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Abstract

Recent advances in quantized compressed sensing and high-dimensional estimation
have shown that signal recovery is even feasible under strong nonlinear distortions
in the observation process. An important characteristic of associated guarantees is
uniformity, i.e., recovery succeeds for an entire class of structured signals with a
fixed measurement ensemble. However, despite significant results in various special
cases, a general understanding of uniform recovery from nonlinear observations is still
missing. This paper develops a unified approach to this problem under the assump-
tion of i.i.d. sub-Gaussian measurement vectors. Our main result shows that a simple
least-squares estimator with any convex constraint can serve as a universal recovery
strategy, which is outlier robust and does not require explicit knowledge of the under-
lying nonlinearity. Based on empirical process theory, a key technical novelty is an
approximative increment condition that can be implemented for all common types
of nonlinear models. This flexibility allows us to apply our approach to a variety of
problems in nonlinear compressed sensing and high-dimensional statistics, leading to
several new and improved guarantees. Each of these applications is accompanied by
a conceptually simple and systematic proof, which does not rely on any deeper prop-
erties of the observation model. On the other hand, known local stability properties
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can be incorporated into our framework in a plug-and-play manner, thereby implying
near-optimal error bounds.
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1 Introduction
This paper is concerned with the following fundamental reconstruction task:

Problem 1 Consider a set of signals X C R” andletay, ..., a, € RP be acollection
of measurement vectors. Moreover, let F: R? x X — R be a scalar output function.
Under what conditions can the following recovery problem be solved uniformly for
all x € X': Assume that x is observed in the form

vi:=F(aj,x)+v;, i=1,...,m, (1.1)

m

where vy, ..., v € Ris scalar noise. Given {(a;, y;)}iL,,

underlying signal x efficiently?

is it possible to recover the

The prototypical instance of Problem 1 is the approach of compressed sensing. Dating
back to the seminal works of Candeés, Romberg, Tao, and Donoho [10, 11, 19], the tra-
ditional setup of compressed sensing focuses on the case of noisy linear observations,
i.e., we have y; = (a;,x) +v; fori = 1, ..., m. In this regime, Problem 1 is nowa-
days fairly well understood, underpinned by various real-world applications, efficient
algorithmic methods, and a rich theoretical foundation; see [21] for a comprehensive
overview. In a nutshell, compressed sensing has proven that signal recovery is still
feasible when m < p, supposed that the signal set A" carries some low-dimensional
structure, e.g., a variant of sparsity, while the measurement ensemble {a; ;": | follows
an appropriate random design. The uniformity over X plays an important role in this
context, since the measurement device—determined by {a;}?_ | in our case—is typ-
ically fixed in applications and should allow for the reconstruction of all (or most)
signals in X'. But also apart from this practical relevance, the above quest for uniform
recovery is an interesting mathematical problem in its own right. It is significantly
more involved than its non-uniform counterpart, where the {a;}* | may vary for each
x e k.

The present work is devoted to Problem 1 in the much less explored situation of
nonlinear output functions. In fact, many conceptions from compressed sensing theory,
such as the restricted isometry or nullspace property, are tailored to linear models and
do not carry over directly to the nonlinear case. As we will see in the next subsection,
the presence of nonlinear measuring components is not merely an academic concern
but affects many problems in signal processing and high-dimensional statistics.
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1.1 Prior Art

There exist two branches of research that are particularly relevant to this work. The
first one is based in the field of (memoryless) quantized compressed sensing, which
deals with the fact that analog (linear) measurements often need to be quantized before
further processing in practice. A common scenario in this respect is 1-bit compressed
sensing where only a single bit of information is retained, e.g., if (1.1) renders obser-
vations of the form y; = sign({a;, x)). Due to this considerable loss of information,
it may come as a surprise that tractable recovery methods are still available and Prob-
lem 1 is relatively well understood in this situation. A solid theoretical basis as well
as efficient algorithms have been developed over the last few years, including signif-
icant progress on lower bounds [18, 34], robustness [17, 49], advanced quantization
schemes [3, 36, 37, 44, 65], and non-Gaussian measurements [1, 16—-18]. While this
list of references is certainly incomplete, the surveys of Dirksen [14] and Boufounos
et al. [6] provide nice overviews of the field of quantized compressed sensing.

The above achievements have also given rise to several important mathematical
tools. One of the most notable breakthroughs are quantized embedding results for
signal recovery—a highly geometric argument based on uniform, random hyperplane
tessellations, e.g., see [17, 34, 45, 49, 50]. Closer to the original ideas of compressed
sensing are reconstruction guarantees relying on variants of the restricted isometry
property, e.g., see [16, 20, 33, 65]. However, these techniques are strongly tailored to
quantized measurements and it remains unclear how they could be extended to other
instances of Problem 1.

The second branch of related literature is much less restrictive with respect to the
underlying observation model. It allows (1.1) to take the form y; = f({(a;, x)) + v;,
where f: R — R can be nonlinear and random. A pioneering work on these so-
called single-index models is the one of Plan and Vershynin [51] (inspired by ideas of
Brillinger [7]), who study the generalized Lasso as reconstruction method:

mm —Z(y, (a;i, z))“. (Pk.y)

Here, K C RP? is a convex constraint set, serving as an appropriate relaxation of the
actual signal set X and making (P ) tractable in many situations of interest. Although
this “linearization” strategy might appear very coarse, it was shown to produce sat-
isfactory outcomes for Gaussian measurements, even when f is highly nonlinear. A
key benefit of (P y) is that it does not require any (explicit) knowledge of the obser-
vation model, which enables various applications to signal processing and statistical
estimation, e.g., see [23, Chap. 3 & 4]. The article of Plan and Vershynin [51] is just
an example of a whole line of research with many related and follow-up works, e.g.,
see [22, 28, 29, 47, 52, 56, 60, 62]; remarkably, this approach also extends to phase-
retrieval-like problems where f is an even function [25, 61, 66]. For a more detailed
discussion of the literature, we refer to [52, Sec. 6] and [23, Sec. 4.2].
At first sight, the aforementioned works seem to provide a general solution to Prob-
lem 1, but they lack a crucial feature, namely uniformity. Indeed, most of these results
FoE'ﬂ
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are based on concentration inequalities over high-dimensional signal sets, exploiting
their “local geometry” around a fixed x € X. This strategy naturally leads to non-
uniform recovery guarantees, and we are not aware of a uniform extension in that
regard. Finally, we point out that the two research areas discussed above are not inde-
pendent but exhibit certain overlaps in terms of their main achievements and proof
techniques, for instance, see [28, 62].

1.2 Contributions and Overview

The primary objective of this work is to fill the striking gap between the lines of
research discussed in the previous subsection. On the one hand, we show that uniform
recovery is not only limited to linear and quantized measurement schemes but applies
to a much larger family of observation models. On the other hand, it turns out that
under mild assumptions, known non-uniform guarantees for single-index and related
models naturally extend to the uniform case. Apart from a unification, our theoretical
approach will contribute to each of these research directions through new and improved
results.

On the conceptual side, we stick to the methodology suggested by the second branch
of the literature from Sect. 1.1, analyzing the performance of the generalized Lasso
(Pk,y). Our main result, Theorem 2 in Sect. 2.3, establishes a uniform error bound
for (Pg, ) under very general conditions, including all observation models mentioned
above. This finding implies that there exists a “universal” recovery strategy, which
often yields satisfactory outcomes. In this context, it is worth pointing out that we
have focused on (Pg ) mainly because of its simplicity and popularity, but similar
results could be shown for other reconstruction methods as well (cf. Remark 3(3)).
Therefore, the present paper is a contribution to Problem 1 in the first place, whereas
the estimator of choice plays a subordinate role.'

The recovery guarantee of Theorem 2 is formulated in a quite abstract setting, which
requires some technical preparation. In order to familiarize the reader with the results
of this paper, we now state a special case for single-index models with a Lipschitz
continuous output function and Gaussian measurements (see Sect. 8.4 for a proof).
Note that parts of the notation from Sect. 1.4 is already used here; the complexity
parameters w; () and w(-) correspond to the common notion of (local) mean width,
which is formally introduced in Definition 2.

Theorem 1 There exist universal constants c, C > 0 for which the following holds.
Letay, ..., a, € RP beindependent copies of a standard Gaussian random vector
a~ N, 1Ip). Let f: R — R be y-Lipschitz, and for g ~ N(0, 1), we set

w:=E[f(g)g]l and r:=|f(g) — nglly,.

'y particular, we will not discuss any details about possible algorithmic implementations of (Pg | ), which
is an important subject in its own right.
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Moreover, let X € SP~1 and let K C R? be a convex set such that uX C K. For
u > 1 and a desired reconstruction accuracy t > 0, we assume that

mz=C (4172 (WK = ) + ) + 172+ ) wd@), (12)

where K — uX:={z — ux : z € K,x € X}. Then with probability at least 1 —
exp(—cu?) on the random draw of {a;}!",, the following holds uniformly for all
xeX:Lety=(y1,...,Vm) € R"™ be given by

vi=fWa;,x)+v;, i=1,....,m,

1/2 L A .
Slfch that (% > vlz) / < ﬁ).z Then, every minimizer z of (Pk. y) satisfies
Iz — pxll2 < 1.

Theorem 1 can be seen as a uniform version of Plan’s and Vershynin’s main result on
single-index models [51, Thm. 1.9]. Most notably, the sampling-rate condition (1.2)
implies that the dependence on the desired accuracy ¢ is the same as in the non-uniform
case. For more details on the interplay between m, ¢, and the complexity parameters,
we refer to the discussion of Theorem 2 in Sect. 2.3. To the best of our knowledge,
Theorem 1 is a new result in its own right, and in particular, it is not a consequence
of the approaches outlined in the previous subsection. A novel argument is required
to prove such a type of recovery guarantee; see Sect. 1.3 for an overview of the major
technical challenge of our work.

The main result of Theorem 2 extends Theorem 1 by several important aspects,
being in line with our key achievements:

1. Discontinuous output functions. The Lipschitz assumption in Theorem 1 prohibits
popular models like quantized observations. It turns out that an extension in that
regard is subtle. To this end, we introduce an approximative increment condition
on the observation variable, which is satisfied for many discontinuous nonlineari-
ties; see Sect. 2.2 for more details and Sects. 4.1-4.4 for applications to nonlinear
compressed sensing.

2. Beyond Gaussian measurements. Compared to the previous point, it is relatively
straightforward to allow fori.i.d. sub-Gaussian measurement vectors in Theorem 1.
However, this relaxation leads to an additional constraint term, called the rarget
mismatch, whose size depends on the distribution of the measurements and the
output function; see Definition 1 in Sect. 2.1.

3. Beyond single-index models. In Sect. 2, we study the more general situation of
Problem 1, where y; is not necessarily representable in terms of the dot product
(a;, x). While this requires an additional step of abstraction, it enables for more
complicated nonlinear models as well as refined recovery tasks, e.g., support esti-
mation (see Sect. 4.5). For this purpose, we introduce so-called rarget functions in

2 Here, the v; correspond to adversarial noise, i.e., as long as the £2-constraint is satisfied, they could be
arbitrary (even worst-case) perturbations. This model is very common in uniform recovery and compressed
sensing, cf. [21]. But note that compared to statistical noise, this comes at the price of consistent estimation,
i.e., the reconstruction error may not become arbitrarily small if m — 00; see Remark 1 and 4(2) for further
discussion.
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Sect. 2.1, transforming a signal x € & in such a way that it becomes compatible
with the solution vector of (Pg y) under observations of the form (1.1). Note that
in the setup of Theorem 1, this transformation simply corresponds to rescaling x
by the scalar factor w.
4. Oulier robusiness. The £2-noise constraint (L " 12)!/? < L in Theorem 1
is standard for linear models and also remains useful in the situation of Lipschitz
nonlinearities. However, such a condition is overly restrictive for quantized mea-
surement schemes, where the noise is due to (few) wrong bits instead of (small)
real-valued perturbations. Theorem 2 therefore involves an important relaxation in

this respect, permitting a portion of “gross” outliers in the observation vector.

Based on our findings in Theorem 2, we will also address two points of independent
interest:

5. Uniformvs. non-uniform recovery. Section 3 isolates characteristics that are specif-
ically attributable to uniformity. While the presence of nonlinear output functions
may only affect the oversampling rate (see also Sect. 4), our focus here is on the
quite implicit complexity parameter w; (K — X), cf. (1.2). We show that it can be
always bounded by two much more informative expressions, namely a “fully local-
ized” mean width and its global counterpart (see Proposition 1). This important
simplification enables us to reuse known (non-uniform) results from the literature.
We illustrate for two examples (¢!-constraints and total variation) that there is no
considerable gap between the uniform and non-uniform regime.

6. Plug-and-play via embeddings. Section 5 demonstrates how to incorporate known
random embedding results into our theoretical framework. In this way, for instance,
it is possible to obtain near-optimal error decay rates for (Pg ) with quantized
measurements. This achievement is due to a more general guarantee stated in
Theorem 3.

The general purpose of our methodology is to enable a more systematic study
of Problem 1 than before, especially for nonlinear observation models. To a certain
degree, this paper promotes an alternative path to compressed sensing theory that can
do without common tools like the restricted isometry property or quantized embedding
results. Despite clear overlaps, each of these approaches comes along with its own
strengths and (in-)accessible regimes; see Sect. 6 for a more detailed discussion.

1.3 Technical Challenges

This subsection highlights the main technical achievements of this work. Our principal
procedure is in fact relatively standard: We decompose the excess loss associated with
the estimator (P ) into separate empirical processes and aim at suitable lower/upper
bounds for each (cf. [17,23, 25,41, 51]); see Sect. 2.2 for an overview of this argument.
However, the quest for uniform recovery as prescribed by Problem 1 makes this
approach a challenging endeavor. In a nutshell, the key difficulty is that the common
multiplier term turns into an empirical product process of the following type:
Elo [y
@ Springer Lﬁjog
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%Z (%) - (a;,v), xeX, ve(K—Tx)NntSP, (1.3)

where the first factor takes the form &;(x) = (a;, Tx) — F(a;,x) and T: X — K
is a fixed function (think of a scalar multiplication for now). Since we require a uni-
form upper bound for (1.3) over both x and v, the regularity of the stochastic process
{& (x)}xex plays an important role, in the sense that it should fulfill a sub-Gaussian
increment condition (see (1.4)).> Such a regularity assumption unfortunately does not
even hold for standard models like 1-bit quantization F(a;, x) = sign({a;, x)). There-
fore, existing chaining-based results for product processes are not directly applicable
to our situation. This may also explain why there is no unified theory for nonlinear
observations available so far and known uniform recovery guarantees are restricted to
special cases (see Sect. 1.1).

The present article provides a general remedy for this foundational problem. Our
starting point is that a given output function F can be often approximated by a more
regular one, say F;, where ¢t > 0 controls the approximation accuracy. As such, this
strategy can yield a more benign multiplier & ; (x) = (a;, Tx)—F;(a;, x),butitsimply
shifts the original problem to the resulting approximation error F(a;, x) — F;(a;, x).
Hence, a fundamental insight in our proof (see Step 3 in Sect. 7) is that it suffices to
consider the absolute error ¢;; = |F(a;, x) — F;(a;, x)| instead. Indeed, the process
{e1.i(x)}xex fulfills an increment condition in all relevant model situations that we
are aware of; see Fig. 2 in Sect. 4 for an illustration of the above argument based on
the sign function. With this at hand, and apart from other technicalities, we can take
advantage of a recent concentration inequality due to Mendelson [42, Thm. 1.13].

The intuitive idea described in the previous paragraph is placed into a rigorous
framework by means of our central Assumption 2. In this context, it is worth noting
that the actual main result, Theorem 2, couples the approximation accuracy ¢ with
the desired reconstruction error. This might appear somewhat peculiar at first sight
because the processes {&; ; (x)}xex and {&;,; (x)}xcx usually become less regular with
t decreasing. However, we demonstrate that this trade-off can be balanced out well
and only affects the achievable oversampling rate.

Finally, our general technique to control empirical product processes of the form
(1.3) may find application beyond signal recovery problems. For example, it could be
also used to derive a new generation of nonlinear embedding results. In fact, one of the
earliest works on binary random embeddings [50] has pointed out the usefulness of
approximating nonlinearities, though strongly tailored to 1-bit quantization. With our
systematic approach, their result could not only be reproduced but further improved
(cf. [58, Thm. 3.7]).

1.4 Overview and Notation

The rest of this article is organized as follows. Section 2 presents our findings in
full generality, where the proof of Theorem 2 is postponed to Sect. 7. In Sect. 3, we

3 This is an important difference to the non-uniform regime, where x is a fixed signal. In this case, it is
possible to apply known multiplier concentrations inequalities to control (1.3), e.g., see [42, Thm. 1.9].
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elaborate aspects that are specifically due to uniform recovery and highlight potential
gaps to the non-uniform regime. Sections 4 and 5 are then devoted to applications and
concrete examples, including a series of new guarantees for nonlinear compressed
sensing and high-dimensional estimation; the corresponding proofs are provided in
Sects. 8 and 9, respectively. Our concluding discussion can be found in Sect. 6.

Before proceeding, let us fix some standard notations and conventions that are
commonly used in this work. The letters ¢ and C are reserved for (positive) constants,
whose values could change from time to time. We speak of a universal constant if its
value does not depend on any other involved parameter. If an inequality holds up to
a universal constant C, we usually write A < B instead of A < C - B. The notation
A = B is ashortcut for A < B < A.

For p € N, we set [p]:={1, ..., p}. The cardinality of an index set S C [p] is
denoted by |S| and its set complement in [p] is S¢:=[p] \ S. Vectors and matrices
are denoted by lower- and uppercase boldface letters, respectively. The j-th entry of a
vector v € R? isdenoted by (v) ;, or simply by v if there is no danger of confusion. The
support of v € R? is defined by supp(v):={j € [p] : v; # 0} and ||v][o:=|supp(v)|
denotes its sparsity. We write I, € RP*? and 0 € R? for the identity matrix and
the zero vector in R?, respectively. For 1 < g < oo, we denote the £9-norm on R”
by || - |l and the associated unit ball by Bg . The Euclidean unit sphere is given by
SP~l:={v € R? : |v|| = 1}. The spectral matrix norm is denoted by || - [|2—».

Let H, H' C R” andv € RP. We write span(H) for the linear hull of H and the lin-
ear cone generated by H (not necessarily convex) is denoted by cone(H):={sv : v €
H,s > 0}. By Py: R?” — RP?, we denote the Euclidean projection onto the closure
of H if it is well defined, and we use the shortcut Py:= Pgpan((v}). We write H L for the
orthogonal complement of H. The Minkowski difference between H and H' is defined
by H— H':={vy1 —v; : v1 € H, vy € H'}, and we use the shortcut H —v:=H — {v}.
For ¢ > 0, we denote the covering number of H at scale ¢ with respect to the Euclidean
norm by NV (H, ¢).

The L9-norm of a real-valued random variable a is given by ||a|z¢:=(E[|a|])!/4.
We call a sub-Gaussian if

lally,:=inf {v > 0 : E[exp(la|*/v*)] < 2} < o0,

and || - |ly, is called the sub-Gaussian norm. A random vector a in R” is called
sub-Gaussian if ||a||y,:=sup,csp-11l{a, v)|ly, < oo. We say that a is centered if
E[a] = 0, and it is isotropic if E[aaT] =1, Wewritea ~ N(0, I ) if a is a standard
Gaussian random vector in R”. For a more detailed introduction to sub-Gaussian
random variables and their properties, see [64, Chap. 2 & 3]. Now, let (H, d) be a
pseudo-metric space and consider a real-valued stochastic process {ap}nc on H.
Then, {ap},en has sub-Gaussian increments with respect to d if

lan — aplly, <d(h k') forallh, i’ € H. (1.4)

We say that a function f: R — R” is y-Lipschitz if it is Lipschitz continuous
with respect to the Euclidean metric and a Lipschitz constant y > 0. The sign of v € R
is denoted by sign(v), with the convention that sign(0):=1. If sign(-) is applied to a

Elol:;ﬂ
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vector, the operation is understood entrywise. The ceiling and floor function of v € R
is denoted by [v] and |v], respectively.

2 Main Result

As preliminary steps, we introduce the formal model setup in Sect. 2.1, followed by
our increment conditions on the observation variable in Sect. 2.2. The main result of
Theorem 2 is then stated and discussed in Sect. 2.3, while its proof can be found in
Sect. 7.

2.1 Model Setup

The following model assumption fixes the notation for the remainder of this section
and specifies the instance of Problem 1 that we will study from now on:

Assumption 1 (a) Components of the observation model:

— Measurement vector: a centered, isotropic, sub-Gaussian random vector a €
R” such that ||a|y, < L for some L > 04

— Signal set: a set X' (not necessarily a subset of R?).

