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Abstract In this paper, we study eigenvalues of elliptic operators in divergence form
on compact Riemannian manifolds with boundary (possibly empty) and obtain a general
inequality for them. By using this inequality, we prove universal inequalities for eigenvalues
of elliptic operators in divergence form on compact domains of complete submanifolds in a
Euclidean space, and of complete manifolds admitting special functions which include the
Hadamard manifolds with Ricci curvature bounded below, a class of warped product mani-
folds, the product of Euclidean spaces with any complete manifold and manifolds admitting
eigenmaps to a sphere.
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1 Introduction

Let M be an n-dimensional complete Riemannian manifold and let €2 be a bounded connected
domain in M. Let A be the Laplace operator acting on functions on M. The study of the
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644 M. P. do Carmo et al.

spectrum of A is an important topic, and many works have been done in this area during the
past years (see, e.g., [5,10,30] and the references therein). Consider the Dirichlet eigenvalue
problem or the fixed membrane problem given by

Au=—Au in2, ulsg=0~0. (1.1)
Let
O<Ar <A =<A3 <.,

denote the successive eigenvalues of (1.1). Here, each eigenvalue is repeated according to
its multiplicity. When M is a Euclidean space R", Payne, P6lya and Weinberger proved in a
seminal paper [26] that

k

4
)»k+1—)\k§E];)»i, k=1,2,..., (1.2)

In 1980, Hile and Protter [23] generalized (1.2) and proved

k kn
z > fork=1,2,.... (L.3)
i=1 )\k+l _)" 4

In 1991, Yang [31] obtained the following much stronger inequality:
k

> 1 — 1) (xkﬂ - (1 + %) xi) <0, fork=12,.... (1.4)
i=1

The inequalities on the higher eigenvalues of the Laplacian on a connected bounded
domain in R" obtained by Payne-Pélya-Weinberger, Hile-Protter, Yang have also been
extended to Riemannian manifolds (cf. [6,7,11-14,16-21,24,28,29,32], etc.). In particu-
lar, for the Dirichlet eigenvalue problem on a complete Riemannian manifold isometrically
immersed in a Euclidean space, Chen—Cheng [11] and El Soufi-Harrell-Ilias [16] have
proved, independently,

k k 2

D s —a)? < % P (Ai + %H&) , (1.5)

i=1 i=1
where Hy = max,cq |H| and H is the mean curvature vector of M. When M is a unit
n-sphere, the above inequality has also been obtained in [11]. When M is an n-dimensional
hypersurface in R"*!, Harrell [18] has also proved the above inequality. Harrell-Stuble [19]
realized that many of the original Payne-Pdlya-Weinberger’s results rely on facts involving
operators, their commutators, and traces. Generalizing Yang’s inequality (1.4), Ashbaugh
[6] considered eigenvalues of Schrodinger operators with weight on bounded domains in
R” and obtained universal bounds for them. Ashbaugh-Hermi [7] presented a new proof
which unifies the classical inequalities of Payne-Pélya-Weinberger, Hile—Protter and Yang.
El Soufi—Harrell-Ilias [16] obtained universal bounds on eigenvalues of Schrodinger opera-
tors on bounded domains in a submanifold of Euclidean spaces.

The purpose of this paper is to study the Dirichlet eigenvalues of elliptic operators
in divergence form with weight on Riemannian manifolds. Such operators include the
Lapacian operator as special case. We will prove a general inequality for them. By using
this inequality, we prove universal inequalities for eigenvalues of elliptic operators in diver-
gence form on compact domains of complete submanifolds in a Euclidean space, and of
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Inequalities for eigenvalues of elliptic operators 645

complete manifolds admitting special functions which include the Hadamard manifolds with
Ricci curvature bounded below, a class of warped product manifolds containing the hyper-
bolic space, manifolds admitting spherical eigenmaps and the product of Euclidean spaces
with any complete manifold. It should be mentioned that the problem we study include the
eigenvalue problem of the linearized operator L, of the r-th mean curvature of a hypersur-
face which is closely related to the stability problem of hypersurfaces of constant r-th mean
curvature in a space form. The first non-zero eigenvalue of L, has been studied recently (see
e.g., [1-4,9,15] and the reference therein). To the authors’ knowledge, very little is known
about its higher order eigenvalues.

