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Abstract

We study the geometric Whitney problem on how a Riemannian manifold (M, g) can
be constructed to approximate a metric space (X, dx). This problem is closely related
to manifold interpolation (or manifold reconstruction) where a smooth n-dimensional
submanifold S C R™, m > n needs to be constructed to approximate a point cloud
in R™. These questions are encountered in differential geometry, machine learning,
and in many inverse problems encountered in applications. The determination of a
Riemannian manifold includes the construction of its topology, differentiable struc-
ture, and metric. We give constructive solutions to the above problems. Moreover,
we characterize the metric spaces that can be approximated, by Riemannian mani-
folds with bounded geometry: We give sufficient conditions to ensure that a metric
space can be approximated, in the Gromov—Hausdorff or quasi-isometric sense, by
a Riemannian manifold of a fixed dimension and with bounded diameter, sectional
curvature, and injectivity radius. Also, we show that similar conditions, with modified
values of parameters, are necessary. As an application of the main results, we give a
new characterization of Alexandrov spaces with two-sided curvature bounds. More-
over, we characterize the subsets of Euclidean spaces that can be approximated in the
Hausdorff metric by submanifolds of a fixed dimension and with bounded principal
curvatures and normal injectivity radius. We develop algorithmic procedures that solve
the geometric Whitney problem for a metric space and the manifold reconstruction
problem in Euclidean space, and estimate the computational complexity of these pro-
cedures. The above interpolation problems are also studied for unbounded metric sets
and manifolds. The results for Riemannian manifolds are based on a generalization
of the Whitney embedding construction where approximative coordinate charts are
embedded in R” and interpolated to a smooth submanifold.
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1 Introduction and the Main Results
1.1 Geometrization of Whitney’s Extension Problem

In this paper, we develop a geometric version of Whitney’s extension problem. Let
f : K — R be a function defined on a given (arbitrary) set K C R”, and let m > 1
be a given integer. The classical Whitney problem is the question whether f extends
to a function F € C™(R") and if such an F exists, what is the optimal C™ norm of
the extension. Furthermore, one is interested in the questions if the derivatives of F,
up to order m, at a given point can be estimated, or if one can construct extension F
so that it depends linearly on f.

These questions go back to the work of Whitney [95-97] in 1934. In the decades
since Whitney’s seminal work, fundamental progress was made by Glaeser [50], Brud-
nyi and Shvartsman [19-24] and [86-88], and Bierstone et al. [10]. (See also Zobin
[101,102] for the solution of a closely related problem.)

The above questions have been answered in the last few years, thanks to work
of Bierstone et al. (see [10,18,19,21,22,24,37-42]). Along the way, the analogous
problems with C™(R") replaced by C™“(R"), the space of functions whose mth
derivatives have a given modulus of continuity w, (see [41,42]), were also solved.

The solution of Whitney’s problems has led to a new algorithm for interpolation of
data, due to Fefferman and Klartag [45,46], where the authors show how to compute
efficiently an interpolant F (x), whose C” norm lies within a factor C of least possible,
where C is a constant depending only on m and n.

In recent years, the focus of attention in this problem has moved to the direction
when the measurements f: K — R on the function f are given with errors bounded
by & > 0. Then, the task is to find a function F : R" — R such that sup, g |F(x) —
f (x)] < e. Since the solution is not unique, one wants to find the extensions that have
the optimal norm in C" (R"), see, e.g., [45,46]. Finding F can be considered as the task
of finding a graph I'(F) = {(x, F(x)) : x € R"} ¢ R"*! of a function in C" (R")
that passes near the points {(x, f(x)) : x € K}. To formulate the above problems
in geometric (i.e., coordinates invariant) terms, instead of a graph set I"(F), we aim
to construct a general submanifold or a Riemannian manifold that approximates the
given data. Also, instead of the C™ (R")-norms, we will measure the optimality of the
solution in terms of invariant bounds for the curvature and the injectivity radius.

In this paper, we consider the following two geometric Whitney problems:

A. Let E be a separable Hilbert space, e.g., R¥, and assume that we are given a set
X C E. When can one construct a smooth n-dimensional submanifold M C E
that approximates X with given bounds for the geometry of M and the Hausdorff
distance between M and X ? How can the submanifold M be efficiently constructed
when X is given?

B. Let (X, dx) be a metric space. When there exists a Riemannian manifold (M, g)
that has given bounds for geometry and approximates well X? How can the mani-
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fold (M, g) be constructed when X is given? What is an algorithm that constructs
(M, g) when X is finite?

In Question B, by ‘approximation’ we mean Gromov—Hausdorff or quasi-isometric
approximation, see definitions in Definition 3 and Sect. 2.1.

We answer the Question A in Theorem 2, by showing that if X C E is locally (i.e.,
at a certain small scale) close to affine n-dimensional planes, see Definition 4, there
is a submanifold M C E such that the Hausdorff distance of X and M is small and
the second fundamental form and the normal injectivity radius of M are bounded.

The answer to the Question B is given in Theorem 1. Roughly speaking, it asserts
that the following natural conditions on X are necessary and sufficient: Locally, X
should be close to R", and globally, the metric of X should be almost intrinsic.

The conditions in Theorem 1 are optimal, up to multiplying the obtained bounds by a
constant factor depending on n. Theorem 1 gives sufficient conditions for metric spaces
that approximate smooth manifolds. In Corollary 1, we show that similar conditions,
with modified values of parameters, are necessary.

The result of Theorem 2 is optimal, up to multiplication the obtained bounds by a
constant factor depending on 7.

The proofs of Theorems 1 and 2 are constructive and give raise to manifold recon-
struction algorithms when X is a finite set. Moreover, we give algorithms that verify
if a finite data set X satisfies the characterizations given in Theorems 1 and 2. We
analyze in Sect. 7.2 the computational complexity of these algorithms, but emphasize
that to keep the algorithms simple, the algorithms have not been optimized in this
paper to have the minimal complexity.

Finally, we note that this paper is related to two rather different theorems of Whitney:
One is the Whitney embedding theorem of smooth manifolds into an Euclidean space
and the other is the Whitney extension theorem for functions in R".

Next we formulate the definitions needed to state the results rigorously.
Notations For a metric space X and sets A, B C X, we denote by d;f,(A, B), or just
by dy (A, B), the Hausdorff distance between A and B in X.

By dgu (X, Y), we denote the Gromov—Hausdorff (GH) distance between metric
spaces X and Y. For the reader’s convenience, we collect definitions and elementary
facts about the GH distance in Sect. 2.1. For more detailed account of the topic, see,
e.g., [26,79,85]. In most cases, we work with pointed GH distance between pointed
metric spaces (X, xg) and (Y, yp), where xo € X and yp € Y are distinguished points.
For the definition of pointed GH distance, see [79, §1.2 in Ch. 10]) or Sect. 2.1.

For a metric space X, x € X and r > 0, we denote by B,X(x) or B,(x) the
ball of radius r centered at x. For X = R", we use notation B} (x) = BﬁR" (x) and
B! = B!(0). Foraset A C X and r > 0, we denote by Z/IrX(A) or U, (A) the metric
neighborhood of A of radius r that is the set points within distance » from A.

When speaking about GH distance between metric balls BrX (x) and BrY (y), we
always mean the pointed GH distance where the centers x and y are distinguished
points of the balls. We abuse notation and write dGH(B,X (x), B,Y (y)) to denote this
pointed GH distance.

For a Riemannian manifold M, we denote by Sec, its sectional curvature and by
inj,, its injectivity radius.
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Small metric balls in a Riemannian manifold are GH close to Euclidean balls. More
precisely, let M be a Riemannian n-manifold with | Secys | < K where K is a positive
constant, and 0 < r < %min{%, injs}. Then, for every x € M, the metric balls

BrM (x) in M and B} in R” satisty
dou(BY (x), B]) < 1Kr. (1)

For a proof of this estimate, see Sect. 4.

