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Abstract We treat the stability issue for an inverse problem arising from non-
destructive evaluation by thermal imaging. We consider the determination of an
unknown portion of the boundary of a thermic conducting body by overdetermined
boundary data for a parabolic initial-boundary value problem. We obtain that when
the unknown part of the boundary is a priori known to be smooth, the data are
as regular as possible and all possible measurements are taken into account, the
problem is exponentially ill-posed. Then, we prove that a single measurement
with some a priori information on the unknown part of the boundary and minimal
assumptions on the data, in particular on the thermal conductivity, is enough to
have stable determination of the unknown boundary. Given the exponential ill-
posedness, the stability estimate obtained is optimal.
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Unique continuation
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1 Introduction

Let € be a bounded domain in RY, N > 2, with a sufficiently smooth boundary
d%2, a closed part of which, say 7, is not known and not accessible. For instance,
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I could be some interior component of 92 or some inaccessible portion of the
exterior component of 2. On the other hand, we assume that the set A = 9Q\/
is accessible and known. Let T be a positive number and let « = «x(x, t), (x, 1) €
RV x R, be a symmetric N x N matrix whose entries are Lipschitz continuous
(real) functions. We assume that « is also uniformly elliptic. Given a nontrivial
function f on A x [0, T'] such that supp f is compactly contained in A x [0, T'],
let us consider the initial-boundary value problem

oru —divik(x, t)Vu) =0 inQ x (0,7),

0)=0 Q
u(x,0) x € Q, (1.1
u=0 onl x[0,T],
u=yf on A x [0, T].

Given an open portion X of d€2 such that ¥ C A, we consider the inverse
problem of determining / from the knowledge of « Vi - v on ¥ x [0, T], where v
denotes the exterior normal to €2.

This problem arises, for instance, from non-destructive testing using thermal
imaging. In fact, 2 may represent a thermic conducting body, with thermal con-
ductivity «, A is a known part of the boundary and / may represent an unknown
privileged isothermal surface, such as a solidification front [2], a corroded portion
of 92 or the boundary of a cavity inside 2 [3, 21]. We prescribe the temperature
on the accessible part of the boundary, A, and we measure on X x [0, T'] the heat
flux exiting the body, and, through this additional measurement, we want to de-
termine /. Actually in some applications, in particular in the continuous casting
of steel, see [2, 8], the conductivity « depends explicitly on the temperature u,
rather than on 7. Nevertheless, the case in which « depends on x and ¢ only is an
important starting point to study the stability also for the general non-linear case.
We shall return to this point later.

The uniqueness result for the problem discussed earlier has been proved by
Isakov, see [12]. In [5] it is shown via a counterexample that uniqueness may fail
when u(-, 0) #£ 0.

In this paper we approach the stability issue of this problem from two differ-
ent points of view. First of all, we analyse the instability character of the problem
and we find that this inverse problem is exponentially unstable, that is logarith-
mic stability estimates are best possible. Then, we prove a stability estimate under
some a priori information on / and some assumptions on A, k and the oscillation
character of f. The stability estimate we prove is of logarithmic type and it is
therefore very weak; however, it is essentially optimal. We wish to remark that
to properly analyse the instability of the problem, we study what happens in the
most favourable situation, that is we suppose to have strong a priori information
on I, A and « as simple as possible and, more notably, instead of a single mea-
surement with a given f we take into account all possible measurements. Still,
the instability is of exponential type, and this means that performing different or
more measurements does not substantially improve the stability of the problem.
Conversely, for what concerns the stability estimate, the aim is to keep as minimal
as possible the a priori information on the unknown [/ and the assumptions on the
data A, k and f while still keeping the optimality of the estimate.

By the stability estimates and the instability analysis we can therefore char-
acterize in a quite precise manner the modulus of continuity of the map which



Stability properties of an inverse parabolic problem 225

associates to the measurement Vi - v on ¥ x [0, T'] the unknown part of the
boundary /.

More precisely, in the instability analysis we deal with the following frame-
work. We assume that Q@ = B(0)\D, where D represents an unknown cavity.
Therefore, we identify A with the exterior boundary of €2, dB1(0), and / with the
boundary of the cavity, dD. We further assume that « is identically equal to the
identity matrix, that is the body is homogeneous and isotropic. Let us fix an inte-
ger m. To each C™ regular cavity D we associate its Dirichlet-to-Neumann map
D(D), that is the operator that maps each prescribed temperature f on A x [0, T']
into the corresponding heat flux g—ﬁ| Ax[0,7], Where u solves (1.1). We establish
the instability properties of the function that associates to each operator D(D) the
corresponding cavity D.

The basic idea of the method we use for such a purpose goes back to [13].
More recently, this idea has been applied successfully to the inverse problem of
conductivity, see [18]. Later, in [7], the method has been formulated in an abstract
framework suitable to be applied in the context of inverse problems. In that paper,
in fact, the abstract formulation has been applied to many different inverse elliptic
problems. Here we also make use of the abstract setting; however, the parabolic
case presents additional difficulties with respect to the elliptic case. A crucial step
in order to apply the abstract method relies on the construction of a sequence
{uy}ren of solutions to an auxiliary initial-boundary value problem (namely (1.1)
with @ = Bj(0), that is D = ¢), satisfying the following properties. First, the
linear space generated by {uy };en should be dense among all possible solutions to
the auxiliary problem and, second, u; should decay exponentially with respect to
k on any compact subset of B{(0). In the elliptic case, such a sequence is provided
by the harmonic polynomials, whereas in the parabolic case its construction is
much more delicate and is performed in Sect. 3, with the crucial exponential decay
estimate given in Proposition 3.5.

We wish to remark that the stability estimate is established when [ is assumed
tobe C1'#,0 < B < 1, whereas A is just Lipschitz. Furthermore, x may depend
on both time and space variables. We notice that in [5] an analogous logarithmic
stability estimate has been proved when A is assumed to be C!'! and x does not
depend on 7.

The proof of the stability estimate has the same structure of those given in
[1,4,5, 19]. As in these papers, the main effort consists of deducing some quanti-
tative estimates of unique continuation, in particular three cylinder inequalities in
the interior and at the boundary and stability estimates for Cauchy problems. An
optimal three cylinder inequality in the interior has been proved in [10, 22] and it
is recalled in Theorem 4.4. We also need an optimal three cylinder inequality at
the boundary and this is obtained in Theorem 4.5. In turn, in order to obtain such
quantitative estimates of unique continuation, the main effort is to find a suitable
Carleman estimate, see Theorem 4.1. The main novelty here is the dependence
of the thermal conductivity by time, too. This leads to three cylinder inequali-
ties whose constants depend on the parameters of the cylinders in a different way
with respect to the time autonomous case. However, we show that, even with this
difference, analogous estimates of unique continuation can be proved, a stability
estimate for Cauchy problems, Theorem 4.6, which by the way has been obtained
for a Lipschitz boundary, and a smallness propagation estimate, Proposition 4.7.
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Let us further remark that treating the case in which « depends on ¢ is a basic
step to approach the non-linear case in which « depends on u. In fact, we observe
that the techniques used for proving quantitative estimates of unique continuation,
such as Theorems 4.4—4.6 and Proposition 4.7, can be applied also to the differ-
ential inequality

18;u — div(k (x, HVu)| < C(IVul| + ul)

instead of the corresponding homogeneous equation, we refer for the obvious
changes to [10, 22], and this would allow us, provided that ¥ and the boundary
of Q are regular enough, to extend the results also to the non-linear case.

Finally, let us note that similar results may be obtained also if we consider a
homogeneous Neumann condition on /. For what concerns the stability estimate,
however, the regularity assumptions on / need to be changed, for instance / should
be of C1! class, see the discussion in [1] and [4].

The plan of the paper is as follows. In Sect. 2 we state the main results of
the paper: the exponential instability, Theorem 2.3, and the stability estimate,
Theorem 2.5. In Sect. 3, we prove Theorem 2.3. In Sect. 4 we prove Theorem 2.5,
in particular we prove the Carleman inequality, Theorem 4.1, and state the
quantitative estimates of unique continuation. In the appendix the rather technical
proofs of the quantitative estimates are developed.

2 Statement of the main results

We begin by giving some notation and definitions. We shall fix the space
dimension N, N > 2, throughout the paper. We shall use the letter C or K to
denote positive constants. The value of the constants may change from line to
line, but we shall specify their dependence everywhere they appear (sometimes
we emphasize their difference writing Co, Cp, ...). We shall always omit the
dependence of the constants on N.

For every x € RN we shall set x = (x/, xy), where x’ € RV~! and xy € R,
and we shall denote by B, (x) and B/ (x"), respectively, the open ball in RN centred
at x of radius  and the open ball in RV ~! centred at x” of radius 7. Sometimes we
shall write B, and B, instead of B, (0) and B;.(0), respectively.

