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Abstract

We develop some aspects of the homological algebra of persistence modules, in both
the one-parameter and multi-parameter settings, considered as either sheaves or graded
modules. The two theories are different. We consider the graded module and sheaf
tensor product and Hom bifunctors as well as their derived functors, Tor and Ext, and
give explicit computations for interval modules. We give a classification of injective,
projective, and flat interval modules. We state Kiinneth theorems and universal coeffi-
cient theorems for the homology and cohomology of chain complexes of persistence
modules in both the sheaf and graded module settings and show how these theorems
can be applied to persistence modules arising from filtered cell complexes. We also
give a Gabriel-Popescu theorem for persistence modules. Finally, we examine cate-
gories enriched over persistence modules. We show that the graded module point of
view produces a closed symmetric monoidal category that is enriched over itself.

Keywords Persistent homology - Homological algebra - Graded modules - Sheaves -
Grothendieck categories - Kiinneth theorems - Universal coefficient theorems

Mathematics Subject Classification 55N31 - 18G15 - 18G05 - 55U25

Communicated by Ulrike Tillmann.

This research was partially supported by the Southeast Center for Mathematics and Biology, an
NSF-Simons Research Center for Mathematics of Complex Biological Systems, under National Science
Foundation Grant No. DMS-1764406 and Simons Foundation Grant No. 594594. This material is based
upon work supported by, or in part by, the Army Research Laboratory and the Army Research Office
under Contract/Grant Number W91 1NF-18-1-0307.

B Peter Bubenik
peter.bubenik @ufl.edu

Nikola Mili¢evié
nikola@ufl.edu
1 Department of Mathematics, University of Florida, PO Box 118105, Gainesville, FL
32611-8105, USA
Department of Mathematics, University of Florida, Gainesville, FL, USA
FolCT
e
@ Springer |70


http://crossmark.crossref.org/dialog/?doi=10.1007/s10208-020-09482-9&domain=pdf

1234 Foundations of Computational Mathematics (2021) 21:1233-1278

1 Introduction

In topological data analysis, one often starts with application data that have been
preprocessed to obtain a digital image or a finite subset of a metric space, which is then
turned into a diagram of topological spaces, such as cubical complexes or simplicial
complexes. Then, one applies an appropriate homology functor with coefficients in a
field to obtain a diagram of vector spaces. In cases where the data are parametrized
by a number of real variables, this diagram of vector spaces is indexed by R” or a
subset of R". Such a diagram is called a (multi-parameter) persistence module. These
persistence modules have a rich algebraic structure. The indexing set R” is an abelian
group under addition and has a compatible coordinate-wise partial order. The sub-
poset generated by the origin is the positive orthant which is a commutative monoid
under addition which acts on persistence modules. The category of vector spaces
has kernels and cokernels with desirable properties; it is a particularly nice abelian
category. This algebraic structure underlies the power of topological data analysis.
We will exploit this algebraic structure and apply some of the tools of homological
algebra to study persistence modules.

To facilitate a broad class of present and future applications, we generalize the above
setting somewhat. We replace R” with a preordered set with a compatible abelian group
structure. We replace the category of vector spaces with any Grothendieck category.
This is an abelian category satisfying additional properties useful for homological
algebra. We call the resulting diagrams persistence modules. It follows that the category
of persistence modules is also a Grothendieck category. Thus, for example, persistence
modules satisfy the Krull-Remak—Schmidt—Azumaya theorem [6].

The algebraic structure of persistence modules has been studied from a number of
points of view, for example, as graded modules [11,31,41], as functors [7,8], and as
sheaves [14]. Here, we develop some aspects of the homological algebra of persistence
modules, with an emphasis on the graded module and sheaf-theoretic points of view.
From both sheaf theory and graded module theory, we define tensor product and
Hom bifunctors for persistence modules as well as their derived functors Tor and Ext
(Sects. 3,4, 7). We provide explicit formulas for the interval modules arising from the
persistent homology of sublevel sets of functions. In computational settings, single-
parameter persistence modules decompose into direct sums of finitely many such
interval modules. So, in the computational setting, since these four functors preserve
finite direct sums, the general case reduces to that of interval modules. For example,
we have the following.

Proposition 1.1 Suppose kla, b) and K[c, d) are interval modules. Then:
— Kla, b) ®gr kKlc,d) =Kk[a + ¢, min{a +d, b+ c})
Hom(k[a, ), k[c, d)) = k[max{c —a,d — b},d — a)
Tor}" (k[a, b), klc, d)) = kimax{a +d, b +c},b+d)
Exty, (k[a, b), k[c, d)) = k[c — b, min{c — a, d — b})
The sheaf theoretic Tor bifunctor is trivial (Theorem 7.3), but the Ext bifunctor is not
(Example 7.4).
A necessary step for computations in homological algebra is understanding projec-
tive, injective, and flat modules. We give a classification of these for single-parameter
Elol:;ﬂ
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interval modules in Sect. 6 and also extend the result somewhat to the multi-parameter
setting.

Theorem 1.2 Leta € R. Then:

— The interval modules k(—o0, a) and k(—o0, a] are injective. They are not flat and

thus not projective.

The interval modules K[a, 0c0) are projective (free) and the interval modules

k(a, 00) are flat but not projective. Both are not injective.

The interval module K[R] is both injective and flat, but not projective.

— If I C Ris a bounded interval, then K[I] is neither flat (hence not projective) nor
injective.

In both the graded module and sheaf settings, we have Kiinneth theorems and uni-
versal coefficient theorems for homology and cohomology (Sect. 8). There is evidence
to suggest these theorems can be used to give faster algorithms for computing persis-
tent homology [18]. We compute a number of examples for these theorems in Sect. 8.
In addition to our main results, we discuss (Matlis) duality (Sect. 5), persistence mod-
ules indexed by finite posets (Sect. 9), and we state the Gabriel-Popescu theorem for
persistence modules (Corollary 2.25). Matlis duality helps us identify injective and
flat modules and is used extensively in proving Theorem 1.2. The Gabriel-Popescu
theorem characterizes Grothendieck categories as quotients of module categories. For
persistence modules over finite posets, we show a stronger result is true; persistence
modules are isomorphic to modules over the ring End(U) where U is a generator of
the Grothendieck category of persistence modules. This allows one to study persis-
tence modules as modules over a non-graded ring. In Sect. 10, we consider persistence
modules from the point of view of enriched category theory. We show that by viewing
persistence modules as graded modules we obtain a closed symmetric monoidal cate-
gory that is enriched over itself. Many of these results are adaptations or consequences
of well-known results in graded module theory, sheaf theory, and enriched category
theory. However, we hope that by carefully stating our results for persistence modules
and providing numerous examples we will facilitate new computational approaches to
topological data analysis. For example, the magnitude of persistence modules [19] is
a new numerical invariant that respects the monoidal structure of the graded module
tensor product of persistence modules.

Related Work

Some of the versions of the Kiinneth theorems that appear here were independently dis-
covered by Polterovich, Shelukhin, and Stojisavljevic [36], and Gakhar and Perea [18].
Recent papers on persistence modules as graded modules include [21,32,34] where
they are considered from the perspective of commutative algebra. Recent papers from
the sheaf theory point of view include [1,2,27]. Results akin to Theorem 1.2 also
appear in [3,24]. In the final stages of preparing this paper a preprint of Carlsson and
Fillipenko appeared [10], which covers some of the same material considered here, in
particular graded module Kiinneth Theorems, but from a complementary point of view.
Grothendieck categories have been used to define algebraic Wasserstein distances for
Elol:';”
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persistence modules [6]. Enriched categories over monoidal categories have been used
in other recent work in applied topology [12,29].

2 Persistence Modules

In this section, we consider persistence modules from several points of view and
provide background for the rest of the paper. In particular, we consider persistence
modules as functors, sheaves and graded modules. We show that these points of view
are equivalent. Thus, the reader may read the paper from their preferred viewpoint.
What the different perspectives bring to the table are canonical operations from their
respective well developed mathematical theories.

2.1 Persistence Modules as Functors

Given a preordered set (P, <) there is a corresponding category P whose objects are
the elements of P and whose morphisms consist of the inequalities x < y, where
X,y € P. An up-set in a preordered set (P, <) is a subset U C P such thatifx € U
and x < ytheny € U.Fora € P denote by U, C P the principal up-set at a, i.e.,
U, == {x € P|la < x}. A down-set in a preordered set (P, <) is a subset D C P
such that if y € D and x < y, then x € D. For a € P denote by D, C P the
principal down-set at a, i.e., D, := {x € P|x < a}. Let R" denote the category
corresponding to the poset (R”, <), where < denotes the product partial order. That
is, (X1, ..., xn) < (1, ..., yp) if and only if x; < y; for all i.

Let (P, <) be a preordered set and let P be the corresponding category. Let A
be a Grothendieck category—an abelian category with additional useful properties
(see Appendix A).

Definition 2.1 A persistence module is a functor M : P — A. The category of persis-
tence modules is the functor category AP, where the objects are persistence modules
and morphisms are natural transformations. Of greatest interest to us is a special case
of this, when P = R".

The assumption that A is a Grothendieck category contains most examples of
interest and ensures that the category of persistence modules has a number of use-
ful properties (Proposition 2.23). For example, the category A may be the category
Mody, of right R-modules over a unital ring R and R-module homomorphisms. R will
always denote a unital ring in what follows and we will always assume that our rings
are unital. We could also consider ;Mod the category of left R-modules over a unital
ring R and R-module homomorphisms. Of greatest interest to us is a special case of
this, the category Vecty, of k-vector spaces for some field k and k-linear maps.

Definition 2.2 Let (P, <) be a preordered set. Say U C P is convexifa < ¢ < b with
a,b € U implies that c € U. Say U C P is connected if for any two a, b € U there
exists asequencea = pp < q1 > p1 <q2 > -+ > p, <q, = b forsomen € N
such that all p;, g¢; € U for 0 < i < n. A connected convex subset of a preordered set
is called an interval.

Elol:;ﬂ
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Let A C P be a convex subset. The indicator persistence module on A is the
persistence module R[A] : P — Modpg given by R[A], equals R if a € A and is
0 otherwise and all the maps R[A],<p, where a,b € A, are identity maps. If A is
an interval, then R[A] is called an interval persistence module. If A is an interval on
the real line, say A = [a, b), and R = Kk is a field, we will write k[a, b) instead of
k[[a, b)] for brevity.

2.2 Persistence Modules as Sheaves and Cosheaves

For more details, see [13,14].

Definition 2.3 Let (P, <) be a preordered set. Define the Alexandrov topology on P
to be the topology whose open sets are the up-sets in P. Let Open(P) denote the
category whose objects are the open sets in P and whose morphisms are given by
inclusions.

Lemma 2.4 Let (P, <) and (Q, <) be preordered sets and consider P and Q together
with their corresponding Alexandrov topologies. Let f : P — Q be a map of sets.
Then, f is order-preserving if and only if f is continuous.

Example 2.5 Consider R with the Alexandrov topology. Then, the open sets are ¢, R,
and the intervals (a, 00) and [a, 00), where a € R.

Let (P, <) be a preordered set, and let U be an up-set in P. Then the preorder on P
restricts to a preorder on U, and U is a full subcategory of P. Furthermore, any functor
F : P — Crestricts to a functor F|y : U — C.

Lemma 2.6 [14, Remark 4.2.7] Let (P, <) be a preordered set with the Alexandrov
topology and let P be the corresponding category. Let C be a complete category. Then,
any functor F : P — C has a canonical extension F : Open(P)°? — C given by

F(U) =1lim F|y = lim F(p),
peU

and F(U D V) is given by a canonical map.

Proof First we define ¢ : P — Open(P)°? given by ¢(p) = U, (the principal up-set
at p)forpe P,and(p <q) : U, D U,.

Next for an up-set U in P we have the comma category U | ¢, whose objects are
elements p € P such that U D U, thatis, p € U, and whose morphisms are given
by p < g € U. Notice that this category is isomorphic to the category U. Consider the
projection 7 : U | ¢« — P. Then, 7 is just the inclusion of Uin P and F o7 = Fly.

Now let F : Open(P)°? — C be the right Kan extension, Ran, F. By definition,
ﬁ(U) = Ran, F(U) = lim(U | LA C) = lim Fly = lim,ey F(p). That is,
F (U) is the universal (i.e., terminal) cone over the diagram F|y : U — C. For
U DV € Open(P)°P, ﬁ(U) is a cone over F|y. By the universal property of F(V),
there is a canonical map resy y : I:"(U) — I:"(V). Let l:"(U D V) =resy,y. The
universal property of the limit shows that this defines a functor.

Elol:';”
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Finally for p € P,Ran, Fi(p) = Ran, F(Up) = limgey, F(q) =lim,<, F(q) =
F(p). So this Kan extension is actually an extension. O

Proposition 2.7 The functor F =Ran, F : Open(P)°? — C is a sheaf. That is, for
any open cover {U;} of an open set U in P,

1, FWoUp [1;; Fwisuinuy)_
Fuy ——= [[Fwn S [[Fwinu) 2.1)
i [, FW;sunU;y

is an equalizer.

Proof Let c be the limit of the diagram [[; lim Fly, = [];. ;im Fly,ny; where the
arrows are those in (2.1). By Lemma 2.6, we want to show that lim F|y = c.

By the universal property of the limit, for all i, j we have the following commutative
diagram of canonical maps.

