(to) (also
in such coordinates) of the tangent vectors U,Z’k , 1 <k <r—1,defined in (1) such that,

(V3o T%), = U™ + P/ /

o 1 8xi

(26)

X0

As the values (8‘I|F?k/8xi)(xo), 1 < |I| < k, can be written as a polynomial (e.g. see
[9,15]) in the components of the curvature tensor field R® and its covariant derivatives
VRS, ..., VK= RS at x, we conclude that the same holds for P/. For example,

(V3 T%),, = Ui + 3RS (1. (Voo T7), ) T2

10 o’ [

(VH17), = UZ* +2(VR?), (77

1o 19

(VreT), . Ty th)
+3RS (T, (V1=7°), ) (V1= T%), + 3RS (T2, (V3. 7°), )T
For m < 4 from the formulas (25), we conclude

Freloy = N2 . (7)

10,x0 19, X0

Moreover, the equation (V/T), = U;;’VH holds for 0 < r < m — 2 if and only if,
Pi’ =0for0 <r <m-—2,1 <i < m. In particular, this happens when g is flat at a
neighbourhood of xg; hence, the equality (27) also holds in this case. If the tangent vec-
tors T,g, (V7o Ty, oo s (V?{ 2T") 1, are linearly independent, but there exists a non-trivial
linear combination, i.e. 0 = Zfz_ll Y U,(é’h, then from (26) we deduce

m—2
D et [(V%a 7%), — P/ (2/0x") ] =0, (28)
r=0 o

which implies that at least one of the vectors Pi’ (8 / 8xi)x0 , 3 <r <m-—2,does not vanish.
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Letting Ny = Tyy x (ViT)gy X -+ X (V,”'_QT),O, where x stands for cross-product, we
obtain a basis (T‘O’, (V7o Ty, oo s (V’T"JZT")IO, Ny,) for T, M, and we can write,

m—2

P,.’(a/ax) Z“q T%), + W Ny, O<r<m-—2,

for some scalars MZ, u”, agreeing that P/ = 0 for 0 < r < 2; hence u; = u" = 0 for
0 < r < 2. Then, (28) is equivalent to saying that the homogeneous linear system

m—2
D W1 =0,
r=0

m—2
> (i =8) k1 =0, 0=g=m-2,
r=0
of m equations in the m — 1 unknowns Ay, ..., A;,—; admits a non-trivial solution, i.e. the

rank of the m x (m — 1) matrix

0 0 0 W un=2
1 0 O ,ug Mg*
m—
pomy =] 00 =l
0 0 0 puz3-—1 wy
0 0 0 u w"2
m—2 m—2
must be < m — 2. This condition characterizes J—'{g’ xol (M)\N, ,0 o0 “1(M). The proof for
N (M)\f{{f xol (M) is similar. 0

Example 3.9 For m = 5 jets in F, T, XO(M)\ 10,50 (M) are given by, rk «(5) = 3. Hence
W =0, uy = 15 B (3/0x), = sy 3 (VET0), + (Vo T7), i

R (T (Vi T)) T = (V3o T7), € (T3, (V1o Ty, (Ve T} (29)

In addition, assume (x")is=1 is the normal coordinate system defined by the Frenet frame

(X 7 (to))f: |- From the formulas (7), (8), and (9), it follows the formula (29) can be reformu-
lated by saying that the tangent vector

(Kg)4 K] RE, (X (t0), X5 (10)) X (t0) — 3 (10)XT (t0) — f34(t0) X5 (t0)
— fa4(t0) X5 (t0) — fiu(to) Xq (to)

must belong to (X‘l’ (to) , X5 (to0) , X§ (to)), or equivalently,

g (RS, (XS (t0), XS (10)) X (t0) . X§ (t0)) = &5 (t0) k5 (fo) .
g (RS, (XY (t0), X5 (10)) X§ (t0) , X2 (t0)) = 0.
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4 The equivalence problem
4.1 Necessary conditions for congruence

Definition 4.1 Two curves o : (a,b) — (M, g), 5: (a,b) — (M, g) with values in two
Riemannian manifolds are said to be congruent if an open neighbourhood U of the image of
o in M and an isometric embedding ¢: U — M exist such that,c = ¢poo.If M and M are
oriented, then ¢ is assumed to preserve the orientation.

Proposition 4.2 The curvatures of a Frenet curve with values into an oriented Riemannian
manifold (M, g) are invariant by congruence.

