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Abstract In this paper, a class of an autonomous epidemic predator—prey model with delay
is considered. Its linear stability and Hopf bifurcation are investigated. Applying the normal
form theory and center manifold theory, the explicit formulas for determining the stability
and the direction of the Hopf bifurcation periodic solutions are derived. Some numerical sim-
ulations for justifying the theoretical analysis are also provided. Finally, main conclusions
are included.
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1 Introduction

After the seminal work of Volterra and Lotka in the mid-1920s, the dynamics properties
(including stable, unstable, persistent, and oscillatory behavior) of the predator—prey models
that have significant biological background have been one of the most active areas of research
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and have attracted great attention of many researchers. Many excellent and interesting results
have been obtained [4-6,10,12-14,18].

In 2009, Tian et al. [17] investigated the periodic and almost periodic solution of the
following non-autonomous epidemic predator—prey system with time delay:

?:((t) = X(Or1(1) —a(®)X (1) = b1 ()S) — ba() 1 ()],
St) =cO)Xt —1)S(t — 1) + SO[=r2(t) —di(O)(S(1) + 1 (1)) —e() ()], (1.1)
I(1) = 1(1)[e(r)S(2) — d2(0)(S(1) + 1(1))],

where X (¢) denotes the density of the prey, S(¢) and /() denote the density of the suscep-
tible predator and the infected predator, respectively; r;(#)(i = 1, 2) denotes the intrinsic
rate of natural increase, and the minus before r; () means that the susceptible predator is
dependent on the prey, that is, if there is no prey, then the predator will be extinct. a(t)
means coefficient of the density dependence, d;(#)(i = 1,2) means the competitive coef-
ficient between the predator, b; (t)(i = 1, 2) means the preying capacity for the suscepti-
ble and the infected predator, c(¢) means the relative preying capacity of the susceptible
predator, e(f) means the touching rate between the susceptible predator and the infected
predator, while 7 > 0 is the time required for the gestation of the susceptible predator.
a(t), bi(t), c(t),di(t), e(t), ri(t)(i = 1, 2) are continuous and strictly positive functions.

It is well known that the research on the Hopf bifurcation, especially on the stability of
bifurcating periodic solutions and direction of Hopf bifurcation, is one of the most important
theme on the population dynamics. To obtain a deep and clear understanding of dynamics
of predator—prey system with time delay, In the present paper, we go no to investigate the
model (1.1) under the following assumptions: the coefficients are independent of the time
of ¢, that is, r; () = ri, bi(t) = b;,di(t) = di(i = 1,2),a(t) = a,c(t) = c,e(t) = e,
and r;, b, d;, a, c,e(i = 1, 2) are all positive constants. Further, considering the biological
meaning of model (1.1), we think that the coefficient e(¢) in the second equation and the coef-
ficient e(¢) in the third equation of model (1.1) shall be different. So we denote the coefficient
e(t) in the second equation and the coefficient e(¢) in the third equation of model (1.1) by e
and e, respectively. Then, system (1.1) becomes the following autonomous predator—prey
system:

X(@) = X(0lr —aX (@) = b1S@) — bal (1],
$() = cXt =St =) + SO[-r2 =i (SO + @) —erl (D], (1.2)
[(t) = 10)][eaS (1) = da(S() + 1)),

The more detail biological meaning of the coefficients of the system (1.2) is same as that in
[17].

In this paper, we study the stability, the local Hopf bifurcation for system (1.2). We would
like to mention that there are a lot of papers on the Hopf bifurcation of predator—prey models
[1,3,9,16,19-24]. To the best of our knowledge, it is the first time to deal with the research
of Hopf bifurcation for model (1.2). We believe that our results obtained in this paper are a
good complement to the earlier publications about model (1.1).

