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Abstract We study the composition operator T¢(g) := f o g on Besov spaces B;,’ ¢(R). In
case | < p < +00, 0 <g < +ooands > 1+ (1/p), we will prove that the operator T'f
maps B;’ q(R) to itself if, and only if, f(0) = 0 and f belongs locally to B;‘,, q (R). For the
case p = ¢, i.e., in case of Slobodeckij spaces, we can extend our results from the real line
to R".
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1 Introduction

The present paper is a continuation of our earlier investigations, see [13—15] as well as [20],
on composition operators, i.e., mappings
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1520 G. Bourdaud et al.

where f is a function of R to itself and E is a Besov or Lizorkin-Triebel space. Except the
trivial case that f is linear, these operators are nonlinear. The theory of these mappings is
rather incomplete, in particular in the framework of function spaces with fractional order of
smoothness. A survey about the state of the art from our point of view has been given in [16].

Besov spaces represent one approach to fill in the gaps between Sobolev spaces W (R"),
with integer exponent m, by introducing spaces of fractional order of smoothness. Before
turning to our main results with respect to Besov spaces, we recall what is known in case of
Sobolev spaces.

Proposition 1 Let n be a natural number > 1, let m be a natural number > 2, and 1 < p <
+00.

(i) Let f € Wi, N W (R). Forall g € Wi, N W(R"), it holds

. —1-(1

1£ o8l = e (1 i, + £ i) Ngllwy (14 19glec)" 7 (1)
with a constant ¢ independent of f and g.

(ii) Let f € Wolo N WIT (R). Forall g € Loo N W;,” (R™), it holds

—1-(
1f o8l < e (1 iy, + 1. i) gl (14 llglloc)™ ™7 )

with a constant c independent of f and g.
(iii) The operator Ty maps W' N Loo(R") to itself if, and only if, f € WZL’[OC(R) and
f©0)=0.

For a proof of the second statement, we refer to [8], see in particular Proposition 4, estimate
(18)'. The first statement follows by a minor modification of the proof. Sufficiency in part
(iii) is a consequence of (ii). Necessity is more or less obvious.

Based upon the last statement in Proposition 1, we believe on the following variant in case
of Besov spaces on R":

Conjecture 1 Ifs > 1+(1/p), 1 < p < ocand0 < g < oo, then Ty maps BzyqﬂLoo(]R”)
to itself if, and only if, f € B,S,’,Zqoc (R) and f(0) = 0.

We refer to [9] for a more extended introduction into Conjecture 1. For 0 < s < 1, the
characterization of all f such that Ty takes B;y q (R™) to itself has been known for a longer
time, see [5,16]. Incase 1 < s < 1 + (1/p) not so much is known, even when we restrict
us ton = 1. We refer to [16,19] and [23, 5.3] for some sufficient conditions, and to [9] for a
reasonable conjecture.

In our earlier articles, we established Conjecture 1 in case n = 1, p > 1, with some
restrictions on ¢, including the case ¢ > p. In comparison with those works, we have
obtained progresses in three different directions. First of all, we have been able to remove
the restrictions on g. Second, we improved the inequalities reflecting the acting condition
Ty (B[SJ. p (R)) C B[S). q (R). Finally, based on these extensions and improvements, we can deal
with E being the Slobodeckij spaces on R”.

Our main tools in the proofs are always a combination of appropriate characterizations
by differences in the function spaces, including various embeddings between them. In prin-
ciple, this is not complicated. However, the main difficulty in our proof consists in finding a

! This estimate must be corrected in [8]: the term ||f||W1 + HfHsz is missing.
[o@)
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Besov spaces on the real line 1521

clever decomposition of the term || f o g|| g to apply these tools. These rather sophisticated
decompositions depend on s and p.

The homogeneous Besov spaces will play an important technical role in our work. We need
their definition by the Littlewood—Paley decomposition as well as their characterizations by
differences. However, the link between these two points of view is not completely referenced
in the literature (in our opinion). For this reason, we will give a complete proof of the
equivalence in the Appendix at the end of the paper. Furthermore, a number of basic properties
of homogeneous Besov spaces is either recalled or proved there. In our opinion, Sect. 4 (the
Appendix) is of self-contained interest.

1.1 Notation and plan of the paper

The paper is organized as follows. In Sect. 2, we state our main results. The next section is
devoted to the proofs. In Sect. 4, we collect definitions and basic properties of the function
spaces under consideration.

As usual, N denotes the natural numbers, No the natural numbers including 0, Z the
integers, and R the real numbers. The integer part of a real number x is denoted by [x]. If A
is any finite set, we denote by Card A its cardinal number. All functions are assumed to be
real-valued, except in Sect. 4.

If E is a quasi-Banach function space on R”, we denote by E*°° the collection of all
functions f such that the product ¢f belongs to E, for all ¢ € D(R"). If E and F are
quasi-Banach spaces, then the symbol E < F indicates a continuous embedding. All the
function spaces we consider are subspaces of Lf"” (R™), i.e., spaces of equivalence classes
w.r.t. almost everywhere equality. However, if such an equivalence class contains a continuous
representative, then usually we work with this representative and call also the equivalence
class a continuous function.

As usual, the symbol ¢ denotes a positive constant which depends only on the fixed
parameters 7, s, p, ¢, unless otherwise stated; its value may vary from line to line.

If p € [1,400] and m € N, we denote by || f|, the norm of a function f in L,(R"),
by W' (R") the usual Sobolev space, and WIT (R™) its homogeneous counterpart. For the
definitions of the inhomogeneous as well as the homogeneous Besov spaces, we refer to
Sect. 4. General information about these function spaces can be found, e.g., in [22,23,25—
217].

The Fourier transform of a function f € L{(R") is defined by

7@ = / Fye i dx.
R}l
It is extended to tempered distributions in the usual way.
We choose, once and for all, a cutoff function, i.e., a radial, positive, C*° function p such

that 0 < p <1, p(§) = 1for |§] < 1, p(§) = 0 for |£] > 3/2. We associate with p the
sequence of operators (S;) jcz defined by

Si7®=p(2778) F©), ¥eeR". 3

Clearly, the operator S; is defined on S'(R") and takes values in the space of analytical
functions of exponential type.
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1522 G. Bourdaud et al.

2 Statement of the main results

We prefer to formulate the results for the one-dimensional case and the n-dimensional case
separately.

2.1 Results in the one-dimensional case

Our main results consist in the following two theorems.

Theorem 1 Let1l < p < +00, 0 <q < +ooands > 1+ (1/p). For a Borel measurable
function f : R — R, the composition operator Ty acts on B;,’ q (R) if, and only if, £(0) =0

and f € Bf,’,goc(R).

The necessity part of Theorem 1 is almost immediate: it suffices to test 7 on a function
g € D(R) such that g(x) = x on an arbitrary bounded interval of R.

The sufficiency part of Theorem 1 relies upon a precise estimate of the quasi-norm of
f o g. For the formulation of this result, it is convenient to introduce the space

B, ;R :={f € La@®") : || fllgs < o0}, (4)
p.q

endowed with the quasi-norm
I8y, = 1 flloo + Wl s s

see Sect. 4.2 for the definition of the homogeneous quasi-seminorm || - || B, . The real number
8 := s —1—(1/p) will play a central role in our investigations (as an exponent) this notation
will be used all along the paper (except if several values of s are under consideration, see
Proposition 2 and Sect. 3.1).

Theorem 2 Let s, p, g be real numbers so as in Theorem 1. Then, there exists a constant
¢ > 0 such that the inequality

/ )
I(fog)llgy1 =c ||f’||3sj1 lglss, (1+18"le) 5
holds for all functions f such that ' € B, (R) and all g € B), ,(R).

Let us add a few comments.

(i) The connection between both theorems is clear. From the embedding B;,’ q (R) —
Ly (R), a consequence of s > 1/p, we derive f o g = f¢ o g, where ¢ € D(R)
satisfies ¢ (x) = 1 on the range of g. Hence, we can apply Theorem 2 to f¢ and deduce
the sufficiency part of Theorem 1. Notice that the cutoff function ¢ depends only on
llglloo- Indeed, we can take ¢(t) := p (t Il g||gol). Under the assumptions of Theorem
1, it follows that any composition operator acting on B;’ ¢ R) maps bounded sets to
bounded sets.

