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Abstract We extend the recent existence result of Dal Maso and Lazzaroni (Ann Inst
H Poincaré Anal Non Linéaire 27:257-290, 2010) for quasistatic evolutions of cracks in
finite elasticity, allowing for boundary conditions and external forces with discontinuous
first derivatives.
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0 Introduction

The purpose of this paper is to generalize a recent result [10], concerning the quasistatic
evolution of cracks in finite elasticity, in order to cover the case of boundary conditions and
external forces that are not smooth in time or space.

The physics of the problem relies on Griffith’s principle [ 19] that the propagation of a crack
is the result of the competition between the elastic energy released when the crack opens and
the energy spent to produce new crack. The elastic body is represented by a bounded open
set 2 C R", and the state of the system is described by a pair of variables (u, I'), where u
is the deformation of §2 and I is the crack. The internal energy is defined as
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166 G. Lazzaroni

EM Gy, Ty = W) + K(I), 0.1

where IC(I") is the energy dissipated to open the crack I', and W(u) = f_Q W(Vu(x))dx
is the elastic energy stored in the body under the deformation u; it depends on the strain
Vu, according to the hypothesis of hyperelasticity. The body is subject to external forces,
dependent on the time instant ¢ € [0, 1], with potential £'(¢, u). Hence, the total energy is

E(t,u, T) = EMu, I') — %4, u). 0.2)

Moreover, a time-dependent boundary condition u = ¥ (¢) can be imposed on a part of 9£2.

The variational model, developed by Francfort and Marigo [15], is based on a process of
time discretization, which gives rise to some incremental problems, solved through global
minimization. In particular, the crack path need not be prescribed a priori, but it is determined
by the energy criterion. For an account of the results obtained on this argument, we refer to
[5].

In the first existence theorems in the literature, 2 is contained in RZ, the crack
I' is supposed to be a closed set, and the deformation u is represented by a Sobo-
lev function on the domain $2\I": this was studied by Dal Maso and Toader [12] and
Chambolle [7]. Instead, in the formulation of Francfort and Larsen [14], the functional set-
ting for the deformation is the space of special functions of bounded variation SBV (£2),
while the crack is a rectifiable set containing the jump S(u): this allows them to consider
the case of arbitrary space dimension. All these results were obtained in the case of linear-
ized elasticity, when W(A) = |A — 1 |2. They were generalized by Dal Maso et al. in [9],
where the energy density W is only assumed to be a quasiconvex function with a condi-
tion of polynomial growth of the type c |A|? < W(A) < C|A|? (here, ¢,C > 0, and
p> 1.

The usual hypothesis in finite elasticity is that the strain energy diverges as the determinant
of the deformation gradient vanishes:

W) =400 if detVu <0 and W(u) — +oo if det Vu — 0. 0.3)

This ensures the “physical” feature that the deformations with finite energy preserve orien-
tation, 1.€.,

det Vu(x) >0 forae.x € £2. 0.4)

Unfortunately, (0.3) is incompatible with polynomial growth, which is a basic tool in the
above mentioned articles for proving semicontinuity and controlling energy from above. The
previous results were extended in [10] under some general assumptions compatible with
finite elasticity, introduced in Ball [4], Francfort and Mielke [16], and Fusco et al. [17].

In [10], we work in spaces of SBV functions, thanks to the hypothesis that the body
2 is confined in a compact set K C R" where all the deformations take place. We
prove the existence of quasistatic evolutions ¢ +— (u(t), I'(¢)) minimizing (0.2) and
satisfying an energy-dissipation balance law, which states that the time derivative of
the internal energy Emty(r), I' (1)) equals the power of the external forces (¢, u(z)).
These are the two fundamental properties of the variational approach to rate-indepen-
dent processes introduced by Mielke (see [21] and the references therein). Moreover,
a strong non-interpenetration requirement, called Ciarlet-Necas condition [8], can be
imposed on the solutions, which not only preserve orientation as in (0.4), but are glob-
ally invertible, too; this property was studied in the SBV context by Giacomini and
Ponsiglione [18].
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Quasistatic crack growth in finite elasticity with Lipschitz data 167

The key point for the energy estimates is replacing polynomial controls by a bound from
above which is compatible with (0.3): namely, we suppose that for every A € GL;

|[ATDAW (A)] < ey (W(A) + ), (0.5)
where c(v)v > 0 and c}/V > 0 are two constants. The multiplicative stress estimate (0.5) is
well studied in mechanics [4]; in order to exploit it, we use a method introduced in [16] and
manipulate the solutions in a multiplicative way. More precisely, we look for minimizers to
(0.2) of the form

u=1vy({)oz, 0.6)

where z coincides with the identity function on the Dirichlet part of d€2. This can be done
provided that the boundary datum v (¢) is extended to a function defined on the whole set K
(which contains €2) and is a diffeomorphism of K onto itself.

Following [16], in [10] we suppose both v/ (¢)(x) and its spatial gradient V() (x) to be
of class C!in (¢, x), and the same for the spatial inverse ¢ (r) := ¥ (f)~!. These hypotheses,
which were made for the sake of simplicity, are not satisfactory for two reasons:

e the spatial smoothness is a strong requirement (while the solutions are only SBV);
e the class of data is not invariant under Lipschitz time reparametrizations.

In the present paper, we assume that ¥, ¢ € W1’°°([O, 1; whe (K; K)), which implies they
are Lipschitz in both variables, but not necessarily C! (see Sect. 1.7 for the detailed definition
of this space). Hence, we consider a wider class of data, which is invariant under Lipschitz
reparametrizations of time: this is important from the point of view of rate-independent
processes.

Due to the lack of regularity, the chain rule is non-trivial when deriving (0.6): indeed, if z
is SBV it may happen that the counterimage through z of the set of points of non-differen-
tiability of v (¢) is a set of positive measure. This does not occur in our case because det Vz
is a.e. positive, as well as det Vu (see Remark 1.2 and Lemma 2.1 for the details). Notice
that this property follows from (0.4) and does not require global invertibility.

Following [9], in this work we introduce also volume and surface forces (£°*' in (0.2)),
which were not present in [10]. As we employ the multiplicative splitting (0.6), the minimal
hypotheses on the external forces are strictly related with those on the boundary data. The
assumptions we make here (see Sect. 1.6) are compatible with Lipschitz reparametrizations
of time; moreover, they hold in the case of dead loads (Example 1.1).

The multiplicative splitting method leads us to an alternative formulation of the problem,
where the time dependence of the boundary conditions is transferred to the volume energy
terms (see Sect. 2.2). As in [10], we are interested in incrementally approximable quasistatic
evolutions (Definition 3.2). The proof of the global minimality and of the energy balance
(Theorem 3.3) requires some remarks about the consequences of (0.5), stated in Sect. 2.3,
and some results concerning the approximation of Lebesgue integrals with Riemann sums
(Lemmas 3.2 and 3.3).

The structure of the article is the following. In Sect. 1, we introduce the hypotheses on
the geometry of the body, on the strain energy, on the external forces, and on the prescribed
deformations. In Sect. 2, we present the multiplicative splitting method and the auxiliary for-
mulation with time-independent boundary data, with the properties of the energy terms after
the change of variables (0.6). Section 3 is devoted to the definition of quasistatic evolution
and to the proof of the main results.
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168 G. Lazzaroni

1 Setting of the problem
1.1 Notation

Throughout the paper, n > 2 is fixed; the symbol - stands for the Euclidean scalar product on
R™ and |-| for the corresponding norm. The n xn real matrices are denoted by M"*", the ones
with positive determinant by GL;', and the rotation matrices by SO,; the symbol I stands
for the identity matrix. The space M"*” is endowed with the scalar product A : B := tr ABT;
we denote by || the corresponding norm. Given A € M"*", we define adj; A as the vector
composed of the minors of A of order ;.

We call modulus of continuity a non-decreasing function w: [0, 1] — [0, 4-00), such that
w(h) - 0ash — 0.

Henceforth, £" is the Lebesgue measure in R”, while H"! is the (n—1)-dimensional
Hausdorff measure. The expression almost everywhere (a.e.) refers to L unless otherwise
specified. Given two sets A and B in R”, we say that A C B when H"~!(A\B) = 0 and
that A = B when H"~!(A A B) = 0, where A A B stands for the symmetric difference
(A\B) U (B\A).

We refer to [2] for all the following definitions. For a bounded open set U C R" and
m > 1, BV(U; R™) is the space of functions of bounded variation and SBV (U; R™) the
subspace of special functions of bounded variation. The symbol Du stands for the gradient
of u, |Du| (U) for its total variation, Vu for its absolutely continuous part, and D/ u for its
Jjump part. We denote the jump set of u by S(u) and its unit normal vector field by v,. For
p > 1, we consider the subspace

SBVP(U; ]Rm) = {u € SBV(U: Rm): Vu e LP(U; men)}’

endowed with the norm
1

||u||Sva(U;Rm) Z:/|M| dx + /|Vu|p dx +|DI/{|(U)
U U

In SBV?(U; R™), we provide the following notion of weak™* convergence.

Definition 1.1 A sequence uy converges to u weakly*in SBVP(U; R™) if

ug,u € SBVP(U; R™);

Uy — u in measure;

lu |l oo (7. gmy is bounded uniformly with respect to k;
Vuy — Vu weakly in L? (U; M™*");

H ! (S(ux)) is bounded uniformly with respect to k.