Output function: a scalar function F: R” x X — R that may be random (not

necessarily independent of a).

— Observation variable: y(x):=F (a, x) forx € X.

(b) Components of the measurement process:

— Measurement ensemble: {(a;, F;)};"_, are independent copies of the measure-
ment model (a, F).

— Observations: y;(x):=F;(a;,x)fori = 1,...,mandx € X.The observation
vector of x is denoted by y(x):=(y1(x), ..., yn(x)) € R™.

(c) Components of the recovery procedure:

— Constraint set: a convex subset K C R” (not necessarily bounded).
— Target function: amap T: X — K, such that TX C K is bounded.

Part (a) of Assumption 1 establishes the statistical “template” of our measurement
model, from which i.i.d. observations are drawn according to part (b). Importantly,
this defines an entire class of observation variables {y(x)},cx, which corresponds to
a real-valued stochastic process. Assumption 1(c) is arguably the most abstract part,
but forms a crucial ingredient of our main result: Theorem 2 states an error bound
for Tx € K instead of the actual signal x € X (which might not even belong to
RP”). The basic linearization strategy behind (P ) typically calls for an appropriate
transformation of the signal domain. A good example is the special case of Theorem 1,
where 7' amounts to a rescaling of x by the model-dependent factor w. Such a simple
correction is sufficient for most applications considered in Sect. 4; but there exist more
complicated situations, such as the variable selection problem in Sect. 4.5, where X’

4 Note that we actually have that L > ,/1/log(2) > 1 if a is isotropic, see [35].
FolCT
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represents support sets on [p]. At the present level of abstraction, it is useful to think
of Tx as a parameterized version of x € X that is compatible with the estimation
procedure of (P y) and its constraint set K C R” 3

In principle, T can be arbitrary in Assumption 1, but there often exists a canonical
choice that is driven by the size of the following model parameter:

Definition 1 Let Assumption 1 be satisfied. Then, we define the farget mismatch of
x € X by

p(x):=|E[y(x)a] — Tx|,.

The meaning of this definition becomes clearer when taking the perspective of statis-
tical learning for a moment. Assuming that y; = y;(x), the Lasso estimator (Px )
can be viewed as an empirical loss minimization problem with “data” {(a;, y,-)}l’."zl.
A central question is then under what conditions its solution can approximate (in
a proper sense) the associated expected loss minimization problem (obtained in the
infinite sample limit m — 00):

min E[(F(x) — (a, 2))?]. 2.1)
zek

It is not hard to see that the only critical point of the objective function in (2.1) is the
vector x*:=E[y(x)a], and if x* € K, this is the global optimum. Therefore, and as
its name suggests, p(x) measures the mismatch between the target vector 7'x and the
(global) expected loss minimizer x*.

In the context of Theorem 2, the target mismatch can be seen as an upper bound
for the asymptotic error of estimating 7'x via (Pg ). Consequently, a general rule of
thumb is to select T'x such that p(x) vanishes or becomes sufficiently small. However,
simply setting Tx:=E[y(x)a] (if contained in K) is not necessarily consistent with
our wish for signal recovery, e.g., in the application in Sect. 4.2. Therefore, we have
left T unspecified in Assumption 1, even though a proper choice will be obvious for
all considered examples.

We close this subsection with a short remark about the noise model considered in
this work:

Remark 1 (Noise model) We will adopt the adversarial (or worst-case) noise
model, which is the common setting in the field of compressed sensing, cf. [21].
More specifically, when interested in recovery of x € &, the actual input y =
(1, .-, ym) for (P y) need not exactly correspond to the observation vector y(x) =
(y1(x), ..., yu(x)) introduced in Assumption l(b).6 Instead, arbitrary perturbations
are allowed as long as d(y, y(x)) < t for an appropriate noise metric d(-, -) and
a desired accuracy ¢. In Theorem 1, for instance, we have y;(x) = f({a;, x)) and

5 One should bear in mind that the target function T is a purely theoretical object that does not affect the
solution of (Pg ) and may be (partially) unknown in practice. Nevertheless, it is an essential analysis tool
for Problem 1, relating the underlying observation model to the actual recovery method (Pg ), see also
Remark 2(1).
6 The use of the modifier ‘~ in Assumption 1 is also due to this fact and may help to distinguish between
our observation model and the actual input for (Pg y)-
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vi = ¥i(x) +v;, while d(-, -) corresponds to the normalized £2-norm. Thus, our over-
all goal is to show that, given {(a;, F;)}!"_,, recovery is possible for any x € X’ and
any moderate perturbation of its observation y(x).

In this context, it is worth noting that Assumption 1(b) does not require the variables
yi (x) to be deterministic when conditioned on a;, since F; itself may be random. For
example, one could model additive random noise in that way, as common in statistical
estimation theory. In principle, such a type of noise is also admissible in our main
result, Theorem 2, but it is not entirely compatible with the aforementioned goal of
uniform recovery. Indeed, the ensemble {(a;, F;)}/", is only drawn once, so that a
single noise realization has to be considered for all x € X. We therefore mostly
stick to the adversarial perspective; see Remark 4(2) in Sect. 3 for a more detailed
comparison of both noise models in the situation of linear measurements. Finally, we
point out that randomized output functions are nevertheless very useful in the uniform
regime, such as in the design of dithering variables (see Sect. 4.2).

2.2 Analysis Strategy and Increment Conditions

From now on, let Assumption 1 be satisfied. In this subsection, we introduce the key
condition for our uniform recovery guarantee, namely that the class of observation
variables {y(x)}rex, or at least an approximation thereof, has sub-Gaussian incre-
ments. To better understand the relevance of this condition, it is insightful to first take
a closer look at our basic analysis strategy for the generalized Lasso:

m

. 1 2

min 5 E 1()’1’ —(ai,z)". (Pk.y)
P

Note that we hide the dependency on the measurement vectors {a;}7"; when refer-
ring to (Pgy), as this will be always clear from the context. At the present stage, the
vector y = (y1,...,ym) € R™in (Pg y) is unspecified, but taking the viewpoint of
our main result, Theorem 2, is already useful: If x € X is to be recovered, then y is
a noisy version of the observation vector y(x) = (y1(x), ..., ¥ (x)) as defined in
Assumption 1(b); see also Remark 1.

We now derive a simple, yet important criterion for an error bound for a (fixed) signal
x € X.Tothisend, let Ly (v)::% Y i —(ai, v+ Tx))? denote the empirical loss
of v € R? over x. For the sake of notational convenience, we have fixed the anchor
point T'x here, so that (Pg y) is equivalent to minimizing Ly () over K — Tx. The

excess loss of v € R? over x is then defined by
Ex(0):=Lx(v) — Ly (0).
It measures how much the empirical loss is changing when traveling from 7'x in the

direction of v. The following fact is an immediate consequence of the convexity of K
and Ly; see Fig. 1 for an illustration.
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KN (tSP' +Tx) =Ky, +Tx

Fig. 1 Illustration of the localization argument behind Fact 1. We assume that £x (v) > O forall v € Ky 7,
or equivalently, Ex(z — Tx) > O for all z € Kx s + Tx (see red arc). Since Ex (0) = 0, the convexity of
K and & (-) implies that a minimizer Z of (Pg y) must not lie outside the dark gray intersection. In other
words, we have that ||z — Tx|]p <t

Fact1 For x € X and a desired reconstruction accuracy t > 0, we set
Kep={veK—Tx:|v|y=1t}=(K—Tx)NSPL.

If€(v) > Oforallv € Ky, then every minimizer Z of (Px ) satisfies |2 —Tx||» < t.

For a fixed accuracy t > 0, Fact 1 implies uniform recovery for all those x € X
satisfying infyc g, , & (v) > 0. This motivates us to establish a uniform lower bound
for the excess loss forall x € X' and v € K ;. In particular, such a task is considerably
more difficult than showing a bound on K, ; for a fixed x € X, which would be in
accordance with the non-uniform results discussed in the second part of Sect. 1.1. To
get a better sense of this challenge, let us consider the following basic decomposition
of the excess loss:

m

Ec() = £ D (@i, v)” — 2% (i — Fi(¥)(ai, v)

i=1 i=1

=Q(v) =:N; ()

+2% (@i, Tx) — 5i(x))(ai. v). 2.2)

i=1

=3Mx(”)

The guadratic term Q(v) and noise term Ny (v) are rather unproblematic and can be
controlled by a recent matrix deviation inequality (see Step 1 and Step 2 in Sect. 7).
Much more intricate is the multiplier term M, (v), since the underlying multiplier
variable &(x):=(a, Tx) — y(x) depends on x, so that we actually have to deal with
an empirical product process. A major difficulty is that known concentration results
for such product processes do not apply directly, since the class {£(x)},cx need
Elol:;ﬂ
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not have sub-Gaussian increments with respect to an appropriate (pseudo-)metric.
For example, this would happen if we would drop the Lipschitz assumption on f in
Theorem 1. The key idea of our approach is to approximate y(x) by a more “regular”
observation variable y;(x) in such a way that the resulting multiplier variable and the
approximation error both have sub-Gaussian increments. This is made precise by the
following assumption:

Assumption 2 We define a pseudo-metric on X by dr(x, x’):=||Tx — Tx'|, for
x,x' € X.Fort > 0, assume that there exists a class of observation variables
{y:(x)}xex such that the following properties hold:

(a) Approximation error: Setting &,(x): _|§(x) — y;(x)|, we assume that E[g;(x) -
[{a, z)]] < 64 forallx € X andz € SP~1.

(b) Multiplier increments: Set & (x):=(a, Tx) — y;(x) for x € X. We assume that
there exist r > 0 and L; > 0 such that

& ) — & @)y, < Li-dr(x,x") and ||&(x)lly, <r forallx,x’ e X.
(¢) Error increments: We assume that there exist 7 > 0 and it > 0 such that

lle: (x) — & (x")ly, < L, dr(x,x') and le: @)y, <7 forallx,x € X.
Assumption 2(b) and (c) imply that {& (x)}yecx and {&/(x)}xcx have sub-Gaussian
increments with respect to L; - dr and L;-dr, respectively. Similarly, » and 7 bound
the (sub-Gaussian) diameter of the respective classes. A convenient interpretation of
Assumption 2 is as follows: Choose an approximation y; (x) for every x € & such that
the error does not become too large in the sense of part (a); at the same time, ensure
that the increment conditions of part (b) and (c) are satisfied such that the parameters
L; and L + do not grow too fast as t becomes smaller. A remarkable conclusion from
our applications to quantized compressed sensing in Sects. 4.1—4.3 is that this strategy
can even succeed for observation variables with discontinuous output functions.

Finally, we emphasize that the approximation error & (x) includes taking the
absolute value, which is crucial to our proof (see Step 3 in Sect. 7). In particular,
Assumption 2 does not necessarily imply that the original class {§(x)}xex has sub-
Gaussian increments with respect to L. dr for some L > 0. On the other hand, it
is certainly possible that {£ (x)},cx already has sub-Gaussian increments, such as in
Theorem 1. In this case, we can simply choose y;(x):=y(x), so that &;(x) = 0 and
Assumption 2(a) and (c) are trivially fulfilled.

2.3 Uniform Recovery Guarantee

In order to formulate the main result of this work, we require the notion of Gaussian

mean width. This geometric parameter has proven to be a useful complexity measure in

high-dimensional signal recovery, e.g., see [2, 12, 43, 54, 57] for pioneering works in

that direction. Our approach is no exception and makes use of the following localized
version.
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Definition2 Let H C R” and g ~ N(O0, I,,). The (Gaussian) mean width of H is
given by

w(H)::E[:zg(g, v)].

For t > 0, we define the local mean width of H (at scale t) by

w(EHNSP, t >0,

W)= cone(H) N SPY), 1 = 0.

As final preparatory step, we introduce two expressions that capture the size of mea-

surement noise: For mg € {0, 1,...,m}and w = (wy, ..., wy) € R™, let
mo m
1/2 1/2
. 2 . 2
lwlpn=( Y lwi?) " and omghi=( Y wi?)
i=1 i=mo+1
where (wf, ..., wy,) is the non-increasing rearrangement of (|wi|, ..., |wy|). Obvi-
ously, we have that ||w||[2m0] + omo(w)% = ||w||%, and in particular, ||w|jo; = 0 and
op(w)2 = |[wll2. Moreover, note that || - ||(,;,] simply corresponds to the 02-norm of

the mo-largest entries, while 0,,,(-)2 is commonly known as the 02-error of the best
mo-term approximation.
We are now ready to state our main recovery guarantee, which forms the basis of
all applications presented in Sect. 4; see Sect. 7 for a complete proof.
Theorem 2 There exist universal constants c, C > 0 for which the following holds.
Let Assumptions 1 and 2 be satisfied for a fixed accuracy t > 0, and let mg €

{0,1,...,m}. For A > 0, u > 1, and up > /mglog(em/my), we assume that’ 8
m=>C - L2-max[10gL . (wtz(K —TX) +u2),
L*A* - (w}(K = TX) + uf),
202 +72) - (w2(K — TX) +u?) + 1 2(L2 + L) - wz(TX)]. 2.3)

Then with probability at least 1 — exp(—cu®) — exp(—cu(z)) on the random draw of
{(a;, F))Y"_,, the following holds uniformly for every x € X with p(x) < 3’—2 Let

=
y € R™ be any input vector such that

r

Fally = 3limg) < At and 0wy (y = 5())2 < 5. 24)

Then, every minimizer Z of (Pk . y) satisfies |2 — Tx|2 < t.

7 The condition (2.3) is stated in such a way that it is convenient to handle in our specific applications (see
Sect. 4). However, for a basic understanding, the reader may simply set # = 1), so that the first and second
branch in (2.3) can be merged to m 2> L2(10g L+ L2A2) . (wtz(K —TX)+ uz).
8 Tn the case of exact recovery, i.e., t = 0, we follow the convention 0 - 00:=0, so that the condition (2.3)
requires that r = 7 = L; = L; = 0. Then, (2.3) is particularly fulfilled for m > C - L? logL - (wé(K -
TX)+ L12), where mg =0, A = L] Jlog L, and u = ug.
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The constraints of (2.4) imply that the estimator (Pg ) is robust against (adversarial)
perturbations and outliers in the observation vector y(x). Here, a central role is played
by the fine-tuning parameter mg, controlling which coefficients of the noise vector
y— y(x) are captured by the first and second condition in (2.4), respectively. Enlarging
mg helps to suppress “gross” outliers (that may appear in the m largest coefficients of
y — y(x) in magnitude). Indeed, by adjusting the free parameter A, the first condition
of (2.4) becomes less restrictive than the second one (which captures the remaining
coefficients of y — y(x)). On the other hand, choosing mg and/or A too large may have
anegative effect on the sample complexity in the second branch of (2.3). The benefit of
permitting outliers will become clearer in the context of quantization where the noise
is due to wrong bits in y instead of real-valued perturbations (see Sects. 4.1-4.3).
Note that the most common noise model is obtained for my = 0: (2.4) then simply
corresponds to the baseline condition ﬁ ly=yx)2 < 2’—0, which is consistent with
standard noise bounds from the literature. We refer to Remark 4(2) in the next section
for a more detailed comparison of adversarial and statistical noise, as well as aspects
of optimality.

The second important constraint of Theorem 2 is that it does not apply to those
x € X with p(x) > 3’—2 Hence, the target mismatch p(x) can be seen as an upper
bound for the asymptotic error when estimating 7x via (Pg | y). In particular, the above
error bound does not allow for arbitrarily high precision unless p(x) = 0.

Let us now turn to the key assumption (2.3), which relates the number of measure-
ments m to the desired accuracy ¢. The above formulation views m as a function of #,
specifying how fast m grows if ¢ decreases. The inverse relationship is also of interest,
since it describes the reconstruction error as a function of m. However, this can only
be made explicit in specific situations where the parameters at the right-hand side of
(2.3) are known or can be well estimated. Of special importance in that respect are
the increment parameters L; and L, from Assumption 2, whose size has a signifi-
cant impact on the required (over-)sampling rate. For 1-bit observations as studied in
Sect. 4.1, for example, we achieve L,, i, < =1, so that (2.3) would yield an error
decay rate of O (m~!/*)—or conversely, an oversampling rate of O (r—*). Remarkably,
we will derive a corollary of Theorem 2 in Sect. 5 that can bypass the restrictions of
Assumption 2 at the price of a stronger (local) stability condition on the observation
model. This allows us to combine our approach with known embedding results from
the literature and thereby to obtain near-optimal decay rates in special cases.

The dependence of (2.3) on the complexity parameters w,(K — T X’) and w(T &)
is quite natural. Similar expressions have already appeared in several of the articles
discussed in Sect. 1.1, e.g., see [17, 49, 52]. A detailed discussion, including concrete
examples and possible simplifications, can be found in Sect. 3. A distinctive feature of
Theorem 2 is that the considered version of local mean width w, (K — T X’) “compares”
the parameter vectors in K only to those in the transformed signal set 7X C K. This
refinement of the common quantity w,(K — K) can lead to improved guarantees in
certain scenarios, namely when 7 X is much smaller than K (see Example 1 for an
illustration of this aspect).

Remark 2 (1) Inversion of T. In principle, the target function T neither has to be
injective nor does it have to be explicitly known to solve (Pg ). However, in order
FoC
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to obtain a practicable statement from Theorem 2, the actual signal x € X" should
be extractable from an approximation z of Tx. An appropriate implementation
of T can differ considerably from situation to situation. In the case of single-
index models (see Theorem 1), for example, this would involve a rescaling of Z,
which requires a (rough) knowledge of the nonlinearity f. In contrast, for variable
selection (see Sect. 4.5), it can be sufficient to perform a simple hard-thresholding
step on Z to obtain a good estimate of the underlying support.

(2) Optimality. The best possible error decay rate that can result from Theorem 2 is
O (m~1/?), supposed that we have L,, L < 1.7 This rate cannot be improved in
general, or in other words, the exponent —% is not an artifact of our proof but
corresponds to a fundamental statistical barrier (see [52, Sec. 4]). However, it is
possible to break through this barrier in specific model setups, e.g., noiseless 1-bit
observations [34, 36]. Such superior rates are usually not achieved by (Pg ), but
may require a more sophisticated estimator instead.

Remark 3 (Possible extensions) For the sake of clarity, we did not present the most
general version of Theorem 2 that we could have derived. There are several variants
and generalizations that we expect to be practicable:

(1) Anisotropic measurements. Based on an observation from [51, Rmk. 1.7],
[22, Sec. I1.D], the isotropy of the measurement vectors in Assumption 1(a) can
be relaxed to any positive definite covariance matrix X € RP*?. To see this, let
us assume that a is centered and sub-Gaussian with E[aa"] = X. Then, we may
write @ = ~/Xa where a is isotropic, centered, and sub-Gaussian. If ay, ..., a,,
are i.i.d. copies of a, a simple reformulation of (Pg ) yields

m m
. —1 . -
argmin L 3" — (a1, 2)? = VI -argmin L3y — (@, 2)%

zek i=1 zeVZK i=1

In other words, (Pgy) is equivalent to a modified estimator that operates with an
isotropic measurement ensemble. Therefore, we may apply Theorem 2 directly to
the latter one, when replacing K and 7'(-) by VZKandvVXT(-)in Assumption 1,
respectively. Note that these adaptions are of purely theoretical nature and in
practice, no explicit knowledge of X' is required. In particular, this procedure still
implies an error bound for minimizers Z of (Px_y):

R -1 R -1
12— Txll2 < INE o2 - INZ2 —VETx|2 < IVZ 22 1.

Similarly, one can conveniently control the adapted complexity parameters (see
[51, Rmk. 1.7], [22, Sec. IL.D]):

w(VZK —V/ETX) < max {1, ||~/E_1||2H2} VBl - w(K = TX)NBY),

9 Note that the expression om~1/%) suppresses the dependence on wy (K — T'X). Although the latter can
be trivially bounded by wo (K — T X)), which is independent of 7, such an estimate might not appropriately
capture the (low) complexity of K in certain cases.
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(@)

3

w(VETX) S IV Eamn - w(TX).

Overall, we can conclude that accurate (uniform) recovery is also possible with
anisotropic measurements, as long as the (unknown) covariance matrix is well
conditioned.