Let (M, g), (M g) be two oriented Riemannian manifolds with associated Levi-Civita
connections V,V, respectively, and let o: (a,b) — M, & (a,b) — M, be two Frenet
curves which are congruent under the isometric embedding ¢. Then, ¢ - X 7 = Xf’, L =

qb*wf;,for 1<i<m, (wé, e w?) . (w},, e w?) being the dual coframes of the Frenet

frames of o, &, respectively. Moreover,
s (V/R (X;’l, XD )) (1) =VIR (X:’l, XD o ) G @),

forall j e N, t € (a,b), and all systems of indicesi,iy,...,ij43=1,...,m, where R, R
are the curvature tensors of (M, g), (M, g), respectively.

4.2 General criterion of congruence

Theorem 4.3 Let (M, g), , (M, g) be two oriented connected Riemannian manifolds of
class C® of the same dimension, m = dim M = dim M, with Levi-Civita connections V, V,

andleto: (a,b) — M, &: (a,b) — M be two Frenet curves of class C® with tangent fields
T, T, respectively. If xg = o (tg), X0 = 6 (ty), a < to < b, then o and & are congruent on
some neighbourhoods of xo and X, respectively, if and only if the following conditions hold:

(i) Forevery j e Nandevery() <i <m — 1,

il (30)
dri "
(it) For every j € N and all systems of indices i,iy,...,ij43 = 1,...,m, the following

formula holds:
(V/R) (X7 X0 o) o) = (VR (X7, X7 b ) Go)s GD)

where (a)},,...,wg"), (wé,...,a)g”) are the dual coframes of the Frenet frames

()f(lr cees Xr(:l) , (X({ cee XZ) of o, &, and R, R are the curvature tensors of (M, g),
(M, g), respectively.

Proof From Proposition 4.2, the equations (30) and (31) follow. To prove the converse, let
A: To(wM — Tz, M be the linear isometry given by, A (X7 (19)) = X7 (10), 1 < i < m.
The condition (31) implies that A maps the tensor (V/R) xo into the tensor Z R);O, for
all j € N. From [14, VI, Theorem 7.2], we conclude that the polar map ¢: U — U, ¢ =
expg, 0Ao exp;ol, is an affine isomorphism and from [29, Lemma 2.3.1] it follows that ¢ is an
isometry. In order to finish the proof;, it suffices to check that ¢ (o (t)) = o (¢) for |t — 10| < &,
and a small enough ¢ > 0. The Frenet curve y = ¢ oo : (a,b) — M satisfies y (to) = Xo,
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X! (to) = ¢s (X7 (to)) = X7 (t9). As the curvatures are of class C®, from the condition (30),
we deduce /c}’ =«7?, 0 < j <m — 1, and since the curvatures are invariant by congruence,

we know Kj = Kj hence Kj = K ,0 < j < m — 1. Taking the formulas (7), (9) and the
condition (30) into account for 1 < j < m, we have

A((V%ZIT") ) Z 7 (10) A (X7 (10))
= Z 15 (10) XY (t0)
i=1

- ?jTIT‘}) .
( e 0

('), =0 ((v;’?rﬁ)m)
—A ((v;;‘T")t )

= 67?1]"5) i

( Te I

for 1 < j < m. By applying Theorem 3.6, we conclude 6 =y = ¢ oo on (fp — ¢, 1) + ¢€).
]

Therefore,

Corollary 4.4 Let (M, g), (M, ) be two oriented connected Riemannian manifolds of class
C? of the same dimension, m = dim M = dim M, and let o : (a,b) — M, 5: (a,b) — M
be two Frenet curves, respectively. If xo = o (ty), X0 = 6 (ty), a < ty < b, then o and & are
congruent on some neighbourhoods U and U of xo and %o, respectively if. and only if. the
following conditions hold:

(i) Forevery0 <i <m — 1, it holds k7 (t) = Kl-& (t), for |t — ] < e.
(ii) Forevery j € N and every system of indices 1,1y, ...,ij43 € {1,...,m},

(VIR (X7 X7 ) (o) = (VR) (XT o X7 ) o).
4.3 Remarks on the criterion of congruence

Remark 4.5 The condition (31) of Theorem 4.3 is not equivalent to the following:
R(X7.X7. X7, 0) 0) = R (XS, X[ X[ o) G, =1l <e.  (32)

Differentiating the left-hand side of (32), we have

d

TR (X7. X7 X7 b ) (@) = (Vra R) (X7, X7, X7 ) (0(1))

+R (Vro X7, X7, X7, o,

\_/

(@) +---
4R (  XT. X0, Vyoal, ) (o (1))

:Kg(z)VR( ‘{,X;'.,Xk,x,,wf,) (@ (0) + -
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As the first argument of VR in the formula above is X, the function
VR (X7 X7 XE X7 o), £

cannot be recovered from R X;.’, X7, X7, wé (0 (t)). Therefore, the formulas (32) do not

imply the formulas (31), although (31) do imply (32) as the manifolds involved are analytic.