If M is a submanifold of RY one can write a similar estimate for the Hausdorff
distance in RY . Namely, if the principal curvatures of M are bounded by x > 0, then
M deviates from its tangent space by at most %KI"Z within a ball of radius r. Thus, the

Hausdorff distance between r-ball BM (x) in M and the ball B (x) = BN (x)NT, M
of the affine tangent space of M at x satisfies

dp(BM (x), BIM (x)) < Sir?. )

Note the different order of the above estimates for the intrinsic distances (1) and the
extrinsic distances (2).
With (1) in mind, we give the following definition.

Definition 1 Let X be a metric space, r > § > 0, n € N. We say that X is §-close to
R" at scale r if, for any x € X,

dau (B (x), B}) < 6. 3)

Condition (3) can be effectively verified, up to a constant factor, see Algo-
rithm GHDist. The condition can be also formulated for finite subsets: If sequences
(yj);.":1 C B"and (x,-)j.V:1 C B (x) are $-nets such that |dg» (y;, yx) —dx (xj, x)| <
%forallj, k=1,2,..., N,then(3)isvalid by [26, Prop. 7.3.16 and Corollary 7.3.28].
On the other hand, if X is %-close to R" at scale r, then such %-nets exist.

In a Riemannian manifold, large-scale distances are determined by small-scale ones
through the lengths of paths. However, Definition 1 does not impose any restrictions
on distances larger that 2r in X. To rectify this, we need to make the metric ‘almost
intrinsic’ as explained below.

Definition 2 Let X = (X, d) be a metric space and § > 0. A §-chain in X is a finite

sequence xi, X2, ..., xy € X such that d(x;, xj+1) < dforalll <i < N—-1.A
sequence xp, X2, ..., xy € X is said to be §-straight if
d(xi,x;) +d(xj, xp) < d(x;, x) + 8 4)

forall 1 <i < j < k < N.We say that X is §-intrinsic if for every pair of points
x,y € X there is a §-straight §-chain x, ..., xy with x| = x and xy = y.

Clearly, every Riemannian manifold (more generally, every length space) is &-
intrinsic for any § > 0. Moreover, if X lies within GH distance § from a length
Elol:;ﬂ
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space, then X is Cé-intrinsic. In fact, this property characterizes §-intrinsic metrics,
see Lemma 2.

In order to conveniently compare metric spaces at both small scale and large scale,
we need the notion of quasi-isometry.

Definition 3 Let X, Y be metric spaces, ¢ > 0 and A > 1. A (not necessarily contin-
uous) map f: X — Y is said to be a (A, ¢)-quasi-isometry if the image f(X) is an
e-netin Y and

Aldy(x,y) —e <dy(f(x), () < Adx(x,y) + & )

for all x, y € X, where dx and dy denote the distances in X and Y, resp.

Unlike the use of quasi-isometries in, e.g., geometric group theory, in this paper
we consider quasi-isometries with parameters ¢ &~ 0 and A & 1. The quasi-isometry
relation is almost symmetric: If there is a (X, €)-quasi-isometry from X to Y, then
there exists a (1, 31¢e)-quasi-isometry from Y to X. We say that metric spaces X and
Y are (A, &)-quasi-isometric if there are (A, £)-quasi-isometries in both directions.

The existence of a (A, €)-quasi-isometry f: X — Y implies that

dou(X,Y) < (. — 1) diam(X) + 3e. (6)

See Sect. 2.1 for the proof.
Now we formulate our main result.

Theorem 1 For every n € N, there exist o1 = o1(n) > 0 and C; = Ci(n), Cy =
Ca(n) > O such that the following holds. Let r > 0, X be a metric space with
diam(X) > r, and

0<é<oyr. @)

Suppose that X is §-intrinsic and §-close to R" at scale r, see Definitions 1 and 2.
Then, there exists a complete n-dimensional Riemannian manifold M such that

1. X and M are (1 + Clb‘r*l, C16)-quasi-isometric. Moreover, when the diameter
of X is finite, we have

dou(X, M) < 2C8r~" diam(X). (8)

2. The sectional curvature Secy; of M satisfies | Secy | < Caér3.
3. The injectivity radius of M is bounded below by r /2.

By following the steps of the proof, one can obtain explicit formulas for the values
of o1(n), Ci(n), and Cy(n).

The estimate (8) follows from the existence of a (1+C18r~ !, C, 8)-quasi-isometry
from X to M due to (6) and the fact that diam(X) > r. The proof of Theorem 1 is
given in Sect. 5.

The quasi-isometry parameters and sectional curvature bound in Theorem 1 are
optimal up to constant factors depending only on n, see Remark 9.

EOE';W
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Remark 1 The assumption that X is §-intrinsic in Theorem 1 is not crucial. Without
this assumption, the following more technical variant of the theorem holds:

If a metric space X is §-close to R" at scale r, where §/r is bounded above by
a constant depending on 7, then there exists a complete (possibly not connected)
Riemannian n-manifold M which satisfies properties (2) and (3) from Theorem 1 and
approximates X in the following sense: There is a map f: X — M such that

ldu (f (%), f(¥) —dx(x, y)| < C8

forall x, y € X such thatdy (x,y) <rordy(f(x), f(y)) <r.

This variant follows from Theorem 1 and the fact that one can modify ‘large’
distances in X so that the resulting metric is C§-intrinsic and coincides with d within
balls of radius r. The new distances are measured along ‘discrete shortest paths’ in X,
see (32) and Lemma 3 in Sect. 2.2.

This procedure may split X into several ‘components’ with modified distances
between them being infinite. In the original metric space, these components are subsets
separated by distances greater that r. They correspond to connected components of
the approximating manifold M.

For $-intrinsic metrics, an approximation f as above is (1 + C8r~!, C8)-quasi-
isometry and vice versa. This follows from Lemmas 1 and 4, see Sect. 2.

Furthermore, Theorem 1 gives a characterization result for metric spaces that GH
approximate smooth manifolds with certain geometric bounds. The precise formula-
tion is the following.

Let M(n, K, iy, D) denote the class of n-dimensional compact Riemannian man-
ifolds M satisfying |Secy | < K, injy, > ip, and diam(M) < D. Denote by
Me(n, K, ig, D) the class of metric spaces X such that dgy(X, M) < ¢ for some
M € M(n, K, iy, D). Also, let X' (n, 8, r, D) denote the class of metric spaces X that
are S-intrinsic and §-close to R” at scale r, and satisfy diam(X) < D. Theorem 1
has the following corollary that concerns neighborhoods of smooth manifolds and the
class of metric spaces that satisfy a weak §-flatness condition in the scale of injectivity
radius and a strong §-flatness condition in a small-scale 7.

Corollary 1 For every n € N, there exist o1 = o1(n) > 0 and C3 = Cz(n), C4 =
Cyq(n) > 0 such that the following holds. Let K, iy, D > 0 and assume that iy <

Voi/K. Let 8 = Ki3, 0 < § < 8o, and r = (8/K)%. Let X be the class of metric
spaces defined by
X :=Xn,38,r, D)NX(n,d, i, D).
Then,
M (n, K/2,2ip, D —8) C X C Mg, (n, C3K,io/2, D) )
where e1 = §/6 and e, = C4DK /3813

FoC'T
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For a metric space X, the first inclusion in (9) means that the condition X € X is
necessary for X to approximate a manifold from M (n, K /2, 2iy, D —§) with accuracy
1. Likewise, the second inclusion in (9) says that X € X is a sufficient condition for
X to approximate a manifold from M(n, C3K, ip/2, D) with accuracy &;.

The optimal values of ] and &, in Corollary 1 remain an open question. The proof
of Corollary 1 is given in Sect. 6. It is based on Theorem 1 and Proposition 2.

Another application of Theorem 1 is the following characterization of Alexandrov
spaces with two-sided curvature bounds.