Let r, to be positive numbers. For every x € RV, ¢ € RN suchthat|¢| = 1 and
a € (0, ) we shall denote by C (x, ¢, «, ) the cone {y € B, (x) :%T_"i‘f >cosa} and
we shall denote by C(x, ¢, a, ) the set C(x, ¢, a, 1) x (0, fo). We shall denote
by DY (x) the cylinder B, (x) x (0, #p). For every function ¥ on RN=1 such that
¥ (0) = 0, we shall denote by D;(,)’r the set {(x", xy,1) € B, x (0,10) : v (x) <
xn}. When dealing with N + 1 variables (x, ¢), with x = (x1, ..., xy), we shall
denote V = V., div = divy, A = div(V), D? = Df. We shall write, for brevity,

o f = of of = % Finally, we shall denote by Z the identity matrix.

— x>’ B}

Definition 2.1 Let © be a bounded domain in RY. Given a nonnegative integer
m and 8,0 < B < 1, we shall say that a portion X of 92 is of C™-P class with
constants Ry, E > 0, if for every P € X, there exists a rigid transformation of
coordinates under which we have P = 0 and

QN Bg, ={(x",xn) € Bgy : xn > (x)},
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where ¢ is a C"# function on By, satisfying ¢ (0) = 0, ||<,0||Cm,ﬁ(3;e y < ERp and,
0

whenever m > 1, also |V¢(0)| = 0. We remark that when m = O and 8 = 1
we shall also speak of Lipschitz class and that when 8 = 0 we shall speak of C™
class.

Remark 2.2 'We have chosen to normalize all norms in such a way that their terms
are dimensionally homogeneous and coincide with the standard definition when
the dimensional parameter R is equal to one. For instance, we have that

_ , 1+ ,
Ilwllcl,ﬁ(Bko) = |I¢||Loo(3k0) + RolVellLem, ) + Ry " IVelpa, .
where

[Vo(x") = Vo)l
=P

IVolg g, = sup
0 x’.y/eBRO'

X'y’

In the same fashion, if D = Q x (0,T), T > 0, and u is a function belonging
to H>1(D) the norm llull 2.1 py 1s meant as follows

1
2 _ 2 2 2 402,12 2 2
||M||H211(D) = W/; (I/l +R0|Vu| +R0|D I/{| +T (Bﬂ/t) )dxdt,

and so on for any other integral or fractional order Sobolev space defined on D
oron X x (0,7T), X being a portion of d€2. For what concerns the definition and
main properties of these Sobolev spaces we refer to [17].

2.1 The instability result

Let Q = B;\D, where D is a compact subset of Bj. Let A = dB| = SN =
oD. We also set ¥ = A. For simplicity, throughout this subsection, we also set
the dimensional parameter R equal to 1. We set Q = B; x (7/2,37/2) ¢ RV*H!
andI" = A x (;/2,37/2).

We wish to remark that we could equivalently consider the time interval (0, )
or (0, 1) instead. We have chosen (77/2, 377/2) only because it will turn out to be
convenient for the purpose of the proof.

The following Hilbert spaces will be used. The space H = Hj)/ 23/ 4(F), its
dual H = H; = H3/273/4("), and Hy = H"*'4(I"). We consider now the
interpolation spaces between Hy and Hj. For what concerns interpolation we refer
againto [17]. Forany 6,0 < 6 < 1, we define Hyg as [Ho, H1]p, where this denotes
the interpolation at level 6 between the two spaces Hp and Hj. The norm in Hy
will be denoted by || - ||4. First, we notice that for any 6, 0 < 6 < 1, there exists
a constant Cy, which depends on 6 only, such that the following interpolation
inequality holds for any ¥ € Hy

1 lle < Collwrlly 21w Y. @2.1)
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By using the interpolation properties of fractional order Sobolev spaces on T',
see [17], we can characterize Hy as follows

H2(/4=0).1/4-6 ) if0<6<1/4,

Hy =
0 H720-1/4.-0-1/9T) if1/4<0 <1, 6 #3/4.

(2.2)

Let us notice the interesting case of 6 = 1/4, where we have Hy = L%(I"), and
that /3,4 does not coincide with H-L=12().

Let us fix an integer m > 2 and positive constants §, b and r.

To any strictly positive function g defined on »S¥~! = 3B,, we denote
its radial subgraph as subgraph_,(g) = {y € RV : y = pw, 0 <p <
grw), w € SN}, Then, X,ups (B,) denotes the set given by {subgraph,,4(g) :
g€ C®rS" ), lgllempey-1y <bandr < g <r +8}.

Let us consider the metric space (X, d) = (me% (31/2), dy) where dy de-
notes the Hausdorff distance, namely

dn(Dy, Dy) = max{ sup dist(x, D), sup dist(x, Dl)},

xeDy xeDy

for any Dy, D, € X. Let us notice that every D € X is closed, is star-shaped with
respect to the origin and satisfies Bj» C D C B3/a.

For any D € X, we set Q(D) = (B1\D) x (n/2,3n/2), I'(D) = 9D X
(/2,37 /2).If D =, then we set Q(D) = Q and ['(D) = 0.

For any D € X U {#}, we consider the operator D(D) : H — Hy which is
defined as follows. Forany ¥ € H, letu € H?*1(Q(D)) be the solution to

ou—Au=0 in Q(D),
ulx,7/2) =0 x e Q\D,

2.3
u=20 on I'(D), 23)
u=1 onT.
Then, for any ¥ € H, we set
ou .
DD = a—lr, u solution to (2.3). (24)
v

We have that Theorems 4.3 and 6.2 in [17, Chapter 4] imply, respectively,
existence and uniqueness of a solutionu € H 21(0(D)) to (2.3) and its continuous
dependence from the boundary datum i € H. Finally, by the trace theorem [17,
Chapter 4, Theorem 2.1], we can conclude that, for any D € X U {J}, the operator
D(D) : H — Hj is linear and bounded. We can also consider D(D) as a linear
and bounded operator between H and H' = Hj, by setting

9
M. forany v, ¢ e H, (2.5)

ou
(DY, P w'.n = <a—v|r,¢> =/; ™

H'.H

where u solves (2.3) and (-, -) gy’ p is the duality pairing between H' and H.
Let us remark that the operator D is usually referred to as the Dirichlet-to-
Neumann map. We are in the position of stating the instability result.
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Theorem 2.3 Let us fix an integer m > 2 and a positive constant b. Let (X, d) =
(meL (B1)2),dwn). Then there exists a positive constant 81, depending on m and b
1

only, such that for every 8,0 < § < 81, we can find D1, Dy € X satisfying
d(D;, 1§1/2) <48, foranyi=1,2; d(Dy,Dy) >3$; (2.6)
and, forany 6,0 <6 <1,
N -1
ID(DY) — DD iy < K exp | 65 2mCN+D | 27)

where K is a constant depending on m, b and 6 only.

2.2 The stability result

Let M, Ry, E, F, A, A, T and B be given positive numbers with A, 8 € (0, 1].
Theorem 2.5 is based on the following assumptions and a priori information.

Assumptions on the domain and the accessible part of the boundary

We assume that 2 is a bounded domain in RV satisfying
Q| < MRY, (2.8)
where |€2| denotes the Lebesgue measure of 2. We also assume that
982 is of C%! class with constants Ro, E. 2.9)

We shall distinguish two nonempty parts A, I of 92 which satisfy

o o

TUA=0Q, INA=0, [INA=0A=0I, (2.10)

where interiors and boundaries are intended here in the relative topology of 9<2.
Moreover we assume that we can select a portion X of A satisfying

0Q N Bry(P1) C X C Ag,, 2.11)
where P; is a point belonging to ¥ and Ag, = {x € 92 : dist(x, ) > Ro}.

Remark 2.4 Observe that earlier condition (2.9) implies a lower bound on the di-
ameter of 2 and on the diameter of every connected component of d€2. On the
other hand, conditions (2.8) and (2.9) imply an upper bound on the diameter of 2.

A priori information on the unknown part of the boundary

We suppose that

I is of C1# class with constants Ry, E. (2.12)
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Assumptions about the prescribed boundary datum

We shall assume that the Dirichlet datum f appearing in problem (1.1) belongs to
HYZ1/4(A x (0, T)), it is nontrivial and satisfies

1Nl ggr21sa
suppf C Ag, x [0, T], AL (AxO.T) _

F. 2.13)

I FlL2cax.1y)

Let us notice that f can be trivially extended to 92 x (0, T') by setting f = 0 on
I x (0, T). In such a way, denoting

Sy =99 x (0,T),

we shall often consider f as belonging to H'/>!/4(Sy) and we shall set, unless
otherwise specified,

IAN = 0f N grzamcs,y-
Assumptions about the thermal conductivity

We assume that the thermal conductivity k = «(x, 1), (x,t) € RY x R, is a
symmetric N x N matrix satisfying the following conditions for every (x, t),
(y,s) € RV*1 and every £ € RY

MEP <k(x,0E-& < 27E]?, (2.14)

=yl Jr—s]
|ML0-K@JN§A< L ). (2.15)

In the sequel we shall refer to the set of numbers {Ré/T, M,E,F, L, A, B}as
to the a priori data. We shall also use the following notation

W x 0,T)={v: veL*(0,T); H(RQ)), d,v € L*((0,T);: H ' (Q))}.