(ii) Thus, Conjecture 1 turns out to be true forn = 1 and p > 1. Indeed, we have been able
to prove it also for n = p = 1, but our proof has the following defaults:

e It does not cover the case of s being an integer, i.e., the Besov spaces By’ R for
m=3,4,....

e We did not succeed in obtaining the “good” estimate (5); hence, the extension to the
general n-dimensional case is open.
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Besov spaces on the real line 1523

(iii) The exponent § is known to be sharp in estimate (5), see [15, prop. 16].
(iv) In our earlier publications, we always proved estimates of the type

§
1 o) gt < el gt lglzy, (14 1glls,) - ©)

Of course, (5) implies (6) in view of the embedding B;, q(R) — Wolo (R), since s >
1+ (1/p). The difference between (5) and (6) does not look so important. However, (5)
allows an extension to the n-dimensional case, at least partially, whereas we have been
unable to do this using (6).

(v) Of course, inequality (5) represents the counterpart of (1) in case of Besov spaces. There
should be also a counterpart of (2), reading as:

/ / )
I(F 08) gy < clf gy lglay, (+lglls)’

Such an optimal estimate should open the door to an extension to the n-dimensional
case for the natural range of parameters, see [7] for a significant partial result.

2.2 Results in the n-dimensional case

Now, we turn to the consequences of Theorems 1 and 2 for the n-dimensional situation.

Theorem 3 Let 1 < p < +oo and s > 1+ (1/p). For a Borel measurable function
f: R — R, the composition operator Ty acts on B;,p N W;O (R™) if, and only if, f(0) =0

and f € By (R).

Remark 1 (i) Fors > 0 not being a natural number, the spaces Bls,! p(R") are usually called
Slobodeckij spaces.
(i) Incase 1 < p < +o0, we have

1 _ p . n
B;’POWOO(]R")—B;J,(R") if s>;+l.

Thus, the Conjecture 1 holds true for Slobodeckij spaces B), ,(R") under the condition
s > (n/p) + 1. However, the full Conjecture 1 remains open if n > 1, unlike in the case
of the Sobolev spaces, see Proposition 1.

Theorem 4 Let 1 < p < +ooands > 1+ (1/p). Then, there exists a constant ¢ > O such
that the inequality

Ifoglsy, <clf s lgls, (1+1Vglw)’
p.p

p.p

holds for all functions f such that f' € B;;pl R)and f(0) =0,andall g € B‘;,,p N Wolo (R™).

When turning to the situation on domains, not so much is changed.
Theorem 5 Let 2 C R”" be a bounded Lipschitz domain. Let 1 < p < 400 and s >

1 4 (1/p). For a Borel measurable function f : R — R, the composition operator Ty acts
on By , 0 WL (Q) if, and only if, f B;”%C(R).
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3 Proofs of the main theorems

Here, we collect the proofs of Theorems 2, 4 and 5 (recall that Theorems 1 and 3 follow
easily).

In our preceding papers [13-15,20], we always used, as the first step of the proof of
Theorem 2, some arguments to simplify the situation. We will do this here as well. We claim
that Theorem 2 can be derived from the following statement:

Proposition2 Let 1 < p < +00,0 < q < +oocand 1+ (1/p) <s <2+ (1/p). There
exists a constant ¢ > 0 such that the estimate

—1—(1
If o gllzy, < clf g lghs,, (1+1gle) ™ """ @

rq —
holds for all functions f and g satisfying the following conditions:

() fisofclass C?, f' e B;qu R) and f(0) =0,

(i) g is real analytic and g € B‘,‘,’q (R).
3.1 From Proposition 2 to Theorem 2

Let us introduce the following intermediate property:
(Qs) For some constant ¢ > 0 depending only on s, p and g, the inequality

s—1—(1
I(F08) gy = cllf s glay, (1+1glo) " ®

p.q

holds true for all functions f such that f’ € B;qu (R)and all g € Bz’ USSR

3.1.1 From Proposition 2 to (Qy) for 1 + (1/p) <s <24 (1/p).

We give here a sketchy proof and refer to our previous articles for details, in particular to
[20, sect. 4.1].

Step 1. Assuming Proposition 2, let us prove the inequality (7) under the sole assumptions
feBy )/ ®), f(0)=0and g € B}  (R).

We use the cutoff function p and the operators S; introduced in Notation, see (3). Then,
we define

gj=95;8 [i=S8;f=S8;f0p.
The functions g; and f; are real analytic, and by standard estimations, it holds

lgjllay, <cliglsy,. I8l < clig oo

Il < e (1 g +185£ O1),

where the constant ¢ does not depend on j. Applying Proposition 2 to f; and g;, and
using the above estimates, we obtain

—1-(
I f5 085 By, < cUf gyt +1SFODlgls;, (1+181)' "

pq

It is easily seen that f; o g; tends to f o g in L,(R), and that S; f(0) tends to 0, as
J — oo. By using the Fatou property of the Besov space, see [20, prop. 3.18], we
complete the proof of (7).
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Besov spaces on the real line 1525

Step 2. Now, assume ' € B;,’ql (R) and g € By, ,(R).
Let us define f := f — £(0). Then, we can apply Step 1 to the functions f and g. By
Proposition 8 and by embedding (55), we deduce

’ ~ 4
ICf o) llgsr = I1(f 0 8) I
cilifoglsy,

2 1/ 1 glly, (1418 lls0)

IA

s—1—(1/p)

IA

This complete the proof of (8).

3.1.2 End of the proof of Theorem 2
By Sect. 3.1.1, the proof of Theorem 2 will be complete if we establish the following:
Claim: (Qg) implies (Qg41) forall s> 14 (1/p).

Proof of the Claim Letusassume (Qy).Let f, gbesuchthat f' € B, ,(R)andg € B‘;,fql ®R).
By Proposition 8 and by embedding (55), it holds

1815, < c1l8'llzy, < c2 gl py-
. . " —1
By Proposition 12 and by (39), it holds f” € B;’q ®R), g € B;yq (R), and
1 !
1/ gyt < ey, Ngllag, < cligl ©)

pq —

Applying (Qy) to f’ and g, we deduce (f' o g)’ € Bfnfql (R) and

/ / " / s=1-=(1/p)
107 0 &) syt < e s gy, (14 1 Ic) .

By Proposition 12 and by (9), it holds
/ / ’ s—1—(1/p) /
1/ 0 gllsy, = (1 1my, Nglge (1418 1) 1S o) -
Applying Proposition 11 to f" o g and g’, we obtain
If o )llsy, < e (1f 0 gy, 18loe + 11f o gls l8'l55, )
s—1—(1

<1y, Mgl (1+1871) ™ ™" g loe + 1)
The estimate (Q;.+1) follows at once. O
3.2 Proof of Proposition 2: a preparation
First, we begin with some notation. For all functions f on R”, we set

Apfx) = fx+h) — fx).

The mth power of Ay, is defined inductively as usual:

Ay = Ap; ATTLi= Ao AT Wm e N.
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1526 G. Bourdaud et al.

The following formulas allow the computation of A%l for the product and the composition
of functions f, g:

AF(f9)(x) = g(x) A f(x) + f(x +2h) Alg(x) + 2 Ay f(x + ) Apg(x), (10)
2A%(f o)) = flglx +2h) — fQ2g(x +h) — g(x))
+1(g() — fQg(x +h) — g(x +2h))
+f(g(x +2h) + f2g(x +h) — g(x +2h)) — 2 (g(x + h))
F1(g)) + felx +h) — g(x)) = 2f (g(x + h)).

We will use the following modified L ,-moduli of continuity:

1/p
Qy(fin) = (/ sup |A) f(x)|P dx) .

|h|<t
R’l
The Hardy-Littlewood maximal function Mg of a locally integrable function g on R is
defined by

1
Mg(x) :=sup — /Ig(y)ldy, Vx € R.
xel |[| )

Here, the supremum is taken with respect to all intervals / containing x, and |/| denotes
the length of I. In our proof below the Wiener classes BV, will play an important role. Let
us recall its definition. For a function g : R — R, we denote by ||gllpv, the supremum of

numbers
N 1/p
(Z g (i) — g(ak>|P) :
k=1
taken over all finite sets {lax, bx[; k = 1,..., N} of pairwise disjoint open intervals. A

function g is said to be of bounded p-variation if || g| pv, < +00. The collection of all such
functions is called a Wiener class and denoted by BV),,. Their connection with Besov spaces
is given by the Peetre embedding:

BT (R) = BV,(R). 1< p < +o0, (1

see [22, thm. 7, p. 122] or [11]. We refer also to [12,28] for some further properties of these
classes.