ﬁ(UDUi) hmF'U,‘ ﬁ(U,'DU,’ﬁUj)
. FUDU;NUj) .
lim F|y > 11mF|UimUj

A —
F(UDU)) lim Fly,  FW;sUiNU)

Therefore, there is a canonical map lim F|y — c.

Forall p € U, p € U; forsomei. So U; O U, and hence we have a canonical map
¢ — lim Fly; — lim F|y, = F(Up) = F(p). By the definition of ¢, this map does
not depend on the choice of i.

For p < ¢q,if p € U; theng € U;. So we have the following commutative diagram.

F
. ()
¢ — lim Fly, l

F(g)

Thus, forall p, g € U with p < g, we have canonical mapsc — F(p)andc — F(q)
which commute with F(p < q) : F(p) — F(q). Therefore, there is a canonical map
c— lim F|y.

By the universal property of the limit, both composites are the identity map. O

Theorem 2.8 [14, Theorem 4.2.10] Let (P, <) be a preordered set and let C be a
complete category. Then, there is an isomorphism of categories between the func-
tor category C¥ and the category Shv(P; C) of sheaves on P with the Alexandrov

topology.
Proof Right Kan extension gives a functor Ran, : C? — COPen(P)™ (see [38, Prop.
6.1.5] for example). By Proposition 2.7, Ran, : C* — Shv(P; C).
Fol:'ﬂ
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Define a functor stalk(F) : Shv(P;C) — CPY as follows. For p € P, let
stalk(F)(p) = F(Up), and stalk(F)(p < q) = F(U, D Uy).

We claim these functors are mutually inverse. Let p € P and F € CF. Then
(stalk Ran, F)(p) = Ran, F(U,) = F(p). Let U be an up-set of P and F €
Shv(P; C). Then (Ran, stalk F')(U) = lim ey (stalk F)(p) = lim ey F(U)p). Since
U = UpeyUp and F is a sheaf, this equals F(U). m]

We can dualize the above construction. For a preordered set (P, <), let P°P denote
the preordered set with the opposite order. The Alexandrov topology on P°P has as
open sets the down-sets D of P. Instead of right Kan extensions and limits, we use
left Kan extensions and colimits.

Lemma 2.9 [13, Example 4.5] Let (P, <) be a preordered set and let P be the cor-
responding category. Let CAbe a cocomplete category. Then any functor F : P — C
has a canonical extension F : Open(P°P) — C given by

F(D) = colim F|p = colim F(p),
peD

and I:"(D C E) is given by a canonical map.

Proposition 2.10 [13, Theorem 4.8] The functor above F: Open(P°?) — Cisa
cosheaf.

Theorem 2.11 [14, Theorem 4.2.10] Let (P, <) be a preordered set and let C be a
cocomplete category. Then, there is an isomorphism of categories between the functor
category C¥ and the category Coshv(P°P; C) of cosheaves on P°P with the Alexandrov

topology.

Corollary 2.12 Let (P, <) be a preordered set and let A be a Grothendieck category.
Then A? = Shv(P; A) = Coshv(P°P; A), where P and PP have the Alexandrov

topology.

Example 2.13 We may consider the persistence module k[a, b) as a sheaf. For an
k if infU € [a,b)

up-set U C R, k[a, b)(U) = lim,cyla, b), = .
0 otherwise.

Let X be a topological space. If R is a sheaf of rings on X, we can define left
(or right) R-modules (which themselves are sheaves of abelian groups). These form
a category R-Mod (or Mod-R). If M and N are two such R-modules, we denote
their set of morphisms by Homy (M, N). If R is a ring, define Rx to be the sheaf
associated with the constant presheaf U +— R foreveryopen U C X.If R =k isa
field and X = R", we have the constant sheaf kgr» (where X = R” has, for example,
the Alexandrov topology). See Appendix C for more details.

Example 2.14 We may consider the persistence module R[P] as the constant sheaf of
rings Rp on P with the Alexandrov topology (see Appendix C). By Corollary 2.12, we
can view persistence modules M € Modllz, orM e RModP as sheaves on P valued
FoC
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in Modg or ,Mod, respectively, where P is given the Alexandrov topology obtained
from (P, <). Furthermore, we have isomorphisms of categories:

Mod}%, = Mod-Rp and zMod® = Rp-Mod
(see Appendix C).

Using the sheaf viewpoint, we have the six Grothendieck operations which we can
apply to persistence modules (see [26, Chapters 2 and 3]). In particular, we have a tensor
product of sheaves M ®r, N and an internal hom of sheaves /2. g, (M, N). These
six Grothendieck operations are usually only left or right exact functors and in order
to preserve cohomological information we need the derived perspective (Appendix
D). Thus, it is crucial to be able to construct injective and projective resolutions of
complexes of sheaves. Proposition 2.15 gives us a way of determining if a given sheaf
is injective or not, by checking a smaller class of diagrams rather than the one usually
given in the definition of an injective object.

Proposition 2.15 [26, Exercise 2.10] Let R be a sheaf of rings on a topological space
X and let M € Ob(Mod-R). Then,

(1) M is injective if and only if for any sub-R-module S of R (also called an ideal
of R), the natural homomorphism:

Homp (R, M) — Homp (S, M)

is surjective.

(2) Let K be a field. Then any ideal of Ky is isomorphic to a sheaf Ky, where U is
openin X.

(3) From (1) and (2), it follows that a kKx-module M is injective if and only if the
sheaf M is flabby (Appendix C).

Part (1) of Proposition 2.15 is analogous to Theorem B.1, the Baer criterion for
graded modules. It can be used to identify injective persistence modules by looking
at a smaller class of diagrams. Part (3) tells us that a vector-space-valued persistence
module is injective if and only if it is flabby as a sheaf. In other words, we only need
to check if the restriction morphism M (P) = limyep M,y — M(U) = limyey M, is
surjective, for all up-sets U in P.

Example 2.16 leta,b € R? be incomparable with respect to < and let U = U, U
Up and D = D, U Dy (Fig. 1). Consider the interval persistence module on D,
K[D]. Observe that k[ D](R?) = lim, g2k[D]; = k. On the other hand we have
that k[D](U) = lim,cyk[D], = k>. Hence, the restriction morphism induced by
the inclusion U C R? cannot be surjective. Thus, k[ D] is not flabby as a sheaf, and
therefore it is not injective, by Proposition 2.15.

FoC'T
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D

Fig.1 Anup-set U and a down-set D. The interval module k[ D] is not injective. See Example 2.16

2.3 Persistence Modules as Graded Modules

Throughout this section, we assume R is a unital ring and (P, <, 0, +) is a preordered
set together with an abelian group structure. We assume that the addition operation in
the abelian group structure is compatible, meaning that for a, b, c € P, a < b implies
that @ + ¢ < b+ c. As an example consider (R! x Q/ x Z¢, <, 0, +), withi, j, £ > 0
andn :=1i 4 j + £ > 1, and where the right hand side has the product partial order.
Recall that Uy is the principal up-set at 0 € P. For example, if (P, <) = (R", <),
then Uy C R”" is the nonnegative orthant of R".

Example 2.17 Let (P, <) = (R", <). Consider the monoid with addition, (Uy, +, 0),
which we will also denote by Uy. Let R be a unital ring. Let R[Uj] be the monoid ring,
whose definition is analogous to that of a group ring R[G] for a ring R and a group
G. For example, elements of R[Up] can be xf, 1+ rle + rzxg ,forry,r) € R, etc.
This ring, R[Up], is an R"-graded ring and is commutative whenever R is. Indeed, we
can give it a grading in the following way: R[Up] = @aepR[Uo]a, where R[Uy], is
the set of homogeneous elements in R[Uy] of degree a if a > 0, and is 0 otherwise.
Observe that R[Up], = R, foralla > 0.

For a preordered set P with a compatible abelian structure, let P be the correspond-
ing category. Let A be the category of left R modules, ,Mod. Consider a persistence
module M : P — A. Then, M can be viewed as an P-graded left R[Up]-module
and vice versa. Indeed, we can write M = €, _.p M, with left R[Up]-action given
by x* - m 1= M,<4+5(m) and extending linearly for a given m € M, and s € Uy
and x°® the generator of R[Up]s. In the other direction, given a left action of R[Up]
we can construct R-module homomorphisms M, — M, by defining them to be
given by the left action by the generator x* of R[Uy]s. Furthermore, every natural
transformation corresponds to a graded module homomorphism; see Fig. 2. This is
an isomorphism of categories. This has been observed by different authors, in [31] in
the P = R"-graded case, in [41] in the P = Z"-graded case and in [34, Lemma 3.4]
and [35] where P is a partially ordered abelian group. What is new in this paper is the
generalization to preordered sets. The corresponding statements also hold for functors
M : P — Modpr and P-graded right R[Up]-modules.

In Sect. 8, we will state Kiinneth theorems for persistence modules. The splitting
of the short exact sequences in those theorems will depend on the properties of the
graded ring R[Up]. Observe that when the ring R is commutative, the ring R[Up] is
an associative R-algebra. Furthermore, the ring R[Up] is commutative; thus, it is a
commutative R-algebra. Now suppose R = Kk is a field and (P, <) = (R", <). We
make the following observations on the ring k[Up] and its ideals.

Elol:';”
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Fig. 2 Consider maps ag : Mg — Ng fora € P. Viewing M,<j and N,< as actions by xb=4 the
equality o, (Mg <p(m)) = Ny<p (g (m)) corresponds to the equality a@xb—a. m) = xb—a. a(m). The first
equality is the condition for « to be natural transformation. The second equality is the condition for « to be
a graded module homomorphism

(i) K[Up] is not a principal ideal domain. In particular, the ideal K[Uj \ {0}] is not
generated by a single element.

(i) k[Up] is not even a unique factorization domain. Otherwise, it would satisfy
the ascending chain condition for principal ideals (see [16, Section 0.2]). How-
ever, for m = 1,2, 3, ..., the increasing sequence of principal graded ideals
k[U Lo ]does not stablhze

(iii) The on]y graded (homogeneous) ideals are the interval persistence modules of
up-sets that are contained in the first orthant, namely K[U] for up-sets U C U.
See also [34, Remark 8.12] and [25].

(iv) We have that k[Uj \ {0}] is the unique nonzero graded maximal ideal of k[Up],
consisting of homogeneous non-invertible elements of k[Up]. Hence, k[Up] is a
graded-local ring. Note that k[Up] is not a local ring. Indeed, if k[U(] were local,
then x{ or 1 — x; would be a unit. This is not the case, as these elements are not
invertible.

Recall that we have assumed that P is a preordered set together with an abelian
group structure. Let M, N : P — A be persistence modules, where A is either Mod g
or ,Mod. Let Homgy, (M, N) denote the set of module homomorphisms from a
persistence module M to N, forgetting the grading. For a module M, let M(s) be
the translation of M by s, i.e., M(s), := M4,. Recall that a graded module is
finitely generated if it is finitely generated as a module (Appendix B). The following
proposition suggests how to construct sets of morphisms between persistence modules
that are themselves persistence modules. This will eventually allow us to consider a
chain complex of persistence modules with coefficients in another persistence module
(Sect. 8).

Proposition 2.18 [23, Theorem 1.2.6] Suppose M is a finitely generated per-
sistence module. Then, the abelian group of module homomorphisms from M

to N, Homg[y, (M, N), has a direct sum decomposition Homg[y,(M,N) =
€ Hom(M, N(s)), where Hom(M, N(s)) is the set of natural transformations

seP

(graded module homomorphisms) from M to N (s).

Hence, sets of (ungraded) module homomorphisms of persistence modules have the
structure of a graded abelian group when the domain module M is a finitely generated
module.

The following is a graded version of Nakayama’s lemma in homological algebra.

Fo C 'ﬂ
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Proposition 2.19 [33, Theorem 4.6] Let I" be a monoid. Let S be a I'-graded ring.
Suppose S is a graded-local ring. Then, if P is a finitely generated graded projective
S-module, P is a graded free S-module.

Since every group is a monoid, we can apply Proposition 2.19 to rings and modules
graded over a group. Thus, we have the following corollary, where Vecty is defined
in Sect. 2.1.

Corollary 2.20 A finitely generated persistence module M : P — Vect is projective
if and only if M is graded free.

Let us now summarize some of the results from this section and the previous two
sections.

Theorem 2.21 Let (P, <, +, 0) be a preordered set with a compatible abelian group
structure. Let R be a unital ring. Then, we have the isomorphisms of categories

#Mod® = Rp-Mod = Gr-gyjMod and Mod% = Mod-Rp = GrP-Modg(y,).

where GrP -y Mod and Gr?-Mod gy, are the categories of P-graded left and
right R[Upl-modules, respectively. In particular, for each a € P, M, = M(U,).
Also, M(U) = limgey M(U,), and the graded module structure is given by M =

@aeP M.

Definition 2.22 We say M is a left persistence module if M : P — ,Mod. We say M
is a right persistence module if M : P — Modg. Due to the above isomorphisms, we
will also use these terms when M is aleft R p-module or right R p-module, respectively,
and when P is a preordered set with a compatible abelian group operation, when M
is a P-graded left R[Up]-module or a P-graded right R[Up]-module, respectively.