The remainder of the paper is organized as follows. In Sect. 2, we investigate the stability
of the positive equilibrium and the occurrence of local Hopf bifurcations. In Sect. 3, the
direction and stability of the local Hopf bifurcation are established. In Sect. 4, numerical
simulations are carried out to support analytical findings. Some main conclusions are drawn
in Sect. 5.
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Bifurcation analysis of epidemic predator—prey model 25

2 Stability of the positive equilibrium and local Hopf bifurcations

In this section, we shall study the stability of the positive equilibrium and the existence of
local Hopf bifurcations.
It is easy to see that if the following condition:

(H1) 0< K <rq, e1 >di, ep > d>
holds, where

_n [didy + (di + e1)(e1 — d1)] + r2[b1da + ba(ex — d2)]
aldidy + (di + e1)(er —d)]+ clbidy + by(ex — dr)] ~

then system (1.2) has an unique positive equilibrium Eo(X*, $*, I'*), where

rildida + (dy + e1)(e1 — dy)] + r2[bida + ba(ex — d)]

X* = s
aldydy + (dy + ey)(ey — d)] + c[bidy + ba(e2 — d2)]
dy(ri — aX*) er —dy
§* = . I = 5*. @.1)
bidy + ba(ex — dr) dp

Let X(1) = X(t) — X*, St) = S(r) — S*, [ (t) = 1 (t) — I'* and still denote X (¢), S(), 1(¢)
by X (1), S(¢), I (), respectively, then (1.2) becomes

X(t) = mi X (1) +maS(t) +m3l (1) —aX?(t) — b1 X (1)S(t) — b2 X (1)1 (1),
S(t) = n1S@t) +nal (1) +n3X(t — 1) +ngS(t — 1)

—di1S2(t) — (dy + e)SHI (1) + cX(t — T)S(t — 1),
[(t) = 11S(t) + LI(t) + (e2 — d2) S (1) — o I (1),

(2.2)

where
my =r —2aX* —b1S* —boI*, my = —b1X*, m3 = —b, X*,
ny=—[diS* +r+da(S* +1*) + e1I*], ny = —(di +e1)S",
ny=cS*, my=cX*, i =ex—dy, h =38 = 2o 1" — drS™.

The linearization of Eq. (2.2) at (0, 0, 0) is

X (1) = miX (6) + maS(t) +m31 (1),
S(t) = S@) +nal (1) + n3X (t — 1) +naS(t — 1), (2.3)
1) =LSW) + L)

whose characteristic equation is
A+ A1A? + Aoh + A3 — (B1A® + Bah + B3) e T =0, (2.4)

where

Ay = —(my + 1 +ny),

Az = ni(my + ) +mily — lino,

Az = mnaly —mnila,

By = ny,

By = man3 — na(my + o),

B3y = mlong + mansly — monsly.
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26 C. Xu, M. Liao

Denote
P(A) =23 4+ A12% 4 Ash + A3, Q(A) = —(B1A%> 4 Bak + By).
Then, (2.4) takes the form
P(M)+ Qe ™ =0. (2.5)

In order to investigate the distribution of roots of the transcendental equation (2.5), the fol-
lowing Lemma is useful.

Lemma 2.1 [15] For the transcendental equation
P (e, e ) = 4 p Ot p@ a4 p0
n I:pil))\nfl Ft P,(,l,)l?» + p’(ql):l e 4L
+ [PY")A"_I o pMA+ p,(,’”)] e M =0,
as (11, 12, 13, - - ., Tiy) vary, the sum of orders of the zeros of P (A, e M e ) in the

open right half complex plane can change, if and only if a zero appears on or crosses the
imaginary axis.

For t = 0, (2.5) becomes
A4+ (A = BDA + (A2 — B)A + A3 — B3 = 0. (2.6)

A set of necessary and sufficient conditions for all roots of (2.6) to have a negative real part
is given by the well-known Routh—Hurwitz criteria in the following form:

(H2) (A1 — B1)(A2 — B) — (A3 —B3) >0, A3 — B3 > 0.

Assume that iw(w > 0) is a root of (2.5). Following the line of Beretta and Kuang [2], »
must be the solution of the system of equations:

. _ P(iw)
sinwt = Im (Q(iw)) R @7
P(iw) )
coswt = —Re (Q(iw)) ,

Namely, @ must be a positive root of the function
F(0) = |Po) - Qo). (2.8)

We denote the root of F'(w) = 0 by wg. Then, the characteristic roots A = =iy occur at the
delay values

G _ O+2jm
T =,
W

Jj=0,1,2,..., (2.9)
where 6y € [0, 27) is the solution of

. _ P(iwy)
sin @y = Im (Q(l.wk)) s

; (2.10)
_ P(iwy)
cosby = —Re (Q(i(uk)) .
Define
_ O _ . { (0)} _
=71, = min |t , = . 2.11
0= T T ey 1% @0 = @k @10