Notice that our function g belongs to B;y q (R) with p < o0; hence, it cannot be a constant
except if g = 0. Thus, all along the proof of Proposition 2, we will assume that ||g’[lcc > 0.
Also, by assumption s > 1 + (1/p), it holds g € Co(R). Since g is assumed to be real
analytic, this implies that the set of zeros of g’ is a nonempty discrete set in R.

Our proof will be divided into three parts, corresponding to the following cases:

1+1/p)<s <2, s=2, 2<s=<24/p).

Convention: In estimations of A;, and A2, we often restrict ourselves to & > 0. Clearly,
similar arguments can be applied for 4 < 0.
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Besov spaces on the real line 1527

3.3 Proof of Proposition 2: the case 1 + (1/p) <s <2

This case was the first one which has been solved, with some restriction on ¢, see [6]. Then,
the same basic ideas worked for 2 < s < 2 + (1/p), with more technicalities.
We apply Propositions 7, 8, and 9 in Sect. 4. This means we have to estimate

1 1/q

1AL 0 )1, ) d
I foglly+ /(T”) e
0

Concerning the first term, we have

I foglly=1Ffog—FO)l,=Ilflolgllpy

(The above argument will work also for s > 2, so we will not refer anymore to it).
Now, we turn to the estimation of the second term. Let us define

1/
Uh) = (/ O 184 0 )7 dx)
R

Since |An(f 0 ) () = I lloo |AR(8N ) + 18" () AR (f' 0 8)(x)], we are reduced to
prove the following estimate:

1 1/q

B q dh B
/ (rum) 2= ) = el gy ey, (1+181)"- (12)
0

To prove (12), we observe that the set {x € R : g’(x) # 0} is the union of a finite or
countable family (/;)¢ca of open disjoint intervals. For any 2 > 0, we denote by / é. , the set
of x € I, whose distance to the boundary of I, is greater than 24, and we set '

Iy =T\ 1y, ag:=sup[g'|, ge:=2gl.
Iy

Then, we have the following inequality:

1/p
(Zaf) < 1¢'lsv,- (13)
e

Proof of (13) Since s — 1 > 1/p > 0, g’ is a member of Co(R). Then, there exists oy € Iy
such that a; = |g’(a¢)|. Moreover, since g’ vanishes at the end points of Iy, it holds a; € I;.
As observed before, it holds I, # R: thus, we can consider one of the end points of I, say B;.
Let J; be the open interval with end points oy and SB¢. The intervals J, are pairwise disjoint,
since J; C I;. As a consequence, it holds

Dal = lg @) =g Bl < gy, -
¢ ¢
This completes the proof of (13). O

Let us notice that 7, é’ ; 1s an open interval, possibly empty. In case it is not empty, we have

Mg (g O <ach, Yy g, (14)
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The set 1;/,, is an interval of length <4k, or the union of two intervals of length 2/, and g’
vanishes at one of the end points of this or those intervals. Now, we introduce

1/p
Ui(h) = (Z/ |g’(x)|P|Ah<f’og)(x>|de)
4 ’
I/K,h

and U (h), defined in the same way, but replacing 7; ;, by 1}/,

3.3.1 Estimation of Uj

By the change of variable y := g,;(x) on Ié,h and by (14), it holds

1/p
Ui(h) < (Zafl (sz‘p(f’;aeh))'J) : (15)
4

We introduce the following notation:

o w(t) =t QL(f'50), 1>0;
¢ Zn:={teA : 27" gl <ar <27g'lloc}. m € Ny .

By (13), it follows

o 1/p 1/p
(Z 27" (Card zm>) <2lig'llx (Zaé’) <20g'I 18"y, -
l

m=0
A fortiori the following estimate holds:

(Card Z,)'? < 2" g1 118l By, ¥m € No. (16)

By the estimates (15,16) and by the monotonicity of 2!, we obtain

1/p
- P
Ui(h) < c; hs_l(Zazp ! (a)(aﬂz)) )
12

(o] » 1/p
<alg'lx " n! (Z 276N Card (Zy) (027" g ) )

m=0
=

[e¢) » 1/p
cs 11813 1€l av, h*~! (Z 27 (027" R 18 l)) ) :

m=0

By condition p > 1, the above £ ,-norm is less than the corresponding £{-norm. Hence,
o0
Ur(h) < cllg 2 18 sy, " D227 @@ h g lloo)- (17)

m=0

Then, we apply the following result:
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Besov spaces on the real line 1529

Lemma 1 Forall @ > 0 and all q €]0, +00], there exists ¢ = c(a, q) > 0 such that the
inequality

00 1/q 00 1/q

/(Zz*ma u(z 2" A))q% <c /u(t)q% (18)

o m=0 0
holds for all Borel measurable function u : 10, +o0o[— [0, +oo[ and all A > 0.

Proof of Lemma 1 By the change of variable t' := t A, we see that the left-hand side of (18)
does not depend on A. Thus, we can assume A = 1.

We put r := min(1, ¢) and we use both the embedding of ¢, into £; and the Minkowski
inequality w.r.t. ¢ /r > 1. We obtain

0 o ¢4 1/q o o arr g, /g
/ ( Z —ma u(t Z—m)) el < / ( Z p—rma u(t Z—m)r) _
t t
0 m=0 0 m=0
00 1/r 00 1/r
< i 2—}’17101 (/ M(f 2—}11)[] dt)r/q — i 2—?7?10! (/ u([)q dt)r/q
- t t
m=0 0 m=0 0
We conclude the proof by using condition ra > 0. O

Now applying (17) and Lemma 1, we deduce

® s qdh 1/q s , ® th 1/q
W= Uiy ) == =cillglls g By, w0 —
0 0

)
< c2 1812 8" 3v, £l gy

see Proposition 13 in the Appendix. By the Peetre embedding (11), in combination with
Proposition 8 in the Appendix, we conclude that (12) holds with U instead of U.

3.3.2 Estimation of Uy
By the inequality |A,(f' 0 g)(x)| < QL (f’; h]lg’ll~) and the properties of 1/, it holds

1/p
Us(h) < ¢ Qu(f'5 hllg lloo) /P (Zaf) :

L

By condition 0 < § < 1 and by (13), we deduce

1 1/q ! 1/q
dh dh
(/ (hI*‘YUz(m)" 7) < a1 lglav, (/ (h Rk h g 1) 7)
0 0

’ mé 1
= allf g, N8l I8 1BY,-

With the help of the embedding B;,qu (R) < B}, 4 (R), see (57) in Sect. 4.6, we conclude

that (12) holds with U, instead of U.
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3.4 Proof of Proposition 2: the case s = 2

Because of s = 2, wehaved = 1—(1/p),hence 0 < § < 1. The use of first-order differences
is not longer possible. Instead, we can work with the second-order differences operator A%l
defined in Sect. 3.2, see Propositions 7, 8, and 9 in Sect. 4. By (10), we can write

20 o1 ’ 1 6
AL 08) () = A1(r, )+ s, ) + 5 > Aj(x, ),
j=3
where the A ;’s are defined by:

Ar(x,h) = f(g(x +2h)) Ag'(x),

Ax(x, ) =2 08 (x) Ap(f 0 g)(x + h),

Az(x.h) =g/ () (f(g(x) + f/2g(x +h) — g(x) — 21/ (g(x + h)))

Ag(x,h) = g/ () (f(g(x +2h) + f/(2g(x + h) — g(x +2h) — 2 (g(x + h))) ,
As(x, h) = g'(x) (f/(g()) — f'2g(x + h) — g(x +2h))) .

As(x, h) = g'(x) (f/(g(x +2h) — f'Qg(x +h) — g(x))) .

We introduce the notation
1/p

Vi(h) = /|Aj(x,h)|pdx . (19)
R

Then, it suffices to prove

1/q

1
v ) <y 1+ 1€ lloo)’ 20
i) S| =elf sy, lels, (1+181e)° (20)
0
In some cases, the above estimate will follow by the stronger estimate:
Vit < ch®If gy, Nglsy, (1418 eo)’, Vi €l0,1],  forsomea > 1. (21)
3.4.1 Estimation of V)

We obtain immediately

1 1
—1 7 dh Ve I —1 2 7 7 dh Va / /
h="Vi(h) m = 1f o h=1ARE N p m sclfllecllgllp), -
0 0

Combined with Propositions 8 and 9 in the Appendix, this yields (20) in case j = 1.
3.4.2 Estimation of V»

Using the embedding
B}, ,(R) = B} o (R),
where y is any number < 1, see (38) and (39) in Sect. 4.3.2, we derive

Va(h) < Il f' gy, , 18'lI% 118"y, H°F7
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Choosing 1/p < y < 1, we obtain 5+ > 1. By embeddings B), ,(R) < B3, ., (R) —
L (R), see (57) and (39) in Appendix, and Proposition 8, we conclude that (21) holds for
j=2.