2.4 A Grothendieck Category of Persistence Modules

In this section, we observe that the category of persistence modules is a Grothendieck
category and remark that the Gabriel-Popescu theorem can be applied. This allows
us to potentially consider persistence modules as modules over a new (non-graded)
ring. Let (P, <) be a preordered set. Recall that fora € P, U, = {b € P | a < b}.
Let A be a Grothendieck category. Recall that a family of generators in a category is
a collection of objects {U}; such that for every two distinct morphism f,g: X — Y
in the category, there exists an i and & : U; — X such that fh # gh (Appendix A).
If the family is a singleton, we simply say generator.

Proposition 2.23 The category AY is a Grothendieck category with a generator. In
particular, the category has enough projectives and injectives.

Proof Since A is a Grothendieck category, so is the functor category AP, by Proposi-
tion A.2. Let G be a generator of A. For a € P, define G[U,] to be the persistence
module given by G[U,], = G if b € U, and 0 otherwise and let G[U,lp<c = 16
if b, ¢ € U, and 0 otherwise. The collection {G[U,]},cp is a family of generators.
Elol:';”
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Indeed, suppose f,g : M — N are natural transformations between persistence
modules M and N such that f # g. Then, by definition, there exists an a € P such
that f, # g,. In particular, as G is a generator of A, there exists an h, : G, —> M,
such that f,h, # gahy. Define h : G[U,] — M by setting hp, = 0 for b ¢ U, and
setting hp = My<ph, for b € U,. Since all of the maps in G[U,, ] are the identity or are
zero, the collection of maps {hj}ycp are the components of a natural transformation
h. Then, by construction it is clear that fh # gh, hence {G[U,]}4cp is a family of
generators. By Proposition A.1, we have that U := @, p G[U,] is a generator (which
is also free and hence projective). By Theorem A.3 and Proposition A.1, the category
has enough injectives and projectives. O

We will show later in Sect. 6 that the interval modules K[ D, ] are injective and that
the interval modules k[U,] are projective, when k is a field and P = R”.

Theorem 2.24 [37, Theorem 14.2, Chapter 4](Gabriel-Popescu theorem) Let C be a
Grothendieck category and let U be an object in C. Consider the endomorphism ring
S := Endc(U). Then, the following are equivalent:

(1) U is a generator.
(2) The functor Hom(U, -) : C — Modg is full and faithful and its left adjoint
-®s U : Mods — C is exact.

From this, we have the following Gabriel-Popescu theorem for persistence mod-
ules:

Corollary 2.25 Let U = @, p G[U,] and let S = End(U). Then,

— Hom(U, -) : A¥ — Mody is full and faithful; and its left adjoint
- - ®s U :Modg — AP is exact.

We will use this result in Sect. 9 when we consider persistence modules over finite
preordered sets.

2.5 Chain Complexes of Persistence Modules

In Sect. 8, we will investigate how changing the coefficients of a chain complex of
persistence modules changes its homology. In order to compute examples that come
from applications, we consider a chain complex of persistence modules obtained from
a filtered cellular complex, such as a filtered simplicial complex or a filtered cubical
complex.

A filtration on a CW complex X is a function f : X — R that is constant on the
cells of X and such that f(do) < f(o) for all cells o of X. Fora € R, let X, be the
subcomplex of X defined by X, := f~!(—o00, a]. The collection of CW complexes
{X4}aer with the inclusion maps X, < Xj whenevera < b is a filtered CW complex.
The inclusion maps induce k-linear maps on cellular homology with coefficients in a
fieldk, H,(X4; k) — H,(Xp; k). Let H, (X) denote the resulting persistence module.

Let X be a CW complex with filtration f. Let X, denote the set of m-cells of X.
For m > 0, define C,,(X) = @ k[ f (o), 00). For o € X, also let o denote

Elol:;ﬂ
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the generator of K[ f (o), 00). For a > f(0), let o, denote K[f(c), ) f(5)<a0-
Similarly, define o, € Cp,(X) for an m-chain « in the cellular chain complex on
X. Define d,,, : C,(X) — Cp—1(X) to be the natural transformation obtained by
extending the definition (d,), (0,) = (d0), linearly. Let H, (C(X)) be the homology
of the chain complex (Cy(X), d).

Lemma 2.26 Let X be a CW complex with a filtration as above. For all n € N,
H,(C(X)) = Hn(X).

Proof For all a € R, by definition, H,(X), is the n-th cellular homology of
f‘l(—oo, al] C X, Hn(f_l(—oo, al; k). By construction, C,,(X), has as genera-
tors the m cells o of X such that f(o) < a. By the definition of (d,,),, it follows that
H,(C(X))q is isomorphic to H,(f~'(—o0, a; k). o

3 Tensor Products of Persistence Modules

In this section, we consider two functors of persistence modules. In Sect. 10, we show
that they are both monoidal products on the category of persistence modules. These
are ®gr and ®sp, the tensor products from graded module theory and sheaf theory,
respectively. We give formulas for calculating these functors applied to one-parameter
interval modules. These formulas will be useful in computations in Sect. 8.

3.1 Tensor Product of Sheaves

Let (P, <) be a preordered set and let R be a unital ring. For more details, see [,
Chapter 1] and [26, Chapter 2].

Definition 3.1 Let M be a right Rp-module and let N be a left Rp-module, where
P is given the up-set topology. The sheaf tensor product M ®g, N is the sheaf of
abelian groups on P which is associated with the presheaf given by the assignment
U MU)Q®g NU), for an up-set U C P. The stalk of this presheaf at a € P
is M, ®r N,. As sheafification preserves the values on stalks, we have (M ®g,
N)o = M, ®g N,. However, as discussed in the proof of Lemma 2.6, we have
Mpp N)(Uy) = MUy)QrN(Uy) = My ®pg N, By the result of Theorem 2.8, we
can also take the functor stalk (M ®g, N) : P — Ab, defined by stalk(M ® g, N), :=
MU,)®r N(Uy,), as the definition of M ®, N. To simplify notation, we will denote
®Rrp by ®sh throughout this paper (the ring R will always be clear from context). When
N is an Rp-bimodule, M ®gp N is in fact aright R p-module. When R is commutative,
M ®gh N is an Rp-module.

Example 3.2 Assume that (P, <) = (R", <) and R = kisafield. Let U, V C R”" be

intervals and let k[U] and K[V] be the corresponding interval persistence modules.

For a € R", (k[U] ®sh k[V]), = k[U], ®k k[V], which equals kifa e UNV

and is otherwise zero. If U N V is connected then, kK[U] Qsn kK[V] =Kk[UNV]. Asa
special case, if n = 1, we have that k[a, 00) ®sh k[, 00) = k[max{a, b}, 00).
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3.2 Tensor Product of Graded Modules

Let (P, +, 0) be an abelian group. There exists a tensor product operation on Gr”-S,
the category of P-graded modules over a P-graded ring S; for example, see [23].
Hence, we have a tensor product of persistence modules, M ®g[y,;] N. For the one-
parameter case, see, for example, [10,36]. For simplicity and to differentiate from the
sheaf tensor product, we will write M ®gr N throughout, as the ring R and the abelian
group P will be clear from the context.

Definition 3.3 Let M be a P-graded right R[Up]-module and let N be P-graded left
R[Up]-module. Let M @g N := P, p(MQRr),, where

(M &g N), := R<| > mi @gni|m; € M",n; € N", deg(m;) + deg(n;) = r}>
i

Define the graded module tensor product of M and N, written M ®gy N, to be the
P-graded abelian group given by

M @g N := (M ®g N)/J,
where J is the subgroup of M ® g N generated by the homogeneous elements
m-x@rn—mQrx-n|me Mh,n € Nh,x € R[Uo]h}.

where M", N" and R[U,]" are the sets of homogeneous elements of M, N and R[Uy],
respectively.

Now assume (P, <, +, 0) is a preorder with a group structure compatible with the
preorder, namely @ < b implies a +c¢ < b+ c. Then, there is an equivalent categorical
definition of ®gyr, as observed in [36]. Let X, = @S L= (M5 ®g N;). The abelian
group (M ®gr N), is the quotient of X, given by the colimit of the diagram of abelian
groups (Ms; ® g N;)s+:<r. See Fig. 3 for the case (P, <) = (R, <).

Definition 3.4 Let M be a P-graded right R[Up]-module and let N be a P-graded left
R[Up]-module. Define the P graded abelian group M ®gr N by setting (M ®gr N), :=
COlims+t§r (M; ®r Ny).

Observe that Definitions 3.3 and 3.4 are equivalent. Indeed, this follows from
Sect. 2.3 and the way the Z[Up] action is defined in the quotient in Definition 3.3. If
N is a P-graded R[Up]-bimodule, then M ®g, N is a P-graded right R[Up]-module.
Furthermore, M ®gr N(s) = M(s) Qgr N = (M Qg N)(s) for all s € R", and
M ®gr k[US‘] = M(_S)-

Example 3.5 Let M = Kk[a, b) and N = K[c, d). Assume b + ¢ < a + d (see Fig. 4).
Letr € Randlet X, := @,,,_.(M; ® N;). Fora+c¢ < r < b+ c, every
summand of X, is in the image of M, ®k N = K, and hence (M Qg N), = k and
fora+c<r<r <b+c, (M ®g N),< is the identity map on k. For b + ¢ < r,
FolCT
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Xy = @ (Mg ®R N;)

s+t=r

Na@

(M ®gr N); := colim(My ®r Ny)
S+t<r

M, M,
L L 2 M

Fig.3 The tensor product of one-parameter persistence modules M and N. Each abelian group (M ®gr N);
is assigned to be the colimit of the diagram of abelian groups (Ms ® g N¢)s+r<r

Fig. 4 Tensor product of interval modules : k[a, b) ®gr k[c, d) = k[a + ¢,min{a +d, b + c})

each nonzero summand Mg @k N; of X, has ¢t > ¢ and thus lies in the image of
M; ®k N, = k. However, the map M; @k N, — M; ®k N, where [ is such that
| 4+ ¢ = r has to be the zero map as r > b + ¢, thus [ > b and thus M; = 0. Hence,
M Qgr N =Kla +c,b+c).

If we had a +d < b + c, then the same argument shows that M Qg N = K[a +
¢, a + d). Combining these two results we have the following.

kla, b) ®gr K[c, d) = K[a + ¢, min{a +d, b + c})

Note that the persistence of this interval module (i.e., the length of the corresponding
interval) is the minimum of the persistences of the interval modules M and N.
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Alternatively, note that k[a, b) and k[c, d) are graded modules with one generator
in degrees a and c, respectively. Label these generators as y* and z¢, respectively.
Then, note that by the action of the graded ring k[0, c0), we have x! - y¢ # 0 if and
onlyif < b—a. Similarly x" - z¢ # 0 if and only if t < d — c. From the point of view
of graded module theory, k[a, b) ®gr K[c, d) will be a graded module with a single
generator in degree a + ¢, namely y* Qg z¢ and x’ - (y* ®gr z°) # 0 if and only if
t <min{b —a,d — c}.

Similarly one obtains the following equalities.

K[a, 00) Qgr K[c,d) =K[a +c,a +d) k[a, 00) ®gr K[c, 00) = K[a + ¢, 00)
K[a, D) @gr k(—00,d) =0  Kl[a, 00) Qgr k(—00, d) = k(—00,a +d)
kl[a, b) @gr k(—00,00) =0  K[a, 00) ®gr k(—00, 00) = Kk(—00, 00)

Note that ®gy is different from ®gp. Indeed, the tensor unit of ®gy is R[Up] while
the tensor unit of ®gp is R[P]. We will focus more on ®gr over Qg in this paper
because ®gy is right exact in general unlike ®s, which is exact when R = k is a
field. We thus need to spend more time carefully constructing projective resolutions
and calculating the derived functor of ®g,. However, as we will see in Proposition 3.7
and Remark 3.8, unlike ®sp, ®gy does not interact nicely with the other Grothendieck
operations obtained from sheaf theory.

Definition 3.6 Let X and Y be topological spaces and f : ¥ — X a continuous map.
Let F be a sheaf on X. The inverse image of F by f, denoted f~!F is the sheaf on
Y associated with the presheaf given by the following assignment:

-1 .
F(U) := colim F(V),
STFQW) ﬁ%;énv()

for all open U C Y, where V ranges over all open subsets of X containing f(U).

Proposition 3.7 Let f : P — P be a continuous map (with respect to the Alexandrov
topology on (P, <)). Then, for a right persistence module M and a left persistence
module N we have a canonical isomorphism.

FAMRnN) = Mg fTIN 3.1

Proof Let f : X — Y be a map of topological spaces, and let R be a sheaf of
rings on Y. Let M be a right R module and let N be a left R module. Then, there is a
canonical isomorphism f~/(M®zr N) = f~! MQ -1 f~IN, see, for example, [26,
Proposition 2.3.5]. Now let X = Y = P (with the Alexandrov topology) and let R =
Rp.Suppose f : P — P iscontinuous, with respect to the Alexandrov topology on P.
Then, f~'Rp = Rp.Indeed,let U C P be an up-set. Then, by Definition 3.6, f "' Rp
is the sheaf associated with the presheaf f_lRp(U) := colim s(yycv Rp(V) = R,
which means f~!Rp is the constant sheaf on P. Thus, we have f~!(M ®¢ N) =
f_lM ®sh f_lN- o
Elol:;ﬂ
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Remark 3.8 Let f : P — P be continuous (with respect to the Alexandrov topology
on (P, <)). Itis not necessarily true that f’l (M ®gr N) is isomorphic to f’1 M Qgr
f —IN. Indeed consider the following counter example. Let (P, <) = (R, <) and let
R =k.Let f : R — Rbe given by f(x) = x 4+ 5. Observe that f is continuous and
that for an interval module k[a, b) we have:

f‘l(k[a, b) ®gr kla, b)) = f_lk[2a, a+b)=Kk[2a—5,a+b-5).
On the other hand:

f'kla, b) ®gr f'kla,b) =Kk[a —5,b—5) ®g kla —5,b—5)
=k[2a — 10,a+ b — 10).