1.2 The geometry of the body

As in [10], we will consider the deformations of an elastic body, whose reference configura-
tion is the closure §2 of a bounded open set 2 C R”. We suppose that 2 C K, i.e., the body
is confined in a container K, the closure of a bounded open set. The body has a brittle part
2 p, the closure of an open subset 2 of £2. We fix an open set £2p with 2 C 2p C K: the
set 2p\§2 is an unbreakable body, whose deformation is known, in contact with £2. We will
assume that K, 2p, £2, and §2 have Lipschitz boundaries. The Dirichlet part of the bound-
ary of 2 is dp§2 := 082 N 2p, while dy §2 := 3§2\dp 2 is the Neumann part. Moreover, a
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Quasistatic crack growth in finite elasticity with Lipschitz data 169

surface force is acting on a closed set dg§2 C dy §2. We need a technical requirement:
§Bﬂ309 =@ and 530359 =, (1.1)

this means that $2\£2 g is a layer of unbreakable material where the surface deformations
are impressed. We refer to [10] for further comments.

1.3 Admissible cracks and deformations

The state of the system is described by a pair of variables (u, I'), where u is the deformation
of the domain and I is its fracture. More precisely, the admissible cracks of §2 are given by

R = [r: countably (H"~!, n—1)-rectifiable, I' C 25 N 2p, K"~ (I')< + oo} . (1.2

while the deformations of §2p are represented by functionsin SBV (£2p; K), which is defined
as the set of functions u € SBV (£2p; R") such that u(x) € K for a.e. x € 2p. The defor-
mation and the crack are related by the inclusion S(«) Cr.

Furthermore, we require a condition of non-interpenetration of matter in the sense of
Ciarlet and Necas [8]; the definition was proposed in [18].

Definition 1.2 A function u € SBV (£2p; K) satisfies the Ciarlet-Necas non-interpenetra-
tion condition if the following hold:

(CN1) u preserves orientation, i.e., for a.e. x € £2p,det Vu(x) > 0;
(CN2) u is a.e.-injective, i.e., there exists a set N C §2p, with £L"(N) = 0, such that u is
injective on 2p\N.

In the following remarks, we state some consequences of (CN1), which will be funda-
mental in the sequel.

Remark 1.1 Arguing as in [18], one can see thatif u € SBV (£2p; K) satisfies (CN1), then
forany E C £2p

/ldetVu| dx =/m(ﬁ,y,E)dy, (1.3)
E Rn

where
m(i, y, E) := card{x € E: ii(x) = y},

while u is a representative of # which coincides with the approximate limit of # on the set of
points of approximate differentiability and is zero elsewhere.

Remark 1.2 Tt is possible to prove that, if u satisfies (CN1) and £"(F) = 0, then
Lu Y (F) =0 (independently on the choice of the representative of u).

Indeed, by (CN1) and (1.3) with E = i L(F), we get LY (F)) = 0 (i is the repre-
sentative of u introduced in the previous remark). If  is another representative of u, a—l(F)
differs from i~ (F) by a set of null measure, so £" (@ Y (F)) =0, too.

Remark 1.3 Every function u satisfying (CN1) has the following property: given a measur-
able set M, the preimage u ! (M) is measurable.

Indeed, we can write M = B U My, with B Borel and M negligible; then, u1(B) is
measurable and, by Remark 1.2, u~1(My) has null measure. This implies that ut(M) =
u~Y(B) Uu~1(My) is measurable.
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170 G. Lazzaroni

The prescribed deformation of £2p\£2 is given by a function v € W1 (2p\2; K). The
Dirichlet condition takes the form u =  a.e. in £2p\§2; on dp£2 the equality u = ¥ is
satisfied in the sense of traces, because by (1.1) u is of class W!! in the neighbourhood
2p\R2p of Ip2 (recall that S(u) cr ). We refer to [10] for further comments.

The admissible deformations, corresponding to a crack I € R and a Dirichlet datum
v e WhH(2p\2; K), are

AD(W, T): = [u € SBV(2p: K): u satisfies (CN1), (CN2),
ulgpa =V and S@) E T} (1.4)

Ateach time ¢ € [0, 1], given ¢ and I, we are looking for deformations u € AD(y, I")
minimizing the total energy

Et,u, T) := &%, u) + K(ID), (1.5)
with
ENt,u) = W) — G(t,u) — S(t, u), (1.6)

where W represents the bulk energy, K is the energy spent to produce the crack, G is the
potential of the volume forces, and S is the potential of the surface forces. Their properties
are stated in the following sections.

1.4 Bulk energy

We quote from [10] the hypotheses on the bulk energy, which were presented in [4,16,17].
They are compatible with the setting of finite elasticity, in particular with the case of Ogden
materials (see [10, Example 1.8]).

The bulk energy on §2 of any deformation u € SBV (2p; K) is

W) = / W(x, Vu(x)) dx, (1.7)
Q

where W: 2 x M"™*" — [0, +00] satisfies the following properties:

(WO0) Frame indifference: for every (x, A) € 2 x M"*", W (x, QA) = W(x, A) for every
0 € SO0y;

(W1) Polyconvexity: there exists a function W: 2 x RT — [0, +0c] such that x >
W(x, &) is L"-measurable on §2 for every § € R", & — W(x, &) is continuous and
convex on R” for every x € £2, and W(x, A) = VT/(x, M(A)) for every (x, A) €
£2 x M, where M(A) := (adj; A4, ..., adj,A) is the vector (of dimension 7 :=
71 + - - - + 1,) composed of all minors of A;

(W2) Finiteness and regularity: for every x € £2 we have W(x, A) < +oo if and only if
A € GL;; moreover, A — W (x, A)is of class C! on GL;".

Furthermore, we require that there exist a function c%, € LL(SZ), some constants Cév > 0,
ﬂOW >0, ﬂév, o, /3{}V > 0 and some exponents pi, p2, ..., Pn, such that for every x € 2
the following hold:

(W3) Bound at identity: we have W(x, I) < c(‘),v (x);

@ Springer



Quasistatic crack growth in finite elasticity with Lipschitz data 171

(W4) Lower growth condition: for every A € M"*"

n
Wx, A) = > Bl |adi; A" — BY.
j=1

Pi

with p1 > 2, p; > p == JF5

(W5)  Multiplicative stress estimate: for every A € GLF

forj=2,...,n—1,and p, > I;

|ATDAW (x, A)| < cly (W(x, A) + (1)) 5

(W6) Continuity of Kirchhoff stress: for every ¢ > 0, there exists 6 > 0, independent of x,
such that for every A € GL;} and B € GL;} with |B —I| < §

|DAW (x, BA) (BA)T —DyaW(x, A) AT| <& (W(x, A) + )y (x)) .

Henceforth, we will set p := p;.

Remark 1.4 1f a deformation u € SBV (£2p; K) is such that W(u) < 400, then by (W2) u
preserves orientation as in (CN1); moreover, by (W4) u belongs to the space SBV? (2p; K).
Hypotheses (W1) and (W4) guarantee the semicontinuity of W with respect to the weak™*
convergence in SBV?(2p; K), thanks to [17, Theorem 3.5]; see also [10, Theorem 3.1].
Properties (W5) and (W6) will be used for the proof of the global stability and of the energy
balance. Notice that (W6) can be avoided in the case of a pure Neumann problem (or in the
case of a Dirichlet problem with time-independent boundary conditions): see [11] for the
details.

1.5 The crack energy and the o ”-convergence

In this section, we define the energy spent to produce a crack and highlight its semicontinuity
properties. Beforehand, we give a notion of convergence in the set of admissible cracks,
introduced in [9].

Definition 1.3 A sequence 'y o?-convergesto I' if I, and I are contained in £2p, H ! (Iy)
is bounded uniformly with respect to k, and the following conditions are satisfied:

e if u; converges weakly* to u in SBV?(£2p) and S(u;) - Tk, for some sequence k; —

o0, then S(u) cr;
e there exist a function u € SBV?(£2p) and a sequence uj converging to u weakly™* in
SBVP(82p) such that S(u) = I" and S(ug) C I} for every k.

According to Griffith’s theory [19], we assume that the energy spent to produce the crack
I' € R is given by

K(r) = /K(x, vr(x) dH" " (x), (1.8)
r

where v is a unit normal vector field on I" and «: (25 N 2p) x R” — Risa locally
bounded Borel function. We suppose that

(K1) for every & > 0O there exists an open set A of 1-capacity C1(A) < & such that
x — k(x, v) is lower semicontinuous on (25N 2p)\A for every v € R",
(K2) v k(x,v)isanormonR" forevery x € 25 N 2p,
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172 G. Lazzaroni

(K3) «1|v| < k(x,v) < ko |v| forevery (x,v) € (2 N 2p) x R",
for some constants k1 > 0 and «; > 0. As a consequence, we have
K HN ) < K(D) < g N, (1.9)

To simplify the exposition of auxiliary results, we extend « to £2p x R” by setting « (x, v) :=
k2 |v|if x € 2p\£2p, and we define (1) by (1.8) for every countably (H" !, n—1) recti-
fiable subset I" of R”.

The crack energy is lower semicontinuous with respect to the o ”-convergence: this fact
can be deduced by [1, Theorem 3.3], adapting the result as in [9, Theorems 2.8 and 4.3].