2 A general inequality for eigenvalues of elliptic operators in divergence
form on compact manifolds

In this section, we prove a general result for eigenvalues of elliptic operator in divergence
form with weight on compact Riemannian manifolds.

Theorem 2.1 Let (M, (,)) be an n-dimensional compact Riemannian manifold with bound-
ary OM (possibly empty). Let A : M — End(T M) be a smooth symmetric and positive
definite section of the bundle of all endomorphisms of T M. Let V a non-negative continuous
Sunction on M and p a weight function which is positive and continuous on M. Denote by A
and V the Laplacian and the gradient operator of M, respectively. Consider the eigenvalue
problem

2.1)

—div(AVu) + Vu = rpu inM,
ulgm = 0.

Let A; be the ith eigenvalue of (2.1) and u; be the corresponding orthonormal eigenfunction,
that is,

—div(AVu;) + Vu; = Aipu; inM, 2.2)
/pul-uj:&-j, Vi,j:l,Z,.... (2.3)
M

Then for any function h € C*(M) and any integer k, we have

Z(ml—x) llui | Vhl|? <SZ<Ak+1—A>/ (Vh, AVh)
i=1 i=1

2

+Z ()\k-ﬁ-l Ai) H ( Vu;, Vh) + %uiAh) .24

Here for a vector field X on M, div X denotes the divergence of X, || f||*> = fM f2and$ is
any positive constant.

Remark 2.1 One can check that when d M # (J, the first eigenvalue A of the problem (2.1)
is always positive and when dM = ), we have A; > 0 with equality holding if and only if
V = 0. In both cases, we use the same notations A1 < A, < --- — 00 to represent the set of
the eigenvalues of the problem (2.1).
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646 M. P. do Carmo et al.

Proof of Theorem 2.1 Set Lu = —div(AVu) + Vu and for f, g : M — R, let us consider
the inner product given by ({f, g)) = [, v Pfg. If a non-trivial function ¢ on M satisfying
¢lam = 01is orthogonal to uy, uy, ..., ux with respect to the above inner product, then the

Rayleigh—Ritz inequality tells us that

JuoLe
Sy p9?
Foreachi =1, ..., k, we define ¢; : M — R by

A+l <

k
¢i = hu; — zaijuj,
Jj=1

where
dij :/phuiuj =daji.
Q
Since
dilom =0
and

/Puj¢i=0, Vi,j=1,...,k,
M

we know from (2.5) that

At / p¢} < | dile
M

T

k
¢ | L(hui) = > aijhjpu,

Jj=1

ST R

@i L(hu;).

Using (2.2), we have
L(hu;) = Ajphu; —2(Vu;, AVh) — u; div(AVh).

Thus, we have

Akt1 / od;
M

< [ $uphui / 612y, AVH) + u; div(AVR))
M M

k
=A; / p(blz — / hu; 2(Vu;, AVh) + u; div(AVh)) + Zb,‘jd,‘j,
M M j=1
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Inequalities for eigenvalues of elliptic operators 647

where

bij = /(z<w,», AVR) + u; div(AVh))u;
M

Multiplying (2.2) by hu ;, one gets

—div(AVuj)huj + Vhuju; = Ajphuju; (2.10)
Changing the roles of i and j, we have

—div(AVu)hu; + Vhujuj = Ajphu;u; 2.11)

Subtracting (2.11) from (2.10) and integrating the resulted equality on M, we get by using
the divergence theorem that

()»,' — )Lj)a,'j = /(div(AVu‘,-)hui - diV(AVLt,’)hM_,’)
M
= /(—(AVuj, V(hu;)) + (AVu;, V(hu;)))
M
= /(—(VM]-, A(u;Vh)) + (AVu;, u;Vh))
M