Corollary 2 For a complete geodesic metric space X and n € N, the following two
conditions are equivalent:

1. There exists K > 0 such that forall x € X andr > 0,
dou(BY (x), B}) < Kr. (10)

2. X is an n-dimensional manifold, its metric has two-sided bounded curvature in
the sense of Alexandrov, and its injectivity radius is bounded away from 0.

Furthermore, if (1) holds, then X has Alexandrov curvature bounds between —CsK
and CsK and injectivity radius at least 1/(Ce~/ K), where Cs and Cg are positive
constants depending only on n.

The proof of Corollary 2 is given in Sect. 6. We refer to [17,26,27] or [8] for
the definition and basic properties of Alexandrov curvature bounds. Here we only
mention the fact that finite-dimensional boundaryless Alexandrov spaces with two-
sided curvature bounds are Riemannian manifolds with C1¢ metrics ([71], see also
[8, Theorem 14.1]).

On the Proof of Theorem 1

In the proof of Theorem 1, M is constructed as a submanifold of a separable Hilbert
space E, which is either R with alarge N (in case when X is bounded) or £2 endowed
with the standard || - ||, norm. However, the Riemannian metric on M is different
from the one inherited from E.

We note that an algorithm based on Theorem 1, which also summarizes some of
the main objects used in the proof, is given in Sect. 7, see also Fig. 1 in Sect. 5.

Here is the idea of the proof of Theorem 1. Since the r-balls in X are GH close
to the Euclidean ball B}, they admit nice maps (26-isometries) to B}'. These maps
can be used as a kind of coordinate charts for X, allowing us to argue about X as
if it were a manifold. In particular, we can mimic the proof of Whitney embedding
theorem (on the classical Whitney embedding, see [98,99]). If X were a manifold,
this would give us a diffeomorphic submanifold of a higher-dimensional Euclidean
space E. In our case, we get a set X' C E which is a Hausdorff approximation of
a submanifold M C E. In order to prove this, we use Theorem 2 (see Sect. 1.3)
which characterizes sets approximable by (nice) submanifolds. We emphasize that the
resulting submanifold M C E is the image of a Whitney embedding but not of a Nash

EOE';W
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Fig.1 A schematic visualization of the interpolation algorithm ‘ManifoldConstruction’ based on Theorem
1, see Sect. 7. Assume that a finite metric space (X, dy) is given. First we construct a maximal (r/100)-
separated subset Xog = {¢;, i = 1,2,..., N} C X and r-neighborhoods B;X (xj) C X of points g; € Xp.
Then, we construct balls D; C R" approximating the r-balls BrX (g;) and local embeddings f; : BrX (qi) —

D;. The balls D; are considered as local coordinate charts. We embed these local charts to an Euclidean
space E = R™ using Whitney-type embeddings FO = FlDT/lo : Dir/10 — X;. Submanifolds ¥; C E

are denoted by blue curves. Using the algorithm Submanifoldfnterpolation, the union  J; X is interpolated
to a red submanifold M C E. When Py, is the normal projector onto M, denoted by the red arrows, we
can determine a metric tensor g; on Py (X;) by pushing forward the Euclidean metric from D; to Pys(X;)
by the map Py o F|p,. The metric tensor g on M is obtained by computing a smooth weighted average of
tensors g; (Color figure online)

isometric embedding [68,69]. As the last step of the construction (see Sect. 5.4), we
construct a Riemannian metric g on M so that a natural map from X to (M, g) is
almost isometric at scale . The construction is explicit and can be performed in an
algorithmic manner, see Sect. 7. Then, with the assumption that X is §-intrinsic, it
is not hard to show that X and (M, g) are quasi-isometric with small quasi-isometry
constants (Table 1).

Convention Here and later, we fix the notation n for the dimension of a (sub)manifold
in question. Throughout the paper, we denote by ¢, C, C1, C2, etc., various constants
depending only on n and, when dealing with derivative estimates, on the order of the
derivative involved. The same letter C can be used to denote different constants, even
within one formula. The constants with a number are used for two reasons: First, to
make it possible to compute the values of these constants when needed, and second,
to make the presentation easier, so that the reader can see what earlier estimates are
FoE'ﬂ
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Table 1 Index of the key notations

Name Description Loc.

dx dx (x,y) = dist(x, y) in metric space X Section 1
dyg Hausdorff distance (24)

dgH Gromov—Hausdorff distance Section 2.1
o] Maximal ration of § and r in Theorem 1 Thmeorem 1
K Bound for sectional curvature, | Secys | < K Corollart 3
injpy Injectivity radius of manifold M Section 1
d* kth derivative Theorem 2
E Euclidean space RY or the Hilbert space 2 Section 1
Reach Reach(M) is the reach of submanifold M € E Section 1.3
op(n) Maximal value for parameter § when r = 1 (66)

Xo subset of X or a maximal /100 separated subset of X (67)

B! A ball of radius r in R" Section 1
By (x) A ball either in E, or X depending on the context Section 1
D D} = B/(p;) C R" is a ball of radius r centered at p; Section 5.1
D; D; = B (p;) C R" is aball of radius 1 centered at p; Section 5.1
Us(A) A §-neighborhood of the set A Section 1.1
Ax Affine plane of dimension » containing x Proposition 3
P; Orthogonal projector P; = Py a onto affine plane Ag; (64)

i (x) Smooth cutoff functions p;: E — [0, 1] (68)

@i (x) Function ¢; : E — E, ¢; (x) = p; (x) P; (x) + (1 — p; (x))x (71

fi(x) fitE—E, fi=¢jogj_10...09] (72)

f ) S &) =Timj o0 fi (x) o1 f(X) = fmaxi () 74)

M Reconstructed submanifold M = f (U /5(Xo)) C E 87)

Ajj Affine transition maps A;;: R" — R" (135)

2 £2 =J; D; C R" is a union of coordinate charts Section 5.2
20 20=U; Dil/ 10 C R" is a union of coordinate charts Section 5.2
P (x) A smooth map ¢: R" — S" (142)

Fi(x) Embedding F; : 2 — R+ Fi(x) = ¢(Aji(x) — pi) (143)

F(x) An embedding F: 2 — R™, F(x) = (F,-(x))f\’:1 (143)

X X, =F (Dl.l/ 10) are local coordinate patches (151)

Eio Eio =F (Dil/ 50) are small local coordinate patches (151)

Py (x) A projection of x to the nearest point of M to x Section 1
F Map F for the ball By(g;) given by GHDist (48)

Vi V; = Py (X;) coordinate neighborhoods on M (165)

Vi (x) Yi = Py o F maps local chart Dl.l/10 toV; CM (164)

uj(x) up =1;/(3_; 1;) € C§°(V;) is a partition of unity on M (188)

g g = > ; u; g the metric constructed on M (189)
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Table 2 Lemmas or formulas in

which or after which Cy is Cr Location Cr Location Cy Location

introduced ol (8) o () C3 )
Cy )} Cs (10 Ce (10)
C7 (1n Cs (12) Cy (15)
Cio (15) C1i a7 Ci2 (20
C13 (17) Cig (23) Cis (31
Cie (42) C17 Lemma 7 Cig Lemma 8
Ci9 (70) C20 a7 Coy (76)
Cn 93) C3 (133) Coy (136)
Cas (141) Ca6 (145) Ca7 (146)
Cag (148) Cr9 (152 C30 (154)
C31 (155) C32 Lemma 35 C33 (16e1)
C34 (170) C3s Lemma 36 C36 Lemma 36
C37 (171) C3g (172) C39 (175)
Ca0 (176) Ca1 77) Ca2 (181)
Cy3 (182) Cyy (184) Cys (185)
Ca6 (187) Ca7 (193) (&1 (193)
Cao  (197) Cso  (198) Cs; (200)
Cs» (201 Cs3  (206) Css  (212)
Css  (213) Cse  (214) Cs7 (216)
Css  (217) Csog (221 Ceo  (221)

involved in each formula. However, to keep the presentation simpler, some constants
that are not needed in later estimates or are not main in focus of the interest of this paper
are not numbered. To indicate dependence on other parameters, when we introduce a
new constant, we use notation like C(M, k) or C;(M, k) for numbers depending on
manifold M and number k. The locations where the constants appear first time are listed
in Table 2. Constants that do not depend on any parameters, including the dimension
n of the manifold, are called universal constants. Most of the constants C; depend on
the intrinsic dimension n, and we do not usually indicate it (except in the introduction
where main results are stated), that is, we have C; = C;(n), C(M, k) = C(M, k, n),
etc. We note that several constants C; have an exponential dependency in n. One of
the reasons for this is that in a manifold having a negative sectional curvature, e.g., in
the hyperbolic space, a ball of radius » contains e<’/% points that are 8-separated. We
emphasize that n is the intrinsic dimension of the manifold that is relatively small in
several applications, and the constants do not depend on the dimension of an ambient
space where a considered manifold may be embedded in.