Theorem 1.1 (Semicontinuity) Let « satisfy (K1-3), let Iy, Ik, and I' be countably
(H" ', n—1) rectifiable subsets of 2p with H"~'(I'y) < o0, and let E be an H" -
measurable set with "' (E) < 4o00. If I, oP-converges to I, then

/ k(x, V) dH" ' (x) < lim inf / i (x, ve) dH (), (1.10)
— 00
(FUI)\E (I UI)\E

where v and vy are unit normal vector fields on I" U Iy and Ty, U I, respectively.

1.6 Forces

The body is subjected to a conservative volume force, depending on time, with potential
G:[0,1] x £2 x K — R. We suppose that for every t € [0, 1], (x,y) — G(t,x,y) is
L (£2)-measurable in x and continuous in y, so that we can define the work of the body force
under any deformation u € L*(£2; K)

G(t,u) :=/G(t,x, u(x))dx. (1.11)
2

As for the regularity in time and space, following [9] we prefer to prescribe hypotheses on
the functional G rather than on the integrand G. We assume that there is an exponent ¢ > 1
such that the following hold:

(G1l) there is a constant ¢ > 0 such that, for every ¢ € [0, 1], every u € L*°($2; K), and
every v, w € L°°(§2; R") such that u+v, u4+w, u+v+w € L*°(£2; K), we have
|G, w)| < cq,
|g(tv M+U) - g([7 M)| <cG ||U||Lq >
G, u+v+w) — G(t, u+v) — G, u+w) + G(t, u)| < cg vllpe lwllpa s
(G2) thereis a function ag € L}‘_([O, 1]) such that for every #1, t; € [0, 1] with #; < f, and
every u € L*(£2; K)
[5)
|G(t2, u) — G(t1, u)| < /aG(S)dS;
n
(G3) thereis a function bg € LL_([O, 1]) such that for every ¢, t, € [0, 1] with#; < 1, and
every ui, us € L*°(82; K)
n
|G(t2, u1) — G(t1, u1) — G(t2, uz) + G(t1, u2)| < /bG(S)dS luy — uzllpa .

n
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In the previous formulas, the symbol |[|-||;4 stands for ||-[|z¢(e.gn). Thanks to (G2), the
function ¢ +— G(z, u) is absolutely continuous on [0, 1] for every u € L°°(§2; K), so that
D,G(t, u) is defined £!-ae.; hence, (G3) is equivalent to requiring that for every ui, up €
L*>(2; K)

ID:G(t, u1) — DyG(t, u2)| < bg (1) luy — uzllpa(@pny for L'—a.e. t€[0,1],

where b () denotes the approximate limit of b at the Lebesgue points. Analogously, (G1)
provides estimates on D, G and D%g, if they exist.

We impose also a boundary force, with potential S: [0, 1] x 39582 x K — R, (H"~!-
measurable in the second variable and continuous in the third), so that the work of the surface
force for a deformation u € L!(3562; K) is

S(t,u) := / S(t, x, u(x)) dH" 1 (x). (1.12)
L,
We impose these conditions on S:
(S1) thereis a constant cg > 0 such that, for every ¢ € [0, 1], every u € L*°(9s82; K), and
every v, w € L>®(3582; R") such that u+v, u+w, u+v+w € L*(ds82; K)
IS, u)| < cs,
IS, utv) — S, u)| < csllvllpa,
IS, utv+w) — S, u+v) — S, u+w) + S, u)| < csllvllpe lwllpq s
(S2) there is a function ag € L_L([O, 1]) such that for every #1, t, € [0, 1] with t; < #, and
every u € L*(3582; K)
9]
1S, ) — S(t1, )| = / as(s) ds;
1
(S3) there is a function bg € LL([O, 1]) such that for every ¢, > € [0, 1] with #; < t; and
every uj, uy € L*(9582; K)
2]
|S(t2, u1) — S(t1, uy) — S(ta, uz) + S(ty, uz)| < /bS(S)dS luy —uzllpq -
n
In the previous formulas, the symbol [|-|| ;4 stands for ||| L4 (g402:rn)- Also in this case, the
function 7 > S(¢, u) is absolutely continuous on [0, 1] for every u € L>®(d552; K), and the
time derivative exists £!-a.e. o
Notice thatifu € AD(yr, I') for some ¥ € Wl"gZD\.Q; K) and some I" € R, since by
(1.1) u is of class Wh! in the neighbourhood £2p\£2 p of 9552, one can define its trace on

ds£2. Moreover, by the confinement condition, the trace takes values in K, so that S(¢, u) is
well defined.

Remark 1.5 In the case of a pure Neumann problem (or in the case of a Dirichlet problem
with time-independent boundary conditions), the last estimates of (G1) and of (S1) can be
avoided: see Sect. 2.4 for the details.

Remark 1.6 1f (G1-3) and (S1-3) are satisfied for an exponent g, then they hold even substi-
tuting ¢ with any r > ¢. So, the bigger is the exponent, the weaker are the assumptions.
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174 G. Lazzaroni

Remark 1.7 Properties (G1-3) are satisfied if we assume the following requirements on the
integrand G (¢, x, y):

e there exists a non-negative function (xé € L(£2) such that for every (¢, x,y) € [0, 1] x
2 xK

IG(t, x, )| < ag(x);

4
e there exists a non-negative function aé € La-1(£2) such that for every (¢, x,y) €

[0, 1] x £2 x K and every y’ € R” such that y+y' € K

|G(t,x, y+y) = G(t,x, y)| < ag(x) [y

s

. . . 4
e there exists a non-negative function ag; € L4-2(£2) such that for every (¢, x,y) €

[0, 1] x £2 x K and every y’, y” € R" such that y+y’, y+y” € K

|G(t,x, y+y'+y") = G(t, x, y+Y) = G(t, x, y+y") + G(t, x, y)| < e (0) || [y"];

s

e there exists a non-negative function oz4G e LY([0, 1]; L'(£2)) such that for every (x, y) €
2 x K and every t1, 1 € [0, 1] witht; < 1o

n
|G(t2, x,y) — G (11, x, y)| < /aé(s)(x)ds;

1

e there exists a non-negative function a% e L0, 17; quj(.Q)) such that for every
(x,y) € 2 x K, every t1,1p € [0,1] with t; < 1, and every y' € R" such that
y+y € K

[5)
|G(r2, x, y+y") — G(t1, x, y+Y') — G(t2, x, y) + G(11,x, y)| < yy’y/ag(s)(x)ds.
1

Analogous hypotheses can be made on S(¢, x, y).

Example 1.1 The properties we assumed are compatible with the case of dead loads, where
the density of the forces per unit volume in the reference configuration does not depend
on the deformation. Let r > 1; if g(z,-) € L"(£2;R") and s(¢,-) € L"(ds$2; R") are
the densities of the body and surface force at time ¢, we set G(t, x, y) := g(¢,x)-y and
S(t,x,y) :=s(t,x)-y. If we suppose that r — g(z,-) and t — s(¢, -) are absolutely con-
tinuous into L (£2; R") and L" (d5$2; R"), respectively, then (G1-3) and (S1-3) are satisfied

o — e T
withg =r" == 5.

Remark 1.8 We have seen that by (G2), for every u € L™ (£2; K), there is an £'-negligible
set N, such that D,G(¢, u) exists for ¢t ¢ N,. We would like to redefine this derivative in such
a way that the exceptional set does not depend on u.

Fix a countable set D, dense in L°°(§2; K) with respect to the norm of L9 (£2; R"). Let
Np = (Uyep Nu) U N, where Ng is an £'-negligible set such that each t ¢ Ng is a
Lebesgue point for the function bg of (G3). For u € D, define

DiG(t.u) ift ¢ Np,
pig.w =g G EN
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By (G3), we have for every uy, u» € D and every ¢
IDfG(t,u1) — DGt u)| < bg (1) lluy — uzllpa(.rn) -

Then we can extend D} G(t, ) to a L9(§2; R")-Lipschitz function on L*°(£2; K).
Letu € L°°(82; K) anduy € D such thatuy convergestou in L9(§2; R").Ift ¢ N,UNp,
we have by (G3)

DG, u) = DfG(t, up)| < bg () lu — ukll o (2:rm) -

so that, passing to the limit as k — oo, we get D} G(t, u) = D;G(t, u). We have proven that
forevery ¢ € [0, 1] there exists a L9 (§2; R")-Lipschitz function Df G(¢, -) such that for every
u € L*(£2; K) we have D}G(t, u) = D;G(t, u) for Llae. t €]0,1].

Arguing in the same way, we can find a function D} S(z, -) with analogous properties. In
the following integral formulas, we will identify D,G(¢, -) and D;S(¢, -) with D} G(t, -) and
DfS(t, ), respectively.

1.7 Prescribed deformations

At every time ¢ € [0, 1], we prescribe the deformation of £2p\$2, requiring that u(x) =
Y(t, x)forae.x € 2p\£2. Asin[10], we suppose that x > (¢, x) is defined for every x €
K, takes values in K, and has an inverse function on K, denoted by y — ¢ (¢, y). This deter-
mines two functions

¥, ¢:[0,1] x K — K,
satisfying, for every (¢, x) € [0, 1] x K,

Y, o1, x) =x = ¢, ¥, x)). (BCI)

In the present work, we weaken the hypotheses on the prescribed deformations made
in [10]. As for the space dependence, we assume that, for every ¢ € [0, 1], ¥ (¢) := ¥ (¢, -)
and ¢ (1) := ¢(t,-) are Lipschitz functions of K in itself. To be more precise, consider
the Sobolev space W1'°°(I% ; K); since 0K is Lipschitz, by standard results every func-
tion v € W'®(K; K) admits a Lipschitz continuous representative v. We extend each
function v to K and, with a slight abuse of notation, denote by W1 (K; K) the space
of all such extensions v, endowed with the complete norm |[v|ly1.00(k.x) = supg [v] +
supg |Vul.