Theorem 2.5 Let 21, Q2 be two domains satisfying (2.8), (2.9). For any i =
1,2, let A;, I;, satisfying (2.10), be the accessible and inaccessible part of 02,
respectively. Assume that Ay = Ay = A and that Q1 and 2 lie on the same
side of A. Let us take ¥ C A satisfying (2.11). Finally, we suppose that, for any
i = 1,2, I; satisfies the a priori information (2.12).

Let us assume that (2.13)—(2.15) are also satisfied and let u; € W (2; x (0, T))
be the weak solution to (1.1) when Q2 = Q;,i = 1,2.If, given ¢ > 0, we have

1/2
RO/ ”KVMl 'V—KVMQ‘V”LZ(EX(O)T)) <eg, (216)

then we have o
dr (21, 22) < Row (/I f1)s (2.17)

where w is an increasing continuous function on [0, 00) which satisfies
w(s) §C|10gs|_cl, for everys < 1, (2.18)

and C, Cy are positive constants depending on the a priori data only.
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3 Proof of Theorem 2.3

We begin with the following definition.

Definition 3.1 Let (X, d) be a metric space. For a given positive §, Z C X is
8-discrete if for any two distinct points z1, 2} in Z we have d(z1, z}) > 6.

Let (X, d) be as in the hypotheses of Theorem 2.3. Let us set Dy = B 2 and
let us call, forany 6 > 0, Xs = {D € X : d(D, Dy) < 8}. We observe that for
any 3,0 < § < 1/4, we have X5 = X;;p5(B1/2). We have that (X, d) satisfies the
following proposition, see for instance [7, Proposition 3.1].

Proposition 3.2 There exists §g > 0, depending on m and b only, such that for any
8,0 <8 < 6o, wecan find Zs C Xs such that Zs is §-discrete, with respect to the

Hausdorff distance, and Zs has at least exp(2_N8(()N71)/m8_(N_])/’”) elements.

Before proving Theorem 2.3, we need to introduce some further notation. Let
0 =Qx(0,27), =A x (0,27) and, forany D € X, let Q(D) = (Q\D) x
(0,27) and ['(D) = 3D x (0, 27). Clearly, we set Q(#) = Q and I'(¥) = @.
Let us consider the Hilbert space L2(I") endowed with the scalar product

W, ¢)0=/f1ﬁ¢, for any ¥, ¢ € L*(D).

We can choose as an orthonormal basis of L2(A) the following set

{fip: j=0and1<p < pj} (3.1)

where each f;, is a real valued spherical harmonic of degree j, j being a non-
negative integer. Therefore, we have that

—Aafip=rjifip=J0G+N=2)fjp, (3.2)

where A 4 is the Laplace—Beltrami operator on A. For any j > 0, the integer p; is
the dimension of the space of spherical harmonics of degree j and we have that,
see for instance [20, p. 4],

1 if j =0,
pi=1Qj+N=2)(+N-3)!
JUN —2)!

if j =1,

so that
pi<2(+DN2  j>o.

Then we have that the set

1
{wn,-p - ﬁsin@z)fjp(w): n> 1, ijandlfpfpj} (3.3)

is an orthonormal basis of Lz(f) with respect to the scalar product (-, -)o.
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For any 5,0 < s < 1, let us consider the Sobolev space H 25, (I"). We have the

,0
20‘Y"Y(f‘) — H?5(I") if and only if s < 1/2. Then, for

any s # 1/2, we can endow H %‘”(1:) with the following scalar product

following properties. First, H

) n\ 2s
W= 2 (1422 +(5)" ) 0 )o@ Yispdo.
n>1, j=0 ! 2
I<p<p;
for any v, ¢ € H"* (D), (3.4)
with respect to which the set
7 1/fnjp . .
Ynjp = :n>1,j>0and 1 < p < p; (3.5)

is an orthonormal basis of H %“ (D).

For any n, j and p, let us define y(lﬁnjp) = /n + j and let us call, for any

positive integer g, Ni(q) = #{(n, j, p) : y(t/?,,jp) < ¢}, where # denotes the
number of elements. By the previous estimate on p ;, we have that

Ni(g) <2(1+¢)*N, foranyq € N. (3.6)

Let H = HY> (), A = H) = H-3>734(F) and Hy = H'/>V4(T).

For any D € XU {@}, let us define in the same fashion as before the Dirichlet-
to-Neumann map associated to D, that is the linear and bounded operator D(D) :
H — Hy such that for any ¢ € H we have

- -~ ou
DO = 5|
r

where 1 solves ~
oiu —Auu =0 in Q(D),
u(x,00=0 x € Q\D,
i=0 on I'(D),
= onT.

(3.7)

<

Let us also define the following two linear and bounded operators G,G* :
H — H such that for any ¢ € H we have

le

V(w0 =Y, 0e /172,

V(. 1) =Y (w, e VE0 0 — )72, 38)

*

G

We have that there exists a constant C such that

G 2.y 1G* I gy < Co- 3.9)
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Now we can de~ﬁne, f9r any D € X U {(}, the following linear and bounded
operator D (D) : H — H’ as follows

(DD, d) i g = (DIDYGY, G*h) o g, forany ¥, € H.  (3.10)

Then the proof of Theorem 2.3 is an immediate consequence of the following
two propositions.

Proposition 3.3 There exists a constant C,, depending on m and b only, such that
forany D € X and any y € H

I(D(D) = DWNV |l g, < Calliioll 721 (5, % 0,2 3.11)
where i solves (3.7) with D = .
Proposition 3.4 There exists a positive constant &1, depending on m and b only,

such that for any §,0 < § < &1, we can find Dy, Dy € X satisfying (2.6) and such
that

~ ~ ___N-1
ID1(D1) = DDl g 7.3y < 2€xp (=8 20N ). (3.12)

Proof of Theorem 2.3 We observe that there exists a constant C3 such that the
following two inequalities are satisfied for any ¢ € H

D@V 1, < Cslliol gy Niollzang) < C3l¥ 14

By Proposition 3.3, we have that there exists a constant C4, depending on m
and b only, such that

||15(D)||L(ﬁﬂo) <C4, foranyD € X. (3.13)

Then, we consider the following fact. For any ¥ € H, let ¥ € H be its

extension by O outside I'. We have that J : H — H, where J(¢) = ¥ for
any ¥ € H, is a linear isometry. Furthermore, we have that the linear operators
G,G* : H — H such that forany v € H

GW) =GW)r, G W) =G*W)Ir,
are invertible and there exists a constant Cs such that
G Nl 2ty G * oty NG e,y 16G*)  Mloqamy < Cs. (3.14)
Forany D € X, for any v, ¢ € H, we have that
D(D)y = D(D)Jy|r (3.15)
and

(DD, ¢ vt = (DDYIY, T ) . 43
= (DUDYI G Y, J (G )y - (3.16)
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By (3.15) and (3.13), we infer that for any D1, D; € X we have
ID(D1) — D(D2) |l £, Hyy < 2Ca. (3.17)

By (3.16) and (3.14), we infer that for any D1, D; € X we have
IDDY) = DDl e mry < C3IDUDY) = DiDD oz i (3.18)

The proof of Theorem 2.3 follows immediately from Proposition 3.4, (3.17),
(3.18) and the interpolation inequality (2.1). [l

Proof of Proposition 3.3 Let x € C3°(B1) be a cutoff function such that
0<x<1, x=1lin Bss6,  x = 0 outside B7ys.

Let us take the auxiliary function v = & — (1 — )i, i being the solution to
(3.7). We have that g—]'jh: = (D(D) — D(@))¥ and that v solves

dv—Av=f inQ(D).
v(x,0)=0 x € Q\D,
v=0 on ['(D),

v=0 onf,

(3.19)

where f = —Axiio — 2V x - Viig and hence, by construction of x, it is supported
in (B7/8\Bs/6) x [0, 2] and, for a constant Cs,

”f”LZ(Q(El/Z) = C6||b70||H2-1(37/8X(0’2n))- (3.20)

Then we perform the following change of variables. There exists a constant
C7, depending on m and b only, such that for any D € X we can find a bijective
function ¢ : B] — Bj satisfying

@(x) =x, foranyx € BisU(Bi\Bsss), @(Bij2) =D,
lellem g,y ||‘P_1||cm(1§l) =C7.