1.2 Manifold Reconstruction and Inverse Problems

Theorem 1 and Corollary 1 give quantitative estimates on how one can use discrete

metric spaces as models of Riemannian manifolds, for example for the purposes of
Elol:;ﬂ
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numerical analysis. With this approach, a data set representing a Riemannian manifold
is just a matrix of distances between points of some §-net. Naturally, the distances can
be measured with some error. In fact, only ‘small-scale’ distances need to be known,
see Corollary 3.

The statement of Theorem 1 provides a verifiable criterion to tell whether a given
data set approximates any Riemannian manifold (with certain bounds for curvature
and injectivity radius). See Sect. 2.4 for an explicit algorithm.

The proof of Theorem 1 is constructive. It provides an algorithm, although a rather
complicated one, to construct a Riemannian manifold approximated by a given discrete
metric space X. See Sect. 7 for an outline of the algorithm.

Next we formulate results that describe properties of the manifold M constructed
from data X that approximates some smooth manifold M and discuss how this result
is used in inverse problems.

1.2.1 Reconstructions with Data that Approximate a Smooth Manifold

When dealing with inverse problems, it is assumed that the data set X comes from
some unknown Riemannian manifold M , and moreover, some a priori bounds on
the geometry of this manifold are given. Applying Theorem 1 to this data set yields
another manifold M which is (1 + C8r~', C8)-quasi-isometric to M. One naturally
asks what information about the original manifold M can be recovered, in particular,
if the topological and differentiable type of the manifold M can be determined using
the set X. An answer is given by the following proposition.

Proposition 1 (cf. Theorem§.19 in [51]) There exist kg > 0 and C7 > 0 such that the
following holds. Let M and M be complete Riemannian n-manifolds with | Secy | < K
and | Secj; | < K, where K > 0.

Let 0 < k < kg and assume that M and M are (1 + k, kr)-quasi-isometric, where
r < min{(x/K)"/2, inj,,, inj;}.

Then, M and M are diffeomorphic. Moreover, there exists a bi-Lipschitz diffeomor-
phism U between M and M with bi-Lipschitz constant bounded by 1 + C7k,

(1+ C70) ' dg (W (), ¥ (3) < dm(x, y) < (1+ Cr0) dg (W (x), ¥ (y). (1)

We do not prove Proposition 1 because it is essentially the same as Theorem 8.19
in [51], except that the approximation is quasi-isometric rather than GH. To prove
Proposition 1, one can apply the same arguments as in [51, 8.19] using coordinate
neighborhoods of size r. The estimates are not given explicitly in [51], but they follow
from the argument. These results can be regarded as quantitative versions of Cheeger’s
Finiteness Theorem [30], see [79, Ch. 10] and [78] for different proofs.

Remark 2 Using results of [2], one can show that for any « < 1, M and M in Propo-

sition 1 are close to each other in C!* topology. However, we do not know explicit
estimates in this case.
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1.2.2 An Improved Estimate for the Injectivity Radius

The injectivity radius estimate provided by Theorem 1 is not good enough in the
context of manifold reconstruction. Indeed, in order to obtain a good approximation
one has to begin with a small r. (Recall that for Theorem 1 to work, § should be of
order K> where K is the curvature bound.) However, Theorem 1 guarantees only a
lower bound of order r for inj,,, so a priori one could end up with an approximating
manifold M with a very small injectivity radius. In order to rectify this, we need the
following result.

Proposition 2 There exists a universal constant Cg > 0 such that the following holds.
Let K > 0 and let M, M be complete n-dimensional Riemannian manifolds with
|Secy | < K and | Secj; | < K.

I.Letx e M,X € M, and 0 < p < min{inj j; (%), \/Lf}. Then,

injy; (x) = p — Cg - dau(B)! (x), B) (%)). (12)
2. Suppose that M and M are (1 + ¢, 8)-quasi-isometric where €,8 > 0. Then,
inj;; > (1 — Cge) min{inj 7, \/Lf} — Cg4. (13)

This result is important for the inverse problems of an approximate recovery of an
unknown manifold M. It is often the case that we a priori know bounds for the
sectional curvature, injectivity radius, etc., of M. On the other hand, , any other manifold
M described by Theorem 1 is (1+C8r~!, C8)-quasi-isometric to M. Thus, the second
part of Proposition 2 gives a better estimate for inj,, than Theorem 1.

The proof of Proposition 2 is given in Sect. 4.

1.2.3 An Approximation Result with Only One Parameter

We summarize the manifold reconstruction features of Theorem 1 in the following
corollary where all approximations, errors in data, as well as the errors in the recon-
struction are given in terms of a single parameter 3. Essentially, the corollary tells
that a manifold N can be approximately reconstructed from a S-net X of N and the
information about local distances between points of X containing small errors. This
type of results is useful, e.g., in inverse problems discussed below.

Corollary3 Let K > 0, n € Z4 and (N, g) be a compact n-dimensional manifold
with sectional curvature bounded by |Secy | < K There exist 5o = 8o(n, K) and
Cy = C9(n) Ci1o = Cio(n) > 0 such that if 0 < 3 < 80, then the following holds:
Letr = (5/[()1/3 and suppose that the injectivity radius injy of N satisfies injy >
2r. Also, let X = {x; : j=1,2,. J}CNbeaSnetofNandd XxX —
R4+ U {0} be an approximate local distance function that satisfies for all x, y € X

ld(x, y) —dy(x, )| <38, ifdn(x,y) <, (14)
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and
J(x,y) >r —?3\, ifdy(x,y)>r.

Given the set X and the function d, one can effectively construct a compact, smooth n-
dimensional Riemannian manifold (M, gur), with distance function dyy. This manifold
approximates the manifold (N, g) in the following way:

1. There is a diffeomorphism F : M — N satisfying

1 dy(F(x), F(y))
7 < W<L, forallx,y e M, (15)

where L =1 + C10K1/3§2/3.
2. The sectional curvature Secy of M satisfies | Secpy | < CoK.
3. The injectivity radius inj,; of M satisfies

inj,; > min{(CoK)~"/2, (1 — C1oK /382/3) injy ).

The proof of Corollary 3 is given in the end of Sect. 6.

We call the functiond: X x X — R4 U {0}, defined on the S-net X and satisfying
the assumptions of Corollary 3, an approximate local distance function with accuracy
3. Many inverse problems can be reduced to a setting where one can determine the
distance function dy (xj, x), with measurement errors € i, inadiscrete set {x;} je; C
N. Thus, if the set {x;} ey is S-netin N, the errors €; j.k satisfy conditions (14), and
3 is small enough, then the diffeomorphism type of the manifold can be uniquely
determined by Corollary 3. Moreover, the bi-Lipschitz condition (15) means that also
the distance function can be determined with small errors. We emphasize that in (14)
one needs to approximately know only the distances smaller than r = (:3\/ K)'/3. The
larger distances can be computed as in (32).