Example 4.6 Let us consider the bidimensional torus T C R with implicit equation (% +
y2 +2243)2 = 16(x2 + yz). On the radius-2 circumference C = TN {z = 1}, the Gaussian
curvature of 7 vanishes and C is a regular curve of positive constant curvature. The curvature
tensor of R? vanishes in particular along any curve C’ C R? with the same curvature as C;
but C and C’ are not congruent since the Gaussian curvature of T does not vanish at every
neighbourhood of a point of C.

Remark 4.7 From Proposition 3.2, we deduce that the Frenet frame of a Frenet curve ¢ and

its dual frame at a point o (f9) depend on Jt’(’f 1o only. Hence, for every system of indices

JeN, iy, ...,ijq3,i €{l,...,m}, afunction Iijl‘..ijﬂ,i: Fm=1(M) — R can be defined

on the open subset Fr=Y M) c Jm YR, M) of the jets of order m — 1 of Frenet curves
with values in M by setting
oyl = (VR (Xf’l, LLXE wf,) o @). (33)
Similarly, for every 0 <i < m — 1, a function
% (" )TIFTN M) IR, M) — R (34)

can be defined by setting x; (j" o) = &7 (t).

From Theorem 4.3, it follows that all these functions are invariant by isometry (see the
Sect. 5). Since dim F"~ Y (M) = m? + 1, only a finite number (not greater than m? + 1)
of such functions can be functionally independent generically. Hence, the infinite number
of conditions given in (31) can be reduced to a finite number. Nevertheless, it is not easy
to determine a bound for the index j, which measures the times one has to differentiate
covariantly the curvature tensor.

Remark 4.8 Theorem 4.3 is the most general result we can expect without imposing any
additional condition on (M, g) and (M, g) except for the fact of being analytic. This is
principally due to the fact that [14, VI, Theorem 7.2] cannot be generalized to non-analytic
manifolds, as shown in the next example.

Example 4.9 Let g, g be the two Riemannian metricson M = M =TR", m > 2,defined by,
&ij(x) =48 + exp(—|x|’2), 8ij(x) = &;j, respectively; hence, (M, g) is not analytic at the
origin. If R is the curvature tensor of (M, g) and V is its associated Levi-Civita connection,
then (V" R)(0) = O for all n € N. The identity map Id: ToM — T()M is an isometry, since
ij(0) = g;j(0) = &;;. Moreover, (V/R)(0) = (V/ R)(0) = 0, where R (resp. V) is the
curvature tensor (resp. the Levi-Civita connection) of g. If there exists an affine isomorphism
¢: U — U = M, defined on normal neighbourhoods of 0, such that ¢, o = Id, then taking
[29, Lemma 2.3.1] into account, ¢ must necessarily be an isometry. Hence ¢ maps the tensor
VJ R into the tensor V/ R = 0, for all j € N. Consequently, V/ R must vanish in a normal
neighbourhood of 0, but this is not true. In fact, as g;; = §;; +h(|x|), with h(s) = exp(—s’z),

we have

: h

gl] — Bij _ (|x|) )
1+ mh(|x])
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Following the notation in [14], the Christoffel symbols are,

Y N R L D I & <
1= T (x i x+1+mh<|x|)(a§x metn))

Ifx; = (t,...,1) € R", 1 #0, then T, (x)) = bt # 0, and

(1)

2
s — 2 _ 1a j
lxe| (1 + mh(|x,|))) 17 =15 () I (xr) -

8 () T () = (

Consequently, I': (x;) Fij (xy) — F?i (x¢) Fii (x;) = 0, and hence

Rijji(xt)zm#o'

[xz ]

Thus, Rijji does not vanish at x; for small enough ¢ # 0.