= /uj(div(uiAVh) + (AVu;, Vh))
M
= by}, 2.12)

which, combining with (2.9), gives
kg1 = i) / pd;
M

k
< —/hu,-(Z(Vui, AVh) 4+ u; div (AVh)) + Z(Ki - Aj)az . (2.13)

ij
M j=1

1
Cij = /uj ((Vu,', Vh) + EuiA/fl) ;
M

then, one gets from the divergence theorem that

Setting

cij +cji = /(Vh,ujVu,- +uiVuj) +/uiujAh
M
(Vh,V(u,'uj))-F/uiujAh:O, (2.14)
M

S—0 &
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and

/ = (<w,-, Vh) + %uiAh)

M

k
1
= —Z/hui ((Vu,», Vh) + EuiAh) +ZZC,~ja,~j
M j=1
k
= |lui|VRII? +2 " cijaij. 2.15)
j=1

Multiplying (2.15) by (Ax41 — A;)* and using the Schwarz inequality and (2.13), we get

Oukett — Ai)?

= (A1 — )\i)z/(_
Q

< 81 — 1) IVPdi I

Ak+1— A1) | 1
+f/ 7p
Q

k
g\ VAN +2D cijaij
j=1
1 1 k
2)J/pdi | — ((Vui, Vh) + *“iAh) - Zcij\/ﬁuj
2

k
1
((Vu,-, Vh) + EuiAh) — Zcijﬁuj
j=1

0

= 80ur1 — 1) V0l

N (?»k+18— Ai) ‘

< 81 — 2i)*

n ()\k+1

where § is any positive constant. Summing over i and noticing a;; = a;;, ¢;j =

infer

k k
D Ot = 2 i VRN =2 " Gaer = ) (i

i=1

k
<8 Ourr —xi)’

i=1

+z ()uk-H

i=1

1 | 2 &
—vu;, vy + Zuian )| =S 2
NG (( U; )+ 2u, ) ;cl]
k
—/hui(Z(Vui,AVh) +u; div(AVR)) + > (A — A j)al
M j=l
1 2 Kk
wi,Vh>+—u,-Ah) -3,
2[5 (e omr+ o) - 225

—Cji, We

— Ajaijjcij
i,j=1

—/hui(Z(Vui,AVh) + u; div (AVh))
M
2

1
( Vui, Vh) + 5u,Ah)

| 5

Ai) o

k
(M1 — Ai
—Z(xkﬂ—m(xt aal = DL

i,j=1
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Inequalities for eigenvalues of elliptic operators 649

Hence, we have

k
D Ot = 2)?Hui | VA

i=1

<8 (g1 —A)° —/hui(Z(Vu,-,AVh) + u; div (AVh))
i=1 M,

sl — Ai) 1 2
+Z “ "f(vuf’Vh>+2”iAh) (2.16)
Observe that
1 2 2
=2 [ hui(Vui, AVR) = = [ (Vui, AVR)
M M
1
=3 / u?div(AVh?)
M
= u%(Vh,AVh)Jr/u%hdiv(AVh). (2.17)
M M

Substituting (2.17) into (2.16), we get (2.4). This completes the proof of Theorem 2.1. O

3 Inequalities for eigenvalues of submanifolds in Euclidean spaces

In this section, we prove inequalities for eigenvalues of elliptic operators in divergence form
on submanifolds in Euclidean spaces by using Theorem 2.1.

Theorem 3.1 Let M be an n-dimensional compact submanifold with boundary M (pos-
sibly empty) immersed in R™. Let A : M — End(T M) be a smooth symmetric positive
definite section of the bundle of all endomorphisms of T M. Assume that the eigenvalues of A
are bounded below by &1 and that tr (A) < n&, throughout M, & and & being two positive
constants. Let p be a continuous function on M satisfying p1 < p(x) < pa2, Vx € M, for
some positive constants p1 and py. Let H be the mean curvature vector of M in R™ and
denote by {1;}7° | the eigenvalues of the eigenvalue problem

[ —div(AVu) +Vu = Apu inM, 3.1)

ulgpy = 0.

Then we have

2H2
Z(AHI—A) < ffpzZum—m(g( V°)+" 0), (3.2)

i—1 1 P2 4/01

where Hy = max,cpy |[H(x)| and Vo = min,ep V (x).