1.2.4 Manifold Reconstructions in Imaging and Inverse Problems

Recently, geometric models have became an area of focus of research in inverse prob-
lems. As an example of such problems, one may consider an object with a variable
speed of wave propagation. The travel time of a wave between two points defines
a natural non-Euclidean distance between the points. This is called the travel time
metric, and it corresponds to the distance function of a Riemannian metric. In many
topical inverse problems, the task is to determine the Riemannian metric inside an
object from external measurements, see, e.g., [61,62,75,76,89-91,93]. These prob-
lems are the idealizations of practical imaging tasks encountered in medical imaging
or in Earth sciences. Also, the relation of discrete and continuous models for these
problems is an active topic of research, see, e.g., [9,13,14,57]. In these results, discrete
models have been reconstructed from various types of measurement data. However,
a rigorously analyzed technique to construct a smooth manifold from these discrete
models to complete the construction has been missing until now.
FoE'ﬂ
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In practice, the measurement data always contain measurement errors and the
amount of these data is limited. This is why the problem of the approximate recon-
struction of a Riemannian manifold and the metric on it from discrete or noisy data is
essential for several geometric inverse problems. Earlier, various regularization tech-
niques have been developed to solve noisy inverse problems in the PDE setting, see,
e.g., [36,65], but most of such methods depend on the used coordinates and, therefore,
are not invariant. One of the purposes of this paper is to provide invariant tools for
solving practical imaging problems.

An example of problems with limited data is an inverse problem for the heat kernel,
where the information about the unknown manifold (M, g) is given in the form of
discrete samples (hps(x;, Yk, 1)) j kes,icr Of the heat kernel /17 (x, y, t), satisfying

0O —Aghpy(x,y,t) =0, on(x,1) e M xRy,
hu(x,y,0) = dy(x),

where the Laplace operator A, operates in the x variable, see, e.g., [56]. Here
yj = xj, where {x; : j € J} is a finite e-net in an open set 2 C M, while
{t; - i € I}is in e-net of the time interval (¢, 71). It is also natural to assume that
one is given measurements hg’,ln) (xj, Yk, ;) of the heat kernel with errors satisfying

|h§£[") (xj, Yk i) —hp(x;j, yk, ;)| < €. Several inverse problems for the wave equation
lead to a similar problem for the wave kernel G/ (x, y, t) satisfying

(8,2 —Ag)Gu(x,y,1) =80(t)8y(x), on(x,t) e M xR,
Gyx,y,t) =0, fort <0,

see, e.g., [53,56,72]. In the case of complete data (corresponding to the case when
& vanishes), the inverse problem for heat kernel and wave kernel is equivalent to
the inverse interior spectral problem, see [55]. In this problem, one considers the
eigenvalues A of —A,, counted by their multiplicity, and the corresponding L2(M)-
orthonormal eigenfunctions, ¢ (x), that satisfy

—Agr(x) = Mg (x), x € M.

In the inverse interior spectral problem, one assumes that we are given approx-
imations Xk, k=0,1,2,...,N — 1, to the first N smallest eigenvalues of —A,,
and values ¢, (x;), at points x;, of approximations to the eigenfunctions ¢;. Here x;
form an e-net {x; : j € J} C £2, where £2 C M is open, and Ay — Ax| < € and
lgr (xj) — or(x))] < e.

It is shown in [15] that these data determine a metric space (X, dx) which is a
d—approximation (in the Gromov—Hausdorff distance) to the unknown manifold M,
whered = §(e, N; £2)tendstoOase — Oand N — oo. It may be noted that the earlier
works [3,57] dealt with similar approximations (under other geometric conditions) for
the case of manifolds with boundary and the Laplace operators with some classical
boundary conditions.
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Returning to the case when M has no boundary, Theorem 1 completes the solution
of the above inverse problems by constructing a smooth manifold that approximates
M.

1.3 Interpolation of Manifolds in Hilbert Spaces

As already mentioned, in the proof of Theorem 1 we need to approximate a set in a
Hilbert space by an n-dimensional submanifold (with bounded geometry). At small
scale, the set in question should be close to affine subspaces in the following sense.

Definition 4 Let E be a Hilbert space, X C E,n € Nand r,§ > 0. We say that X
is §-close to n-flats at scale r if for any x € X, there exists an n-dimensional affine
space Ay C E through x such that

dy(X N BE(x), A, nBE(x)) <3. (16)

To formulate our result for the sets in Hilbert spaces, we recall some definitions.
By a closed submanifold of a Hilbert space E, we mean a finite-dimensional smooth
submanifold which is a closed subset of E.

Let M C E be a closed submanifold. The reach of M, denoted by Reach(M),
is the supremum of all » > 0 such that for every x € U, (M) there exists a unique
nearest point in M. We denote this nearest point by Pps(x) and refer to the map
Py U (M) — M as the normal projection.

For x € M, we denote by T, M the tangent space of M at x. The tangent space
is regarded as an affine subspace of E containing x. We denote by T, M the linear
subspace of E parallel to Tx M.

Theorem 2 For every n, k € N, there exist positive constants oo, C11, C12 depending
only on n and a positive constant C13(n, k) > 0 such that the following holds. Let E
be a separable Hilbert space, X C E, r > 0 and

0<68<oor. (17)

Suppose that X is §-close to n-flats at scale r (see Definition 4). Then, there exists a
closed n-dimensional smooth submanifold M C E such that:

1. dy(X, M) <56.

2. The second fundamental form of M at every point is bounded by Cy18r 2.

3. Reach(M) > r/3.

4. The normal projection Py : Uy ;3(M) — M is smooth and satisfies for all x €
Uyr3(M)

ldf Pyl < Cis(n, k)sr™, k=2, (18)

and
ldx Py — Pr,mll < Ci3(n, 1sr~! (19)
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where y = Py (x) and Py, is the orthogonal projector to T, M.

5. The tangent spaces of M approximate subspaces Ay from Definition 4 in the
following sense. If x € X and y = Py (x), then the angle between Ay and the
tangent space Ty M satisfies

L(Ay, TyM) < C126r™ 1. (20)

Notations In (19), (18) and throughout the paper, d, and d)'; denote the first and kth
differentials of a smooth map at a point x. The norm of the kth differential is derived
from the inner product norm on E in the standard way. As usual, we define the C¥-norm
of amap f defined on an open set U C E, by

ky = sup max ||dV
I fllc ) XEBOSmSk ldy" f1

where d0 f = f(x).
The angle Z(A, Ay) between n-dimensional linear subspaces Ay, Ay C E is
defined by

Z(Ay, A2) == maxmin {Z(u1, u2) | uj € Ay, uz € Ay, uj # 0} 21
uj us

where Z(u1, us) = arccos |<,:‘1‘|"L;22)‘ and (-, -) is the inner product in E. The angle

between affine subspaces is defined as the angle between their parallel translates
containing the origin. Note that if A| and A; are linear subspaces and P4, and Py,
are orthogonal projectors onto A1 and Aj, respectively, then

| Pa, — Pa,ll=sin Z(Ay, Az). (22)

The proof of Theorem 2 is given in Sect. 3. An algorithm based on Theorem 2,
which also summarizes the main objects used in its proof, is given in Sect. 7, see also
Fig. 2.

The above question of submanifold interpolation has attracted recently much inter-
est in geometry and machine learning. For example, an interpolation problem similar
to Theorem 2 has been considered in the recent paper of Kleiner and Lott concerning
Perelman’s proof of the geometrization conjecture, see [60, Lemma B.2]. Compared
to these results, our method provides explicit geometric bounds for M in claims
(2)—(4) of Theorem 2, whereas the bounds in [60, Lemma B.2] arise from a con-
tradiction argument and have the form of an unknown ¢ = (4, ...) which just goes
to 0 along with §. In particular, Theorem 2 provides explicit curvature bounds that
are linear in §. This is essential in the proof of Theorem 1 as well as in applica-
tions.