For the remainder of this section, we assume that (P, <) = (R", <) andthat R = k
is a field.

Example 3.9 Consider persistence modules M = Kk[[ay, b;) x -+ X [ay, b,)] and
N =K[[c1,d) x -+ X [cp, dy)]. Then, M @gr N = K[[a1 + c1, min{by + c1, a1 +
di}) x --- x [a, + ¢, min{b, + c,, a, + d,)]. To see this, observe that M and N
are graded modules with a single generator, in degrees (ay, ..., a,) and (cy, .. ., ¢p),
respectively. Hence, M ®g, N will be a persistence module with a single generator in
degree (a; +ci, ..., a, + cy), say y*7¢, and all that is left is to determine for which
t € R"is x' - y4*¢ zero. We examine this coordinatewise as in Example 3.5 to obtain
the answer above.

4 Homomorphisms of Persistence Modules

In this section, we consider two bifunctors of persistence modules: the two internal
homs, Hom and .7Z,»., coming from graded module theory and sheaf theory, respec-
tively. These functors are well known in their respective domains but examples in
the persistence module literature seem to be lacking. In order to do computations
with interval modules we first need to understand the sets of natural transformations
between them. The following examples serve that purpose.

Example 4.1 [9, Appendix A.2] Suppose Kk[a, b) and Kk[c, d) are interval modules.
Then, due to the constraints of commutative squares for natural transformations, we
have:

k ifc<a<d<b

Hom(k[a, b), K[c,d)) = i
0 otherwise

Example 4.2 [35, Proposition 3.10] Let U be an up-set and D a down-set in a poset

(P, <). Then Hom(k[U], k[D]) = k™WUND) where myA is the set of equivalence

classes of connected components of a set A, with respect to the poset structure, as in
Definition 2.2. For upsets U and U’, Hom(k[U'], k[U]) = k{S€moU"[SSU},
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4.1 Sheaf Internal Hom

Let (P, <) be a preorder with the Alexandrov topology and let R be a unital ring.
Given two left/right persistence modules M and N, thought of as sheaves, there is a
sheaf of abelian groups given by J%»-g, (M, N)(U) := Homg,|,(M|y, N|y), for
any up-set U (see Appendix C). We will write .7Z,». (M, N) instead of 7Z.». g, (M, N)
as the ring R and preorder P will always be clear from context. Furthermore, when the
ring R is commutative, 5%~ (M, N) also has the structure of an Rp-module (i.e., a
persistence module). For any persistence module X, the functor — ®g X is left adjoint
to the functor %, (X, —) (see Proposition C.1).

Example 4.3 For interval modules k[a, b) and K[c, d) we have the following.

0 ifa<b<c<d
0 ifa<c<b<d
S Kla. b). K[c. d)) = K[c, d) ?fa<c<d§b
0 ifc<a<b<d
k(—oc0,d) ifc<a<d<b
0 ifc<d<a<bd

To see this, note that by definition we have the following.

Ftm(Kla, b),K[c, d))y = o (Kla, b),K[c,d))([x, 0)) =
= Homg[r)),, .., (Kla, b)|x,00), Klc, d)][x,00))

Thus, we need to compute the set of natural transformations between the functors
K[a, b)|(x,00). Kl¢, d)l[x,00) : [x, 00) — Vecty,

where [x, 00) is given the total linear order induced from R. Note that k[a, b)|[x,o0)
is nonzero if and only if x € (—o0, b). Consider the case ¢ < a < d < b. As
in Example 4.1, we see that Homgrj, ., (kla, b)[x,00), Klc, D[x,00)) = kif x €
(—o00, d) and is zero otherwise. The other cases may be computed similarly. The same
argument also shows that

Kklc, d) ifa <c
Fr (Kla, 0),k[c,d)) = {k(—00,d) ifc<a<d
0 ifd <a

and that
I (Kla,b),K[R]) =0 and 9%~ (K[a, 00), kK[R]) = K[R].
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4.2 Graded Module Internal Hom

Now assume that (P, <, +, 0) is a preordered set with a compatible abelian group
structure. Then, we can consider the graded module internal hom, the right adjoint of
Qgr-

Definition 4.4 Let M be a persistence module (either left or right). For s € P, let
7s : P — P bethe translation functor by s, i.e., 7 (x) = x+s. Define M (s) := M oZ;.

Observe that forevery s € U, there is a natural transformation n; : 1p — 75 whose
components (1s), : 1p(a) — 7Z;(a) are given by a < a + s. Then, 7, is a natural
transformation since a < b implies a + s < b + s for all a, b € P. Furthermore,
for any s € Uy, given a persistence module M, we have a natural transformation
1y *ns : M — M(s), where * denotes horizontal composition.

Definition 4.5 Let M and N be two persistence modules (both left or both right).
Define Hom(M, N) := &, p Hom(M, N(s)). Then Hom(M, N) is a P-graded
abelian group. This follows from Proposition 2.18. When the ring R is commuta-
tive, Hom(M, N) is a persistence module. Given s € P, we have the R-module
Hom(M, N); := Hom(M, N(s)) and for each s < t we have an R-module homo-
morphisms Hom (M, N)s<t defined by ({ox : My = Nxjslrep) = ({Nx+s§x+lax :
M, — Nyi:}xep)orequivalently, by the naturality of o, ({oty : My — Nxgs}xep) —
({ax+tMy<xtt * My = Nyjsti}rer)-

There is a canonical isomorphism Hom(M, N(s)) = Hom(M(—s), N) for all
s € P.Hence, shifting the first argument in Hom or the second one to construct Hom
gives us the same definition.

Proposition 4.6 (Limit characterization of Hom) Let M, N be persistence mod-
ules (both left or both right). Then, Hom(M, N), is the limit of the diagram
{HOII]R (M—S7 Nt)}s-i-tzr-

Proof Define X, = [],,,_, Homg(M_g, N;). We claim that Hom(M, N), is the
abelian subgroup of X, that is the limit of the diagram of abelian groups given by
Hompg(M_g, N;) with s + ¢ > r and maps as in Fig. 5. Note that Fig. 5 illustrates the
case in which (P, <) = (R, <), but the algebra holds for the general case. To see this,
observe the following: Let f € Homg(M_;, N.) and g € Homp(M_,, Ng), where
a+d = b+ c = r. The canonical maps Homg(M_,, N.) - Homg(M_;, N;) and
Homg(M_,, Ng) — Hompg(M_}p, Ng) thatare induced by M_j,<_, and N <4 are just
postcomposition and precomposition by N.<4 and M_j,<_,, respectively. If f and g
are components of a natural transformation in Hom(M, N (r)), then the parallelogram
in Fig. 6 commutes. Equivalently, f and g are mapped to the same morphism under
the above maps (see Fig. 6). O

In the remainder of this section, we assume that (P, <) = (R",<)and R =Kkisa
field.
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Homg(M_p, Na)

X, = ]—[ Homg (M_g, N;)

s+t=r

Hom(M, N), = Jim Hompg(M_g, N;)

Hompg (M_p, Nc)

‘ L L M

Fig.5 Limit characterization of Hom

M_p<—a

M., —— =25 M.,
\\\{N \\\iﬂ
NC
Ny ——<=4 v N,

Fig.6 Commutativity of natural transformations is equivalent to a limit characterization of the appropriate
hom sets

Example 4.7 Consider two interval modules, say k[a, b) and k[c, d). Note that in
the definition of Hom(M, N), we compute the direct sum of abelian groups of nat-
ural transformations between the persistence module M and all translations of the
persistence module N on the real line. Thus, by using the same arguments as in Exam-
ple 4.1, Hom(k[a, b), k[c, d)) is the interval module k[/] such that for all t € I,
Hom(kl[a, b), k[c, d)); = k and 0 otherwise. Depending on the lengths of the inter-
vals [a, b) and [c, d) there are two cases to consider, namely b —a < d — ¢ and
d — ¢ < b — a. We can calculate, accounting for both cases, that

Hom(K[a, b), K[c, d)) = k[max{c —a,d — b}, d — a),

Alternatively, using Proposition 4.6 and reasoning similar to that used in Exam-
ple 3.5 we can do the same calculation in terms of limits of diagrams of
vector spaces, see Fig. 7. Other formulas such as Hom(k[a, b), k[c,00) = O,
Hom(k[a, c0), k[b, ¢)) = k[b — a, c — a) can be computed using the same argu-
ments.
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Fig.7 Hom of interval modules: Hom(k[a, b), k[c, d) = k[max{c —a,d — b},d — a)

Example 4.8 Suppose that M = Kk[[a;, b1) X --- X [an, by)] and N = K[[c], d]) X
-+ X [cn, dy)] are two rectangle modules. Then Hom (M, N) = k[[max{c] —aj, d] —
b1}, di —ay) x - x [max{c, — au, dy — bp}, dy — ay)l.

5 Duality

Let (P, <) be apreorder. Let R be acommutative unital ring. For a persistence module
we have duals from sheaf theory and from graded module theory. For the former, see
[26, Corollary 2.2.10.] and for the latter see [32,34]. The graded module dual will be
useful in determining which interval modules are flat and injective, which will be used
in homological algebra computations to come.

Definition 5.1 The sheaf dual of a persistence module M is the persistence module
given by

M, = Hm (M, Rp).

Example5.2 1et (P,<) = (R,<) and let R = Kk be a field. Let a <
b and consider the interval module k[a, ). Then, by Example 4.3, we find
kla, b)y, := Hm(Kla, b),k[R]) = 0. Similarly, if a € R, we have k[a, 00)} :=
Fm(Kla, 00), K[R]) = K[R].

Now suppose that (P, <, 4, 0) is a preorder with a compatible abelian group action.
The ring R is still assumed commutative and unital.

Definition 5.3 The Matlis dual of a persistence module M is the persistence module
given by
M;‘r := Hom(M, R[Dol])-

FolCT
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Lemma5.4 Fora € P, (Mgr)a ~ Homg(M_g, R).

Proof Note that Hom(M, R[Dg])s = Hom(M, R[Dy](a)) = Hom(M, R[D_,]). It
remains to show that

Hom(M, R[D_,]) = Homg(M_,, R).

For¢ : M — R[D_,], we have the component¢_, : M_, — R.For f : M_, — R,
define ¢ : M — R[D_,1by ¢_, = f,forx < —a, opx = fMy<_g4, and let ¢, be
the zero map otherwise. These two mappings provide the desired isomorphism. Under

this isomorphism, <M§r>a<b is given by the mapping f — fo M_p<_,. O

Using the ®g; —Hom adjunction (see Theorem 10.7), we have the following canon-
ical isomorphism:

(M ®gr N)ér = Hom(M ®g¢r N, R[Dol]) = Hom(M, Hom(N, R[Do]))
— Hom(M. Nj,).

Similarly, using the ®sn — %> adjunction, [26, Proposition 2.2.9], we have the
following canonical isomorphism:

(M @sh )Yy = Hrre(M Qs N, Rp) = oo (M, #orn(N, Rp)) = Hos(M, N33 .

In the remainder of this section (P, <) = (R", <) and R = k is a field.
If a persistence module M is pointwise finite dimensional, we have (Mg,)g, = M.
This is true since for finite dimensional vector spaces the same formula holds for vector
space duals. In particular for a pointwise finite dimensional persistence module M,
the module Mg, is in some sense the dilation of M about the origin of scale factor —1.

Example 5.5 Consider an interval module k[A]. Then, k[A];r = Kk[—A].
Definition 5.6 A graded module M is ®gp-flat if — ®gr M is an exact functor.

Proposition 5.7 [34, Remark 4.20] A persistence module M is ®gr-flat if and only if
its Matlis dual M* is injective, and vice versa. In particular, K[A] is injective if and
only if K[—A] is Qgr-flat.

Remark 5.8 Observe that we can use Matlis duality and the fact that injectivity of per-
sistence modules is equivalent to their flabbiness (Appendix C and Proposition 2.15)
to classify interval modules into injectives and flats, see Fig. 1, or use the Baer crite-
rion (Proposition A.4, Theorem B.1, and Proposition 2.15) if one prefers it over the
flabbiness condition.
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6 Classification of Projective, Injective and Flat Interval Modules

In this section, we assume that (P, <) = (R", <) and that R = Kk is a field. We classify
interval modules (in the one-parameter case) into injectives and projectives and extend
the results somewhat to the multi-parameter setting. This is a necessary step for the
homological algebra computations that are to come involving interval modules.

Proposition 6.1 Ler a € R. The interval module k(a, 00) is not graded projective.

Proof For simplicity, we will prove the claim for k(0, co). Consider the following
diagram

) k(0, 00)

b
- Jua
P kla, 00) —L— K(0, 00) — 0

a>0

where p is induced by the inclusions k[a, co) — K[0, 0c0), a > 0. However, by
Example 4.2, k(0, oo) has no nonzero maps to k[a, 0co), when a > 0, because (0, c0)
is not a subset of [a, 00). Thus, 8 = 0, but then the diagram cannot commute, and
thus, k(0, 0o) is not projective. O

In particular, submodules of free modules are not necessarily free, which is expected
as the graded ring we are working with is not a principal ideal domain.
The following is an observation due to Parker Edwards.