As for the time dependence, we require that

¥ e Whe([o, 11; Wh(K; K)) (BC2)

and

¢ € Whe([0, 11; Whe(K; K)), (BC3)

where W1°([0, 1]; WL°(K; K)) denotes the space of Sobolev functions valued in
WLeo(K; K). By d?fil}ition, this means that ¢, ¢ € CO([O, 1]; Wh°(K; K)) and there
exist two functions v, ¢ € L®([0, 1]; WI*°(K; K)) such that for every ¢ € [0, 1]

t t
V(1) =w<0>+/{v(s)ds and ¢ (1) =¢<0>+/¢'><s)ds, (1.13)
0 0
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where the integrals are defined in the sense of Bochner, with respect to the topology of
W12 (K; K).Inparticular, the Jacobian matrices Vi, Ve, Vi, and V¢ are defined a.e.in K.
For an overview about the spaces of Sobolev functions valued in a Banach space, we refer
to [6, Appendix].

Remark 1.9 In particular, these hypotheses imply that there exists / > 0 such that for every
t,1,1 €[0,1]

1V @O llwreok. k) <L IO lwiook:xy) <1 (1.14)
[y ()= ) lwroo (k. k) < Lti—t2l, @) —d @) lwiok k) <Ii—t2], (1.15)

sot — Y(t) and t +— ¢(t) are Lipschitz functions of [0, 1] in WL (K: K). Since the
difference quotients are bounded by a constant depending on the maximum of the derivatives
and on the measure of the domain, we can choose / so that

[ (t, y)—=y(, y2)I <lly1—y2l, (1.16)
[(Y ()= (2) (v1) — W)=Y (22) (y2)| < Lti—12] [y1—y2| (1.17)

foreveryt, t, t» € [0, 1] and every y1, y» € K. Moreover, employing in (1.13) the Lebesgue
Differentiation Theorem [13, Theorem II1.12.8], one gets the uniform convergence of the
difference quotients to the derivative: for Ll-ae. t € [0, 1], there is a modulus of continuity
w;: [0, 1] — [0, 400) such that

h) — .
Hw(w; YO i

< w(h) (1.18)
Whoo(K:K)
for every h € [0, 1]. It is not restrictive to assume that w; (%) is uniformly bounded in both ¢
and h: indeed, we can define

Y@ +h) — @)

- — (1)

ws(h) 1= sup
h'<h

WLoo(K;K)

Since W1 (K; K) is not separable, (1.18) may not be implied by the Lipschitz property
(1.15): for more details, see [3, Chapter II, Sect. 2, Lemma 1, and Sect. 3, Example I] and
Example 1.2 below.

We need also a uniform bound on the energy of the prescribed deformation: we suppose
that there exists M such that for every ¢ € [0, 1]

W () < M. (BC4)
Fixed ¢, (BC4) and (W2) give
detVyr(t,x) >0 forae.x € K, (1.19)

so that ¥ (t), being injective, satisfies the Ciarlet-Necas condition; as S(y/(t)) = 0, this
implies that (1) € AD(y(¢), I') forevery I" € R.

Remark 1.10 In these hypotheses, it is possible to find a negligible set Ny, C K containing
0K, independent of 7, such that, for every t € [0, 1] and every x ¢ Ny, the function v (¢, -)
is differentiable at x and det Vi (¢, x) > 0.

Indeed, let D be a countable dense subset of [0, 1]; by (1.19) there is a set Ny, C K of
null measure containing K such that when ¢t € D, ¥(t, -) is differentiable in £2\ Ny, and
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det Vyr(t,x) > 0if x ¢ Ny. Given 1o € [0, 1], let #x € D such that tp — fo; let xo ¢ Ny.
Since ¥ (#;) is differentiable at xo and converges to 1 (fg) strongly in WLR(K: K), (1) is
also differentiable at xo and Vi (#, x0) — V¥ (¢, xo0): this is guaranteed by Lemma 1.1, as
stated below.

By convergence, we have det Vi (g, xo) > 0; we must show that det Vi (¢g, xo) # O.
Suppose by contradiction that det Vi (tp, xo) = 0; then, there is a vector £ such that
Vi (tg, x0) € = 0. Take h # 0 so small that xo + h§ € K; let yo := v (fo, xo) and
yp = ¥ (ty, xo + h &). By the hypothesis on &, we have, as h — 0,

[yn — yol _ [ (to, xo +h &) — ¥ (to, x0)| N
| (o, yn) — ¢ (10, yo)l |

which is forbidden by the Lipschitz property of ¢ (¢y).
To conclude, we must only prove the following lemma.

0,

Lemma 1.1 Let vy be a sequence converging to v strongly in WH°(K; K). Let xo € K be
such that vy, is differentiable at x( for every k. Then, v is differentiable at xo and V vy (xp) —
Vu(xg).

Proof Fixed ¢ > 0, we have for every k and j large enough
|(uk — vj)(x) = (v — v))(x0)| < &lx — xo (1.20)

for every x € K; indeed, by convergence in W1’°°(K ; K), the function v; — v; is Lipschitz
with vanishing constant. As x — x(, we get |Vvk (x0) — Vv; (x0)| < ¢&; then there exists
Ag € M"*" such that, as k — 00, Vur(xg) — Ag. We deduce from (1.20) that for every
& > 0 there is k such that

vk (x) — v (x0) — Vg (Xo) (¥ — x0) _ v(x) — v(xo) — Aox — X0) | _

[x — xol lx — xol

for every x € K. By differentiability, for every k, there is § > 0 such that for |x — x| < &

[ug (x) — v (x0) — Vg (xo) (x — x0)| e
lx — xol -

Hence, v is differentiable at xo with differential Ag. ]

Example 1.2 We conclude the discussion about W!-> spaces by showing an example (in
dimension n = 1) of Lipschitz function from [0, 1] into Ww1-2°([0, 11), which does not
belong to the space W1-2°([0, 1]; W-2°([0, 1])). Let ¥ (¢, x) := 1 |x — ¢|*sgn(x — 1) and
consider the partial derivative D,y (¢, x) = |x — t|. Fixed ¢ € [0, 1], the difference quo-
tients %(Dxllf(l‘ + h,x) — Dy (¢, x)) are continuous in x and uniformly bounded with
respect to /1; moreover, as i — 0 they converge to 1[o,;) — 1,17 strongly in L" ([0, 1]) for
every r < +o00. Nevertheless, being the limit discontinuous in x, the convergence cannot
be uniform. Therefore, ¥ satisfies (1.15), while (1.18) does not hold. Notice that also the
property of Remark 1.10 is not satisfied in this example.

1.8 Minimum energy configurations

Following [15], we consider evolutions of minimum energy configurations for £: given a
boundary datum ¥ € W1%°([0, 1]; WL°(K; K)), at each time ¢ € [0, 1] we look for solu-
tions (u(t), I'(t)), with I'(t) € R and u(t) € AD(¥(t), I'(t)), such that the unilateral
minimality condition holds:
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E(t,u(t), I'®) <&, u,I) (1.21)

for every I € R, with I'(r) C I', and every u € AD(Y (1), I').
Hence, fixed ¢ € [0, 1] and given an initial datum [ € R, we consider the minimum
problem

min {S(t, W, I:TeR, ToCT, ue ADW (), r)}. (1.22)

The next theorem ensures that there exists at least a solution; for the proof, we refer to [10,
Theorem 2.2].

Theorem 1.2 (Minimization of the total energy) Let £ be the energy definedin (1.5) and (1.6),
where W satisfies (W0-6), G satisfies (G1-3), S satisfies (S1-3), and K satisfies (K1-3).
Consider the prescribed deformations defined in (BC1-4). Then, for every t € [0, 1] and
Iy € R, the minimum problem (1.22) has a solution.

2 The auxiliary formulation

Following [10,16], we study the properties of the system described in the previous section,
through a change of variables. Then, we are led to consider an auxiliary problem with time-
independent prescribed deformations and time-dependent bulk energy. In this section, we
pass to this auxiliary formulation via the so-called multiplicative splitting method and state
the properties of the new energy terms.

2.1 The multiplicative splitting method

The formulation with time-independent prescribed deformations is obtained using the method
of multiplicative splitting introduced in [16], which will allow us to employ the multiplicative
estimates (W5) and (W6).

Given ¥ € wlee (o, 11; WIVOO(K; K)) and I' € R, we look for a solution u €
AD(Y(t), I') to (1.22) of the form u = ¥ (¢) o z, with z € SBV(£2p; K). This request
implies z € AD(I, I'), where I denotes the identical deformation on £2p. In order to express
Vu in terms of ¥ (f) and z, we have to check the chain rule for these functions, exploiting
the non-interpenetration property of the solutions.

Lemma 2.1 Let v € WH'(K; K) and z € SBV(2p; K) such that L"(z"'(F)) = 0
whenever L' (F) = 0. Thenu :=voz € SBV(2p; K) and Vu(x) = Vv(z(x)) Vz(x) for
a.e. x € 2p.