In Remark 7, we show that the bounds in claims (2) and (3) in Theorem 2 are
optimal, up to constant factors depending on n. Thus, Theorem 2 gives necessary and
sufficient conditions (up to multiplication of the bounds by a constant factor) for a set
X C E to approximate a smooth submanifold with given geometric bounds.
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Fig.2 A schematic visualization of the interpolation algorithm ‘SubmanifoldInterpolation’ based on The-
orem 2. In the figure, on the top, the black data points X C E = R have a §-neighborhood U = Us(X).
The boundary of U is marked by blue. In the figures below, we determine, near points x; € X,i =1,2,3
the approximating n-dimensional planes A;, marked by red lines. Then, we map the set U by applying to
it iteratively functions ¢; : E — E, defined in (71). The maps ¢; are convex combinations of the projector
Py, , onto A;, and the identity map. The three figures on the bottom show the sets @1 (U), 2 (91 (U)), and
@3(p2(@1(U))), respectively. The limit of these sets converges to the n-dimensional submanifold M C E
(Color figure online)

In order to approximate a submanifold M as in Theorem 2, the set X must contain
as many points as a Cg-net in M. This is an unreasonably large number of points
when § is small. The following corollary allows one to reconstruct M from a smaller
approximating set. It involves two parameters ¢ and § where ¢ is a ‘density’ of a net
and § is a ‘measurement error.” Note that § may be much smaller than €. A similar
generalization is possible for Theorem 1, but we omit these details.

Corollary 4 For every n € N, there exist oo = o2(n) > 0 and Ci4 = Cia(n) > 0
such that the following holds. Let E be a Hilbert space, X C E, 0 < ¢ < r/10 and
0 < 8 < oyr. Suppose that for every x € X there exists an n-dimensional affine
subspace A, C E such that the set X N B, (x) is within Hausdorff distance § from an
e-net of the affine n-ball Ay N B, (x).

Then, there exists a closed n-dimensional submanifold M C E satisfying properties
2—4 of Theorem 2 and an e-net Y of M such that

dy(X,Y) < Ci146. (23)

Proof sketch Consider the set X’ = (J,.y(Ax N Br(x)) C E. A suitably modified
version of Lemma 9 implies that Z(A,, Ay) < Csr! for all x, y € X such that
|x — y| < r. It then follows that X is C§-close to n-flats at scale r — C8. Now the
corollary follows from Theorem 2 applied to X’. O
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1.4 Submanifold Interpolation and Machine Learning

The construction of a manifold that approximates, in some suitable sense, the given
data points is a classical problem of machine learning. We emphasize that we consider
reconstruction of manifolds which are either considered as (differentiable) Rieman-
nian manifolds or embedded submanifolds of an Euclidean space but not immersed
submanifolds of an Euclidean space (i.e., a submanifold that intersects itself) that are
outside the context of this paper.

Next we give a short review on existing methods and discuss how Theorem 2 is
applied for problems of manifold learning.

1.4.1 Literature on Submanifold Interpolation

The question of fitting a manifold to data has been of interest to data analysts and
statisticians of late. There are several results dealing exclusively with sample com-
plexity such as [1,48,64,66,67]. We will restrict our attention to results that provide
an algorithm for describing a manifold to fit the data together with upper bounds on
the sample complexity.

A work in this direction, [49], building over [74] provides an upper bound on
the Hausdorff distance between the output manifold and the true manifold equal to

0((10%1\]) D%S) + 5(02 log(a‘l)). In order to obtain a Hausdorff distance of ce, one

needs more than ¢ /2 samples, where D is the ambient dimension. The results of
[43] guarantee (for sufficiently small o) a Hausdorff distance of

cd’(cv/D) = 0(0)

with less than

_ v =0(c %

wa(o~/D)d

samples, where d is the dimension of the submanifold, V is in upper bound in the
d—dimensional volume, and o is the standard deviation of the noise projected in one
dimension. The question of fitting a manifold M, to data with control both on the
reach 7, and mean squared distance of the data to the manifold was considered in
[44]. The paper [44] did not assume a generative model for the data and had to use
an exhaustive search over the space of candidate manifolds whose time complexity
was doubly exponential in the intrinsic dimension d of M,,. In [43], the construction
of M, has a sample complexity that is singly exponential in d, made possible by the
generative model, while [44] did not specify the bound on 7,, beyond stating that the
multiplicative degradation T’—o in the reach depends on the intrinsic dimension alone.
In [43], this degradation is pinned down to within (0, C d"], where C is an absolute
constant and d is the dimension of M.
There are also methods which map high-dimensional data points to low-dimensional
piecewise linear manifolds. Cheng, Dey and Ramos present an algorithm [32] to
Elol:;ﬂ
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reconstruct a smooth k-dimensional manifold M embedded in a Euclidean space
from a sufficiently dense point sample on the manifold. The algorithm outputs a
simplicial manifold that is homeomorphic to M and close to M in Hausdorff distance
(see also the related work using witness complexes in [12]). In recent work, Aamari
and Levrard [1] derive optimal rates for the estimation of tangent spaces the second
fundamental form, and the submanifold M given a sample drawn from a submanifold
M of Euclidean space. Unlike this paper or [43,44,49], they do not, however, provide
amethod to produce a single consistent manifold from finitely many samples. In other
recent work [11], Boissonnat et al. presented an algorithm for producing Delaunay
triangulations of manifolds. Given a set of sample points and an atlas on a compact
manifold, a manifold Delaunay complex is produced for a perturbed point set provided
the transition functions are bi-Lipschitz with a constant close to 1, and the original
sample points meet a local density requirement. The output complex is endowed with
a piecewise-flat metric which is a close approximation of the original Riemannian
metric. This is similar to our present work, except that our metric is C°°, and not just
piecewise linear.

1.4.2 Literature on Manifold Learning

The following methods aim to transform data lying near a d-dimensional manifold
in an N-dimensional space into a set of points in a low-dimensional space close to
a d-dimensional manifold. During transformation, all of them try to preserve some
geometric properties, such as appropriately measured distances between points of the
original data set. Usually the Euclidean distance to the ‘nearest’ neighbors of a point
is preserved. In addition, some of the methods preserve, for points farther away, some
notion of geodesic distance capturing the curvature of the manifold.

Perhaps the most basic of such methods is ‘principal component analysis’ (PCA),
[52,77] where one projects the data points onto the span of the d eigenvectors cor-
responding to the top d eigenvalues of the (N x N) covariance matrix of the data
points.

An important variation is the ‘Kernel PCA’ [84] where one defines a feature map
¢(-) mapping the data points into a Hilbert space called the feature space. A ‘kernel
matrix’ K is built whose (i, j)th entry is the dot product (¢(x;), ¢(x;)) between
the data points x;, x;. From the top d eigenvectors of this matrix, the corresponding
eigenvectors of the covariance matrix of the image of the data points in the feature space
can be computed. The data points are projected onto the span of these eigenvectors of
this covariance matrix in the feature space.

In the case of ‘multi-dimensional scaling’ (MDS) [34], only pairwise distances
between points are attempted to be preserved. One minimizes a certain ‘stress function’
which captures the total error in pairwise distances between the data points and between
their lower-dimensional counterparts. For instance, a raw stress function could be
2l = xjll = Nlyi — y; ||)2, where x; are the original data points, y;, the transformed
ones, and [lx; — x|, the distance between x;, x;.