5 Differential invariants
5.1 Basic definitions

LetJ(M, g) be the group of isometries of a complete Riemannian connected manifold (M, g)
endowed with its structure of Lie transformation group (cf. [14, VI, Theorem 3.4]) and let
i(M, g) be its Lie algebra, which is anti-isomorphic to the algebra of Killing vector fields.

Every diffeomorphism ¢: M — M induces a transformation ¢") on J" (R, M) given by
o) (jt’a) = j/ (¢ 0 0), and a natural action (on the left) of the group 3(M, g) on J" (R, M)
can be defined by ¢ - j/o = »") (j,’a). Each X € i(M, g) induces a flow ¢,, and its jet
prolongation ¢,(r) determines a flow on J" (R, M), the infinitesimal generator of which is the
vector field denoted by X ) e x(J" (R, M)). The tangent spaces to the orbits of the action
of 3(M, g) on J" (R, M) coincide with the fibres of the distribution ®" C X (J" (R, M))
spanned by the vector fields X ); more precisely, we have

Ty (3M.g) - jlo) = D', = {X(” X e i(M,g)}.

.
Jto

Definition 5.1 A smooth function /: J" (R, M) — R is said to be an invariant of order r
(cf.[1,7,4.1], [16))if, I 0" = I, V¢p € T(M, g). A first integral f: J" (R, M) — R of the
distribution ©" is called a differential invariant of order r;i.e. X (f) = 0,VX € i(M, g).

Remark 5.2 A differential invariant is an invariant with respect to the connected component
of the identity 3°(M, g) in 3(M, g).

Lemma 5.3 (cf. [21]) The distribution ©" is involutive, and its rank is locally constant on
a dense open subset U C J"(R, M). If N, denotes the maximal number of functionally
independent differential invariants of order r > 0, then

N, = dim J” (R, M) — tk D"
=mr+1)+1—-1kD"

ur

. (35)

@ Springer



360 M. Castrillén Lépez et al.

Proof ©" is involutive as [X\”, X\”] = [Xy, X217, VX1, X2 € i(M, g). Let U be the
subset defined as follows: A point § = j/o € J"(R, M) belongs to ¢" if and only if
& admits an open neigbourhood Ng such that dim Z‘Dg, = dim @g for every & € Ng. As
Ne < U, it follows that &/" is an open subset, which is non-empty as the dimension
of the fibres of ©" is uniformly bounded and hence, ¢/" contains the points & for which
dim @g = maxgeyr (R, pm dim DL, = d. In fact, if this equation holds, then there exists an
open neighbourhood Ng of & such that the dimension of the fibres of ©" over the points
£ € Ng is at least d, as if (X;r))g, 1 < i < d, is a basis for D%, then the vector fields

(X l.(r)) are linearly independent at each point of an open neigbourhood and hence, they are
also a basis, d being the maximal value of the dimension of the fibres of ©”. From the very
definition of 4" we thus conclude that N¢ C U". The same argument proves that the rank
of ©" is locally constant over U". Next, we prove that U" is dense. If O C J"(R, M) is a
non-empty open subset, then there exists & € O such that dim D’g = maxg¢p dim D, and
we can conclude as above. The last part of the statement follows directly from the Frobenius
theorem. O

If f is a differential invariant of order r, then D; ( f) is a differential invariant of order r + 1.
This fact follows from the formula X+ o D, = D, o X" for every X € i(M, g), which,
in its turn, follows from the formula
. d
X0 =>(D) (fH—
> 00/

l.
Jj=0 J

, (36)

for every X € X(M) with local expression
X = fi%, fiec®m). (37)
If 7f: JKR, M) — J'(R, M) is the canonical projection for k > [, then
@ DX =XV VX e x(M),

and the following exact sequence defines the subdistribution ©"" 1

(”rr,])*

0— 33;:,’;‘ -9, = 33;_:},0 —0, Vjoel R M). (38)
t t

5.2 Stability

Theorem 5.4 Let (M, g) be a complete Riemannian connected manifold andleto : (a, b) —

M be a smooth curve such that j;:ila S ./\/'m_l(M), a < ty < b, with the same notations

as in Sect. 3.4. If X € i((M, g) is a Killing vector field such that X(_f:f__llg =0, m =dimM,

Jiy
then X = 0.

