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Abstract

Compressed sensing (CS) ensures the recovery of sparse vectors from a number of
randomized measurements proportional to their sparsity. The initial theory consid-
ers discretized domains, and the randomness makes the physical positions of the grid
nodes irrelevant. Most imaging devices, however, operate over some continuous phys-
ical domain, and it makes sense to consider Dirac masses with arbitrary positions. In
this article, we consider such a continuous setup and analyze the performance of
the BLASSO algorithm, which is the continuous extension of the celebrated LASSO
¢! regularization method. This approach is appealing from a numerical perspective
because it avoids to discretize the domain of interest. Previous works considered
translation-invariant measurements, such as randomized Fourier coefficients, in which
it makes clear that the discrete theory should be extended by imposing a minimum dis-
tance separation constraint (often called “Rayleigh limit”) between the Diracs. These
prior works, however, rule out many domains and sensing operators of interest, which
are not translation invariant. This includes, for instance, Laplace measurements over
the positive reals and Gaussian mixture models over the mean-covariance space. Our
theoretical advances crucially rely on the introduction of a canonical metric associated
with the measurement operator, which is the so-called Fisher geodesic distance. In the
case of Fourier measurements, one recovers the Euclidean metric, but this metric can
cope with arbitrary (possibly non-translation invariant) domains. Furthermore, it is
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naturally invariant under joint reparameterization of both the sensing operator and the
Dirac locations. Our second and main contribution shows that if the Fisher distance
between spikes is larger than a Rayleigh separation constant, then the BLASSO recov-
ers in a stable way a stream of Diracs, provided that the number of measurements is
proportional (up to log factors) to the number of Diracs. We measure the stability using
an optimal transport distance constructed on top of the Fisher geodesic distance. Our
result is (up to log factor) sharp and does not require any randomness assumption on
the amplitudes of the underlying measure. Our proof technique relies on an infinite-
dimensional extension of the so-called golfing scheme which operates over the space
of measures and is of general interest.

Keywords Compressed sensing - Off the grid - LASSO - BLASSO - Fisher distance -
Wasserstein distance

Mathematics Subject Classification 62J07 - 65K05 - 90C25 - 49Q22

1 Introduction

Sparse regularization, and in particular convex approaches based on £! minimization,
is one of the workhorses to ill-posed linear inverse models. It finds numerous applica-
tions ranging from signal processing [19] to machine learning [56]. It is thus also the
method of choice to solve the compressed sensing (CS) problem [17,29], which is an
inverse problem where the linear operator is random. Randomness of the linear oper-
ator makes the recovery possible as soon as the number of observations is of the order
(up to log-factor) of the number of nonzero elements in the vector to recover. This
theory and the associated numerical solvers are fundamentally discrete, which does
not complain with most imaging scenarios where CS needs to be adapted to deal with
physical constraints. Purely discrete random operators are idealizations, and studying
random operators obtained by random sampling of continuous operators (e.g., Fourier
measurements) requires the study of the so-called Rayleigh limit. This is the minimum
separation distance between the individual elements forming the object of interest (in
the following, Dirac masses) required to ensure that a stable recovery is possible. Fur-
thermore, extending CS to continuous domains and sub-sampled continuous operators
is of both of practical and theoretical interests. It avoids gridding the parameter space,
thus enabling more efficient solvers and a sharper theoretical analysis.

The natural continuous extension of the £! approach encodes the positions and
amplitudes of the sought after solution into a Radon measure. The ¢! norm is then
replaced by the total variation (total mass) of the measure, and a measure is naturally
said to be “sparse” when it is a sum of Diracs at the desired positions and amplitudes.
The corresponding infinite dimensional optimization problem is called BLASSO in
[25] following theoretical works on spectral extrapolation [7]. This setting of optimiza-
tion on measures has also been considered in the inverse problems community [9].
Successful examples of applications of such “off-the-grid methods” include single-
molecule fluorescent imaging [8], spikes sorting in neurosciences [33], mixture model
estimation [37] and training shallow neural networks [5]. Existing previous theoret-
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ical works on “off-the-grid” CS are, however, focused on domains which are either
the whole space (R? or the periodic torus T¢) and consider translation-invariant mea-
surements (such as random Fourier measurements or sub-sampled convolutions). In
this article, we provide a sharp analysis of a general class of operators over arbitrary
domains.

1.1 Sparse Spikes Recovery Using the BLASSO
1.1.1 Observation Model

We consider the general problem of estimating a complex-valued unknown Radon
measure uog € M(X) defined over some metric space X’ from a small number m of
randomized linear observations y € C™. In this paper, X will either be a connected
bounded open subset of R? or the d-dimensional torus T¢, even though some of our
results extend beyond this case. We define the inner product between a complex-
valued continuous function f € % (X) and complex-valued measure u € M(X) as
(f, u)m = fX £ (x)dgu(x). The (forward) measurement operator ® : M(X) — C"
that we consider in this paper is of the form

def. |

Pu= = (o M) (1

where (w1, ..., wy) are parameters identically and independently distributed accord-
ing to a probability distribution A(w) over some space §2, and ¢, : X — C are
smooth functions parameterized by w. We further assume that ¢, is normalized, that
1S Egy~allew (x) |2] = 1 for all x € X. Our observations are of the form

y =@ (uo + fio) +w, (2)

where (g = Zle a; 6y, with (x;, a;) € X xCisthe s-sparse measure we are interested
in, fig € M(X) accounts for modeling error, and w € C” is measurement noise. In
the rest of the paper, we naturally assume that the support of jiy does not include any
of the x;’s.

1.1.2 BLASSO

An increasingly popular method to estimate such a sparse measure corresponds to
solving an infinite-dimensional analogue of the Lasso regression problem with regu-
larization parameter A > 0,

1
min = [|[®p — yl3 + Alpl(X). (Pi.(»))

ueM(X) 2

Following [25], we call this method the BLASSO (for Beurling-LASSO). Here,
| ] (X) is the so-called total variation (or total mass) of the measure p and is defined
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as

def.

ILl(X) = sup {Re ((f, w)am) 5 f€C X, 1 flloe <1}

Note that on unbounded &, one needs to impose that f vanishes atinfinity. If ¥ = {x;};
is a finite space, then this would correspond to the classical finite-dimensional LASSO
problem [56], because |u|(X) = |al; = > lail where a; = p({x;}). Similarly,
when X is possibly infinite but = Y. a;8y,, one also has that ||(X) = |la||;. The
noiseless problem of (P; (y)) when & — 0 1is

i X) st ®u=y. P
ME%I(IX)IMI( ) s n=y (Po(»))

1.2 Previous Works

The initial development of CS [17,29] considered only discrete problems, which
corresponds to imposing that X is a fixed discrete space. The use of “structured”
measurements, typically random Fourier frequencies, requires this grid to be uni-
form [17]. This forbids the recovered Dirac’s to be closer than the grid resolution,
thus implicitly imposing a Rayleigh limit. These initial works have been extended
to “continuous” domains, typically making use of continuous Fourier measurements
up to frequency f.. Without random sub-sampling, the main result of Candes and
Fernandez-Granda [15] shows that in this noiseless setting with y = @ o, (Po(y))
exactly recovers o under a so-called Rayleigh criterion, that the minimum distance
between two spikes min; ||xi —Xj || is at least O(1/ f,). Note that this limit is con-
sistent with the initial discrete analysis, since in this case 1/ f. is equal to the grid
spacing. This result has been extended to provide robustness to noise [4,14,30,35] and
to cope with more general measurement operators [6]. The CS setup is then obtained
by randomly sub-sampling the Fourier frequencies. The first work in this compressed
sensing direction is by Tang et al [55] where they showed that the recovery guarantees
of [15] remain valid with high probability when only a small number of (Fourier)
measurements are randomly selected, of the order (up to log factors) of the sparsity
of the underlying measure. All these previous theoretical works, however, strongly
rely on the translation invariance of the linear operator (Fourier measurements or con-
volutions) and the underlying domain (either Euclidean space or the periodic torus).
Applying directly these results to spatially varying operators (such as, for instance,
when imaging with non-stationary point spread functions) generally leads to overly
pessimistic minimum separation conditions. The goal of this paper is thus to study the
CS problem on arbitrary domains and with arbitrary operators, which necessitates to
replace the Euclidean distance by an intrinsic metric induced by the operator @: the
Fisher geodesic distance.

Note that this “Rayleigh criterion” is critical to the performance of (P; (y)): it is
shown in [30] that two spikes of opposite signs cannot be recovered if their separation
is smaller than 1/ f.. Although it is not the topic of this paper, let us note that lifting
the minimum separation condition requires to impose positivity of the spikes [25,51]
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and the price to pay is an explosion of the instabilities as spikes cluster together
[27]. Another point to note is that existing theoretical results on continuous CS are
only valid under a random signs assumption on the amplitudes of the sought-after
Dirac masses. This forbids in particular imposing positive signs on the solution. This
random sign hypothesis is a well-known assumption in classical discrete compressed
sensing [17,29] but appears somewhat unrealistic. Our analysis does not impose such
a random sign constraint, which requires to use different proof technics, in particular
extending the so-called golfing scheme method to this continuous setting.

1.2.1 Numerical Solvers and Alternative Approaches

The focus of this paper is on the theoretical analysis of the performance BLASSO
method, not on the development and analysis of efficient numerical solvers. Although
the BLASSO problem is infinite dimensional, there are efficient numerical solvers
that use the fact that the sought-after sparse solution is parameterized by a small
number of parameters (positions and amplitudes of the spikes). This open the door to
algorithms which do not scale with some grid size and hence can scale beyond 1-D and
2-D problems. Let us mention in particular: (i) discretization on a grid [31,54], (ii)
semi-definite programming (SDP) relaxation using Lasserre hierarchy [15,26], (iii)
Frank—Wolfe and its variants [8,9,37], (iv) non-convex particle flows [20].

1.2.2 Other Approaches

The BLASSO is by no means the only method for estimating sparse measures in an
off-the-grid setup. One of the first known methods for recovering a sum of Diracs
(from Fourier measurements) is Prony’s method [46], which aims to recover the Dirac
positions by finding the zeros of some polynomial, whose coefficients are derived
from the measurements y. This approach is non-variational and non-convex. Several
extensions (with improved robustness to noise) have also been proposed, such as
MUSIC and ESPRIT [48,52]. We refer to [41] for theoretical analysis of these methods.
In practice, when the noise is small and the spikes tends to cluster so that the minimum
separation distance condition does not hold, these methods often surpasses BLASSO in
terms of performance. However, these methods are relevant only for spectral (Fourier)
type measurements and the extension to the multivariate setting is non-trivial, see, for
instance, [40,50] for extensions. A rule of thumb is that Zl-regularization is, however,
a good baseline, which benefits from both efficient and stable numerical solvers and
an in-depth theoretical analysis which leverages the convexity of the problem.

1.3 Contributions

Our main result is informally stated in Theorem 1 and is stated in full details in
Theorem 3. It ensures sharp compressed recovery guarantees for a large class of
measurement operators over general domains. A salient feature of this statement is
that, contrary to previous works such as [55], it does not require randomness of the signs
of the sought after measure. This is achieved by extending the so-called golfing scheme
EOE';W
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[16,39] to the infinite-dimensional setting. At the heart of this result is the definition
of an intrinsic distance over the parameter domain, the so-called Fisher geodesic
distance. It is defined by the metric tensor associated with the covariance kernel of
the measurement operator. This definition is crucial both to define the Rayleigh limit
of the problem and to quantify the recovery error using the optimal transport distance
induced over the space of measures by the Fisher distance.

We now give a more precise exposition of these results. We define the limit covari-
ance kernel as

K (x, x') = B () @0 (x),

which measures how much two Diracs at x and x’ interact with each other in the large
samples limitas m — 00, and assume that K is real-valued (primary examples include
the Gaussian kernel, or the so-called Jackson kernel used in [15]). Define the metric
tensor gy = ViVaK (x, x) € R9*4 where V; indicates the gradient with respect to the
ith variable, and assume that forall x € X, itis a positive definite matrix. Finally, define
the associated geodesic distance 94 (x, x’) = inf,, fol VY @ T gy @y (t)de, where the
infimum is taken over all continuous path y : [0, 1] — A& such that y(0) = x and
y (1) = x’. (More details about this geodesic distance are given in Sect. 3.1.) Denote
by B, o (x; r) the ball of radius r centered on x, for the metric 94. The main result of
the paper, here stated in an informal way, is the following.

Theorem 1 (Main result, informal) Ler Ry = SUpy vrex 0g(x, x). Under some
assumptions on the kernel K (see Assumption I in Sect. 4) and features ¢, (see
Assumption 2 in Sect. 5), there are constants v, A > 0 that only depend on K, and
C1, C2 > 0 which depend on K and the regularity of ¢, (up to 2nd order), such that
the following holds. Suppose that y is of the form (2) with min; +; 04 (x;, x;) > A and

m > C; -5 -log(s) log((C2Rx)" /). 3)

Then, with probability 1 — p, when ||w| < § and X ~ %, any solution [i to (Py(y))

satisfies

S
2 N A
Tag ZAJSXJ’ |“|
j=1
< V58 + ol (X) and 1}1§§|&j—aj|5ﬁa+mo|<x>, “)

def. A

where Aj = |,&| (Bog(xj3 1)), aj = 1(Bo, (x;;71)), and Ty, is the partial optimal
transport distance associated with 0 (see Definition ’1).

Let us comment on this result. From an inverse problem perspective (i.e., when no
sub-sampling is used, or equivalently when letting m — 4-00), Theorem 1 is already
informative, since it defines and proves a Rayleigh limit in term of a new intrinsic
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distance (the Fisher geodesic distance), which extends results only presented before
in the translation invariant case. From a compressed sensing perspective , the most
salient feature of Theorem 1 is that, up to log factors, the bound (3) is linear in the
sparsity of the underlying measure. This improves over the best known result of Tang
et al [55], since we do not require the random signs assumption.

The assumptions on the kernel K (x, x") mainly state that it must decrease suffi-
ciently when x and x’ are far apart, or, in other words, that the coherence between
@4, and @5, must be low. The main novelty of our approach is that we mea-
sure this separation in term of the geodesic metric 0y, which allows to account for
non-translation-invariant kernels in an intrinsic and natural manner. The relationship
between the decay of the kernel and separation is made explicit in our kernel width
definition in Definition 3. As mentioned previously, separation is crucial for stability,
and our definition of kernel width can be seen as an extension of the Babel function
in compressed sensing [57] to the continuous setting, which links sparsity and sep-
aration to well conditioning of the corresponding covariance matrix. We refer to the
discussion following Theorem 2 for further details. The assumptions on the features
¢y, wWhich are more technical in nature, relate to their regularity and the boundedness
of their various derivatives.

Concerning the recovery bound (4), the first part states that the measure [i concen-
trates around the true positions of the Diracs, while the second part guarantees that
the complex amplitudes of /1 around the Diracs are close to their true values. The dis-
crepancy in the first part is measured in terms of a partial optimal transport distance
associated with 94 (Def. 1 in Sec. 3). Although our error bound is linear with respect
to the noise level §, we do not expect the /s factor be sharp and is rather an artifact
of proof techniques. For instance, in [14], where sub-sampling is not considered, one
could also obtain bounds ZS/:1 |& j—aj | < 8. We refer to the discussion after Propo-
sition 1 for further remarks and links to previous works, but simply mention here that
the existing proof techniques which lead to sharper bounds cannot be readily extended
to the case of randomized measurements.

Finally, the constants C1, C; that appear in (3) can depend (generally polynomially)
on the dimension d but not on the sparsity s. As we will see in Sect. 5 and the detailed
version of Theorem 1 (Theorem 3), the bound (3) is actually valid when we suppose
the features ¢,, and their derivatives to be uniformly bounded for all x and w. When
this is not the case, we will be able to relax this assumption, similar to the notion of
stochastic incoherence [16] in compressed sensing. As a result, m can actually appear
in C1, C», generally in a logarithmic form (see examples in Sect. 2), which only adds
logarithmic terms in s and d in the final number of measurements.

1.3.1 Outline of the Paper

The paper is organized as follows. In Sect. 2, we give example applications of Theo-
rem 1, including non-translation-invariant frameworks such as Laplace measurements
used in microscopy [28]. In Sect. 3, we introduce our Riemannian geometry frame-
work and prove intermediate recovery results based on the existence of a so-called
non-degenerate dual certificate, which is known in the literature to be the key object in
the analysis of the BLASSO model. In Sect. 4, we study in more detail the relationship
EOE';W
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between the minimal separation condition and the covariance kernel. We prove that,
under some conditions on K, in the limit m — oo, one can indeed prove the existence
of a non-degenerate dual certificate when minimal separation is imposed with respect
to 0g4. Finally, in Sect. 5, we state our main result with finite number of measurements
m (Theorem 3, which is a detailed version of Theorem 1). Section 6 is dedicated to its
proof using an infinite-dimensional extension of the celebrated golfing scheme [16],
with technical computations in the appendix.

1.3.2 Relationship to Our Previous Work

[44] This article is a substantially extended version of the conference publication [44].
The results of Sect. 4 are in most part already published (under slightly more restrictive
assumptions) in this conference paper. The remainder of the paper is, however, entirely
novel. We remove the random signs assumption of [44] thanks to a new proof technique
with the golfing scheme. Furthermore, the results in [44] are restricted to the small noise
setting and focus on exact support stability, while we study here arbitrary noise levels
and establish more general stability bounds in terms of optimal transport distances.

1.3.3 Notations
Given n € N, we denote by [n] = {1,2,...,n} the first n integers. We write 1, to
denote the vector of length n whose entries are all 1’s, and 0,, to denote the vector
of length n whose entries are all 0’s. Given two matrices A and B, we write A < B
to mean that B — A is positive definite and A < B to mean that B — A is positive
semi-definite. Given two positive numbers a, b, we write a < b to mean that there
exists some universal constant C > 0 so that @ < Cb. Given (X, 0) a metric space,
x € Xand r > 0, we define By(x; r) = {z € X ; (x, z) < r} the ball centered on
x of radius r, or just By (r) = {z € X' ; |Iz|| < r} the ball centered on O for a norm
l-1I.

We write ||| p to denote the £, norm, and ||-|| without any subscript denotes the
spectral norm for matrices or £, norm for vectors. For any norm ||-|| x on vectors, the

corresponding matrix normis ||Allx_y = SUP| )| =1 |Ax|ly and ||Allx = |Allx— x
for short.
Given a vector x € C* decomposed in blocks x = [xir, xST ]T with

X; € C4, where s and d will always be defined without ambiguity, we define
the block norm || x||pjock = maxig;gs [|xi]l. Given a vector x € Cs@+D) decom-
posed as x = [)c(]—,XE—,...,XST]—r where xo € C° and X; € C4, we define

I lgtock £ max (Iolloe , max_y | X;,)-

For a complex number a, its sign is denoted by sign(a) = ﬁ Given a complex-
valued measure u € M(X) and complex-valued continuous function f € € (X), we
recall that (f, ©)m = fX f(x)du(x). For two complex vectors v and w, (v, w)s =
v*w, where v* = T denotes conjugate transpose.

Elol:;ﬂ
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2 Examples

In this section, we illustrate Theorem 1 for some special cases of practical interest in
imaging and machine learning. The following statements are obtained by bounding
the constants in Theorem 3 in Sect. 5 (the detailed version of Theorem 1). These
computations, which can be somewhat verbose, are delayed to Appendices C, D and E.