Lemmaé6.2 Ifa < ¢ € R U {00}, then colim,-p--Kk[b,c) = k(a, c). Dually, if
c <aeRU{—o0}, then lim..p-.k(c, b] = k(c, a).

Lemma 6.3 Colimits of graded projective modules are Qgy-flat.
Corollary 6.4 Let a € R. The interval module k(a, 00) is Qgr-flat.

We now prove the classification of projective, injective and ®g,-flat interval mod-
ules stated in Theorem 1.2.

Theorem 6.5 (Theorem 1.2) Let a € R. Then,

— The interval modules k(—o0, a) and kK(—o0, a] are injective. They are not flat and
thus not projective.

— The interval modules Kkla, 00) are projective (free) and the interval modules
k(a, 00) are flat but not projective. Both are not injective.

— The interval module K[R] is both injective and flat, but not projective.

— If I C Ris a bounded interval, then K[I] is neither flat (hence not projective) nor
injective.

Proof First, let us show that k(—oo, a) is injective. By Corollary 6.4, we know the
interval module k(—a, 00) is ®g,-flat. By Proposition 5.7, it follows that the interval
module k(—o0, a) is injective. To see that k[a, 0co) is projective, note that it is a
FoC
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graded free module and is thus graded projective (hence ®gr-flat). The statement that
k(a, 00) is ®g-flat and not projective is Proposition 6.1 and Corollary 6.4. Note that
kla, o0)([a, o0) C R) : k[a, c0)(R) = 0 — K[a, co)[a, c0) = k is not surjective.
Thus, the sheaf k[a, 0o) is not flabby and hence by Proposition 2.15 is not injective.
The same argument shows k(a, co) is not injective. By Proposition 5.7, k(—o0, a)
and k(—o00, a] are not ®g,-flat thus not projective.

The same argument used for k(—oo, @) shows that k[RR] is injective. By Proposi-
tion 5.7, K[-R] = K[R] is ®g,-flat.

For a bounded interval / C R note that for a € I, kK[I]([a, o0) C R) is not
surjective. Thus, the sheaf k[/] is not flabby thus not injective by Proposition 2.15.
Its Matlis dual k[—/] is thus not ®gr-flat. By the same arguments K[—/], as —/ is a
bounded interval, k[—/] is not injective, thus by Proposition 5.7 K[/] is not ®gr-flat
thus not projective. O

For the multi-parameter case note that for a € R", the persistence module k[U, ]
is graded free, thus graded projective, and hence ®g,-flat. By Proposition 5.7, the
persistence module k[D,] is injective.

Definition 6.6 Let (Q, <) be a poset. Let p,q € Q. The join of p and g denoted
pV q isthe smallest r € Q suchthat p <r and g < r, if it exists. The meet of p and
q denoted p A g is the largest t € Q such that t < p and ¢ < ¢, if it exists. A poset
where every join exists is called a join semilattice. A poset where every meet exists is
called a meet semilattice. A poset where every join and every meet exists is called a
lattice. Note that every up-set U (and every down-set D) in a lattice is an interval.

Example 6.7 The poset (R”, <) is a lattice.

Proposition 6.8 Let (P, <) be a lattice. Consider a down-set D C P such that for all
a,b € D, the joina Vv b is in D. Then, the interval module K[ D] is injective. Dually,
for an up-set U C R" witha ANb € U forall a,b € U, the interval module k[U] is
®gr-flat.

Proof Let D be as in the statement of the proposition. Observe that, viewing k[ D]
as a sheaf, we have k[D](P) = limycp K[D], = k. Let U be an up-set of P with
D N U # (. Then, since the join for all a,b € D N U exists in D N U, it follows
that K[D](U) = lim,cy k[D], = k. Since the nonzero maps in the module k[ D]
are identities, the induced map between the limits is an isomorphism. Hence, K[ D]
is a flabby sheaf, hence an injective persistence module by Proposition 2.15. The
remainder of the statement follows from Proposition 5.7. O

7 Derived Functors for Persistence Modules

In this section, we consider the derived functors of the following functors of persistence
modules: ®gr, Hom, ®sn and Hr7. Throughout this section, we assume (P, <) =
(R"*, <) and that R = kisafield. For one-parameter interval decomposable persistence
modules, we will use the classification of projective, injective, and flat interval modules
(Theorem 1.2) in order to construct projective and injective resolutions and calculate
these derived functors. The resulting formulas will be used in Sect. 8.

Elol:;ﬂ
@ Springer Lﬁjog



Foundations of Computational Mathematics (2021) 21:1233-1278 1257

7.1 Graded Module Tor and Ext

Here, we consider the derived functors Tor®" and Extg, of the graded module tensor
product ®g, and its adjoint, Hom.

Example 7.1 ([36]) Consider the interval modules k[a, b) and K[c, d). We have the
following augmented projective resolution of k[a, b).

0 — Kk[b, 0) — Kk[a, o0) — K[a,b) — 0

Apply the functor — ®gy K[c, d) to the projective resolution to get the following (no
longer exact) sequence.

O0—Kk[b+c,b+d) —Kla+c,a+d)— 0
Calculating homology (i.e., taking the kernel of the middle map) we get the following.
Tor{" (k[a, b), klc, d)) = kimax{a +d, b +c},b+d).

Similarly Tor%" (k[a, b), (=00, d)) = k[a+d, b+d) and Tor{' (k[a, 00), Kk[c, d)) =
0.

Example 7.2 Consider the interval modules k[a, b) and k[c, d). We have the following
augmented injective resolution of k[c, d).

0 — K[c,d) — k(—00,d) > k(—00,¢c) > 0
Apply the functor Hom(k[a, b), —) to the injective resolution.
0—> K[d—b,d—a) > Kk[c—b,c—a) —> 0

Calculating homology (i.e., taking the cokernel of the middle map) we get the follow-
ing.

Extl, (k[a, b), k[c, d)) = K[c — b, min{c —a,d — b})

In Examples 7.1 and 7.2, where Up < R, the given one-parameter persistence
modules had projective, respectively, injective resolutions, of length one. It is an open
question whether all one-parameter persistence modules have projective resolutions
of length one. More generally, for Uy € R”, it is unknown if the ring k[Up] has a
finite global dimension.

7.2 Sheaf Tor and Ext

Here, we consider the derived functors Tor™ and Extg, of the sheaf tensor product
®sh and its adjoint %
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Theorem 7.3 Let M be a persistence module. Then, — Q@sn M and M Qg — are exact
functors. In particular, Torf-h(M , N) = 0 for any persistence modules M and N and
anyi > 1.

Proof We will show that — ®gp M is exact. The other case is symmetric.

Suppose 0 - A — B — C — 0is ashort exact sequence of persistence modules.
A classical result in sheaf theory is that a sequence of morphisms A — B — C of
sheaves is short exact if and only if the induced maps on all the stalks are short exact.
Thus, for all x € R*, 0 - Ay — B, — Cy — 0 is a short exact sequence of
vector spaces. Now observe that applying the functor — ®g, M, we get a sequence
A®sp M — BRsh M — C ®@sn M which gives us a sequence on stalks (A @sh M), —
(B®sh M)y — (C ®@sh M), whichisequalto Ay ® My — By Qx My — Cyx Qk M.
Since every k-vector space is a flat k-module, and the sequence A, — B, — Cy is
short exact, the sequence (A ®sh M), — (B ®sh M), — (C ®sh M), is also exact,
for all x € R". Thus, the sequence A @y M — B @sh M — C ®sp M is also exact.
Thus, — ®sh M is an exact functor. O

Itis not true in general that for any persistence module M the functors . (—, M)
and % (M, —) are exact. Thus, we do have non-trivial Ext’sh(M , N) groups for
certain persistence modules M and N, see Example 7.4.

Example 7.4 Consider two interval modules k[a, b) andK[c, d). We have the following
augmented projective resolution.

0 — k[b, 00) — K[a, 00) — K[a, b) — 0

Apply the functor 7, (—, K[c, d)) to the projective resolution to get the (no longer
exact) sequence:

0 — Hm(Kla, 00), K[c, d)) — . (K[b, 00),K[c,d)) — 0

Using Example 4.3, this sequence falls in one of the following cases:

0 — K[c,d) — Kk[c,d) —> 0O ifa<b<c<d
0 — K[c,d) - k(—00,d) — 0 ifa<c<b<d
0—Kk[c,d) > 0—0 ifa<c<d<b
0 — k(—o00,d) > k(—00,d) - 0 ifc<a<b<d
0—> k(—00,d) > 0—0 ifc<a<d<b
0—-0—-0—0 ifc<d<a<b

By definition, Extslh(k[a, b), K[c, d)) is the cokernel of the middle morphisms. Thus,
we have the following.

k(—o0,c) ifa<c<b<d

Extl (k[a, b), k[c, d)) =
Xgy (kla. ). kle. d) 0 otherwise
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8 Kiinneth Theorems and Universal Coefficient Theorems

In this section, we state Kiinneth and universal coefficient theorems for chain com-
plexes of persistence modules. We apply these theorems to products of filtered CW
complexes. We will see that the Kiinneth formula for the additive product-filtration
comes from graded module theory and that the Kiinneth formula for the maximum
product-filtration comes from sheaf theory.

Theorems 8.1 and 8.2 imply the existence of certain natural short exact sequences;
however, additional assumptions are needed for these sequences to split. One of these
is the assumption that the ring R[Up] is hereditary (submodules of projective modules
are projective). For example, the G = R"-graded ring k[Up] is not hereditary. Indeed,
for a € R the interval module k[a, 00) is projective; however, its submodule k(a, co)
is not (Theorem 1.2). However, the Z-graded ring k[Up] where Uy is the principal
up-set at 0 of the poset Z, is hereditary, since it is a principal ideal domain. We can
obtain splittings for more general persistence modules if they are left Kan extension
of persistence modules indexed over Z. That is, if M : Z — Vecty is a persistence
module and i : Z — G is an inclusion of posets, then the left Kan extension of M
along i, is the persistence module given by M, = lim; (xy<q M. In particular, when
n = 1 and M is a real parameter persistence module isomorphic to a direct sum of
interval modules, M = @IN: 1Kla;, b;) then M is obtained by such a Kan extension. In
these cases, by the functoriality of the left Kan extension, the splitting of persistence
modules indexed by Z provides a splitting of persistence modules indexed by G.

Below, let (P, <, +, 0) be a preorder with a compatible abelian group structure.
Let * denote either sh or gr. Recall that given a chain complex (K, dX), valued in
some abelian category, the subcomplex of boundaries is the chain complex (L, d*)
where L, = dX (K,) and d~ is the restriction of dX, for all n € Z.

Theorem 8.1 (Kiinneth Homology Theorem for Persistence Modules) Let (K, d Ky pe
a chain complex of ®-flat right persistence modules whose subcomplex of boundaries
B also has all terms Q.-flat. Let (L, d*) be a chain complex of left persistence modules.
Then:

(1) For every n € Z there is a natural short exact sequence

0— EB (Hp(K) ®« Hy(L)) — Hy(K ®y L)
ptq=n

N @ (Tori{(H,(K), Hy(L))) — 0.
prg=n—1

(2) Suppose now that R[Uy] is right hereditary and all terms in (K, dX)y are projec-
tive, then the above sequence splits (the splitting need not be natural).

Proof For part (1), adapt the proof of Theorem 3.6.3 in [40]. Part (2) follows from
Exercise 3.6.2 in [40]. O

Recall that by Theorem 7.3 persistence modules with coefficients in a field are
®sh-flat, hence there will be no Torslh term present in the sequence above, if we work
over a field k.
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Fig.8 A product complex, with respect to ®gr, visualized

Theorem 8.2 (Kiinneth Cohomology Theorem for Persistence Modules) Let (K, d Ky
be a complex of left persistence modules such that all terms of K and its subcomplex
of boundaries B are projective.

(1) For all n > 0 and every complex (L, d") of left persistence modules, there is a
natural short exact sequence

0— [] Exti(H,(K), H 4(L)) - H"(Hom*(K, L))
p—q=n—1
— [[ Hom*(H,(K), H_4(L)) — 0.
p—q=n

where Hom™* is Hom if * = gr and 5%.» otherwise.
(2) If R[Uy] is graded left hereditary, then the exact sequence splits for all n > 0.

Proof In the ungraded module case, this is Exercise 3.6.1 in [40] and Theorem 10.85
in [39]. The proof can be adapted to the graded case. O

We apply the Kiinneth theorems above to some simple filtered simplicial complexes.

Example 8.3 See Fig. 8. Let (K, d Ky and (L, d%) be chain complexes of persistence
modules determined by filtrations of the 1-simplex. In particular, let

Ko =K[a, 00) ®Kk[b1, 0), K; =Kk][c1,00),
Lo = Kk[az, 00) @ k[b2, 00), L1 =Kk[cz,00)

where a; < b1 < cy and a; < by < ¢3, and let dx and d, be the induced boundary
maps by the boundary maps of the 1-simplex, as discussed in Sect. 2.5. Note that the
boundary subcomplexes of K and L are ®g,-flat. Indeed, the only non-trivial boundary
map is dlK and dlL and by construction dlK(Kl) = Kk][cq, 00) and dlL(Ll) = K][cp, 00)
and we know these are in fact projective by Theorem 1.2. Thus, the hypotheses in
Theorem 8.1 are satisfied for both (K, d¥) and (L, d%). Now consider the product
complex K ®gr L (Appendix D). Note that it is the chain complex of persistence
modules corresponding to the filtered cubical given by the square in Fig. 8, which
assigns each cell the sum of filtration values of corresponding cells in the two 1-
simplices.
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Fig.9 A product complex, with respect to ®gp,, visualized

One can compute that the only non-trivial homology groups are:

Hy(K) = Kl[ay, 00) ® Kby, c1), Ho(L) = K[az, 00) @ K[b2, ¢2),
Hy(K ®gr L) =K[a; + az, 00) ® K[a1 + bz, a1 + ¢2)
@ Kk[b1 + a2, c1 + a2) ® Kk[b1 + by, min{b| + c2, c1 + b2}),
and H| (K ®Qgr L) = k[max{b| + ¢, c1 + b2}, c1 + c2).