Even output functions. There exist certain types of nonlinear models that are not
directly compatible with the estimator (P y). For example, if f: R — R is an
even function in Theorem 1, it turns out that © = Eg~no,n[f(g)g]l = 0. In
other words, (Px, y) would simply approximate the zero vector, which is clearly
not what one is aiming at. Notably, this scenario includes the important phase-
retrieval problem f(-) = |-|. Fortunately, the linearization idea behind (Pg y) is
still applicable in these situations, when combined with the phase-lifting trick [9]:

m
min Y (yi — (eia] — Ela;a]], X)F)", (PR

i=1

where (-, -) denotes the Hilbert—Schmidt inner product and K O {xx' : x €
X'} is a convex subset of the positive semi-definite cone in R”*”. The recovery
performance of (Plgfid) for even output functions has been recently analyzed by
the first author in [25, Sec. 3.5], inspired by earlier findings of Thrampoulidis
and Rawat [61]. A key challenge in this regard is that the lifted measurement
vectors/matrices a,-al.T — E[a,-al.T] are heavier tailed than a;, which in turn has
required deeper insights from generic chaining theory. We expect that our results
are extendable into this direction, but with a technical effort that would go beyond
the scope of this work.
Different metrics. An extension that is specific to uniform recovery concerns the
choice of pseudo-metric in Assumption 2. In principle, dr could be replaced by an
arbitrary pseudo-metric d on the signal set X'. The claim and proof of Theorem 2
would still hold true if the (global) complexity of X is captured by y» (X, d) instead
of w(T X); see Step 3 in Sect. 7. While this would make our approach slightly more
flexible, we note that Talagrand’s y,-functional is difficult to control in general.
Apart from that, the £>-norm as error metric in Theorem 2 could be replaced by
an arbitrary semi-norm || - ||. Specifically, this step would lead to an error bound in
terms of || - || in Fact 1, but it also entails an adaption of the spherical intersection in
the local mean width (see Definition 2). Finally, different convex loss functions are
feasible for (P y) as well [22], although such an extension would require several
additional technical assumptions.

3 (Non-)Uniformity and Signal Complexity

In this section, we highlight important aspects that are specifically attributable to
uniform recovery, compared to existing non-uniform results. This includes a more
detailed discussion of the local mean width w; (K — T X'), which appears as the central
complexity parameter in our approach.
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Except for the inclusion TX C K, Theorem 2 does not impose any restrictions
on the signal set X'. If T is the identity function, the choice of X may range from a
singleton X = {x} to the entire constraint set X = K. The latter scenario corresponds
to uniform recovery of all signals in K, while the former means that one is interested
in a specific x € K—which is nothing else than non-uniform recovery. In particular,
due to w({x}) = 0, Theorem 2 is consistent with previously known non-uniform
guarantees, e.g., see [23, Thm. 3.6] and [51, Thm 1.9]. Our main result therefore also
indicates what additional expenses may come in the case of uniform recovery.

Let us first focus on the role of nonlinear observations, whose impact is reflected
by the third branch of (2.3) in Theorem 2. The key quantities in this respect are the
increment parameters L; and L;. Their size strongly depends on the type of output
function F considered in Assumption 1. For instance, a jump discontinuity in F
can cause a weaker oversampling rate, in the sense that L;, L, < 1715 we refer to
Sects. 4.1-4.4 for concrete examples and Sect. 5 for a possible improvement. In the
non-uniform case (X = {x}), on the other hand, this issue becomes irrelevant because
one can simply set L, = L ¢ = 0 (since Assumption 2(b) and (c) need only be satisfied
for a single point). Thus, we can draw the following informal conclusion:

The transition to uniform recovery with nonlinear output functions may result
in a worse oversampling rate (with respect to t).

The second foundational aspect of uniformity concerns the geometric complexity of
the constraint set K and its interplay with the actual signal set X'. To keep our exposition
as clear as possible, we restrict ourselves to the situation of linear observations (though
most arguments naturally carry over to nonlinear models). Applying Theorem 2 to
this special case leads to the following recovery guarantee (see Sect. 10 for a proof).
Note that we intentionally allow for two different types of noise here, based on the
adversarial (~ v;) and statistical model (~ t;); see Remark 4(2) for further discussion.

Corollary 1 There exist universal constants c, C > 0 for which the following holds.

Letay, ..., ay, € RP be independent copies of a centered, isotropic, sub-Gaussian
random vector a € RP with |ally, < L. Let 1, ..., T, be independent copies of
7 ~ N0, o2) for some o > 0 (also independent of {a,-}:-":l). Moreover, let X C RP
be a bounded subset and let K C RP be a convex set such that X C K. Foru > 1
and t > 0, we assume that

m>C-L* (logL +1t20%) - (w(K — X) +u?). (3.1)

Then with probability at least 1 — exp(—cuz) on the random draw of {(a;, Ii)};”zl, the
Sfollowing holds uniformly for allx € X: Lety = (y1, ..., ym) € R™ be given by

yvi={ai,x)+t+v, i=1...,m,

172 A . .
such that (% Y v /2 < 35+ Then, every minimizerZ of (P ) satisfies |2 —x||2 <
t.
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Except for the o-depending summand in (3.1), the above statement does not involve
any oversampling factors and it turns into an exact recovery guarantee for # = 0 and
o = 0. Although Corollary 1 bears resemblance with standard results from compressed
sensing, it comes with a distinctive feature: The needed number of measurements
in (3.1) is determined by the local mean width w, (K — X’). As such, this parameter is
quite implicit, so that an informative (upper) bound is required for any specific choice
of K and X. The remainder of this section is devoted to this quest.

Arguably the most popular low-complexity model is sparsity in conjunction with
an ¢!-relaxation. In our context, this corresponds to the following scenario:

K=RB’ and X ={x cR”: |x|lo <s.[lx|l| = R}, (3.2)

where s € [p] and R > 0; note that the constraint ||x||; = R is a specific tuning
condition for the estimator (Pk y) that could be further relaxed (see Remark 4(1)). In
this special case, one can derive a convenient bound for the local mean width:

w (K — X) < wo(K — X) S /5 - log2p/s). (3.3)

Remarkably, this observation dates back to one of the earliest applications of Gor-
don’s escape through the mesh theorem [30] to signal recovery [54]; see Sect. 10 for
a proof of (3.3). A combination of (3.3) and Corollary 1 ensures that uniform (exact)
reconstruction is feasible with O (s - log(2p/s)) Gaussian measurements. Therefore,
our approach is indeed well in line with standard sparse recovery guarantees in com-
pressed sensing, which are typically based on restricted isometry (cf. [21]).

Beyond this classical example, the situation becomes considerably more challeng-
ing and forms an important research subject in its own right. A particular obstacle due
to uniformity is that w;(K — X’) heavily depends on the size and shape of the signal
set X'. On a technical level, we have to deal with a (possibly uncountable) union of
spherical intersections:

wi(K = X) = w(U,enl$(K —x)nSP).

Fortunately, this cumbersome expression can be controlled through a much more
convenient upper bound, as shown in the following proposition. To the best of our
knowledge, this is a new result, which could be of independent interest. Its proof can
be found in Sect. 10 and is based on a covering argument.

Proposition1 Let K, X C R? andt > 0. Then,

wi(K — &) < sup w(x (K —x)NBY) +171 - w(X). (3.4)
xeX

=:; (K —x)

Moreover, for x € X and K convex, we have that w,(K — x) < wo(K — X) + 1 for
everyXx € K with ||x —x|» <t.

The upper bound in (3.4) implies a significant simplification: The first term is fully

localized, measuring the complexity of K with respect to each individual pointx € X,
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whereas the second term accounts for the global size of X (independently of the
constraint set K). In other words, the effect of K and X" is now decoupled. A second
notable fact is that the local mean width w; (K —x) and its conic counterpart wo (K —x)
are well-known complexity parameters from non-uniform recovery results, e.g., see
[2,12,23,51, 63]. Hence, Proposition 1 allows us to transfer any corresponding bound
from the literature to the uniform regime. The presence of the global mean width w (X")
as an additional expense for uniformity appears natural to us. However, this expression
also entails an oversampling factor of r ~!, which prevents perfect reconstruction (when
applied to Corollary 1). Given the £!-special case in (3.3), we suspect that this is an
artifact of our proof, and it remains an open question whether such a factor could be
removed in general. Our overall conclusion is as follows:

Regarding signal complexity, the transition to uniform recovery requires control
over the total size of the set X, measured by w(X). The constraint set K only
appears in terms of local complexity, precisely as in the non-uniform case.

As the above argumentation is fairly abstract, it is insightful to illustrate our approach
by a concrete example. In this context, we will also highlight the importance of care-
fully “designed” signal sets, in the sense that X (and even its convex hull) is much
smaller than K.

Example 1 (Total variation in 1D) We consider the situation of s-gradient-sparse sig-
nals in one spatial dimension, i.e., for s € [p — 1] fixed, it is assumed that ||[Vx|o < s,
where

-11 0 ...0
0 —-11 0

Vi=| . | e R
0 ...0 —11

is a discrete gradient operator. Geometrically, this condition simply means that the
vector x is piecewise constant with at most s jump discontinuities. An £!-relaxation
of gradient sparsity then leads to the common fotal variation (TV) model [55], which
in our case corresponds to the constraint set K = {x € R” : ||Vx||; < R} for some
R > 0.

A recent work of the first author [27] has demonstrated that the reconstruction
capacity of the TV model does not only depend on the number of jump discontinuities
but also strongly on their position. More specifically, we say that an s-gradient-sparse
signal x is A-separated for some A € (0, 1] if

Vi —Vi_ A
|] ]1|>

min > ,
jels+11] p s+ 1
where supp(Vx) = {v, ..., v} with O=:vp < v < -+ < Vg < Vyy1:=p. Intu-

itively, the constant A measures how much the jump positions in x deviate from an

equidistant pattern (where one would have A = 1). Assuming that A € (0, 1] is fixed
Elol:;ﬂ
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(independently of n and s), we say that x is well separated; see [27, Sec. 2.1] for more
details. This motivates us to consider the following signal set:

X ={xeR’:|Vx|o<s, xis A-separated, | Vx|, = R} NBY. (3.5

Similarly to (3.2), the constraint || Vx||; = R results from a tuning condition for (Pg y)
(see Remark 4(1)).
A deep result from [27, Thm. 2.10] now yields the following estimate for the conic

mean width:
wo(K —x) <A~ 1.5 logz(p) forall x € X. 3.6)

For the global mean width, we can make use of a bound derived by Krahmer et al. [38,
Sec. 3.2]:

w(X) < /s -loglep/s). 3.7

Note that (3.7) would also hold without the A-separation condition, but it exploits that
X C Bg . Combining (3.6) and (3.7) with Proposition 1, we finally obtain

w (K —X) < (1 4+17Hy/s - log?(p).

Therefore, according to Corollary 1, uniform recovery of well-separated s-gradient-
sparse signals becomes feasible with O(s - logz( p)) Gaussian measurements. In
particular, we have shown that there is no qualitative gap to the non-uniform guarantee
derived in [27].

Let us emphasize that, although the previous bounds look quite simple, their proofs
build on fundamental insights into the TV model. For example, relying only on the
basic estimate w; (K — X) < 1. w(K) would not help much, since it is unclear how
w(K) scales compared to w (X), cf. [38, Sec. 3.3]. Even more notable is the fact that the
above argument would break down if the A-separation condition is omitted. Indeed,
Cai and Xu [8] have shown that uniform recovery of all s-gradient-sparse signals
(including pathological examples) via TV minimization is impossible with less than
£2(/s - p) Gaussian measurements. Thus, a striking gap emerges between the uniform
and non-uniform regime in this scenario. Remarkably, the technical approach of [8] is
based on an adapted nullspace property, for which it is not obvious how to incorporate
additional signal structure such as A-separation. The presented example on the TV
model therefore also underscores the merits of a geometric complexity analysis as
proposed in our work. O

While gradient sparsity seems to be only slightly more involved than standard sparsity
(with respect to an orthonormal basis), the above consideration has indicated many
subtleties. To a certain extent, Example 1 is just the “tip of the iceberg” and similar
phenomena apply in the more general context of the analysis- and synthesis-£'-model.
An in-depth discussion would go beyond the scope of the present paper, and we refer
the interested reader to the related works [26, 40]. The actual novelty of Proposition 1
EOE';W
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is that these previous findings may also extend to uniform recovery—a step that was
not addressed so far.
We close this section with a remark on stable and robust recovery:

Remark 4 (1) Tuning and stability. The equality constraint for X" in (3.2) and (3.5)
ensures that every x € X lies on the boundary of K. Such a technical step is
important for bounds that are based on the conic mean width, such as (3.3) and
(3.6); if x would lie in the interior of K, then cone(K — x) = R? and therefore
wo(K — x) =< /p. From an algorithmic perspective, this can be seen as a tuning
condition for the Lasso estimator (Pg y). The “moreover”-part of Proposition 1
presents a convenient relaxation in this respect: When interested in the local com-
plexity of some point x € X C K, one may instead consider a nearby point x,
whose conic mean width wo(K — X) is smaller (non-trivial). The price for this
simplification is a recovery error in the order of ||x — X ||2. This trade-off is closely
related to the idea of stability (or compressibility) in compressed sensing theory
[21].

(2) Robustness and optimality. The statement of Corollary 1 allows for a comparison
of the statistical and adversarial noise model (cf. Remark 1). In the absence of
worst-case perturbations (i.e., v; = 0), the condition (3.1) can be translated into an
error decay rate of O (o - m~—1/2). Thus, (P K,y) becomes a consistent estimator of
x in the ordinary sense of statistics, i.e., ||Z — x || — 0 in probability as m — oo.
Remarkably, the asymptotic error scaling with respect to the noise parameter o
and sample size m cannot be further improved in general—it is minimax optimal
for linear observations, e.g., see [52, Sec. 4].

Compared to random noise, the adversarial model is more general, since the v; may
encode any type of perturbation, even deterministic ones. Given the ¢£>-constraint
in Corollary 1,

1/2
(Lym )< 1, (3.8)

it turns out that a recovery error in the order of O (¢) is essentially optimal. Indeed,
there exist instances of Corollary 1 where the v; can be selected such that (3.8)
holds with high probability (over {a;}" ,) and one has that ||z — x> < .10 The
difference with the statistical regime becomes clearer when considering random
noise from an adversarial perspective, i.e., v; = t; ~ N(0, 02). Then, it is not hard
to see that with high probability, the constraint (3.8) is only attainable with 7 2> o,
which prevents arbitrarily high precision in terms of 7. In particular, Corollary 1
would not certify the consistency of (Pg ) anymore, contrary to the argument in
the previous paragraph.

Let us emphasize that uniformity does not play a special role in these matters,
although the statistical noise model appears somewhat unnatural in this regime

107 simple example is as follows: For a unit vector x € SP=1 to be reconstructed, set v; = ¢ - £ - {a;, X)
for a constant ¢ > 0 small enough. If m is sufficiently large, then (3.8) holds with high probability. At the
same time, we have that y; = (a;, x) +v; = (a;, (1 + ct)x). Hence, Corollary 1 can be also applied such
that it certifies exact recovery of the rescaled vector (1 + cf)x via (Pg y). In other words, we have that
IZ2—xl2=ct-llxl2 =<t

FoC'T
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(see Remark 1). In principle, our conclusions do also carry over to the abstract
setting of Theorem 2, but the interpretation of the term “noise” becomes more
subtle there. The reason is that the estimator (Pg y) basically treats nonlinear
distortions as if they would be uncorrelated statistical noise (cf. [S1]), even if the
output function is completely deterministic. Seen from this angle, better decay
rates than O (o - m~'/?) are possible, which however strongly depends on the
specific model and estimator (see Remark 2(2)).

4 Applications and Examples

This section demonstrates how to derive “out-of-the-box” guarantees from Theorem 2
for specific observation models. Sects. 4.1-4.3 are devoted to applications to quantized
compressed sensing. Sect. 4.4 then revisits the case of single-index models, including
new applications to modulo measurements and coordinate-wise distortions. Finally,
Sect. 4.5 is concerned with a conceptually different example on the problem of variable
selection. Note that all proofs are deferred to Sect. 8.

4.1 1-Bit Observations

As already indicated in Sect. 1.1, the most basic version of 1-bit compressed sensing
asks for the reconstruction of signals x € X C RP? from binary observations y €
{—1, 1} of the form

yi =sign({a;, x)) +vi, i=1,....m. (4.1)

Here, the noise variables v:=(vy, ..., v,) may take values in {—2, 0, 2}, modeling
possible distortions of the linear measurement process before quantization and/or bit
flips during quantization. Importantly, the magnitude of x gets lost in (4.1) due to the
scaling invariance of the sign-function. Thus, the best one can hope for is to reconstruct
the direction of x.

The model of (4.1) is particularly compatible with Gaussian measurement vectors—
a related result on sub-Gaussian measurements can be found in the next subsection.
Indeed, choosing the target function 7x proportionally to x /||x||2, one can show that
the target mismatch p(x) vanishes for every x € X'. Hence, uniform recovery is
possible up to arbitrarily high precision. The following guarantee makes this claim
precise and is an application of Theorem 2 to Gaussian 1-bit observations. Its proof
in Sect. 8.1 will demonstrate the usefulness of the approximation condition from
Assumption 2, see also Fig. 2 for an illustration of the underlying argument.

Corollary 2 There exist universal constants c, co, C' > 0 for which the following
holds.
Letay, ..., a, € R? beindependent copies of a standard Gaussian random vector

a ~ N@O,1I,). Let X C R? and define Tx::@n;cw for x € X. Moreover, let
K C RP? be a convex set such that TX C K. Foru > 1 andt € (0, 1], we assume
FoC T
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Fig. 2 Illustration of the approximation strategy used in the proof of Corollary 2. The basic idea is to
approximate the jump discontinuity of sign(s) (plotted in black) by a linear segment whose slope is inverse
proportional to the accuracy ¢. The resulting function ¥ (s) (plotted in blue) and the absolute value of the
error ¢y (s) = |y (s) — sign(s)| (plotted in dashed red) are then both ltﬁ-LipSChi[Z. This is already enough

to fulfill Assumption 2 with L; < 1+ r~Vand L, < =1 note that the factor 128 is just an appropriate
constant for the proof (Color figure online)

that

m>C .12 (w?(K CTX) 172wk (TX) + uz). (4.2)

Finally, let B € [0, 1] be such that B./log(e/B) < cot. Then with probability at least
1 — exp(—cu?) on the random draw of {a;}",, the following holds uniformly for all

x € X: Lety € {—1,1}" be given by (4.1) such that ﬁ”v”l < B. Then, every
minimizer Z of (Pk . y) satisfies Hi - \/gm ||2 <t

Corollary 2 is in line with some of the early achievements in 1-bit compressed
sensing [48, 49]. Remarkably, the condition (4.2) translates into an error decay rate
of O(m~'*) in the uniform case, which improves the original rate of O (m~1/12)
established by Plan and Vershynin in [49, Thm. 1.3]. In fact, we are not aware of any
result in the literature that implies the statement of Corollary 2. But we stress that the
above oversampling rate is still not optimal (see [34]) and can be further improved
with a more specialized argument relying on random hyperplane tessellations (see
Corollary 8 in Sect. 5). The noise constraint of Corollary 2 simply means that the
fraction of wrong input bits ﬁ [lv][1 must not exceed B, while the latter may be
in the order of ¢ (up to a log-factor). This condition again significantly improves
[49, Thm. 1.3] and is a particular consequence of the outlier robustness established
in Theorem 2; see also [17] for a similar achievement in the situation of dithered
observations.

Elol:;ﬂ
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4.2 1-Bit Observations with Dithering

According to Ai et al. [1], the conclusion of Corollary 2 cannot be extended to
sub-Gaussian measurements in general, regardless of the considered reconstruction
method. A practicable remedy is the technique of dithering, which in its most basic
form, corresponds to a random shift of the quantization threshold. Originating from
quantized signal processing, e.g., see [13, 31, 32], its benefits recently also emerged in
compressed sensing theory [3, 17, 18, 37, 62, 65]. For more background information,
we refer to [14] and the references therein.

Extending the original 1-bit model (4.1) by an additional dithering step leads to
observations y € {—1, 1} of the following form:

yi =sign({a;, x) +7)+v;, i=1,...,m, (4.3)

where v:=(vy, ..., v,) € {—2,0,2}" again models noise. The dithering variables
7; are independent copies of a random variable 7 that is uniformly distributed on an
interval [—A, A]. Note that a major difference between dithering and additive noise
is that the parameter A > 0 is known and adjustable in practice (while the 7; could
be in principle unknown). The following corollary of Theorem 2 is based on the fact
that a careful choice of A allows us to control the size of the (non-vanishing) target
mismatch p(x), where Tx:=1"!x.

Corollary 3 There exist universal constants c, co, C,C'>0 for which the following
holds.