Proof The proof is obtained by modifying the one of [2, Theorem 3.99]. By [2, Theo-
rem 3.101] we get that u = v oz € SBV(£2p; K) and Diu = (wzh) — v(z?)) ®
v, H" 'L S(z). It is possible to approximate v by mollification with a sequence vy; let
ug = vg o z. By [2, Theorem 3.96] we have Vu; = Vui(z) Vz and Diuy = (v(zh) —
ve(z7)) @ v, H' 1L S(z2). As uy converges to u uniformly and |Duy| (£22p) is equibounded,
we get that Duy converges to Du weakly* in the sense of measures. As D/ u;, converges to
D/u strongly, Vuy converges to Vu weakly* in the sense of measures. In order to see the
convergence of Vug(z), let F be the set of the points that are not Lebesgue for Vv. As Vuy
converges to Vv pointwise on £2p\ F and L£" (z~1(F)) = 0, we obtain that Vv (z) converges
to Vu(z) a.e. in £2p. The conclusion follows from the dominated convergence theorem. 0O
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Thanks to the non-interpenetration property (see Remark 1.2), we get from the previous
lemma Vu(x) = Vi (¢, z(x)) Vz(x) for a.e. x € 2p.

Recall that, by Remark 1.10, there is a negligible set Ny, containing dK such that, for
every t € [0, 1], ¥ (¢, -) is differentiable in K\ Ny, with det Vir (¢, y) > O atevery y ¢ Ny.
This leads us to define the auxiliary volume energy density imposing the chain rule where
Vi (t, y) exists:

W, VY, ) A) ify & Ny,
Vi, x,y, 4) '_[W(x,A) ify € Ny 2D
We consider the integral functional, defined for z € AD(I, I'),
V(t,z2) = / Vi, x, z(x), Vz(x)) dx. 2.2)

2

Notice that, in order to study V(¢, z), we are free to choose any value for V (¢, x, y, A) when
y € Ny, because 771 (Ny) has null measure. For u = () o z we have

W) =V, @) ou), V(t,z) =W (1) oz2).

As for the external forces, we set

L(t,2) =G, ¥(t)oz), (2.3)
T(t,z) =8, ¥(t)oz). 2.4
Finally, we define
Flt,2) :=V(t,2) — L(t,2) — T(t,2), (2.5)
F(t,z,T) = Ft, 2) + KI). (2.6)
Hence,
ENt u) = F, (1) o), Ft,z) =ENr, ¥ (1) 02). 2.7

The properties of the auxiliary bulk energy and of the new force terms are stated in axi-
omatic form in the following sections.

2.2 Formulation with time-independent prescribed deformations

The previous discussion leads us to introduce a class of functions V: [0, 1] x £ x K X
M — [0, +00] satisfying the following requirements:

(V1) Measurability: for every (t, A) € [0, 1] x M""*"the function (x, y) — V (¢, x, y, A)
is L"(£2) ® L (K )-measurable on 2 x K, and forevery (x, y) € £2 x K, the function
(t, A) — V(t, x,y, A) is continuous on [0, 1] x M"*",

(V2) Finiteness: forevery (t,x,y) € [0, 1] x 2 x K, wehave V(t, x, y, A) < +oo if and
onlyif A € GL}.

Thanks to Remark 1.3, property (V1) ensures, for every z € AD(I, I"), the measurability
of V(t, x, z(x), Vz(x)); hence, V(t, z) is well defined by (2.2).
We require the following properties on this integral functional:

(V3) Bound at identity: there exists a constant M > 0 such that V(¢, I) < M for every
te0,1];
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(V4)

Semicontinuity and coercivity: if z; converges to z weakly*in SBV?(£2p; K) and
tx — t, then

V(t,z) < liminf V(%, z);
k—o00

moreover, there exist some constants /33, ..., By > 0 such that, for every ¢ € [0, 1]
andevery z € AD(1, I'),

n
V(t.2) = DB [adi; Vul 1) o) e, — BV
=1

P1
pi—1

where p1 > 2,p; > p] =
dimension of adj; Vu.

for j =2,...,n—1,p, > 1, and 7; is the

Furthermore, we assume that there exist a constant yy € (0, 1), a function c(‘), € LL(Q)
and a constant c%, > 0, such that:

(V5)

(Vo)

v

(V8)

Multiplicative stress estimate: for every (¢, x,y, A) € [0, 1] x £ x K x GL,JZr and
every B € GL} with |B — I| < yy,

V(t,x,y, AB) + Y (x) < ¢l (Vt, x,y, A) + ) (x0);

Estimate on time increments: for every (t1,x,y,A) € [0, 1] x 2 x K x GL,Jlr and
every 1 € [0, 1] such that |[t] — | < yy,

[Vt x,y, A) = V2, x, 3, Al < ¢y (Vi x, v, A) + ¢ (0) [t — 12l 5

Estimate on the convergence of time increments: there exists an £'-negligible set N
such that for t+ ¢ N the partial time derivative D,V (¢, x, y, A) is defined for every
(x,A) e 2 x GL;,L and a.e. y € K, and we have for every 7 > O withr + h € [0, 1]
that

v(t:l:hv X, Y, A)_V(ta-xv Y, A)

. <o (h) (V(t,x,y, A+c) (x)),

D;V(t,x,y, A)F

where w; : [0, 1] — [0, +00) is a modulus of continuity, depending only on 7, with
t > w;(h) in L*°([0, 1]) for every h € [0, 1];

Estimate on spatial increments: for every (t,x,y, A) € [0, 1] x £2 x K X GL,‘:' and
every y € K,

Ve, x, Y, A) 4 ey () <oy (VI x, . A) + ¢y (x)) .

Remark 2.1 Letz € SBV (£2p; K); suppose that V(#y, z) < 400 for some o € [0, 1]. Then
V(t, 7) < 4oo for every ¢ € [0, 1]: indeed, by (V6)

V(t, x,2(x), Vz(x)) + ¢ (x) < (b 4+ 1) (V (0, x, 2(x), VZ(x)) + ¢ (1)) .

Using again (V6), one sees that ¢t — V(¢, z) is Lipschitz, with constant depending on V (¢, z).
Hence, it has a derivative D;V(-, z) € L*([0, 1]), defined £'-a.e. in [0, 1]. Also, ¢ >
V(t, x, z(x), Vz(x)) is Lipschitz, so it is derivable £l-a.e.; more precisely, by (V7) and by
Remark 1.2, we find foreacht ¢ N aset N; ; of null measure suchthatD, V (¢, x, z(x), Vz(x))
exists for every x ¢ N; ..

@ Springer



Quasistatic crack growth in finite elasticity with Lipschitz data 181

We are going to establish a representation formula for D,V (-, z). Let us extend ¢ >
V(t, x, z(x), Vz(x)) to [0, +00) by setting its value to be V (1, x, z(x), Vz(x)) for ¢t > 1.
Consider the function

V(t+ 1 x, z(x), Vz(x)) = V(1. x, 2(x), Vz(x
D} V(t, x) := liminf (t+z (), Va( )1) ( (x), Vz( ))’
k—o00 1
which is integrable on [0, 1] x £2 by (V6). Since D} V (¢, x) = D, V (¢, x, z(x), Vz(x)) where
the derivative is defined, we have for every 1, t, € [0, 1]

n
V12, 2) — V(11 2) = //D;‘V(z,x)dt .
2 n

Finally, exchanging the order of integration, we obtain for Llae. .t e]0,1]

D V(1. 2) = / DIV, x) dx.
2

Givenr ¢ N, we have D}V (t,x) =D,V (t, x, z(x), Vz(x)) in 2\N, .: integrating (V7) we
deduce that
V(t+h,z)—V(,2)

Div(t,2) F n

= on(h) (V(t’ )+ ey ”wm) :
In particular, this shows that the partial time derivative D;V (-, z) is defined out of an ya -neg-
ligible set independent of z.

In the following section, we prove that the auxiliary energy introduced in Sect. 2.1 satisfies
the axioms stated above.

2.3 Proof of the properties of the auxiliary energy

In this section, we prove that the volume energy V), obtained from ¥V and i through the
change of variable described in (2.1), satisfies the properties (V1-8) stated above.
We start with some consequences of hypothesis (W5).

Proposition 2.1 Let W(x, A) be a Carathéodory function satisfying (W2) and (WS5). Then
there exists a constant y € (0, 1) (depending only on n) such that, for every (x, A) €
2 x GL} and every B € M"" with |B — I| < y, we have B € GL;| and

n
W(x, AB) + % (x) < — (W(x, A) + (1)) (2.8)
If W satisfies also (WO0), then for every (x, A) € 2 x GL;’Z'

IDAW (x, A) AT| < cly (W(x, A) + Y (). (2.9)

If W satisfies (2.9), there exists a constant, still denoted y, such that, for every A € GL T
and every B € M"™" with |B — I| <y, we have B € GL}} and

W (x, BA) + Y (x) < % (W(x, A) + ¢ () (2.10)

and

2
z sl (W A) + ey (). @.11)

IDAW (x, BA) AT| < —
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Proof Argue as in [4, Sect. 2.4]. O

The Kirchhoff tensor Dy W (x, A) AT appearing in (2.9) is related with the “multiplicative
increments” of type W(x, BA) — W(x, A), because

DsW(x, A)AT:(B—1)=dsW(x, A)[BA — A].
This suggests to write (2.9) without using derivatives.