Let w(x, t) = v(e(x), ). We have that w solves

adw — div(AVw) = f in Q(By)2),
w(x,0)=0 X € Q\Bl/z,
w=0 on I'(B1)2),

w=0 onf‘,

(3.21)

where a is a function depending on x only, A is a symmetric N x N matrix
depending on x only, and there exists a constant ¢; > 0, depending on m and
b only, such that for any x € B| we have

a(x) >c;, AX)E-E=>c(|E|? forany E e RV,

”a”C’"—l(Bl)v ”A”Cm—l([gl) <1/c1.
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By standard regularity estimates, see for instance [14, Chapter III, Sect. 6], we
obtain that there exists a constant Cg, depending on ¢ only, so that

1wlly21 G800 = C8llFl2Ga 00

Therefore, the proof is concluded by noticing that, by the trace theorem [17,
Chapter 4, Theorem 2.1], there exists a constant C9 such that

Jw
av

and that, by construction, %—l"j I = g—zh:. O
We now turn our attention to Proposition 3.4. Let us fix integers n > 1, j > 0,
p,1 < p=<pj andlet

- =< C9I|w||H2,1(Q(Bl/2))
Hy

r

Wyip(w, 1) =y, (t) fjp(@), (w,1) € AXR,

where

L o nnya—l1/t,—3/2
—=sin(51)e t ift >0,
)y = V72 .

0 if + <O0.

Let us remark that y, € C*°(R) and y, € H™(R) for any nonnegative integer
m. Then we consider the following boundary value problem. Let U = Uy, (x, 1)
be a classical solution to

oU — AU =0 in Q x (0, +00),
Ux,t)=0 (x,1) € Q x (=00, 0], (3.22)
U=Y,, on A x R.

The following decay estimate of exponential type will be crucial.

Proposition 3.5 For any n, j, p, let Uyj, solve (3.22). Let us fix po, 0 < pp < 1.
Then there exist positive constants K| and k1, depending on pg only, such that

1Unjplli2s,, xry < K1exp(=kiy/n + j). (3.23)
The proof of Proposition 3.5 is rather technical and, therefore, we postpone it

to the end of the section. As a corollary of Proposition 3.5, we obtain the following
result.

Lemma 3.6 For anyn, j, p, and any D € X, we have

I(D1(D) — Di(BN)Ynjpll 70 < K2 exp(—kiy (Fujp)), (3.24)

where Ko depends on m and b only.
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Proof By (3.9) and (3.10), and the relation between ,;, and 1},,]-,,, (3.5), we
obtain that

1(D1(D) = Dy Vnjpll g < C1I(D(D) — D@NG Ynjpll -

Let Uy, solve (3.22). Then we have that the restriction of U, to the time

interval (0, 2mr) solves (3.7) with D = (J and boundary datum Gl/ln jp- By (3.11),
we infer that there exists a constant K3, depending on m and b only, such that

(D1(D) — Dy (BN Ynjpll g < K3l Unjpll 21815 0,22

Then the conclusion follows by Proposition 3.5 and a Caccioppoli-type in-
equality of the form

1Unjp ||HZ.1(BP1 %(0.27)) = KallUnjp ||L2(Bp0 x(0,27))>

where 0 < p; < po < 1 and K4 depends on pg and p; only. For similar
Caccioppoli-type inequalities we refer to [14, Chapter III, Sect. 6]. (]

Now we almost have what is needed to prove Proposition 3.4 and, hence, con-
clude the proof of Theorem 2.3.

Proof of Proposition 3.4 We need to introduce the operator which is ad]omt to
D1 For any D € X U {4}, let us define the bounded and linear operator D*(D)
H + Hj such that, for any $ € H, we have

= ~ dv
D*(D)p = —| .
o |p
where v solves .
v+ Av=0 in Q(D),
U(x,2mr) =0 x € Q\D,
=0 on T'(D),
i=¢ onT.
Then we define ﬁ’l“(D) - H — H' so that
(DYDY, V) o g = (D*(DYG*$, G V) g, ;3. forany ¢, € H.
Using the weak formulation of (3.7) and (3.25), it is easy to show that the
following adjointness property holds true for any D € X U {{J}
(D\(D). @) o g = (DY (D). V) g . forany . ¢ € H.

It is not difficult to show, with a simple change of variable in time, that (3.24)
holds true if we replace D; with D7}. Then, through the adjointness, we have that
forany n,n’, j, j/, p, p’

(D1 (DY=Dys D) Vrnjp Y j ) v 7| <K's exp(—k max{y (Pujp), ¥ W jr ),
(3.26)

(3.25)

where K5 depends on m and b only.
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Then, recalling Proposition 3.2, the properties of the orthonormal basis {1, ip}
and of y, in particular (3.6), and the decay estimate (3.26), we notice that we
are exactly in the position of applying the abstract instability theorem stated as
Theorem 2.1 in [7]. Hence, Proposition 3.4 follows. O

Proof of Proposition 3.5 We suppose that U,,;, can be written as follows

Unjp(, 1) = Vyjp(r,0) fip(@), 7 = |Ixll, @ =x/|x]|.

For the time being, letus denote V- =V, (r, 1), V; = 8,V and V,, =3,V =‘fj%
We have that V' satisfies
N -1 i(j+N—2
V=V, — v,+j(]+2 )V 20 in(0.1) x (0, +00).
r r

V(r’ I)ZO (r7 t) € (Ov 1) X (_O0,0],

V(,t) = yu(t) t € (0, +00),

V(0,1) =0 (V,:(0,1) =0) t€(0,400), j>1( =0).

(3.27)

Let V be the Fourier transform of V with respect to time, that is
R +o00 .
V(&) =/ e By (r,r)dt, £€R, re(0,1).
—0o0

By using classical tables of integral transforms, see for instance [9], we have
that the Fourier transform of y, is, for any £ € R,

—VIE=AT
Yn(§) = eT(COS(v2|§ —n/2|) — sign(§ — n/2)isin(y/2|§ —n/2|))
e—VIEFT]

- T(COS(\/ZIS + n/2|) — sign(§ + n/2)isin(y/2|§ + n/2))),

hence the following estimate holds

[V, (8)] < e V2AE-n/2l ef‘/zlgf(fn/z)‘, for any & € R. (3.28)
We have that V solves

Ve + 821V, — (i& + L2ET=2)Y =0 in (0. 1) x R,

V(1,8) = 3.() £ eR, (3.29)
V(0.8) =0 (V,(0,8) = 0) EeR, j>1(j=0).
If we choose o, a and v so that 02 = —ié,1 -2 =N —1and a’ -2 =

—j(j + N —2), that is

2081 .. _2-N O (N=22 N2
> (i — sign§), a=—0 V=T +Jj(j+N=2),
(3.30)
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then, using formulae (5.4.11) and (5.4.12) in [15], we infer that for any & € R,
anyr € (0, 1),

V&) =r2 (a Jo(or) +a2Y (o)),
where J,, and Y, are Bessel functions of order v of first and second kind, respec-

tively, and af and ai are coefficients depending on &. Concerning Bessel functions
we refer mainly to [23] and [15]. We always restrict ourselves to the case in which
v > 0, and we recall here the following basic properties. The Bessel functions
have the following asymptotic behaviour as z — 0

Jy~z", Y, ~({1/z)", asz— 0, ifv>0,

3.31
Jo— 1, Yo~logz/2, asz— 0, ( )

and these formulae hold for the derivative
d d
E(vafv(Z)) =—z "J41(2), E(f”Yu(Z)) =—z "Yyq1(2). (3.32)

Then, it is easy to show that the boundary condition at r = 0 is satisfied if and
only if a; =0.

For any r > 0 and any & # 0, we have that J,(or) # 0, see for instance
[15, Theorem 2, p. 127] and [23, Chapter XV]. Therefore, inserting the boundary
condition at r = 1, we obtain that for any r € (0, 1),

A -~ Jy(or) .
Vi, &) =r 72 7.(0) yn(§), foranyé& #0. (3.33)
£ Jy(or)

We wish to estimate the modulus o AGR We use the following formula, see
[23, formula 3, p. 498],

+00 2
(z/2)" z
J, = — 1——, 3.34
»(2) F(UH)]"[ = (3.34)
=1 v,l
where 0 < 7,1 < 1,2 < -+ < Ty < --- are the positive zeroes of J, and here

I'(v + 1) is the value of the Gamma function in v + 1.