@ Springer



Bifurcation analysis of epidemic predator—prey model 27

In view of (2.8), we have
@® + (AT =245 — B}) 0* + (A} —2A1A5 + 2B B3 — B}) * + A} — B} = 0. (2.12)

Let z = w?, then (2.13) become

z3+r112+r2z+r3 =0, (2.13)
where
ri = A] — 24, — By,
ry = —A} —2A A5 + 2B By — B3,
r3 = A% — B32.
Denote

h(z) =2 +rz2 +rz+r; =0, (2.14)

where r =rp, — %rlz, q = %r? — %rlrz + r3. Then,

W (z) =322 +2riz+ 1. (2.15)

According to Beretta and Kuang [2], we derive

. dRe
sign | ———
& dt

(i)i| = sign |:dF(w) ] = Sign[h/(zk)], (2.16)
T=Tk'

dw W=wj

where ‘L',fj ) are the delay values (2.9) at which the characteristic roots A = =i wy (a)k = J7r >

0,k =1, 2, 3) occur. We assume that

(H3) ' (zx) # 0.

Without loss of generality, we assume that (2.14) has three distinct positive roots, say z1, 22, 23
such that

W) =21 <wy =22 < w3 = /73,

Since lim;_, 4« h(z) = 400, the only possibility for the signs of h/(z) at the roots zj is that
h(z1) > 0,h (z2) <0, h (z3) > 0. In the following, we assume that the 6, values are such
that

0 _ )

0 0 0
1:3(0) =2 < 12(0) =2 < 11(0) = w—l and T, 2

w3 w2
Then under the assumption (H3), it is easy to know that all the characteristic roots A of (2.5)

have ReX < 0 in the delay interval [0, 19 = 1'3(0)). Because of h/(z3) > 0, in the interval

0
(0 = 73

to h'(z2) < 0, will cross the imaginary axis toward negative real parts at T

, 12(0)) there will be two characteristic roots with positive real parts that, thanks

©) , whereas at

rl(o) ,because of h'(z1) > 0, other two characteristic roots cross the imaginary axis assuming
positive real parts. Similar analysis to 7’ 73/, /)
the results of Kuang [11] and Hale [7].

, we have the following Theorem 2.1 by
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Theorem 2.1 If (H1) and (H2) hold, then the equilibrium Eo(X™*, S*, I*) of system (1.2)
is asymptotically stable for T € [0, 19). In addition to the conditions (H1) and (H2), we fur-
ther assume that (H?3) holds, then the positive equilibrium Eo(X*, S*, I'*) is asymptotically

stable when
[0.0) U (2, <)
and unstable when
[13(0), 12(0)) U (rl(o), +oo) .
The stability switches occur at t3(0), 1_2(0) , 1_1(0) and system (1.2) undergoes a Hopf bifurcation
at the positive equilibrium Eo(X*, S*, I'*) when 1 = tk(j), k=1,2,3;j=0,1,2,ldots.

3 Direction and stability of the Hopf bifurcation

In the previous section, we have obtained conditions for Hopf bifurcation to occur when
T = rk(/), k=1,2,3;j=0,1,2,.... In this section, we shall derive the explicit formulae
for determining the direction, stability, and period of these periodic solutions bifurcating
from the positive equilibrium Eo(X*, S*, I*) at these critical value of 7, by using techniques
from normal form and center manifold theory [8]. Throughout this section, we always assume
that system (1.2) undergoes Hopf bifurcation at the positive equilibrium Eo(X*, $*, I'*) for
T = rk(j), k=1,2,3;j=0,1,2,...., and then £iwy are corresponding purely imaginary
roots of the characteristic equation at the positive equilibrium Eo(X™*, S*, I'*).