Proposition 2.2 Let W(x, A) be a Carathéodory function satisfying (W2) and (2.9). Then

o 0
[ Cw (W(x, A) +cyy(x)) 1B — 1 (2.12)

|[W(x, BA) — W(x, A)| <

forevery (x, A) € 2 x GL} and every B € GL;" with|B — I| < y, where y is the constant
introduced in the previous proposition.

Proof Fixed (x, A) and B as in the statement, define for A € [0, 1] the function w(}) :=
W(x, (1—X)A+Xx BA), whose derivative is u/ﬁ)») =DyW (x,(1 —A)A+ArBA) AT: (B
I). We have W(x, BA) — W(x,A) = [y w'(lh)dr. By (2.11), we get |w'(D)]

el (W(x, A) + ¢% (x)) | B — I], 50 we conclude. o

IA

In the next proposition, we present an estimate where multipliers need not to be near /.

Proposition 2.3 Let W(x, A) be a Carathéodory function satisfying (WO0), (W2), and (2.9).
Then for every M > 0 there exists ¢y > 0 such that

W(x, BA) + % (x) < e (W(x, A) + % (x)) (2.13)
for every (x, A) € 2 x GL,} and every B € GL;} with |B| < M and |B~!| < M.

Proof Let A, B, and M be as in the statement. Consider a decomposition B = QC with
0 € SO, and C symmetric and positive definite (take C := ~/ BT B). We can find an integer
N such that

‘C%—I‘<y;

here, N depends only on the constant ¢ of Proposition 2.1 and on M, which controls | B| and
|B’1 | We can apply (WO0) and (2.10) to get

0 1\N 0 n\N 0
W(x, BA) + ¢ (x) = w (x, (CN) A+ = () W +cw).
This concludes the proof. O

Now, we are ready to show the passage between the two formulations presented above.
We will use the following fact.

Remark 2.2 By (2.9) we get for every (x, A) € 2 x GL; andevery B € GL}

IDAW (x, BA) AT| < cfy (W(x, BA) + ), (x)) |B~]. (2.14)
Proposition 2.4 [f (W0-6) and (BC1-4) hold, then the functional V defined in (2.1) satisfies
properties (V1-8).
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Proof Properties (V1-3) are given by (W1-3). After a change of variables, one sees that
(V4) is a consequence of (W1) and (W4), thanks to the lower semicontinuity of W (see
Remark 1.4).

In what follows, we will take c?, = c%,, c{, > n"j and yy < y, where y is the constant

introduced in Proposition 2.1. Then (V5) is implied by (2.8), because
n
W, Vi (1, JAB) + cy (x) < —— (WCx, VI (1, »)A) + ¢y ().

In order to see (V6), take yy < [~2y, where [ is the constant appearing in Remark 1.9.
By (1.14) and (1.15), for a.e. y € K we have

VY (2, V@, v (11, y) — Il <y
if |ty — t2] < yv. Hence, we can apply (2.12) to get for every A € GL;}
[W(x, Vi (t2, ) A) — W(x, Vi (t1, y)A)|
2
n
< —— Py (W, Vi, )A) + ) In = 0l

then (V6) follows for c{/ large enough. )

The partial time derivative of V exists everywhere v is defined. By (2.1), property (V7)
is trivially satisfied when y € Ny, where Ny is the negligible subset of K defined in
Remark 1.10. If y ¢ Ny, we have D,V (t, x,y, A) = DaW (x, Vi (z, y)A) AT: Vi (z, y)
where the derivatives exist. Given 2 > 0 small enough, using the mean value theorem we
can find a convex combination By, of Vi (t 4+ h, y) and Vi (z, y) such that

WY@ +h)A) - WY @)A)

DAW (VY (1)A) AT V(1) —

h
= DAWVy(t)A) AT;V\'&(;) — DsW(BLA) AT: Vi (t +h}: — V(1)
< [DaW vy (A AT| Vi) — YT h; - VY@
Vi (t +h) — V()

+ [DaW (VY (1)A) AT —DyW(B,A) AT

h

Here and henceforth, we omit the arguments x and y when they are obvious; it is understood
that By, is invertible for 4 small. Consider the first summand of the last expression; using
(2.14) and (1.14) in the first factor and (1.18) in the second, we get

VY@ +h) = V@)
h

where o, is the modulus of continuity defined in Remark 1.9. As for the second summand,
we can use (1.15) to control the last factor; the remaining part is

IDAW (Vi (1) A) AT| | V() — <lcy o (h) (W(VY(0)A) +cfy),

|DAW (B A) AT —DyW (Vi (t, y)A) AT|
< [DaW(B,A") (B, AT = Dy W(a) AT | B} |

+[Dawa) AT B = Vo v )

>

where B;l = By Vo(t,¥(t,y)) and A := Vi (¢, y)A. The first term is estimated by (W6),
since ’B; 1 ) is bounded by (1.14); as for the second one, we use (2.9), recalling that, if & is
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small enough, Bj, is uniformly near to Vi (¢, y), being a convex combination of Vi (¢, y)
and V(¢ + h, y). Hence, there is a modulus of continuity w: [0, 1] — [0, +00) such that

IDAW (B A) AT —DaW (VY (1, ) A) AT| < w(h) (W(VY()A) +cly);

notice that, by (1.14) and (2.13), w is bounded. This concludes the proof of (V7) in the case
of t + h; the case of t — A is analogous.

Finally, (V8) follows from (2.13), because the functions Vi (¢, -) and Ve (t, -) are uni-
formly bounded in W1 (K ; K) by (1.14). o

2.4 Properties of the force terms

The volume forces in the new formulation are given by a functional L£(z, z), defined in
[0,1] x AD(I, I'), where I" € R. We assume that there is an exponent ¢ > 1 such that the
following hold:

(L1) there is a constant ¢;, > 0 such that for every ¢t € [0, 1] and every z, 271,22 €
L*®($2; K)
1L, 2)| < ci,
[L(1, z1) — L, 22)| < crllzi—z2llpa@:r) 5
(L2) there is a function a; € LL ([0, 1]) such that for every t1, 1, € [0, 1] with#; < 1,
and every z € L (£2; K)

5]

[L(t2, 2) — L(11, 2)] < /aL(S)dS;

n
(L3) there is a function by € LL([O, 1]) such that for every #1,#, € [0, 1] with ] < 1,
and every z1, z2 € L (£2; K)

5]

[L(t2, 21) — L(t1, 21) — L(t2, 22) + L(t1, 22)| < /bL(S) ds lzi—z2llLa2:rm) -

4l

As for the surface forces, they are given by a functional 7 (¢, z), defined in [0, 1] x
AD(I, I'). We suppose:

(T1) there is a constant ¢y > 0 such that for every r € [0, 1] and every z,z1,22 €
L>®(0582; K)
|7, 2)| < cr,
IT(t,z1) = T(t, 22)| < cr llzi—22llLaag;rry 5
(T2) there is a function ay € LL ([0, 1) such that for every 71, 1, € [0, 1] with #; < #, and
every z € L*°(9s582; K)

n

|7 (t2,2) = T(11,2)| < /aT(S)ds;

n
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(T3) there is a function by € L1+([0, 1]) such that for every 1, , € [0, 1] with #{ < #, and
every z1, 22 € L®(9582; K)
[5)
|7 (t2, z1)=T (t1,21) =T (t2, 22)+7 (t1, 22)| < /bT(S) ds lz1—z2ll L ag2: ") -
n

Thanks to (L2) and (T2), given any z € AD(I, I') the functions ¢t — L(¢,z) and t +—
7T (t, 7) are absolutely continuous on [0, 1], sothatD; £(¢, z) and D, 7 (¢, z) exist Ll-ae. Argu-
ing as in Remark 1.8, we may define for every ¢ € [0, 1] some L?(§2; R")-Lipschitz functions
D} L(t,-) and D} 7 (¢, -), such that for every z € AD(I, I') we have D} L(t, u) = D, L(t, u)
and Df7 (t, u) = D;7 (¢, u) for Ll-ae. t € [0, 1]. We identify D, £(z, -) with DfL(t, -) and
D;T (¢, -) with D} T (¢, -); we set also

D, FU(t, 2) := D,V(t, 2) — D L(t, 2) — D, T(1, 2). (2.15)

We will use in particular these consequences of (L1-3) and (T1-3) for z, zx € AD(I, I")
such that z; — z in measure:

ifty = t, Lte,7x) — L(t,2) and T(tg, zx) — T(t, 2); (2.16)
for £'-ae.t, DLt zx) — D;L(t,7) and D,T(t,zx) — D,T(t,2). (2.17)

Finally, we prove that (L1-3) and (T1-3) are satisfied when £ and 7 are given by (2.3)
and (2.4).

Proposition 2.5 [If (G1-3), (S1-3), and (BC1-4) hold, then the functionals L and T defined
in (2.3) and (2.4) satisfy properties (L1-3) and (T1-3).

Proof We show (L1-3); the proof of (T1-3) is analogous.

Property (L1) comes immediately from (G1), taking ¢y := cg(1 Vv I), where [ is the
constant of Remark 1.9.