We infer that
1/2
Ju(or) =V ﬁo _Tlil + 1‘4%'2 /

=1

‘We have that
log +r4€2 S 4

In order to evaluate the rlght—hand side of the last formula, we make use of the
following properties of the zeroes of the Bessel functions. First, for any / € N, the
function v +— 7, is increasing, see [23, p. 508], therefore

Z 4+EZZ

=1 ‘vl

400 1

4 2’
=1 Te1g T8
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where [v] denotes the integer part of v. The so-called interlacing property [23,
p- 4791, implies that

+00 1 400 1

Z .[6"] + 52 ’

S
4 2 =
= T T8 e

By Bocher’s Theorem, see [23, p. 494], we obtain that 79 ; < (2] — 1)1 1, for any
[ € N. Therefore, if we denote T = 10,1, which is a positive absolute constant, we
can conclude that

+00 1

Z4+522 L TEm e

I=[v]+2

which in turn is greater than or equal to

+00 1 1 +o00 1
dx = — dy.
/[vm Q- DI+ 2EPR /mg;w SR

If we estimate the last integral, distinguishing whether the first endpoint of the
interval of integration is less than 1 or not, we can find a positive absolute constant
K¢ such that

. 1 1
Z o szz 6mm{|s|3/2’<2[v1+3>3r3}'

We continue by noticing that there exists a positive constant K7 such that

1 _ Kk
Q] +3)33 = (j+ D3

for any j > 0.

Thus, recalling (3.33), there exists Kg > 0 such that we have, for any r € (0, 1)
and any & # 0, the following crucial estimate

WV £)] <" exp (—Ks(l —rHE2 min {# %D |50 (8)].
1327 (j + 1)

(3.35)
We recall that |y, (£)| can be estimated as in (3.28).
Let us now fix pg, 0 < pp < 1. We wish to estimate

2 Lofrorte o s 2
/ . 0| dxdt:—/ / PNV, 62 d .
By % (0,+00) 2m Jo J-oo

Here we have used the fact that || /124y = 1 and Plancherel’s Theorem. Then,
by (3.35) and (3.28) we have

2042
Py

1
/ luCx, )2 dx dr < — E, (3.36)
By ¢ (0,-400) = 22w 42
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where
E<4/+oo ( 2K3(1 — ph)&% mi { ! ! }) —2V2s-n/2 gg
exp | — — mny—s=,———=¢(|¢€ .
S U EF72 (j + 1)
Since v > j and pg < 1, then
2042
L py 2j
— < . 3.37
mowt2 - fo (3.37)

We now turn our attention to the term E£. We distinguish between two cases.
First, if n/4 > (j + 1)%, we have, setting Ko = Kg(1 — pg)),

E < 4/ exp(—+/2n) d& +4/ exp(—Ko/n) exp(—2+/2|& — n/2|) d&,
€ €

|<n/4 |zn/4

therefore, for a positive absolute constant K 1,

E < 2nexp(—+/2n) 4+ K1pexp(—Kog/n).

We conclude that there exist positive constants K11, K2, depending on pq
only, such that

o {Ku exp(—K12/n), ifn/d > (j+ 12,

3.38
K11, ifn/4 < (j+ 1> (3.38)

Then, inserting (3.37) and (3.38) into (3.36), a simple computation yields to
(3.23) with constants K| and k| depending on pq only.
In order to conclude the proof, we have just to check that if we set

U, t)y =Vlxll, ) fipe/lxl), (x,0) € Q\{0} x R,
where oo
Vi, t) = %/ eizE\}(r, &)ds, ((r,t)e0,1) xR

and V is defined as in (3.33), then U can be extended to a continuous function on
2 x R which satisfies (3.22).

For this purpose, the following estimate will be crucial. For any n < 0 and any
£ e R, let¢ =& +inand 0% = —i¢, with arg(o) satisfying 7/4 < arg(o) <
37 /4. Then, if we apply (3.34) again we obtain that

D@D v foranyn <0, & £0, r € (0. 1). (3.39)
Jyv(o)

Since the support of y, is contained in [0, 4-00), (3.39) and the Paley—Wiener
theory, see for instance [11, Theorem 7.4.3], imply that, for any r € (0, 1), the
support of V (r, t) is contained in [0, +00) as well. Finally, the regularity of y,,
(3.29), that is the equation and the boundary conditions at » = 0 and r = 1
satisfied by V, the asymptotic behaviour of the Bessel functions as z — 0, and,
when j = 0, formula (3.32), imply that V satisfies (3.27) and, in turn, that the
function U defined previously is indeed the solution to (3.22). (]
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4 Quantitative estimates of unique continuation and proof of Theorem 2.5

First, we shall prove some Carleman estimates and we shall apply them to
solutions to parabolic equations and we shall obtain an optimal three cylinder
inequality at the boundary, a stability estimate for Cauchy problems and an
estimate of smallness propagation, which are the main ingredients of the proof of
Theorem 2.5. Then, we shall sketch the proof of Theorem 2.5. Since the Carleman
estimates are obtained by the technique employed in [10] we shall adopt the
notation used in that paper.

Let {g'/ (x, )} be a symmetric N x N matrix whose entries are real functions.
When & € RN and (x, 1), (y,5) € RN+1 we assume that

N
AEP < ) g, ngiE; < MEP 4.1)

i,j=1

and
1/2

N
Y@= gy | S Ax—yl+lr—sh. @2
i,j=1
Let go be a given positive number and let L be the following parabolic operator

Lu = 3;(g" (x,1)d;u) — qodsu. 4.3)

For any positive numbers r and 7y we set Qf-o = B, x (—ty,1p),
= (B[O} x (—tg,t0). When h is a CO'(RV~1) function such that
h(0) = 0, we shall denote by I'j, the set

= {(x,0) e RN L xy = h(x)},

we shall denote by I'° _the set I';, N Q' and we shall denote by Q;O’ . the set

h,r
0, =1, 1) € QP : xy > h(x)}.
If x = (x/, h(x")) we denote by v(x), or simply by v, the unit vector of RY
(=Vyh(x), 1)

VI Veh ()]

To simplify the notation, we shall use some of the standard notation in
Riemannian geometry, but we shall always drop the corresponding volume ele-
ment in the definition of the Laplace—Beltrami operator associated to a Rieman-
nian metric. We do this because it simplifies the formulae appearing in the proofs
of the following lemmas, especially when the metric is allowed to depend on the
time variable and we make use of partial integration with respect to this variable.

In particular, if g(x,1) = {g;;(x, l)}f\f =1 denotes the inverse matrix of the
matrix of coefficients of L, we have g_l(x, 1 = {g"(x, t)}f'\,]j:p
function f and any two variable vector fields £ and 7, we set

Eon=Y 0" gt 08, EP=E-E,
V=g 'Vof, dive) =0, %&, Af =div(Vf).

v(x) =

and, for any
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When % is a C%'(RV~1) function and x = (x/, h(x")) we denote by n(x, 1),
or simply by n, the vector

n(x, 1) =g ' (x, Hv(x).
With this notation we have
Lu = Au — goosu.

For the sake of brevity, in the sequel we shall denote, respectively, by | the
integral over Qi with respect to the Lebesgue measure dX = dx dr and by fr 1

the integral over F}l  with respect to the N-dimensional surface measure. In
Theorem 4.1 we shall adopt the following notation. We denote

172

N
ple,y=| " gij 0. Hxix; | . (4.4)
i,j=1

For positive numbers a and u to be chosen later we set

N
o(x, 1) =p(x, 1) —a(pe, )? | Y anj 0, 1)x; (4.5)
j=1
and
se—nt? _
w(x,t) =¢(o(x,t)), where p(s)=sexp f dr ). 4.6)
0 T
Observe that p is the distance function from x = 0 associated to the metric
Zf-\szl gij(0,t)dx; dx; and o is a perturbation of p satisfying
lo(x, 1) = p(x, )] < Ca(plx, )7, 4.7)

where C depends on A only.

Theorem 4.1 Assume that the parabolic operator L satisfies the conditions
(4.2) and (4.3) and let us take h € CYP(B}) such that h(0) = |Vyh(0)| = 0
and ”I’l”cl,ﬂ(Bi) < E,with0) < B < 1and E > 0. Then, there are constants

0<d< 1, >0,a0>0and C > 1depending on A, A, E and B only such
that, for any o > C(qo + 1) and any u € Cl(Q}ll’l) N COO(Q}M) such thatu =0

on Fil:,l and suppu C chl, the following inequality holds
C / w22 (Lu)? > /(awﬂ—2“|W|2 + w2y, (4.8)

where w is defined by (4.5) and (4.6) with a = ag and i = 1.
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We begin the proof of the previous theorem by setting, for any func-
tion w € C“(Q{) such that w, |[Vw| > 0 in Q}”, the operator

Lo(f) = w “L(w“ f). We have

5 IV |Vwl|?
Lo(f) = Af +a"—7=f —aqo(d logw) f + 2e—"73=A(f) = qod: /., (4.9)
where 5
Vw Vf wAw — |Vw]|
A(f) =w———— Fg Ff=—-—— 4.10
f) op Talef F O (4.10)
We shall denote by M$, the symmetric N x N matrix
M {M,/—l—M,,},j > 4.11)

where, using the summation notation of repeated indices,

1. [fwVw wgk g w 1 wgk g w i1
M,J=5d1V<W>5U—a] (W +—th Y | kg l_EFlﬁau
4.12)
The following lemmas hold true [10].