3.4.3 Estimation of V3

Notice that

[£g00) + £/ Qe lx + 1) = g()) = 2 (g + )| = | (8300 /") (81|
< sup  [(AGf) (e
101=<hllg"lloo
(22)
With the same notation as in Sect. 3.3, it holds V3(h) < V7(h) + Vg(h), where

1/p
Vo (h) = (Z/ |A3(x,h)|1’dx) and Vg(h) := (Z/ |A3(x,h)|”dx)
Cr,

1/p

Lo
Ty p

Estimation of V7

On/ é 5» the estimate (22) can be improved as follows:

(83,00 77) 60D| = sup (83 7) (g0

Ol<ach

Hence,

1/p
Va(h) < (Z af (@2 ss am)”) :
14

Then, we proceed exactly as in Sect. 3.3.1 to obtain

| o dn\
([ vm) ) =i toy, 170y,
0

<2 lg' % gz, 1 sy, -
This yields (20) in case of j = 7.

Estimation of Vg

The same arguments as in Sect. 3.3.2 can be applied. We find

1/p

Vs(h) < Q4 hlg o) | D / 18’017 dx

¢
1//”11

< ch? g gy, Q2 (f: 1 llg lloo)-
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Since A~ /P = b3 we deduce

1

1
g dn\ 4 T qpN1/
(/ (nvsm 7) =x0 ||g’||3vp(/(h“sszio(f’;h||g’||oo)) =)

0 0
)
< callg sy, I gy, g 126

the latter term following from Proposition 9, and the fact that 0 < § < 2. We conclude with
the help of the embedding B), , (R) < B, ,(R). This yields (20) also in case j = 8.

3.4.4 Estimation of Vy

We need a further splitting A4 = —Ag + Ajg, where
Ag(x, h) == Agp(g)(x) (f'(g(x 4+ 2h)+ f'(2g(x+h) — g(x +2h)) — 2f"(g(x + h))) ,
Aro(x, h) := g'(x+2h) (f'(g(x +2h)+ f'(2g(x + h) — g(x +2h)) —2f(g(x + h))) .
Then, we define Vg and Vjq according to (19).

Estimation of Vo
It holds:

| f'(g(x +2m) + f'2g(x + h) — g(x +2h)) — 2f"(g(x + h))|
< [f(gx +2h) — f(gx + M| + | ' (2g(x +h) — g(x +2h) — f'(g(x + )|
<ch®I1f gy, Ng' 1%

Thus, the estimation of Vg is similar to that of V5.

Estimation of Vi
By a change of variable, it holds

1/p

Vio(h) = / 18 I 1 f (g(0) + f/2g(x —h) — g(x)) = 2f(g(x — h))|” dx
R
Thus, the estimation of Vi is similar to that of V3.

3.4.5 Estimation of Vs

Taking in account the inequality |A g(x)| < 2h| g |l it makes sense to compare |A g(x)|
with h"||g’||c0, for some r > 0, to be chosen later on. Then, we introduce the following
notation:

C(h) = {x €R: A2 < HlIg oo }

We split Vs w.r.t. to C(h) by setting
1/p
Vii(h) == / |As(x, h)|P dx

C(h)
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and Vj; defined similarly, with R \ C (k) instead of C (h).

Estimation of V12
For all x € Rand all 2 > 0, we have

I/ (g(0) — f'28(x + ) — gx +2h)| < c Il ll gy, I&'I% H°

1/p
(/ |g/<x)|1’dx) sh—’(/m%gunpdx)””
R

R\C (h)

and

< ch* ™ il g2
for an arbitrary ¢ €]0, 2[. Hence,
Via(h) < e B2 1 f gy, 1813 lgl2,,- (23)
V1o will satisty (21) if +2 —r —e > 1, for a sufficiently small €. Thus we need the condition

r<1405. (24)

Estimation of Vi1
Consider a number v > p, to be fixed later on. By Holder inequality with exponents v/p
and v/(v — p), we have

1/v
]_

Vi(hy < gl / 1817 | f/(g(x) — £/ Qg(x +h) — g(x +2h))|" dx

C(h)
Using the notations Ié,h, Iéfh and ay of Sect. 3.3, we have

Virh) < 181y P (Vis(h) + Via(h)), (25)
where

1/v

Visth) == [ D / lg' @17 | f'(g(0)) — f'Qg(x +h) —g(x +2m)|"dx |,
E oy nem
and Vy4(h) is defined similarly, with / é’ , instead of 1 é’ B

Estimation of Vi3
Clearly, for every x € Ié,h N C(h), it holds

|A28(@)] = ¢ min (hag, B8l )

Then, by the change of variable y := g¢(x), we have
1/v
— . v
Vis(h) = c(z af (@ ( 75 ¢ min (hae, B11g'l1) ) ) : (26)
[
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Next, we will use the embedding Bll,,q (R) — Bifgél/”)(R), see (56) in Sect. 4.6, a conse-
quence of

1 I 1
b+-=1-—4+-<1.
v p v
This yields
Q(f" 0 < cllf' gy, Y, Ve 0,
By (26), we obtain

-1 —1 ) 1/v
Vs =eilflgy, (2 @™ Y al T g ™)

ar<h"'1gllo ar>h""gllo

1/v ) _ _ _ 1/v
<ol gy, (3al) " (B 0 g o)™ + O 1)
l

By (11) and (13), this implies
Visth) < cllf'llsy, g’ g3 ho+ 1/, @7
In view of condition (21), we need
1
ré + > > 1. (28)

Estimation of V14
In this situation, for x € I lf’ 5 N C(h), it follows

F/(8(0) — £/g(x + ) — g(x +2m)| < |1 llps, _ &' I5 k™.

resulting in
y P\YV s st
Vie® = cllf gy, (D al) " gl o+,
l

Hence, V|4 satisfies the same estimate (27) as V3.

Conclusion.
We have to justify that the choice of v and r is possible. First, we observe that

1 1
,(1_,)_)1_’_’ for v— p+.
1) v

Thus, we can chose v > p such that

1 1
1<7(1—7) < 1+456.
) v
Then, we chose r such that
1 1
7(1—7) <r<1+45.
1) v

The last condition implies (24) and (28). This completes the estimation of V5.
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3.4.6 Estimation of Vg

We write Ag = —A5 + A6, Where

Ars(x, h) i= Aop(g () (f(g(x +2h) — f'(2g(x +h) — g(x)))
Atg(x, h) == g'(x +2h) (f'(g(x +2h)) — f'Qg(x +h) — g(x))) .

Then, we define V5 and Vj¢ according to (19). The estimations of Vs and Vj¢ are similar
to that of V5 and Vs, respectively.

3.5 Proof of Proposition 2: the case 2 < s <2+ (1/p)

Since f and g are functions of class C2, it holds

(fog) = (f"0g)g?+(f 0g)s".
Step 1 : Estimation of (' 0 g) g".
Let B be a parameter such that § < dand s —2 < B < 1 (recall that p > 1, hence
s < 3). Then, B;,’ql (R) is embedded into B’OSO,OO(R), see (39, 57).
A straightforward computation leads to

I oglgs <clflig (14181)"

By a classical result on multipliers, see [23, thm. 4.7.1], and by assumption 8 > s — 2,
we deduce

/ " . ’ / B "
1 088 gz < et llf e (14 1g'loe) I &

=2l gy (14 1810)” g lzy,,.

see Proposition 8 in the Appendix.

Step 2 : Estimation of (" o g) g"%.
We employ Proposition 9(ii). Since 0 < s — 2 < 1, we have to estimate

1

way= ([ (7 [1ar o prgd0nan)"ax) ",

R —t

Similarly to [15, p. 1118], we split the area of integration with respect to /. For x € R,
we define

0w = {neR: 1gr+ml = Ig@I},
P@ = {heR: gl <lg/x+ml},
and
Qx;t):= Q(x)N[—t,t], Px;t):= Px)NJ[—t,1].