Proof of Theorem 3.1 Let x1, ..., x; be the standard coordinate functions of R” and let
{u;}$2, be the orthonormal eigenfunctions of the problem (3.1) corresponding to {1;}2,.
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650 M. P. do Carmo et al.

Taking 7 = x, in (2.4) and summing over «, we get
k m
Z(ml - A»ZZ |luti | Vx4 |11

<5Z(xk+1—x) Z/ (Vxg, AVxy)

o= lM
(k1 — A7) 1 ( 1 :
+ Z e Z —= ((Vui, Vi) + Sui Ax (3.3)
8 a=1 \/B 2
Since M is isometrically immersed in R”, we have
AX1, ..., xm) = (Axq, ..., Axy) = nH, (3.4)
m m
D (Via, Vi) = D" (Vui(xe))* = |Vui P, (3.5)
a=1 a=1
and
m
D Vxel* =n. (3.6)
a=1
It follows that
i n
Sl =n [ = 2 (3.7)
ol A r2
Observe that for any tangent vector field Z locally defined on M, we have
Z=7Z(x1,....xm) = (Zx1,...,ZXxp). 3.8)
Letey, ..., e, be orthonormal tangent vector fields locally defined on M ; then one gets from

(3.8) that

n+1 n+1 n n
Z(Aan, Vxy) = z <A(Z(an, e,-)ei) , Z(an, ej)ej>

a=1 a=1 i=1 j=1
n n+l
= D> > (eixa)(ejxy)(Aei, e))
i,j=1a=1
n n

= D (ei,ej){Aei,ej) = D (Aei, ei) = 1r(A)

ij=1 i=1
and so

Z/ (Vxg, AVxq) f/u tr(A) < né2 (3.9)

P1
o= lM M

Foranyi =1, ..., k, we know from (3.4) and (3.8) that

m m
D Axa(Va, Vi) = D AxgVui(xy) = (nH, Vu;) = 0.

a=1 a=1
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Inequalities for eigenvalues of elliptic operators 651

Thus,
2

1 1
ﬁ ((Vui, Vxq) + EuiAxa)

1 « 1
- ((Vui, Vi) + (i Vi, AxeVig) + Zu?(Axa)z)
1

M
1 n?|H|?
- / ! (|Vu,~|2 4 qu?)
P 4p
M
1

m
a=I

2172
n-H,
< \Vu; > + —2 pu?
P1 4p1
M
1 , n’H}
SE [Vu;i|* + Ior (3.10)
M

Multiplying the equation

—div(AVu;) + Vu; = Ajpu;
by u; and integrating on M, we get

A= /ui(—diV(AVMi) + Vu;)
M
= [ AT i) + v
\%
zél/lvui|2+—° G.11)
02
Combining (3.10) and (3.11), we obtain
m
a=1
1 {1 Vi 2H?
s 7()\ —°)+" 0 (3.12)
&1 P2 4p
Introducing (3.7), (3.9) and (3.12) into (3.3), we infer

n k 2
— E (A1 — Ap)
,02 £
2 N8 e Ot = A) 1 Vo\ | n*H}
<3§(Ak1—/\) Yy (A——)Jr .
* l o1 ) o1 \ & 02 4p1

i=1 i=1
(3.13)

2

1
— ((Vui, Vi) + EuiAxa)
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Taking
1/2
k 2H2
{Zi:l()»kﬂ — i) (é (?»i - %) + . )l
{”52 2zt G — A) }
we obtain (3.2). This completes the proof of Theorem 3.1. O

Remark 3.1 If wetake V =0, p = 1, and A to be the identity map, then the inequality (3.2)
becomes (1.5) obtained by Chen—Cheng and El Soufi—Harrell-Ilias.

Remark 3.2 Let M be an n-dimensional closed (i.e., M is compact, connected and 0 M = )
orientable manifold, isometrically immersed in a complete simply connected Riemannian
manifold Q"*!(c) of constant curvature ¢ and let A be the shape operator associated with a
globally defined unit normal vector field v on M. Denote by S, the r-th elementary symmetric
function of the eigenvalues kq, ..., k, of A,i.e,, So = 1,81 =K1+ +ky, Sy =K1 ... Kp.
The r-th mean curvature of M is defined as

1
Hr = (;T)Sr
Let 7 be the r-th Newton transformation arising from A, thatis, To = I, T, = S, — AT,_;.
Each P, is a self-adjoint operator whose trace is c¢(r)H,, where c¢(r) = (n — r)(}') (see
[9, Lemma 2.1]). Consider the operator L, : C*°(M) — C*°(M) given by

L, = div(T,Vf).