2.1 Off-the-Grid Compressed Sensing

Off-the-grid Compressed sensing, initially introduced in the special case of 1-D Fourier
measurements on X = T = R/Z by [55], corresponds to Fourier measurements of
the form (1). This is a “continuous” analogous of the celebrated compressed sensing
line of works [17,29]. We give a multi-dimensional version below.
Let f. € Nwith f. > 128 (for simplicity) and X = T the d-dimensional torus. Let
G (x) & ei2relx o & lweZ?; |lwlly < f.}. and A(w) = H?:l g(w;) where
min(j+fe, fe)

() =+ D A=k LD =G =R/ fel).
€ k=max(j—fe,~ fo)

The distribution A concentrates at lower frequencies, and the corresponding kernel
is the Jackson kernel (the Dirichlet kernel raised to the power of 4): K (x,x") =
1%, x(x; — x}), where

4
sin ((% + 1) nx)
def.

K(x) = (%+ 1>sin(7TX)

Note that if A is chosen to be the uniform distribution, then the corresponding kernel
is the Dirichlet kernel. The choice of the A here is purely technical: the Jackson
kernel leads to easier analysis due to faster decay as ||x —x' || increases and has been
considered in many previous works such as [14,55]. In this case, the Fisher metric

is, up to a constant C, the Euclidean metric 94(x, x") = Cf, ||x —x' || Provided that

11
i e — x d2sd i ;
min; ”xl Xj H 2 7. stable recovery is guaranteed with

d
m > ds <10g(s) log (5> +log (M)) .
p P

The bound on m directly extends the (univariate) main result of [S5] to the multivari-
ate setting, whilst removing the unrealistic assumption that the signs of the underlying
amplitudes are i.i.d. in the uniform distribution. Note that, compared to the unidimen-
sional case in [55], the minimal separation A depends on s in general. However, as we
explain in the appendix, when the dimension is such that d < 4, this bound can effec-
tively be replaced by one that is exponential in d but does not depend on the sparsity

Eo oy
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s, and hence yields an extension of the result from [55]. Indeed, during the proof, one
must bound a quantity of the form Z?:z llx1 — x; ||’4, for A-separated Diracs. Since
in one dimension only 2 Diracs can be situated at distance k A from x; for each integer
k > 0, this can be easily bounded by a global bound A~ pyal) k~* that does not
depend on s. In the multidimensional case, however, O(j d) number of Diracs spaced
3 apart can be packed into the ball of radius j§ around x1, and this can be handled by

the polynomial decay of the kernel K (x, x') (which decays as |x — x| ~ when feis
sufficiently large) only when d < 4.

2.2 Continuous Sampling Fourier Transform

For most imaging problems, imposing periodic boundary conditions on a square
domain is not satisfying. Considering instead Fourier frequencies over the whole
space RY is more natural and can for instance cope with rotation-invariant sampling
strategies, such as, for instance, using a Gaussian distribution. Let X C RY be a
bounded open subset of R?. The space of frequencies is £2 = R?, ¢, (x) = ei‘”T",
and A(w) = N(O, >~ for some known symmetric positive definite matrix X.
Note that, for simplicity, the frequencies are drawn according to a Gaussian with

precision matrix X (the inverse of the covariance matrix), such that the kernel K
2

. . | PRLICERY . .
is the classical Gaussian kernel K (x,x') = e . The Fisher metric is
0g(x, x") = HE_%(x —x) H.Inthiscase,providedthatmini# 0g(x;, xj) 2 /log(s),

stable recovery is guaranteed with

d
e ) (252

where L = d +log? (‘%”) Note that log(m) appears in L in the r.h.s. of the expression

above, which only incurs additional logarithmic terms in the bound on m, as mentioned
in the introduction.

2.3 Learning of Gaussian Mixtures with Fixed Covariances

An original framework for continuous sparsity is sketched learning of mixture models
[37], and in particular Gaussian mixture models (GMM), for which we can exploit the
computations of the previous case of Fourier measurements sampled in accordance to
a Gaussian distribution. Assume that we have data samples z1,...,2, € R4 drawn
i.i.d. from a mixture of Gaussians & = Y i i aiN(x;, X) with known covariance
Y. The means xq,...,x;, € X C R4 and weights aj, ...,a; > 0 are the objects
which we want to estimate. We then sample frequencies w1, . .., w, € R i.i.d. from
a Gaussian A = N (0, X! /d) and construct the following linear sketch [22] of the
Elol:;ﬂ
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data:

C < .
y=—D (T, )
i=1

where the constant C = (1 + %)% < ¢7 is here for normalization purpose. Linear
sketches are mainly used for computational gain: they are easy to compute in a stream-
ing of distributed context and are much smaller to store in memory than the whole
database [22,37]. It is easy to see that the sketch can be reformulated as (1), by writing

Y A E(Ce N = g ©)
where pg = Zi a;8y;, and @ is defined using the feature functions

i i 1
(Pw(X) = EZNN(x,Z‘)CeleZ = Celexe—ijEw'

et T L . .
The “noise” w = y — E.(Ce "% “)i, is simply the difference between empirical
and true expectations, and using simple concentration inequalities that we skip here

for simplicity, it is possible to show that with high probability, [[w| < O (n_i)
Applying the previous computations we obtain the following result: provided that

min; H o (xi —x;j) H2 2 /dlog(s), stable recovery of g is guaranteed when

d
o () i)

and the concentration in the recovery bound (4) is given by § = |w|| = O (n_%)

2.4 Gaussian Mixtures with Varying Covariances

The case of simultaneously recovering both the means and covariance matrices is an
interesting venue for future research. We simply describe here the associated metric
and distance in the univariate case. The geodesic distance between univariate Gaussian
distributions is well known [23]: Given x = (m, u) and x’ = (n,v) withm,n € R

andu, v € Ry, let p(x) = Jl[ef(mf~)/(2u2)’ then the covariance kernel is

47TM

V2uv o’
e

Ko(x, x') = (0(x), p(x'));2 = —— ¢ 2u21%)
P eI = e
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The associated metric at x = (m, u) is gy = #Idz, and the Fisher—Rao distance is
the Poincaré half-plane distance

x —x' .
09(x, x") = 2arsinh (u) , where arsinh(x) = In (x +vx2 - 1) . (D
2/ uv

Consider now the case of Gaussian mixture & = Zf-:l aiN(x;, viz), where the
unknowns are @; > 0, x; € R and v; > 0, and we are given data {z;}]_, drawn
i.i.d. from & and we construct the linear sketch (5) as before, where w; € R are i.i.d.
from N (0, o%). This corresponds to the normalized random features

1
T 1
Po(m, u) = (214202 + 1)4 e“’"‘”e‘iuzwz,

and
2
/2u v __(m=n)
K((m,u), (n,v)) = === 2ot (8)
Uz + v?
where ug = 2[17—2 + u? and v?r = 2;—2 + v2. The metric at x = (m, u) is gx = ﬁldg.
Note that since (8) also corresponds to the kernel between Gaussian distributions
with mean and standard deviation as x, = (m, uy) and x., = (n, vy ), the associated

geodesic distance is therefore 99 (x4, x,) where dg is the Poincaré half-plane distance
described in (7). (As mentioned in (16), geodesic distances on random features and
parameter space are equivalent.)

2.5 Sampling the Laplace Transform

In some fluorescence microscopy applications (see [28] and the references therein),
depth measurements are obtained from the Laplace transform of the signal. Contrary to
Fourier measurements, this gives rise to a non-translation-invariant kernel K and was
therefore not covered by existing theory. Using the proposed Riemannian geometry
framework, we can cover this setting.

Let X = (0, 1)? ¢ RY. Let 2 = RY. Define forx € X and » € 2,

d d
Do (X) = exp (—xTa)) l_[ / i+ o and A(w) = exp(—2aTa)) H(Zai).
o;

i=1 i=1

where «; ~ d are positive and distinct real numbers. The sampling of w here typically
corresponds to observations at random discrete time-points.

The Fisher metric is
X + Oti> g
log | — ,
X; + o

d

0g(x, x") = Z

i=1

FoC'T
e,
@ Springer |03



Foundations of Computational Mathematics (2023) 23:241-327 253

and provided that min;«; 94(x;, x;) 2 d + log(d3/?s), stable recovery is guaranteed

with
Cd
m2s (C log(s) log <i> + C?%log (—))
o o

where C = d? (d + log?(m) + log? (%)) Similar to the Gaussian example, log(m)
appears in C.

3 Stability and the Fisher Information Metric

In this section, we introduce the proposed Riemannian geometry framework and give
intermediate recovery guarantees which constitute the first building block of our main
result. Namely, we introduce so-called dual certificates, which are known to be key
objects in the study of the BLASSO, and show how they lead to sparse recovery
guarantees in our Riemannian framework.

3.1 Fisher and Optimal Transport Distances

Let us first introduce the proposed Riemannian geometry framework and define objects
related to it.

3.1.1 The Covariance Kernel and the Fubini-Study Metric

A natural property to analyze in our problem is the way two Diracs interact with each
other, which is linked to the well-known notion of coherence (or, rather, incoherence)
between measurements in compressive sensing [36]. This is done through what we
refer to as the covariance kernel K : X x X — C, defined as

N . 13
K(x,x") E (P8, PSy)r = — Z(pwk(x)(pwk(x/), Vx,x' € X. 9)
j=1

In the limit case m — o0, the law of large number states that K converges almost
surely to the /imit covariance kernel:

K (x, X") = B (1) @0 (x) (10)

where we recall that w ~ A. This object naturally governs the geometry of the space,

and we use it to define our Riemannian metric, which as we will see is linked to a

notion of Fisher information metric. In the rest of the paper, we assume throughout
that K is real-valued, even though K may be complex-valued.

Given the normalization E, |¢,, (x)l2 = 1 forall x € X, ¢,(x) can be interpreted

as a complex-valued probability amplitude with respect to w (parameterized by x),

EOE';W
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a classical notion in quantum mechanics (see [38]). When x varies, a natural metric
between probability amplitudes is the so-called Fubini—Study metric, which is the
complex equivalent of the well-known Fisher information metric. Writing ¢, (x) =

Vp(w, x)e@¥ where p(w, x) = |(pw()c)|2 and o(w, x) = arg(¢y(x)), the Fubini—
Study metric is defined by the following metric tensor in C¢*¢ [34]:

el. 1
g = 1Ep [V log(p) Vs log(p) "1+ E,[ViaVia ] — Ep[VialE,[Via]l

. (11)
1
- EIE,)[VX log(p)Via — VeaV, log(p) 1.

where we use the notation E, [ f] = f f(w)p(w, x)dA(w). If ¢, is real-valued, then

a = 0 and this is indeed the Fisher metric up to a factor of %. The following simple
lemma shows the link between this metric and the derivatives of the covariance kernel
K.

Lemma1 For any kernel K (x,x") = Eupu(X)¢u(x'), the Fubini-Study metric
defined in (11) satisfies

gr = ViVaK (x, x) — E,[Voa]E,[Via] " (12)

If furthermore K (x,x') is assumed real-valued, then Ep[Vial = 0, and g, =
ViV K (x, x).

Proof Using p = |¢,|* and Vg, = (Z—[f +i Va) ¢w, a direct computation shows
that

> 1
Vi log(p) = ;Re (@oVo) and Via = ;Im (@0 Vw) (13)
Therefore,
lI[«:[Vlo(v1 N+ E,[ViaVia
7 pLVx g(p)Vylog(p) 1+ Ep[ViaVia ']
1 _ _ T
= | 7 (Re@ Ve Re @uVe)
+Im @V o) Im @ Ve,) ") pdA
1 _
:/—Re (|¢w|zv¢wwg) A
p
- /Re (v%v(pD dA = Re (Vi V2K (x, )
Similarly,
i
= SB[ Ve log(p) Ve = VeV log(p) ']
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=i [ 5 (Re @V Im @ V0"
+Im (@5V ) Re ((p_a,Vng)T> pdA
_ —i/ élm <|<pw|2v_%wj,) dA
= i/Im (v_%wj)) dA =i-Im (V; V2K (x. x))

which proves the first claim. The second claim is immediate by noticing from (13)
that Vo0 = Im (V2K (x, x)), which cancels when K (x, x) is real (in particular in a
neighborhood around x = x”). a

Since in this paper the limit covariance kernel (10) is assumed real-valued, the
previous lemma justifies the definition g, = V|V, K (x, x) that we adopt in the rest
of the paper. For two vectors u, v € C?, we define the corresponding inner product

(u, v)y Zurgev and ull =V, u), (14)

As described in the introduction, this induces a geodesic distance on X’
0g(x, x")

1
= inf {/ ”V’(I)HV(I) dt; y :[0,1] = X smooth, y(0) =x, y(1) = x’}
0
(15)

and in the case where ¢, (x) is real-valued, this coincides with the “Fisher-Rao”
geodesic distance [47] which is used extensively in information geometry for estima-
tion and learning problems on parametric families of distributions [3].

Remark 1 (As a distance on the feature space) The geodesic distance induced by g
is the natural distance between the random features ¢.(x). Indeed, as discussed in
[11], the manifold (X, g) as an embedded sub-manifold of the sphere in Hilbert space
L,(dA) with embedding x > ¢.(x), and given any x, x’ € X, we have

1
inf fo 1y O, g4 47 = 2a(x, XN, (16)

VEI—},X’

where Iy v consists of all piecewise smooth paths y : [0, 1] — {¢(x) ; x € X'} with
y(0) = ¢(x) and y (1) = p(x").

Remark 2 (Fisher metric and invariances) The Fisher—Rao metric 04 is “canonical” in
the sense that it is the only (up to scalar multiples) geodesic distance which satisfies
the natural invariances of the BLASSO problem. Indeed, the solutions to (P (y)),
in the large sample limit m — 400, are (i) invariant by the multiplication of
o(x) = (0w (x))we by an arbitrary orthogonal transform U (orthogonality on
FoC Tl
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L,(dA)), i.e., invariance to ¢(x) +— Ug(x), (ii) covariance under any change of
variable ¢ > ¢ o h where k is a diffeomorphism between two d-dimensional parame-
ter spaces. The covariance (ii) means thatif 4 = )", a; 8y, is a solution associated with
@, then the push-forward measure (A~ 1)s = > @idp-1(y, is a solution associated
with ¢ o h. Note that the invariance (i) is different from the usual invariance under
“Markov morphisms” considered in information theory [13,18]. When considering
04 = 0y, as a Riemannian distance depending solely on g, the invariance under any
diffeomorphism /4 reads

g, (6, x') =g, (W' (), ™' (). (17)

Assuming for simplicity that ¢ is injective, this invariance (17) is equivalent to the
fact that the formula

def.

Vig.q) e M*, dp(q.q) =g, (@) (q)

defines a proper (i.e., parameterization-independent) Riemannian distance d o4 on the
embedded manifold M = (¢(x)), C L2(dA). Among all possible such Riemannian
metrics on M, the only ones being invariant by orthogonal transforms ¢ — Ug are
scalar multiples of the Hermitian positive tensor d¢(x)*d¢(x) € C4*¢, which is equal
to g, (here dg(x)* refers to the adjoint in L, (d A) for the inner product defined by the
measure A(w)).

Remark 3 (Tangent spaces) Formally, in Riemannian geometry, one would use the
notion of tangent space T, and, for instance, the inner product (-, -), would only be
defined between vectors belonging to 7. However, in our case, since the considered
ambient “manifold” is just R?, in the sense that X" is not a low-dimensional sub-
manifold of R? but an open set of R, each tangent space can be identified with R?,
and we extend the definitions to complex vectors for our needs.

3.1.2 Optimal Transport Metric

In order to state quantitative performance bounds, one needs to consider a geometric
distance between measures. The canonical way to “lift” a ground distance 4 (x, x”)
between parameter to a distance between measure is to use optimal transport distances
[49].

Definition 1 (Wasserstein distance) Given u, v € M4 (X) with |u] (X) = |v| (X)),
the Wasserstein distance between p and v relative to the metric 9 on X is defined by

Wi 2 int [ oty ),
yell(u,v) Jx2

where I' (11, v) C M4 (X?) is the set of all transport plans with marginals p and

v. Given u, v € My (X) (not necessarily of equal total mass), the optimal partial
FoC'T
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distance between p and v is defined as

T3, v)  inf [Waa. )+ 1= 2l 0 + 15— vl )

Note that the distance Wp (i, v) is actually an hybridation (an inf-convolution) between
the classical Wasserstein distance between probability distributions and the total varia-
tion norm. Itis often called “partial optimal transport” in the literature (see, for instance,
[12]) and belongs to the larger class of unbalanced optimal transport distances [21,42].

3.2 Non-degenerate Certificates, Uniqueness and Stability for Sparse Measures

We now introduce the notion of a dual certificate and prove recovery guarantees under
certain non-degeneracy conditions, which is the first step toward our main result.

3.2.1 Dual Certificates

The minimization problem (P (y)) is a convex optimisation problem and a natural
way of studying their solutions are via their corresponding Fenchel-dual problems.
It is well known that, in the limit as A — 0, its solutions cluster in a weak-* sense
around minimizers of

i X) subjectto du =y, P
uer/r\l/llI(IX)m'( ) subjectto Py =y (Po(y))

and that properties of the dual solutions to (Po(y)) with y = @ g can be used to

derive stability estimates for (P) (y)) under noisy measurements. In this section, we
recall some of these results (see [9,30] for further details). The (pre)dual of (P, (y))
is

A
SHP{U?, =3 Ipl5 : peC™. |@*p|, < 1} (Dr(»)

where we remark that the adjoint operator @* : C" — % (X) is defined by
(@*p)(x) = \/L% Y| Pi%w; (x). Note that for A > 0, this is the projection of y/A
onto the closed convex set { P 12¥pllo < 1} and the solution p;, is hence unique.
The dual solution p, is related to any primal solution w; of (P, (y)) by the condition

1
D" py € 3 |pal (X) and py = 70— Puma). (18)

Conversely, any pair p; and p; which satisfy this equation (18) are necessarily dual
and primal solutions of (D, (y)) and (P, (y)), respectively. In the case where A = 0,
a dual solution need not be unique, although existence is guaranteed (since in our
setting, the dual variable belongs to a finite dimensional space). In this case, po and
EOE';W
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1o solve (Dy (y)) with A = 0 and (Py(y)), respectively, if and only if
Pup=y and P*py € d|uol (X). (19)

Following the literature, we call any element n € Im(®*)Na || (X) adual certificate
for po. For pg = Z‘;:l aj(ij, the condition 1 € 9 |l (X) imposes that n(x;) =
sign(a;) and |nll, < 1. Furthermore, it is known that in the noiseless case, o
is the unique solution to (Py(y)) if: the operator @, : C* — C™ defined by @b =
Zj»:l b;j®éy; isinjective, and there exists € Im(@*)N3 |uo| (X) suchthat |n(x)| <
1 for all x ¢ {x;}. In order to quantify the latter constraint and provide quantitative
stability bounds, we impose even stronger conditions on 1 and make the following
definition.

Definition 2 (Non-degenerate dual certificate) Given (a;, xi)le, we say that n €
Im(®*) is an (&g, &2, r)-non-degenerate dual certificate if:

(1) n(x;) =sign(ag;) foralli =1,...,s,

(i) |n(x)| < 1 —gpforall x € XM,
(iii) [n(x)| < 1—e20g(x, x;)? forall x € Ao,

where X7 = By (x;; r) and X = X\ (), AP

In other words, there are neighborhoods of the x ; such that, outside of these neighbor-
hoods, 7 is strictly bounded away from 1, and inside, || has quadratic decay. In the
next section, we prove stable recovery results from the existence of non-degenerate
dual certificates.

3.2.2 Stable Recovery Bounds

The following two propositions describe stability guarantees under the non-degeneracy
condition. Proposition 1 quantifies how the recovered measure is approximated by a
sparse measure supported on {x;} ;, and Proposition 2 describes the error in measure
around small neighborhoods of the points {x;};.