‘Isomap’ [92] attempts to improve on MDS by trying to capture geodesic distances
between points while projecting. For each data point, a ‘neighborhood graph’ is con-
structed using its k neighbors (k could be varied based on various criteria), the edges
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carrying the length between points. Now the shortest distance between points is com-
puted in the resulting global graph containing all the neighborhood graphs using a
standard graph theoretic algorithm such as Dijkstra’s. Let D = [d;;] be the n x n
matrix of graph distances. Let § = [dizj] be the n x n matrix of squared graph dis-

tances. Form the matrix, A = %HSH, where H = I — n~ 1117 . The matrix A is of
rank ¢ < n, where ¢ is the dimension of the manifold. Let AY = %H SY H, where
[SY71; = lyi— v |?. Here the y; are arbitrary #-dimensional vectors. The embedding
vectors y; are chosen to minimize ||[A — AY . The optimal solution is given by the
eigenvectors vq, ..., v; corresponding to the ¢ largest eigenvalues of A. The vertices
of the graph G are embedded by the ¢ x n matrix

Y =010 = ravn, .o V)T

‘Maximum variance unfolding” (MVU) [94] also constructs the neighborhood
graph as in the case of Isomap but tries to maximize distance between projected
points keeping distance between the nearest points unchanged after projection. It uses
semidefinite programming for this purpose.

In ‘Diffusion Maps’ [33], a complete graph on the data points is built and each

edge is assigned a weight based on a gaussian: w;; = exp(”x’;%”z). Normalization
is performed on this matrix so that the entries in each row add up to 1. This matrix is
then used as the transition matrix P of a Markov chain. P’ is therefore the transition
probability between data points in ¢ steps. The d nontrivial eigenvalues ; and their
eigenvectors v; of P! are computed, and the data are now represented by the matrix
[Av1, -+, Agvg], with the row i corresponding to data point x;.

The following are essentially local methods of manifold learning in the sense that
they attempt to preserve local properties of the manifold around a data point.

‘Local linear embedding’ (LLE) [81] preserves solely local properties of the data.
Let N; be the neighborhood of x;, consisting of k pomts Find optimal weights w;;
by solving W := argminy S llx — ZF] w;jx; %, subject to the constraints
(1) Vi, Z w;j =1, (i) Vi, j,w;; > 0, (i) w;; = 0if j ¢ N;. Once the weight
matrix W is found, a spectral embedding is constructed using it. More precisely, a
matrix ¥ is a f x n matrix constructed satisfying Y = arg mmy Tr(YM YT) under
the constraints Y1 = 0 and YY7T = nl,, where M = (I,, — W) I, — W) Y is used
to get a r-dimensional embedding of the initial data.

In the case of the ‘Laplacian eigenmap’ [4,54] again, a nearest neighbor graph is
formed. The details are as follows. Let n; denote the neighborhood of i. Let W = (w;;)
be a symmetric (n x n) weighted adjacency matrix defined by (i) w;; = 0if j does not
belong to the neighborhood of i; (ii) w;; = exp(|lx; — x; 12/20%), if xj belongs to the
neighborhood of x;. Here o is a scale parameter. Let G be the corresponding weighted
graph. Let D = (d;;) be a diagonal matrix whose ith entry is given by (W1);. The
matrix L = D — W is called the Laplacian of G. We seek a solution in the set of 7 x n
matrices ¥ = argminy.y pyr_;, Tr(Y LY T). The rows of ¥ are given by solutions of
the equation Lv = ADv.

Hessian LLE (HLLE) (also called Hessian eigenmaps) [35] and ‘local tangent space
alignment’ (LTSA) [100] attempt to improve on LLE by also taking into consideration
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the curvature of the higher-dimensional manifold while preserving the local pairwise
distances. We describe LTSA below.

LTSA attempts to compute coordinates of the low-dimensional data points and align
the tangent spaces in the resulting embedding. It starts with computing bases for the
approximate tangent spaces at the datapoints x; by applying PCA on the neighboring
data points. The coordinates of the low-dimensional data points are computed by
carrying out a further minimization miny, r, %;|Y; Jx — L;©; |%. Here Y; has as its
columns, the lower- dimensional vectors, J is a ‘centering’ matrix, ®; has as its
columns the projections of the k neighbors onto the d eigenvectors obtained from the
PCA, and L; maps these coordinates to those of the lower-dimensional representation
of the data points. The minimization is again carried out through suitable spectral
methods.

The alignment of local coordinate mappings also underlies some other methods
such as ‘local linear coordinates’ (LLC) [82] and ‘manifold charting’ [16].

Each of the algorithms is based on strong domain-based intuition and in general
performs well in practice at least for the domain for which it was originally intended.
PCA is still competitive as a general method.

Some of the algorithms are known to perform correctly under the hypothesis that
data lie on a manifold of a specific kind. In Isomap and LLE, the manifold has to
be an isometric embedding of a convex subset of Euclidean space. In the limit as the
number of data points tends to infinity, when the data approximate a manifold, then
one can recover the geometry of this manifold by computing an approximation of the
Laplace—Beltrami operator. Laplacian eigenmaps and diffusion maps rest on this idea.
LTSA works for parameterized manifolds, and detailed error analysis is available for
1t.

1.4.3 Theorems 1 and 2 and the Problems of Machine reconstruction

Theorem 1 addresses the fundamental question, when a given metric space (X, dy),
corresponding to data points and their ‘abstract’ mutual distances, approximates a
Riemannian manifold with a bounded sectional curvature and injectivity radius. In the
context of Theorem 1, the distances are measured in intrinsic sense in M and X.

Theorem 2 deals with approximating a subset of a Hilbert space E satisfying certain
local constraints by a manifold having bounded second fundamental form and reach.
In the context of Theorem 2, the distances are measured in extrinsic sense in E. Such
approximations have extensively been considered in machine learning or, more pre-
cisely, manifold learning and nonlinear dimensionality reduction, where the goal is to
approximate the set of data lying in a high-dimensional space like £ by a submanifold
in E of a low enough dimension in order to visualize these data, see, e.g., references
of Sect. 1.4.2.

The results of this paper provide for the observed data an abstract low-dimensio-
nal representation of the intrinsic manifold structure that the data may possess. In
particular, the topology of the manifold structure is determined, assuming that the
sampling density has been sufficient. As described in Sect. 3, the proof of Theorem
2 is of a constructive nature and provides an algorithm to perform such visualization.
Note that this algorithm starts with tangent-type planes which makes it distantly similar
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to the LTSA method in machine learning, see, e.g., [63,100]. In paper [44], the authors
provide a method of visualization of a given data using a probabilistic setting. In
comparison, Theorem 2 helps us visualize data in a deterministic setting.

The results of this paper are also related to dimensionality reduction consid-
ered extensively in machine learning, see, e.g., [4—6,80]. Using the constructions of
Sect. 5.2, we can associate with given data not only the metric structure but also
point measures. Combining this with the constructions of [28], one could analyze the
approximate determination of the eigenvalues and eigenfunctions of a manifold that
approximates the data set.

2 Approximation of Metric Spaces

In this section, we collect preliminaries about GH and quasi-isometric approximation
of metric spaces. In Sects. 2.4 and 2.5, we present algorithms that can be used to verify
the assumptions of Theorems 1 and 2 .

2.1 Gromov-Hausdorff Approximations

Let X be a metric space. Recall that the Hausdorff distance between sets A, B C X is
defined by

dy(A, B) =inf{r > 0: A C U,(B) and B C U, (A)} 24)

where U, denotes the r-neighborhood of a set.

The Gromov—Hausdorff (GH) distance dg (X, Y) between metric spaces X and
Y is the infimum of all ¢ > 0 such that there exist a metric space Z and subsets
X', Y’ C Z isometric to X and Y, resp., such that dy (X', Y') < €. One can always
assume that Z is the disjoint union of X and Y with a metric extending those of X
and Y. The pointed GH distance between pointed metric spaces (X, xo) and (Y, yo)
is defined in the same way with an additional requirement that dz(xg, yp) < €. See,
e.g., [79, §1.2 in Ch. 10] or [26] for details.

Example 1 (Distorted net) Recall that a subset S of a metric space X is called an &-net
if Uy (S) = X.Let S be an e-net in X and imagine that we have measured the distances
between points of S with an absolute error &, that is, we have a distance function d’
on § x S such that |d’(x, y) —d(x, y)| < ¢ for all x, y € S. Then, the GH distance
between X and (S, d’) is bounded by 2¢. This follows from the fact that the inclusion
S <> X is an ¢-isometry from (S, d’) to (X, d), see below.