On Q(x; t) we will use the elementary identity

AR((f" o) g ) = g/ (x + ) Ap(f" 0 &) (x) + f"(g(x)) An(g'H(x),
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whereas on P (x; t) we will use

Ap((f"08) g (x) = g/ Ap(f" 0 )(x) + " (g(x + h)) Ap(g'H)(x)
instead. Hence, W (¢) < Z‘}zl W;(t), where

1/p
Wi = ( [ ] |f”(g(x))||Ah(g/2><x>|dh)”dx) ,

R Q(x:1)
» 1/p
W20 —(/ (" [ 177+ 84001 dn) dx) ,
R P(x:1)
» 1/p
W) = (/ (! / |An(S" 0 &)@ g'(x + ) dh) dx) ,
R Q(x:1)
» 1/p
Wa(r) = ( / (! / A" 0 ) ()] g'(x)? d) dx) :
R P(x:1)

3.5.1 Estimations of W3 and Wy

We concentrate on W3. The estimation of W4 can be done in a similar way. Using the notation
Ip, 1) ,, 1), a¢ and g, as in Sect. 3.3, we can write W3(¢) < Ws(r) + We(r) where

wso = (X [ (' [ 1m0 e pmigerman)a) "
b, 0(x:1)

and W is defined in the same way, but with 1, instead of 1 ,.

Estimation of Ws
We begin with the elementary inequality

g +hn? <@g x+hl. Yhe Q).
Then, we perform the following changes of variables:
yi=g(x) and ©:=O(h) =g(g ') +h -y

Since |®] < ag; t for all h € [—t, t], see (14), we obtain

1/p
— p
s = | Sal™ [(0 [ a0 d6)" ay
¢ R || <apt
With the abbreviation
1/p
oo == [ (1 [ 18er"m100) ar|
R |©]<t
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it follows

1/p
Ws(t) < cr*™2 (Zazp_l (w(azt))p) )
¢

Now, arguing so as in Sect. 3.3.1, we conclude

| 1/q
_ q dt
(/ (2= wsm) 7) < cllg'I% 18" av, 11552
0

where we have used
Ms—2,l,l " < e ’ .

see Proposition 14.

Estimation of W
By definition of Q(x), we find

We(r) < W7(t) + 217 Wg(r), 0 <t <1,

where

Wi = (3 [ (7 [ 1 el n?an) )

14

i, o(x:n)
1/
Wt i= (3 [ 15" e g wpr ar) .
[ "
Il,t

Estimation of W7
The main difficulty consists in the fact that " need not be bounded. Instead, we use the
embedding Bi,fql (R) — Wv1 (R) for all v satisfying

1 1
1-6<—-—< ———1,
v (s—Dp

(29)
see (59) in Sect. 4.6 (notice that 1 — § < ((s — l)p)’1 follows by s > 2). The value of v
will be chosen later. The restrictions in (29) imply v > p. Hence, the following definitions
make sense:

1 1 1 p+1
—=——— and o:= .
w p v v

(30)

Observe that (29) and 2 < s <2 + (1/p) imply o < 2. By definition of the set Q(x; t), we
find
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)4
! / If”(g(X+h))lg/(x+h)2dh) i

1y, Q(x;1)

t
p
< / g (x) |7 (r—l / If”(g(x+h))|Ig’(x+h)|"dh) dx
—t

i,
<c / 18I (M 0 9) 1819 ) dr,
7,

Holder inequality in A x R (A has been defined in Sect. 3.3) yields

1/w 1/v
Wi <a |3 [iweeora | |3 [ (o pigrm) a
e e
1/w v
’ Q—a)w " /1 v
o | X [ 1g@@ O dx (MW" 0918w dr
Ly, R
1/w
<a > / lg' @I dx [ I e lg I,
Z "
I/Lt

where the last estimate follows by the Hardy-Littlewood maximal inequality in L,,. By using
the identity «v = p + 1, we conclude

, 1/v
I o) 1g' " I = (D af / £ )1 dy)
b gl
< 1F i g 15y 3D

Since w2 — @) = p + w(l — (1/v)) and g’ vanishes at one of the end points of Iéf,, we
obtain

1/w

1/w
— 1—(1
Z/|g’(x>|<2 Dax | < gl Y /sup |Ang' ()P dx
Ly ‘hlSZt
[[,1
< et gl " 1 N5
— oo Bp,oo
as long as

1
—<r<l, (32)
P

see Proposition 9 in the Appendix. As used many times before, we know B;;II R) —
BV, (R). Furthermore, since s > 2, wehaves—1 > 1 > r and hence B;:]l (R) — Bl’,’ o R).
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Summarizing, we proved up to now the inequality

Wr@) < el 'l eGP g e g I
<cllf iy Igllsg, g llos /™ P/,
For the desired estimate of W7, we wish to have also
LA (33)
w

Looking at this inequality, it becomes clear that we should choose r and v as large as possible.
Obviously,

. . rp
Iim lim —=p(—2).
L vtl/(1-8) w

Since p > 1, we can always find appropriate parameters r and v with (33). This leads to

1

q dt\1/q 1—
/ 2fW() 7) <clf'lgy gl 18l

0

IA

I g gz, 1+ 18I’ (34)

Estimation of Wg
It is similar to that of W7, indeed a little simpler since the maximal inequality is no more
needed. We omit the details. The estimate (34) holds with W replaced by Ws.

3.5.2 Estimations of W1 and W3

We concentrate on W;. The estimation of W is similar. Let us take v and w as in (29,30).
First, observe the elementary inequality

1
1A, < cllglla 18 x + )P 1AL ()P Vi e P(x).

Now, we argue so as in the estimation of W7 and obtain

1/p
1—(1
Wa(t) < c1llg'llss Y / (M((f" 0 ) 1g'1P V%) (x))” (sup | Avg ')A/ g
h|<t
1/w
< e lg'lls N 0 9) 181, /(st‘lp |Ang (X)) dx
h|<t
R T P VA M P T P T
From this, again as above, we deduce
1
2 s q dry1/q 5
Wz(t) =) =l g gy, (14 118"oo)”
0
This completes the proof of Proposition 2. O
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3.6 Proof of Theorem 4

Our main ingredient is the Fubini-type characterization of B;,’ » (R").Forn>2, 1 <p<o0
ands > 0

n

1/p
E . . 14 X
( / ”g(xl"”vxjf]v .’xj+l7”.7xn)||B1SJ,p(R)dx])
Jj=1 —1
R?

can be used as an equivalent norm in B;qP(R"), see, e.g., [25, 2.5.13]. Here,
d)?j = H dxg.
1<tl<n
#Ej

Under the conditions of Theorem 4 and using Theorem 2, Propositions 7-8, we derive

/ 19; (f 0 @)1y Xjmts - Xt oo X1y A
P

R
=c(Is 058l

(R

+/ 10 (F 0 1oyt x4
Rn—1

)
< C(Ilf’llgo 19805 + 17 10— (14 10j8ll00)”

s —1
Bp.p

p -
X Xly ooy XDy s Xidlyenes X 5 dx-)
/ Ilg (xy j—1 Jj+1 ")”Bp.p(R) bi
]Rn—l
< i p 14
<clf ”B‘;,’p‘ 1+ 1Vglco) ”g”B;YP(Rn),

where we used B‘]‘,jpl (R") < L ,(R") since s > 1. This completes the proof.

3.7 Proof of Theorem 5

Step 1.

Let f € B‘,Y,’,Z,,OC(R) and g € B}, , N WL (). Now, let £g be an extension of g s.t.
g e By ,N WOIO(R”). Then, by Theorem 3, (f — f(0)) o £g € By, ,(R"). Obviously,
f(O)Eg € B‘;,,p(]R"). Hence, the restriction of f o £g to Q belongs to B;’p(Q). This
proves sufficiency.