For convenience, let x1(t) = X (tt), xp(t) = S(tt), x3(t) = I(trt),and T = ‘L'k(j) + u,
where T]f/ ) is defined by (2.10) and & € R, then system (2.2) can be written as an FDE in
C =C(-1,0]), R?) as

x(t) = Lyuxe + f(u, x0), (3.1

where x(t) = (x1(1), x2(t), x3(1)T € C, and x,;(0) = x(t +60) = (x|t + 0),x2( +
0), x3(t +0)T e C, andL, :C — R, f: R x C — R are given by
mp  my  m3 #1(0)

L,p = (Tk(j) + M) 0 nm m $2(0)
0 I b $3(0)

, 0 0 0\ /éi(=1)
+ (r,f” + u) ny om0 | da(=1) 3.2)
0 0 0 d3(—1)

and
—~ag}(0) = big1(0)$2(0) — ba1 (0)¢3(0)

Fd) = (5 + 1) | =183 = (@ +eNd20¢3(0) + i (~Da (D | (33)
(2 = d2)$2(0)¢3(0) — 23 (0)

respectively, where ¢ (9) = (¢1(9), $2(9), ¢3(9))T € C.
From the discussion in Sect. 2, we know that if u = 0, then system (3.1) undergoes a
Hopf bifurcation at the positive equilibrium Eo(X*, $*, I'*) and the associated characteristic

equation of system (3.1) has a pair of simple imaginary roots :i:a)or,fj ),
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Bifurcation analysis of epidemic predator—prey model 29

By the representation theorem, there is a matrix function with bounded variation compo-
nents (0, n), 0 € [—1, 0] such that

<w¢=/ﬁm&umwxﬁx¢ec. (3.4)
In fact, we can choose
mp;  mp  m3
0w = (v +u) (0 m n | 50)
0 Iy I
“) ( n4 0 50+ 1), 3.5)
where § is the Dirac delta function.
For ¢ € C([—1, 0], R?), define
2400) ~1<6<0
A =10 3.6
W= [ dnes, wets),  6=0 (.6
-1
and
0 —-1<6<0
Ro = ’ — ? 3.7
i’ [ﬂm¢% 6=0. G-
Then (3.1) is equivalent to the abstract differential equation
Xr = A(W)x: + R()x, (3.8)

where x;(9) = x(t + 6), 6 € [—1, 0].
For ¢ € C([0, 11, (R?)*), define

o s € (0,1,

* _ 0
AV (s) = [ dnT @, 00y (=), s=0.
1

For ¢ € C([—1,0], R?) and ¥ € C([0, 1], (R?)*), define the bilinear form

0 6
<w¢>=$mm«»—/ /wf@—emmm¢@ma
Z1e=o

where 1n(0) = n(, 0), the A = A(0) and A* are adjoint operators. By the discussions in the

Sect. 2, we know that +iwgT, )

corresponding to i wg ‘Ck(j )

are eigenvalues of A(0), and they are also eigenvalues of A*

and zwoflij ) respectively. By direct computation, we can obtain

) )] 1
q@=@mmwwﬂ,¢m=Mawﬂ%MWﬁM=§,
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30 C. Xu, M. Liao

where
o — Blicwyg — b2)
I ’
= (iwog —mi)l
ma(iwy — 1) + m3l;’
% _ iwy + my
® = O
n3e—twotk
)
. miwg+my) — m3nze” 0w’
B = ] IT) ’
n3(iwo + l)e "%
_ . )
B = 1+aa* + Bp* + 1 a(nza* + nypr)e o .

Furthermore, < ¢*(s), g(0) >= 1 and < g*(s), g(0) >= 0.

Next, we use the same notations as those in Hassard et al. [8] and we first compute the
coordinates to describe the center manifold Cq at u = 0. Let x; be the solution of Eq. (3.8)
when pu = 0.

Define

2() =(q", xi), W(t,0) =x,(0) — 2Re{z(1)q(6)}. (3.9

on the center manifold Cyp, and we have

Wi, 0) =W(z(),z(t), 0), (3.10)
where
22 72
W(z(t),z(),0) =W(z,z) = Wzo(e)? + Wi 0)zz + W02(9)3 +---, (311
where
Wiy (6) Wy} @) Wy, (@)
W@ = | woe) |. wu@ =|wPe) |. W06 =] w3 ®)
W3 (6) Wiy @) e (6)

and z and 7 are local coordinates for center manifold C in the direction of ¢* and g*. Noting
that W is also real if x; is real, we consider only real solutions. For solutions x; € Cy of (3.8),

20 = iwor "z + G (0) (0, W(z. 2, 0)) + 2Relz(0)} X iwor "z + 3*(0) fo.