Proposition 1 (Stability away from the sparse support) Suppose that there exists

g0, & >0,n= = @* p for some p € C" such that n is (g9, €2, r)-non-degenerate.
Assuming the measurement model (1), any mlnzmlzer i of (P (y)), with |w| <

and )\ ~ 8/ || pll is approximately sparse: by defining A] = |u’ (Xnear) we have

S 1
72 | |2 Aidy, | < —— (Jiol (X) + 8 ) 2
o M; % | = mimearey (ol (0 +81p1) (20)

Proof To prove this proposition, we first establish the following bound

eo |l (Xfaf>+ezzfxm og(x. xi)’d | 2] () S 8lIpll + 1ol (X). @)
—
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As we will see, the optimal partial transport bound above is then a consequence of this
bound.

Fori =1,...,s,let X" C X and Xt — x\ Uj-:] Xjf.‘ear be as in Definition 2.
Recall the measurement model y = @ (o + fto) + w, and define 1o = wo + fto
for simplicity. We first adapt the proof of [10, Thm. 2] to derive an upper bound for
|ii| — /20l — Re ((n, & — o) pm). By minimality of /i and since [|w]| < 8,

. 1, . - 1 _ 52
ARl () + 5 | — y|* < xlfiol (X) + 5 @it = yII> < Aljiol (X) + 5

Using n = &*p, and by adding and subtracting Re ((77, ﬁ—ﬁo)M) =
Re ((p, @i — y)2) + Re ({p, w)2), we obtain

A (|| () = lzol (X) —Re ((n, & — o) m)) + Re ((Ap, (i — fi0))2)

1 R 2 82
+§”¢>M_)’” <7
. _ L Ly, . 2
= 2 (|a] (X) = 120l () =Re (1, 2 = o) m)) + 5 |/ =y + 2p

22
<E L RIPE b o o

= || (X) — lizol (X) —Re ((n, & — o) m)

1
< — @+ 2<s
2/\( +Alph” Salpl

using A ~ 8/ || p|l. We now derive a lower bound for |,&| —|uol —Re ((n, n— ﬂo)M)-
Since 7 is a dual certificate, we have (n, o) v = ol (X) and |[(n, w) pm] < [u] (X).
By further exploiting the non-degeneracy assumptions (ii) and (iii) on 1, we have

|| (X) = |10l (X) —Re ((n, L = 1)) > |i2] (X) = Re ((n, 1)) = 21fiol (X)

> |;1|(X)—Z/X“m|nld|ﬁ| —/Xmmm\m — 270l ()

> ] () - Z/XM (1= 205 (x, x)?) d 2] @) = (1 = e0) || (X")
—2jiol (X)
—eolal (1) +e2 30 [ oot | o0 = 210l )

which proves (21). Note also that by combining this with (22), we obtain the following
bound that we will use later:

6+ A lpID +4xljiol (X) = o —y|

8§+ 211 pll + 2V A ol (X) (23)
EOE';W
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It remains to show that the bound (21) yields an upper bound on the partial optimal

. A def. A .
transport distance between the recovered measure | ,u| andp =) ; |/,L| (XM 8y, , its
“projection” onto the positions {x;} ;. To see this, first note that the Kantorovich dual

formulation [49] of the Wasserstein distance in Def. 1 is

sup{/X <de+/X vdv; ¢, ¢ € Cp(X), Vx,y e X, o(x) + ¥ (y) < Dg(x,y)z}

Given any ¢, ¥ € Cp(X) satisfying ¢(x) + ¥ (y) < 04(x, y)2 forall x,y € X, we
have

Wé(p, ﬂ|Xnear) </¢d|[’\(’|)(‘near +/1/fd10

L (/Xnea,(w(“ + YA [A] ) = v (x))
7

J

/x d|a] @)+ v |al (X,‘-“’aW)
-2 /Xnea:(“’(x) v Gd[a] ) <Y /Xa, 0g(r. x))%d || ()
J j : _,.

So,
2
e Wq(p,

1] near) S N0l (X) + 81l pll
So, since &9 || yrur (X) < |itol (X) + 8 || pll, we have

1
) S ———— (IRl () + 5 1Ipl).

T2 4
g (|M min (&g, £2)

]

We now give stability bounds around the sparse support, under some additional
assumptions.

Proposition 2 (Stability around the sparse support) Under the assumptions of Propo-
sition 1, let {1 be a solution of (P (y)), and leta = (ﬁ(Xj'-leaI))j:l. Suppose in addition
thatfor j = 1,...,s, there exists n; = @* p; which satisfies

(i) nj(x;) =1andnj(xg) =0 forall € # j

(ii) |1 — nj(x)| < ezbg(x,xj)2f0rallx IS X;lear,
(iii) |nj(x)| < £204(x, x¢)? for all x € X and € # j,

(iv) |nj(x)| < 1 — &g forall x € X,

Then,

Vi=1l....s, |aj—aj| S |pi| 6+ pil) +e5' Glipl+ 1ol (X))
(24)
Elol:;ﬂ
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where p is as in Proposition 1.

Proof First observe that writing v = i — g, we have

/ dv(x)

—Z/ 1 (x)dv(x) —/ njx)dv(x)| < ‘/ n;j (x)dv(x)

= Japen xfar X

+SQZ
j=1

|aj —aj| =

= ’/ nj(x)dv(x) +/ (I =mn;(x))dv(x)
X ‘X‘.;”leﬂr

+ (1 — &) [v] (X™).

0g(x, xj)zdv(x)
X]near

Using (21), we have [v] (X™) = [ 2] (™) S &5 (S Il + Ifzol (X)) and

< Slipl+ 1ol (X)

= Z

j=1

N
&2
j=1

Finally, by (23),

Dg(x x]) dv(x)

/ 0g(x,x))PdA)

< (), & — o) m| + ol (X)

‘ / 0 (v (x)
X

2| @@ = 7o) + lizol ()

Ipil 6+ @i —y])+ liol (X)

< Ipsl (28 + 20101+ 20310 ()

+ liiol (X)

<28 | ps| + 20 Ipl | pj | + 2 s | + 2 1ol (X)

NN

using Vab < (a +b) /2. Therefore, we obtain
@ = aj| S [pi] 5+ 2] ps]) +29" @ Pl + Iizol (X))
O

Additional Certificates Proposition 2 assumes the construction of additional functions
n; € Im(®*), which are essentially similar to non-degenerate certificates but with all
“signs” to interpolate put to 0 except for one. As we will see, they are even simpler to
construct than n: indeed, the reason one has to resort to the random signs assumption
(as in [55]) or to the golfing scheme (as in this paper) is that the Euclidean norm of
the vector of signs (sign(a;));_, appears in the proof, which results in a spurious term
V/s. When constructing the n;, this problem does not occur, since only one sign is
nonzero.
FoE'ﬂ
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Relation to Previous Works Note that (21) and (24), without the inexact sparsity term
[fto] (X), were previously presented in [35] in the context of sampling Fourier coef-
ficients and in a more general setting in [4]. However, the statement in [4] is given in
terms of orthonormal systems, and the so-called Bernstein Isolation Property which
imposes that |P/(x)| < Cm? |P|ls for all P € Im(®*). These conditions can be
difficult to check in our setting of random sampling and were imposed only to ensure
the existence of non-degenerate dual certificates, and to have explicit control on the
constant C. For completeness, we still present the proof of (21) under non-degeneracy
assumptions, and we later establish that these non-degeneracy assumptions hold, under
appropriate separation conditions imposed via 0.

In [14], one could also obtain bounds ij 1 |&j —a j| < § in the case of Fourier
sampling; however, to prove such a statement, one is required to construct a trigono-
metric function (a dual certificate) which interpolates arbitrary sign patterns. In the
case of sub-sampling, such an approach cannot lead to sharp dependency on s, since in
the real setting, one is then required to show the existence of 2° random polynomials
corresponding to all possible sign patterns. We therefore settle for the bound (24) in this
paper. We remark that being able to construct dual functions which interpolate arbi-
trary signs patterns leads to Wasserstein-1 error bounds, as opposed to Wasserstein-2
error bounds presented here.

Finally, we mention the more recent work of [32] which presents stability bounds
for the sparse spikes problem where one restricts to positive measures and where the
sampling functions form a T-systems. Under a positivity constraint (rather than total
variation penalization), they derive stability bounds in terms of optimal partial transport
distances. We stress that since we consider more general measurement operators than
T-systems in this work, we consider transport distances under the Fisher metric as
opposed to the Euclidean metric. Moreover, another difference is that our error bounds
use the Wasserstein-2 distance, whereas they use the Wasserstein-1 distance—the
reason is that since they do not consider random sub-sampling, their proofs in fact
follow the work of [14] to construct dual certificates which interpolate arbitrary sign
patterns.

4 Non-degenerate Limit Certificates

In this section, we provide the second building block of our main theorem: a generic
way to ensure the existence and construct non-degenerates dual certificates, when
m — oo and the sought-after Diracs satisfy a minimal separation condition with
respect to the metric 4.

4.1 Notions of Differential Geometry

We start with additional definitions in differential Riemannian geometry. All these
notions can be found in the textbook [1], to which we refer the reader for further
details. In many instances, we extend classical definitions to the complex case in a
natural way.
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4.1.1 Riemannian Gradient and Hessian

Let f : RY — C be a smooth function. The Riemannian gradient grad f (x) € C¢
and Riemannian Hessian Hess f (x) : C¢ — C?, which is a linear mapping, can be
defined as:

grad f(x) = g; 'V f(x)
(Hess f (x)[ei], ej)y = 8;0; f(x) — [;j(x) TV f(x)

where V, 0; are the classical Euclidean gradient and partial derivatives, and the {e; } are
the canonical basis of R, The I} i(x) = [Fl]; @)k € R? are the Christoffel symbols,
here equal to:

1
@) = 5 385 @) (Bigej(x) + 980 () — Brgi(v) -
2

where g;;j(x) = [gx];; and gij(x) = [g;l]ij. Finally, we denote by Hf (x) € Cdxd

the matrix that contains these terms: H f'(x) = ((Hessf(x)[e,-], ej)x) .
ij

For r = 0, 1, 2, the “covariant derivative" D, [ f] (x) : (C?)" — C are mappings
(or scalar in the case r = 0) defined as:

Do[f1(x) = f(x)

Dy [f1(x)[v] = (v, grad f(x))x = v*V f(x)

Dy [£1(x)[v, '] = (Hess f (0)[v], v') = v*Hf (x)v/

We define associated operator norms

ID1 [£1 (0, = ” sHuplDl [F1 ()] = [gy >V f(x)
vlly= 2
_1 _1
D2 [£] (), = o sulf ‘ Dy [f1(0)[v, v'] = |gx *Hf (x)gy 2
vl =LV =1 2

where we recall that [|-], is defined by (14).
4.1.2 Covariant Derivatives of the Kernel

Regall the definition of the limit covariance kernel (10). Giyen 0<i,j < 2, let
K@D (x, x") be a “bi”-multilinear map, defined for Q € (C%)" and V € (C?)/ as

def.

[QIK D (x, x')[V] = E[D; [¢0] ()IQID; [g0] (X)IV]I. (25)

In the case i, j < 1, note that these admits simplified expressions: K 90 (x, x) =
K@, x), WK%, x) = v'ViK(x,x') and [v]KW(x,x)[v'] = vTViV,
FoC
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K (x, x")v'. Define the operator norm of K /) (x, x’) as

”K W, x| = sup ([Q]K("”(x, V] (26)
xx' oy

where the supremum is over all V = [v1, ..., v;] with [Jv¢]l, < 1 forall £ € [i], and

all O = [q1,...,q;] with [lg¢ll,» < 1forall £ € [j]. We will sometimes overload

the notations and write ||-||, when the dependence is only on x, i.e., for K /) where
Jj = 0. Note that, in particular,

_1
[k )| = a2 ViK e )

9

x 2

X, X

HK“”(x,x/) 27)

_1 _1
g *ViVaK (x, x')g 2
2

1

gx “HIK (XD 10 gy ?

and H K (x, x)

X

2

All these definitions are naturally extended to the covariance kernel K by replacing
the expectation E in (25) by an empirical expectation over wi, ..., Wp,.

4.2 Non-Degenerate Dual Certificate withm — oo

Recall the definition of the covariance kernel (9). Following [15], a natural approach
toward constructing a dual certificate is by interpolating the sign vector sign(a;) using

the functions K (x;, -) and K 1 (x;, -), since we have

s s
=Y oK)+ Y [en jJKM(x), )5 arj €C, apj € C Y CIm(P%).
j=1 j=1

Using the gradients of the kernel allows to additionally impose that Vi (x;) = 0,
which is a necessary (but not sufficient) condition for the dual certificate to reach its
maximum amplitude in x;. Usual proofs then show that, under minimal separation,
applying this strategy indeed yields a non-degenerate dual certificate.

We first consider the case where one has access to arbitrarily many measurements
(m — 00), and to this end, we consider the limit covariance kernel K defined in (10).
Let us introduce some handy notations that will be particularly useful in later proofs
(Sect. 6). Our aim is to find coefficients (oq,j);-zl € CS and (052,1');-:1 € (C9) such
that

N N
nEY K (x4 ) e 1KY (x),0) (28)
Jj=1 Jj=1
FolCT
R
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satisfies n(x;) = sign(a;) and Vn(x;) = O for all j = 1,...,s. Note that these
s(d 4 1) constraints can be written as the linear system

T(on) _ ((sign(ai))f-;l) o (29)
(%) (O

where 7" € RS(@+Dxs(@+1D) jg 3 real symmetric matrix defined as

def.

T = E,ly()y ()] e CEUTDxs@D, (30)

with the vector y (w) € C*“@*D defined as
def. s T\* T
7@ 2 (ol (Vo) ) (1)
Assuming that 7" is invertible, we can therefore rewrite (28) as n(x) = (r—tu) T ),
where
P p— ; T\ & ps@+h
() 2 Euly @o(0)] = (K i)y (ViK@0T) ) e RO,
(32)
We also define the block diagonal normalization matrix Dy € RS@FDxs(@+1) 55

1d,

Dy & . (33)

Ox,

D=

so that T = Dy7 Dy has constant value 1 along its diagonal.

We will prove in Theorem 2 that n of the form (28) is indeed non-degenerate,
provided that there is sufficient curvature on K (x, -) in a small neighborhood around
xandming; 04(x;, xx) = A where Ais the distance at which the kernel and its partial
derivatives are sufficiently small (to allow for interpolation with K (-, x ;) with minimal
inference between the point sources). To do so, we need the following definition.

Definition 3 Given r > 0, the local curvature constants £y(r) and &,(r) of K are
defined as
go(r) = sup {8 i K(x,x)<1—¢g Vx,x e Xsit. Og(x,x’) > r}

& (r) & sup {8 ; —K(Oz)(x/, x)[v,v] > ¢ ||v||% L Vx,x' e Xsit. Dg(x,x/) <r,Yv e Rd}

Given & > 0 and s € N, the kernel width of K is defined as
EOE';W
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A(h, s) = inf

{A Y HK(ij)(xl”"‘)Hxl L SR G 101X 00,2}, bl € SA}
k=2 o

where Sp = {(xk)f(:] e X% 0(xg,xp) = A, Yk £ E} is the set of k-tuples of A-

def.

separated points. We define inf ) = +o0.

Intuitively, these notions are similar to those appearing in the definition of non-
degenerate dual certificates (and will ultimately serve in the proof of existence of
such certificates): r is a neighborhood size, &y represents the distance to 1 of the ker-
nel away from x = x’, and &; is the “curvature” of the kernel when x ~ x’. Finally, A
is the “minimal separation” under which s Diracs have minimal interference between
them, or, in other words, the covariance kernel and its derivatives have low value. We
formalize this in the following assumption.

Assumption 1 (Assumptions on the kernel.) Suppose that K is a real-valued kernel.
Fori,j < 2andi+ j < 3, assume that B;j £ sup, vy |[K©P (x, x|, . < o0

and denote B; = By; + By; + 1. Assume that K has positive curvature constants &g
1

def.

and &, at radius 0 < rpear < By,>. Let s € N be such that A = A(h, s) < oo with

1 (80 &
h < amln (B_O’ E)
Under this assumption, the following theorem, which is the main result of this
section, proves that a limit non-degenerate dual certificate can be constructed under
minimal separation.

Theorem 2 Under Assumption 1, for all {xi};_; with ming., 0g(xx, X¢) = A, there

exists a unique function n of the form (28) which is (%0, %2, Fnear)-non-degenerate.
Moreover,

_— &2
[sien@pDa (0] (0 = K2y 0| <= V€ Bog (4 Fncar).
We delay the (slightly lengthy) proof of this result to the next subsection. Before that,
we make a few comments.

4.2.1 Dependency on

s As we have seen in the examples of Sect. 2, for a constant 7 we generally let the
minimal separation A = W (h, s) depend on s. Indeed, in dimension d, it is well
known one can pack C¢ A-separated points in a ball of radius 2A for some constant
C. (This is known as the kissing number.) Hence, there exist s A-separated points
such that

x,x’

N
ZHK<"J'>(x1,xk)H > min (Cd,s) sup HK("/'>(x,x’)
k=2 X1, Xk D(X,)H))A
Elol:;ﬂ
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Therefore, while the kernel width can be independent of s in low dimensions (and
the trick is then to upper bound this by a constant bound s — ©0, assuming the sum
on the L.h.s. converges), as d increases, the dependence on s will become inevitable;
otherwise, A generally depends exponentially on d.

4.2.2 Babel Function

The attentative reader might recognize the similarity of definition of kernel width
W (h, s) with the Babel function from compressed sensing [57], if we restrict the
definition to (i, j) = (0, 0) and recall that K (x, x’) = E,[¢,(x)@,(x’)]. The Babel
function of a m x N matrix A with columns a; is defined as

M(S)zl_rg[z}\),(]max > l@i.ap|: SCINLISI=s.i#S¢,

jes

and small value of 11(s) ensures that the sub-matrix AFAg, where Ag is the matrix A
restricted to index set S with | S| < s, is well conditioned and invertible. Furthermore,
recovery guarantees for Basis Pursuit and Orthogonal Matching Pursuit can be stated
in terms of 1 (s). In Theorem 2, sufficient kernel width also ensures that @@, is well
conditioned and thereby provide performance guarantees for the BLASSO.

4.3 Proof of Theorem 2

Before proving Theorem 2, we illustrate the link between curvature of the kernel as
represented by &> in Def. 3 and the quadratic decay condition |n| < 1 — e04(x;, )2
that we used in the definition of non-degenerate certificates (Def. 2). The resulting
condition (35) is the one that we are actually going to prove in practice. The following
lemma is based on a generalized second-order Taylor expansion.

Lemma2 Let xo € X and a € C with |a| = 1. Suppose that for some ¢ > 0,
B>0and0 <r < B~z we have: for all x € By, (xo;r) and v € C?, it holds that
—K(OZ)(xo,x)[v, vl > e ||v||§ and ||K(02)(x0,x)||x < B.Letn : X — C be asmooth
function.