We call L, the linearized operator of the r-th mean curvature of M. There are some conditions
to guarantee that L, is an elliptic operator (in particular, if the eigenvalues of 7, are all of
the same sign, L, is elliptic). In this case, some optimal upper bounds for the first non-zero
eigenvalue of the eigenvalue problem

L.f ==M\f, feC™(M)

have been obtained (Cf. [1-4,15]). However, to the authors’ knowledge, there are no known
estimates for the higher order eigenvalues of L,.

Assume now that the eigenvalues of 7, are bounded below by &; and that H, is bounded
above by &, throughout M, &; and &; being two positive constants. If M is a hypersurface in
R™*! from Theorem 3.1, for any positive integer k, one can derive an upper bound for the
(k + 1)-th eigenvalue in terms of the first k£ eigenvalues of L,, the dimension n, &;, &, and
an up bound of the norm of the mean curvature vector of M in R"*!. Observe that if M is
a hypersurface in a unit sphere S”*!, then M is a submanifold of R"*2 and the norm of the
mean curvature vector of M in R"*?2 is bounded above by a constant which depends on the
dimension 7 and an upper bound of the mean curvature of M in §"*!. Hence, in this case,
one can also get a similar upper bound for the (k 4+ 1)-th eigenvalue of L, as in the case of
M being a hypersurface in R**1.

4 Eigenvalues on manifolds admitting special functions
In this section, using (2.4), we prove universal inequalities for eigenvalues of the elliptic

operators in divergence form on manifolds admitting special functions. Our main result is as
follows.
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Inequalities for eigenvalues of elliptic operators 653

Theorem 4.1 Let (M, (,)) be an n-dimensional complete Riemannian manifold and Q2 be a
bounded connected domain in M. Let A : 2 — End(T 2) be a smooth symmetric positive
definite section of the bundle of all endomorphisms of T Q and assume that&11 < A <&l in
the sense that the eigenvalues of A lie in the interval [§1, &) throughout 2, &1 and &> being two
positive constants. Let p be a continuous function on Q satisfying p1 < p(x) < p2, Vx € Q,
for some positive constants p\ and pa. Denote by A the Laplacian of M and let {A;}72, be
the eigenvalues of the problem

—div(AVu) + Vu = pu in<, @
ulpg = 0.
i) Ifthere exists a function ¢ : 2 — R such that
Vol =1, [A¢| = Ag, on Q, (4.2)

then

£ 8 Vo) A2
D Ot —2)? < s;pz Z(xkﬂ A)(g ( °)+4°), (4.3)

ol —— 02 P1
ii) Assume that p = 1 and that there exists a function ¥ : 2 — R such that
IVy| =1, Ay = By, on <, (4.4)

then

Vo Bg
Z(AkH—A) <4szz(xk+1—x> & ( —)—7 . @5)

i=1 i=1 P2
iii) If there exist [ functions ¢, : Q — R such that
(Vp, Vo) =8py, App =0, onQ, p,g=1,...,1, (4.6)

then

52/)2 ( VO)
A — A A —)lrx——1; 4.7
E (Akt1 )? l’;‘ E (Ak+1 ) s 4.7

iv) If M admits an eigenmap f = (f1, f2, .-, fms1) : @ — S™ corresponding to an
eigenvalue (, that is, ZZ’LI f(f =1, Afy =—nufu, a=1,...,m+1, then

Z(Akﬂ—x) < 52’02 Z(AM M(é (A —@)Jri); (4.8)

i=1 ’01 i=1 P2

In the above, Ag and By are constants, S™ is the unit m-sphere and Vo = minycq V (x).