Step 2.
Necessity. Let x* € Q. Testing the operator Ty with the family of functions

ga(x) = a (x1 —x?), xeQ, a>0,

we conclude fog, € B;’p(Q) since g, € B‘;W(Q). By £(f o g,) we denote an arbitrary
extension of f o g, and by Q a cube with side-length ¢ > 0 and center x" s.t. the set

{x: max |x; —x?l <me} CQ
j=l,..n .
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for some sufficiently large integer m > s. Then, the characterization of B), ,(R") by
differences yields

& 1/p
—s m P dt
1ECf o 8a) By ymmy Z cr | [ 77 sup [ ARECS 0 8a)llL, 0] —
o |h|<t
& 1/p
s m » dt
> [t sup || Ay f”L,,([—aa,aa])] -
|h|<at !
with a constant ¢; = ¢2(Q, &,a) > 0. But this implies f € B‘;,’ﬁ,"c(R). The proof is
complete.
4 Appendix

For the convenience of the reader, we collect here all what is needed about Besov spaces.
This includes inhomogeneous, homogeneous, and modified Besov spaces [see (4)]. In case
of homogeneous and modified Besov spaces, we found the existing literature not sufficient.
For this reason, certain parts of this collection are with proofs.

4.1 Distributions modulo polynomials

Since the elements of the homogeneous Besov spaces are distributions modulo polynomials,
we need convenient notation. For m € Ny, we denote by P, (R") the set of polynomials in
R”, of degree less than m. In particular, Py(R") is reduced to {0}, and P, (R") the set of all
polynomials on R”. For m € Ny U {00}, we denote by S, (R") the set of all u € S(R") such
that (f, u) = O for all f € P,,(R"). For all f € S'(R"), we denote by [ f],, the equivalence
class of f modulo P, (R"). The mapping which takes any [ f],, to the restriction of f to
S (R™) turns out to be a vector space isomorphism of S'(R")/P,,(R") onto S, (R"). For
this reason, S, (R") is called the space of distributions modulo polynomials of degree less
than m.

Definition 1 Let 0 < k < m < oo and let E be a vector subspace of S), (R") endowed with
a quasi-norm such that the embedding E <— S, (R") holds. A realization of E in S; (R") is
a continuous linear mapping o : E — S_(R") such that [0 (f)], = f forall f € E.

In short words, a realization is a coherent way to associate to each element of E a specific
representative. We need a further notion.

Definition 2 A distribution f € S’(R") vanishes at infinity if lim;_.¢ f (X) = 0in §’'(R").
Here are examples of such distributions:

e functions in L ,(R"), for p < oo,
e derivatives of functions in L (R"),
e derivatives of distributions which vanish at infinity.

This notion was first introduced in [4]. Its usefulness relies upon the following:
Lemma 2 The only polynomial vanishing at infinity is the zero polynomial.

Proof See [4, p. 46]. O
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4.2 The Littlewood—Paley setting

Probably, the easiest way to introduce both, inhomogeneous as well as homogeneous, Besov
spaces is the Fourier theoretical approach via the Littlewood—Paley decomposition. This
nowadays classical approach, initiated by Peetre and Triebel, see, e.g., the monographs [22,
25], is still very popular, in particular in the “Nonlinear World,” we refer to the recent
monograph of Bahouri, Chemin, and Danchin [1].

We start with the cutoff function p introduced in the Notation. Then, we define

vy (&) = p) — p(25), VEeR"

The function y is supported in the compact annulus 1/2 < |§] < 3/2 and the following
identities hold:

> y@ig) =1, Vg eR"\{0},

JEZ

pE+D vy =1, VEeR"
j=1

For j € 7Z, we define the operator Q; similarly to S;, by replacing p by y in the formula
(3); this operator takes S, (R") to the space of analytical functions of exponential type. The
Littlewood—Paley decompositions of a tempered distribution are described in the following
well-known statements:

Proposition 3 (1) For every f € Soo(R") (resp. SL,(R")), it holds

f=>.0f. (35)
JEZ
in Seo(R") (resp. SL,(R™")).
(ii) Forevery f € S(R") (resp. S'(R™)) and every k € Z, it holds

f=Sf+>.0;if (36)

Jj>k
in S(R") (resp. S'(R™)).

There is only a short step from the Littlewood—Paley decomposition to the definition of
the Besov spaces.

Definition 3 Lets e R, 1 < p <ocoand0 < g < oo.
(i) The homogeneous Besov space st), qR") is the setof f € S/ (R") such that
17, = (@10, £17) " < oo
By, — jJlp :
je

(ii)) The inhomogeneous Besov space B;’ q (R™) is the set of tempered distributions f such
that

. 1/
1713y, = 1501, + (@712, £1,)9) ™ < +oo.

j=1
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B;, q (R™) and B‘;,’ q (R™) are quasi-Banach spaces for the above-defined quasi-norms, con-
tinuously embedded in S (R") and S'(R"), respectively. For all f € S'(R"), we define

Il = I leoll s -

We will make use of the following convention: In all the following statements, the numbers
s, p, q will verify assumptions of Definition 3, unless otherwise stated.
The dyadic decomposition, given in Proposition 3, can be replaced by continuous ones:

Proposition 4 Let ¢ € S(R") be such that a is a nonzero radial function with compact
support contained in R" \ {0}. Let us set

¢r(x) :=t7""p(x/1), Vi>0, VxeR" (37)
Then, for all f € S, (R"), it holds f € B;’q (R™) if, and only if,

00 1/q
1 9 dt
= e * fllp 7 < +o00.
0

Moreover, the above expression is an equivalent quasi-norm in By, , (R").

Remark 2 Proposition 4 has a counterpart for inhomogeneous spaces, which we do not need
in the present paper.

Proposition 4 has an immediate consequence, which explains the terminology used for
spaces B‘;,’q (R™):

Corollary 1 There is an equivalent quasi-norm N, in B; q (R™), which enjoys the homo-
geneity property:
N(fO()) =1""PIN(f) VfeB, R, Yi>0.

4.3 Properties of Besov spaces
4.3.1 Convergence of the Littlewood—Paley series

Incase f € B;,q(R”), the series expansion (35) makes sense not only in S/ (R") but also
in S), (R") for some minimal value of m that we introduce first. We associate to any set
(s, n, p, q) of parameters a number v € Ny defined by

V=([S-(”/P)]+1)+ if s—(n/p)¢No or g>1,
v=s—(m/p) if s—@m/p)eNy and ¢g < 1.

The following statement explains the intrinsic meaning of v w.r.t. the space BZ’ g R"). We
refer to [10, prop. 4.6, thm. 4.2] for details.

Proposition 5 (i) Ler f € B‘;}’q (R™). Then, the series (35) converges in S, (R"), and its
sum in S, (R"), denoted by o, (f), is the unique representative of f in S,,(R") whose
derivatives of order v vanish at infinity.

(i) The mapping o, is a realization of B [S, q (R") in 8],(R") which commutes with translations,
and the integer v is minimal for this property: if there exists a translation commuting
realization of B;’q (R") in S),(R"), then m > v.
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4.3.2 Various embeddings

We recall successively: (i) the embeddings between spaces with different values of s and/or
p, (ii) the connection between homogeneous and inhomogeneous spaces, (iii) the behavior
of Besov spaces w.r.t. differentiation.

Proposition 6 The continuous embedding B;,'l qR") — B;}zyq (R™) holds for all parameters
such that

n n
s1—— =s2—— and py > p1.
1 P2

For a proof, we refer to Jawerth [18]. The following so-called elementary embeddings are
also useful, see, e.g., [2, thm. 6.3.1] or [25, prop. 2.3.2/2].

(i) Besov spaces are monotonic with respect to the third index, i.e.,

(R") < B (R,

p.ai (R") = By, , (R") if g0 <qi. (38)

DS K
prqo BP.‘IO pP.q1

(i) Inhomogeneous Besov spaces are monotone with respect to the smoothness index, i.e.,

B, R") < By (R") if s0 > s1. (39)

To the contrary, homogeneous Besov spaces are not monotone with respect to the
smoothness index (just as a consequence of the homogeneity property stated in Corollary

1).

(iii) Finally, we wish to mention
B} ,(R") < BY) |(R") < L,(R") if s >0, (40)
see [25,2.5.7].
Proposition 7 Ifs > 0, then it holds
B} (R") = {f € Ly(B") : [flao € B;yq(R")}.

Moreover, || flp + ”f”Bf> \ is an equivalent quasi-norm in B‘;,,q (R™).