(i) If n(xo) =0, Vn(xo) = 0 and

ID2[n] (), <8 Vx € By (x5 1) (34)

then |n(x)| < 604 (xo, x)zfor all x € ng (x0; r).
(it) If n(xo) = a, Vn(xo) = 0 and

a2 111 (0 = K P xo.0| <5 V€ Bo(xoin) (35)

for some § < % then for all x € Bag (x0; r) we have [n(x)| < 1 — &'dg(x0, x)?

with &' = %
FoCT
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Proof We prove (ii), the proof for (i) is similar and simpler. Using (35) and the
assumption on K 02) ' \e can deduce that for all v € R? we have

Re @Dz [n] (x)[v, v]) < —(¢ — &) [vll2 and [Im @Dz [n] (x)[v, v])| < 82

Given a geodesic y : [0,1] — R?, it is a well-known property that y +
Zi’ j Iij(y)yiv; = 0 where we recall that I3; € R? are the Christoffel symbols.
Therefore, we have

d2
AN ) = @) V() 0) + V) Ty (1)

=y Vi @)y ) = V0" | D Ly @)y 0y
ij
=70 Hn(y )y @) = Da[n] (y D[y (1), 7 @]
So, given any geodesic path with ¥ (0) = xo and y (1) = x, since of course we have

0g(x0, ¥ (2)) < 0g(x0, x) < r, by applying the inequalities above:

1 ! d?
Re (an(x)) = Re (E <n(xo) + Vn(xo) y(0) + 5/0 (- t)@n(y(t))dt»

1 1
=143 /0 (1 — HRe @D [] (y (N (1), 7 ()] dr (36)

(e = 9)

Dg(xo,x)z.

1
<1- (s—a)/o (A=) 1512 df = 1—

where the last line follows because [|y (1)l () is constant for all 7 € [0, 1]. Sim-

ilarly, we can show that Re (an(x)) > 1 — %Dg(xo, )c)2 > Osincer < B72,
and |[Im (an(x))| < gag(xo,x)z, from which we got [n(x)] < Re(an(x)) +
IIm (@n(x))| < 1 — £5204(xo, x)2. O

We can now proceed with the proof of Theorem 2.

Proof of Theorem 2 Recall the block diagonal matric Dy from (33). The system (29)

is equivalent to
e
T<~ ) = u,. (37)
o2

where T = DgY Dy and a = D;la. So, if T is invertible, then we can write

. T
n = (T‘lus) Dyf = (')"_lus)—r f. Therefore, we will proceed as follows: First,
prove that 7 is invertible. Second, bound the coefficients « 1 and «». Third, prove that
n is non-degenerate.
Elol:;ﬂ
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We first prove that the matrix 7" is invertible. To this end, we decompose it into

blocks

- (T

T = <Tl 7 (38)
where Ty € C*5, 77 € C*%S and 75 € C9%54 gre defined as

def.

A |
To—<1<<x,,x]>),] b NS VIK G X)) o, T

def

(gx, VIVZK(xlvxj)gX] )1] 1

To prove the invertibility of 7", it suffices to prove that 7> and its Schur complement
Ts = To -Nr, 1T1T are both invertible. To show that 7> is invertible, we define

Ajj = gx V1V2K(xl, ,)gx such that 7> has the form:

Id App ... A
T = Ay 1d
Al oon Id

and by Lemma 5 in Appendix A.1, Assumption 1 and (27), we have

I1d — T2 lojock < maxZ||A,]||2—maxZHK““(x,, B
J#i A

<h<1/32.

. .. . -1 1
Since ||Id 2||block < 1, 218 1nvert1ble, and we have H 2 ‘ block S T d=T2 Toock

< %. Next, again with Lemma 5, we can bound

Id = Yolloo = max YK (i, xj)| <
J#

l
o VIK (x;, x;))

”Tl ||oo—>block

:m_aXZHK(IO)(x,-,xj)H <h
2 i 7 X

since K10 (x, x) = 0. Hence, we have

I1d = Tslloo < 11d = Vol + | TF]

block— 0o

def.

—1 2 /
I, Mo broak < h+3h <2HER < 1. (39)

FoE'ﬂ
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Therefore, the Schur complement of Y isinvertible and sois T . Moreover,
1
-r"

‘We can now define:

<

ee]

o= ’f’_lus = <‘Zl)
o)

and, as described above, « = DQI&. The Schur’s complement of Y allows us to

express o1 and oy as
5 T ! sign(a)
(‘i”) - ( EST ) 40)
o =7, M7y sign(a)

, and therefore, we can bound

1
-1
lonloe < | 7571 < 7=
- -1 -1
e ezl = Nazllbiock < H T2 e 171 loo—bioc ‘TS ”OO =4
Moreover, we have
1 1 "

oy = sign(@]loo < 10 = 75| <[yt ma- vl < = @)

~ 0 1—h

We can now prove that 1 is non-degenerate. For any x such that 04(x, x;) 2> Fpear
for all x;’s, there exists at most one index i such that 94(x, x;) < A/2 and so, for all
J # i, wehave 0g4(x, x;) > A/2. Therefore,

o, K(x;, x) + ZO!LjK(Xj,.X)
J#i

n(x)| =

+ Loz 1K 0 x) + )l 1K1 (x, x)
J#

< lletlloo | 1K G0+ Y |K (x), %) +mlax”a2,inm (HK(IO)(’C"’X)HX.
J# ’

+3 [ K100 0
i

Xj

1 _ €0
< ——(1-— h) +4h (B h <1——.
1—h’( g0+ h) +4h (Bio + h) >

Now, let x be such that 0g(x;, x) < ryeqr. Similarly, for all j # i we have
0g(x,x;) = A/2. Observe that
Elol:;ﬂ
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sign(a;)D; [n] (x) = K(OZ)(xi, x) + (sign(a,‘)al,i — 1) K(OZ)(xi, X)

+ sign(ai)[Zal,jK‘”)(x,-, ) + [, i 1K 12 (xi, x)
J#i
+ Z[az,,-]K“”(xj,x)}
J#i
So,

sign(a;)D2 [n] (x) — KO (x;, x)

X

< H (Sign(ai)al,i - 1) K (x;, x)

+ Sign(ai)[zal,jK(oz)(Xj, ) + [0, i 1K 12 (i, x)
J#

+Z[az,j]K(12)(xj,x)]
J#i .
h/
S 73 Boz + kel + max leai,, (Biz+h)
n h 5
S B 4hBiy +4h> < ==

We conclude using Lemma 2 and w > & /4. O

5 Sparse Recovery

In this section, we formulate our main contribution, Theorem 3, which is a detailed
version of Theorem 1. In previous sections, we have shown that the existence of a
non-degenerate dual certificates implies sparse recovery guarantees, and that in the
limit case m — 00, a minimal separation assumption implies the existence of a dual
certificate. Our main theorem is obtained by bounding the deviations from the limit
case when m is finite. We do so by extending the celebrated golfing scheme [39] to the
infinite-dimensional case. We first begin by our assumptions on the feature functions

Po-
5.1 Almost Bounded Random Features

In order to bound the variation between K and K , we would ideally like the features
¢, and their derivatives to be uniformly bounded for all w. However, this may not be
the case: think of ¢/® ¥ , which does not have a uniformly bounded gradient when the
support of the distribution A is not bounded. On the other hand, if A(w) has sufficient
decay as ||w|| increases, one could argue that the selected random features and their
FoC

@ Springer Lﬁjog



272 Foundations of Computational Mathematics (2023) 23:241-327

derivatives are uniformly bounded with high probability. For r € {0, 1, 2}, we define
the random variables

L(w) = sup ID; [@0] ()l - (42)

Note that L, (w) < oo for each w since X is a bounded domain and ¢, is smooth.
. 1 1 .
Since | (¥) — 90 ()| = |fy S0 )| = | [y D1 [90] ()7 (0)1de| fora
smooth path from x to x’, it is easy to see that

|00(¥) — 90 (x)] < L1(@)0g(x, x") (43)

We will also require D» [¢,,] (x) to be Lipschitz; to this end, we assume that for all
x,x’ € X, there exists T, : C4 — € an isometric isomorphism with respect to
gx, thatis, such that (u, v)y = (Ty_ /U, Ty_'V)y, such that for all w:

Li(w) = inf
D w -D (0)) ! x—x"" Lx—x/"
{bo; wp  IP2901 @) = D2 o]l (Dl ol

/
0g(x,x")<rnear Dg(x’x )

L} <oo.

where naturally

|D2 [¢] (x) = D2 [90] () [Txmsrs T
= sup D3 [¢e] (0)[u, v] — D2 [@a] (X)) [Ty w1ty Ty 0]
el <L Jvll, <1

and rpear comes from Assumption 1. One possible choice of 7, _,,s is to choose the
parallel transport along the unique geodesic connecting x and x’. Another possible
1 1

choice is to simply choose 7,/ : v > 9;7 g2 v. The latter choice implies

HDZ [¢w] (x) — D2 [go] () [Txmxrs Ty ”x

_1 _1 _1 _1
= gx/2H<Pw(x/)gx/2 — Ox ZH(pw(x)gx : ‘ . (44)
which is a more convenient expression that we will use in the examples.
Finally, we let F; : [0, oo) — [0, 1] be decaying tail functions such that
Py (Lr(®) > 1) < Fr (D). (45)

Our sampling complexity will depend on the decay of these tail distributions so that
the derivatives of the selected random features are bounded with high probability. A
similar idea of stochastic incoherence was exploited in [16] for deriving compressed
sensing bounds.
FoC'T
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5.2 Main Result

Our main result is valid under the following assumption, which links the tail proba-
bilities of the bounds on the feature functions and the final number of measurements
m.

Assumption 2 (Assumption on the features and the sample complexity) For p > 0,
suppose that m € N and some constant {L; }?=0 € Ri are chosen such that

ZF (L)) < w and  miax (LZZF(L)+6/ er(r)dz)
Jj=0 L:
/ (46)
- min (g9, &)
m
and

s (sN)d

s <C1 log(s) log <;> + C> log ( ’ >> a7

€] €] €] B L
where N & RXLI +rneerzL0+L2 C; def. (L2+L2)Zr oo z,andC def. B2y 2250 4

L Lo L,
> 02( Lole )w1thL,j_ /Liz—i—L?.

The constants L, play the role of “stochastic” Lipschitz constant: for r = 0, 1, 2,
with high probability on w;, D, [¢,] (x) will be L,-bounded and L, -Lipschitz. The
condition (46) ensures that this is true with probability 1 — p, that is, with the same
desired probability of failure. Then, the entire proof is done conditionally on these
bounds to hold.

Note also that, generally, { L, } depend on m, through (46). However, all our examples
fall under two categories (see Sec. 2):

(i) either ||D, [¢y] (x)], is already uniformly bounded, in which case L, can be
chosen independently of p and m, this is, for instance, the case of discrete Fourier
sampling; .

(ii) or the F,(¢) are exponentially decaying, in which case we can show that L, =

p
@ (log (%) ) for some p > 0, which only incurs additional logarithmic terms

in the bound (47). This occurs in the case of sampling the Laplace transform or
sampling the Fourier transform with respect to a Gaussian distribution.

We are now ready to state the detailed version of Theorem 1, which is the main
result of this paper.

Theorem 3 Suppose that Assumptions 1 and 2 hold. Let y be as in (2) with
min;+; 04(x;,x;) = A and |w| < 8. Then, with probability at least 1 — p, any
FoE"ﬂ
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solution (1 of (P;.(y)) with A ~ % satisfies
N
N A S A
’Tazg }u}, E Aidy; | <e and 1}1:alx|a,' —a,-| <e

where A; = |/1| (Bbg(xi§ rnear))’ a;i = fi (Bbg(xi; rnear)) ande S m (ol (X))
46 - /5.

The next section is dedicated to the proof of Theorem 3 using an infinite-dimensional
golfing scheme. Appendix A is dedicated to the proof of some technical Lemmas.
Appendix B gathers all the concentration inequalities that we use in the golfing scheme,
which are essentially many variants of Bernstein’s inequality. Finally, Appendices C, D
and E are dedicated to the computation of all the constants in Assumptions 1 and 2
for the examples described in Sect. 2, which can be quite verbose.

6 Proof of Theorem 3

The main step toward proving Theorem 3 is to prove the existence of a dual certificate
satisfying the properties described in Proposition 1. More precisely, we are going to
prove the following theorem.

Theorem 4 Suppose that Assumptions 1 and 2 hold. Let {x]}] be such that
min;+; 04(x;, x;) = A. Then, with probability at least 1 — p, there exists p € C"
with || p|l < /s such that ) = ®*p is (7, g , Tnear)-NoN-degenerate.

6.1 Outline of the Proof

The construction of the non-degenerate certificate includes several intermediate steps.
As usual in this type of proof, we will first prove these properties on a finite e-net
that covers X, then extend them to the whole space by regularity. Here we work with
several nets G ¢ xnear gpd gfar  xfar whose precision will be adjusted later. The
principle of the golfing scheme is to work with an “approximate” dual certificate n*PP
(which is actually not a dual certificate at all); then, “correct” it to obtain the desired
true certificate. In details, we will go through the following steps:

1. First, show that with probability at least 1 — p, there is an approximate certificate
n*P e Im(@*) such that for some constant cq that will be adjusted later,

_ PP sign(a;)|* + |D1 [#%P] (x])” < forall j=1,.
|,7app(x)} <1-2 forall x € gfa‘” (48)
H sign(a;)Dy [7*PP] (x) — K(Oz)(x x)H < 782 forall j =1,...,s 5, X € g;w

In other words, we relax the condition n(x;) = sign(a;), Vn(x;) = 0, and replace
it with the first equation above.
Fol:'ﬂ
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2. Second, correct the approximate certificate to obtain a function! 7 € Im(®*) such
that:

n(x;) = sign(a;) and Vi(x;) =0 forall j=1,...,s
A < 1— 31%0 for all x € gfar (49)
[Sian@npz [i] 00 - K@y 0| <5 forallj =15, € g

That is, 7 satisfy all the properties we want, but on the finite nets G, g}leaf .
. Third, bound the norm of the p € C™ corresponding to ) = @*p.
4. Then, use Assumption 2 on the feature functions and the bound on || p|| to show
that actually, the 7 constructed above satisfy:

(O8]

n(xj) =sign(a;) and Vij(x;) =0 forall j =1,...,s
h)<1-2 for all x € Xfar (50)
Hsign(aj)Dz [ﬁ] (x) — K© (x;, x)H < ;82 forall j=1,...,5,x € X]‘.’ear

X

which, by Lemma 2, will imply that 7 is non-degenerate with the desired constants
and conclude the proof of Theorem 4.

5. In a fifth and final step, prove the existence of s additional certificates 7; as appear
in Proposition 2. Combined with the existence of 7 and Propositions 1 and 2, it
concludes the proof of Theorem 3.

We dedicate a subsection to each step of the proof. Before that, we start in the next
subsection with some technical preliminaries and notations.

6.2 Preliminaries

Let us introduce some notations and show some technical bounds that will be handy.
Recall the definitions of the sign vector uy from (29), y, 7" and f from (31), (30) and
(32), and Dy from (33). We have the following additional bounds, whose proof, in
Appendix A.2, follows similar arguments to that of Theorem 2.

Lemma 3 Under Assumption 1, T and f defined as in (30) and (32) satisfy the follow-
ing.

(i) Y is invertible and satisfies

1 1
= DT Dy, < 2 and 0= DDy <2 D
(ii) For any vector g € C*““tD and any x € X%, we have
| Daf ()|, < Bo and ’qTf(x)‘ < By HD;lq) (52)
Block
! Here, we write 7 to distinguish from the “limit” certificate 5 that we built in the case m — oo.
EOE';W
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(iii) For any vector ¢ € C*FD and any x € X" we have the bound:

D70 )0 < [pgte] 22
d HD TE(. HD H 53
an 2 [q ()] 1 Block ( )
Now, for wy, ..., @, denote the empirical versions of 7" and f by:
1 m 1 m
TE =3 @iy and £00Z =3y @0)gn, (). (54)
o mi

Recall the definition of L ; (w) and L j in Assumption 2. Let the event E be defined by

o
&

f.

m
ﬂEwk where E, = {Lj(w)<L;; j=0,1,23}. (55)
k=1

Since by Assumption 2, Eq. (46), we have P(E€) < p,anon-degenerate dual certificate
can be constructed with probability atleast (1 — ,o)2 > 1—2p provided that, conditional
on event E, a non-degenerate dual certificate can be constructed with probability at
least 1 — p

We therefore assume for the rest of this proof that event E holds and establish the
probability conditional on E that a non-degenerate dual certificate exists. To control
this probability, we will need to control the deviation of f and T from their conditional
expectations fz = E E[f'] and 1 ) E[?], where we denote Ez[-] = |E ]. The
following lemma, proved in Appendix A.3, bounds the deviations between these.

Lemma4 Under Assumptions 1 and 2, we have:

(i) |Dg(Y — Y§) Dy, < 48D g | Dy (T — T) Dy
8(s+1)min(§0,52)

||2 ”Block

(ii) forall x € (F(x) — () |, < Loty mino.f2)

By+2./5) min(&g, £
(iii) forall x € X"ear, SUP|4 <1 HD2 [(f — E)Tng] (x)||x < me

6.3 Step 1: Construction of an Approximate Certificate with the Golfing Scheme

The first step is to construct an approximate certificate n*PP using the so-called golfing
scheme. The golfing scheme was introduced in [39] and successfully used in com-
pressed sensing, for instance, in [16]. It can be intuitively explained as follows. Recall
that the certificate constructed in Theorem 2 in the case m — oo is of the form
n = (Y ~Yu) Tf. It is therefore natural to try to show directly that 5 = (’f’_lu)Tf' is
also non-degenerate by bounding the variation between 1 and 7. This is the strategy
adopted by Tang et al [55] and in our previous work [44]. However, as mentioned
before, this proof technique requires the random signs assumption; otherwise, a sub-
optimal bound on m is obtained. To solve this, the golfing scheme starts by writing
FoE'ﬂ
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the following Neumann expansion: assuming that 7 is invertible, we have
T 'wt=0'TrH 't

R -1\, & R 56
Id — TT_1> u) f= Z(T“qeq)Tf (0
=1

=>
Il
~

I
WK
~—
3
—

where ¢, = (Id — ?T_l) qe—1, 90 . By cutting the sum above to a finite number
of terms, one effectively obtains an approximate certificate that must be later cor-
rected. However, there is an additional difficulty in analyzing the sum, which comes
from the fact that for each summand, f and T‘lqg_l are random variables which
are not mutually independent. The idea of [16,39] is to decouple the random vari-
ables by partitioning the indices {1, ..., m} into J disjoint blocks B, of size m; with
Zgzl my¢ = m, for some J and m, that are adjusted below. Denote by f’g and f.( the
empirical versions of 7" and f over the m, random variables included in By, that is:

- def.

1 a ef. 1 N
T - 3 y@oyen” and i = - 3y @0gu ).
keBy keB,

Then, instead of (56), we consider

J
N =Y "(rlq )
=1

where g = (Id - ng‘l) qe—1, 40 = u. Note that this can be rewritten as:

¢
qr=u—Y 1,7 'q, (57)
p=1

Now, the idea is that one can control each term q[_lfg conditional on g¢—1 and for
appropriate choices of the blocksizes m, n*PP can be shown to be approximately non-
degenerate with high probability. Each additional term in the sum brings the certificate
“closer” to its desired properties, hence the term “golfing” scheme.

6.3.1 Parameters and Intermediate Assumptions

We set the error ¢ that appears in (48) as

. (& &
co=Comin | —, —, 1
By B>
FoCT
iy
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for some universal constant Cy. We define the parameters of our golfing scheme as
follows:

J = [og(s)] + 2,

€0
(l=c)= ———n and Y£=3,...,J, ¢ =cp,

4,/log(s)

—1— %0 + %0 = 4By /log(s), and Ve =3,...,J, 1, =4Bylog(s),

.
by = % by = 4By \/10g(s), and Ve =3,....J, by=4Bslog(s).