Henceforth, we write Y1 := ¥ (t1) and ¥» = ¥ (#2). As for (L2), by (G1), (G2), and
(1.15) we have

[L(t2, z) — L(t1, 2)| < |1G(t2, Y102) — G(t1, Yr102)| + |G(t1, Y10z) — G(t1, Y202)]

o)

s/ac<s)ds+lccc"<9)5(rz—n),

n

s0 we define az (s) 1= ag(s) + 1 cg L1(2)7.
To prove (L3), adding and subtracting we obtain
|L(t2, z1) — L(t1, 21) — L(t2, 22) + L(t1, 22)]
< 1G(t2, Y¥r10z1) — G(t1, Y10z21) — G(t2, Y1022) + G(11, Y1022)]
+1G(12, Y20z1) — G(t2, Yr10z21) — G(12, Y2022) + G(t2, Y1022)] .

The first summand is controlled by [ j;tlz bg(s)ds [lz1 — z2llLa(q:rny thanks to (G3) and

(1.16). As for the second summand, we get from (G1), (1.16), and (1.15)

|G (t2, Y1021 + Y2020 — Yr1022) — G(t2, Y1021) — G(12, Y2022) + G(t2, Y1022)]
<Pecgta—1)llz1 — 220l La(2:rm) -
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What remains is estimated with (G1) and (1.17):
|G(t2, Y1021 + Y2020 — Y1022) — G(t2, Y20z1)| < lcg(t2 — 1) lz1 — 22l La:rn) -
Then, we conclude taking by (s) :=1bg(s) +1lcg + 1 cq. ]

Remark 2.3 The time derivatives of the energies considered above have £!-a.e. the following
form:

DV, 2) = /DAW(x, V(1) 02):V (J(1) 02) drx,

2

D,L(t,z) = /DyG(t,x, Y(t)oz)- (V) 0z) dx + D, G(t, ¥ (1) 0 2),
2

D,T(t,z) = / Dy S(t, x, Y(t) o 2) - (Y1) 0 z) dH" ' (x) + DiS(t, ¥ (1) 0 2).
9582

For u = () o z, we define the power of the external forces

P(t,u) = /DAW(x, Vu):V (¥ (1) op(t) ou) dx

2

—/DyG(t,x,u)- (¥ (1) o (1) ou) dx
2

—/DyS(t,x,u)~ (Y (1) 0 p(1) ou) dH" ' (),
s

so that the time derivative of the total energy takes the form
D, Fl(t, (1) ou) = P(t, u) — D,G(t, u) — D,;S(t, u).

These formulas allow us to pass from the problem with fixed boundary data to the original
one (see [10, Sects. 2.4 and 7]).

3 Quasistatic evolution

The goal of this work is to study quasistatic evolutions: namely, motions which at each time
minimize the total energy and satisfy an energy-dissipation balance law. We quote from [10]
the definition of incrementally approximable quasistatic evolution; in Theorems 3.2 and 3.3,
we present the existence result and the properties of global stability and energy balance, in
the weak hypotheses presented in Sect. 1.

Throughout the section, we adopt the formulation with time-independent boundary con-
ditions, introduced in Sect. 2. All definitions and theorems presented here can be formulated
in the framework with time-dependent boundary data (see Sect. 1), using Remark 2.3; for
the details we refer to [10, Sects. 2.4 and 7].
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3.1 Definitions and properties

We fix an initial condition (uq, 1), which is supposed to be a minimum energy configuration
attime 0,1.e., Iy € R,ug € AD(I, Iy), and

F(O,u0, I'o) = F(O,u, I") (3.1)

for every I € R with Iy C I" and every u € AD(I, I'). .
Consider a time discretization, i.e., a sequence of subdivisions {#; }o<;<x of the interval
[0, 1], with

k—1

0= <il < <M< =1 and Jim max (f-1")=0. (32

k—o0 1<i<k

For a given subdivision, we define a corresponding incremental approximate solution.

Definition 3.1 Fix k € N. An incremental approximate solution corresponding to the time
subdivision {#; }o<;<x With initial datum (uo, ID) is a function ¢ > (ux(t), Ik (t)), such that

@ (ur(0), I (0)) = (uo, I'o): ‘ o
(b) w(t) = ug () and Ie(t) = I} (tf) fort € [1}, i) andi = 0,... .k — I;
(¢) fori=1,....k (u(t), I (z))isasolution of

min {7 (.u. 1) : M e R [T T we DU, D} (3.3)

If (ug, I'k) satisfies the previous definition, by the minimality and by (V3) we have
F(t, up(t), I (t)) < +oo for every ¢, hence uy € SBV?(2p; K) by (V4). The existence
of incremental approximate solutions is guaranteed by the following theorem, which is the
counterpart of Theorem 1.2; for the proof, we refer to [10, Theorem 2.10].

Theorem 3.1 (Minimization of the total energy) Let F be the energy defined in (2.1)—(2.6),
whereV satisfies (V1-8), L satisfies (L1-3), T satisfies (T1-3), and IC satisfies (K1-3). Then,
foreveryt € [0, 1] and I'y € R, the minimum problem

min {}'(t, wI):TeR, b CT, ueAD(, F)} (3.4)
has a solution.

To find an incrementally approximable quasistatic evolution, we take a sequence of incre-
mental approximate solutions and pass to the limit as the time step vanishes. In the passage
to the limit, we use the weak™ convergence in SBV?(§2p; K) for the deformations (see
Sect. 1.1) and the o ”-convergence for the cracks (see Sect. 1.5).

Definition 3.2 A function ¢t +> (u(t), I'(¢)) from [0, 1]1in SBV?(2p; K) x R is an incre-
mentally approximable quasistatic evolution of minimum energy configurations with initial
datum (ug, 1), if there exist an increasing set function ¢t — I'*(¢) € R, a time discretization
{ t,i}of i<k, and a corresponding sequence of incremental approximate solutions (u (¢), Ik (t))
with the same initial datum, such that for every ¢ € [0, 1]

(@) TIy(t) oP-convergesto I'*(¢) and I"'(¢r) = I"'*(¢) U Ip;

(b) there is a subsequence uy (), depending on 7, such that ug; (1) — u(r) weakly* in
SBV?(2p; K); moreover, for Llae.t e [0, 1], limg_s oo 9"./‘ (t) = limsupy_, o, Ok (),
where

O (1) := D, F(t, up (1)). (3.5)
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We state the existence result for measurable incrementally approximable quasistatic evo-
lutions; the proof can be done as in [10, Theorem 2.13, Theorem 6.1, and Corollary 6.2],
with minor modifications due to the presence of the forces (see (3.10) for the discrete energy
inequality).

Theorem 3.2 (Existence of quasistatic evolutions) Let F be the energy defined in (2.1)—(2.6),
where V satisfies (V1-8), L satisfies (L1-3), T satisfies (T1-3), and K satisfies (K1-3). Let
(uo, o) be a minimum energy configuration at time 0 as in (3.1). Then there exists an incre-
mentally approximable quasistatic evolution t +— (u(t), I'(t)) with initial datum (ug, 1),
such that the function t — u(t) is strongly measurable, regarded as a function from [0, 1]
into SBV?(2p; R").

The main result of this work is the proof of the following properties, which characterize
quasistatic evolutions as rate-independent processes (see [21] and the references therein).
We refer to [10, Remark 2.16] for further comments on the energy balance rule.

Theorem 3.3 (Properties of quasistatic evolutions) For every incrementally approximable
quasistatic evolution (u(t), I'(t)), the following hold:

1. Global stability: for every t € [0, 1], the pair (u(t), I'(t)) is a minimum energy configu-
ration at time t, i.e., I'(t) € R,u(t) € AD(I, I'(t)), and

F@,u@), (@) <F@,v,T) (3.6)

forevery I' € R, with I'(t) C I', and every v € AD(I, I');
2. Energy balance: the function F(t) := F(t, u(t), I'(t)) is absolutely continuous on [0, 1]
and its time derivative satisfies

F(t) =D, 7, u@t)) for L'-ace. t €10, 1]. (3.7

In the next section, we provide the proof of Theorem 3.3, which is based on the arguments
of [9] and [10].

3.2 Proof of Theorem 3.3

Let (u(¢), I"(¢)) be an incrementally approximable quasistatic evolution. Then there exist an
increasing set function t — I"*(t) € R, a time discretization {l/i}OSisk such that (3.2) holds,
and a sequence of incremental approximate solutions (uy(t), I';(¢)) with the same initial
datum (ug, I'p), which fulfil properties (a) and (b) of Definition 3.2. Let 6% (¢) be as in (3.5);
set T () == t,i and Fi(t, ) 1= f(t,i, ) fort e [t,i, t,i“).

Global stability

The proof of the global stability can be done as in [10, Sect. 4], with obvious adaptations
to treat the case where volume and surface forces are added. The properties of V presented
before are sufficient to repeat the procedure of [10]; in particular, the properties of [10,
Remark 2.8] used in the Crack Transfer Lemma [10, Lemma 4.1] can be substituted by the
weaker ones (V6) and (V8) stated here.