Proof Step 1. Let f € L,(R")and [ f]eo € B;, ¢ R™). Since So is a bounded convolution
operator in L, it holds

15071+ (@10 71,09) " < el + (@710, £1,07)

Jj=1 jez
<l flp+11 14,

1/q

Step 2. Let f € B), ,(R"). By (40), it holds || fl, < cllfly,- Since (Q) ez is a
bounded family of convolution operators in L, it holds

1/q 1/q

(Z(zsf||Q,~f||p)‘f)”q5c S 29| fi,+ [ eV, 0,

JEL j<0 j=1

The proof is complete.
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Remark 3 Of course, the statement of Proposition 7 is essentially known, see [2, thm. 6.3.2].
There the identity

B} R =L,NB, (R") if s>0,
is proved.
Proposition 8 (i) Anelement f of SL (R") belongs to B;, ¢ R if, and only if, its first-order
derivatives 0y f belong to B;_ql (R™) for £ = 1,...,n. Moreover, ZZ:] 10¢ f Nl gs—1 is an
R p.q
equivalent quasi-norm in B), , (R").

(ii) Forall f € B;,q(Rn): its first-order derivatives 9g f (£ =1, ..., n) belong to B;:II (R™)
and 19¢ fllgs-1 < 1 £l

Proof The second statement is classical, see, e.g., [25, 2.3.8]. We give a sketchy proof of the
first one.

Step 1. Let [ € B;’q(R”). By Bernstein inequality, see, e.g., [25, rem. 1.3.2/1], it holds

1Q;@eNllp <210, £l

with a constant ¢ independent of f and j. Hence, ||8gf||3;111 <c “f”l?f,,,'

Step 2. Let pg, £ =1, ..., n, be C* functions on the unit sphere $"~! of R”, such that

Do) =1, vees

=1
and such that &, # 0 on the support of p;. Let us define
i

o £
ve(§) == P v(&)pe (l%‘|) .

Then, y; is a C* function with compact support in R” \ {0}, and

Q;f =277 > y@ID)3f). VfeSLR".

=1
Hence, by a standard convolution inequality

n

1, = e 210

with ¢ independent of f.

4.4 Inhomogeneous Besov spaces via differences

In this subsection, we recall the characterizations of inhomogeneous Besov spaces involving
the iterated difference operators A}!. For simplicity, we introduce the following notation: if
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1<pu<oo,0<gq<+400,s >0, meN,andif f is any measurable function on R”,
we put

dh 1/q
M (f) = (/ |h|—sq||A',;’f||‘,£|h|n)

Rn
‘ 7 ‘ Ju alp qe\ Ve
ME™(f) = (/f“f(/(r" / |A;"f(x)|"dh)p dx) 7’) .
0 R” |hl<t

Proposition 9 Let s > 0, and m € N such that s < m.

() A tempered distribution f belongs to B), ,(R") if, and only if, f € L,(R") and
Mf,‘,"'] (f) < +oo. Moreover, the expression || f1|, + Mf;f(';(f) is an equivalent quasi-
norm in B;’q(R").

(ii) Assume further

s>n(%—£). (41)

Then, we can replace M;,’f:;( f) by Mf,’,';’"( f) in the preceding statement.

Proof The first statement is classical, see, e.g., Besov et al. [3], Nikol’skij [21], Peetre [22],
and Triebel [25-27]. For the second one, we refer to Seeger [24] and Triebel [26, thm. 3.5.3,
p- 194]. ]

Remark 4 The above assertion remains true if, in the expressions of M,y (f) and M5 " (1),
one replaces integration for 2 € R and 0 < ¢ < oo by integration for || < aand0 < ¢ < a,
respectively, for any fixed a > 0.

4.5 Homogeneous Besov spaces via differences

Characterization of homogeneous Besov spaces by differences is given in at least three
different places, we refer to Peetre [22, chap. 8, p. 160] in case ¢ = oo, Bergh and Lofstrom
[2, thm. 6.3.1] and Triebel [25, thm. 5.2.3/2]. In the first two references, the authors identify
spaces defined modulo all polynomials with spaces defined modulo polynomials of a certain
degree. In the third reference only a sketch of a proof is given (which differs at least partly
from our one).

Our point of departure is the following simple lemma.

Lemma 3 Under the assumptions of Proposition 9, there exist constants c1,cy > 0 such
that M35 (f) < il fllgy, and MyG3"(f) < c2llf g, hold for all f € B} (R"),
respectively.

Proof By Propositions 7 and 9, it holds
M) e (Il +1f0s,,). VS € By (RY. 42)
We replace now f by f(A(-)), forany A > 0,in (42). Using Corollary 1, dividing by A°~/P)

and letting & — 400, we obtain the desired estimate. The same proof holds for M, under
condition (41). ]
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Lemma 3 suggests that M), could be used as an equivalent quasi-norm in B‘ ¢(R"). But
things are not that simple. Indeed My, and My,;"" are functionals with kernel Pm (R™). For
any polynomial f of degree m, it holds M}y (f) = 400, while Mf,’f]/(f) =1fllgs =0

P.q

for all m’ > m.

Proposition 10 For all s > 0 and m € N such that s < m, there exist constants cy, ¢y > 0
depending only on n, s, p, g and m, satisfying the following:

1) For all regular tempered distribution f, such that M:,’,'Z; (f) < +oo, it holds [ fleo €
Bf;,q(Rn)) and
17, < 1 My, “3)
(ii) Conversely, forall f € Bj, q (R™), there exists a regular tempered distribution g satisfying
[gloc = f and
My (8) <2 I, -

The distribution g can be chosen so that g'*) vanishes at infinity for all || = v.

Under condition (41), we can replace M,y by My,'g™" in the preceding statements.

Proof Step 1. Proof of statement (i) in case ¢ > 1.
Substep 1.1. We need some auxiliary measures and functions that we first introduce. Let
¢ be a function like in Proposition 4. We can divide it by a constant, in order that

OOA d
/¢><zs>7’ —1.VE € R"\ (0). (44)

Let u be the compactly supported distribution defined by

b fri= [ A% FO v vF e SE).

sn—1

Here, we integrate on the unit sphere S§"=1 of R", endowed with its canonical measure.
By defining p, according to (37), we obtain

worf = [ Ay vres @, 45)
sn—1
where the integral exists in the x-weak sense in S’'(R"). The Fourier transform of u is a
radial nonzero C*° function on R”. Let us choose the function ¢ such that supp ¢ is a
compact subset of {§ : (&) # 0}. Then, there exists a function ¥ € S(R") such that v
has compact support included in R” \ {0}, and
$&) = V(OAE). (46)

Substep 1.2. Let f be a regular tempered distribution such that My, (f) < +oc. Using
polar coordinates, we find

1/q

/M / lagrigay | = emyner, 1)
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for some ¢ > 0 depending only on n and ¢g. By assumptions p > 1 and ¢ > 1, and by
(45), it holds

1/q
e Pl = [Ishipdy = | [uansier| 48)
sn—1 n—1
Combining (48) and (47), we obtain

o0 1/q
1 9 dr om
;”wl*(ﬂl*f)”p - =cllyll Myg (). (49)

0

By the definition of v, there exist numbers b > a > 0 such that the Fourier transform
of Y % (s * f) is supported into the annulus at~! < || < bt~ !, for every t > 0. Then,
using (49), together with a Nikol’skij representation argument, see [20, prop. 3.4], [23,
prop. 2.3.2(1), p. 59], we deduce that

7 d
Uf = / Vo * (g f){ (50)
0

exists in the x-weak sense in S/ (R"), and that
1UF N5, < e ML), (51)

By computing the Fourier transform of U, and by using (46) and (44), we obtain
Uf =[fleo- By (51), we conclude that [ ] € B;’q (R™) with the estimate (43).

Step 2. Proof of statement (i) in case 0 < q < 1.

We use the same ideas as in Step 1, with some technical modifications. We change first
the definition of the measure p by replacing m by 2m. We will use the following identity
for the difference operators:

AP F) =D (=1 ('Z) A f (x + k). (52)
k=0

Let f be a regular tempered distribution such that M,‘,'Z (f) < +4oo. Using (52), we
obtain the following counterpart of (48):

1—
loas % £l sc(/ IIAi';fII‘,’;dy) (sup 023" 7157).
<t
sn—1 -
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By Holder inequality with the exponents 1/¢ and 1/(1 — g), and the identity (47), we
deduce

00 1/q

1 de
[ Gomexaespig)' T

0
1/q

t

[e.¢]
1 I—q dt
el | [ (g [ 1anrmsa) (G s uairsg) ™
0 sn—1 -

dry\ (1/9)—1
(M) / s e a1 )
Then, we use the following estimate:

1/q
—sup 1A £14 —) < cMYT(f),

? nj=<t

proved by Triebel [25, proof of thm. 2.5.12/Step 3, p. 112]. We conclude that the estimate
(49) still holds for 0 < g < 1.