Lemma 4.2 Let p be defined by (4.4), let ¢ be a positive nondecreasing function
on (0, 400). Let w be a function of Cz’l(Q%) class such that w, |[Vw| > 0 in

Q) - Let
P(s) = (s)/(s¢ ().
Then the symmetric matrix M, satisfies M3, Vw = 0 and the following facts hold

go(w) = ¢(w)Fg - w¢ (w),
M () = P)ME, + w¢’(w)(z

g0,) _ n _ g0, _
Fp =N-2, ./\/lp =0.

Vw ® Vw
Vw2 g

Lemma 4.3 Let w be a function of CZ'I(Qi) class such that w, |Vw| > 0 in
Q}l’l. Then, for any o > 1 and any u € Cl(Q_%) N C°°(Q%) such that u = 0 on
F;yl and suppu C Qi, the following inequality holds

w2 2
/ W(Laf) - Bw(f)

w2

z4a/M§Vf-Vf+a/F,§A(f2)—2qofF£f3zf
2 /' ‘70/ @2 =a0 [ 1957
|Vwl|? V|
y w?V|Vw|? -V f
—610/ Y 23zg’3if3jf—ZCI0/W3tf

— 4o QO/(ar log w)A(f) f + 2wqq /(3r log w) |2f3rf (4.13)




244 M. Di Cristo et al.

where
wVw -n

Buw(f) = 2a/ —— —(Vf-n)’ (4.14)
r

Vw2 |n|?
A1

Proof of Theorem 4.1. Let w be defined by (4.6). First of all we choose a in such
a way that Vw - n > 0 in a neighbourhood of 0. Denoting by (:|-) the Euclidean
scalar product we have

Vw-n=g¢'@)(((g (x,1) — g7 0,0))Vav) + (g0, )Va|v) (4.15)
and

(p(x,0)” (x'Vyh — h(x")

+
V1+|Veh2 o plx,0)y/1+|Vh|?

/ / N
_ AP Vuh — hx)) ZgNj(O, Dx; | (plx, )P

Vi iven?  \o

(710, nVov) =a

(4.16)

Let us now choose a = 2EA~B+D/2, By (4.16) we obtain
(g0, ) Vo |v) = CNX')P,  forevery x € Bi/c,

where C > 1 depends on A, E and 8 only. With this value of a we also have
(e (e, ) = g7'(0,0) Vo v)| < Clx|, onTy,,

where C depends on A, A, E and § only.
By (4.15), (4.14) and the previous inequalities, we obtain

Bu(f) =0, (4.17)

forall f € C'(Q} ) NC®(Q; ) suchthat f =Oon T}, and suppf C O} ¢,
where C > 1 depends on A, A, E and § only.

With the previous choice of a and for a fixed number © > 1, we have
o(s) = e’”ﬂ, where ¢ is defined in Lemma 4.2. Moreover, the following
properties can be easily checked on Q} /C for some constant C > 1 depending on
A, A, E, B and pu only

|x]/C <o <Clx]|, o/C <w<Co, 1/C <|Vw|<C,
19, (w?/[Vw)| < Cw?, || <Cwf,  |VIVw]| <Cwf~l, (4.18)
|A¢| < CwP=2, IFjl < C, |9; log w| < C.

In order to estimate from below the first integral on the right-hand side of
(4.13), we observe that if we denote

(Vo -V f) (Vw - V)
2T Ve = = 47

Vf=VFf— =V Vuw,
F=VI="Nop U e
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then from Lemma 4.2 we have
MEVF-Vf=0d|VP?+¢MEVS -V (4.19)
Now, from Lemma 4.2, M,g,(o’t) = 0, and by straightforward calculations we have
IME| = IME = MEOD] + IMEOD — MEOD] < Coo”
for any 0 < 1/Cy), (4.20)

where Cp > 1 dependson A, A, E and g only (note that Cy does not depend on ).
By (4.19) and (4.20) we have, when supp f C Q}/Co’

f MEVF-Vf=> / (0¢' — CooP )|V FI*. 4.21)

Now we estimate from below the second and third integrals on the right-hand
side of (4.13). From Lemma 4.2 we have

F$=(N—=2)¢+ (Bp—ad), (4.22)

where B = F§ — (N —2).
From Lemma 4.2, Ff;)(o’t) = N — 2, hence

|B(x,0)| < |F8 — F§OD| 4 |F§OD — F8OD| < oo, forany o < 1/Cy,

(4.23)
where Co > 1 depends on A, A, E and B only.
The identity
- Vw - Vf)?
VrP =19+ VT (4.24)
IVw]
(4.22) and the divergence theorem imply that
/F,iiA(f% =N -2 / FAA@) + 2/<B¢> ~o¢) fAS
+2 [ Bo— o117
(Vw-Vf)?
+2/(B¢—0¢)W, (4.25)

and

N -2
/ Fafof=-022 f a6+ / (Bo — 0¢')fo,f. 4.26)

By the identity (4.9), we obtain the following formula for the second integral on
the right-hand side of (4.25)

> / (Bo — o) fAf
|Vw|?

w?

=2/(B¢—0¢’)w_“fLaf+2a2/(0¢/—B¢) 7

[Vuw|?

w?

+2 /(Odf —Bo)f <2a A(f) = qod: f — qoer(9; log W)f) - (4.27)
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By (4.21), and (4.25)—(4.27) we obtain, for any o > 1,

4a/Mngf-Vf+a/FiA(fz)—2qo/Fif8zf
IVwI2

=R,
(4.28)

>2a/(0¢> —2Co0P + BT f P+ 243 /( ¢ — Bo)

where
R = 201/(345 -0 )w™ fLof + (N — 2)0tff2A(¢)

[Vwl?
2

+2a/(0¢’ - Bo)f <2a —q00: [ — qoc(0; log w)f)

+ (N = g0 f 206 — 240 / (Bp — o) f3, /.

By (4.18) and Young inequality we obtain
R < —f Y |2(L of)? —I—C/(a w22 4 quT P o (w2 4 g)) £

_ ( w - Vf)2 w?
2+8/2 2
+Cot/w (A(f)) +Ca/ | w|2 + | |2 17)

(4.29)

where C depends on A, A, E, § and p only.
Now, let us choose u = 4Cg. With this choice of 1 and by (4.18) we obtain the
following estimate from below for the first term on the right-hand side of (4.28)

2af(o¢’—2cooﬂ¢+3¢)|%f|2 > coa/ wP|VF?, foranya > 1, (4.30)

where Co depends on A, A, E and S only.
On the other hand, by (4.10) we obtain

Vw - V)2 Vw|?
/ wﬂ%= A~ F& 7

|Vwl|? s L IVw? s,
<2 [ B a5 [

This inequality and the second formula in (4.24) yield to

2
/wﬁﬁfﬁzc—‘fwﬁw.ﬂz /' ] 5 (A — /' (Fg> 12

where C > 1 depends on A, A, E and § only.
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The previous inequality, (4.13), (4.17), (4.28) and (4.30) yield to

2
/W 3Laf? = Cla [V 4 /(c ey
+a/<2 cwth 2l E acry?
qo 5 2
— |Vw|2(a’f) —Ra (4.31)
where
i VIVw|? -V
Ry =Ry —6]0/ |wa|2318‘]3ifajf—240/ww—ul;ﬁfatf

—dolqn [ @rlogw A1 + 203 [ (rlogw); |2f ot

Using (4.29) and Young inequality to estimate R from above, by (4.18) and
(4.31) we obtain, for any & > C and suppf C Q%/C,

2
%/;—W(Lo,f)z zc—la/wﬁwﬂz+c—‘a3fw—2+ﬁf2
—1 2 2 ‘13 w? 2
e a/w (Af) +£/|Vw|2<a,f>,

where C > 1 depends on A, A, E and § only.
Finally, recalling that f = w™%u and (4.9), we easily obtain (4.8). O

By the Carleman estimates, we can obtain the following three cylinder inequal-
ities. In Theorem 4.4 we state the three cylinder inequality in the interior, proved
in [10], in Theorem 4.5 we state the three cylinder inequality at the boundary. We
shall omit its proof because it is analogous to the one of Theorem 15 in [22].

Theorem 4.4 (Three cylinder inequality in the interior) Let T and R be
positive numbers such that Ty € (0, T], R € (0, Ro]. Let k be a symmetric N x N

real matrix satisfying (2.14) and (2.15). Let u € Hz’l(Dgl) satisfy

oru — div(k (x, £)Vu) =01in DITQI, u(x,0)=0.