Proof of Theorem 4.1 Similar calculations as in the last section give (Cf. (3.7), (3.11))

/|Vu,-|2 <L ( . @), 4.9)
J &1 02

1 1
— < /uf < —. (4.10)
Q
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654 M. P. do Carmo et al.

i) Taking i = ¢ in (2.4), using (4.2), (4.9), (4.10), (V¢, AV) < &|Vé|* and the
Schwarz inequality, we get

1 k
— D> Oy — 1)
P25
k
< ZWH — 20l 117
<SZ(Ak+1 A)/ (V4. AVY)
( Vu;, Vo) + %u,)
2
< aZ@kH —mz/ Eui Ve
i=1 Q
k 2
(i1 = A) [ 2 o, (A9)?
+i§8/m((w,,v¢> + ui)
5
52 Z(xkﬂ i)
()\k+l_)\i)/£ v Az 2
+§75 " (| i+ =2u

8
Sz Z()»k+1 - )

()»k+1 Ai) 2 ( Vo) A}
Wkt 74D a— ) 4 20 411
+Z (51 02 * 4p1 @D

i=1

2

+ Z ()»k+1

Taking

12
[22f=1()~k+1 —Ai) (EL] ()»,- — %) + %)]
0= k 1/2 s
{52 21 Qo1 — ki)z}

one gets (4.3).
ii) Since p = 1, we have by taking 7 = ¥ in (2.4), using (4.4) and similar calculations as
in (4.11) that

k k
D Okt = 2) <8 (a1 — 26

i=1 i=1

2
+ZW+1“/(W,,V¢) + Bou; (Vui, V) + % ,2)

i=1
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Inequalities for eigenvalues of elliptic operators 655

£ L 1—?») B§
e R e (|Vl| +—V,,vw> 40,2)

i=1 i=1

L 2 L ()\k+1 _)\z) 2 2 2
=8 (1 — M) e+ ) 5 wil> — = PAY 4
M

i=1 i=1

k k 5
A — A 1 B
<4 Z(MH — 16+ Z (1{4—1(37) (sl(ki - Vo) — 40)

i=1 i=1
Taking

k 1 B2 172
[Zi:1(lk+1 —Ai) (g(xi — Vo) — To)]

5=
{Z?:l(kk+l - }w‘)zfz}l/z

we get (4.5).
iii) Taking h = ¢, in (2.4), we get

p—Z(ka —)’ < Z(xkﬂ — )l 117

i=1 i=1

<3é Z()\k—H — ) / (Vop, AV))

i=1

2

+Z ()»k+1 Ai) Hf Vi, V)

< BZWH — )’ / Euf Ve,
i=1

2
4.12)

+Z ()»k+1 Ai) HI Vi, V)

From (4.6), we know that
!
D Vi, V) < [Vul*,
p=1

Thus, we obtain by summing over p in (4.12) that

L
— D s — 1)
P2 o
: & Gt = A) [ 1
SSZ(AkJrl _)“i)z/lEZ“iz‘f‘Z%/;quﬂz
i=1 Q i=1 Q
k
216 A1 —A) 1 Vo
<8 (1 — 1) = Z#— = —
= P s P11 Jo))
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Taking

_ [Zf';l()»kﬂ A (kz _ E)}l/z
PISTEEE k»%ﬁ&]

)

we obtain (4.7).
iv) Taking the Laplacian of the equation

m+1

2 fa=1
a=1
and using the fact that

Afy =—nufy, a=1,...,.m+1,

we have

m+1

DVl =p (4.13)

It then follows by taking & = f, in (2.4) and summing over « that

m+1

—Z(Akﬂ—x) <Z(xk+1 i) Znu,wmn

m+1

< SZ()\IH’I —Ai) / Z V fus AV fo)

7 (970 = S se) 2

n Z (}»k+16— ) 'S Z

i=1 a=1

m+1

<62<Ak+1 ) /szu22|Vfa

m+1 2
(/\k+1 )»)/ ( Vui,Vfa)2+liu,-2)
< SZ<Ak+1 — i) / Eapuu}
i=1
m+1
+ZM/ (Zwm 9 ful? +u)

i=1

(A i) 2
<az(xk+1—x>2&“ S / (mwih%u?

i=1

ERWCL- VBN NG e R DI B O (L B U ' W
<az“"“ M Z 5 ((sl(A )+4m)>'

i=1 i=1 P2
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Taking
172
k \%
30 (4 1)+ )
- 172 )
{Zf:l(?»km - /\,-)252}
we obtain (4.8). This completes the proof of Theorem 4.1. 0

Now we give some examples of manifolds admitting special functions as in Theorem 4.1.