Letay,...,a, € RP beindependent copies of a centered, isotropic, sub-Gaussian
random vector a € R? with |la|ly, < L. Let Ty, ..., T,y be independent copies of a
random variable t that is uniformly distributed on [—\, A] for a parameter A > 0. In
addition, suppose that {a;}!"_ | and {t;}]"_, are independent. Let X C R]B%g for some
R > 0, and let K C R” be a convex set such that \™'X C K. Foru > 1 and
t € (0, 1], we assume that

A>C-R-L-loge/t),
m=C L2 ((ogL+172) - (wi(K —27'2) +u?) + L9272 wl(D)).
(4.4)

Finally, let B € [0, 1] be such that B/log(e/B) < coL~>t. Then with probability at
least 1 —exp(—cu?) on the random draw of {(a;, 7))L |, the following holds uniformly
forallx € X: Lety € {—1, 1} be given by (4.3) such that ﬁ”v”l < B. Then, every
minimizer Z of (Px y) satisfies ||z — A x|, <t

Corollary 3 exhibits many common features of known recovery guarantees based on

dithering. In particular, it can be seen as a uniform version of a recent result on the

generalized Lasso by Thrampoulidis and Rawat [62, Thm. IV.1]. The most notable

improvement over Corollary 2 is that it is now possible to recover the actual signal
x € X up to arbitrarily high precision, and not only its direction vector x/||x||>.

EOE';W
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Similarly to Corollary 2, we are not aware of any result in the literature that implies
the statement of Corollary 3. Nevertheless, the oversampling rate of O (m~!/4) pro-
moted by (4.4) can be further improved with a proof strategy that is specifically tailored
to 1-bit observations with dithering (see Corollary 9 in Sect. 5).

4.3 Multi-Bit Observations

While 1-bit measurements are an important extreme case of quantized compressed
sensing, a considerable part of the literature deals with multi-bit observation models;
once again, see [6, 14] for a good introduction to this subject. In this subsection, we
illustrate our approach in the prototypical situation of uniform quantization: For a fixed
8 > 0, the goal is to reconstruct a signal x € X C R” from observations y € §Z™ of
the form

vi=gqs(ai,x)+1)+vi, i=1,...,m, (4.5)

where qg(v):=(2|'%'| — 1)8 is a uniform quantizer on the grid §(2Z — 1) with
resolution § > 0. The dithering variables 7; are independent copies of a random
variable 7 that is uniformly distributed on [—§, §]. As before, v:=(vy, ..., v,) can
describe any type of adversarial noise, but now takes values in §Z". Theorem 2 yields
the following uniform recovery guarantee for multi-bit observations with sub-Gaussian
measurements and dithering.

Corollary 4 There exist universal constants c, co, C' > 0 for which the following
holds.

Letay,...,a, € RP be independent copies of a centered, isotropic, sub-Gaussian
random vector a € RP with |ally, < L. Let 71, ..., T, be independent copies of
a random variable t that is uniformly distributed on [—3§, 8] for a fixed parameter
8 > 0. In addition, suppose that {a;};"_ | and {t;}"_, are independent. Let X C R? be
a bounded subset, and let K C R” be a convex set such that X C K. Foru > 1 and
t > 0, we assume that

m>cC L2 ((log L+1726%) - (wX(K — X) +u?) + L2482 wz(X)). (4.6)

Then with probability at least 1 — exp(—cuz) on the random draw of {(a;, ©;)}7_ |, the
following holds uniformly for allx € X: Let y € §Z™ be given by (4.5) such that at
least one of the following conditions is fulfilled:

1
(@) Zmlvll2 < g5 or

o/t

_ cover 1 t
L2 /max(1,log(se/1)} and 5;|[vllo = - “.7)

(b) 7 lIvll2 <

Then, every minimizer Z of (Pk ) satisfies |2 — x|l < 2t.

Corollary 4 can be considered as a uniform version of a recent result by Thrampoulidis

and Rawat [62, Thm. III.1]. For a fixed quantizer resolution § > 0, the condition (4.6)
Elol:;ﬂ
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translates into an error decay rate of 0(«/5 m~ Y 4). On the other hand, if § < t, then
(4.6) is satisfied as soon as m > C - L*log L - (w,z(K — X) + u?). In other words,
if the quantizer resolution is much higher than the desired reconstruction accuracy,
the performance of (Pg ) is the same as if the input vector would consist of linear
measurements (cf. Corollary 1). This behavior is perfectly consistent with the fact that
the uniformly quantized observations (4.5) become linear as § — 0. It is also worth
pointing out that the constraint (b) in (4.7) implies a certain outlier robustness: If 1 < §
and only a fraction of #/8 bits are corrupted, then the normalized £>-noise error may
scale in the order of /8¢ instead of 7.

To the best of our knowledge, Corollary 4 is a new result. But we stress that there
exist uniform recovery guarantees for other programs than (Pg y) in the literature,
which imply better oversampling rates, e.g., see [36, Thm. 3] or [65] in the case
of structured signal sets. Nevertheless, we expect that Corollary 4 could be easily
improved in that regard, using the strategy of Sect. 5 in conjunction with known
uniform embedding results.

4.4 Single-Index Models and Beyond

The situation of single-index models was already considered in Theorem 1 in Sect. 1.2,
as an appetizer for our more general approach. As pointed out there, this guarantee
can be seen as an upgrade of an earlier non-uniform result by Plan and Vershynin
[51, Thm. 1.9], thereby demonstrating that uniform recovery is possible beyond quan-
tized measurement schemes. In view of Assumption 2, the Lipschitz continuity of f
in Theorem 1 is certainly not necessary. However, it verifies that a more “regular”
observation variable can lead to a near-optimal error decay rate (see Remark 2(2)).
Apart from that, we emphasize that (Lipschitz) continuous nonlinearities are not only
of academic interest but also appear in practical applications, for instance, as power
amplifiers in sensor networks [24].

The remainder of this subsection is devoted to two new applications of our general
framework, which extend Theorem 1 into different directions.
Modulo measurements. The first scenario is inspired by a recent work of Bhandari et
al. [4] on “unlimited sampling.” The practical motivation there is to prevent a saturation
of analog-to-digital converters by applying a modulo operator in the measurement
process. Tailored to the setup of the present article, we consider modulo measurements
of the form

yi=m({a;,x))+v, i=1,...,m, 4.8)

where the modulo function is given by m; (v):=v — | %5 | - 22 for a fixed parameter
A > 0, and v:=(vy, ..., vy,) € R™ models noise. Clearly, the nonlinearity m, nei-
ther corresponds to a quantization (cf. Sects. 4.1-4.3) nor is it Lipschitz continuous
(cf. Theorem 1). The following corollary of Theorem 2 provides a uniform recovery
guarantee for the observation model (4.8):

Corollary 5 There exist universal constants c, C, C' > 0 for which the following holds.
EOE';W
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Letay, ..., a, € R?P beindependent copies of a standard Gaussian random vector
a ~ N, 1,). For . > 0, we set u;:=E[m;(g)g] with g ~ N(0, 1). Let X C sl
and let K C R? be a convex set such that )X C K. Foru > 1 andt € (0, 1], we
assume that .. > C and

m=>C. ((1 172 (WK — 1 X) + 1) + 22 wz(é\,’)).

Then, ) € [%, 1] and with probability at least 1 — exp(—cuz) on the random draw
of {a;}!_,, the following holds uniformly for all x € X: Let y € R™ be given by
(4.8) such that (% h vl.z)l/2 < 5. Then, every minimizer Z of (Pk.y) satisfies
12— moxlla <t

Similar to our above applications to quantized compressed sensing, the (infinitely
many) discontinuities of the modulo function m; imply an error decay rate of
O (m~'/*). To the best of our knowledge, Corollary 5 is a new result in its own right.
In particular, we are not aware of alternative proof techniques that would allow us to
derive a comparable statement. Finally, it is worth noting that the condition A > C in
Corollary 5 could be further relaxed to A > 0. This would come at the cost of a lower
bound for u;, since we have that uy — 0 as A — 0 (the nonlinearity m; uniformly
converges to 0 as A — 0).

Coordinate-wise distortions. The common single-index model (see Theorem 1)
assumes that a nonlinear output function perturbs the linear observations (a;, x).
Instead, one can also imagine distortions that affect the computation of the dot product
(a;i, x) directly. More specifically, we are interested in observations of the form

yizf(a,»ox)—i—vi, i=1,...,m, (49)

where a o b € R? denotes the coordinate-wise product of vectors @, b € R” and
f : R? — R can be represented as

p
f(z):=ij(zj), z € RP,
Jj=1

Here, we assume that the functions f; : R — R are odd and y-Lipschitz, while
satisfying the growth conditions

a(v—v") < fj(w)— fj(v), forallv,v' € Rwithv' <wv, (4.10)
and
Biv < fj(v) < pov, forallv >0, 4.11)

with parameters @« > 0 and 82 > 1 > 0. One can think of (4.9) as computing a

“nonlinear dot product” of @; and x. While models of this type are not covered by the
FoC'T
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original approach of [51], an application of Theorem 2 allows us to deal with them
under appropriate assumptions:

Corollary 6 There exist universal constants ¢, C > 0 for which the following holds.

Letay, ..., a, € R? be independent copies of a centered, isotropic random vector
a = (ai, ..., ap) which has independent, symmetric, and sub-Gaussian coordinates
such that max je(p) lajlly, < L for some L > 0. Let X C R]B%g and define T : X —
R? by Tx:=E[f(aox)a]. Let K C R? be a convex set suchthat TX C K. Foru > 1
and t > 0, we assume that

mz=C- LY (14 172RAB +v) - (WK = T2) +u?) + 252w (T ).

Then with probability at least 1 — exp(—cu?) on the random draw of {a;}!_,, the
following holds uniformly for all x € X: Let y € R™ be given by (4.9) such that

1/2 L . A
(l > vz) / < ZLO. Then, every minimizer z of (Pk y) satisfies ||z — Tx|l2 < t.

m i=1"i
Furthermore, for every j € [pl, we have that

Bixj < (Tx); < poxj, forx; >0,
Boxj < (Tx); < Bixj, forx; <O. 4.12)

The above result shows that estimation via (Pg y) is even possible in situations
where instead of linear measurements {(a;, x) = Zf: 1(@;) jx; one observes distorted

dot products f(a; o x) = ’/.7:1 fi((a;)jx;). Note that the generalized Lasso may
not precisely recover a scalar multiple of x here, but rather a vector 7Tx that lies in a
hyperrectangle defined by x and the parameters 81 and ;. The closer the functions f;
are to the identity, the closer B and B, are to 1, which implies that Tx & x according
to (4.12).

4.5 Variable Selection

This subsection is devoted to an instance of Assumption 1 that is substantially different
from the previous ones: For a fixed integer s < p and an output function f: R? — R,
we ask for estimation of an index set S C [p] with |S| < s from observations y € R”
of the form

yi=flais)+vi, i=1,...,m. (4.13)

Here, a; s € R is the coordinate projection of @; onto S and v; € R models additive
noise. Most notably, the signals of interest are not parameters vectors in R? anymore
but correspond to (small) index sets, specifying those coefficients of a measurement
vector that contribute to the observation. From a statistical perspective, this can be seen
as a variable selection model, where S C [p] determines the set of active variables
among all feature variables in a;. In the context of uniform recovery, this leads to the
following problem: Given a collection of sample data {a;}7. |, can we retrieve any
possible index set S C [p] with |S| < s from (nonlinear) observations of the form
EOE';W
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(4.13)? The following corollary of Theorem 2 provides a result in that direction under
natural conditions on the output function f.

Corollary 7 There exist universal constants ¢, C > 0 for which the following holds.

Letay,...,a, € RP be independent copies of a centered, isotropic random vec-
tor a = (ay,...,ap) which has independent sub-Gaussian coordinates such that
maxcip] llajlly, < Lforsome L > 0. Fors < pand an output function f: R? — R,
let X C {S C [p] :|S| < s}and define T: X — RP by TS:=E| f(as)a), where
as € R? denotes the coordinate projection of a onto S. Moreover, we assume that
there exist parameters «, B, y, k > 0 such that

%SKTS)]IS% forallS € Xand j € S (4.14)
and
SAS /
If(as) = flas)ly, <v 's—' and || f(as)lly, <« forall§,8" € X,
(4.15)

where S A S’ C [p] denotes the symmetric difference between S and S'. Let K C RP
be a convex set such that TX C K. Foru > 1 andt > 0, we assume that

mz=Co 12 ((log L+ 1 2(L2B% + kD) - (wP(K = TX) +u?)

2L 4 27 w2(TX)>. (4.16)

Then with probability at least 1 — exp(—cu?) on the random draw of {a; "1 the
Sfollowing holds uniformly for all S € X: Let y € R™ be given by (4.13) such that

(l > v2)1/2 < 2L0' Then, supp(T'S) = S and every minimizer Z of (Px y) satisfies

m i=1"Yi

lz—=TS|, <t.

The assumptions (4.14) and (4.15) can be seen as natural balancing properties of
the underlying observation model: (4.14) requires that the coefficients of each target
vector TS € K are uniformly bounded below and above on S (and in particular
a < ||ITS|l2 < B). The increment condition (4.15) ensures that the distance between
two observation variables can be controlled in terms of the symmetric difference of
their associated index sets in X
With this in mind, Corollary 7 suggests the following simple procedure for variable
selection: First perform a hard-thresholding step on Z to extract its largest entries in
magnitude; then use the corresponding indices to estimate the set of active variables
S = supp(T'S). Note that this does not require explicit knowledge of the output
function f. However, the (guaranteed) success of such a strategy strongly depends on
the size of « and the accuracy ¢. In the worst case, t would have to be in the order
of a/+/s for perfect recovery of S, which would lead to an undesirable factor of s in
(4.16). It is certainly possible to show refined versions of Corollary 7. We suspect that
Elol:;ﬂ
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sharper error bounds could be obtained by considering a different error measure than
the £2-norm (see Remark 3(3)). Nevertheless, a detailed elaboration would go beyond
the scope of this article, and we confine ourselves with the above proof of concept.

5 Uniform Recovery Without Increment Conditions

We have seen in Sects. 4.1-4.3 that the increment conditions of Assumption 2 can
lead to inferior error decay rates for quantizing output functions, due to their points
of discontinuity. In this section, we present a workaround that can do without any
(sub-Gaussian) increment conditions and thereby enables significantly better rates.
The basic idea is to cover the signal set X’ by an e-net &, for some ¢ > 0 and to apply
the non-uniform version of Theorem 2 to each x € X, separately. Taking the union
bound then yields uniform recovery on X,. The final, and most crucial, ingredient
that allows us to pass over to the entire signal set X is the following local stability
condition on the observation model. It is based on the (outlier) noise bounds in (2.4)
and essentially requires that close points in 7 X" imply close observation vectors.

Assumption 3 Let Assumption 1 be satisfied, and let + > 0 and ¢ > 0. For mg €
{0,1,..., L%J}, A > 0, and n € [0, 1], we assume that the following holds with
probability at least 1 — 7:

sup = [15(0) = 3 lliamo) < 347 and

x,x'eX
ITx—Tx'|2<e
1 =~ = / 3
sup =0y (Y(x) = y(x))2 < 55 (5.1
x,x'eX Wm0 40

ITx—Tx'|2<e

The above strategy leads to the following general uniform recovery guarantee; see
Sect. 9 for a detailed proof.

Theorem 3 There exist universal constants c, C, Coy > 0 for which the following holds.

Let Assumptions 1 and 3 be satisfied, let r:=sup,cy|l{a, Tx) — y(x)|ly,, and
assume p(x) < éfor everyx € X. Foru > 1 and uy > \/2m0 log(em /2my), we
assume that

m>C-L?. ((logL +17%r%) - (sup wH(K — Tx) + u?)

xeX
+L2A2 . (sup w(K — Tx) + u%)) (5.2)
xeX
and
min{u?, ud} > Co - log N (T X, ¢). (5.3)

Then with probability at least 1 — exp(—cu?) — exp(—cu%) — n on the random draw
of {(a;, Fy)}{",, the following holds uniformly for every x € X: Let y € R™ be any
FoL g
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input vector such that
ﬁlly — 5@ ll2m) < 341 and ﬁomo(y —J@®)2 < 45

Then, every minimizer 2 of (Px ) satisfies |2 — Tx|2 <t +e.

The statement of Theorem 3 strongly resembles the one of Theorem 2 with the impor-
tant difference that the former does not rely on Assumption 2. In particular, the
condition (5.2) does not depend on the increment parameters L, and L anymore,
making it less restrictive than (2.3). It is worth pointing out that the global complexity
of X is now measured in terms of the covering number N (T X, ¢) in (5.3) instead
of the mean width w (7T X’). Furthermore, (5.2) establishes a refined local complexity
measure, due to sup,.. thz(K —Tx) < wtz(K — T X); see also Proposition 1. Never-
theless, the gain of Theorem 3 is obviously linked to the verification of Assumption 3,
which is usually a highly non-trivial task.

We now present two applications of Theorem 3 in the prototypical case of 1-bit
observations. In this specific situation, it turns out that Assumption 3 is compatible with
uniform bounds for binary embeddings, which allows us to make use of related results
from the literature. Our first application is based on the following embedding guarantee
by Oymak and Recht [45] for noiseless, Gaussian 1-bit measurements (cf. Sect. 4.1).
Hereafter, we agree on the shortcut notation [ H ]8::(% H — %H )yn Bg for any subset
H C R? and ¢ > 0; also note that the parameter w([H]) is virtually the same as
the li)cal mean width w,(H — H) except that the former intersects with Bg instead of
SP=H.

Theorem 4 ([45, Thm. 3.2]) There exist universal constants ¢, ¢, C > O for which the
following holds.

Let H C SP~!, and let A € R™*P be a random matrix with independent standard
Gaussian row vectors ay, . ..,a, € RP. For B € (0,1) and ¢ < ¢B/+/log(e/B), we
assume that

m=>C. (82,3*3 w((Hlo) + B~ log N(H, e)).
Then, the following holds with probability at least 1 — exp(—cmf):

sup 55 [ sign(Ax) — sign(Ax")|; < B.
x,x'eH
lx—x"ll2<e

Combining Theorem 4 with Theorem 3 yields an improved version of Corollary 2 (see
Sect. 9 for a proof):

Corollary 8 There exist universal constants c, c’, co, C', Coy > 0 for which the follow-

ing holds.
Letay, ..., a, € RP beindependent copies of a standard Gaussian random vector
a ~ N@,1p,). Let X C R? and define Tx::@m for x € X. Moreover, let
Elol:;ﬂ
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K C R? be a convex set suchthat TX C K. Fixt € (0, 1) and e < 't/ log(e/t). For
u? > max{l, Co - log N (T X, ¢)}, we assume that

m>C - (t_z . ( sup wtz(K —Tx) + uz) + &% 10g3/2(e/t) . wz([TX]8)>.
xeX
5.4)

Finally, let B € [0, 1] be such that B./log(e/B) < cot. Then with probability at least
1 — exp(—cu?) on the random draw of {a; Y\, the following holds uniformly for all

x € X: Lety € {—1,1}" be given by (4.1) such that 21 vl < ﬁ . Then, every

minimizer Z of (Pg y) satisfies Hz — 2t.

Hxllz ”2 =

To better understand the oversampling behavior of this result, let us consider the situa-
tion where & < 1/ log(e/t). Due to Sudakov minoration, we have thatlog N (T X, &) <
g2 w? (TX) (e.g., see [64, Thm. 7.4.1]). Hence, in the worst case, Corollary 8 would
imply an error decay rate of O(m™!/4) up to log factors. However, for many low-
dimensional signal sets, such as subspaces or sparse vectors, it is possible to establish
a much stronger bound of the form log V(T X, &) < log(e™!) - w?(TX), e.g., see
[45, Sec. 2].!! In this case, Corollary 8 would yield an error decay rate of O(m~'/?)
up to log factors. This is superior to the achievement of Corollary 2 and matches the
best possible rate that can be expected for (Px ) in general (see Remark 2(2)).

Our second application of Theorem 3 concerns the setup of sub-Gaussian 1-bit
observations with dithering, as considered in Sect. 4.2. In this case, the stability con-
dition of Assumption 3 can be related to a recent embedding result of Dirksen and
Mendelson [17], which is based on hyperplane tessellations for sub-Gaussian vectors.

Theorem 5 ([17, Thm. 2.9]) For every L > 0, there exist constants c, ¢, C, C>0
only depending on L for which the following holds.