Proof Let xo = o(tp) and let U C T,,(M) be an open neighbourhood of the origin on
which the exponential mapping exp: Ty,(M) — M is a diffeomorphism onto its image. Let
(Xj)'j’.l:1 be a g-orthonormal basis for T, M with dual basis (W' [ w e T (M) (e
wi(Xj) = 8;) and let x! = w' o (exp|U)_1, 1 < i < m, be the corresponding normal
coordinate system.

If¢: M — M is an affine transformation of the Levi-Civita connection of g (in particular,
if ¢ is an isometry of g) leaving the point x¢ invariant, then (cf. [14, VI, Proposition 1.1]),
¢ oexp = expody, ¢y: Tyy(M) — Ty, (M) being the Jacobian mapping at xo. Hence
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x'op = (w' o) o (exply) " If $u(X)) = ajX;, then w' o ¢, = ajw" and hence,
xog = a;'lxh. In particular, if ¢, is the flow of a Killing vector field X locally given as in
(37), then

xio¢,

ap(Ox", (@ () ,_; € O(m), Vr R,

fi=bix", b = %(0), B = (b))} ;_, € so(m).
According to (36), the assumption on X in the statement is equivalent to saying
d*(f'o0)
dtk
or equivalently, bl (d*(x" o 0)/dt*)(ty) = 0, ie. B(Ufg’k) =0,1 <k <m—1,the

tangent vectors Ut(;’k being defined in the formula (1). As B is skew-symmetric, we also have
B(Ug’l X X U,Z’”H) = 0. Therefore, B = 0. .

(t)) =0, 1<i<m, 0<k=<m-—1,

Corollary 5.5 On a complete Riemannian connected manifold (M, g), the order of asymp-

totic stability (in this context, the order from which all invariants functionally depend

on invariants of smaller order and their derivatives, cf. [2,16]) is < m. Accordingly,
=@r+1m+1—-dmi(M, g),Vr >m — 1.

Proof This follows from the previous theorem and the exact sequence (38), taking account
of the fact that X ;’Zfll) = 0if and only if X, (m) € Dm m=l o
t

Corollary 5.6 Onacomplete Riemannian connected manifold (M, g), the distribution pm—1
takes its maximal rank on N~ (M).

Proof 1f j'"’lo e N™ (M), then from Theorem 5.4 it follows that the linear map
(M, g) - D™ = 1 , X X(',’: 11), is an isomorphism. o

5.3 Completeness

Let a Lie group G act on a manifold N. If the quotient manifold g: N — N/G exists, then
the image of the mapping ¢*: C*°(N/G) — C*®(N), f + f ogq, is the subalgebra of
G-invariant functions, namely C*°(N)¢ = ¢*C®(N/G). Below, we are concerned with the
case G = 79(M, g) actingon N = J"(R, M) as defined at the beginning of the Sect. 5.1.

Definition 5.7 Let O" € J"(R, M) be an invariant open subset under the natural action of
the group IO(M, g). A system of invariant functions ;: O" — R, 1 <i < v, is said to be
complete if the equations I; (jj0) = I;i(jpo'), 1 <i < v, jro, jpo’ € O", imply that &
and ¢’ are congruent on a neighbourhood of #y.

Remark 5.8 1If M is simply connected, then the isometry transforming o onto o’ on a neigh-
bourhood of 7y can uniquely be extended to a global isometry of M (see [14, VI, Corollary
6.4]), which also transforms the whole image of o onto that of o’ if both curves are analytic.

Proposition 5.9 Let V be a linear connection on M. The mapping ®%, defined in the formula
(6) makes the diagram o
J'(R,M) —> Rx @' TM
"4 1 (R.® ¢

<I>"

JR M) -5 Rx @' TM

commutative for every ¢ € Diff (M).
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Proof The proof is a consequence of the formula (2) and Lemma 3.6, taking the definition
of ¢ - V into account. O

Theorem 5.10 Let (M, g) be a complete oriented connected Riemannian manifold of class
ce.If

Ll D7'\FI M) s R, rem, 1<i<v, (39)

is a complete system of invariants, then there exists a dense open subset O" in
(JTrrn_])_l]:m_l (M) such that I;|or, 1 <i < v, generate the ring of differential invariants
under the group I°(M, g) on an open neighbourhood N” C O" of every point Jjlo e O,
ie.

C® (NYVE M8 — (Il v L) CR(RY).

Conversely, if a system of functions as in (39) locally generates the ring of invariants over a
dense subset O" C (7, _, YLFEm=Y(M), then it is complete.