We now formulate an intermediate set of assumptions, and proceed to show that:
first, they imply the desired properties on PP, and second, they are valid with high
probability. For 1 < £ < J, we define:

(o) | Dgae|gioer < ct [ Dage-1 | groeio

(Il;) Forall x € G, ‘(’f oo 1)ng(x)‘ | Dgge—1] groess
(o) If ¢ = 1: for all j = 1,...,s, x € gneaf,

Hsign(aj)Dz[(T*‘uS)Tfl](x)—K(”)(xj,x)H < by;and if € > 2: for all

x € ghear, ‘Dz [(T*‘qz—l)Tf‘f] (x)Hx < be | Dage-1] o

Let us now assume that (I), (IIy) and (I1I;) are true for all £ and show that PP satisfy
the desired properties. We define ¥ : € (X) — C*@+D py

.
UFE [ fE V) V)T (58)

In words, ¥ evaluates a function and its first derivative at the points {x J};zl' Note

that for any vector v € C*@+1 by definition we have (') = Tov. Using this,
we have

S [mewee) — signta| + |01 ) )2
j=1

= Ju, - Dgw ™| < V5 | Dy (1, — W

Dy (lh -V <Z(T qe— 1)Tfe)>
=1

oo

) ” Block

Block

=1 Block
J
C)) —\/_c
‘/_ ” ngj ”Block 1_[ CZ = 1610g((iv)

Fo C 'ﬂ
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1
. . . 1 log(3)—1 1 log(s)—1
< (== < | —=
since by adjusting Cp we can have ¢y < ( JE) < ( Jﬁ) where the last

inequality is valid for all s and results from a simple function study. It proves the first
part of (48). Next, for all x € G,

o) J -1
[P ()| < \(T g I)szm\ Zle | Dgge- 1||Block<Z e
=1 =1 p=1
By = €0
1—?+8+BOCO+—§CO Y
£0 B()C(z) £0
+§+Boco+m<1—z.

2 _
since by our choice of ¢y and adjusting Co, Boco + 4(1130%2) < ¢ Similarly, for all
x € g ’
i

|sien(a D2 [1™] () = K (xj0|

< [Sent@no: [(rtun T | 0 - K200

+ i 02 [0 TR | 0|

_ J—1
382 B ¢
< +Z’?ﬂl_[0p— 200+7§%
RE) B2C0 Tey
X A~ B - XX
32 TR I T S

2 _
since similarly, Baco + 4(?2%0) < g—i. Hence, (Iy), (IIy), (Ill;) indeed implies (48).
Next, we derive a condition on m under which they are true with probability 1 — p
(conditional on event E).

6.3.2 Probability of Successful Construction

Let us now prove that (Iy), (II) and (Il ) are indeed valid with the desired probability.
Let p1(£), p2(£) and p3(£) be the probabilities conditional on event E that (I;), (I;) and
(I1lp) fail, respectively. By a union bound, our goal is to derive a bound on m such that
22:1 24{: 1 Pr(£) < p. We do so by applying variants of Bernstein’s concentration
inequality that are all detailed in Appendix B. As we mentioned before, a crucial
construction of the golfing scheme is that, at each step, g,—; and f, are mutually
independent, such that we can reason conditionally on g¢—; and treat it as a fixed
vector when bounding the probabilities w.r.t. f, and 77.
FoE'ﬂ
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We define g = Dg_ IT_lqg for short. To bound pj(£), we first observe the recur-
rence relation Dggy = Dg(Id — ')A’gT_l)qg 1 = Dg(T — ffg)ng(g_l. Moreover,

—ly—1p-1 1 -
by Lemma 3 we have “ T D HBlock < = ”DETDQHBlock < 2, and there

1Ge—1lBtock = 5 IGe—1lItock- Finally, by

fore | Dgge—1 g > HD‘IT 11D‘1

Block
Lemma 4 and our assumptions we have in particular that || Dy(T; —T)Dy ||Block <

ming c¢ /4. Therefore,

) =Pz (”Dg‘M”Block Ce ” gqt— 1”Block) (HD (r — TK)DEW 1HBlOCk

Ce -
> 2 11 lptock )
2
Pg (| pa(rz = TDgi |

[ Vi)
Block = 4 ”ql—l”B]ock

Finally, applying Lemma 14, for some p, that we adjust later we obtain that

Pz (H Dg(Tg — Te)Dgde—1 H ||CH 1||Block> < pe

Block

' > 5Ly (i)
ifmg 2 2 log o )
For p,(£), we have

g0 THe0)| = |G- Dafe)| < |(Ge-) T Dy Ee ) — £00)|
+ |Ge-1) D)
< | @0 Dg(e0) — £00))|

. {Bo IGe-1lgroac € >2
— %0 £=1
by Lemma 3 for the case £ > 2 and Theorem 2 for the case £ = 1. Hence,

p2(0) =P (ax e g, \(T—lqe_l)Tfo)\ >ty | Dgge—1 ||Bm)

. ~ te  _
< ]P)E_ (3)6 c gtar’ ng(x)‘ > E ”Clﬁfl ||Block)

<Pg (3r €™, |G- D@ — 10| = 7 o1 Ipioc )

~wr | (X —By) £=2
where 7 = {(502 0) )

Since by Lemma 4 we have in particular

Ge-1) " Dy(tz(x) — ()|

< V25 1Ge-1llgrock | Pg (B (x) — £(x)) || < 5 1Ge-1lIptoct -
FoE'ﬂ
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by Lemma 8 and a union bound we have

P e _
p2(0) <P (Elx e g, (fe(x) — fE(x))‘ >3 ||QZ—1||Block> < P

L01 Lo |gfar ‘

pe
For p3(¢), fix j, for any x € gneaf in the case ¢ > 2, by Lemma 3,

provided that my 2 s < + ) log (

< | (D2 Bade-nTd ~ ] )|+ [Pz [Dade-nTE] @)

< |P2[(Dade-0) T = D] @) + B2 1Ge-1 ok

”Dz I:(Dg‘iéfl)—rf[]

and for £ = 1, by Theorem 2,

[sienta; )bz [(Dgio) h | ) — K P00
< |sign(a)D: [ (D) Tt 1) = K P (xj.0| + D2 [(Dgd) "1 =] )]
=+ |D2[Dgan) T - D] )]
Therefore, by the same computation as before,

p3(0) < Pg (Elx e grer,

[(Dade-0 T =D] )| = b lde-1l1piock)

( —Bz) =2

2 =1

where by = {
64

Again using Lemma 4, we bound HDZ [(Dgc}g,l)T(fE — f)] (x)”x < % lge—1llB10ck
and

p3(0) < Pg (Elx € ghear, HDz [(Dgézq)T(fz - E)] (x) HX > b?g lge—1 ”Block) S P

[2 3 near
by Lemma 10 and a union bound, provided that m,; 2 s (% + LZEL‘” > log (‘gpe |>.
f] (4

Choosing p1 = p2 = p/9 and pg = p/(9J) for £ > 3, recalling that obviously
& < B, forr = 1,2 and denoting Ng = |gfar} and N, = |G"¥| for short, we have

Zi:l ZLI pr(€) < p provided that

L2 LoiL N
=my > s Z (LO1 log(s) log< ) + (é; + : r) log (;))

r=0,2
FoE'ﬂ
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and for £ > 3,

2 r2 ror
s lOg(s)) Ly LoiLy <Nr lOg(S))
mg 2 s Ly —5 lo + + lo
(zs Y ( 02 g( P BZlog(s) | Brlogls) ) S\ »

r=0,2

Therefore, conditionally on E, *PP can be constructed with probability at least 1 — p
if m 2 my 4+ my + Jms, for which it is sufficient that

- - |
m2>s Z <L01 log(s)log( ) + (% + L(gLr) log (Nr (;g(s))) (59

r=0,2 r r

6.4 Step 2: Correcting the Approximate Certificate

The second step of our proof is to “correct” the previously constructed approximate
certificate n?PP to obtain a certificate n € Im(®*) satisfying (49). Recalling the defi-

def.

nition (58) of ¥, let e = W n?PP — uy be the error made by n*PP and define

AP — n°  where 1°%= (Y le)Tf.
Then,

Ui =¥n" —e=nuy,

and we have indeed that 7(x;) = sign(a;) and V7 (x;) = 0. We will now bound the
deviations of 7 on the grids G and G"**", using the fact that e has a small norm. Note
that there is a subtlety here: e itself is random, and not independent of f or 7. So we
must use “uniform’ concentration bounds.

Using Lemma 3 in combination with Lemma 4 and Lemma 12, we have that with
probability at least 1 — p

[1d— D7Dy | < |Id—D TDg| + | Dg(* = T5)Dg|

113
DT—TDH Ch-—4-=2 60
+ | Pa ) Stets=s (60)
and therefore
—1~r—1 -1
HDg 71D, H<4. 61)

By Lemma 3, 4, 9 and a union bound to, respectively, bound each term in the following
triangular inequality, with probability 1 — p we have

Vi e G, | Dgf(o)| < | Daf)| + [ Dgfp(x) — £ | + | DaEe) — £ <280
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iftm > By 2log (g |) (sL3, ++/5Lo1Lo). Then, forall x € G™, since by adjusting
Co we can have in particular | Dge| < f/_E <o < %8 min (2—22, 2—‘(’)), we have
A app P —13—1p-1 3&o
i) < 1% 00| + [ Dafeo | | D5 710G | [ Dge] < 1- T2
Similarly, by Lemma 3, 4, with probability 1 — p we have for all x € G"* and
g€ (Cs(d-‘rl)’

P2z -0 Dg] ],

|2 7 pea o] < o270

+ | D2 [tz =B Daa | )|

< B2+ B2/2) gl + llgll sup

v <1

R —
‘; k; Dy (@1 gy (v)
~Eg Doy @)g0(v)|

where gw(v) =D, [¢w] (X)[v, v]. By Lemma 11 and a union bound, for all x € G"¢¥",

sup
llvll, <1

ZDgﬂwk)gw(v) E;Dgy (@)g0®)| <
k 1

2 I [ near
ifm 2 SBDLO]JFI;/;LOILZBZ (log (\gp |) + dlog <SL°‘L2 )) Using this property with

2
def.

q =Dy 17 ~1e such that ||¢|| < 4co, and by adjusting Cp, we obtain: for all x € Q“ear

|sign(@nps [7] ) = K . 0| < [sientapps [1] o) = KO x|

+ D2 [i7Dgq] o)
X
Ter n & _ 158,
64 128 128

which concludes the second step of our proof. By combining the bounds on m that we
obtained with (59), after simplification we still obtain

L2 LyL, B N/ log(s)
2 01Lr 22 2 g
m2s E <L01810g(s)10g< ) + <_£ + :, + = 5 Lm)l og (’T>

r=0,2 r 2
(62)

with Nj = No = |G™| but N} = |G"*| + (sLo1 L2/ B2)?.
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6.5 Step 3: Bounding the Norm ||p ||

In this section, we upper bound || p|| where @* p = 7, for the 7} that we have constructed
in the previous section. We recall that @*p = \/Lﬁ Y by Pk (), and

7
Tlapp=2(7'_lqg4)Tfe \/_Z my Z(T qe-1) "V (@) @w, = O*pPP,

=1 keBy

where p?PP = (pg),{:1 € C" and p; = “r/n—"?(y(a)k)*T_lqg_l)kij e C™. So,
IIpaPPII2 = ZZZI IngII%. To upper bound this, foreach ¢ =1, ..., J,

my 1 _ _ R T
—lpel3 ==Y i T @y @) T gy = g} v T r g
" e keBy

=g, v T 1oy +af Y e = af Y e+ v g

< |pg' v~ og"| [Dggr1] (1Pgge1 ] + | Doae])

Sds ” DgQE—l ”Block (”ngl ”Block + ” DQQE—l ”Block) Sds (ce + D l_[ 61’2'
i=1

where we have used ||D ly-Ip- 1” 2 by Lemma 3, ||-| < +/2s ||‘llgjock, and

the computation that precedes for H Dgqe For¢ =1,2 mﬂ = O(1) and ;- =
O(log(s)). Also, for £ > 3,

“ Block*

-1

-1
C
(cz+1)lj[c (A +cp) —2—— 61080}

Therefore,

P <as (14— b Dy )<
) cCo))————— S
P 4/log(s) | 16log(s) 160 —co) )

On the other hand, n® = @* p® where p® = (y (wk)*’f_le);:lzl. So,

A

|p°|> = 17T e < 8| Dye|* S 1.

Therefore, #j = ®* p with || p||? < s.
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6.6 Step 4: Non-degeneracy on the Entire Domain

We conclude by showing that the 7 constructed in the previous sections is indeed
non- degenerate on the entire domain. For this, we simply need to control the Lipschitz
constants of 7 and its Hessian, which are in fact directly related to || p||. Let any
x € X™ and x’ € G™ be the point in the grid closest to it. Under E, we have

3&o 3e
0] <1 - ¢t () = ()| =1~ 860 + [(@*p)(x) = (@*p)(x)]

380 1 & 3%
<1=+1pl ;Z|¢wk<x>—<pwk(x/)| 1—1—6+L1||p||ag<xx)
k=1

Hence, we prove the first part of (50) by choosing G such thatd g(x,x") <

= d
_ (CRxLilpl
€0
for an appropriate constant C.

Now, for any x € X/'?ear, and x’ € g;eaf closest to it, we write

__fo
) i 16L1lIpll°
which results in

‘ gfar

‘)Sign(aj)Dz [7] ) — K9P (x;, x) Hx
< HDZ [ﬁ] (x) — D2 [ﬁ] Txmsars Tamsar’] ”x

— (63)
+ Hslgn(aj)DZ [77] (x/)[fx—m/'a Tyl — K(OZ) (xj’ x/) [Txsws Tesxr]

X

+ H K© ()Cj > x/)[fx%x", Tyl — K ()Cj, x) HX

We bound each of these terms. For the first, under E we have

D2 [7] &) = D2 [A] ) [Txmswres o1, < NI

m

1 _
— 3 ID2[00] @) = D2 [0u] mxnss Tamer [} < L P10 (x, )
k=1

For the second term in (63), we have

”Sign(aj)DZ [ﬁ] () [Tymxres Tomsir] — K0 (xj, T sxres Tesar']
< 158,
! 128

X

~ [Fentaioa ] ) -

from what we have proved in the previous section.
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Finally, for the third term in (63) we naturally introduce K gj ) defined as K@/
in (25), but by replacing E with the conditional E ;. From Lemma 4, the deviation

between K 2 and K gn) can be bounded by

=[]0 < 2

near 02), . _
Vx € X%, HKE (xj,x) S

where u ; is the jth canonical vector of C* @+ Moreover, by Assumption 2 it is easy
to see that

02 02 T o7
HK](;- )(Xj, x/)[fx—m"’ Tesxt ] — Kl(;" )(.Xj, x)Hx < L0L309('x’x,)

Hence, by a triangular inequality we have

H K(02) (xj’ x/)[fx—nc"’ Ty —

02
< HK(OZ) ()Cj, x/)[fx%x/', Tyl — Kl(f )()Cj, x/)[fx%x"v Tx—x'"

02 02
+ ”Ké )(-xjv-x/)[rx—))(/'v Ty ] — K(- )('xj1

| K0 = KO0 < o2+ LoLadg (e, 4

256
Therefore, (63) becomes
[Sign@D: [i] (0) — Ky, 0] < Lo + IpIoglr. x) + o2 4 22
’ e M g 128 ' 256
(64)

. A . / #
We prove the desired property on D; [#] by choosing 04(x, x') < AR

which yields

- - d
— (CrnearLOL?) ||P||)

near| __ near
" =5 |G] 5

for an appropriate constant C. Gathering everything with (62), we finally obtain

P2 i vd
m2>s Z (Lm log(s) log< ) + (% + %) log (%)) (65)

r=0,2
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with No = *Raxls , = stuulolatl)

6.7 Step 5: Additional Certificates

Non-degeneracy of 7) directly allows us to apply Proposition 1 to deduce stability away
from the sparse support in the reconstructed measure. In order to apply Proposition 2,
we need to construct an additional s certificates n;, which are, however, “simpler”
to construct since they need to interpolate a “sign vector” that has only one nonzero
coordinate and do not require the golfing scheme to do so.

Foreach j = 1,...,s, let u; be the vector of length s(d + 1) whose j' entry is
one and all other entries are zero. Define the functions

4 def. —1 Iy T — def. —1 I T
nj B <T <0xd)) f) and 77]' N (T <2”j - <Osd>>> fe,

and
def. 1 — —1 T
nj=5(nj+nj>=(r uj) f(x).

By Theorem 2, njr and n; are non-degenerate (limit) dual certificates with respect to
signs 1; and —1; + 2u ;, respectively, and 7; satisfies, for all £ # j:

nj(xj)=1, Vnj(x;)=0 and n;(x) =0, Vnjx) =0
1 _
|r)j(x)‘ < 5 (’nj(x)’ + ‘nj_(x)’) <1- 6;70’ Vy e xtar
HDZ [nj] (x) — K(Oz)(x]',x)” < 8_2’ Vyx € Ahear
X 16 J
[D2 [n;] @],

(HDz [n;r] () = KO (g, x)

(66)

oo k] )

2
< Vxe

Thus, using Lemma 2 to translate the last two conditions into quadratic decay, we
conclude that n; satisfies the conditions of Proposition 2.
To conclude, we will show that

A

T A
i 2 (T7) femor

does not deviate too much from 5 ; and satisfies the conditions of Proposition 2. Note

that by construction, 7j;(x;) = 1,7 (x¢) = Oforall £ # j, and V#;(x¢) = 0 forall £.

It therefore remains to control the deviation of #); from n; on X™ and D; [#;] from
D; [T)j] on X",

EOE';W
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Proposition 3 Under Assumptions 1 and 2, suppose that min;; 04(x;,x;) > A.
Then, with probability at least 1 — p, forall j = 1,...,s, there exists j; = ®*p;
where ”pj H < 4 which satisfies, forall £ # j:

nj(xj) =1, Vij(x;) =0 and 9j(x¢) =0, Vijj(xe) =0

~ &0 f;
‘n./(x)| él—g, Vx e X" (67)

HDZ [77]‘] (x) — K(Oz)(xJ',X)Hx < §2, Vx € X}lear, ”D2 [ﬂj] (x)Hx < =2, Vx e AP

N

The proof controls the deviation between 7); and n; on a fine grid using Bernstein’s
concentration inequalities and extends the bound to the entire domain using Lipschitz
properties of 77;. As we mentioned above, the proof of this result is conceptually
simpler than the deviation bounds on n*? since Hu j || = 1. We therefore defer its
proof to Appendix B.5. Using Lemma 2, we have therefore constructed the additional
certificates to apply Proposition 2 and conclude the proof of Theorem 3.

7 Conclusion and Outlooks

In this paper, we have presented a unifying geometric view on the problem of sparse
measures recovery from random measurements. This theoretical analysis highlights
the key role played by the invariant Fisher metric to define a precise notion of Rayleigh
limit in the case of possibly non-translation-invariant measurement kernels. We ana-
lyzed several examples including Laplace measurements in imaging and left partially
open some other important examples such as one-hidden-layer neural networks. Ana-
lyzing the super-resolution regime (going below the Rayleigh limit) requires stringent
assumptions, such as positivity of the measures. Beyond the 1-D case, this is still
mostly an open question, and we refer to [45] for some partial results.

Acknowledgements The work of Gabriel Peyré was supported by the ERC project NORIA and by the
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A Preliminaries

In this Appendix, we provide the proofs to some technical lemmas in the paper, and
give useful tools.

A.1 Linear Algebra Tools

We give the following simple lemma.

Lemma5 For 1 < i, j < s, take any scalars a;j € C, vectors Q;j, R;j € C? and
square matrices A;;j € Céxd,

Elol:;ﬂ
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(i) Forq € C*%and M € C***5? we have ||qlyjoek < 11 < /5 19 lbjock and as a
consequence | M| < /s | M llyioek and [|M |lpiock < /s [IM|. Similarly, for q €
CU+D and M e C*UHD>@HD e have |lgllgoer < Nl < V25 19 IB1ocks
and as a consequence || M| < ~/2s | M ||gioek and [|M |[gjoc < v/25 | M.