Let X C RB; for some R > 0, and let A € R™*P be a random matrix
with independent, isotropic, sub-Gaussian row vectors ay, . .., a, € RP. Moreover,
assume that max;e(m, lla;|ly, < L. Let T:=(zy, ..., Ty) € R™ be a random vector
with independent entries that are uniformly distributed on [—A, A] for a parameter
A = C - R. In addition, suppose that A and t are independent. For B € (0, 1] and

e < cp/./log(e/B), we assume that
m=C- (287 w07 XL + B! log N X, 0)).
Then, the following holds with probability at least 1 — exp(—cmp):

sup ol sign(Ax + 1) — sign(Ax" + 1) |1 < B.
x,x'eX
A lx—x'|l2<e

1 Here, it is important to note that, in contrast to K, the (transformed) signal set 7 X may be highly
non-convex.

FoE'ﬂ
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Combining Theorem 5 with Theorem 3 now yields an improved version of Corollary 3
(see Sect. 9 for a proof):

Corollary 9 Forevery L > 0, there exist universal constants co, Co > 0 and constants
c,c’,C,C" > 0 only depending on L for which the following holds.

Letay, ..., a, € R? be independent copies of a centered, isotropic, sub-Gaussian
random vector a € R? with |la|ly, < L. Let Ty, ..., T,y be independent copies of a
random variable T that is uniformly distributed on [—A, A] for a parameter ). > 0. In
addition, suppose that {a;};" | and {7;}]_, are independent. Let X C RIB%; for some
R > 0, and let K C R? be a convex set such that .~'X C K. Fixt € 0, 1] and
& < c't/log(e/t). For u? > max{1, Cyp - log./\/()»_l?(, &)}, we assume that

2> C-R-loge/t),

m=>C - (t‘2 - (sup wAK — 27"x) + u?) + 23 log¥ 2 (e/t) - w2([(2k)_1X]8)).
xeX
(5.5)

Finally, let B € [0, 1] be such that B./log(e/B) < coL~>t. Then with probability at
least 1 —exp(—cuz) on the random draw of {(a;, ri)}lm:l, the following holds uniformly
forallx € X:Lety € {—1, 1}" be given by (4.3) such that ﬁ”v”l < g Then, every
minimizer Z of (Pk y) satisfies ||z — A lx |, < 2t

Analogously to noiseless 1-bit observations, Corollary 9 implies a decay rate of
O (m~"/*) up to log factors in the worst case, which may be improved to O (m~'/?) for
structured signal sets. This is in line with a recent finding of Dirksen and Mendelson
[17, Thm. 1.7], who have analyzed a different estimator.

We close this section by pointing out that the error bounds achieved by Corollary 8
and 9 do still not match the information-theoretic optimal rate of O(m_l), e.g., see
[18, 34]. We suspect that this gap is not an artifact of our proof, but rather due to a
fundamental performance limit of the generalized Lasso (Px ). A potential remedy
is to consider a more specialized reconstruction method, e.g., see [36].

6 Conclusion

This section highlights several key aspects of this work and discusses them in the light
of our initial objectives as well as remaining challenges.

(1) Observation models. Probably the greatest benefit of our approach to Problem 1
is its flexibility. The setup of Assumption 1 allows us to implement and analyze
virtually every nonlinear observation model that is conceivable for the program
(Pk,y). The examples that we have seen in Sect. 4 are only a selection of possible
applications. Importantly, each of these results is accompanied by a conceptually
simple proof that does not require any deeper insight into the underlying model
mechanisms; see also the proof template at the beginning of Sect. 8. Therefore, our
methodology may form a general path toward competitive benchmark guarantees.
However, the resulting oversampling rates do not always match the best possible

Elol:;ﬂ
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rates from the literature, due to the increment condition of Assumption 2. In
Sect. 5, we have presented a workaround for this issue, based on an additional local
stability assumption. This strategy can indeed lead to near-optimal error bounds,
but it relies on the availability of a strong embedding result in each considered
case.

Non-Gaussian measurements. Our main result reveals the impact of non-Gaussian
measurements, in particular, when consistent recovery via (P ) can be expected
and when not. While relaxing the conditions on isotropy and sub-Gaussian tails
in Assumption 1 is certainly practicable (see Remark 3(1)), our analysis is inher-
ently limited to independent measurement vectors. This excludes more structured
measurement ensembles, such as partial random circulant matrices or lossless
expanders [21, Chap. 12 & 13]. On the other hand, such schemes typically satisfy
a variant of the restricted isometry property, which is the basis for some recent
advances in quantized compressed sensing, e.g., see [16, 20, 33, 65]. These find-
ings provide evidence that at least parts of our results remain valid for a much
larger family of measurement vectors. Thus, any guarantee with structured mea-
surements that meets the generality of Theorem 2 would be significant.
Complexity parameters. The research on high-dimensional signal estimation has
shown that the (local) Gaussian mean width is a natural, yet accurate complexity
measure for convex programs such as (Pg ). A distinctive feature of our approach
is the role played by the (not necessarily convex) signal set X'. As indicated in
Sect. 3, X can be viewed as a characteristic of the observation model that allows
us to study any situation between non-uniform and (fully) uniform recovery. Note
that this refinement is also a crucial ingredient of Proposition 1 and Theorem 3.
Nevertheless, it is important to bear in mind that the Gaussian mean width is not
trivial to estimate in specific situations, e.g., see (3.3) and Example 1.
(Non-)convexity and data-driven priors. Remarkably, Fact 1 is the only argument
in our proof that relies on the convexity of the constraint set K. In principle, it
is possible to drop this assumption on K by investigating the projected gradient
descent method as an algorithmic implementation of (Pg y), e.g., see [46, 47,
56]. However, the feasibility of this approach depends on the existence of an
efficient projection onto K.'> A modern line of research on signal processing
with non-convex optimization advocates the use of data-driven priors—a natural
consequence of many recent advances on generative models in machine learning
research, e.g., see [5, 39] and the references therein. Although the algorithmic
strategy behind these methods bears resemblance to (P y), we believe that the
complexity of learned signal priors leads to a more difficult mathematical problem,
whose understanding is still in its infancy. This is particularly underpinned by the
fact that even the situation of convex priors is not sufficiently well understood yet
(see [26, 27, 40]).

12 The existence of an efficient projection and the (non-)convexity of K are not equivalent. There are
many examples of efficient projections onto non-convex sets, while the projection onto convex sets can be
NP-hard, e.g., see [53].

FolCT
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7 Proof of the Main Result (Theorem 2)

Recall that according to Fact 1, it suffices to show that for all x € X and y € R™”
satisfying p(x) < ;—2 and (2.4), we have that

inf & (v) > 0.

veKy

To this end, we make use of the decomposition in (2.2), i.e.,
Ex(0) = Q(v) + Ny (v) + My (v),

and continue by showing separate bounds for all three terms, where each bound holds
uniformly for all x € X and v € Ky ;. Unless stated otherwise, we assume that the
hypotheses of Theorem 2 are fulfilled throughout this section and we have that r > 0;
the case of + = 0 is in fact much simpler, see Step 4b. Moreover, we will use the
notation Ky ;:=Uyex Ky, = (K — TX)NtSP~L.

Step 1: Bounding the quadratic term. Let A € R™*? denote the matrix with row

vectors aq, ..., a,. In order to control the random variable
m

_ 1 . 2 _ || 2

Q(v) ~m <ala v> - “ \/EAvHZ

1

1

uniformly for all v € Ky ;, we make use of the following recent matrix deviation
inequality for sub-Gaussian matrices.

Theorem 6 ([35, Cor. 1.2]) There exists a universal constant Cgo > 0 for which the
following holds.

Let H C RP?, and let A € R™*P be a random matrix with independent,
isotropic, sub-Gaussian row vectors ai,...,a, € RP. Moreover, assume that
max;e[m] lailly, < L for some L > 0. Then for every u > 0, we have the following
with probability at least 1 — 3 exp(—u?):

w(H) +u-supyeqvl2

Jm

sup || v, = 1ol | = Co - Lyiog -

We now apply this result to H:=Ky, C tSP~! within the setting of Theorem 2:
According to the first branch of the assumption (2.3), we have that m > C - L% log L -
(wtz(K —-TX)+ uz). Hence, by adjusting the universal constant C (only depending
on Cg), Theorem 6 implies that the following holds with probability at least 1 —
3 exp(—uz):

> Q) >4 forallve Ky, (7.1)
Step 2: Bounding the noise term. In order to control the noise term N, (v), we require
the following uniform upper bound for subsums of the quadratic term.

Elol:;ﬂ
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Theorem 7 ([17, Thm. 2.10]) There exist universal constants c, Cns > 0 for which
the following holds.

Let H C R?, and let ay, ..., a, € R? be independent, isotropic, sub-Gaussian
random vectors such that max;e(m l|@; ||y, < L for some L > 0. Then for every mg €
{0,1,...,m} and ug > /molog(em/mgy), we have the following with probability at
least 1 — 2 exp(—cu%):

172 w(H) +ug - su v

sup max (% Z|(ai,v)|2) <Cp-L2- (H) + uo - supyeprl|vllz.

veH IClm] , Jm
Zi<my €T

For w € R™, we denote by Z,,,(w) C [m] any (possibly non-unique) index set that
corresponds to the mq largest entries of w in magnitude, i.e., for all i € Z,,,,(w) and
i" € Tp,(w), we have that |w;| > |w;|; note that for my = 0, we simply have
Zmo(w) = . With this notation at hand, observe that

1/2

ol = (Y i) and oppn=( Y wil?)

i€Z 0 (w) 1€T 0 (W)

Now, consider the specific choice w:=y — y(x). The Cauchy—Schwarz inequality then
implies

sup Nz ()| < = sup Y wy] - [(ai, )]

veKy veKy ieImO(w)
2
+ 5, sup E [wil| - [{ai, v}
veksr jez, wy

i 1/2
< 2y = 3@l - swp max (£ l(@r v)l?)
veKyx; Zc[m] ;
" Zismo €T

+ 0w (¥ = )2 sup /Q(v).

UEKX,,

Let us now estimate the first summand of this bound. According to Theorem 7, there

exist universal constants ¢, Cns > 0 such that for every ug > /mqlog(em/mg), we
have the following with probability at least 1 — 2 exp(—cu%):

1/2 w(K +ug-t
sup max l |<al-’ v)|2 < CN L2 . M
K Zcim) \" \/ﬁ
P Tizmy  i€T
<1647,

where the last inequality follows from the second branch of (2.3). Hence, taking a
union bound with the event of (7.1), it follows that with probability at least 1 —
3 exp(—uz) -2 exp(—cu%), the following holds uniformly for every x € X and every
FoC
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y € R™ satisfying the condition (2.4):

sup [Nx (@) <2-fe-t4+2-/31 45 < (7.2)

veKy

Step 3: Bounding the multiplier term. Our goal is to bound the random variable

IMe@) = L3 (@i, Tx) — 5i(x))(a;. )

i=1

uniformly from below for all v € Ky ; and x € & that satisfy p(x) < 3’—2 Let us begin

by adding and subtracting the expected value:

M) = (inf SEIM)]) — [ Me) - EIMc ). (73)

Since a is isotropic, we observe that %E[Mx (v)] = (T'x — E[y(x)a], v). Combining
this with Definition 1, we obtain a lower bound in terms of the target mismatch:

inf 1E[M;()]>1t- inf (Tx —E[j(x)al, v)
veKy veSr—1
=—t- sup (E[y(x)a] —Tx,v)

veSr-1

—t - |E[F(x)al — Tx|, = —t - p(x). (7.4)

We now turn to the centered multiplier term in (7.3). To this end, recall Assumption 2
andlet {y; ; (x)}ycx be independent copies of the class {y; (x)}yex fori =1, ..., m.13
Inserting these observation variables and applying the triangle inequality then yield

$IMx () — ElM (0)]|

< 13 @i, Tx) = 5rio) @i, ) — Bl (@i, Tx) = 51 (@i, v)]
i=l =k (x)

FE[y(x) =y (x)| - [{@, v)|]1 + %Z |e.i () = i (O)| - [ai, v)|.  (7.5)
—_— i

=& (x) =&, (X)

Note that the second empirical product process in (7.5) is not centered yet due to pulling
in the absolute values—a crucial step to ensure that the resulting factors have sub-
Gaussian increments. Adding and subtracting the expected value of the last summand

13 To be more precise, we assume that the tuples (a;, F;, y; ;) are independent copies of (a, F, y;) fori =
..., m. In particular, the respective conditions of Assumption 2(a)—(c) are also satisfied for {J; ; (X)}xcx -
Fo C 'ﬂ
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in (7.5) and using Assumption 2(a), we obtain the following upper bound:

M)~ EIM )] < 1| D7 600 ai, v) = Eléi (x)ay, v)]
i=1

Zstl(x) (@i, v)| — Ele, i (x) - [{ai, v)[1] + 2E[e; (x) -

(a,v)[].

m

S}

=

W~
<

This estimate in conjunction with (7.4) implies that the following holds uniformly for
all x € X with p(x) < 55:

2
inf Me(®) = =5 —2 sup —\Zs“(x) ai, v) ~ Eléi () ai, v)]|

vEKy veKe, D

v

2 sup —\Zm(x) (@i, )] = Eleyix) - {ai, o)

veKy
2
> -2 up —]Zst,(x) (@i, v) — Bl (x) @i, v)]|
xeX
UEKXt
2 sup 43 e0a @) s 0l — Blers ) - o). 7.6
iRy, 0=

By Assumption 2(b) and (c), all factors of the product processes

{ Zsf,m (@i, v >|} (1.7)

xeX, veKx

{% > & i(x) ;. v)}
i=1

xeX, veKy

have sub-Gaussian increments. A key ingredient for controlling these empirical pro-
cesses is a powerful concentration inequality due to Mendelson [42]. The following
result is adapted from [42, Thm. 1.13].

Theorem 8 There exist universal constants ¢, C pq > 0 for which the following holds.

Let {ga}aea and {hp}pen be stochastic processes indexed by two sets A and B,
both defined on a common probability space (§2, A, P). We assume that there exist
r A, r3 > 0 and pseudo-metrics d 4 on A and dg on B such that

18 = 8a'llys < dala.d’) and |gally, <ra  foralla.a’ € A,
lhe = hiylly, < d(b.b') and |hplly, <rg  forallb,b' € B.

FoE'ﬂ
@ Springer u.. jO E|



938 Foundations of Computational Mathematics (2023) 23:899-972

Finally, let X1, ..., X, be independent copies of a random variable X ~ P. Then for
every u > 1, we have the following with probability at least 1 — 2 exp(—cu?):

sup L1 3™ g0 (Xi)hn(Xi) = Elga (X (X0)]|

bep  i=l
-c ((Vz(A, dp) +u-ra) - (2(B,dp) +u-rp)
=~=CM e .

ra-v2(B,dp)+rp-v2(A,da) +u-rarp
+ ,
Jm

where y» (-, -) denotes Talagrand’s y»-functional (e.g., see [42, Def. 1.2]).

Let us now apply Theorem 8§ to the first product process in (7.7). To this end, we
observe that the class {{a, v)}yck ,, has sub-Gaussian increments with respect to the
pseudo-metric induced by L|| - ||2, while Assumption 2(b) implies that {&; (x)},cx has
sub-Gaussian increments with respect to L, - dr. Hence, Theorem 8 implies that the
following holds with probability at least 1 — 2 exp(—cu?):'4

s 51| 2 &) i, ) — Bl ) @i, v
X€E

i=1

I)EKx_t
((Lzyz(?(, dr)+u-r)- (Lya(Kx s, | - l2) +u - Lt)
<Cm-
m
L Lyy(Kx o |l - l2) + Lt - Lyyao(X,dr) +u - rLt
Jm '

According to Talagrand’s majorizing measure theorem [59, Thm. 2.4.1], we have that
w(H) < y2(H, || -|l2) forevery H C RP.

Moreover, it is not hard to see that y»(X, dr) = (T X, || - ||2). Consequently, the
following bound holds with probability at least 1 — 2 exp(—cu?):

xeX

veKy;
o (st ke
m

+r cw (K —TX)+ L,w(TX) +u~r)
vm '

sup | 37 i) (ai, v) — Elri () ai, 0}
i=1

(7.8)

14 To be slightly more precise, we apply Theorem 8 to the index sets A:=X" and B:=K y ;, while X ~ P
corresponds to the random tuple (a, F, y;).
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The second product process in (7.7) can be treated similarly: The class {|{(a, v}|}vek
has sub-Gaussian increments with respect to L|| - ||2, while Assumption 2(c) implies
that {&;(x)}ycx has sub-Gaussian increments with respect to L;-dr. An analogous
application of Theorem 8 shows that with probability at least 1 — 2 exp(—cu?), we
have that

sup k| D" e (6) - @i, )| — Elers () - {ay, )]

véle(/;, i=l
SC;M't'L'((Ltw(TX)—I—u-f)-(w,(K—TX)—}—u)
m
Fow(K—=TX)+ Low(TX)+u-r
n t( )+ Liw(TX) _ (7.9
Jm

We are ready to prove our main result.

Step 4a: Proof of Theorem 2 (+ > 0). We now assume that the events corresponding
to (7.1), (7.2), (7.8), and (7.9) have occurred jointly with probability at least 1 —
7 exp(—cu?) — 2 exp(—cu(z)) for an appropriate constant ¢ > 0; note that the factors
7 and 2 can be removed by slightly adjusting ¢. Combining these bounds with (7.6),
the following holds uniformly for every x € X with p(x) < 3’—2 and every y € R™
satisfying the condition (2.4):

inf £ () > inf Q) — sup [Ne(w)|+ inf My(v)
veKx veKy

vefn vEKy
Sgoeg
_c 't_L.<(r+f).wt(K—TX)—i-(L,+i,t).w(TX)+u,(r+’;)>
M T
L (((Lr+iz)~w(TX)+u.(r+f)).(w,(K—TX)+u)>
—Cly 1L |
m

If we could show that this lower bound is strictly positive, the claim of Theorem 2
would follow directly from Fact 1. To conclude this argument, it is enough to have
that
A 2
m=>C L2 ((r—i—f)-u)t(K— TX)+ (Lo + L) w(TX) +u- (r+f)) :
(7.10)

m=C L™ (L + L) wTX) +u-(r+7) - (w(K —TX)+u), (7.11)

where C’ > 0 is an appropriate universal constant. Indeed, both (7.10) and (7.11) are
consequences of (2.3): The bound of (7.10) is equivalent to the third branch of (2.3),
while (7.11) follows from the multiplication of the first and third branch of (2.3) and
then taking the square root. Note that the previous argument also makes use of the
basic fact that (v + w)? > v + w? > %(v + w)? for all v, w > 0, and that L> > L
due to the isotropy of a.
EOE';W
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Step 4b: Proof of Theorem 2 (¢ = 0). We may assume that r = 7 = L, = I:, =0,
my =0, A= L] log L, and u = uq, while only considering those x € X and
y € R" with y = y(x) and p(x) = 0. Consequently, we have a noiseless linear
model, i.e., y = y(x) = {(a, x). It follows that NV (-) = M, (-) = 0. Analogously
to (7.1), we can conclude that with probability at least 1 — 3 exp(—u?), the quadratic
term satisfies Q(v) > % forallv € Ky g:=cone(K —TX)N SP=1. On this event, let
Z € K be any minimizer of (Pg y) with input y = y(x) for some x € X If we would
not have exact recovery, i.e., v:=z — Tx # 0, then

A N 0 1913
E®) =@ =|vllz-Q( =~ )= > 0, (7.12)
ol2 2
———
EKX,O
which contradicts the fact that 2 is a solution to (Px ). O

8 Proofs for Sect. 4

Each result in Sect. 4 is an application of Theorem 2 and follows the same proof
template:

Step 1. How the prerequisites of Theorem 2 are met:

Step 1a. Implementation of Assumption 1.
Step 1b. Controlling the target mismatch p(x) for every x € X
Step 1c. Controlling the increment parameters of Assumption 2.

Step 2. Proof of the actual statement via Theorem 2.
Step 3. Verification of Step 1b.
Step 4. Verification of Step 1c.

8.1 Proofs for Sect. 4.1

Proof of Corollary 2 We follow the proof template from the beginning of Sect. 8:
Step 1a. The model setup of Corollary 2 fits into Assumption 1 as follows:

— We have that @ ~ N(0, I,,) and therefore ||a|ly, < 1. The signal set X is an
arbitrary subset of R?. The output function F: R” x X — R takes the form
F(a, x):=sign({a, x)).