Proof According to Theorem 5.4, we can confine ourselves to prove the statement for r = m.
First of all, we prove that the quotient manifold

" @i )T FTN M) - ()T FE My 1M, g) = o

exists. To this end, by applying [17, Theorem 9.16], we only need to prove that the following
two conditions hold:

1. The isotropy subgroup Z°(M, g) jmo teduces to the identity map of M for every j"o in
Gy )T F L.
2. 7%(M, g) acts properly on (z_ ) ~'Fm=1(M).

The image of (71,'71"71)‘1 (F"~1) by the diffeomorphism @7 is equal to the subset U C
Rx@®"T M of elements (¢, Xy, ..., X,,) suchthat (X1, ..., X,,—1) are linearly independent
tangent vectors. From Proposition 5.9, we deduce that an isometry ¢ belongs to the isotropy
subgroup 79(M, 8)jms of apoint Jitoin () Yy~ LFm=1 (M), if and only (1g, ®" ¢« (o (1)))
belongs to the isotropy subgroup of the point ®3(j"o) = (¢, X1, ..., X;y) € U™. Hence
¢ = Idys and consequently, I9(M, g) acts freely on (71;,’:71)’1 (F"1, thus proving the first
item above.

Moreover, if g is the Sasakian metric induced by g on T M (e.g. see [4, 1.K], [12, section
71, [31, IV, section 1]), then Z°(M, g) acts by isometries of the metric on J” (R, M) given
by

g" = (o%)" (dl2 + Z(pri)*gl),
i=1

where pr;: R x @"TM — T M is the projection pr; (t, X1, ..., X,;) = X;, and the image
of the mapping Z°(M, g) — Z°(J" (R, M), g™), ¢ — ¢, is closed as it is defined by the
following closed conditions:

e (1) =1, (") (¢*®) =0, ¢ eI’(J"(R, M), g"),

for every 0 € C*®(R, M) and every contact 1-form w on J™ (R, M), by virtue of [30,
Theorem 3.1]. From [24, 5.2.4. Proposition], we conclude the second item above.
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The invariant functions /; : (nr’n”il)’lfm’l(M) — R, 1 <i < v, induce smooth func-
tions on the quotient manifold, I;: 0" - R.AsI, ..., I, isa complete system of invariants,
the mapping Y: Q™ — R" whose components are 1_1, R I_V, is injective.

The same argument as in the proof of Lemma 5.3 states the following property: If ¢ : N —
N’ is an smooth mapping, then the subset of the points x € N for which there exists an open
neighbourhood U (x) € N such that ¢|y () is a mapping of constant rank, is a dense open
subset in N. Hence, an injective smooth map ¢: N — N’ is an immersion on a dense
open subset in N (cf. [17, Theorem 7.15-(b)]). By applying this result to Y, we conclude
the existence of a dense open subset O™ C Q™ such that Y| om 18 an injective immersion.
Hence, for every ¢™ (j/” (T) € O™, there exists a system of coordinates on Q’” defined on an
open neighbourhood of ¢ (j/" o) constituted by some functions I,, oo Ly, k =dim Q™.
As (¢g™)*C°°(Q™) can be identified to the ring of differential invariants, we can take O =
@™~tom.

Conversely, if jy'o, jno’ e O™ are such that ¢ ( jt’g‘o’) # q" (jy o), then there exists
p € C®(" om) satisfying p(q" (jg 0)) = 0, p(g™ (j,’g‘a’)) = 1. As p o ¢ is an invariant
function on O™ by virtue of the hypothesis, there exists f € C*®(R") such that p o (¢") =
fo (11 lGmseees IU|0~m). Hence, an index i must exists for which /; (j,’go) #*1I; (j,’g‘a’), thus
proving that I, - - - , I, is a complete system of invariants. O

Remark 5.11 1f the injective immersion Y: O™ — R is a closed map, then one has
0 o
c® (0™ M = (1, L,y CO®Y).

5.4 Generating complete systems of invariants

Theorem 5.12 For every r € N, let k, be the maximal number of generically function-
ally independent r-th order invariants not belonging to the closed—in the C* topology—
subalgebra generated by the invariants of order < r, and their derivatives with respect to

the operator D;. Then
r—1

ke =Ny — 1=+ 1—i)k. (40)

i=0

m—Zk 41)

Hence, for every complete Rlemanman manifold of dimension m, there exist m generically
independent invariants generating a complete system of invariant functions by adding their
derivatives with respect to D; for every order r < m. Moreover, k., = 0, Vr > m.