(ii) Let M € C***5 be a matrix formed by blocks:

A ... Ay
M=1: - :
Agl ... Agg
Then, we have
IMllbock = sup | Mxllpjock < max Z |4 (68)
1% lbrock =1

Now, let M € R%?*S be a rectangular matrix formed by stacking vectors Q; ;€

RY:
Oi1 ... Qis
M=l : -
Qsl st
Then,
||M||oo—>block ]Iilaé( Z H QU HZ ’ H ‘block—mo S 11212% Z ” le ”2
(69)
(iii) Consider M € CS@+D>xs@+D gdocomposed as
ay] ... dig Q;rl Q;l;
] oasa ... a;s Q.—,'—1 .0l
M= Ri1 ... Ry Ai] Aij
Ryi ... Ryy Agp ... Agy
Then,
N N
5 < s (3 o+ 101 ) - (Yl + 051
j=1 i=1
N
s (1l + ) i (1 + 1)
j=1
Fol:rﬂ
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and

M lgtock < max{}_ fai;| + [ Qi
J

’ ZHRUHJFHAUH}

Proof The proof is simple linear algebra.

(i) This is immediate by writing the definitions.

(i) Let x be a vector with ||x||pjocx < 1 decomposed into blocks x = [x1, ..., x4]
with x; € C4, we have

s
IMxlltock = max _ZIAf,»xj <max ) Ay | ] < max 3[4y
J= J J

Similarly,

N

7| = max |37 0ixs| < max 35[0 ] < max 3 o]
] J J

Jj=1

Then, taking x € C* such that ||x|/5, < 1, we have
S
Mx = max x;0;ill < max i
| M x [l p1ock max Zl jQij| < ¢ Z” Qi
j= J

(iii) Taking x = [x1, ..., x5, X1, ..., X;] € C°@*D with | x| = 1, we have

2

s
D Rijxj+ AijX;
j=1

v (i g2 + o 1%, ||2) (Z s + 105 ”)

i=1 \j=1

2
N N
IMx|? =Y (Z aijxj + QﬁX;) +

i=1 \j=I

+ XS: (XS: | Rij || 5 + 4| [ % Hz) (i IRi; | + | Aij ||)

i=1 \j=I

 man (2 g + 103 |) RS 3 LN [
i=1 i=1

j=1

s N s
+max (Z I + [ 4 ||) max (1;13;(2 IRy max Y [ H) R
i=1 i=1

j=1
FoC'T
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Now, if ||x]|gjock = 1, we have

S N
T
1M x[|Biock = max Y aijxj+ QX | | D] Rijxj + AijX;
j=1 j=1

SNLARIIN

N
<max 3 fay| + | 03

j=1

A.2 Proof of Lemma 3

The proof is similar to that of Theorem 2.

(i) We bound the spectral norm of Id — Dy7 Dgy. By Lemma 5,

N s
2
| (1d — Dy D) [|* < max X;|K(xi,xj)|+X;HK<10>()C,~,xj)HXi
j= j=

J#i

S
+ max K19 iy X
; Z H (x/ Xi)
J=1j#

N
+3° K0
=1

Xj
2
< 8h?

Xi,Xj

by assumption on the kernel widths. Hence, 7" is invertible. Similarly, by again
applying Lemma 5, } DgT Dy —1d H Block < 2.
(i) Letx e X far then we have

1

2 2
) < Boo + Bio +2h < By
xi

N
[ Dt 0] < (Z K i 0P + | KO, x)
i=1

for which, similar to the proof above, we have used the fact that x is A/2-
separated from at least s — 1 points x;. Similarly, for any vector ¢ =
(1, ... qs, O1, ..., Qs] € C*@+D and any x € X™ we have

N
[Tt < Yl 1K 01+ il
i=1

KO0, |
Xi

<

D7%g| | (Boo+ Bio+20) < B | Dyl

Block -
FolCTM
U A
@ Springer |70
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(iii) For any x € A™ we have the bound:

oot} ], =

N
> @ik (xi, x) + 101K " (x;, x)
i=1

X
N
2
<Jogal (S o]
i=1

2
n HK(”)(x,», X)

% 1
) <psta]

Xi,X

and

S K, x) + 101K (31, %)

i=1

N
-1 02) ...
<[00ty ()00
1=

o [a7e] ],

X

+ HK(IZ)(xi, X)
X

X,‘,X)

< |Dg!

B
g 4 HBlock

which concludes the proof.

A.3 Proof of Lemma 4

First note that, for X = n~! ka=1 f (wy) any empirical average, since the wy arei.i.d.,
we have Ez[X] = Eg, [ f(w)], and therefore fz = Eg, [y (w)y ()*], and so on.

We now prove a general bound that we then implement for each item. Let A = A,
be a random matrix that depends on w, such that |[E[A]|| < B and |A|| < L(w), for
any matrix norm |-||. We have

by Bayes’ rule, and therefore,

E[A]| P(ES) + E[I|All 1 g

B(E,)
BP(ECCU) + ]E[L(a))lEg]
S P(E,) 70

Then, if we let E, , be the event that L, (w) < Lq, so E, = mzzoEw,q’ by the

. = in(2,2 1 .
union bound we get P(E() < - P(Ef, ) < 3, Fy(Ly) < % < 3, and in

particular P(E,) > % In the following, L(w) will be a sum of some of the L, (w)?,
Elol:;ﬂ
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so we bound E[L, (@)*1 5] < Y- ElLg(w)*1 gc ] and we have

E[Ly (@) 15 ] :/ P(Ly(@)*1ge > 1)dt
w, ] 0 w, ]
2/ P((Lq(a))z >N (Lj(w) > Z,»)) dr
0

0
< L,iF,»(L,-H/Zz Fy(Jdt = L2F;(L))
q

o0
+ 2[ tFy(t)dr

Ly

where we have bounded P ((Lq (@)?>=1N(L j(w) > L j)) by, respectively,
P(Lj(w) > Lj) < F;(L;) in the first term and by P(Ly(w)? > 1) < F, (/1) in
the second term. Hence, by Assumption 2 we have

BILy (0) 1] < 02 (1)

We can now obtain the desired results by combining (70) and (71) each time:

(i) we let A = Dgy(w)y(a))*D We have |E[A]|l < 2 by Lemma 3, and
Iy @)y @)*|| < sLO](a)) When applied with the norm ||-||gjock, We get
IE[ATllBlock < 2. and [y (@) (@)* [[gjock < 25L3, () by Lemma 5 (iii).

(i) welet A = Dgy(a))gow(x) We have |[E[A]]| < Bp by Lemma 3, and ||A|| <
V5Lo1(@)Lo(@) < 34/5 <L01(w> +Lo(w)2)

(iii) we let A = (y(w)Tq)gxz(H%)(x)gx We have [E[A]l < B:llgll by
Lemma 3, and Al < V/sLoi(w)La(w).

B Concentration Bounds
In this section, we detail the various Bernstein concentration inequalities that we
used in the golfing scheme. More precisely, we present some probabilistic bounds on

deviation of f and 7 from their deterministic counterparts f and 7", conditional on
event E (recall their definitions in (30), (54) and (55)). Define the shorthands

Lij(@) = /Li(@)?*+ Lj(w)? and L; "i‘,/i?+£§.

Observe that conditional on E, we have

| Day @) < \/s(L§+ LD = VsLa (72)
FoE'ﬂ
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All this section is done under the assumptions of Theorem 3, and we will use several
times the following from Lemmas 3 and 4:

|DeTeDg| < 14 [1d = DgT D[ + | Dg(Y = Tp)Dg| <2 (73)

B.1 Elementary Concentration Inequalities

To begin, we first recall some elementary concentration inequalities.

Lemma 6 (Matrix Bernstein for complex matrices) Let Y1, ..., Yy be a sequence of
dy x dy complex random matrices withE[Y,] = 0, |[Y¢llosp < K forallt =1,..., M
and set
M M
o2 ¥ max I Z]E(YgY(*) , ZE(YZ‘Y@) } )
=1 22 =1 22
Then,
M 2
1 Mt=/2
Pl|— Y >t <2 +dye - .
<M;l2 , ) Gt ® Xp( 02/M+Kr/3>

Lemma 7 (Vector Bernstein for complex vectors [43]) Let Yi,...,Yy € C? pe
a sequence of independent random vectors such that E[Y;] = 0, ||Yill, < K for
i=1,..., M and set

M
2 def. 2
o =E E Yl .
i=l

Then, forallt > 2K + 60)/M,

|

B.2 Deviation Between f;z and f

1 M
2t

Mt?)2
>t) <28exp| ——5——"——
) o2/M +1tK/3

Lemma 8 (Bound against a fixed vector) Let g € Cs@tD) gnd x € X. Forallu > 0,
we have

Pr (|00 — e T Dgq| > ulgll) < 4 il
7 ~(x) —f(x >u <4ex = — .
EAIVE ad 1 P 202 4 2/5Lo1 Lou/3)

FoC'T
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As a corollary,

2
f(x) —f(x)"D <4 M :
(‘( 5(x) —f(x)) Dgq| > u ”anlock) exp <4s(2L% n \/§L01Lou/3)>

Proof Assume ||g|l, = 1 without loss of generality. We apply the classical (scalar)
Bernstein inequality. By defining Yi = Qo X))y (@r)*Dgq — Eple, (x)y(a))Tng],
we have (f' x)—f3 (x))Tng = % > i Yx. To apply Bernstein’s inequality, observe
that foreachk =1, ..., m, Ez[Yx] = 0, and conditional on event E, we have |Y;| <
2/sLorLo and B |Yi? = Ei | @o, (0] |y (@0)* Dgg|* < L3 | Da Tz D] < 2L
by (73). Therefore,

1m
Pl=) 1>

<4 —mu
u) <4dex = — .
P 2L +24/sLoiLou/3)
The last inequality follows because || [lgjock = lgll2 /v 2s. O

Lemma 9 (Uniform bound) Fix x € X. Forallu > we have

O e

45Lo1 Lo + 6./sLo
m Jm

Proof We apply the vector Bernstein inequality (Lemma 7). By defining Y =

Dgy (0i)¢w, (x) — EE[Dgy (0k)@uw, (x)], we have Dg(f(x) — fz(x)) = %_kazl Y.

Observe that foreachk =1, ..., m,Ez[Y;] = 0, and conditional on event E, we have
2 2 -

|Yi| < 2/sLoiLo and Eg ||Yk||2 Eg [@u, (X)|” | Dgy (@r)|” < sL3,. Therefore,

for all u > 4fL01 Lo + fL(n
Z Yi < 4exp = _mb_t2 - .
sLy, + 2/sLoiLou/3)
The last inequality follows because ||q|gjock = 19112 /v 25 O

B.3 Deviation Between D, [f;] and D, [?]

Lemma 10 (Bound against a fixed vector) Let g € C*“*D and x € X. Forallu > 0
we have

I ) ) (S

(714)
FoE'ﬂ
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as a corollary

2
A —mu
P-‘b BP—DTD ]uw > ulql <4d ex _ i .
E( 2 |dE g4 . q Block) p 4s(2L%+\/§L01L2u/3)

(75)

Proof Assume ||¢|| = 1 without loss of generality. Recalling the definitions of Sec. 4.1,
we have

D2 [0~ Dgg| )] = o 1 (0 ~ D Dyg) g *

We now apply Lemma 6. Define

1

_1 _1 _1 _1
Yi = (¢ Dgy(@)gx “H(¢uw) 0)gr > —Ez(g " Dgy(@))gy *H (90) (X)gy .

which are indeed symmetric matrices. We have EgY; = 0 and conditional on event
Ea

Vel < 24/sLo1Lo.

_1 _1
Furthermore, defining A = (qTDgy(a)k)) g °H ((pwk) (x)gx * (which is symmetric),

we have
0<Ez[Y;Y1<E; (AA*) —E;AE;A* <E; (AAY)
—H T 2
< L3Eg ‘q Dgy(a))‘ Id

< L3 | DgT Dyl 1d < 2L31d

and thus |E[Y;Y7]

(|2

< 2L3. Therefore, the matrix Bernstein’s inequality yields

l m
_ZYE

(=1

S < 4d —mu2

>u| <4dex _ — .

X P\2L2 v 25LoiLou/3

The last inequality follows because ||¢Igjock = 11¢112 /+/2s. O

Lemma 11 (Uniform bound) Let x € X. Let By = {v € C¢; ||, < 1} and given
. o7 r2
v € By, let g,(v) £ Dy [p,] (x)[v, v] € C. Then, for all u > Loz 4 %

>u>

l o _
— 3" Dgy (@18, (v) — E£ Dgy ()80 (v)
k=1

P sup

veBy
FoC'T
e,
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LoiL 2
<exp Cdlog(s o 2)— _ me
u sLy B2 +24/sLoiLou/3)

for some constant C.

Proof We use a covering net strategy: let V = {v1, ..., vy} be a covering e-net of By,
for ¢ > 0 that we will adjust later. Fix v € V, and define Yy = Dgy (wk) 8w, (V) —
EzDgy (wr)guw, (v) € Cs@+D) centered i.i.d. variables. We have EzYr =0, Y] <
- 2 = .
2/sLotLy and E [|YilI* < Ej [80()1* [ Dgy (@)||” < sLE; Bx. Hence applying

Lemma 7: for all u > 4“/5201“ 4 S %LO] ,

P >u) <4 et
P >u )| <4dexp = — .
£ sLE, Bo +24/sLo1 Lou/3)

Next, we use the fact that for all w

1 m
—Yy

|Dg7 @180 () ~ Dy @)gn(@)| < 25LoiLz o = v,

Hence by choosing
VsLolz\"
V| ~ (Y=
u
and using a union bound on |V|, we conclude the proof. O

B.4 Deviation Between Yz and Y

Lemma 12 (Bound in spectral norm) For all u > 0, it holds that,

P; (H Dy(Ys — T)Dg H > u) < 4(d + Dsexp (— el f;’;%luﬂ) . (76)

Proof To bound this probability, we apply Lemma 6 with
def.

Y = (Dgy (wp))(Dgy (wr))* — T. We have, conditional on event E:

a
EzlYk1=0, [Vl < 2sLg;.

Also,

0 < Bz[Yi ¥} = Bz[V; Y] = B[ Dgy (@) (Dgy (i) (Dgy (@i))*]
- (DQTE"DE)Z
EOE';W
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Ezl|Dgy (@) ||2 (Dgy (wi))(Dgy (wi))*]
= SZ%l || DgTj Dy || Id

Y| = ||]E[ka*]|| < 5Ly, | DgYiDgl| < 25L3, by (73). By choosing
= 2SL%1 and 02 = msL01 || DyT Dy || in Lemma 6, we obtain

2
~ mu
IP’-(HD T——TDH>M)<4d+1sex S _ .
£\[PsTE = T)Dg ( )3 exp 2L, +2sL2,1/3

O

Lemmai13 Fori=1,...,5,letSi={s+ (@G —Dd+1,...,s +id}), g € C*@+D,

Then, for all u > 4‘[L°1L‘ + 6*?',

Pg (| (0arz = TDga)s |, = wllall,) < 28exp (2 7 +;%g T /3) -

As a corollary, for all u > 4*/5‘25(’@1 + 12:/[%1‘1, we have

A —mu2
£ (| ez = TDga)s, | > wlalbiock ) < 28exp | —— —— .
2 4s (2L% + ﬁuL01L1/3)

Proof Fixi € {1, ..., s}. Without loss of generality, assume that ||¢||, = 1. The claim
of this lemma follows by applying Lemma 7. Let

I S I S
Yi = 0x," Voo, () (¥ (0x)*Dgq) — Eg (gxiZV(pwk (xi)(y(wk)*ng)> e,

and observe that (D (}A’ —T5)Dgq)s; = % > & Yi. We apply Lemma 7. Observe that
conditional on event E, we have

1Yell, < 21lglls [ Dy @0 |, D1 [¢w ] G, < 2/sLorL

and

2

o =2
Ez 1Yl* < Eg |y (@0)*Dgq|™ |8 Veuy (xi)

2
< Lig*DgYpDaq < LT | DgYiDg|, < 2L7

Fo C 'ﬂ
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by (73). Therefore, for all u > % + %,

P >u) <28 /2
i Zu| <28exp|——= —
£ , 2L% +2u/sLo1L1/3

The last inequality follows because || |lgjock = lgll2 /v 2s. O

l m
w2

Lemma 14 (Bound in block norm) Let ¢ € C*“*V be any vector. For all u >

4\/2?1:01l_‘1 12ﬁi1
o T e have
P (|pgrz - D > ulq] <32 —mu” a7
E gUE— Q‘IH Zullq Block) < Jd2s exp - — (
Block 4s (2L(2)1 +2ulo Ly /3)

Proof Let Sp = {1,...,s}and S; = {s+(j — Dd+1,...,s+jd}forj=1,...,s.
By the union bound

Py (| Ds 0 — T)Dga| | > wlalenon)
Block

N
<3 g (|0s g~ T)Dga);| > w gl
j=1

+ 38 (|atrs - PrDg0rs
j=1

> 1 lpiock) 78)

To bound the first sum, observe that for j = 1,...,s, (Dg(Y — f”)ng)j =
(Dg(f(x;) — f (x j)))Tq and apply Lemma 8. The second sum can be bounded by
applying Lemma 13.

O

B.5 Proof of Proposition 3

We fix a particular j = 1,...,s, do the proof for 5 j and then use a union bound
to conclude. As before, it is enough to establish the probability that 7; satisfies the
properties of Proposition 3 conditional on event E. We proceed in the same way as
in the main proof of the golfing scheme: first we show that 7j; satisfies the desired
property on a finite grid, then we bound || pj |, and finally we use the latter to extend
the non-degeneracy to the whole space. As mentioned in the paper, the first step is
considerably simpler and more direct than the golfing scheme, since the “sign” vector
u; is of norm 1.

Deviation Bounds on a Grid Similar to our previous argument, we will bound the
deviation between 7); and 1; on a finite grid G xfar whose precision we will later
EOE';W
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adjust, and between D, [#;] and D[] on G™* C X" We will show that

Vx e GM, |nj(x) — (0| <

16
Va € g™, D2 [n;] @)~ D2[i;] ], < 55

def. def.

Let g; = Dy - u] and g; = Dy Ir- uj. Note that g; is deterministic and
||qj H < 2 for all J- Recall also that n; = q; Dgf(x) and 7; = c}JTDgf(x). For
x € gfar’

;0 = ;0| < | Dot — | + | Dy ! = 7! | | Defen |

) T Dg(f(x) — f(x))’ +8 H Dg(r — T) H H Daf(x) H
where the last line is valid with probability 1 — p by Lemma 3 and (61). Similarly,

[D2 [n;] ) = Da [ ] 0],
< D2 [a] Dot ]

p-l(r-! _ -1 D—IH

Hoe L
1 m

sup | =" Dyy (@0)D2 [@u, ] (1)[v. v]

Il <t || ™ =

D2 [q] De(t — D] (x)H +8|Dg(r - 7))

L |

sup | — > Dgy(wi)D2 |@u | (X)[v, ]
ol <1 m,; ! [o]

where again, the last line is valid with probability 1 — p by Lemma 3 and (61).
Therefore, we simply have to show that with probability at least 1 — p,

(i) Forj=1,...

q] Dg(f(x) —f'(x))‘ §0/32 for all x € G,

i) For j =1, .. [ TDy(f — f)] (x) ” < 52/64 for all x € Gnear.