Then, there exist constants s; € (0, 1) and C > 1 depending on ) and A only
such that, for any p1, p2 and t satisfying 0 < p; < p2 < sz, T € (0,Ty), the
following inequality holds

CR
ull,, oo, SV | — I| || r Nl (4.32)
L*(Dp, ) 02 L2(Dp)) LZ(D
where R c
b Bn soc(B L h (4.33)
Clog Cf;—f o ot) '
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Theorem 4.5 (Three cylinder inequality at the boundary) Let T) and R be
positive numbers such that Ty € (0, T], R € (0, Ry]. Let k be a symmetric N x N
real matrix satisfying (2.14) and (2.15) and W be a function of C'-P class with
constants E, Ry such that ¥ (0) = 0. Let u € H“(D]?’R) N leo’cl(Dil,R) be a
solution to

du — div(k (x, 1)Vu) = 0 in D11

VR u=0on Fx/,ﬂD?, u(x,0) =0.

Then, there exist constants s; € (0, 1) and C > 1 depending on ;, A, E and
B only such that, for any p1, p2 and t satisfying 0 < p; < p2 < sz, T € (0,Ty),
the following inequality holds

Jlul <y (CRY flul|” (2 (4.34)

u — — u u s .
LZ(D‘?Pz )~ Y P2 Lz(Dt/Tfl.m) LZ(DQ.R)

where ¥ and y are as in (4.33).

We now turn our attention to the stability estimates for Cauchy problems and
to smallness propagation estimates, whose proofs are postponed to the appendix.

Theorem 4.6 (Stability estimate for Cauchy problems) Let §, Ty and R be pos-
itive numbers such that Ty € (0, T], R € (0, Ro]. Let k be a symmetric N x N real
matrix satisfying (2.14) and (2.15) and \ be a function of C%! class with constants

E, Ro such that (0) = 0. Letu € H'“'(DJ! ) 0 H2! (D} p) be a solution to

ocC
du — div(k (x, )Vu) = 0in DQR, u=00nTyNDL, ux,0=0

and satisfy
1
T[ L (kVulv)® < 6% (4.35)
Ry T Jrynpy!

Then, there exists a constant C > 1 depending on A, A and E only such that,
for any p1, p2 and T satisfying 0 < p» < C'R,0< p1 < C_lpz, T € (0, T)),
the following inequality holds

1.91 1*191
21—ty = K87 ull Ty »
2Dy p) Lz(Dw%pz)

c
log 22 Cor \"! R> T
ecthe e () mee(E)
Clog % o1 T, =t
In Proposition 4.7 we shall use the following notation. Let & and R be positive

numbers such that « < 7 and let s; € (0, 1) be defined as in Theorem 4.4. Given
x0, ¢ € RN, with |¢| = 1, we denote

[lull (4.36)

where

R

Xl = —.’
1+ sina

wi =x0+*r¢,  p1 = (1/4)r1s]sina. 4.37)
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Furthermore, given a bounded domain D in RN*! a number B,0<pB <1,and
a function u defined on D, we shall denote

ulpgpp = sup lu(x, 1) —u(y,s)|
e wo.wen (IX — y12 + 1t — s))B/?
(X, 0)F#(y,s)
Proposition 4.7 (Smallness propagation estimate) Let us take positive numbers
o, B, H, Ty and R such thata <, Ty € (0,T], R € (0, Rol. Let k be a symmet-
ric N x N matrix such that (2.14) and (2.15) are satisfied. Let ueHz:! ("1 (xo,¢,2,R))
be a solution to

du — div(k (x, )Vu) = 0in CT' (xo, ¢, a, R), u(x,0) =0in C(xo, ¢, R),

such that
lll 2 g .y + RPNl g2 071 .y = H- (4.38)
Then, for every t € (0,T1/2),

lu(xo, 1) < CH|log((eH)™ |lul (4.39)

-B
L2(Dy)] wn)l
where C depends on «, B, A, A and R*/ Ty only and B depends on «, B, . and A
only.

Given these results of unique continuation, the proof of Theorem 2.5 can
be concluded with a procedure which is analogous to the one used to prove the
main theorems of [4, 5]. However, for the convenience of the reader, we point
out here the most important steps of the proof. We begin by stating the following
propositions. We shall denote by G the connected component of €1 N > such
that ¥ C G.

Proposition 4.8 Let the hypotheses of Theorem 2.5 be satisfied. We have

_omax ui| < [ flleE/1fID, (4.40)
(©\G)x[0.T/2]

where w is an increasing continuous function on [0, 00) satisfying

w(t) <C(og|logt)™N,  forany0 <t <e !, (4.41)
and C depends on the a priori data only.

Furthermore, if in addition we assume that there exist L > 0 and ro € (0, Rp]
such that 0G is of Lipschitz class with constants rg, L, then (4.40) holds true with
w satisfying

a)(t)SClllogﬂ_Cz, forany0 <t <1, (4.42)

where C1, Ca depend on Ry/ro and the a priori data only.

Proposition 4.9 Let Q be a bounded domain in RN satisfying (2.8) and (2.9). Let
u € W(Qx(0,T)) be the solution to (1.1), where f satisfies (2.13) and k satisfies
(2.14),(2.15). For every p > 0 and every xg € Q, = {x € Q: dist(x, Q) > p},
we have

where C depends on Ro/p and the a priori data only.
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Up to obvious changes, Proposition 4.8 can be proved following the lines
of the proof of Proposition 5.2 in [5] and using standard regularity estimate for
parabolic equations, see for instance [16, Chapter VI, Sect. 11], whereas the proof
of Proposition 4.9 is similar to that of Proposition 5.5 in [4]. Here we recall the
definition of modified distance introduced in [1].

Definition 4.10 We call modified distance between 2| and €2, the number

dp (1, ) =max { sup dist(x, ), sup dist(x, Qp)}. (4.44)
x€92 xX€02
Note that o
dm (21, Q) < dp (21, Q22), (4.45)

but, in general, the reverse inequality does not hold. However, the following
proposition holds true [1].

Proposition 4.11 Let 21 and 2y be bounded domains satisfying (2.8) and (2.9).
Foranyi = 1,2, let A;, I; satisfy (2.10). Let us also assume that A1 = A, = A
and that 1 and Qz lie on the same side of A. There exist numbers dy > 0, rg €
(0, Ro], such z‘hat and '0 depend on E only and the following facts hold true. If

dn(Q1, Q) < do, (4.46)
then there exists an absolute constant C > 0 such that
dr (1, Q) < Cdp (1, ), (4.47)

and any connected component of 21 N Qy has boundary of Lipschitz class with
constants ro, L where rq is as defined previously and L > 0 depends on E only.

Proof of Theorem 2.5 For the sake of simplicity we denote d = d34(Q1, Q) and
dm = dp (21, Q7). Let us prove that if o > 0 is such that

luillL2q@ineyxo1/2) =0, =12, (4.48)

then
d, dm < C1Ro(a /1 f N2, (4.49)

where C, C, depend on the a priori data only.
We begin by proving (4.49) for d,,. We may assume, without loss of generality,
that there exists xo € I1 C 921 such that dist(xg, 22) = dj,,. By (4.48) we have

el 2By, (xon < ©.7/2)) = O (4.50)

Let s1 ) be defined as in Theorem 4.5. We distinguish two cases. If 4, >s2Ro/2, let

d=—12 ko ¥=xo—vd+/1+E2, where v denotes the outer unit normal to 2; at xg.
2(1++/ 1+E2 )

We have
Bj(x) Cc 1N B(‘Y%Ro/z)(xo).

By Proposition 4.9, (4.50) and the previous inclusion we have

o = lutllaq@ngy, ,eoxor/2) = CIEIL 451)
1
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where C depends on the a priori data only. Since it is evident that d,, < CRy,
where C depends on E and M only, and d,,, > slzRo /2, by (4.51) we have that,
in this case, dj, satisfies (4.49) with C| depending on the a priori data only and
Cr=1.

Otherwise, if d,, < s12R0/2, let us apply Theorem 4.5 with p; = d,
p2 = sIRo/2, R = Ro, Ty = T/2, T = T /4 and, by (4.50), we obtain

1
CR
Clog dmo
s

||M1||L2((QlmlezRO/z(xo))x(o,T/@) =CIfI/IfID

where C depends on the a priori data only. Then, by Proposition 4.9 and the
previous inequality, we can conclude that d,, satisfies (4.49) also in this case.

We have proved that (4.49) holds for d;,;, and, now, we use this result to show
that (4.49) holds for d, too. Without loss of generality, we may assume that there
exists ygo € €21 such that dist(yp, 22) = d. Let us denote § = dist(yg, d€21) and
let us distinguish three cases, depending on the value of § with respect to d and
do, dg as in Proposition 4.11.