Note that Hy(K ®gr L) = Ho(K) ®gr Ho(L) and Hi(K ®gr L) = Tor$ (Ho(K),
Hy(L)), which agrees with Theorem 8.1.

Example 8.4 Let (K,dX) and (L,d") be as in the previous example, where again
a; < by <cyanday < by < ¢p. Now form the product complex K ®gp L, recalling
that k[a, 00) ®sh k[b, 00) = Kk[max(a, b), co) (Example 3.2). The corresponding
picture is given in Fig. 9.

In this case, recalling the discussion from Example 3.2, the only non-trivial homol-
ogy groups are:

Hy(K) = Kl[ay, 00) ® K[by, c1), Ho(L) = K[az, 00) @ K[b2, c2),
Ho(K ®sh L) = k[max{ay, a>}, 00) @ k[max{ay, b>}, ¢3)

® k[max{by, a2}, c1) @ k[max{b1, by}, min{cy, c2}) =

= Hy(K) ®sh Ho(L).

Examples 8.3 and 8.4 are specific instances of Theorem 8.5. Let X and Y be CW
complexes with filtrations f and g, respectively (see Sect. 2.5). The CW complex
X x Y has two canonical filtration given by f + g and max( f, g), which we call the
additive filtration and maximum filtration, respectively.

Theorem 8.5 Let (K, dk) and (L, dr) be two chain complexes of persistence modules
obtained from filtered CW complexes X and Y, respectively (Sect. 2.5). Then, the
additive and maximum filtrations on X x Y induce the chain complexes of persistence
modules K ®gr L and K ®Qsn L, respectively. In particular, we can calculate the
persistent homology of these filtrations on X x Y by applying Theorem 8.1.

Proof Let o be an n-cell of Y and let T be an m-cell of Y. These cells have correspond-
ing free summands k[a,, c0) and k[b,, 00) in K, and L,,, respectively (Sect. 2.5).
FoC
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Consider the additive filtrationon X x Y. Then, o x t isa (n+m)-cellin X x Y with cor-
responding free summand K[a,, 00) ®grK[b:, 00) = K[as +b;, 00) in (K ®gr L) 40
(Example 3.5). Note that this correspondence is compatible with the cellular boundary
30 x1)=03(0) x T+ (=Dlg x 3() (see, for example, [22, Proposition 3.B.1]),
and the boundary map in K ®gr L (see Appendix D). Thus, K ®gy L is the chain
complex of persistence modules induced by the additive filtration on X x Y.
Similarly, by Example 3.2, k[a,, 00) ®sn k[b;, 00) = K[max{as, b}, 00) and
K ®gh L is the chain complex of persistence modules induced by the maximum
filtrationon X x Y. O

The Kiinneth theorems allow us to compute homology of a tensor product of chain
complexes of persistence modules (or cohomology of its adjoint). Thus, as a special
case of the Kiinneth theorem for persistence modules, we have Theorem 8.6 and
Theorem 8.7, where the second chain complex of persistence modules is assumed to
be concentrated in degree 0.

Theorem 8.6 [Universal Coefficient Homology Theorem for Persistence Modules]
Let A be a left persistence module and let (K, d) be a chain complex of ®.-flat right
persistence modules whose subcomplex of boundaries B also has all terms ®.-flat.
Then,

(1) foralln € N, there is a natural exact sequence
0— H,(K)®« A — H,(K ® A) — Tor|(H,—1(K, A)) - 0

(2) Assuming the ring in question is right-hereditary (right submodules of right
projective modules are projective) and (K , d) has all terms projective (no assump-
tions on B this time), the above sequence splits (it need not be a natural splitting ).

Theorem 8.7 (Universal Coefficient Cohomology Theorem for Persistence Modules)
Let A be a left persistence module, let (K, d) be a complex of projective left persistence
modules whose subcomplex B of boundaries has all terms projective.

(1) Then for all n € N there is a natural short exact sequence
0— Exti(Hn_l(K), A) - H"(Hom"(K, A)) — Hom*(H,(K), A) — 0

where Hom™ is Hom if x = gr and 5%» otherwise.
(2) Ifthering in question is left-hereditary, then the above splits (need not be a natural
splitting).

We now consider some examples in the one-parameter setting and assuming that
the coefficient ring is a field k.

Example8.8 Leta < b <c¢c <d < e < f < g be real numbers and consider the
filtration of the 2-simplex in Fig. 10.

Elol:;ﬂ
@ Springer Lﬁjog



Foundations of Computational Mathematics (2021) 21:1233-1278 1263

Fig. 10 A filtration of a triangle

The corresponding chain complex of persistence modules (Sect. 2.5) is given by

Ko = Kk[a, 00) ® k[b, 00) & K[c, 00),
K1 =K[d, 00) @ K[e, 00) D K[ f, 00),
and K> = Kk[g, 00).

We compute Hy(K) = K[a, o0) ® k[b, d) ® K[c, ¢), and H1(K) = K[f, g).

Example 8.9 Let (K, d) be the chain complex of persistence modules in Example 8.8.
Let A = K[a, 00). Let us compute H, (K ®gr A). Using Theorem 8.6, since A is free,
Tor? (H,—_1(K), A) = Oforalli > 1, hence H,(K ®gr A) = H,(K) ®gr A. Thus,

Hy(K) =Kk[a + «, 00) ®K[D + «, d) ® K[c + «, ),
and Hi(K) =K[f + «, g).

That is, all interval modules have shifted to the right by «. If K is obtained from a
filtration f, then K ®gy A is the chain complex obtained from the filtration f + o.

Example 8.10 Let (K, d) be the chain complex of persistence modules in Example 8.8.
Let A = K[R]. Let us compute H,(K ®gr A). By Theorem 8.6, H, (K ®gr A) =
H,(K) ®gr A since A is ®gr-flat. From Example 3.5, we have k[a, b) ®gr A = 0 for
alla < b € R, and k[a, 00) ®gr A = A for all a € R. Therefore, Hy(K) = k[R] and
H{(K)=0.

Example 8.11 Let (K, d) be the chain complex of persistence modules in Example 8.8.

Let A = k(—o00, 0). Applying Example 3.5, we have

(K ®gr A)o := Ko ®gr A = K(—00, a) & k(—00, b) & k(—00, ¢),
(K Qgr A)1 := K| Qgr A = k(—00,d) ®k(—00, ¢) ®k(—00, f),
and (K Qgr A)2 := K2 Qgr A = K(—00, g).

Applying Theorem 8.6 and Example 7.1, we calculate the following:

Hy(K ®gr A) = Ho(K) ®gr A = k(—00, a),
Hi(K ®gr A) = Hi(K) ®gr A ® Tor®" (Ho(K), A) = 0D k(b, d) Dk(c, e),
and Hy(K ®gr A) = Tor® (H,(K), A) = k(f, g).
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Fig. 11 A filtration of the geometric realization of A2 corresponding to the chain complex K ®gr k(—00, 0)

Remark 8.12 We thank Alexander Dranishnikov for the following observation. The
persistence barcodes in Example 8.11 correspond to the compactly supported coho-
mology groups of the filtration of topological spaces in Fig. 11. It may be that this
observation can be generalized to an arbitrary filtered CW complex. We leave it as
question for future work.

Example 8.13 Let (K, d) be the chain complex of persistence modules in Example 8.8.
Let A = K[, B). Using Example 3.5, we have

(K Qgr A)o := Ko Qgr A =Kla+a,a+B) DK[b+a,b+ B) DK[c+a,c+ B),
(K Qgr A)1 := K| Qgr A =K[d +0a,d + ) DKkle +a,e+8) ®K[f+a, f+8),
and (K ®gr A)2 = K2 Qgr A =Kk[g +a, g+ B).

Applying Theorem 8.6 and Example 7.1, we have the following:

Hy(K ®gr A) = Hy(K) Qgr A =Kk[a +a,a + B) ®K[b + a, min{d + «, b + B})
® k[c + a, min{e + «, ¢ + B}),
H\ (K ®gr A) = Tor®" (Hy(K), A) ® H|(K) ®gr A =
=06 k[max{b + B8,d + a},d + B) & k[max{c + B, e + a}, e + B)
O K[f + o, min{f + B, g + «},
and Hy(K ®gr A) = Tor®" (H|(K), A) = k[max{f + B, g +a}, g+ B).

Once again, there is a geometric interpretation. If we examine the chain groups K ®gr A,
then we see that for each simplex appearing at time ¢ in the original filtration, it now
appears at time 7 + « and is removed at time ¢ + 8. For example, an edge generates a
homology class when both its boundary points are removed.

Example 8.14 Let A = Kk[«, 00). Let (K, d) be the chain complex in Example 8.8.
Then, by using Example 4.7 we calculate that:

Homy, (K, A)° := Hom(K, A)
=Kk[a —a, o) ® k[a — b, 00) ® K[a — ¢, 00),
Homy, (K, A)! := Hom(K, A)
=k[a —d, 0) & k[a — e, 20) ® k[a — [, 00),
and Homg, (K, A)? := Hom(K», A) = k[a — g, 00).
FolCT
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Fig. 12 A filtration of the geometric realization of A2 corresponding to Homgy (K, A)

By Theorem 8.7, Example 7.2 and Theorem 1.2 we have

H°(Homg, (K, A)) = Hom(Ho(K), A) = kla — a, 00),

H' (Homge (K, A)) = Extgr (Ho(K). A) ® Hom(H, (K), A) =
=klg —d,a —b)Dkle —e,a —c) D0 =K[a —d,a — b)
B klae —e,x — ¢),
and H2(Homgr(K, A)) = Extg (H1(K), A) =k[a — g, a — f).

This also has a geometric interpretation (see Fig. 12). In particular, each cell in the
original simplicial complex which appeared at time ¢, now appears at time o — 7.

Example 8.15 Let (K, d) be the chain complex in Example 8.8. Let A = k(—o0, «).
Then, by using Example 4.7 we have:

Homy, (K, A)° := Hom(Ko, A) = k(—00, & — a)
D Kk(—o0,a — b) Bk(—00, a0 — ¢),
Homy, (K, A)' := Hom(K|, A) = k(—00, & — d)
D k(—o00, a0 —e) ®k(—o00,a — f),
and Homg, (K, A)? = Hom(K>7, A) = k(—o00,a — g).

Noting that A is injective, by Theorem 8.7 we have that:
HO(Homgr(K, A)) = Hom(Hp(K), A) =k(—o0, ¢ —a) D k(e —d,«
—b) k(e —e,a —c),

and H'(Homg (K, A)) = Extg(Ho(K), A) ® Hom(H; (K), A) = 0 ® k(«
_g9a_f):k(a_g7a_f)'

As before, there is a filtration (see Fig. 13) and the persistence module may be inter-
preted as arising from the cohomology of this filtration. It is not yet clear how this
generalizes to arbitrary CW complexes with a filtration. We leave this question for
future work.

Each simplex in the original simplicial complex which appeared at time ¢ now
appears at time o — ¢. Note that if « = 0, then Hom(H,(K), A) = H,,(K)Zr =
H"(Hom(K, A)) = H ”(Kgr), generalizing the classical result that homology and
cohomology, with coefficients in a field, are isomorphic.

Elol:';”
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Fig. 13 A filtration corresponding to Homgy (K, A)

Example 8.16 Let A = k[w, B). Let (K, d) be the chain complex in Example 8.8. By
Example 4.7, we have:

Homg, (K, A)° := Hom(Ko, A) = k[a — a, B — a)
@ kle —b,B—b)DK[a —c, B —0),

Homyg, (K, A)! :== Hom(K;, A) = k[a — d, B — d)
Okl —e, B —e) Dkla — f,B— ),
and Homg, (K, A)? := Hom (K2, A) = k[a — g, 8 — ).

By Theorem 8.7 and Example 7.2, we have that:

H°(Homg: (K, A)) = Hom(Hy(K), A)

=kle—a, B—a) ® k[max{a—b, B—d}, B — D) ® k[max{a —c, B — ¢}, B — ),
H! (Homg, (K, A)) = Extyr(Ho(K), A) ® Hom(H(K), A) =

= k[o —d, min{a — b, B —d}) ® k[e — e, min{o — ¢, B — e})

@ k[max{a — f, B — g}, B — /).

and Hz(Homgr(K, A)) = Extg, (H1(K), A) =Kk[a — g, min{a — f, B — g}).