That is
. _ () >
2(t) =iwory 2+ g(z, 2),
where
3 22 _ 72 %7
g(z,2) = 820> +g11zz + g2~ + 82175~ R
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Hence, we have
8(z,2) = q*(0) fo(z,2) = f(0, x)

- Mr,ff)[ —(@+bia+b2f) +& [di + (dy + en)ap + cae‘”wmﬁ")]
+B* [(e2 — dr)ap — d2 %] ]z2 +2m7 ‘a + b1 Re{a} + by Re{B)
+&* [d> + (dy + e1)Re{aB) + cRe{a}] + B* [(e2 — do) Rel@p)} + da | BI?] ]ZZ
+Mc [a +b1d + by + & [d1 F(di + enap + c&e*ziwori”]ju,é* [(er—db)

xaﬂ+d2;32]]z + Mt (”’ [W§g>(0)+2wf}>(0)]+bl B&Wé}ﬁ(m

2
WL O + WP O]+ [dr (W) + 2w @) + @ +e)

1 1. 1
+- W0 +aWS ) + W (0)] + by [f BWSD(0) + sz(g) )

( BWse) (0) + oth(S) ©) + WY ©) +a W (0)
1_ . < S )
+e (Eae’ww’ Wy (1) + Eelefk’ Wig (=) + ae % WP (~1)
. (j _
et WP - 1) |+ [(6’2 —d) ( BWs5 (0) + a5 OBWT (0)
+aw® (0)) b (ﬂ w0) + 28 W(3)(0))] ]z2z +hot.
and we obtain
_ (]) — % iyt
g0 = 2M7, —(a+bia+bp) +a” [d + (d + eap + cae k

+B* [(e2 — dr)ap — d2B?],

en =2M7” [a + by Re{a} + byRe{B} + @* [da + (di + e1)Re{@p} + cRefa}]
+B* [(e2 — do)RefaB) + da| BI’] ]

go0 = 207 [a +1& + o+ 0 [di + (@) + e)Ff + cae % | + (e — )
<af +a:f7) |

@ = 2Mf,§f>[a (Wi © +2w{P ] + b [ awi () + - Wéﬁ) )
+aWD(0) + W<2)(0)] + by BBW D) + = W(3)(O) + W) + WG)(O)}
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_ 1, 1
o [dl (Wid © +2W(P @) + (@ +e) (EﬂWQS) (0) + 5@Wy (0) + W7 (0)
| S 1,70 iong )
+aW) ) +e (i&e'wﬂi’) Wi 1)+ e WD (1) + e Wi (-1
on ) - 1 1_
et W n) ] + [(ez —d) (iﬁwz%) (0) + 36 W3 OBW(} ()

+aW( () +d> (BWS ) +26W7 )] ]

For unknown W35 (0), W (0), W) (—=1), W (1), (i = 1,2,3;j = 1,2) in ga1, we
still need to compute them.
From (3.8) and (3.9), we have

' [ AW —2Re{G*(0)fq(0)},  —1<6 <0, dgr i
"= [ AW —2Re[g*(©0) fq@) + f, 6=0 AW THELO. G
where
z? 72
H(z,z,0) = HZO(Q)? + H11(0)zz + H()z(@)? NI (3.13)

Comparing the coefficients, we obtain

—Hyy(60), (3.14)
—H;1(0). (3.15)

(A — Zitk(j)a)()) Woo
AW11(0)

We know that for 6 € [—1, 0),
H(z,Z,0) = —3*(0) foq(®) — ¢*(0) /oG (0) = —g(z.2)q(®) — (z,2)3(0). (3.16)
Comparing the coefficients of (3.16) with (3.13) gives that

H(0) = —g20q(0) — 8024 (0). (3.17)
Hi1(0) = —g119(0) — 8119(0). (3.18)
From (3.14, 3.17) and the definition of A , we get

Wao(8) = 2oty Wao(6) + 2204 () + €623 (6). (3.19)

)
Noting that ¢ () = q(O)e’“’Orkj ? we have

j S () i g ) )
Wao(0) = lgz(oj)q(O)e’“’Ofkj o4 zgoz(/) é(O)e"“’O’kj 0 4 Ejedoon’0, (3.20)
@OT;, 3woTy
T
where E| = (Efl), Eiz), EP)) € R3 is a constant vector.
Similarly, from (3.15, 3.18) and the definition of A, we have
Wi1(0) = g119(0) + g113(0), (3.21)
j ) | g )
Wi ©) = ——E g0 + “Elgo)e i’ 1 By, (3.22)
workj a)o‘L’kj