First, if § < d/2, we take zg € 021 such that |yg — zg| = § and we have

dpy > dist(zo, QZ) >d—6>4/2,

hence § < 2d,, and, since (4.49) holds for d,,, we have that it also holds for d.
Second, if d/2 < § < dy/2, then d < dy and Proposition 4.11 applies, hence
by (4.47) d can be controlled by d,, and therefore d satisfies (4.49) as well.
Third, if § > max{d/2, dy/2}, let us set di = min{d/2, s12d0/4} where
s1 € (0, 1) has been introduced in Theorem 4.4. We have

Bay(yo) C 821\, By, 5 (yo) C €21 (4.52)

Now, let us apply Theorem 4.4 with p; = dy, p» = s12d0/2, R =dy, Ty =T/2,
t =T /4 and, by (4.48) and (4.52), we have

]CR
- ~ 1y C log 0
||M1||L2((szlmBs%do/z(yo))x(0,T/4)) < CIfIl@/ILfIN 7,

where C depends on the a priori data only. Then, by Proposition 4.9, we obtain that
dy < CiRo(a /Il F D, (4.53)

with C| and C» depending on the a priori data only.
2
Now, let &=||f||(4"cllllgo)c2. If 6<5, then di < (slzdo)/4, hence d = 2d; and

(4.49) follows by (4.53). If 6>5 then (4.49) immediately follows.
By Proposition 4.8 and (4.49) we have

d < CiRo|log | log(e/Il FIDI| 2,

where Cy, C2 depend on the a priori data only. Then, there exists &g > O,
depending on the a priori data only, such that if ¢ < g9 then d < dp. Thus, by
Proposition 4.11, G satisfies the hypotheses of Proposition 4.9. Hence in (4.49)
we may replace o with || fllw(e/||f]]) where w(t) < C1|logt|_C2, Ci, Cr
depending on the a priori data only, and thus (2.17) follows. (]
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Appendix

Proof of Theorem 4.6 We present here only the most remarkable steps of the proof.
First of all, we extend the function u to the cylinder QQ g by setting it equal to zero outside

D‘? » and we continue to denote by u such an extension. Then, let us introduce the change of
variables y = R~ lx, s = Tl_lt. Denoting by v(y, s) = u(Ry, Tys) and h(y') = ¥ (RY'), we
have that v € H ! (Q}ll,l) N Hli’cl (Q111,1) is a solution to

Lv =3;(g" (y,$)d;v) —qodv=0in Q) |, v=0onT}, (A.1)

where g‘l(y, s) =«(Ry, Tys) and g9 = Rszl, and v satisfies also

/I (g7 'Vup)? < 8% (A2)

Fh.l

Moreover, the matrix g_1 satisfies (4.1) and (4.2) and 4 is a function of Lipschitz class with
constants £, 1 and such that 4(0) = 0.
Let ¢ be a positive number to be chosen later. Let us denote

e HT — 1
w(y,s) = @(pe(y,s)), where p(n) = nexp (/0 — df) (A.3)
and
v 1/2
pe (o) = [ D 20,0y +een)i(y +een); | (A4)
ij=1

Proceeding in the same manner as in the proof of Theorem 4.5, see [22], it is not difficult
to show that there exist constants C > 1,d € (0, 1), depending on A, A and E only, such that,

putting u = C in (A.3), forany &« > C(qo + 1) and any v € Hl'l(Q},,l) al HI%)'CI(Q}LI) such
thatv =0onT ,1 | and suppv C Q:,’pa , the following inequality holds

1-2a 3
c/uﬂ*M(Lﬁ)z—za/ w VW os )2
r

| [Vwl?n]?
i

> /(aw‘*2“|v5|2 + w7252y, (A.5)

Let us apply the previously stated inequality to the function v = v, where v satisfies (A.1) and

(A.2) and ¢ is a function of class Cg(Q)i) which is defined as follows. Let us fix d; € (0, Ad),
r € (e,d1/2) and so € (0, 1). Let us denote t{ = 1 — s50/2, to = 1 — s59. Let ¢ be the even
function such that ¢ € C(z)(—l, 1), ¥ isequal to 1 in [—12, f2], it is equal to O in [—1, —¢#1] and

3
¥ (s) = exp (_ <|t2 +s\> ) , foranys € (—t1, —t].

Hh+s

Let f be a function in C%([0, dy)) that is equal to 1 in [0, d1 /2] and is equal to O in [3d; /4, d1].
Moreover, assume that |f'| < c¢/dy, |f"| < c/a’l2 in [dy/2,3d; /4], where ¢ is an absolute
constant.
Then, ¢ is defined by
Ly 8) = fpe(y.sNY(s),
and we denote QZ,‘.” ={(y,s) e RNt 2 o (y,5) <71, yv > h(y), s € (=12, 12)}. Let us
choose ¢ = rvz/21in (A.3), (A.4). By (A.2) and (A.5) we have that there exists a constant C > 1



Stability properties of an inverse parabolic problem 253

depending on A, A and E only such that for all @ > C(qos, '+ 12 the following inequality
holds

-2 1 o) \* p) \*
”U”Lz(Q;’]J,) = C(dl + 405 ) (((p(d1/2)) ”u”Lz(Q;,dl) + (SO("O)) 8) (A.6)

v/
24/ 1+E2

where rg = . Now, set

log(llull 2}, /%)
' logle(d1/2)/0(r0)

fo > C(qos(;1 + 1)'2 then we choose @ = «; in (A.6) and we obtain

-2 —15 o0 1=
02y < €@ +qosg D™ Ml 3G, (A7)

where
_ log(p(d1/2)/¢(r))

"7 Toglp(di/2)/9(r0)

If a; < C(qosy Ly 1)!2 then, by an easy estimate from the previous equation of the left-hand
side of (A.6), we obtain

C +qusg !+ (Cdr/ry™ 8™ ul 505, . (A8)
’.ll

IIUIILZ(Q;}J_) <
By (A.7) and (A.8), returning to the original variables, it is easy to obtain the inequality (4.36).L]
Proof of Proposition 4.7 For the sake of simplicity we assume that xo = 0, { = ey. Let
Y 1 — (1/4)s? sine
1+ (1/4)s? sina
and, for every k > 2,
Mo=d I, we = e, o =d" " pr.

It is simple to check that, for every £ > 1, the following inclusions hold true

Bt (Wit1) C Bap (i) € By—2 (i) € C 0, ey, o, R). (A9)

Denote by
di = M — pr = a1 = (1/4)s?sina), k> 1.

For a number r belonging to (0, d1], to be chosen later, let us setk = min{k € N: d; <r}. We

have 1 d 1 d
og(r - og(r
| g(/1)\§k_1§| g(r/d)| (A.10)
|logal |logal
Moreover, for j =0, 1, ..., k, we set ti=Ti(1— ij) ando; = ”uHLz(D:,jj(uvj)).
By Theorem 4.4 and (A.9), and since obviously o1 < [Ju]| L r , we obtain
20, k1)
> 0, —0, . -
i1 < Ko Ul 2 0oy ary) 5 for j=0,1,....k, (A.11)

where
log(4/3s1)

y=—— " K= 2+ 1
Cyilog(4Cy/s7)



254 M. Di Cristo et al.

and here C depends on A and A only and C» depends on A, A and R?/T; only.
By iterating (A.11), we obtain that

_ : i
op < KV W0 ™ (lull 2emi 0oy ) (A.12)

Let us recall the following interpolation inequality

(N+2) 2 e 52
v . <C N v v 7,) N+2+28
I ”Loow/go, =C|pg /DZ" { |B$ﬂ/2’Dpo)

12
+C <p0(N+2)/T UZ) . (A.13)
D,

where pg = min{p, «/Tp} and C is an absolute constant.
By (4.38), (A.12) and (A.13), we obtain

flecll

— N+2 28
§ 1—B\(N+2)/2 gy V272 2
ey = €@ H (op) : (A.14)

where C depends on A, A and R2 /Ty only. Let us consider the point x, = rey. We have that
(xq,1) € D;f; (wp) forevery t € (0, T1/2). By (4.38) and (A.14), we have

[u(0, D] < uxr, 1) —u (O, D] + |ulxr, )]

28
<cH((Z ﬂ+(a1*’z)(N+2)/2(%)m ,
d; H

where C depends on A, A and R?/Tj only.
From this last inequality and (A.12) we obtain

B -\ (N+2)/2 . 2ok
(0,1 < CH <dL> n (alfk) CUHDE (%) VIR ) (A.15)
1

where C depends on a, 8, &, A and R?/T; only and C; depends on A and A only. Let us choose

1 /09 28
1 1 7) N+2+28
08 (e (H

From (A.15), taking into account (A.10), we obtain

_ _|loga]
2[log 0]

r=d;

|loga|

ga
o1 "~ 2BTlogbx]

lu(0, 1) <CH ‘log (w)‘
and (4.39) follows. O
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