Step 3. Let f be a tempered distribution such that [ f]. € B;7 q (R™).

Itholds |Q; fllp < 28] I f1lgs . By assumption s > 0, by Proposition 7, and by the
P.q

identity (36), itholds f — So f € B“ (R"). By Lemma 3, we deduce

Myg(f =Sof) =clflg -

0
To deal with the remaining term So f, we set v := Z Q; f for all k € Ny. Then,
j=—k
v € B;’q(R”) for all k, and
ps = s s A/ = 0.
locligy, <cllfl,. Vk=0
Hence, by Lemma 3,

My <cliflig . Yk =0. (53)

Moreover, we have the following:

Claim: There exists a sequence (Ry) k>0 of polynomials of degree < v, such that the sequence
(vk — Ri)k=0 converges uniformly on every compact subset of R".

Proof of the Claim Case v = 0. By Nikol’skij inequality, it holds
10 flloo < c27"PIIQ;j fllp < 27D flIg,

with ¢ independent of f and j, see, e.g., [25, rem. 1.3.2/1]. Hence, the series ngo o;f
converges uniformly on R” in the following two cases: (i) s < n/p, and (ii)) s = n/p
andg < 1.
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Case v > 0. If we set

xOl
rj() = (0 NP0,
la|<v
then the series > j <0(Q; f — r;) converges uniformly on every compact subset of R",

see [10, prop. 4.8, rem. 4.9]. Then, we define Ry := Z?:—k rj.

Let v be the limit of the sequence (v — Ry)k=0. Since m > s > v, A} (vr) = A} (v —
Ry) converges pointwise to Aj'v for all &. Now, applying twice the Fatou lemma in
estimate (53), we obtain

My @) < ¢ £l
By setting g := v + (f — Sof), we obtain a function such that

[gloo = [floc and My7(9) <cllflz -

By definition of g, it holds [g], = o0, ([f]ls)- By Proposition 5, it follows that g("‘)
vanishes at infinity for all |o| = v.
Step 4. Now, we justify the replacement of M),y by M},’;"" under assumption (41).

S,m,u

Substep 4.1. Let f be a regular tempered distribution such that M} ;" (f) < +oo.
Noticing that u — M7 (f) is an increasing function on [1, +-00[, we may consider
only the case u = 1. We modify the notation of Step 1, by setting

W fri= [ o rOan vF e S@),
[hl=1

Here, we integrate on the unit ball of R"”. We define also u; according to (37). It holds
ek f = / Al fdh, Vf e S RY.
[rl=<1
Then, the estimate (49) holds, with M),y replaced by Mf,’,',’;’l in the right-hand side. The
remaining of Step 1 is unchanged, with g €]0, 4-o0] instead of ¢ > 1.
Substep 4.2. Clearly, M),y can be replaced by M}y in all Step 3.
4.6 The modified Besov space B;’q (R™)
Some of the notions and results of this subsection are taken from the paper of Moussai [20,

sect. 3]. In his paper, Moussai deals only with ¢ > 1, but his results extend without difficulty
toany g > 0.

4.6.1 Definition and main properties

The modified Besov space has been defined in (4). Its main properties are the following.
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Proposition 11 Fors > 0, B;’ q (R™) is a quasi-Banach algebra for the pointwise product.
Moreover, it holds

1 /gy, < c(I/Iolglsy , + Iglooll £z, ) (54)

forall f, g in Bj,,q (R™).

Proof See Moussai [20, thm. 3.26]. The precise estimate (54) occurs in the proof given in
[20]. ]

Proposition 12 Fors > 1 + (n/p), it holds
B, ,R") ={f € Loc(R") : 3¢ f € B;,qu R"M,£=1,...,n}
and || flloo + X py ||8gf||Bsqu1 is an equivalent quasi-norm in B), , (R").
Proof See [20, prop. 3.21]. O
We will also use the following embeddings, where we limit ourselves to the case n = 1.
(i) Fors > 1/p, itholds
B, ,(R) < By, (R). (55)

(i) Let1 < p < v < oo. Then, it holds

1

s S*;‘F%
By, R) = By 4 (R). (56)
Since Béo'qu R) = Bgo,q (R) for all s > 0, it follows that

1

B, ,(R) <> Boo /() for s> 1/p. (57)
(iii) Lets > 1, 1 < p <00, 0 < g < oo. Let v be a real number s.t.
1 1 1
max(l+——s,0)<f<—. (58)
p voosp

Then, there exists a constant ¢ s.t.

1 < el flsy, (59)
holds for all f € B;',’ q(R).

Property (ii) is a direct consequence of the Sobolev embedding for homogeneous Besov
spaces, see Proposition 6. The proof of (iii) is a bit more complicated, we refer to [20,
prop. 3.23].

4.6.2 Characterization by differences

Proposition 13 Let s > 0 and m € N be such that s < m. Then, a regular tempered
distribution f belongs to B), ,(R") if and only if
I flloe + M5 () < +o00, (60)

Moreover, the above expression is an equivalent quasi-norm on B;',’ q (R™). The same result
holds with MY,y replaced by M);'y" under condition (41).
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Proof Under condition (60), the first assertion of Proposition 10 yields
[ flloo + 1 fllgs = c(Ilflloo + My (1))

Assume conversely that f € Lo and [ f]oo € B;’ q(R"). By Proposition 10, there exists
a regular distribution g satisfying the following conditions:

e f — gisapolynomial,
o« Myg@ =clfl
° g(”‘) vanishes at 1nﬁn1ty for all || = v.
Let @ a multi-index such that || = m. By assumptions f € Ly (R") and v < m, we

deduce that (f — g)@ vanishes at infinity. By Lemma 2, it follows that f — g € Py, (R").
Hence, M} q (g) = M}y (f). This ends up the proof. ]

Proposition 14 Let s > 1 and m € N be such that s — 1 < m. It holds
My " @ f) < ellf gy,

forall f € B}, ,(R") and all € =1, ..., n. The same result holds with M, , ql ™ replaced by

Mf,y,} e under conditions —1 > n (p I ’1).

Proof The statement is a consequence of Propositions 8 and 10. The argument is similar to
that used in the preceding proof. O

4.7 Besov spaces on bounded domains

The most convenient way to introduce Besov spaces on domains is to consider them as
quotient spaces, see [25-27]. We use the classical notion of restriction of a distribution on
R” to an open subset of R”.

Definition 4 Let 1 < p <00, 0 < g <oocands € R. Let 2 C R" be a bounded open set.

(i) Then, we define B;',’ 4(§2) to be the collection of all the restrictions to 2 of elements of
B;!q(R"). Eor fe B;’qi(Q), we define || f ||B;Yq(g) as the infimum of || g ”Bf:.q(R")’ for
all g s.t. f is the restriction of g to .

(i) By B‘;,’ qN WOIO(Q), we mean the collection of all Lipschitz continuous functions f on

Q which are restrictions to 2 of elements of st), ¢ N WolQ (R™).

The advantage of such a definition is obvious: several facts immediately carry over from
the spaces defined on R” to the spaces defined on 2. The disadvantage is also clear. We do
not have intrinsic characterizations. One of the assertions which carry over is the following,
see [25, thm. 2.3.8].

Lemma 4 Let Q be an open set in R". Let 1| < p < oo and 0 < m < s for some integer m.
Then, f € Lj(2) belongs to By, ,(2) if, and only if, D* f € By, () for all o, |a| = m.

Under certain restrictions on the quality of the domain €2 intrinsic characterizations are
known, we refer to Dispa [17] and Triebel [27, thm. 1.118].
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Proposition 15 Let 1 < p < oo and let s be a positive real number, but not an integer. Let
m be an integer s.t. 0 < s —m < 1. Furthermore, let Q be a bounded Lipschitz domain in
R". A real-valued function f belongsto B), ,(2) if, and only if, f € W' () and

1/p

D% — D% P
IS wne) + Z //l |f(x) ASYl dx dy < 400. (61)

X — (s—m)p+n
= \3 2 ¥l

Moreover, the above expression generates an equivalent norm on B; » ().

Proof In the above-mentioned references, one only can find the case m = 0. However, by
means of Lemma 4, one can extend this to all natural numbers m, m < s. O

Remark 5 The spaces with the norm defined by the expression in (61) are usually called
Slobodeckij spaces.
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