— The target function 7: X — K corresponds to the (scaled) normalization
/2 : _ /2 '
Tx._\/;m. In particular, we have that dr (x, x') = \/;” m — H;W ”2
Step 1b. The target mismatch p(x) vanishes for every x € X.
Step 1c. There exists an approximation y,(x) of the observation variable y(x)
such that the conditions of Assumption 2 are fulfilled with

L<1+c', L,<e', r<1, 70 (8.1)
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e,
@ Springer |03



Foundations of Computational Mathematics (2023) 23:899-972 941

Step 2. The first and third branch of the condition (2.3) is implied by (4.2)
for a sufficiently large universal constant C’ > 0. Since ¢(B):=B./log(e/B)
defines a continuous and non-decreasing function on [0, 1] with ¢ (1) = 1 and
¢(0):=0 (by continuous extension), we may assume without loss of generality

that 8,/log(e/B) = cot € (0, 1]. Now, we set

1
A = , =y/2mp1 ,
i froseB) mo:=Bm], wuo:=/2mplog(e/B)

implying that ug > /mglog(em/mg) and u(z) > 2cotm. Combining the latter
inequality with (4.2) for C’ sufficiently large particularly implies that u% > u’.
Furthermore, observe that Azu% = 2com and A2 - wtz(K —TX) <t w[2(K —
T X). Hence, the second branch of the condition (2.3) is satisfied if ¢q is chosen
small enough and C’ in (4.2) large enough.

Next, we show that every y € {—1, 1} given by (4.1) with ﬁ”v”] < B also
satisfies (2.4). Sincev = y — y(x) € {—2,0, 2} and %Hy — ¥y < Bm, it
follows that |{i € [m] : y; # 3i(x)}| < |Bm]. Consequently, o, (y —¥(x))2 =0
and

oy = 5@l = iy~ 3l = 2VB =2( =) < s
Vm ol m - log(e/B) -

where the last inequality holds for ¢y < }‘. Theorem 2 now implies the claim of
Corollary 2.

Step 3. Let x € X and consider the orthogonal decomposition of the standard
Gaussian random vector a along x:

a={ax)x+ P, (a),

where i::ﬁ and Py1:=P,,1. Since sign({a, x)) is centered and (a,x) ~
N(0, 1) is independent of P, . (a), we have that

E[y(x)a] = E[sign((a, x))((a, X)X + P,1(a))]

= E[|(a, x)|] - x + E[sign({a, x))] - E[P,1 (a)] = \/g -x=Tx,

which implies that p(x) = 0.
Step 4. Using the shortcut x:= m again, we approximate the observation variable
y(x) = sign({a, x)) by y;(x):=¥;({a, x)) fort € (0, 1] and x € X where

128 t
s, ISl = 13

Yi(s)=1 !

sign(s), otherwise,

s € R.
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See also Fig. 2 for an illustration. Since y(x) = sign({a, x)), the absolute value
of the approximation error then takes the form

&:(x) = [sign((a, X)) — ¥ (@, X)) - xp0.21(|(@, X)),

where we have used 1°:= 1th for the sake of notational convenience. We now show
that for this choice of approximation, the conditions of Assumption 2 are indeed
fulfilled with (8.1):

On Assumption 2(a). Let x € X, z € SP~!, and consider the orthogonal decom-

position
Z=(z,X)x + P,.(2).
This implies
Ele; (x) - {a, 2)[]1 < Elx[0,re1(I{a, X)) - [{a, z)|]
< Iz, X)| - Elx[0.r1([{a, X}]) - [{a, %)]]
+ Elxjo,.21([{a, X)]) - [{a@, Py1(2))]].

Clearly, [{(z,x)| < 1 and E[x[o0,o;(I{@, X}|) - |[{a, x)|] < ¢°. Since the random
variables (a, x) and (a, P, 1 (z)) are independent, and (a, x) is standard Gaussian,
we obtain

Elxjo.1(1{a, %)) - [{@, Per ()] = P(l(@, )| < 1°) - Ell{a, Py1(2))]]
< 1°-E[|{a, Per()].

Moreover, by Jensen’s inequality and the isotropy of a, it follows that
Ell(a, Per(2)] < Ell(a@, P @)PD'? = 1P @2 < 1.

Putting everything together, this shows that Assumption 2(a) is satisfied.
On Assumption 2(b). Since Y, is %-Lipschitz, the following holds for every

’ PRV
x,x" € X (withx '_Hx’Hz)'

& () — & ) lly, < \/gll(a, X=Xy, + IV (a, %) — ¥ (@, XDy,

< (J2+1) (@, % —F)ly S A +17) drix,x).
This implies L; < 1+ ¢t~ 1. Furthermore, observe that |;(x)| < I, so that

16 ) Iy, < \/gll(a,ﬂllx//z F 15 lly, $1

for every x € X. This shows r < 1.
FoC'T
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On Assumption 2(c). We observe that the function s +— ¢, (s):=|sign(s) — ¥ (s)|

is 128 =22 _Lipschitz. Therefore, for every x, x’ € X, we obtain

z_ = —1
28 a,x — %)y, St dr(x,x),

ller (x) — & (X)lly, < =5
which implies L, < t~!. Finally, since |e;(x)| < 1 for every x € &, it follows
that 7 < 1.

8.2 Proofs for Sect. 4.2

Proof of Corollary 3 We follow the proof template from the beginning of Sect. 8:
Step 1a. The model setup of Corollary 3 fits into Assumption 1 as follows:

— The measurement vector a € R?” is centered, isotropic, and sub-Gaussian
with ||a|ly, < L. The signal set X" satisfies X' C RIBg . The output function
F: R x X — R takes the form F(a, x):=sign({a,x) + t), where 7 is
uniformly distributed on [—A, 1] and independent of a. In particular, F is a
random function.

— The target function 7: X — K corresponds to rescaling by a factor of 17!,
i.e., Tx:=A"'x. In particular, we have that d7 (x, x’) = A7 !||x — x/||>.

Step 1b. There exists an absolute constant C > e such that if
A2>C-R-L-\/loge/t), (8.2)

the target mismatch satisfies p(x) < 3’—2 forevery x € X.
Step 1c. There exists an approximation y,(x) of the observation variable y(x)
such that the conditions of Assumption 2 are fulfilled with

Li<L-(1+64t7 ", L,<64Lt™", r<RLA'4+1, 7 <10 (83)

Step 2. The first and third branch of the condition (2.3) is implied by (4.4)

for a sufficiently large universal constant C’ > 0. Since ¢ (8):=8+/log(e/B)
defines a continuous and non-decreasing function on [0, 1] with ¢ (1) = 1 and

¢(0):=0 (by continuous extension), we may assume without loss of generality

that /log(e/B) = coL ™%t € (0, 1]. Now, we set

1
Azjz— = = 2 1
N mo:=|pm], uo:=+/2mplogle/p),

implying that ug > /mglog(em/mg) and “0 > 2comL~>t. Combining the latter
inequality with (4.4) for C’ sufficiently large particularly implies that u > u’.

Furthermore, we may assume that cp < 1c=1 and that (4.4) holds with C ’ > 2C,
FoE'ﬂ
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where C > 0 denotes the universal constant from (2.3). Then, the second branch
of the condition (2.3) is satisfied, since

cL?
CL*A%u} = ————— - 2Bmlog(e/B) = 2¢oC -m <
ty/log(e/B) :
and
4,2 2 —1 cL? 2 -1
CLAA? w(K -2 = —— w?(K —27')

1y/log(e/B)

L owik a7ty < 2.

IA

Next, we show that every y € {—1, 1} given by (4.3) with ﬁ”v”] < B also
satisfies (2.4). Sincev = y — y(x) € {—2,0,2}" and %Hy —y@)|1 < Bm, it
follows that [{i € [m] : y; # yi(x)}| < |fm]. Consequently, 6,,,(y —y(x))2 =0
and

Ly = 3l = ey ol < 2vB=2( ) <
Vm ol m - 12 /log(e/B) -

where the last inequality holds for ¢y < J—r Theorem 2 now implies the claim of
Corollary 3.
Step 3. Since a is isotropic, we have that

p(x) = |E[F(x)al — 2 x|, < |E[(sign((a. x) + 7) — (a, 1" 'x))a]],.
Therefore, it suffices to show that the following holds forall x € X and z € S” -1
E[(sign({a, x) + 1) — (@, A" 'x))(a, 2)] < &.

The following identity explains why adding a uniformly distributed dither t €
[—A, A] before quantization is useful:

E.[sign(s + 7)1 = 27" - x{—s.21(5) + sign(s) - xr\—2.2](s), s € R.

In other words, for s small enough, integrating over the dithering variable 7 allows
us to “smooth out” the discontinuity of the sign function. As t and a are indepen-
dent, we can apply the above identity as follows:

E[(sign((a, x) + 1) — (a, A_lx))<a, z)]
= E B [(sign((a, x) + 1) — (@, 17 'x))(a, 2)]
=E[(x @, x) - xi-rn((@. x))
+ sign({(a@. x)) - xm\(-1.1((@. X)) — 2" (@, x))(a. z)]
= E[(sign((@, x)) — 2~ (@, x)) - xm-2.01((@, X)) - (@, 2)].

FolCT
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Using the Cauchy—Schwarz inequality twice, the isotropy of a, and the triangle
inequality, we now obtain

E[(sign({a, x)) — 2 Na, x)) - xr\(-2.21 (@, x)) - (a, 2)]

172
< (E[(sien(t@, x) = 27" (@. %)) xe-an (@ xD]) - (Bla,2)%))
172

1/2

= (B[ (sign((a. x)) = 27 (@ %))* - gz (@ ¥))] )
< Isign({a, x)) — 2~ (@, x) |l 1 - (P((a, x)| > 1))'"*
< (1+ 27" e, x)ll4) - (Pl(a, x)| > 1) /*,

Since a is sub-Gaussian with [|a||y, < L, there exist absolute constants C” > 1,
¢” > O such that [[(a, x)[| .+ < C" - |{(a, x)|ly, < C"-L-|x|2 and P(|{a, x)| >
A) < 2exp (—c”A*(Ll|x|l2)~?). Finally, using that every x € X’ satisfies [x||> <

R, we can conclude that

E[(sign({a. x) +7) — (@, A" 'x))(a.2)] = € (1 + RLA™") -exp (— ¢"A*(RL)?)
<

o=

where the last estimate is due to (8.2) for C > e large enough.
Step 4. We approximate the observation variable y(x) = sign({a, x) + 7) by
yi(x):=y;({a,x) + 1) fort € (0, 1] and x € X where

64 —1 t
= ATNs, s < 2 A,

Yi(s) = ! BlSa b op
sign(s), otherwise,

The absolute value of the approximation error then takes the form

&r(x) = [sign((a, x) + 1) — ¥ ((a, x) + D[ - xj0,r001([{@, X) + T]),

where we have used ¢° :=é for the sake of notational convenience. We now show
that for this choice of approximation, the conditions of Assumption 2 are indeed
fulfilled with (8.3):

On Assumption 2(a). For x € X and z € SP~!, we have that

Eles (x) - {a, 2)[]1 < Elx(o,r051([{a, x) + T]) - [{a, 2)|]
<Ea[l(a. 2)| - Ec[x(0.001([{a, x) + T)]].

Since E[x[0,/021({@, x) + T])] < ¢°, it follows that

Ele; (x) - [{a. 2)[] < t° - E[|(a. 2)|] < ¢° - Ell{a. 2)[*D"/> = ¢°,
implying the condition of Assumption 2(a).

EOE';W
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On Assumption 2(b). Since v, i 1s L1psch1tz the following holds forevery x, x €
X:

1€ () = & @Iy, < A7 @ x =)y, + 19 (@ x) + ) = Y (@ x') + Dlly,
<Y @ =Xy, AT+ 8 L = o),
=L -(1+64~ Y dr(x,x).

This implies L; < L-(1+ 64¢~1). Furthermore, observe that |, (x)| < 1, so that

& G ys < 27" 1@, )y, + 15 ) lly, S RLAT' +1

for every x € X. This shows r < RLA™! + 1.
On Assumptlon 2(c). We observe that the function s > ¢;(s):=|sign(s) — ¥, (s)|
is —-L1psch1tz Therefore, for every x, x’ € X, we obtain

ler () — &) ly, < & - l(a, x — %)y, < 64L1™" - dp(x, x).

Hence, it < 64Lt™ . Finally, since |¢;(x)| < 1 for every x € X, it follows that
F<1.

]

8.3 Proofs for Sect. 4.3

Proof of Corollary 4 We follow the proof template from the beginning of Sect. 8:
Step 1a. The model setup of Corollary 4 fits into Assumption 1 as follows:

— The measurement vector a € R? is centered, isotropic, and sub-Gaussian
with [la|ly, < L. The signal set X’ is a bounded subset of R”. The output
function F: R? x X — R takes the form F(a, x):=¢gs({a, x) + t), where T
is uniformly distributed on [—§, §] and independent of a. In particular, F is a
random function. Moreover, the observation vector of x is given by y(x) =
qs(Ax + 1), where A € R™*? denotes the sub-Gaussian random matrix with
row vectors @i, ..., a, € R? and t:=(tq, ..., Tp).

— The target function 7: X — K is the canonical embedding into K, i.e.,
Tx:=x. In particular, we have that dr (x, x") = ||x — x’||>.

Step 1b. The target mismatch p(x) vanishes for every x € X.
Step lc. If r < 1284, there exists an approximation y,(x) of the observation
variable y(x) such that the conditions of Assumption 2 are fulfilled with

Ly <Lst™', Ly<Ls™', r<s, r<s. (8.4)

If r > 1285, we choose any max1mal 256 packing X; for X (i.e., a maximal subset
of X such that ||x — x'||l2 > 5t forall x, x" € X; with x # x’) and show that for
Fol:'ﬂ
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the trivial choice y;(x):=y(x), the conditions of Assumption 2 are fulfilled on X;
with

L, <8t™', Li=0, r<s, #=0. (8.5)

Step 2. We first note thatfor# > §, the inequality coL’Z\/g/\/max{l, log(de/t)} <
4’—0 holdsif cg < 41—0. Furthermore, the condition % lvllo < #8~! is trivially fulfilled.
Consequently, it suffices to prove the statement of Corollary 4 for all those input
vectors y € §7Z™ that satisfy the condition (a) in (4.7), and all those y € §Z™ that
satisfy condition (b) in (4.7) in the case + < §. We now distinguish between the
two cases ¢t < 1285 and ¢t > 128§:

The case t < 1285. From (8.4), it follows that the first and third branch of the
condition (2.3) is implied by (4.6) for a sufficiently large universal constant C’ > 0.
For the choice A:=L"! log L, my:=0, and u:=uq, we observe that the second
branch of (2.3) follows from the first one. Therefore, the claim of Corollary 4
follows from Theorem 2 for all those input vectors y € 8Z™ that satisfy the
condition (a) in (4.7).

Next, let us assume that + < § and consider the choice

5
Y\ — =mt87' ], ugi=y/2mt8~"log(Se/1),
ICiL ogloeyny’ MO UM L Ho=yzmis T og(be /1)

where C > 0 denotes the universal constant from (2.3). This implies ug >

vmolog(em/mg) as well as u(z) > u? if the universal constant C’ in (4.6) is
large enough. Furthermore, the second branch of (2.3) is satisfied: We have that

CL4A2u(2) = % and assuming that (4.6) holds with C’ > % it follows that

CLA* w}(K —TX) < 3617 wi(K —X) < JL?6% 2 - wi(K — X) < 2.

It remains to show that every y € 6Z™ given by (4.5) such that

1 co/ 8t 1 t
—|vl2 £ =—2=—— and --|v[o < 5
Jalvle < 79— and Lvilo < §

also satisfies the condition (2.4). Indeed, since v = y — y(x) € §Z™ and
Ivllo < mt8~1, it follows that |{i € [m] : yi # yi(x)}| < |mt8~']. Conse-
quently, 0y,,(y — y(x))2 = 0 and

Ly — 5 — Liy—+% /et
Zally = YO llpmer = 21y — y(0)ll2 = N < At,

where the last inequality holds for ¢y > O sufficiently small. Theorem 2 now

implies the claim of Corollary 4 for all those input vectors y € §Z" that satisfy
the condition (b) in (4.7).

The case t > 1285. Setting m:=0, A=L""! log L, and u:=uy, the second

branch of (2.3) is implied by the first one. Due to (8.5), Theorem 2 applied to the
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signal set X; now implies that there exist universal constants ¢, C; > 0 such that
if
m = Cr- L2 ((og L+1728%) - (wi(K — &) + %) +17%87 - w()),
(8.6)

the following event .A; occurs with probability at least 1 — exp(—cju?): For every
x' € Xy and y € §Z™ such that —||y gs(Ax' + 1)|2 < 2t_0’ every minimizer Z

of (Pk ) satisfies ||z — x'||2 < t
Moreover, according to Theorem 6, there exists a universal constant C» > 0 such
that if

m>Cy-L*logL - (Wi (X — X) +u?), (8.7)
the following event A, occurs with probability at least 1 — 3 exp(—u?):

wp A -], < 1.

xeX, x'eX,
[le—x ”2<256

We claim that Corollary 4 holds on the intersection of the events .A; and .Aj;. To this
end, let x € X be arbitrary and assume that y € §Z™ satisfies ﬁ” y —qs(Ax +

7)|l2 < 45 Since X; is a maximal 5tz -packing for X, there exists x’ € X; with

lx —x'|l» < 2;—6 (otherwise X; would not be maximal). On the event A, and by
the triangle inequality, we obtain

Ty —asAx’ + o, < 2y —as(Ax + 1)
JF%“%(AHT)—q(s(Ax/+r)||2
< g0+ 7l Ax + 1) — (Ax' + 1)
+ = llas(Ax + o) — (Ax + D),
++n||qa(Ax +1) - (Ax + 1),

t t
<zt s +20 <5
On the event Aj, every minimizer Z of (Px ) satisfies [|Z —x’||> < t, and therefore
1Z—xll2 < 1Z—x"l2+ llx —xll2 <7+ 5& <21

Finally, for C’ > 0 sufficiently large, we conclude that the condition (4.6) implies
both (8.6) and (8.7). Hence, the events .4; and A occur jointly with probability
at least 1 — exp(—cu?), provided that ¢ > 0 is chosen small enough.
Fol:'ﬂ
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Step 3. Let x € &. Since a is isotropic, we have that

p(x) = |E[F(x)a]l — x|, < |E[(gs((a. x) + 7) — (a. x))a]],.

so that it suffices to show that
E[(q(g((a,x)+r) — (a,x))(a,z)] =0 forallz e SP~1.
It is straightforward to check that
Elgs(s +t)]=s foralls € R. (8.8)
In other words, integrating over the dithering variable t allows us to “eliminate”
the quantizer. For the sake of completeness, we show the identity (8.8) for s =

k- (28) + s where k € Z and s’ € [0, 8]; the case s = k - (28) + s’ where k € Z
and s’ € (8, 28) can be treated analogously. First, observe that

s(s + 1) = QUL — 18 = Tk + 5551 — 1.

;;f € [—%, 1], it follows that gs (s + 7) € {(2k — 1)8, (2k 4+ 1)} and more
precisely,
Te[-8—s, 5] = g5 +1)=2k—1)8,
Te(—s,28—5] = gs(s +1) =2k + 1)8.

Therefore, we obtain

Elgs(s + D] =Pt € [-6 — 5, =s']) - Qk — 1)8
+P(r € (—s,28 —s') - 2k + 1)8

=Pt €[-68, —s']) - Rk — 1) + P(x € (—s',8]) - 2k + 1)

= (Z520) - @k — D8 + (5) - @k + s

= 7+§(2k— 1)8+7+§(2k+1)6=2k8+s/=s.

Since 7 and a are independent, we can apply (8.8) as follows:
E[(gs((a, x) + 7) — (@, x))(a, 2)] = EaE:[(g5((a, ) + 7) — (@, x))(a, 2)]
=E[((a, x) — (a,x))(a, 2)] = 0.

Step 4. Before distinguishing between the cases r < 1285 and ¢ > 128§ according
to Step 1b, let us analyze the action of the quantizer gs in more detail. To this
end, we partition the real axis R into half-open intervals Z; of length 2§ given by
FoE"ﬂ
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Tk:=(ex—1, ex] for k € Z with ey:=k -25. Then, g5 maps every point in the interval
T to its center point:

er—1 + ek

, € 7x.
2 &Sk

gs(s) =
In particular, gs(s) is discontinuous exactly at the points {e¢; : k € Z}. The basic
idea is now to approximate the quantizer g5 by a Lipschitz continuous function by
“cutting out” intervals of a certain radius 7° > 0 around each point e; and inserting
a straight line that connects both quantization values. Assuming that r° < §, the
resulting function takes the form

e ()i Lostal-f). ifkeZiselr _p
T  as ), otherwise, ’

where & jo:=[ex — t°, ex + t°]; note that if ° = §, then Yo is just the identity
function. We also define

Do (5):=|qs5(s) — Yo (s)], s €R.