Proof Let t, Ii0 € C®M), 1 <i <kyp <m, No = 1+ ko, be a maximal system of
invariant functions of order zero. (If (M, g) is not homogeneous, then there exist zero-order
differential invariants independent of #; because of this the proof must start on this order.)

Therefore, the rank of the Jacobian matrix .70(10, R I,?O) = ( 10/8 )ijiko must be
maximal; namely rk J 0(110 e, I,?O) = ko. Moreover, one has
o(D )
O _ 2 v e e my),
R ax!
as [9/0x!,,D;] = 0/dxi, Vr € N. Hence, the Jacobian matrix of the functions
19,...,1k0,D,11,...,Dt1,g) on J!(R, M) is of the form
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910
1,70 0 0 0 o 0
‘7(11’""]k()’Dtll""’Dtlk(]): (dlo) N
* L
ox/

and rk jl(IO, R I,?O, D,I?, e, D,I,g)) = 2ko < N1 — 1. We can thus complete the previ-
ous system with k; = N L1 — 2k new functionally independent invariants / 1 Ikll, in
such a way that the Jacobian matrix of the full system is as follows:

a1

() o

Jtay 1, p1 DI, 1} IE * (a"g)
1oooeo Dk Dl oo Ptdpgs 1o e ves L) = ax/ s

ar!

Bx{

withrk 7119, ..., 1,90, DI, ..., D,I,?O, 1. Ikll) = 2ko+k; = Ni—1.Letus consider
the second-order invariants

0 0
.1,
0 0 1 1
DI, .. DR I T
270 240 1 1
DIY,... DML, Didl, ..., D1},

a1
(8xj ) 0 0

the Jacobian matrix of which is

arl
* * .
Bxlj

and its rank is equal to 3kg + 2k;. Hence, we need to choose k> new second-order invariants
If, ..., If, with ky = Ny — 1 — (3ko + 2k1), such that the matrix

ard
(Bx/ ) 0 0
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is of maximal rank, i.e. 3kg + 2k; + ko = N> — 1. Proceeding step by step in the same
way, we conclude that the formula (40) in the statement holds true. Moreover, from this
formula, we obtain N, — N,_| = Z;:O ki. According to Corollary 5.5, we have N, =
r+1)m+1—-dimi(M, g), Vr > m — 1, and then Z;"ZO ki = Ny — Ny—1 = m, thus
proving the formula (41) in the statement and finishing the proof. O

Remark 5.13 Following the same notations as in [10], let H,11 = IO(M ,8) jro be the
isotropy subgroup of a point j/ o belonging to the open subset /" where the distribution
D" is of constant rank (see Lemma 5.3). In [10], the following formula is mentioned: k, =
dim H,_1 4+ dim H,; — 2dim H, in the homogeneous case, i.e. M = G/H. Nevertheless,
this formula holds on an arbitrary Riemannian manifold, and it is an easy consequence of the
formulas (35) and (40). In fact, one has, dim H, | = dimZ%(M, g) — rk ®"|;,r. Hence

dim H,_1 +dim H,4; — 2dim H, = N,_2 + N, —2N,_| =k,.

6 Congruence on symmetric manifolds

Theorem 6.1 Let (M, g), (M, g) be two locally symmetric Riemannian manifolds of the
same dimension, m = dim M = dim M, and let o (a,b) — M, &: (a,b) — M be two
Frenet curves. If xo = o (tg), xo = o (tg), a < ty < b, then o and & are congruent on some
neighourhoods U and U of xo and X, respectively if. and only if, the following conditions
hold:

1. Forevery j € Nand every0) <i <m — 1,
kC () =kl (1), |t—10] <e. (42)

2. Foreveryi, j,k,l=1,...,m,

R(X7, X9, X7, l)(x0) = R(X], X5, X7, wh)(¥0)), (43)
(X‘l’, o Xf;l) (Xf, o, X,i) being Ehe Frenet frames of o, &, with dl_,tal coframes
(w(l,, o w(’f), (a)}r, e, wg‘), and R, R the curvature tensors of (M, g), (M, g), respec-
tively.