Fixedt € [0, 1], by Definition 3.2 there is a subsequence u; (#) converging to u(t) weakly
in SBVP?(2p; K). Arguing as in [10, Remark 4.4], one can see that

V(tk; (1), ug; (1)) = V(I u(?)). (3.8)

*
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Discrete energy inequality

Let now (uf, I}) := (ux (t}). Ik (t})). Taking (u, ") = (I, F,f_l) in (3.3), we get
F (i), u) < 7 (1, I). Hence, by (V3), (L1), and (T1)

FU (i) < M+ e +er, (3.9)

i . . . . .. i—1
so that ||Vuj( || Lr(@p: My 18 bounded uniformly in k and i by coercivity. As u; €

AD (1,1{7"), by 3.3) we have 7 (if, uf, I}) = 7 (if,uf™" I77"). By (V6), (3.9), (L2),

and (T?2), the function t > F' el (t, u;;_l) is absolutely continuous; therefore,

1
V(.0 i—1 el (i—1 i—1) _ 1 i—1
fe(lk,uk )—]-' (tk LUy )_/D,]-'e (t,uk )dt.
!

Summing up, we obtain for every ¢ € [0, 1] the discrete energy inequality

T (1)
Fi(t, up(t), I (1)) < FQ@, uo, I'n) + / Ok (s) ds. (3.10)
0

By (V6), (3.9), (L2), (T2), and (3.10), Fi (¢, ug(t), I (¢)) is bounded uniformly with respect
to k and ¢. The non-negativity of V, (L1), (T1), and (1.9) give a bound also on H (T (),
uniform in k and ¢.

Energy inequality

By Theorem 1.1, we have for every ¢ € [0, 1]

KL () =K(T*@)U Iy < likm inf K(Ik(t) U Ip) = likm inf C(I%(2)); (3.11)

moreover, Fatou’s lemma implies that the function

B0 (t) := lim sup O (t) (3.12)
k— 00
belongs to L' ([0, 1]) and
T (1) t
li;n sup / Or(s)ds < /QOO(S) ds. (3.13)
—00
0

Fixed s € [0, 1], by Definition 3.2 there is a subsequence (u K (8), Ik, (s)) such that

ug; (s) — u(s) weakly*in SBV?(2p; K) (3.14)
and
Ono(s) = Lim 6, (s). (3.15)
k—>oo

@ Springer



190 G. Lazzaroni

By (3.8), (V6), and (2.16) we have
V(s, ug; (s)) = V(s, u(s)), L(s,uk;(s)) = L(s,u(s)), T(s,uk;(s)) = T (s, u(s)).
(3.16)

In order to pass to the limit as k; — oo in (3.10), we employ Lemma 3.1, which is based
on the following consequence of (V7).

Remark 3.1 From Remark 2.1, we deduce that for every s € [0, 1] and M > O there exists
a modulus of continuity wﬁ” [0, 1] — [0, +00), with s > wﬁ” (h) in L°°([0, 1]) for every
h € [0, 1], such that

V(s +h, 12 —V(s,v) < oM h) 3.17)

for every v € SBV?(§2p; K) such that V(0, v) < M and every h > 0 with s + & € [0, 1],
provided that D,V is defined.

DV(s,v) ¥

Lemma 3.1 Ler V: [0,1] x SBVP(£2p; K) — [0, +00] be lower semicontinuous with
respect to the weak* convergence in SBV?(2p; K) and satisfying (3.17). Let u; be a
sequence converging to us, weakly*in SBVP(2p; K); fixs € [0, 1] where D,V is defined.
Assume that V(s, uj) — V(s, Uxo) < +00. Then D, V(s, uj) — D V(s, too).

Proof This lemma was shown in [16, Proposition 3.3]; from that proof, it is clear that w;
need not be uniform with respect to z. O

Applying Lemma 3.1, from (3.14) and (3.16) we deduce that for Llae. s €[0,1]
DV (s, uk;(s)) = DiV(s, u(s)).

The convergence of the derivatives of the force terms is given by (2.17). Hence, by (2.5),
(3.5), and (3.15), we conclude that for £!-a.e. s € [0, 1]

G0 (s) = Dy FoU(s, u(s)). (3.18)
By (3.8), (2.16), and (3.11) we have
F(tu@), ['(t)) < liminf Fi, (¢, ug, (t), Tk, (1)) < limsup Fe(t, uge(t), Tk (1))
J—> 00

k— 00
From (3.10), (3.12), (3.13), and (3.18) we obtain
t
lim sup Fi(t, ur(t), I (t)) < F(O, uo, I'v) +/thel(s, u(s)) ds.

ke 0
Then we get the energy inequality
1
F(t,u(t), I'(t)) < FQO,up, I'n) —i—/thel(s, u(s)) ds. (3.19)
0

Finally, comparing (u(t), I"(¢)) with (Z, I"(t)), by (3.6), (V3), (V4), (L1), and (T1), we
find a constant C > 0 such that

Ve, u) < C, Vulr@pmmn < C. H' S@n) <€ (3:20)

uniformly in ¢.
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Approximation with Riemann sums

For the next point, we will use the approximation of Lebesgue integrals with suitable
Riemann sums [20]. Let C; a countable subset of L°°(§2; K), dense for the norm of
L9(£2; R"), and C» a countable subset of L°°(dg$2; K), dense for the norm of L9 (0582; R").
By [9, Lemma 4.12 and Remark 4.13], we can find a sequence of subdivisions {s/i}Osisik
satisfying:

ir—1 ix i—1
0=s" <s) <. <s* Do —¢  lim max (s - )_O, 3.21
k< Sk k k o B Uk T (32D

1 ‘b —b ‘d —o, 3.2
kE‘;oZ/ L (5t) = (o)) ds (3.22)
lim Z / ‘bT i bT(s)’ ds =0, (3.23)

lim Z/ ‘D,]—‘el siou (,i))—D,fel(s,u(s))‘ ds = 0, (3.24)

lim E / ’Dt sk, — D L(s, v)‘ ds =0 foreveryv € (Cy, (3.25)
k%oo ;
lim E / ‘D, vk, — D7 (s, v)’ ds =0 foreveryv e (Cy, (3.26)
k*)OO

1 1
w§ (—) — wsc (—)‘ ds =0 foreverym €N, (3.27)
m

where a) is defined in Remark 3.1 and C is the constant of (3 20). In the previous formulas,
it is understood that all time derivatives are well defined at sk.
We can deduce the following lemma.

Lemma 3.2 In the previous assumptions,

klgroloz / DV (st (s1)) = DoV (s (s1)) | as =0, (3.28)
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Proof Fixed m € N, we have max; (s,’; - s,i_]) < 1/m for k large. Comparing the derivatives
with the difference quotients and employing twice (3.17), we get

i i
Xk Sk

[ 1o (s (s£)) =0 (s (1)) 05 = [ [ (5) o6 (3)] o

-1 il
Sk Sk

for every s € [s,i_l, s,’;). We deduce that

o
ik
i 30 [ (o (o (1) <20 o (4))
=1ie1
Sk

st

i k !
1 1 1
< lim Z/ |:wc, (—) —i—a)sc (—)] ds < Z/wsc (—) ds,
k—>ooi:1 Sk \m m m

i—1 0
Sk

where in the last estimate we used (3.27). Passing to the limit as m — 0o, we conclude by

dominated convergence, thanks to the uniform bound on a)f. O

As for the approximation of the force terms, we follow [9, Lemma 5.7].

Lemma 3.3 In the previous assumptions,

i
Sk

Di£ (st (st)) =Dt (s (sf)) [ as =0, (3.29)

ik

lim E
i=1
Sy

st

ip k
lim > /
17,

Sy

DT (st,u (st)) = DiT (s, (s1)) ] as =0 (3.30)

k—00 4

i=

Proof Consider the set H of all functions v € SBV?(£2p; K) such that
IVUllLr(2paameny < C and H'~'(S()) < C,

where C is the constant appearing in (3.20). By the SBV compactness theorem [2, Theo-
rem 4.8], H is compact in L°°(§2; K) with respect to the norm of L9(§2; R"). Fix ¢ > 0;
there exists a finite number of functions vy, ..., vy € C; such that for every v € H there
exists j with Hv - ”L‘J(.Q;R") < ¢. By (L3), we have

Dy L(s)(v) = Dy L(5)(v))] < ebL(s)
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for £l-ae. s € [0, 1] (including the points s,i). Then,
i g
z sup / ‘D, (sk, ) — D, L(s, v)’ ds
-1 veH
Sk

DL (sk,v,) D, L(s, v])‘ds—i—sZ/ bL sk)—i-bL(s):I

110

i

hoie K

»W

Jj=1 =Ll
Sk

First, we pass to the lim sup as k — oo, then we let ¢ — 0; recalling (3.22) and (3.25) we
find that the left hand side in the previous expression is vanishing. Hence, (3.29) follows.
The proof of (3.30) is analogous. O

Summing up (3.24), (3.28), (3.29), and (3.30), we obtain

lim Z/ ‘D, )) — D, 7, us))| ds = 0. (3.31)

k— 00

Energy equality

The converse of (3.19) is a consequence of the stability property, via a discretization argu-
ment.

Fori =1,..., (u (s,’{ 1) T (s,’< ])> and (u (s;), I" (s})) are competitors in (3.6):
asu(s) € AD (I, T (s})) and I" (s,’c_l) C I (s}), we get

F (o () () = (e () ()

Arguing as in the proof of the discrete energy inequality, by (3.20), (V6), (L2), and (T2) we
obtain

Summing up,

F(t,ut), I'(1) = F(O, up, [p) + i / D7 (s,u (s)) ds.
i=1
Sk

By (3.19) and (3.31) we have
t
PG, () = FO.u0, 1) + [ D75, u)) ds,
0
which implies (2). The proof of Theorem 3.3 is concluded. O
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