Let us now show that 1,0 and ¢ are both L1psch1tz

Since g5 is locally constanton R\ {ey : k € Z} ands +— t° s—i—ek(l )is clearly
%-Lipschitz, it is sufficient to show that ¥/, is continuous, i.e., [—0 -8 +ek(1 — t%) =
qs(s) for s € R with |s — ex| = t° for some k € Z. If s = ¢x — t°, then
z% -s +ep(l — t%) = ¢; — 8, and we also have that

gs(s) = (2[ L= = 1)8 = @Ik — 51— 8.

Since 1° € (0, 8], it follows that [k — %1 = k, and therefore, gs(s) = 2k—1)§ =
ex — 8. The case s = e; 4 1° works analogously Thus, ;- is indeed i-L1psch1tz
For ¢;o, it is clearly sufficient to show > -Lipschitz continuity on & ;o for every
k € Z.In the case s € [e; — t°, ex], we observe that gs(s) = ex — 6 and 2 s+
ex(1 — %) > e — 8, implying that

Gro(s) = 2 s +ex(l—5) — (ex —8) =8 — S(ex — 9).

Thus, ¢ is 5 Llpschltz continuous on [e; — t°, ex]. On the other hand ifs €
(ex, ex +t°] we have that gs(s) = ey +d and e +6 > r° ster(l1—5 ), implying
that

Gro(s) = ex + 6 — (% s—i—ek(l—t%))—a__(s er).

Thus, ¢;o is —-LlpSChltZ continuous on (eg, ex +t°]. Moreover, limg_, o, ¢ (s) =

& = ¢yo(ex), which shows that ¢;- is indeed t—o-Llpschitz continuous on & ;0. Note
Fol:'ﬂ
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that the above calculations also allow us to write

8—%|s—ek|, ifdkeZ:s elex —t° e +1°],
0, otherwise,

Gro(s) = { s eR.

In particular, we have that 0 < ¢ (s) < 8 - g, (s), where Eo:= Ugez Ex o

We now distinguish between the two cases ¢ < 1285 and ¢t > 1284:

The case t < 1286. Using the above notation, we choose t°:=ﬁ and approximate
y(x) = gs({a,x) + t) by ¥;(x):=v({a, x) + t). The absolute value of the
approximation error is then given by & (x) = ¢({(a, x) + 7). We now show
that for this choice of approximation, the conditions of Assumption 2 are indeed
fulfilled with (8.4):

On Assumption 2(a). We first observe that the indicator function ¢, is 28-periodic
on R. Since the random variable s + 7 is uniformly distributed on [s — §, s + §]
for every s € R, this implies

Eclxe,. (s + 01 = Eelxe,. (0] = Eelxgy o (0] = Eel xi—e,01(1)] = 1°67(8.9)

Now, let x € X and z € SP~!. Using the independence of @ and 7 in conjunction
with the inequality (8.9), we obtain

Ele: (x) - {a, 2)|] = El¢r (@, x) + 1) - [{a, z)|]
<3 Elxg.(a,x) + 1) - [{a,z)|]
<8-Eofl(@, 2)| - Eclxe, (@, x) + 7)]]
<1°-Ell{a, 2)]1 < g - Ell(a, 2)I1.

From Jensen’s inequality and the isotropy of a, it follows that
Ell{a, 2)I] < Ell(a, 2)I’D"? = l|zll2 = 1,

which shows that Assumption 2(a) is satisfied.

On Assumption 2(b). Since o is %-Lipschitz, the following holds for every

x,x' e X:

& (x) — & @D ly, < 1@, x —x)ly, + Ve (@, x) +7) — Yo ((a, x') + D)y,
<+ %) a,x — Xy, <A+ ,%) L flx —x'|l2
=L-(1+ 123 dr(x,x).

This implies L; < L8t~ !. Furthermore, we clearly have that SUPscr|S — Vo (s +
7)| < 8, and therefore

16: ) lly, = @, x) = Yro((a, X) + Dlly, SO

for every x € X. This shows r < §.
FolCT
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On Assumption 2(c). Since ¢y is z% -Lipschitz, the following holds forevery x, x” €
X:

ller(x) — e (X lly, = ligre({@, x) + ) — dre((@, x") + D) Iy,

S 12868
< 2lta,x —x")ly, < L- 128 . ar(x, x"),

and therefore, I:, < L1, Finally, since 0 < ¢o(s) < § for every s € R, it
follows that 7 < §.

The case t > 1285. Let &; C X be any maximal ﬁ—packing for X'. We show that
for the choice y; (x):=y(x), the conditions of Assumption 2 are fulfilled on X; with
(8.5). Since ¢;(x) = Oforall x € &}, Assumption 2(a) and (c) are trivially fulfilled
with L; = 7 = 0. Furthermore, observing that & (x) = (a,x) — gs({a, x) + )
and sup;cg|s —gs(s + 7)| < 28, we conclude that sup, .y, [15; () [l y, < §. Finally,
using that ||x — x'||2 > 22‘_6 for all x, x’ € X, with x # x’, we can bound the
sub-Gaussian norm of the multiplier increments as follows:

16(0) — &) lyy < 1E )y + 1E @)y, S8 < ELx — x|
= 29 . dr(x, x).

This shows that Assumption 2(b) is satisfied on &X; with L, < 8~ and r < 6.

~

8.4 Proofs for Sect. 4.4

Proof of Theorem 1 'We follow the proof template from the beginning of Sect. 8:

Step 1a. The model setup of Theorem 1 fits into Assumption 1 as follows:

— We have that a ~ N(0, I ;) and therefore ||a||y, < 1. The signal set X' is an
arbitrary subset of S”~!. The output function F: R” x X — R takes the form
F(a,x):=f(a,x)).

— The target function 7: X — K corresponds to rescaling by a factor of
w = E[f(g)g] with g ~ N(0, 1), i.e., Tx:=ux. In particular, we have that

dr(x,x') = plx = x'2.
Step 1b. The target mismatch p(x) vanishes for every x € X.

Step 1c. Let g ~ N(O, 1). For the trivial choice y;(x):=y(x), the conditions of
Assumption 2 are fulfilled with

Li<l4yp™, Li=0, r=|f(g) —pnely,, 7=0.

Step 2. Setting mo:=0, A:=1, and ug:=u, the claim of Theorem 1 follows directly
from Theorem 2.
Elol:;ﬂ
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Step 3. Let x € X C SP~! and consider the orthogonal decomposition of the
standard Gaussian random vector a along x:

a=(a,x)x+ P, (a),

where P,1 ::P{x}L. Since P, . (a) is centered and (a, x) ~ N(0, 1) is independent
of P,1(a), we have that

E[y(x)a] = E[f({a, x))((a, x)x + Py1(a))]
=ux +E[f((a,x))]-E[P,1(a)] = ux =Tx,

which implies that p(x) = 0.

Step 4. We simply set y;(x):=y(x). Then, & (x) = 0, implying that Assump-
tion 2(a) and (c) are trivially fulfilled with it = 7 = 0. Furthermore, the following
holds for every x, x" € X

16:(6) — & () lly, < mlila, x —x")ly, +11f(a, %)) — f(a, x")lly,
S pllx = xll2 + yllia, x —x")lly,

Su+y)lx—xla=0+yul) drx, x).

This implies L, < 1+ yu~ L. Since (a, x) ~ N(0, 1) for everyx € X C sp-1,
we can also conclude that

16 ) My, = llnefa, x) — f(a, xDlly, = 11£ (&) — 1glly,, & ~ N, 1),

which shows that r:=|| f(g) — uglly, is a valid choice. Hence, Assumption 2(b)
is satisfied as well.

Proof of Corollary 5 We follow the proof template from the beginning of Sect. 8:
Step 1a. The model setup of Corollary 5 fits into Assumption 1 as follows:

— We have that @ ~ N(0, I ,) and therefore ||a|ly, < 1. The signal set X is an
arbitrary subset of S”~!. The output function F: R” x X — R takes the form
F(a,x):=m ({(a, x)).

— The target function 7: X — K corresponds to rescaling by a factor of
wy = E[m; (g)g] with g ~ N(0, 1), i.e.,, Tx:=u, x. In particular, we have
that dr (x, x") = w; Jlx — x'|2.

Step 1b. The target mismatch p(x) vanishes for every x € X
Step 1c. There exists an approximation y,(x) of the observation variable y(x)
such that the conditions of Assumption 2 are fulfilled with

Lt§%9 lA‘tS

~|>

, r<1, r<1. (8.10)
EOE';W
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Step 2. We begin by showing thatif A > C for a sufficiently large absolute constant
C > 0, then u) > % Indeed, for g ~ N(0, 1), we have that

1. = E[m;.(8)g] = Elx(—..1(8)8”] + Elxm\—1.0 (9)ma(8)g]
> Elx-1. (@)1 — Elxm\—1.1) (8)&°]
= E[¢*] — 2E[xm\[-2.) (8)¢"]
= 1 — 2E[xR\[-1.1)(8)&].

The claim now follows by observing that E[g?] < oo, which implies
lim; s 00 E[ xRr\[—2,) (g)gz] = 0. Moreover,

s = Elx—.()&*] + Elxry - (&)m:(g)g]
< Elx-1.2) (88?1 + Elxr\(-1.1) (&) Ig]] < E[g?] = 1.

Setting mo:=0, A:=1, and ug:=u, the claim of Corollary 5 follows directly from
Theorem 2.

Step 3. Let x € X C SP~! and consider the orthogonal decomposition of the
standard Gaussian random vector a along x:

a=(a,x)x+ P, (a),

where PxL::P{x}L. Since P, (a) is centered and (a, x) ~ N(0, 1) is independent
of P.1(a), we have that

E[y(x)a] = E[m;. ({a, x))({a, x)x + P,1(a))]
= px + E[my((a, x)] - E[P,1(@)] = pax = Tx,

which implies that p(x) = 0.

Step 4.

Lett € (0, ). We define the half-open intervals Zy ;:=[kA — (A —1), kA 4+ (X —1))
for k € Z even and 7y ;:=[kA — ¢, kA + t) for k € Z odd. Moreover, we set

Ieven,t3: U Ik,tv Iodd,t:: U Ik,t

keZ keZ
k even k odd

and observe that the intervals 7y ;, k € Z, form a partition of R. Finally, we
introduce the functions

g(s)=— ()5, seR,

t
and

m, (s), s € I, k even,

vi(s)= {g,(s — k), s €Ty, kodd,

FoC'T
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and

G (8):=my (s) — Y, (s)], seR.

Let us show that both ¥, and ¢, are %—Lipschitz continuous. We begin by verifying
that v, is continuous. Clearly, 1, is continuous on Z; ;, for every odd integer
k. Let k be an even integer. Then, s € Zy, = [kA — (A — 1), kX + (A — 1)),
which implies | 5% | = 4. Therefore, my(s) = s — kA if s € i, for k an even
integer. This shows that 1//, is continuous on every interval 7y ;. Let us now write
Tk.: = luk, vk) for k € Z. To show that v, is continuous, it remains to check that
limg4y, ¥:(s) = ¥ (1) for every k € Z. For k even, we have that

lim ¥ (s) = llmml(s) = llms —kx=v —kr=A—1t.

sPug s vk

Furthermore, it holds that uy+; = (k + 1)A — ¢ € x4, which implies

Yr(ugs1) = 8 (ugr1 — (k+ DA) = g (—1) =1 — 1.
On the other hand, for k odd, we have that

1le VY (s) = 11m (s —k)) = lrm (215 —ka) = —(B) (i —kn) = —(A — 1).
stug STuk

Furthermore, it holds that uy4; = kA +t € Zy;, which implies
Vi (k1) = My (ug1) = g1 — (k+ DA = - —1).
This shows that v, is continuous. Since ¥, is continuous and piecewise linear, it

is max{1, ?}-Lipschitz. Therefore, v, is also ’%-Lipschitz.
Next, we show that ¢, is %-Lipschitz as well. First note that

B (s) = [mp(s) = Y ()| - XTpgq, (5), s €R.
Lets € Zy, = [kA — t, kr +t) for k an odd integer. Let us show that
;. (s) — Y ()| = A — 2[kA —s].

To this end, we distinguish the cases s € [kA — t, kA) and s € [kA, kA + 1). First,
lets € [kn —t, kA). It follows [SHJ K21 which implies m; (s) = s — kA + A.
Furthermore, g, (s —kA) = s —kA+ 7 (kk —s). It follows that m (s) > g;(s —kA)
and

M (5) — Wi ()| = mals) — gi(s — kA) = A — Llkr — 5.
FoE'ﬂ
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The case s € [kA, kA 4 ¢) can be treated analogously. All together, this shows that
for any s € R, we have that

$i(s) = Y xz,,(5) - (L — 2lkA — s]).

kel
k odd

In particular, ¢; is %-Lipschitz.

We approximate the observation variable y(x) = my({(a,x)) by y(x) =
Yo ({a, x)) for ZO:ZSJW. Observe that r° < % Let us show that the conditions of
Assumption 2 are indeed fulfilled with (8.10):

On Assumption 2(a). Let x € X and z € SP~!, and consider the orthogonal
decomposition

z2=(z,x)x + P,1(2).
This implies
Ele; (x) - [{a, 2)|] < [z, x)| - E[e/(x) - [{a, x)|] + E[e&; (x) - [{a@, Py (2))]].
Clearly, |(z, x)| < 1 and & (x) = ¢y ((@, X)) < A+ xZ,,, - ((@. X)), which implies

Ele;(x) - [{a, 2)[] = A - E[XZ,4,,. ({@, X)) - [{a, x)]]
=5
+ A ElXZ,q,0 (@, x)) - {a, Pei(2))]].

=5

Letus estimate Sy and S, separately, starting with S>. Since (a, x) and (a, P,1(z))
are independent, we observe that

ElXZ a0 (@, X)) - (@, Py (2))|] = Elxz,y,. (@, x))] - E[[(a, P,1(2))]].

Using Jensen’s inequality, we obtain

S\ 172
Ell{a, P @)1 < (Ell(@, Pr@)1) " = [P @l2 = Nzl = 1.

Therefore, it follows that S» < A - P({(a, x) € Zogd,o). Since (a, x) ~ N(0, 1), it
holds that

ka+t°
1 _ 1 —x2/2 2 —(kA—1°)2/2
2Pa, x) € Todare) = 5= Z /k e dx < 7= Z e ,

keN v kA=t keN
k odd k odd

FoC'T
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For every k € N,

(k+2)A—1°
2o~ (kFDA—192/2 _ [ 2 g

kx—t°
Therefore,
(02 _(y 402 _ _o\2
Ze (kx t)/2:e (A t)/2+ze (k+2)1—1°)=/2
keN keN
k odd k odd
| A—t° 2 | (k+2)r—t° 2
—X —X
S m/ e dx + b Z / i e dx
0 keN kr—t
k odd

: 00 2
—Xx
=< —° \/0 e dx.

. . . 2 .
Using the identity «/;271 fooo e 2dx = %, we obtain

2t°\
A—t°

S < < 4t°,

where the last inequality follows from 7° < %

Let us now estimate Sj. Since (a, x) ~ N(0O, 1), we have that

! kr+t° 25
E[Xzodd,1°(<a’x>) : |<d, x)” = \/TTT Z /k xe—x / dx.

keN A—t®
k odd
It holds that
kr+t° )
/ xe X% dx
keny Y kh—t°
k odd
<2° Z(k)‘ +t0)e—(kk—t°)2/2
keN
k odd
= 2t°<()» +1°) - e O 37 (k4 2)h - 10)e” (KHR2 dx)
keN
k odd

A—t°
<2t°(#[ (x+k+t°)~e_x2/2dx
0

(k+2)A—t° )
+ﬁ2/k (X 420 +2°) - e™F /2dx)

keN Yka—t°
k odd

o o 2
54%/ (x +31) - e /2 dx
0

FolCT
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:4%.(1+3)\\/§).

Therefore, if A < 2, then

kA+t° ) . .
Z/k xe_x/zdxi%'(l+6\/§)§%.

keN VK=
k odd

If A > 2,then A —° > 1. Since the function x — x exp(—x2/2) is monotonically
decreasing for x € [1, 00), we obtain

kr+t° )
/ xe X2 dx
k

keN VKA1
kodd
<2°. Z (kX — 1°) o~ k=1°)?/2
keN
k odd
=20 (=19 exp(=(h = 122/ + Y ((h +2)h — 1) - ¢~ EFDIm712),
keN
k odd

Since A — t° > 1, it follows (A — £°) - exp(— (A — 1°)%/2) < A—lz° . Furthermore,

k+2)A—1°
2 :((k +2)h —1°) -67((k+2))‘*t0)2/2 < L E /( IR xefxz/Z dx < 1
— 2A X — 21"

keN keN YkA—1°
k odd % odd

Therefore, if A > 2, then

kx+t° ) .
/ xe ¥ 2dx < %.
k

keN Y ka—t°
k odd

This shows S7 < 52¢°. Putting everything together, we obtain

Ele/(x) - [{@, 2)|1 < S1 + $2 < 561° = &,

which implies that Assumption 2(a) is satisfied.
On Assumption 2(b). For x, x’ € X, we have that

16 (x) — & Iy < ma - 1@, x = XYy, + e (@, X)) — Yo (@, ") 1y,
S llx —xlo+ % - lx = x|l2,
Elol:;ﬂ
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A
i

. . . . 1
where we have used that ¥, is % -Lipschitz. Since ) > 3.t < A, and t° = 56f64,

it follows that

16 (e) — &) lyy S 2 - dr(x, x).

Letx € X C SP~L. Since w; < 1 and |0 (s)| < |s| for all s € R, we observe
that

16 llyy < ma - M@, XMy, + 1o (@, XDy, S 1.

Therefore, Assumption 2(b) is satisfied with L;
On Assumption 2(c). Forx, x’ € X,

~

<%andr§1.

ler(e) — &:(x") 1y, = lgre (@, X)) — re ({@, X' Nlys S 75 - lx — %2,

where we have used that ¢ is %O—Lipschitz. Since ) > % and 1° = ﬁ, it
follows that
llec () = & xXDlly, < 7 - dr(x, x").
Letx € X C SP~!. Since |¢ro(s)| < |s| for all s € R, we observe that
lle: () ly, = ligee (@, x)lly, S 1.
Therefore, Assumption 2(c) is satisfied with L, < % and 7 < 1.
O

Proof of Corollary 6 We follow the proof template from the beginning of Sect. 8:
Step 1a. The model setup of Corollary 6 fits into Assumption 1 as follows:

— The measurement vector @ € R? is centered, isotropic, and it has independent,
symmetric, and sub-Gaussian coordinates with max je(p) lla;lly, < L; in par-
ticular, we have that |la|ly, < L (e.g., see [64, Lem. 3.4.2]). The signal set
X is a subset of RIB%g . The output function F': R?” x X — R takes the form
F(a,x):=f(a o x), where f : R? — R is given by f(z):= ;’:1 fi@),
with f; : R — R odd, y-Lipschitz, and satisfying the conditions (4.10) and
4.11).

— The target function 7: X — R?” is defined by Tx:=E[ f (a o x)a].

Step 1b. The target mismatch p(x) vanishes for every x € X.
Step 1c. For the trivial choice y;(x):=y(x), the conditions of Assumption 2 are
fulfilled with

LySL-L Li=0, r<LB+y)R, F=0.
EOEE
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Step 2. We begin by showing that

(Tx)j = E[fj(ajxj)aj], for allj S [p],

where a; is the j-th coordinate of the measurement vector @ € R”. Indeed, we
have that

(Tx); = E[f(aox)a]); =E[f(aox)a;]

P
= Y Elfyapxjajl = Elfj(a;x)aj].

=1

where for the last equality we have used the independence of the random variables
ai,...,apand Ela;] = 0.
Next, let us show that (T'x); € [Bix;,Bx;] for x; > 0 and (Tx); €

[B2xj, B1x;] for x; < 0. Let us first assume that x; > 0. Then, clearly
Elfj(ajx;)a;jx[0,00)(a;)] < ,BQ,)CJ‘]E[LIJZ-X[()’OO) (a;)]. Furthermore,
E[fj(ajx;)a;x(-c0,0)(@j)] = ELfj(=ajx;)(—a;) x(—o00,0)(a;)]
< Box;Ela] x(—00,0)(@))],

where we have used that f; is an odd function for the first equality. Therefore,

Elfj(ajxj)a;] = E[fj(ajx;j)ajxo0,00)(@;)] +E[fj(ajxj)ajx—co,0)(a;)]

< ,82x.,~]E[a]2-] = Brx;,

where E[a?] = 1 follows from the assumption that a is isotropic. Similarly, we
observe that

Elfj(ajxj)a;xi0,00)(a;)] > ,lejE[a?X[O,oo)(aj)]
and
E[fj(ajxj)ajx(—oo,0)(aj)] =ELfj(=ajx;)(—a;) X(—o0,0)(a;)]
> B1x,Bla; X(—o0.0)(@))],
which implies
Elfj(a;jxj)a;] = pixjEla;] = Bix;.