This has a geometric interpretation, dual situation to that in Example 8.13

Example 8.17 Let (K, d) be complex of projective persistence modules coming from
a filtration of a simplicial complex and let A be an arbitrary persistence module. Since
persistence modules are ®gp-flat as noted in Theorem 7.3, we have natural isomor-
phisms H,, (K @sh A) = H,(K)®sh A, by Theorem 8.6. In particular, if A is an interval
module, say A = Kk[/], and H,(K) = @jejk[lj] is the interval decomposition of
H, (K), then recalling Example 3.2 we have H, (K Qg A) = @jejk[l NIl

Example 8.18 Let (K, d) be as in Example 8.8 and let A = k[«, 8) with » < « and
g < B. By Example 4.3, we have:

Homg, (K, A)? := (Ko, A) = kla, B) @ kla, B) ® k(—00, B),
Homg (K, A)' := A (K1, A) = k(—00, B) ® k(—00, B) @ k(—00, B),
and Homg (K, A)? := (K2, A) = k(—00, B).
FoCTl
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By Theorem 8.7, Examples 7.4, 4.3, and Theorem 8.7, we have that:

H°(Homg, (K, A)) = o (Ho(K), A) = o (Kla, 0), Kla, B))
@ e (K[b, d), Ko, B) ® o (Klc, €), K[a, B)) =
=Kk[o, B) 08 0 =Ko, ),
H'(Homg (K, A)) = Extey(Ho(K), A) ® o (Hi(K), A) =
= Extgy (K[a, 00), K[a, B)) © Extsh(K[b, d), K[a, B))
& Exten (K[c, ), kla, B) & 2 (KIS, ), Kle, B)) =
=0®k(—00,0) 00 = k(—o00, ),
and H>(Homg, (K, A)) = Extg, (H; (K), A) = Extgh (K[ f, g), k[, B)) = 0.

9 Persistence Modules Over Finite Preordered Sets

In this section, we apply the Gabriel-Popescu theorem (Theorem 2.24) to persistence
modules over finite preordered sets. It is a classical result that every abelian category is
isomorphic to a full subcategory of modules over some ring. Here, we do not assume
an additional abelian group structure on our preorder P and thus persistence modules
are not graded modules over a graded ring. However, the stronger version of the
Gabriel—Popescu theorem we show for persistence modules in this section allows
us to explicitly construct the ring in question in the above-mentioned isomorphism of
categories.

Definition 9.1 Let C be a cocomplete abelian category. Then, an object A in C is
compact if Homc (A, -) commutes with direct sums.

Example 9.2 ([30, Satz 3] and [4, Introduction]) Let R be a unital ring and A a left
R-module. Then, A is compact if and only if A is finitely presented.

Theorem 9.3 (Strengthening of the Gabriel-Popescu Theorem) Let U € C be an
object in a cocomplete abelian category. Let R = End(U). Then, the following are
equivalent:

(1) U is a compact projective generator.
(2) The functor Homc (U, -) gives us an equivalence of categories between C and
Mod(R).

Proof See [17, Exercise F, page 106]. O

Proposition 9.4 Suppose A is a Grothendieck category, let (P, <) be a finite pre-
ordered set and let P denote the corresponding category. Let G be a generator
of A. Then, the set {G[Uyl}acp is a family of generators for AY. In particular,
U = @,.pGlU,] is a generator for AP

Proof Repeat the arguments in the proof of Proposition 2.23. O
Elol:';”
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Proposition 9.5 Letr (P, <) be a finite preordered set and let R be a unital ring. For
each a € P, R[U,] is a projective right (and left) persistence module. In particular,
U=6 wcp RLU.] is a projective persistence module.

Proof We prove the statement for the case for right persistence modules. The proof for
left persistence modules uses the same arguments. Given any right exact sequence of

right persistence modules M Z, N — 0 and a natural transformation « : R (U] —
N we need to show that there exists a natural transformation & : R[U,] — M
such that 7& = «. Since we have R-module homomorphisms 7, : M, — N, and

a : R[Usla — N, and R is a projective object in Modg, there is an R-module
homomorphismé, : R[U,], — M, such that 7,d, = . Define &, : R[U,]p — M,
for a < b to be the map Masb&aR[Ua];ib (recall that R[U,],<p) is the identity map
on R so its inverse is defined). If b ¢ U,, let & : R[U,]p — M} be the zero map.
By construction, it follows that the collection {&p}scp are components of a natural
transformation & : R[U,] — M. Furthermore, observe that since all the maps for
R[U,la<p are the identity maps of R and « is a natural transformation it follows that
op = Na<bozaR[Ua]_<lb On the other hand, for a < b, since @ and 7 are natural

transformations we have mpqp = nbMa<botaR[Ua] = Na<paQqR[U,1 _, =

a<b — a<b
Na<poy R[Ua]a< » = op. Thus 7& = « and therefore R[U,] is a projective persistence
module. o

Proposition 9.6 Let (P, <) be a finite preordered set and let R be a unital ring. Then,
U = @, cp RIU.] is a compact right (and left) persistence module.

Proof We show that there is a canonical isomorphism Hom(U, ; M;) = P,
Hom(U, M;). Given f : R[U,] — @i M;, since f is a natural transformation
and all maps in R[U,] are the identity or the zero map, f is completely determined
by its image, f(1,), where 1, is the multiplicative identity in R[U,],. Thus as the
codomain is a direct sum we have f(1,) = Y /_, m{ for some m{ € (M;),. Define
fi + RlU4] — M; by setting fi(1,) = m{, and extending appropriately. Define
the map ¥, : Hom(R[U,], @; M;) — @; Hom(R[U,], M;) by f + (f;). This is
clearly well-defined and a canonical isomorphism. The functor Hom commutes with
limits. Since finite direct sums are isomorphic to finite direct products, Hom commutes

with finite direct sums. Thus, we have canonical isomorphisms

Hom(EP) RIU,] @M)—@Hom(R[U] EBM)

acP acP

oY

= (P P Hom(R[U). M) = P(ED RV M) o
acP i i aeP

Combining Propositions 9.4, 9.5, 9.6 and the fact a unital ring R is a generator for
the category left/right modules over R (Appendix A) we obtain Theorem 9.7.

Theorem 9.7 Let (P, <) be a finite preordered set with corresponding category P
and let R be a unital ring. Let U = @aep R[U,]. Then, Hom(U, —) : Modfe —
Modgnav) is an equivalence of categories.
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Thus, two persistence modules M and N over a finite preordered set are isomorphic
iff the End(U)-modules Hom(U, M) and Hom (U, N) are isomorphic.

10 Enriched Category Theory and Persistence Modules

In this section, we assume that R is a commutative unital ring and that (P, <, +, 0)
is a preorder with a compatible abelian group structure. That is, a < b implies that
a + ¢ < b+ c. The purpose of this section is to observe that persistence modules
are symmetric monoidal categories enriched over themselves, with respect to both the
graded module and sheaf tensor products. These observations follow from classical
results in enriched category theory. We state these results for persistence modules in
the hope that doing so will facilitate new computational approaches to topological data
analysis. We remark that enriched category theory has been used in applied topology
recently [12,19,29].

10.1 Enriched Structure of Persistence Modules with the Graded Tensor
Theorem 10.1 (Modg, Ogr R[Uo]) is a symmetric monoidal category.

Proof Let M, N € Modll)e and s, ¢ € P. We have canonical morphisms y; ; : Ms; ®pr
N; — N;®pg M, since Mod is a symmetric monoidal category, as R is assumed to be
commutative, with unit R and tensor product @ g. The collection of maps y; ; induces
an isomorphism of diagrams {(M; @r N;)}s+1<r and {N; @ M }s4:<r and thus a
natural isomorphism between their colimits. Hence, we get a natural isomorphism
between (M ®gr N), and (N ®gr M),, called the braiding. By the same argument,
we obtain an associator and left and right unitors.

Since it will be used later, let us explicitly define the left unitor. The left unitor is a
natural isomorphism with components Ay : R[Up] ®gr M > M, foreach persistence
module M. Let x° be the generator of R[Up] and consider Y ¢; x" Qgrmi € R[Up|®gr
M wherec; € R,t; € Uy,andm; € Mj,. Note that by the definition of ®g, we have that
Yocixi @grmi =, x0 Qgr cix'i -mj. Define Ay (- ¢;x"t Qgrm;) :=Y"; ¢;ix" -m;.

Since the pentagon identity, triangle identity, and hexagon identity hold in Modg,
it follows that they also hold here. O

Proposition 10.2 There is a functor Hom(—, —) : (Modg)op X Mod?e — Mod?Q
given by

M(Ma N)S‘ = HOm(M, N(S))7

for s € P and persistence modules M and N.

Proof Lets € P. Then, Hom(M, N (s)) is the set of natural transformations from M
to N(s). This is an R-module. Indeed given a natural transformation, we define an R
action by an element r € R to be componentwise multiplication by r. Whenever s < ¢
Elol:';”
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define Hom(M, N);<; : Hom(M, N(s)) — Hom(M, N(¢)) to be the map
Hom(M, N)y< (@) = a * ny—s.

That is, given a natural transformation o : M — N (s) compose each component ¢,
with N, ys<q+ to get a new natural transformation, namely o * 1;—s. Note that we
could have precomposed with M,,_(;_s)<, to have a similar construction, however due
to the naturality of « this choice would give us the same answer.

Ma—(t—s)ga

Ma—(l—s) Ma

~

N \\\
. loca <

T3 Na+SS;;I>\
Na+s e Ntl+t

It remains to show is that this definition is functorial.

Suppose o : M — N is a natural transformation of persistence modules M
and N. Let N’ be a persistence module. Define Hom(a, P) : Hom(N, N') —
Hom(M, N’) by pre-composing with a. Namely, for a given 8 : N — P(s) define
Hom(a, N')(B) = Ba. Then, Hom(ya, N')(Be) = Hom(a, N') o Hom(y, N') and
that Hom(—, N )(1s) = 1gom(m,n7)- To show that Hom(N’, —) is a functor, define
Hom(N’, @)(B) = ap. It follows that Hom(N’, —) is a functor. O

By Proposition 2.18, when M is finitely generated Hom (M, N) is the abelian group
of module homomorphisms when we forget the grading.

Proposition 10.3 There is a category whose objects are persistence modules and
whose morphisms are the sets Hom(M, N). We denote this category Modg.

Proof Let o € Hom(M, N) and 8 € Hom(N, N’). Suppose a and 8 are of homoge-
neous degrees, s and ¢, respectively. Thatisa : M = N(s) and B : N = N'(1).
Define the x-component of o « to be B4+ o ;. Extend to the general case by lin-
earity. Since the composition in Modﬁ is associative, this composition is associative
as well.

For the more categorically minded reader, this can be stated using horizontal and
vertical compositions of natural transformations. We define B oo := (B * 17,) @
(Definition 4.4), where * signifies horizontal composition and e a vertical composition.
Consider the following diagram, where N(s) = N7; and N'(t) = N'7,.

> Mod g

FoC'T
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For every persistence module M, we have an identity morphism, 1, the identity
morphism in Modl,; viewed as a morphism in the new category. The identity axiom in
Mod?, follows from the identity axiom in Mod¥. o

Example 10.4 Let M be a persistence module and s € P. Then the translations by
s and —s, show that M (s) and M are isomorphic in Modﬁ. That is, translations are
isomorphisms.

Proposition 10.5 Mod?a is an additive category.

Proof Each Hom(M, N) is an abelian group as it is a graded direct sum of abelian
groups. Our definition of composition in Mg is bilinear. The zero persistence module
is the 0 object. The coproduct of persistence modules M and N is M @ N. The product
of persistence modules M and N is M x N and is canonically isomorphic to M & N.
]

Theorem 10.6 (Modg, ®gr, R [U0]> is a symmetric monoidal category.

Proof Let the braiding, associator, left and right unitor morphisms be those from the
symmetric monoidal category (Modg, Qgr, R [Uo]) (Theorem 10.1). It remains to
show that these commute with the larger set of morphisms in Mg.

Consider the braiding. Let ¢ : M — M’ and ¢ : N — N’ in Mg. Since we
have the following commutative diagrams in Modg,

M; ®g Ny —2—5 N, ®g M;
ot@rut |vteret
y
M;—i—a ®R Nt/+b Nt/-‘rs ®R M;+a

it follows that the braiding is natural in Modﬁ. Naturality of the associator and left
and right unitors follows similarly. O

Theorem 10.7 (Modg, ®gr, R [Uo]> is a closed symmetric monoidal category. That

is, forall N € Mg, —®pgr N has right adjoint Hom(N, —) : Mg — Mg. That
is, for any persistence modules M, N and N’ there exists a natural (in all arguments)
isomorphism Hom(M ®gr N, N') = Hom(M, Hom(N, N")). Furthermore, this iso-
morphism is a morphism of degree zero, i.e., a natural transformation. In particular,

(Modll)e, ®gr, R [U0]> is a closed symmetric monoidal category.

Proof Define v, to be the following composition of isomorphisms. The first two and
last isomorphisms are by the categorical definitions of Hom(—, —) and — ®gr —
(Definition 3.4 and Proposition 4.6). The third and the third last isomorphism are due
to the fact that Hom g (—, —) preserves limits in both variates. Since it is contravariant
in the first variable this means that it sends colimits to limits in Modg. The fourth
isomorphism is the tensor-hom adjunction in Modg. The remaining fifth isomorphism
follows from reindexing. We have p + g < —s < t — r which may be rewritten as
Elol:';”
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p + g —t < —r. Substituting variables, we have —s — p — g < —r which may be
rewrittenas p +q >t > —s +r.