Theorem 6.2 Let (M, g) be an arbitrary Riemannian manifold verifying the following prop-
erty: Two Frenet curves 0,0 : (a,b) — M, o(ty) = o (ty) = xo, are congruent on some
neighbourhood of xo (preserving the orientation if dim M is even and reversing the orienta-
tion if dim M is odd) if and only if the conditions (42) and (43) of Theorem 6.1 hold. Then,
(M, g) is locally symmetric.

Proof Let us fix an orientation on a neighbourhood of xo € M, and let (v;)?”, be a positive
orthonormal basis of T,,M. Let x; € C®(tp — 68,10 +6),0 < j <m—1,8 > 0, be
functions such that x; > 0 for 0 < j < m — 2. From Theorem 3.6, we know there exist
two Frenet curves 0,0 : (fg — &,fg + &) — M, 0 < ¢ < §, such that o (ty) = 6 (t9) = x¢
and X7 (19) = —X7 (o) = v; (hence o (t9) = —w5 (1)) for I < i < m, with the same
curvatures k;, 0 < j < m — 1. If dim M is odd, we considered the opposite orientation to
construct 6. According to this choice of orientations constructing the Frenet curves o and o,
forevery i, j,k,l =1,...,m, we have

R (X7 X7, X7, h) (o) = R (=X7, =X, =X{. o}, ) (x0)

=R (X;’ X7, X{, wg.,) (x0).
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From the hypothesis, an open neighbourhood U of the image of o and an isometric embedding
¢: U — M (leaving xo fixed) exist such that 6 = ¢ o 0. Moreover ¢, (X{ (t9)) = X7 (to) =
—X{(t), 1 <i <m.Thus, ¢, = _IdeoM' Since xg € M is arbitrary, we can conclude.

Example 6.3 For M = CP", from the formula for the curvature tensor in [14, XI, p. 277],
the Riemann curvature reads

Ry (Xi, Xj, Xi, X1) =5 {8u8ix — 8jxdir + 8 (Xj. T X1) g (J Xk, Xi)
—g(X;.IXp) g (JXp, Xi) +28 (Xi, JX) g (VX Xi)}

J being the canonical complex structure. In particular,
2
Ry (Xi, Xj, X1, X)) = & (1 —8ij + 30 (X1, X)) ) :

where o is the canonical Kihler 2-form in CP™. Therefore, if we define the functions
wij: (nl’jf_])_lfm_l(M) CJ"R, M) >R, 1<i<j<m,as

@1 (j'o) = (X7 (10), X% (10)),

the family {w;;}; < j together with {x; };";01 constitute a complete system of differential invari-

ants.

In particular, the corresponding result for congruence on constant curvature manifolds can
be stated as follows:

Theorem 6.4 Tiwo Frenet curves 0,6 : (a,b) — (M, g) taking values in an oriented Rie-
mannian manifold of constant curvature are congruent on some neigbourhoods U and U
of xo = o(tp) and xo = o(tp), a < ty < b, respectively, if and only, k7 (t) = /ci‘} (1)
Jor 0 < i < m — 1 and small enough |t — ty|. Conversely, if on an oriented Riemannian
manifold (M, g) two arbitrary Frenet curves o, 0 : (a,b) — (M, g) are congruent on some
neighbourhoods of xo = o (1), Xo = 0 (to), a < tg < b, if and only if k7 (t) = Kf (1) for
0 <i <m — 1 and small enough |t — tyl, then (M, g) is a manifold of constant curvature.

Proof On a manifold of constant curvature k one has ([14, V. Corollary 2.3]): R(X, Y)Z =
k(g(Y,Z)X — g(X, Z)Y); hence

R (X7, X5, X7 o) =k (86! = 80! )

It follows that on a manifold of constant curvature the equation (43) holds identically. The
first part of the statement thus follows from Theorem 6.1.
Let (v, ..., ), (w1, ..., wy) be two positively oriented orthonormal bases in T, M.
From Theorem 3.6, there exist two Frenet curves o, 6 : (fg —¢,t9+¢&) — M, e > 0, such
that,

(i) o (1) = o (to) = xo,
(i) X7 (10) = vi, X7 (to) = wi, 1 =i <m,
(i) k7 (1) =«7(1),0<i<m—1, |t —1| <e.
By virtue of the hypothesis, there exists an isometry ¢ defined on a neighbourhood of xg,
fixing xg, such that ¢ o 0 = &. Hence ¢, (v;) = w;, | <i < m, and accordingly M is an
isotropic manifold (e.g. see [27]) and therefore of constant curvature. O
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