T
where Ep = (Eél), Eéz), E§3)) € R3 is a constant vector.
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In what follows, we shall seek appropriate E1,E> in (3.20, 3.22), respectively. It follows

from the definition of A, (3.17) and (3.18) that
0

/dn(G)Wzo(G) = 2!0)0 D' Wao(0) — Hao(0)
5
and
0
/dfl(Q)Wu(@) = —H1(0),
e
where 7(8) = (0, §).
From (3.12), we have
Hao(0) = —g204(0) — 2024 (0) + 2t (Hy, Hy, H3)"
Hy1(0) = —g119(0) — g11(0)g(0) + 25 (P1, P2, P3)" |
where
Hy = —(a+bia+bap),
Hy = — [dl + (dy + epap + cae_Zi“’O”fj)] ,
H = (e2 — da)ap — da’,
Py = a+ b1 Re{a} + byRe{p},
Py = dy + (di + e1)Re{aB} + cRe{a},
= (e2 — d2)Re(aB) + da| BI*.
Noting that
0
it 1 — / ¢ 0dn0) ) ¢(0) =0,
5
0
—iwor 1 —/e"“’of/ij)edn(e) G0 =0
5
and substituting (3.20) and (3.25) into (3.23), we have
0
2iwyr 1 —/eszfﬂk(”@dn(e) Ey =217 (Hy, Hy, Hs)T .
e
That is
2iwo — m —my —m3
—n3ef2i“’0’l£j) 2iwg —ny — n4672i“’°f1ij) —ny Ey\ = 2(Hy, Hy, Hy)".
0 -0 2iwg — I
It follows that
O AU po_Au e Al

AT T A N

(3.23)

(3.24)

(3.25)
(3.26)

(3.27)
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where
2iwy — m —my s
Ap =det | —pye=20n” 2iwy —ny — nge= 20w’ _p, ,
0 —h iwy — I
H —my —m;
Ay =2det | Hy, 2iwy—ng — n4e*2iw0fk(j) . ,
Hy —I 2iwy — b
2iwpg —my Hy —mj
Ay =2det [ —nse 20’ py —n, ,
0 Hs 2iwg—1b
2i(1)0 —mq —my Hl
Aps = 2det [ —pse=20n” 2iwy — ny — nge~20n”  H,
0 -1 H,

Similarly, substituting (3.21) and (3.26) into (3.24), we have

0

/dn(0) Ex =27 (P, P, P3)T,.
—1

That is
m; mp ms
ny ni+ns ny | Ex=2(-P,—P,—P3)".
0 Ir
It follows that
A A A
EN =22 g2 g0 S8 (3.28)
Ao A»> Ao
where
mp ms ms3
Ay =det| n3y ny+ng ny |,
0 L I
—P; mp m3
Ay =2det| —P, ni+ng4 ny |,
—-P3 153

mp —Pp m3
Ay =2det|{ n3 —P, ny |,

0 —-P3 I

mp mp —P
Ayy =2det| n3 ni+ng —P

0 L —Ps
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From (3.20,3.22,3.27) and (3.28), we can calculate g5 and derive the following values:

i g2 |, 821
a0 =—¢q (gzogn —2lgnl* - + 2
Za)o‘fk 3 2
Re{c1(0)}
M2 =

" Re (e
B2 = 2Re(c1(0)),
Im{c1(©) + patm {2/ ()}

o ‘Ck(j )

1

These formulaes give a description of the Hopf bifurcation periodic solutions of (3.1) at
T = ‘L’k(]), k=1,2,3;j =0,2,3,...) on the center manifold. From the discussion above,
we have the following result:

Theorem 3.1 The periodic solution is supercritical (subcritical) if uy > 0(u2 < 0); the
bifurcating periodic solutions are orbitally asymptotically stable with asymptotical phase
(unstable) if B < 0(B2 > 0); the periods of the bifurcating periodic solutions increase
(decrease) if T» > 0(T» < 0).

Remark 3.2 A tT-periodic solution of (3.1) is a T-periodic solution of (2.2).