(iif) ” Dgf(x) ” < 2By forall x € G,
@iv) SUP| ), <1 H L Yoy Dgyy (wr)D2 [(pwk] (x)[v, v] H < 2B, forall x € G,

) ” Dg(Y —T)Dy H min (51230’ 105132)
By applying Lemma 4 and recalling our choice of m, (i) follows by Lemma 8, (ii)
follows by Lemma 10, (iii) follows by Lemma 9, (iv) follows by Lemma 11, and (v)
follows by Lemma 12.
FoE'ﬂ
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Bound on p; By the same computations as in Sect. 6.6, we have 7;(x) =
A A m
(T up) THeo) = @7 p; with p; = L (y(a),)* ,) . Therefore,

| LA . .
[pil3 = — 3w Ty @y @) Ty = w7
i=1

S |
with probability 1 — p, by (61).

Extension to the Whole Domain We proceed as in Sect. 6.5. By the same computations,
we obtain: for any x € X’ far and x’ € Gfar,

17| < |n; ]+ |ﬁ,<x/) — ()| + |7 (x) = 7|
SU= 45+ L |pj ] 89 0x.x)

, and therefore, we choose

For the second covariant derivative, as in Sect. 6.5 we get: for all x € X/‘?ear and
x/ e g}lear,

[senta s ] 0 - K 5.0
< ||D2 [ﬁ]] (x) — D2 [ﬁ]] (x/)[fx—>x"a Tx—>x"]Hx
+ ||D2 [ﬁj] () [Txox's Tymsxr ] — D2 [77]'] () [Temsxr Temsxr] ||x

+ H Sign(aj)D2 [nj] (x/)[fx%x/', Tyl — K ()Cj, x/) [Txones

+ H K(Oz) ()C js x/)[rx—nc"v Tx—)x"] -

& &
<pt 16+64+L3(L0+Up,u)a (x, x")

and similarly for £ # j, for all x € A} and x" € G},

D2 [71;] )|, < D2 [A;] () = D[] txms e Tl
+ ||D2 [ﬁj] T Taorr] = D2 [nj] (€] LN fx—)x"]”x

+ ||D2 [n i O Tem T ]|
32+ 2 4 Ls |pj| ogCx. x)

FoE'ﬂ
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and therefore we conclude by setting
RN
|gnear| ~ mearL3 Lo
&
The final bound on m is satisfied with the one we obtained previously (65).

C Application: Discrete Fourier Sampling

In this section, we consider the case of sampling Fourier coefficients as described in

[15]. Let feN and XeT¢ the d-dimensional torus. Let 2= {a) €7 oy < f},
et i9reT . in(j

Yo (x) Z 272 Y and A(w) = ]_[‘}l:l g(wj) where g(j) = %Zgﬂrﬁ{lj(];’_f}’_f)(l —

lk/ DA —=1G =K/ fD.

The Kernel and Fisher Metric The associated kernel is the multivariate Jackson kernel
K(x,x") = ]_[?=1 Kk (x; — x!), where

[ sin ((% + l) nx)
def.

= (% + 1) sin(7r x)

with constant metric tensor

1
gx = C¢Id and ag(x,x’)=c} Hx—x’”2.
where C; = —«"(0) = %2f(f +4) ~ f2. Note that K@) = V{V{K and

| K@D Hx o= C;(Hj )2 H Vi V{ K H Moreover, since the metric is constant, we have
1 1
-, = C]% |||l for all x. The domain diameter is R y = C;d%.

Sampling Bounds Suppose that f > 128. The rest of this section consists of Lemmas
which bound the parameters in Theorem 3: We show in Lemma 15 that by choosing

Fnear = ﬁ for all 04 (x, x') < Fnear, We can set & = (1 — 6rnear?) /(1 — Fnear’/ (2 —

Fnear?) — Fnear>) = 0.941. In Lemma 16, we show that for all 0g(x,x) > Fnears

|K(x,x")| < 1—1/(@8%-2), so we can set & £ 0.00097. Moreover, the uniform

bounds given in Lemma 18 imply that
min(go, &2)

1
— 0 0Wd2).
32maxi’j Bij ( )

So, for h = O(d_%), by Lemma 17, we have W (h,s) = O(s%d%). and in the case
of d < 4, this can be replaced by W (h, s5) = O2%). Gradient bounds are computed
in Sect. C.6.
To summarize, Theorem 3 is applicable with:
FolCT
e
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(i) Boo = Box = B12 = O(1), Byy = (’)(a’%) By = O(d) and Cy = 0.
(ii) rpear = 1/(8\/_ ), 80 = 0.00097, &5 = 0.941.

(iii) A O(dzsmax)
(iv) L; = Od'?).

d
m > ds (log(s)log< ) +1o <(fd) )) .
P o

C.1 Preliminaries: Properties of the Univariate Kernel

and

We first summarize in Sect. C.1 some key properties of the univariate Jackson kernel
x when f > 128 which were derived in [15].

From [15, Equations (2.20)-(2.24) and (2.29)], for all r € [—1/2,1/2] and ¢ =
0,1,2,3:

c c 142 2 c
%2 e <1 Y 2 3t <1 - L%y gct
2 2 1+2/C+ /) 2 -

: " 1+2/f
. 3(_1+2/f )’

By [15, Lemma 2.6],

7' He (1) 1

O] < T4 2f
‘K (I)‘ = i Hoo t e [ﬁ l)
(f+2)4 ot w20

where H{® = 1, H® = 4, H® = 18 and H{® = 77, and Hy(t) = o*(t) B¢ (1), with

L e

w(l -T2y ft - frr(l—n%2/6)
and fo(1) = 1, Bi1(1) = 24 2B(1), o = 4 + 7B(1) + 6B(1)” and f3(1) = 8 8+
248 4 30B(1)> + 15B(t)>. Let us first remark that S is decreasing on / = [2f’ - ]
S0 |B(r)| |B(1/(2f))| ~ 1.2733,and a(t) < a(+v/2/7) = 2 on I. Therefore, on 1,
Hy(t) < ﬂ , Hi(t) < 3.79, Hy(t) < 18.83 and H3(t) < 98.26, and we can conclude
that on [2f’ 2), we have

{ ryoo
7 H,

‘K(e)(t)’ < T

FoE'ﬂ
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where H® =1, H® <4, H? <19, HZ° <99, Combining with (79), we have
o] <
o0

where k§° = &, K$© = = Cy,

def. 27t f ,/Cf
oo , =04/ C
=,/C max( +%)3Jﬁf 37 Cr)

4

9973 6,/C
%L ()2 =0((Cp)*?).
K5 (Cy)”* max (% f) (\/7) f (Cr)")

Finally, given p € (0, 1),

1
+2)%* > 1+ +2)%%)2, Vit 22—
L A Y (=T

Choosing p = % and using (f + 2)2 = (%Cf +4) > %Cf, we have

o0

2

o< —E e o
(1+ 525Cp12)?’ 3¢,

In the following sections, we will repeatedly make use of (79), (80) and (81).

C.2 Notation

/ det

. . . def.
For notational convenience, write #; = x; —x K, = K(t,) K =K ’(t;), and so on. Let

dd' def. def.
l_[/(k» Kij = l_[ ke and  Kjjp = l_[ Kk -

k;ﬁt k;él k;éz ] 14

With this, we have:

31,,'K(x,x/) ZKZ-/K,'
81,,'82,,-K(x,x’) = _Kl‘,/Ki, and Vi # j, 31,,'32’]'[(()6,)(/) = —K;K}Kij.

Where convenient, we sometimes write K (1) = K(x — x’) £ K (x,x’). Given a

symmetric matrix M, we write Amin (M) to denote the smallest eigenvalue of M.
FoE'ﬂ
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C.3 Bounds When ||t|| is Small

Lemma 15 Suppose that C ||x - x/”; < ¢ with ¢ > 0 such that

edéf'(l—6c)<l— ¢ >—c>0
2—c

Then, —(K 9 (x — x")q, q) = ellq]l,.

Proof Letqg € R4, and note that

~(V3Kq, ) =~ | aix/Ki = Y aj;Kij | ai
i J#

=— Yok = aqiki Y ajxiKi (82)
i

i J#I

/2
Kj

WV

1
Il & | = max fi Ki} = ij

We first consider «/ K;: By applying (79), we obtain
k] < —Cy+6CH7,

Cro Cr 2 Cy 2 ’ Cy 2 :
Ki?l_[(l—?f,)?l—?”t”z— 7||f||2 - 7||f||2 -

J#i
2
t
ST .
201 = S 1Il13)
and hence,

Crlltll3
KK < (=Cp+6CtinB) (1- —Lo2—
21— S 111

For the second term in (82), again, by applying (79), we obtain

2

J

/

kj

2 2
< 3.

Therefore, for ||g|, = 1, we have

Crliely
~(K(x = x)g, ) > (1 - 6C; I113) (1 -2 ) -
201 = H il

O

FolCT
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1
Lemma 16 Assume that S/C > |||l Then,

C
K@) < 1=l + 16C7 .

Consequently, for all
0 < !
<c< ,
8/2Cy
and all t such that ||t], 2 c,
C .
K1) < 1— ?fcz.

Proof First note that by (79),
C
k) < 1— Tfuz + 32C]2cu4 =1-—u’gu)
where

. 1
gu) = (E — 32Cfu2> ,

and note that g(u) € (0, f) foru € (0,1/(8,/Cy). So, writing t = (t,) _; and
g; = g(tj), we have

d d
Ko =[Tew <[] (1-12ap)
j=1 j=1
=1- Zt g+ Y Bitigigk— Y LR17ggkge +
j#k j#RA
=1 +Z > =1 H(r,%.g,-,-),
=1 jeJ, i=1

where J; = { jeN?; j<d, allentries of j are distinct}.Note that for odd integers
Z,

+1
o Z H(tjlg]l)+ Z l_I(t g.]l
jedpi=l1 jeTesr i=1

Fo C 'ﬂ
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14 d
> [l +| > ]‘[(r,,gjl (Z r%gk)
k=1

jedui=t jedyi=t
C
(S1ee (1-Swg) <o
jeJpi=1

since (1= [1]13) > 0. Also,

by assumption. So,

K(t) < 1—Zt gj+Zt 178

J#k

d d
1 1
2 2 2
él—g tjgj+§ E 18 gl—zg 158
j=1 J j=1
d

d
1 2 4 Cf 2 2 4
E;Ij —32Cf2tj <=5 el +16C fiell3 -

Finally, observe that the function

def.

g0 = 2 —16C% "

is positive and increasing on the interval — L. So, for ¢ satisfyin
p g [0, 3 x/ff] So, ying

(83)

1
c< |ty € ———,
2l 8/2C;
we have |[K()| < 1 —¢q(c) < 1 — %c Finally, since |K (¢)| is decreasing as ¢

increases, we trivially have that |K ()| < 1 — g(c) for all ¢ with ||¢]], > c.
O

C.4 Bounds When ||t|| is Large

Lemma17 Leri,j € {0,1,2) withi + j < L L > )2 and il >
<

3.
A\/Esrlnéi/,/Cf. Then, we have HK("J')(t)”x’x, a’ (A4smax) 1
FoE'ﬂ
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To see that this implies that for h = O(d_%) W(h,s) =0 (s%d%) first note that if
mingz [1xe — xxlly > Av/dsaiam/,/C5, then

S
)
k=2

by choosing A to be a sufficiently large constant. . -
For the case of d < 4, note that if ||t||, > A/,/Cr, we have ||K(”)(t) Hx o S

d%/i_“. If ming [[xe — xell, 2> A/,/C. , then for each n € N, there are at most

_1 _ _
O@d3?="(n + 1)@~ points for which |x — x| € C;?[nA, (n + 1)A]. To see this,

we simply need to upper bound the number of points P spaced § = A/,/C f apart
which can fitinto the tube B(,41)5(0)\ B,5(0). By comparing volumes, this corresponds
to fitting balls of radius §/2 into B(,11)s+5/2(0) \ Bus—s/2(0),

P(8/2)%vol(B1(0)) < ((n+ 1)8 + 8/2)? vol(B1(0)) — (n8 — §/2)% vol(B1(0)).

SO, P<n+D+DI—=Q2n—1D+ 14 <d@n+3)¥" <dm+ 1)4-134-1,
where the 2™ inequality is obtained by the mean value theorem. Therefore,

s
Z HK(ij)(xl,xk) < 3d—1,43 14 an—s <n
k=2

X1,Xk neN

by choosing A > 2¢ and provided that d < 4.

Proofof Lemma 17 Writet = (tj) - Tobound K (¢) = ]_[] 1 k (), we want to make

use of the bounds on « 7 from (81). We can do this for each 7; such that Iti| =/ %%f

Note that there exists at least one such ¢; since [|f]lo > ]2 /\/3 > A r]néi/, /Cr >

272 k 272
/%.If{ﬁj\}j:lc[O, &) fork <d — 1, then

d
272
k=—— + 1>l >
3Cy .
. Jj=k+1

Adspi

Cy ’
S d 1/2 272(d—1 Adsil2
which implies th_at > ikt t]g > <A2d / %) > # by our
assumptions on A. Therefore, we may assume that we have some d > p > 1 such
4
that {b;}7_, < {1} with bj| > /3% and Ibll, > AVdYimax. pserve that

V2Cr
p p
3C 3
[Ta+ Zﬂ—’;bf) > 1+ z—f Z =1 + Ll > + 15 A%,
j=1 j=1
Fol:’ﬂ
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So, by applying the fact that |x| < 1, k5° = 1 and (81), we have

S|

1 1

:'u

K@< [ Ik®p] < :
j=1 . j=1 (1 + 32% b2> (1 + #Azd\/@)z

{J, t]’>\/>} then

P
Kl < Jiilloo [T Ie@n] <
j=1

For

/
Il

(1+ o)

oo
i

T ——
(1+4;T%A2da/smax)
similar manner, writing = (1 + 2Azda/smax) , we can deduce that

and otherwise, we have |Kl~/K,'| < |/</(ti)| [l \/c(bj)| < ,Ina

2
[/ Ki| <&V, |k]'Ki| <650V, KK < )PV
3
3
k'K |” < k5°V, K;/K}KU < k5O PHV KjKc; /ceK,,g’ (km)3y
Therefore,
d
1 1 2
k0| = — ikl < — | Y|k < S ==
H x,x! V Cf N Cf j=1 s A4d3/zsmax

Using Gershgorin theorem, we have

|[VaK o] < max 4o K|+ ] 3 Jeg] K

and hence,
02) U e2pl <« L@ " / /
x|, = g 73] < e sl + el 2 s
1 max{x5", (k 2 1
< —vV (KSO + (Kfo)z(d _ 1)) < MV(Z <
Cy Cy A4 dSmax
FoE'ﬂ
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Note also that ”K(“)Hx’x, = |k ||x,. Finally, since

HB] iV3 < max { " !
J#
ot A}
we have
’ x,x’ - 2/2 ” VIVZK”
f

S C3/2 —73V/dV max (K3 +15°Kk77(d — 1), 2k5°Kk 77 + (d — 1)(Kf°)3>
f
1

<d? max{k3°, kK5, «>)3) < =
1 1 C;/Z Abd /25,

C.5 Uniform Bounds

Lemma 18 If rnear ~ 1/,/Cy, then By = O(1), Bo1 = (’)(«/3), Bop» = B = O(1)
and By = O(d).

Proof We have |K| < 1, and

IVKI? <Y a6l 1K < d(f®)* < Crd,

s0 By = O(/d).
From (82), for all ||g|| =1,

(V3K (0q. q) < max [« gl13 +llgll5 Y Iil? < Cp + CF lt]l* = O(Cy),

i

def.

for ||t]] < 1/,/Cy. So, since rpear < < 2 = Bgp. For the bound on

Bi>:
1
”K(IZ) , = sup (Zzal,i (3%,kKPi61/% + 31,i32,i32,kKPiqz'61k>
' gl=lel=1 €\ i
+Zzzalza2]32kpzl’jpk+22311321321KP16114]]
i J#
Fe
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+ Z 31,1'322,,-1(171'611-2)
i
1
~ /z(zzmk Kt pia? + K/ Kk pidia

lal=lpl=1 C¥*\ T =

+ ZZZK KkK Kl/kptpjpk +ZZK”I{ Kijpigiq;

i j#
+ ZK{K}/KUPM,-Z)
i
1 3 |k 712
< 231 |2 Il
Cy i
() )
1 32y
< —7 (3¢} el + ¢ 1P + 0ch)) = o)
Cy
for ¢ < 1/C}/%.
O
C.6 Gradient Bounds
The derivatives of the random features are uniformly bounded with
[V0o)| = ol < flai? ~ cjair (34)

So, we can set L; = O(d/?) fori = 0, 1, 2. For L3, the condition (44) is simply

_ 1
< LsC?

-1 Hvz%(x) _v? E ”

so L3 = O(d>/?) by (84).

D Application: Continuous Fourier Sampling with the Gaussian
Kernel

In this section, we consider the case of continuous Fourier sampling with Gaussian

frequencies, which may appear, for instance, in sketched Gaussian mixture learning

[37]. Let X C R< be any bounded subset of RY. Let 2 = R, P (x) = ei‘“T" , and
A(w) = N (0, ¥, for a known covariance matrix X.

FoE"ﬂ

@ Springer U_.jo E|



312 Foundations of Computational Mathematics (2023) 23:241-327

The Kernel and Fisher Metric The associated kernel is the Gaussian kernel

1 2
K(x,x") =exp <—§ Hx —x H2_1>
with constant metric tensor

gy =2 and d(x,x) = |x — | g = Hzr

Sampling Bounds The rest of this section consists of Lemmas which bound the param-

eters in Assumptions 1 and 2. We show that by choosing rpear = %fz we obtain

& = %e_% and &g = 1 — et Moreover, Lemma 21 gives uniform bounds in
Bij = O(1) and, for h = O(1), W(h,s) = O(J/logs + 1). Gradient bounds are
computed in Sect. D.5.

D.1 Properties of the Kernel

Notanons For simplicity, define 1+ = x — x’, b an abuse of notations Kx () =
exp (-1 ||t||2 1) and for u € R k(u) = exp (—%u?). Denote by {e;} the canoni-
cal bas1s of R?, and by f; = X~ le; the i' row of X~ 1.

Gradients of the Kernel We have the following:

VKs()= — X \1Kx @)
V2K 5 (1) = (—2—1 + E_lttT)J_l) K5 (1)
6V ks = (T + g 2T ) Ke ) = T VK ()
0,V Kz 0= (=Z71 T T+ T D+ Gt ]+ 1D) Kz = £, 9
K@) =" f)o;V?Kx()

Then, we observe that for any ¢ > 1, the function f,;(r) = r%e” 2% defined on R+

is increasing on [0, ,/g] and decreasing after, and its maximum value is f;(\/q) =
g

(%)q/Z. Furthermore, it is easy to see that we have f, (r) = rie="’12 < (27") Pt/

and therefore f(r) < eifr > 2 (log (%) + % log (%))

D.2 Bounds When ||t|| is Small

Lemma19 For all 04(x,x") < rpear = and all v € T, M, we have

7
— K (x, x")[v, v] > & |[v]]2 where &, = ée 1.
Proof From the derivations above, we have K 2 (x, x")[v, v] = UTV%K sty =
(=14 0g(x, X))k @g (x, XN 10113 < (Fnear” — D (near) V] o
Fol:'ﬂ
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D.3 Bounds When ||t|| is Large

Lemma 20 Foralldg(x,x") > rnear, we have |K(x, x’)| < 1—80, wheregg = 1—e™ 1,
and for h = O(1), W(h, s) = O(J/logs + 1).

Proof For the first inequality we have |K| < k(rpear) = 1 — (1 — e_%).