Example 4.1 Let M be an n-dimensional complete Riemannian manifold with Ricci curva-
ture satisfying Ricy; > —(n—1)c2, ¢ > 0.Let f — R be a smooth function with |V f| = 1.
It has been proved by Sakai that |Af| < (n — 1)c on M (see Theorem 3.5 in [27]). Assume
further that M is a Hadamard manifold and let y : [0, +00) — M be a geodesic ray, namely
a unit speed geodesic with d(y (s), y(¢)) =t —s forany ¢t > s > (. The Busemann function
b, corresponding to y defined by

by(x) = lim (d(x,y (1) =1

satisfies | Vb, | = 1(CT. [8,22]). We know from Sakai’s theorem that |Ab), | < (n—1)con M.
Thus, any Hadamard manifold with Ricci curvature bounded below by a negative constant
admits functions satisfying (4.2).

Example 4.2 Let (N, dslzv) be a complete Riemannian manifold and define a Riemannian
manifold on M = R x N by

(,) =ds3; = di* + n*(t)dsy, (4.14)

where 7 is a positive smooth function defined on R with (0) = 1. Then, (M, (, )) is called a
warped product and denoted by M = R x; N. Itis known that M is a complete Riemannian
manifold.

Set n = ¢! and consider the warped product M = R x,— N. Define ¢y : M — R by
Y(x,t) = t. Let us calculate |Vir| and Ayr. Assume that {@>, ..., ®,} be an orthonormal
coframe on N with respect to dslz\,. If we define w; = dt and wy = e '@, for2 < a < n,
then the set {w;}7_ forms an orthonormal coframe of M with respect to ds,%,,. The connection
1-forms w;; of M are defined by

n
dw; = Zj:l wij N\ wj,
wij +wji = 0.

Direct exterior differentiation yields
dw; =0
and
n
dwy = —e7'dt Nwy + ¢! Zaaﬂ A @p

p=2

n
= wyg N\ W +Zaa,3 A wg,
p=2

@ Springer



658 M. P. do Carmo et al.

where wyg are the connection 1-forms on N. Hence we conclude that the connection 1-forms
of M are given by

Wy = —Wy] = Wy, Wgp = Dypf-

For any C? function f on M, its gradient and hessian can be calculated by the following
formulas

n n n
df = fioi, dfi+ ) fiwji =Y fijo;. (4.15)
i=1 j=1 j=1
From d{¥ = w1, we know that
Yi =it (4.16)
and so
dy; =0. 4.17)

Taking f = v in (4.18) and using (4.17), (4.19) and (4.20), we get
Y1 =0, Yop = dap. (4.18)
Hence, we have
VY| =1, Ay =n—1. (4.19)

That is, a warped product manifold = R x,-+ N admits functions satisfying (4.4).
Let H" be the n-dimensional hyperbolic space with constant curvature —1. Using the
upper half-space model, H” is given by

R} = {(x1,x2,...,x9)|x, > 0} (4.20)
with metric

dx? + - +dx2

ds? = 5
'xl’l

421

One can check that the map @ : R x,— R"~! — H" given by

d(t,x) = (x,€")
is an isometry. Therefore, H" admits a warped product model, H” = R x,— R"~!
Example 4.3 Let N be any complete Riemannian manifold. Let

M=R xN= {(x1,x2,...xl,z)l(x],xz,...,xl) eR’,zeN}

be the product of R’ and N endowed with the product metric. Consider the functions
¢s: M — R, g=1,...,1, defined by

¢q(x17x2» Lo X[, 2) = Xg-

It is easy to see that {¢q}f]:l satisfy (4.6).

Example 4.4 Any compact homogeneous Riemannian manifold admits eigenmaps for the
first positive eigenvalue of the Laplacian (Cf. [25]).
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