4 Numerical examples

In this section, we present some numerical results of system (1.2) to verify the analytical
predictions obtained in the previous section. From Sect. 3, we may determine the direction
of a Hopf bifurcation and the stability of the bifurcation periodic solutions. Let us consider
the following system:

X(t) = X()[2 — 0.5X(t) — 0.65(t) — 0.821 (1)],
S =2X(@t — )8t — 1) + S(O[-3 — 0.4(S®) + 1 (1)) + 0.91(1)], 4.1
1) = IO[4S(1) = 2(S@) + 1)),

which has a positive equilibrium Eo(X*, S*, I*) ~ (1.4559,0.8818,0.8818) and sat-
isfies the conditions indicated in Theorem 2.1. When t = O, the positive equilibrium
Ep ~ (1.4559,0.8818,0.8818) is asymptotically stable. Take j = 0, for example, by
some complicated computation by means of Matlab 7.0, we get wy ~ 0.8940, 19 =~
0.2551, k/(To) ~ 1.0038 — 6.7531i. Thus, we can calculate the following values:

c1(0) &~ =2.1230 — 6.1422i, pup, ~2.1150, B~ —4.2460, T, ~ 89.5441.

Furthermore, it follows that ;1> > 0 and > < 0. Thus, the positive equilibrium Ey ~
(1.4559, 0.8818, 0.8818) is stable when t < 19 as is illustrated by the computer simulations
(see Fig. 1). When t passes through the critical value tg, the positive equilibrium Eg &
(1.4559, 0.8818, 0.8818) loses its stability and a Hopf bifurcation occurs, that is, a family of
periodic solutions bifurcate from the positive equilibrium Ep ~ (1.4559, 0.8818, 0.8818).
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Fig. 1 Behavior and phase portrait of system (4.1) with T = 0.08 < 79 ~ 0.2551. The positive equilibrium
E(y ~ (1.4559, 0.8818, 0.8818) is asymptotically stable. The initial value is (0.5,0.5,0.5)

Since py > 0 and B < 0, the direction of the Hopf bifurcation is t > 79, and these bifur-
cating periodic solutions from Egp &~ (1.4559, 0.8818, 0.8818) at 7( are stable, which are
depicted in Fig. 2.

5 Conclusions

In this paper, we have investigated local stability of the positive equilibrium Eo(X*, $*, I*)
and local Hopf bifurcation in an autonomous epidemic predator—prey model with delay.
We have showed that if the conditions (H1) and (H2) hold, the positive equilibrium
Eo(X*, S*, I'") of system (1.2) is asymptotically stable for all T € [0, tp). This means
that the density of the prey, the density of the susceptible predator and the infected pred-
ator will tend to be stable, that is, the density of the prey, the density of the susceptible
predator and the infected predator will tend to X*, §*, I'*, respectively, for all t € [0, 19).
Under the conditions (H1) and (H2), if the condition (H3) holds, as the delay t increases,
the positive equilibrium loses its stability and a sequence of Hopf bifurcations occur at the
positive equilibrium Eo(X*, S*, I'*), that is, a family of periodic orbits bifurcates from the
the positive equilibrium Eo(X™*, $*, I*). This shows that the density of the prey, the den-
sity of the susceptible predator and the infected predator may keep in an oscillatory mode
near the positive equilibrium Eo(X*, S*, I*). Applying the normal form theory and the cen-
ter manifold theorem, the direction of Hopf bifurcation and the stability of the bifurcating

@ Springer



Bifurcation analysis of epidemic predator—prey model 37

3 2
1.8
25 1.6
1.4
2 1.2
< @ !
1.5 0.8
0.6
1 0.4
0.2
0.5 0
0 50 100 150 200 250 0 50 100 150 200 250
t t
2
1.8
1.6 2
1.4 1.5
12 = 1
= =
! 0.5
0.8
0
0.6 >
3
0.4
0.2 _ T 15
0 50 100 150 200 250 S(t) 0 05 X(t)

t

Fig. 2 Behavior and phase portrait of system (4.1) with ¢ = 0.3 > 79 &~ 0.2551. Hopf bifurcation occurs
from the positive equilibrium Eqg =~ (1.4559, 0.8818, 0.8818). The initial value is (0.5,0.5,0.5)

periodic orbits are discussed. A numerical example verifying our theoretical results is also
included.
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