This shows that 1x; < (Tx); < Brx; forx; > 0. Analogously, one can show that
Poxj < (Tx); < Pixj for x; < 0. Therefore, [(Tx);| < B2|x;|, which implies
ITx|l2 < Ba|lx||2 forevery x € X'. Asaconsequence, itholdsthat 7X C ﬂleBg.
Setting mo:=0, A:=1, and ug:=u, the claim of Corollary 6 follows directly from
Theorem 2.
FolCTM
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Step 3.

By definition of the target function it follows that p(x) = O for every x € X.
Step 4. We simply set y;(x):=y(x). Then, & (x) = 0, implying that Assump-
tion 2(a) and (c) are trivially fulfilled with i, = r = 0. Since &(x) =
(a, Tx) — f(a o x), the following holds for every x, x’ € X:

1€ (x) = &Ny, < K@, Tx = Tx")lly, + 1 f(@ox) — flaox)ly,.

Clearly, we have that ||(a, Tx — Tx')|ly, < L -dr(x,x’) and

p
If(@ox)— flaox)ly, =1y filajx;) = fi(@jx)ly,.
j=1
Let j € [p]. Using that f; is y-Lipschitz, we obtain

I fitajxp) = fiaxDlly, Sy -llajxj —ajxjlly, < L-y-lx; —xj.

Furthermore, since a; is a symmetric random variable and f; is odd, it holds
E[fj(ajx)] = 0 for every x € R. In particular, the random variable f;(a;x;) —
fila jx;.) is centered. Since the random variables ay, ..., a, are independent,
Hoeffding’s inequality yields

4 P
1Y filajxy) = fitaixdly, <Y Ifitax) — fiaxiply,

j=1 j=1
SL2y? x =5

~

Therefore,
&) =& @)y, SL-dr(x,x)+L-y-|x—x|2.
We now show that d7 (x, x’) > a|lx — x'||2. For j € [p], we have that

I(Tx); — (Tx");] = [E[(fj(ajx;) — fi(a;x}))a;]|
= [E[(fj(ajx;) = filajx}))a;xi0.00)(@;)]
+E[(fj(ajx;) — fj(ajx}))an(foo,O) (ap)]l.
We may assume that x; > x}. If a; > 0, then a;x; > ajx;., which implies

fitajxj) — fj(ajx;.) > a(ajx; —ajx;.). Therefore, (fj(ajx;) — fj(ajx;.))aj >
alajx; — ajx;.)aj, which implies

E[(fj(ajx;) = filajx})a;xp0,00) (@)l = Ela(ajx; — a;jx})a;xjo,00)(@;)]
= a(xj — x)Ela] x(0,00)(@})] = 0.

EOE';W
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Ifaj <0, then ajx; < a;x’, which implies f;(a;x}) — fj(ajx;) = a(ajx}; —
ajxj). Therefore, fj(ajx;) — fj(ajx;.) < a(ajx; — ajx}), which implies
(filajxj) — fj(ajx;))aj >alajx; — ajx})aj. This shows

E[(fj(ajxj) — fi(ajx))ajx(—o0.0)(@j)] = Ela(a;x; — a;x)a;x(-o00.0)(@;)]

= a(xj — X)E[aF X(—o0.0)(@)] = 0.

It follows that [(Tx); — (Tx");| > a(x; — x}) = o|xj — x;.|, and therefore
dr (x,x") > ajlx — x'||2. Due to this inequality, we obtain

&) — &)y, SL-drx,x)+L-y-|x—x'|2
<L ~dT(x,x’) + L - g -dT(x,x’)

Sz'L'g'dT(x’x/)7

where the last inequality follows from o < y.
Now, let x € X. It holds that

1§ ) lly, = Il{@, Tx) — f@aox)lly, < |{a. Tx)lly, + Il.f (@ox)lly,
SLATxla+ 1 f@ox)lly, <L-Ba- R+ f(aox)lly,.

Since f; is y-Lipschitz and odd for every j € [p], we obtain
I fiCajxpdlly, = I filajx;) — fiO)lly, Sv-llajxjlly, <L-y-Ixjl

Using Hoeffding’s inequality, we conclude that

p 14 12
1/ @ox) s = 1Y fi@epls S (DN @xpid,) " = Loy - Il

j=1 j=1

Hence, Assumption 2(b) is satisfied with L; < L - % andr < L(B2+ y)R.

8.5 Proofs for Sect. 4.5

Proof of Corollary 7 We follow the proof template from the beginning of Sect. 8:
Step 1a. The model setup of Corollary 7 fits into Assumption 1 as follows:

— The measurement vector @ € R” is centered, isotropic, and has independent
sub-Gaussian coordinates with max jep) llajlly, < L; in particular, we have

that |la|ly, S L (e.g., see [64, Lem. 3.4.2]). The signal set X’ is an arbitrary
subset of {S C [p] : |S| < s}. The output function F: R” x X — R takes
the form F'(a, §):=f(as), where (as); = aj for j € S and (as); = 0 for
j e Se.
Elol:;ﬂ
@ Springer Lﬁjog



Foundations of Computational Mathematics (2023) 23:899-972 963

— The target function 7: X — K is defined by TS:=E[ f (as)a].

Step 1b. The target mismatch p(S) vanishes for every S € X.
Step 1c. For the trivial choice y;(S5):=y(S), the conditions of Assumption 2 are
fulfilled with

Li<L+ya', L,=0, r<LB+x, #=0.

Step 2. Setting mq:=0, A:=L~!/logL, and u:=uo, the claim of Corollary 7
follows directly from Theorem 2.

Step 3. This is clear by the definition of the target function.

Step 4. We simply set y,(S):=y(S). Then, &(S) = 0, implying that Assump-
tion 2(a) and (c) are trivially fulfilled with L . = F = 0. To see that Assumption 2(b)
holds as well, we first recall that the coordinates of a are centered and independent,
so that

(TS); = Elf(as)a;] = E[f(as)] - Ela;] =0 forallS € X and j € S°.

Together with the lower bound in (4.14), it follows that supp(7S) = S for all
S € X. Using the lower bound in (4.14) again, we obtain the following estimate
forall S, S’ € X:

12
dr(S,8) = ITS -~ TS| > ( Y as?+ Y (TS’)?) > 4ISas.
jeS\S&' JES\S

Combining this with the assumption (4.15), it follows that

16:(S) = & (SNlyr < (@, TS — TS )ly, + |1 f(as) — f@as)lly,
<L-dr(S,8)+yadp(S,8) =L +ya Y dp(S,S).

This implies L, < L + ya~!. Since supp(TS) = S and |S] < s for S € &,
we also have that |[supp(7'S)| < s. The upper bound in (4.14) therefore yields
ITS|2 < B forevery S € X. Combining this estimate with (4.15), we obtain the
following upper bound for the sub-Gaussian norm of & (S):

15 (S lly, = l{a, TS) — f@s)lly, < LITS|2+ | f(@s)lly, = LB +«.

Hence, r:=Lf + « is a valid choice for Assumption 2(b).
O
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9 Proofs for Sect. 5

Proof of Theorem 3 Let X be a minimal subset of X" such that 7 X, is a minimal ¢-net
for T X'; in particular, we have that |X;| = |T X;| = N(T X, ¢). The assumptions of
(5.2) and (5.3) allow us to first apply Theorem 2 to every x” € X, as a singleton signal
set (Assumption 2 is trivially fulfilled here), and then to take a union bound over A.
Consequently, there exist universal constants ¢, C > 0 such that the following event
A holds with probability at least 1 — exp(—cuz) — exp(—cu(z)): For every x’ € X,

with p(x") < ;—2 and every y € R™ such that

Zally = 5@ lame < At and - —moan (v = &) < 5.

any minimizer Z of (Pg ) satisfies [|Z — Tx'[|> < . Note that we have applied the
robustness conditions of (2.4) for 2m instead of m( here, which is possible due to
2mg < m.

Let Ay denote the event of (5.1) in Assumption 3. We now show that on the event
A1 N Ay, which occurs with probability at least 1 — exp(—cu?) — exp(—cu%) -,
the conclusion of Theorem 3 holds: Let x € & be fixed and consider any input vector
y € R satisfying

Fally = 3)lme < 341 and -~y (v = 5002 < 4.

By the definition of X, there exists x’ € X, such that ||Tx — Tx'||» < ¢. According
to the event A5, we conclude that

=1y = 36D 2ne) = =1y = I @) ang) + =15 = F&)llzng) < At

and

0o (¥ = FEN)2 = =0 (¥ = F@))2 + 0w (FX) = 52 < 5.

Finally, according to the event Ay, every minimizer z of (Pg ) satisfies [|2—Tx'|| < ¢
and therefore |2 — Tx|2 < |2 = Tx'|» + |Tx' — Tx|» <t +s. O

Proof of Corollary 8 Analogously to Corollary 2, the model setup of Corollary 8 fits
into Assumption 1 as follows:

— We have that @ ~ N(0, I,) and therefore ||a|ly, < 1. The signal set X is an
arbitrary subset of R”. The output function F: R” x X — R takes the form
F(a, x):=sign({a, x)). In particular, the resulting observation vector of x is given
by y(x) = sign(Ax) where A € R"*? is a standard Gaussian random matrix with
row vectors dy, ..., a, € RP.

Elol:;ﬂ
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— The target function T: X — K corresponds to the (scaled) normalization

/2 _x
Tx=\ 7T

As already shown in Sect. 8.1 (Step 3), the target mismatch p(x) vanishes for every
x € X. Moreover, we clearly have that r = sup,cy|l{a, Tx) — 3(x)|ly, S 1. Since
¢ (B):=B+/log(e/B) defines a continuous and non-decreasing function on [0, 1] with

¢ (1) = 1 and ¢ (0):=0 (by continuous extension), we may assume without loss of
generality that

B+/log(e/B) = cot € (0, 1]. (CAY

Now, we set

A ._—t log(e/ﬁ)’ mo._Lsz, up:=+/2mplog(e/p),

implying that ug > /2mglog(em/2mg), mo € {0,1,..., %]}, and u} > 2cotm.
The latter inequality again implies that u% > u?, and since u? > Co-logN(TX,¢),
the condition of (5.3) is fulfilled. Similarly, it is not hard to see that the condition of
(5.2) follows from (5.4) for C’ sufficiently large (cf. Sect. 8.1 (Step 2)).

According to Theorem 4 with H:=, / % TX C SP~! there exist universal constants

¢, ¢, C > 0 (possibly slightly different from those in Theorem 4) such that if
mzC- (2673 w(TX]) + B - log N(TX, ) 92)

fore < cf//log(e/B), the following holds with probability at least 1 —exp(—cmf):
sup | sign(Ax) — sign(Ax')[|; < 5.

x,x'eX
ITx—Tx'l2<e

On this event and by the above choice of m(, we have that

1 ~ ~ !
sup =0 (¥y(x) —y(x))2=0
x,x'eX Wm0
1Tx—Tx'll2<e

and

172
1 ~ =) 2cot 1
su — I y(x) — y(x <2 :(—°> < 5 At,
s JRlE® 5@l < V2B = (225) <
ITx—Tx'||l2<e

where the last inequality holds for cp > 0 small enough. Consequently, Assump-
tion 3 would hold for n:=exp(—cmp) if we can show that (9.2) is satisfied under
the hypotheses of Corollary 8. To this end, we first note that the relationship (9.1)
FoC
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implies that there exists a universal constant ¢;, > 0 such that 8 > c(t/,/log(e/1).
This particularly leads to the following estimates:

B ()
Viog(e/B) ~ cologle/t)

Combining the first one with (5.4), it follows that m > c/omt2 pe u?, while the second
one yields

B> 06t2 and

.- c't - cp
~ log(e/t) — \/log(e/B)

if ¢’ is chosen sufficiently small. Hence, (9.2) is a consequence of (5.4) and the assump-
tion u> > Co - log N (T X, ¢).

Since all assumptions of Theorem 3 are satisfied, the following holds with proba-
bility at least 1 — exp(—cu?) uniformly for every x € X': For any input vector y € R”
such that

1 ‘
9

Ly = 5@l < 340 and Lo, (- R <4 03

every minimizer 2 of (Pg ) satisfies |2 —Tx||> < t4+¢& < 2¢. The claim of Corollary 8
now follows from the fact that any input vector y € {—1, 1}"" given by (4.1) with
Lvlly < & satisfies (9.3). O

2m

Proof of Corollary 9 Analogously to Corollary 3, the model setup of Corollary 9 fits
into Assumption 1 as follows:

— The measurement vector a € RP” is centered, isotropic, and sub-Gaussian
with ||a|ly, < L. The signal set X" satisfies X' C RIB%g . The output function
F:RP x X — R takes the form F(a, x) = sign({a, x) + t), where t is uni-
formly distributed on [—X, A] and independent of a. In particular, F is a random
function. Moreover, the observation vector of x is given by y(x) = sign(Ax + 1),
where A € R™*P denotes the sub-Gaussian random matrix with row vectors
ai,...,a, € R? and t:=(11, ..., Tn).

— The target function 7: X — K corresponds to rescaling by a factor of 171, i.e.,
Tx:=1"lx.

As already shown in Sect. 8.2 (Step 3), there exists a universal constant C’ > e such
that if

A>C'-R-L-loge/r), (9.4)

the target mismatch satisfies p(x) < 3’—2 for every x € X. Moreover, we clearly have
that

@, A ) = 5 llyy S 27 e XMy, +1 S RLAT +1
Elol:;ﬂ
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for every x € X, and together with (9.4), it follows that r = sup, .y |/{a, Ay —
Y@y, S 1. Since ¢ (B):=p/log(e/B) defines a continuous and non-decreasing
function on [0, 1] with ¢ (1) = 1 and ¢(0):=0 (by continuous extension), we may
assume without loss of generality that

B/log(e/B) = coL ™%t € (0, 1]. 9.5)

Now, we set

1
A2:=— = é = 2 l
L2 Jfloge/p) L3m]. wo=y2mplog(e/B).

implying thatug > \/2mg log(em/2mo), mo € {0, 1, ..., |4 |},andu} > 2comL =2t
Combining the latter inequality with (5.5) for C’ > L? sufficiently large implies that
uf > u?, and since u> > Cp - log N'(A"! X, &), the condition of (5.3) is fulfilled.
Similarly, it is not hard to see that the condition of (5.2) follows from (5.5) for C’ 2>
L?log L sufficiently large (cf. Sect. 8.2 (Step 2)).

According to Theorem 5, there exist constants c, ¢, C, C>0 only depending on

L (possibly slightly different from those in Theorem 5) such thatif A > C - R and

m=>C- (82;9*3 w2 TIXL) + 87 log N (AL, e)) (9.6)

fore < cf//log(e/B), the following holds with probability at least 1 —exp(—cmp):

sup ﬁ” sign(Ax + 1) — sign(Ax’ + 1)||; < g
x,x'eX
A x|l <e

On this event and by the above choice of m(, we have that

up FOmo (F() — )2 =0
x,x'e
A x—x"|l2<e

and

1/2
) = 3 < =(¢) 1
xSxL}er Tl ) = () lli2me) = V2P SN0 < ;4t,
A e —xlla<e

where the last inequality holds for ¢g > 0 small enough. Consequently, Assump-
tion 3 would hold for n:=exp(—cm ) if we can show that (9.6) is satisfied under the
hypotheses of Corollary 9. To this end, we first note that the relationship (9.5) implies
that there exists a universal constant 06 > O such that 8 > c{)tL_2 /+/log(eL?/t). This
EOE';W
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particularly leads to the following estimates:

B (cp)’t
> 0 .
log(e/B) ~ coL?log(eL?/1)

Combining the first one with (5.5), it follows that mg > cjmt*L~> > u? for C' 2 L?
sufficiently large, while the second one yields

B> c(’)tzL_2 and

c't cB

e < =
~ log(e/t) — /log(e/B)

if ¢’ is chosen sufficiently small (depending on L). Hence, (9.6) is a consequence of
(5.5) and the assumption u? > Cy- logN (A 71X, ¢).

Since all assumptions of Theorem 3 are satisfied, the following holds with proba-
bility at least 1 — exp(—cu?) uniformly for every x € X’: For any input vector y € R™
such that

Fally =3 lme) < 5A1 and 0y (v =32 < 45 (O7)

every minimizer z of (Pg ) satisfies ||z — A7 Ix|l, <t + & < 2t. The claim of

Corollary 9 now follows from the fact that any input vector y € {—1, 1}"* given by
(4.3) with 5L |[v[l; < £ satisfies (9.7). o

10 Proofs for Sect. 3

Proof of Corollary 1 We follow the proof template from the beginning of Sect. 8:
Step 1a. The model setup of Corollary 1 fits into Assumption 1 as follows:

— The measurement vector a € R? is centered, isotropic, and sub-Gaussian with
llally, < L. The signal set X' is a bounded subset of R”. The output function
F:RP x X — R takes the form F(a, x):=(a, x) + 7, where T ~ N(0, o2).

— The target function T: X — K is the canonical embedding into K, i.e.,
Tx:=x. In particular, we have that dr (x, x') = ||x — x’||>.

Step 1b. The target mismatch p(x) vanishes for every x € X
Step 1c. For the trivial choice y,(x):=y(x), the conditions of Assumption 2 are
fulfilled with

Lt:(), L[ZO, r<0, ;:O

Step 2. Setting m:=0, A=L"1 log L, and u:=ug, the claim of Corollary 1
follows directly from Theorem 2.
Step 3. Let x € X. By the isotropy of a, we have that E[y(x)a] = E[(a, x)a] =
x = Tx, and therefore p(x) = 0.
FolCTM
e
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Step 4. We simply set y;(x):=y(x). Then, &(x) = 0, implying that Assump-
tion 2(a) and (c) are trivially fulfilled with L, = # = 0. Furthermore, since
&(x) = {a,x) — y;(x) = —rt, Assumption 2(b) holds with L, = 0 and
ri=|tlly, < o, since T ~ N(0, 02).

O

Proof of Inequality (3.3) Since ||x||; = R for every x € X, we may use [54, Lem. 4.5]
to observe that

cone(RIB%f —x)NSP™' c H:=2conv(v € S~ : |[v)lp < 9),

where conv(-) denotes the convex hull. Moreover, [49, Lem. 2.3] yields w(H) <

/s -log(2p/s). Therefore, we obtain

wi (K — X) < wo(K — X)
= w(cone(K — X)NSP~h
= w({Uycx cone(RB! — x) N SP~1)
=w(H) 5 s -log2p/s),
as claimed in (3.3). O

Proof of Proposition 1 We begin with writing out the definition of the local mean width
as follows:

w(K =) <t wK-x)nm)=1E swp (gz-x]
zeK,xeX
lz—xll2=t

where g ~ N(0, I ). Now, let X; be a minimal 7-net for X’; in particular, we have that
|X;| = N (X, t). Hence, for every z € K and x € X with ||z — x||2 < ¢, there exists
v, € &; such that |v, — x||2 < ¢ and ||lvy — 2|2 < 2¢. Therefore, we obtain

IE[ sup (g,z— x)] = E[ sup (8,2 —vyx)+ (g, vx — x)]
zeK,xeX €K, xeX
lz—x|l2=<t lz—xll2<t

< E[ sup (g, z—v)+ sup (g, v— x)]
€K, veX; xeX,veX;
liz—lla<2r lx—vlla<r

w((K — X) N2BY) + w((X; — X) NiBY)
w(Upex, (K —v) N21BY) + w (X — X) N1BY).

<w(X—X)<2-w(X)

Next, we make use of the fact that & is a finite set. Indeed, applying [15, Lem. 6.1],
this allows us to “pull out” the union over &; in the following way:

w(Upex, (K —v) N2eBY) < sup w((K —v) N2BY) +1-/log N(X, 7).
veX;
EOE';W
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By Sudakov minoration (e.g., see [64, Thm. 7.4.1]), we have that ¢ - \/log N'(X, 1) <
w(X). Hence, overall, we have that

wi(K — &) < sup w(x (K —v)NBY) +17" - w(X)

veX;
= (K—v)
< sup wy (K —x) +17 1w,
xeX

The “moreover”-part of Proposition 1 follows directly from a stability bound derived
in [23, Prop. 2.6]. O
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