Hom(M ®gr N, N'), Hom(M, Hom(N, N')),
lim Hompg((M Qgr N)—s, N't) lim Homg(M_g, Hom(N, N');)
s+t>r s+t>r

Is 4

. . / . : !
lim HomR(pSr%llSrrlsMp ®R Ng,N't) lthnzlr Homp(M_g, pEIZnZIHomR(N,p, N'g))

s+t>r K

s <1

li li H M Ny, N’ li lim H M_s, H N_,, N’
sﬁtrrzlr(pﬂl,ns]ﬂ omg(Mp ®g Ng, N't)) len;r(p;gly omp(M—g, Homg(N—p, N'g)))

Js

li lim H M, H Ng, N’
ngy(pﬂ}nsliy ompg(Mp, Hompg(Ng, N't)))

Note that all of these isomorphisms are natural. The last statement of the theorem
follows by setting r = 0 and thus getting the following natural isomorphism:

o : Hom(M ®g N, N')o := Hom(M ®g N, N')
=~ Hom(M, Hom(N, N'))o := Hom(M, Hom(N, N)),

which gives us an adjunction between ®gr and Hom in Modg. O

Every closed symmetric monoidal category is enriched over itself, see, for example,
[28, Section 1.6]. Thus, we have the following corollary. We expect that it will be
useful in applications that the respective hom objects between persistence modules
are themselves persistence modules, from which one may compute invariants such as
persistence diagrams.

Corollary 10.8 The category Modﬁ is enriched over (Modg, ®gr, R [Uo]). The cate-
gory Mod?e is enriched over (ModP , ®gr, R[UgD.

Note that the statements in Corollary 10.8 and Theorem 10.7 are not true if we
replace Mod g by modg, the category of finitely generated R-modules. The reason is
that when applied to persistence modules valued in mod g, Hom does not always give
a persistence module valued in modp, as shown in the following example.

Example 10.9 Let vecty denote the category of finite-dimensional k-vector spaces and
k-linear maps. Let M : (R, <) — vectk be the one-parameter persistence module
given by M, = kifa € Z and M, = 0 otherwise. By functoriality, the maps
M, <p have to be zero except when a = b € Z. Hence, any collection of linear maps
{fs : My, — M,} will give us a natural transformation f : M — M as there are no
restrictions for the appropriate squares to commute. In particular let, ¢ : M — M
be a natural transformation such that o) = 1k if a = n and @ = 0 otherwise.
Then, Hom(M, M)y is an infinite dimensional vector space as the collection {«"}, 7
is linearly independent.
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10.2 Enriched Structure of Persistence Modules with the Sheaf Tensor

Let M be a right Rp-module and let N be a left Rp-module, where P is given the
Alexandrov topology (Sect. 2.2). Recall that we have a sheaf tensor product M ®g, N
(Sect. 3.1). Viewed as a graded module, M @sn N = P,.p M(U,) ®r NU,) =
@aEP My ®R Na.

Theorem 10.10 (Mod%, Rsh, R[P]) is a symmetric monoidal category.

Proof Since ®gp is a pointwise tensor product of R-modules, the axioms for a sym-
metric monoidal category will hold pointwise and thus can be assembled to obtain the
desired axioms for persistence modules. O

Theorem 10.11 (Mod%, ®sh, R[P]) is a closed symmetric monoidal category. 0O

Proof See Proposition C.1. O
Corollary 10.12 The category MOdIIE is enriched over (Modg, Qsh, R[P]).
Proof Same arguments that justify Corollary 10.8 may be used. O
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Appendix A Category Theory

We review some notions from category theory. For more details, see, for example,
[37,38].

Let C be a category. A family {U;}ic; of objects from C is called a family of
generators of C if for any pair (A, B) of objects in C and for any two distinct morphisms
f,g: A — B,thereis an index ip and a morphism 4 : U;, — A such that fh # gh.
We say {U; }ies is a set of cogenerators of C if the family {Ul.gp }ier 1s a set of generators
of C°P. If the families in question are singleton sets, we say they are a generator (resp.
cogenerator) of C. In the category Set, the singleton set {x} is a generator and the 2
point set {*1, %2} is a cogenerator. In the category of abelian groups Ab the group Z
is a generator. More generally, whenever we have a unital ring R and the category of
left modules over R , ModpR, the ring as a module over itself is a generator of Modp,.
In particular, if R is a field, say k , then Vecty the category of vector spaces over k
is a category with generator k. Grothendieck categories are abelian categories with a
few extra axioms that guarantee existence of injective and projective resolutions, for
more details, see [17,20,37]. A Grothendieck category C is a category satisfying the
following axioms: 1. C is an abelian category. 2. C has a generator. 3. C contains all
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small colimits (colimits of diagrams indexed by a category with a set of objects). 4.
Taking colimits of diagrams of short exact sequences produces a short exact sequence.

The following is due to Grothendieck and is presented in, for example, [20, Propo-
sition 1.9.1] or [37, Chapter 2, Proposition 8.2].

Proposition A.1 Let C be an abelian category with infinite direct sums and {U;}ic; a
set of objects of C. The following are equivalent:

1. The given set is a set of generators of C.
2. The object U := | ;c; U; is a generator of C.
3. For any object A in C, there is a set J and an epimorphism: UY) — A.

Proposition A.2 ([20, Proposition 1.8]) Let (P, <) be a preordered set and P be the
corresponding category. Let C be a category. If C is an additive/abelian/Grothendieck
category, then C®=) is also an additive/abelian/Grothendieck category.

Theorem A3 ([20, Theorem 1.10.1]) If a category C is a Grothendieck category, then
any A € C has a monomorphism into an injective object.

The category of abelian groups Ab (or more generally the category of modules over
a unital ring) is a Grothendieck category. In particular, if we have a unital ring R, then
Modp and ,Mod are Grothendieck categories. Note that if we consider the category
mody of right R-modules of finite rank, it is abelian but not a Grothendieck category,
as a coproduct (direct sum) of an infinite family of finite rank modules is not a finite
rank module.

Proposition A.4 ([37, Chapter 3, Lemma 3.1], [20, Lemma 1]) Let C be a Grothendieck
category, U a generator and E and object of C. Then, E is an injective object if and
only if for any monomorphism ¢ : U' — U and for any morphism f : U' — E there
exists a morphism f : U — E such that fi = f.

Proposition A.4 provides a simpler criterion for an object to be injective in a
Grothendieck category. In particular instead of checking diagrams with arbitrary
monomorphisms M — N, we need only check diagrams with monomorphisms into
the generator. This generalizes the Baer criterion in module theory. The Baer criterion
for graded modules is presented in Theorem B.1.

Appendix B Graded Module Theory

The purpose of this section is to introduce the reader to the basics of graded module
theory. The literature on graded modules is bountiful but our main reference is [23].
Let I" be a group. A I'-graded ring is aring S = @ S, where S, is an additive
gel
subgroup of § and S, S, C Sgi. Let S be a I'-graded ring. A graded left S-module is
a left S-module M = €@ M, where M, is an additive subgroup of M and S, M), C
gel
Myg). Let M and N be I'-graded S-modules. A I'-graded S-module homomorphism
between M and N is a module homomorphism o : M — N, such that a(M,) C N,.
Elol:;ﬂ
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One can analogously define graded right S-module and corresponding graded module
homomorphism. Assuming the ring S is commutative we stop differentiating between
left and right. The set M = | J ger Mg is called the set of homogeneous elements of
M.

For graded S-modules M and N, a graded S-module homomorphism of degree
€,€ € I', is a S-module homomorphism f : M — N, such that f(Mg) C N
for any g € I'. Let Homg(M, N). be the subgroup of Homg(M, N), the group of
non-graded module homomorphisms between M and N, consisting of all S-graded
module homomorphisms of degree €.

A graded module M is finitely generated if it is finitely generated as a module.
A T-graded (left) S-module M is called a graded-free S-module if M is a free left
S-module with a homogeneous base. Let M be a I'-graded module over a I'-graded
ring S. Let g € I'". Define anew module M (g) by setting its graded by M (g);, := Mgy.
The action of S on M (g) is induced from the action of S on M.

Theorem B.1 (Baer Criterion for Graded Modules) Let E be a T'-graded module
over the I'-graded ring S. Then, E is injective if and only if given any monomorphism
i 11 — S(g) and a graded module homomorphism f : I — E, there exists an
f :8(g) = E such that f = fi.

Note that this is a specific example of Proposition A.4, as the generator of the
category of I'-graded modules over the I'-graded ring S, with graded module homo-

morphisms as the morphisms, is @ S(g)-
gel

Appendix C Sheaf Theory

We introduce some notions from sheaf theory. For more details see [5, Chapter 1] and
[26, Chapter 2]. Throughout this section, X is a topological space.

Given a presheaf F on X there exists a sheaf F* and a morphism 0 : F — F*
such that for any sheaf G the homomorphism given by 6:

Homgn(x)(F*, G) — Hompgh(x)(F, G)

is an isomorphism. In other words, F — F is the left adjoint functor of the inclusion
functor Sh(X) — PSh(X). Moreover, (F™, 0) is unique up to isomorphism, and for
any x € X, 0y : F, — F[ is an isomorphism. The sheaf F* is called the sheaf
associated with F or sheafification of F.

Given an abelian group A, we denote by Ay the sheaf associated with the presheaf
U — A, where U is open in X, and we say Ay is the constant sheaf on X with stalk
A.

Let F be a sheaf on X. We say F is flabby if the map F(U C X) : F(X) — F(U)
is surjective for all open U C X.

Let R be a sheaf of rings on X. The pair (X, R) is called a ringed space. A left
R-module M is a sheaf of abelian groups M such that for every open U C X, M(U)
is a left R(U)-module, and for any inclusion V C U, V and U open, the restriction
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morphism is compatible with the structure of the module, that is, M(V C U)(sm) =
RV CcU)(s)-M(V C U)(m) forevery s € R(U) and m € M (U). Define right R-
modules in the obvious way and morphisms between left(right) modules is a natural
transformation compatible with the structure of the module. Denote these sets of
natural transformations by Homy (M, N). We denote the category of right R-modules
by Mod-R, and the category of left R-modules by R-Mod.

Denote by Zyx the sheaf associated with the constant presheaf U +— 7Z for every
open U C X. Then Zx-modules are precisely sheaves with values in abelian groups,
i.e., Mod(Zyx) = Sh(X). More generally, define Rx to be the sheaf associated with
the constant presheaf U +— R for every open U C X. For example, we have the
constant sheaf k.

Let R be a sheaf of rings and let ' and G be two left R-modules. Then, the presheaf
s (F, G) defined by Z.».(F, G)(U) := Homp, (F|y, Glv) is a sheaf of abelian
groups, in particular a left R-module.

Let F be a right R-module and G be a left R-module. Define FF @ G to be the
sheaf associated with the presheaf of abelian groups U — F(U) ®rw) G(U), and
call F ®R G the tensor product of F and G over R.

Proposition C.1 ([26, Proposition 2.2.9]) Let X be a topological space. Let R be a
sheaf of rings on X, S a sheaf of commutative rings and S — R a morphism of
sheaves of rings such that its image is contained in the center of R. Let F and G be
two R-modules and H and S-module. Then one has canonical isomorphisms:

%ﬁzR(H ®s F, G) = %ﬁz'R(F, %ﬁzs(H, G)) = %7%3([‘], %?/&R(F, G))
Note that by taking global sections of each of the sheaves above, we get:
Homp (H ®s F, G) = Homg(H, g (F, G))

In other words, — ®g F is the left adjoint of G (F, —).

Proposition C.2 ([26, Section 2.2]) The functor F%».(—, —) is left exact with respect
to each of its arguments and the functor — @ — is right exact with respect to each
of its arguments.

Appendix D Homological Algebra

We introduce some homological algebra. For more details, see [15,26,39,40].

The homotopy category of an abelian category A, K (A), is obtained from the
category of chain complexes valued in A, C(A) by identifying all morphisms that
are chain homotopic to 0. Furthermore, by formally inverting quasi isomorphisms we
obtain the derived category of A, D(A).

Assuming that A has enough projectives/injectives, we are able to construct pro-
jective/injective resolutions which are used to compute derived functors. Given an
object A of A, we consider it to be a chain complex concentrated in degree 0. For
such a chain complex, there is a quasi-isomorphism to a chain complex of injective
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objects of A concentrated in nonnegative degrees given by an injective resolution of
A:--- > 0— E° - E' — ... In the derived category, D(A), A is isomorphic
to this injective resolution. Given a left-exact functor ¥ : A — B, we compute the
i-th right derived functor of F by calculating the i-th cohomology group of the chain
complex: -+ — 0 — F(EO) — F(EHY > ...

Similarly, we use projective resolutions to compute left derived functors of right-
exact functors.

Let A be an abelian category and consider C(A) the category of chain complexes
valued in A. Suppose A comes equipped with a monoidal product, say ®, and an
adjoint for the monoidal product, say Hom™*.

Consider (A, d) and (B, dp) in C(A). The tensor product A ®, B is the chain com-
plex givenby (A®. B), := @ (A, ®. By) and the differential given on elements

pt+q=n
X ®, y in homogeneous degree by d(x ®, ¥) = dax Q4 y + (—1)‘x|x ®4 dpy. The
hom chain complex Hom* (A, B) given by Hom*(A, B), = [|[ Hom*(A_,, B,),
pt+q=n
with differential d defined on homogeneous f € Hom*(A, B), by df :=dpo f —

()" f oda.
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