Then, from (27), the fact that the metric tensor is constant, and the expressions for
the derivatives of the kernel above, is immediate that

HK(]O)(x,x’)

= [k, 2

=0(x, x )k @(x, x") = fid(x, x")
= HK“”(x,x’) = Hz%szz(t)):% i

- [sterzol
x,x’ 1

x,x’

H KO (x, x")

= @(x,x)° + Dr@(x, X)) = £, X)) + fo@(x, x'))

For K %) again since the metric tensor g is constant, we observe that

d
[q1K "2 (x, ), vl = o] (Z ai (997K s (r))) v,

i=1

and

d
HK“Z) x,xH| = sup UI <Z qi <8iV2Kg(t))> v
HE*%q gl,”x*%ui <l i=1
2 2
d 1 1 1
= swp |y (Z(Emzz (6v2Ks0) 22) v
gl <L llvilla<1 i—1

= sup
llgll=1

d
bk (Z(ziq)ia,-szzm) bk

i=1

2

Using, Zi(E%CI)ifi = 2‘%51, we observe that

o} (Z(:%),ﬂ‘%ﬂ) $1=3"1 (ZquieieD:ﬂ) =y 37
i i
1 1 1 1
21N (Xt VK ()T = (g 720
i
P} ’ 1
(V3K @, x)27)
EOE';W
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Hence at the end of the day

[ K120 0] < Gote, ¥ + 00 &) e@x ) = 310G X + QG X))

Therefore, for h = O(1), using the properties of the functions f it is immediate that

W(h,s) = O(J/logs + 1). O
D.4 Uniform Bounds

Lemma21 For (i, j) € {0, 1,2}, we have B;; = O(1).

Proof The bounds for i + j < 3 are immediate using the identities in the proof of
Lemma 20 and the properties of the functions f,.
By the same reasoning, we have

H K@ (x,x)

7 3 3 2 1
- Sup 21 (D1q)i(Z2q2),0;;V K5 (1) 52
llgil=L.llg21l=1 T

and we have

e

Z(ziql)iw%qz)jz‘<rTf_,«><tf,-T>) = (] T 3eg]
ij

e

ij

Z(zéqoi(x%qz)jﬁ.ff) o =qiq]

ij

bk Z(ziql)iw%qz),-ﬁj) £ =qiq)
v (Z(zéqm(z5qz)]-<ﬁf;«>ajvzl<z(f>) oy = (g T7I0[g)K P (v 1) w1, va]
ij

Hence,

HK @@, )| <Bfo+6f+ fal@x, x)

and By = O(1). |
D.5 Gradient Bounds

For j = {0, 1,2}, wehave D; [¢,] (x)[q1,...,q9;] = (]_[, a)Tq,-) ¢o(x) and therefore

1)
ID; ol )], < | 30|
Elol:;ﬂ
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And then, from (44), using 7, v = Id,

“DZ (@] (x) — D2 [¢0] () [Ty wrs Txmxr] ”x
= |=* (V3ew) - V3ow) =4

= [ =20 loo) — o0

TN A BN p
=[ztol, o7 -] < [ o 2oy

J j
Since w ~ N'(0, 1), H E%wH — W7 where Wisa %2 variable with d degrees
of freedom. Then, we use the following Chernoff bound [24]: for x > d, we have

ENES

ex _x\% 0\’ 71.( 5)2 _x 4 _
P(W}x)g(je d) < e( E) e 2\Vd) g7 < 22¢

()

X

by using x%e~ 7 < %
Hence, we can define the F; such that, for all t > d//2, P(L ; (w) > t) < Fj(t) =

2
2% exp ( ) and Fj(L;) is smaller than some § if L; o< (d + log 8) . Then, we

must choose the L; such that fi,- tFj(t)dt is bounded by some 8. Taking L; > d//?
in any case, we have

2.

f_ tFj (z)dt_Zz/_ texp( L )dt=22/g(j/Z)tj_lexp<—£)dt
L; 4 l:/f 4
_22(]/2)/ < exp<—£>>exp<—£)dt
8 8
i—1
<2%(]'/2) (—(J_ ))J /g_ exp<—£>dt
e L 8

2

:2%1 (8(] 1)> 8exp<—i}/8>
e

- I
Hence, this quantity is bounded by § if L; o (d +log(;))*. Then, we have

2

a

J

i
L2F (L)) = L222 exp L which s also bounded by § if L ; o (d + (log ) )2.

At the end of the day, our assumptions are satisfied for
FoE'ﬂ
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) a2\ 2
L; (a’—i—(log—) )
P

D.5.1 Gaussian Mixture Model Learning

We apply the mixture model framework with the base distribution:
Py=N(@, %)

- T . . . . .
The random features on the data space are ¢/, (x) = Ce'® * with Gaussian distribution

w ~ A = N(0, A) for some constant C and matrix A that we will choose later. Then,
. 1 2
the features on the parameter space are ¢, (0) = Ecvp, ¢, (x) = Cei®' 03 ll0ly

(that is, the characteristic function of Gaussians). Then, it is possible to show [37] that
the kernel is

“1y2
K@®.0)=C? A7 1 L e
|22 4+ A2

Hence, we choose A = ¢X !, C = (1 + 26)%, and we come back to the previous
7112 ~
case K(0,60') = e—%”e—e 5=t with covariance & = (2+1/c)X . Hence, & = O (1),
1
Bij=0(1),00.0)=0—05 = ez 16 =6 5o
Admissible Features Unlike the previous case, the features are directly bounded and
Lipschitz. We have

def.

lp (@) < C = Lo,

lol}

e — e+ 1/0)h

Jo el
e 2

ID; [eo®]] = c\)f%w\

Z‘%w‘

I

. . 2
<CQ+1/0)? <i> Y
e

Hence, all constants L; are in O (C 2+1 /c)%) by choosing ¢ = é they are in

o (at).

E Application: Sampling the Laplace Transform

Leta e Ri, and let X = (0, R]d C Ri for some R > 0. Let 2 = Ri. Define for
xeXandw € £2,

d d
90 (0) £ exp (—(x, o) [T/ 2 ;f“‘ and  A(w) = exp(— (20, o)) [JQar).
i=1 !

i=1

FoC'T
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The Kernel and Fisher Metric The associated kernel is K (x, x") = ]_[;121 K (x; +
o, x] + a;) where

def. Y uv

,v) =2 .
k(u, v) s

The associated metric g, € R?*? is the diagonal matrix with diagonal (h xi+ai)§i= |
where givenx € R, hy = 0y dyk (x,x) = (2x)~2. The induced distance in dimension

one is
o r+o
J s+ o

max{s,?}
f 2x +20)"\dx = (85)

min{s,}

, and hence,

X; + o 2
log | —
X; + o
is the Fisher distance between exponential distributions. The domain diameteris R y =

i e (52
The Christoffel symbol is I” ;k = —(xj + o))" wheni = j = k and O otherwise,
so the Riemannian Hessian of f at x is

d
0g(x, x") = Z
i=1

HF() = V2 f(x) + diag(g2 V £ (x).

Sampling Bounds Assuming that the o; ~ d and are all distinct, Theorem 3 is appli-
cable with:

(i) Boo = Bo1 = Box = O(1), B2 = O(V/d), By = O(d).
(i) rpear = 0.2, €9 = 0.005, &, = 0.7960.
(iii) A = O(d +1og(d>*smax))

(v) L; cd (JZ{+ (log(m) + log (%)))j

and
> s 2 c
m 2 s | Clog(s)log ; + C~log 7 (86)

where C = d? (d + log?(m) + log? (%)) In the above, the implicit constant depends
on R.

FoCT
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E.1 Preliminaries: Properties of the Univariate Kernel

We first provide bounds for « and its derivatives. In the following, let
kD (u, v) £ h;i/zhv_j/za,iagfc(u, v).

We denote 0, (u, v) = |log(u/v)|. Recall also the hyperbolic functions

et —eH Ll —u inh
sinh(u) £ S5 cosh(u) & &5 e tanh () & ST ) :
2 2 cosh(u)

def. 1
sech(u) = .
cosh(u)

Lemma 22 We have
(i) e, v) = sech (242 ) < 2¢™ 300
(i) |10 @, v)| =2 ‘tanh (%) K, v)
(iii) [, v)| < I, v) PP + 4k (u, v)]|
(iv) €@, v)| < 5 Ik, v) and =20 (u, v) > K (u, v) (1 — 4tanh (%))
) 12 @, v)| <49 |k (u, v)|.

, and [k (u, v)| < 2|k (u, V).

Proof We first state the partial derivatives of «:

2/uv
k(u,v) = ,

u—+v
B ( )—M
Y= v+ v)?

_ —u? + 6uv — (v)?
0y 0y (1, v) = ENTTORE
2 2 B

82 (u, v) = _ ) (4 v)* +4u —w)

2 uv)>? (u + v)3
B (v)? 20(v — u)
2@ tv) @)+ v)?
5 u + 13u?v — 33u(v)? + 3(v)3)
0y 0Kk (U, v) = 2 )
We also make use of the following fact: B8{#vL (4 + v)

vV—u 1 1
u+v  \%41 142

1 1
- (1 T exp@c(u, v)) 1+ exp(—d,(u, v))>
B ( exp(—0, (u, v)) — exp(0, (u, v)) )
— 2+ exp(@c (1, v)) + exp(0 (1, v))
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—sinh(0, (u, v))
= = —tanh (0 (1, v)/2).
1 + cosh(0, (u, v)) anh(@c (u, v)/2)
(i) o o\
k(u,v) =2 Y
v u
2 1 1
= = < 26—70,((1,4,1))’
o D»«(g.v) + eb»((;.v) COSh(D"(g’U))
(i) We have, assuming that u > v,
K(IO)(M, v) = 2udyk(u, v) = 21) __I_MK(L“ v) = —2tanh(0, (u, v)/2)k (u, v).
u—+v
(iii) an duv — (u — v)?
K u,v) = 4uvoy oy (u, v) =4y ——m—
( ) w0yt (1, v) u Zm(u_l_v)?,
N2
=k (u,v) </c(u, v)2 — %)
= i, v) <K(u, )2 — 4tanh? (0, (u, v)/2)>
SO |K(“)| < kPP +4 k).
@iv) 20 2.2 4 (uv)'/? ((u + )2 +4du(v — u))
@0 (u, vy = 4?32k (u, v) = — YPENSY
wo 1+ du(v —u)
= —«x(u,v
(u +v)?
SO |K(20)| < 5k|. Also,
(20
—K > k(u,v) (1 —4tanh(0, (1, v)/2))
(v) K(lz)(u, v) = 2u(2v)28u85/<(u, V)
20(5u? — 18uv + (v)?)
= , 1
e v)< " (u+v)3
so [k12] <49 k.
E.2 Kernel Bounds O
Theorem 5 (Kernel bounds) The following hold:
. _1 /
11— o, x)? < |K(x, x| < mm{Zde 3O0ra) m}
2. K90, x| < min{2Vd K|, v2).
3. | K9V < min{9d |K|, 8}
EOE';W
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4. |k < min{9d |K|,8} and Amin(—K?) > (1—50(x,x")?) K when
ox,x) < 1.
5. | k92| < min{66 |K|d*/?, 165/d+49} and | K12 (x, x")|| < 34 ifo(x,x') < 1

In particular, for 0(x, x") > 2d log(2) +2log (52d P Smﬂ") we have || K@) (x, x") ||
h

Smax

Proof Let d; = 0, (x; + g, x; + a¢) and note that 0g(x, x") = />, d%. Define
d
g= (2 tanh(%‘))e ].We first prove that

() |K (e, x| < T4, sech(de/2) < T4, 1+§g/s < 1+%01X’x,)2.
(i) KO, )| < lgll 1K1
(i) KV < IK[(lgll3 +5)
() K| <K (lgl5 +5) and Amin (~K??) = K (1 =5 Ig13) -
W K] <IKI (Il + 16 llgll + 49)
The result would then follow because |tanh(x)] < min{x, 1}, so |g|| <
min{d(x, x'), 2+/d}. For example, HK(IZ) ||

—1+ oo (02 +160(x, x) +24) < 80(x, ) + Y8 4 24 < 34 when

o(x, x’ ) < 1.
In the following, we write

<

Kéij) = 1) (xg + ag, x) + ap)

(00)

and «y = Kk, and K; = I1 i K- Moreover, we will make use of the inequalities

for k /) derived in Lemma 22.
(i) Note that sech(x) < 2¢™ and sech(x) < (1 4+ x%/2)~!. So,

d d -
/ 1
|K(x,X)|<Zl:[]sech( ) H(l"‘ ) gm'

Also, since sech(x) > 1 — %, we also have K (x, x) > ]_[Zl=1 (1- %dz) >

1— %O(x,x’)z.
d
10
(<" k)
=1

< llgl2 K]

d; d;
4tanh< )tanh <7’> K|,

(i) Note that | K10 (x, x)| =

, so by Lemma 22 (ii),

(iii) Fori # j

Fo C 'ﬂ
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and ’Ki(“)K,') < 5|K]|. So, given p € R4 of unit norm,

10) (01 11
K00 = s S+ 3 el
I3 i=1 j#i

< sup |K| ZZ4tanh(d /2)tanh(dj/2)plp]+52pl

lpl=1 i=1 j#i i=1
<IKI(lgl3 +5).
(iv) Note that
d

d d

20 10), (10 2 (20 10 )

[ = s 1375 Kipips + 3 ok 4 3K
PI=2li=1 j#i i=1 i=1

Observe that |«

<5/K|and —2VK; > K (1 — 4tanh (%))

10) (10 20
HKQO)H S sup ZZK< i ( )KlJPtPJ+Zp2 UK+ gl 1K

IplI<t |i=
d d

<IK| sup | > 4tanh(d;/2) tanh(d;/2)pip; +5 Y p} | + ligl K]
IPI<T\ ;= j#i i=1

<IKI (21813 +5).
and given any p with | pll, =
(—Kp. p) = K (1-4gl)

(v) Note that ||K12||x = I|A|l, where A = (Al][) 1 1s defined as follows: For
i,j,¢all distinct,

d; d; de
Aije = K; 10 (01) (Ol)K 8tanh<2)tanh(2)tanh(2>K,

for all i, £ distinct,
de
Ajir = SK(U) Ol)Kg < 10tanh ( > ) K,

d;

L
FoE'ﬂ
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and fori # j, A;jj —/c(m) (OZ)K < 12tanh (%’) K,
d; d;
Aijj = PPV K+ kO OV K <10tanh<2)K+2tanh<2)K

and A;j;; = (Ki(n) + Ki(oz))Ki < 54K. So, for p, g € R of unit norm,

DX Aepipeai =Y | DD Aijepipedi + ZAuEpthq:
Pt

i VEC 4
J— A" . . A"' . . . K( 2) 2
= ijepjpeqi + Aijipjpiqi + ijj Pidqi
i j#EL \L¢lij}

+ Z Z Azl(pl peqi + Z AzuP, qi

i L#i
< 1K1 (I8l + 16 1gll +49)-

E.3 Gradient Bounds
Theorem 6 (Stochastic gradient bounds) Assume that the «;’s are all distinct. Then,

o d
Lo(@) < Lo = <1+ ) and

mm o

def. 1 1/j
Her ””‘Zﬁle"p( (m(?) ‘ﬁ))*

Jjef{l,2,3}

and we have that ), Fj(L_,j) < 8 and L? > Fi(L;) + 2]5]0 tFj(t)dt < & provided
that

= J
dﬁlLo(R+||(¥||oo)>> . je{l,2,3)

50(,'

_ _ . 1
Lj o Lo(R + [lelloo)’ <\/E+ max o log(
i

where B; = ]_[Hél a__a . Note that o; ~ d implies that Lo~ (1+ R/d)d ~ R

def.

Proof Let Vy = (1 — 2(x; + a;)w;)_; € RY. Then,

Vil = \/Z(l —2(x; +o))wi)?

Fo C 'ﬂ
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< \/Z 4405 + @)% < Jd + 4R + lalloo)* P

def. 5

<VAd 4 2R + lalls) lwl =

We have the following bounds:

d X R d
|<pw(x)|<]_[/1+—’<(1+ . )
e o; min; o;

9 2V, (x) = 9p(x)Vy = D1 [pp] 0)Il, < LoV

= Lo

&

and
1 U U 1 _1
0x “How(0)gx * = gx * V0o (x)g, * + diag (gx 2%)(x))
= 0o () (Vy V| —21d) + ¢, (x) diag(Vy).

which yields |D2 [¢o] (X) ||, < Lo(2 + V?).

Note that by the mean value theorem, |xi — xlf |
<(R+a) |10g(x,~ + o) — log(xlf + a,-)| and hence,

Ve = Vel < 2lollp [x — x|, <21l (R + llolloo)0g (x, x).

Also, Igow(x) (pw(x/)| sup, ID1 [@w] (x) [ 0g(x, x") < l_,o\_/bg(x, x'). Therefore,

1

_1 _1 _1 _1
g “Hoo (08, * — g, Ho, (x))g, 2

< 0w = 0u@)] (247 + 72) + |ou@)] 1Vs = Val

T
x = VX/VX’

< LoV (24 7+ 72) 0g(x, 5 + (Lo + 2LoV)2 [lly (R + [t c)0g (x, x')
Define for j =0, 1,2, 3
ef. = i
Gj(@) = Lo (Vd +2(R + llalloo) 0]}

then, for j =0, 1,2, L;(w) = sup, |D; [¢u] (¥)|, < Gj(w) and

1

1 1 1 _1
gx “Ho,(X)g, * — gx/zHﬁow(x/)gx/z

L3(w) = sup < G3(w).

x,x’ ag(-x»-x/)
Fol:"ﬂ
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When all o are distinct, we have [2]:
d
P(loll = 1) < P(loll, =0 =) pie™"

where 8; = []; J R a , using the fact that ||w]|; is a sum of independent exponential

random variable. ;
Hence, forall 1 < j <3 andr > d? we have

1 £\ /7
P(Lj() >1) <P (nwu > RS (L—O> — JE)

def. 1 ! l/j
<F0= X;ﬂi exp (—ai (m (L_o) ) ﬁ)) =

andF(L) 8 if

Lj>Lo <2J(R+ llerll o) <~/—+ma"_l°g (df» )

Next, we compute

00 d 00 1/j
1 t
‘/;j l‘Fj(l)dt:Z,Bi\/;‘ t exp (—Oli (m ([_,_0) —\/E)) dt
—[2;Y Vi / (i) 2j-14
o/ Ze S PR ta )

(21—1>4(R+||a||oo>)2’ '12; 30 g /
(o Lo

ew;
p(L> du
4(R + llallso)
4(R 2 i1\,
g( ( + ”a”oo)) < J ) L%jzeaiﬁﬂi
i ¢ i=1
—a;(Lj/Lo)"
exp| ———mm | -
4R + llalls)

This is bounded from above by § if foralli = 1,...,d,
FoE'ﬂ
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o e

_ 1/j
+10g(LoJ)+am/—+10g( fl)) < (%)
0

4(R + llolloo) <2j log (4(2j — DR+ IIaIIoo)>

, that is,

I;> L, <2J'(R+ lerllog)? (V_eraxailog (df» )

It remains to bound Zng(Lg) with €, j € {0,1,2,3}: Let L, > LoM?* for some M
to be determined. Then,

d
r —Q; —Q; a;d
=Ly - —_ M i
Z= <4<R +llell) )exp <4<R +llelloo) )e

4j(R+ IIalloo) _ —; wivd
< Loe” ( ) ﬁ’eXp<4(R+||a||oo)M>e

12(R —
32( (R + ”a“oo)) B; exp( o M) eaiﬁ <
- 2R+ ltlloo)
if foreachi =1,...,d

3 . 3
> 4(R + o) (ﬂmaxilog (Lodﬁl (12<R + ”alioo)) )) .
2 (047

se3 Q;

_ d
Therefore, the conclusion follows for Lo = (1 + .L) ,and for j = 1,2, 3,

min; o;

dBiLo(R + ||a||oo>>>’

80[,'

- - : 1
Lj o Lo(R + llelloo)’ <\/2+ max - log <
i
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