Strictly speaking, the ‘measurement errors’ in this example may break the triangle
inequality so that (S, d’) is no longer a metric space. This can be fixed by adding 3¢
to all d’-distances.

Elol:;ﬂ
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Let X, Y be metric spaces, f: X — Y a (not necessarily continuous) map, and
& > 0. The distortion of f, denoted by dis f, is defined by

dis f = sup |dy(f(x), f() —dx(x,y)l,

x,yeX

and f is called an e-isometry if dis f < ¢ and f(X) is an e-netin Y.
If dgu(X, Y) < ¢, then there exists a 2¢-isometry from X to Y, and conversely, if
there is an e-isometry from X to Y, then dgy (X, Y) < 2¢. Moreover,

1
deu(X, f(X)) =< 3 dis f. (25)

Also, if f(X) is e—netin Y, then
1.
dgu(X,Y) < Edlsf + €. (26)

See [26, §7.3.3] for proofs of these facts. They also hold for the pointed GH dis-
tance between pointed metric spaces (X, xo) and (Y, yp), provided that f(xo) = yo.
Throughout the paper, we use these properties without explicit reference.

If f isa (X, €)-quasi-isometry (see Definition 3), then dis f < (AL —1) diam(X) +e.
This together with (25)—(26) implies (6). The next lemma is a variant of (6) for metric
balls.

Lemma 1 Let f: X — M be a (X, €)-quasi-isometry and suppose that (M, dy) is a

Riemannian manifold. Then, every r-ball in M is within GH distance 2(. — 1)r 4 5¢
from some r-ball in X. More precisely,

den(BY (x), BM (y)) < 20 — )r + 5¢ 27)
forallx € X and 'y € M such that dy (f(x),y) < e.
Proof Let x and y be as in the formulation. Then,
BY,,, () = Uy (BY (1)) (28)
forall ri, r, > 0.

Fix r > 0 and denote X1 = BX (x) and M; = BM(y). Since diam(X1) < 2r, the
distortion of f|x, is bounded by 2(A — 1)r + ¢. Hence, by (26),

deu(X1, f(X1) = (A — Dr +¢/2 (29)

where f(X1) is regarded as a pointed metric space with distinguished point f(x).
Now we estimate the Hausdorff distance dy (f (X1), M) in M. By (5) and (28),

f(X1) CBYL(f(x) € BY,.(y) CUe, (My), &1 = (h— Dr+2e.
EOE';W
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To prove that M is contained in a suitable neighborhood of f(X1),letr; = A~ Iy —3¢

and consider z € B,A]”(y). Since f(X) is an g-net in M, there is x’ € X such that

dy(z, f(x") < g, and hence, dp; (f (x), f(x")) < r; + 2¢. This and (5) imply that
dx(x,x") < Mdu(f(x), f(X) +&) < A(r1 +3e) =r;

hence, x’ € X;. Thus, BrM (y) CU:(f(X1)). This and (28) imply that

1
My C U (f(X1), ex=r—r+e=0—-2""r+4e

Thus,dy (f(X1), M) < max(e, €1, &2) < (A—1)r+4e. Since the Hausdorff distance
is an upper bound for the GH distance, this and (29) imply (27). O

2.2 Almost Intrinsic Metrics

Here we discuss properties of §-intrinsic metrics and related notions from Definition 2.

First observe that, if x1, x2, ..., xy is a §-straight sequence, then its ‘length’ satisfies
N-1
Y d(xi, xi1) < d(x1, xn) + (N = 2)8. (30)

i=1

This follows by induction from (4) and the triangle inequality.

The next lemma characterizes almost intrinsic metrics as those that are GH close
to Riemannian manifolds. However, manifolds provided by this lemma may have
extremely large curvatures and tiny injectivity radii.

Lemma2 Let X be a metric space and § > 0. 1. If there exists a length space Y
such that dgu(X, Y) < 8, then X is 68-intrinsic. 2. Conversely, if X is compact and
8-intrinsic, then there exists a two-dimensional Riemannian manifold M such that

deu(X, M) < C56, €1y

where Ci5 is a universal constant.

Proof 1. By the definition of the GH distance, there exists a metric d on the dis-
joint union Z := X U Y such that d extends dx and dy and dy(X,Y) < § in
(Z,d). Let x,x’ € X. Since dy(X,Y) < &, there exist y,y’ € Y such that
d(x,y) < 8 and d(x’,y’) < 8. Connect y to y’ by a minimizing geodesic and let
Yy = y,¥2,...,¥yn = Y be a sequence of points along this geodesic such that
d(yi, yi+1) < 6 for all i. For eachi = 2,..., N — 1, choose x; € X such that
d(x;,y;) < 8. Then, x,x3,...,xy—1,x" is a 68-straight 35-chain connecting x and
x'. Since x and x’ are arbitrary points of X, the claim follows.

2. Since we do not use this claim, we do not give a detailed proof of it. Here
is a sketch of the construction. First, arguing as in [26, Proposition 7.5.5], one can
approximate X by a metric graph. If X is §-intrinsic, the graph can be made GH C154-
close to X. Consider a piecewise-smooth arcwise isometric embedding of the graph
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into R3, and let M be a smoothed boundary of a small neighborhood of the image.
Then, M is a two-dimensional Riemannian manifold which can be made arbitrarily
close to the graph and hence C;56-close to X. O

Now we describe a construction that makes a C§-intrinsic metric out of a metric
which is §-close to R" at scale r (see Definition 1). More generally, let X = (X, d)
be a metric space in which every ball of radius r is §-intrinsic, where r > § > 0. For
x,y € X, define the new distance d’(x, y) by

N-1
d/(x,y)zhrcl_f}{Zd(xi,xiH) D X] =X, xNzy} (32)
izt
where the infimum is taken over all finite sequences x1, ..., xy connecting x to y and

such that every pair of subsequent points x;, x; 41 is contained in a ball of radius r in
(X, d).

In order to avoid infinite d’-distances, we need to assume that any two points can
be connected by such a sequence. If this is not the case, X divides into components
separated from one another by distance at least r. For our purposes, such components
are unrelated to one another just like disconnected components of a manifold.

Lemma 3 Under the above assumptions, the function d’ given by (32) is a 83-intrinsic
metric on X. Furthermore, d and d’ coincide within any ball of radius r.

Proof The triangle inequality for d implies that d’ is a metric,d’ > d, and d’(x, y) =
d(x, y) if x and y belong to an r-ball in (X, d). It remains to verify that (X, d”) is
85-intrinsic. Let x, y € X and let x = x,...,xy = y be a sequence realizing the
infimum in (32) with an error less than §. Then,

D od iy xip) =Y dxi, xi1) <d'(x,y) +6;

hence, the sequence {x;} is §-straight with respect to d’. Recall that every pair x;, x; 11
belongs to an r-ball and this ball is §-intrinsic. Hence, there is a §-straight §-chain
S; = {zﬁ’) };V’z | connecting x; to x; 41 and contained in an r-ball. Joining the sequences

S; together yields a §-chain {yk},]cvzll, N’ =" N;, connecting x to y.

It suffices to prove that the sequence {y;} is 83-straight with respect to d’. Note
that the chains S; are §-straight with respect to both d and d’ since the two metrics
coincide in any r-ball. Let a; = d’(x, x;) fori = 1,..., N. Then, fori < j we have

aj—a; <d'(xj,xj) <aj—a; +34 (33)
by the triangle inequality and the §-straightness of {x;}. For k € {1, ..., N'}, define
by = a; +d'(xi, yr) (34)
where i = i (k) is the index such that y; belongs to S;. Note that, for y; € S;,
d' (v, xip1) < d'(xi, xip1) — d'(xi, yi) +8 < aip1 — by 428 (35)
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due to the §-straightness of S; and (33). We claim that
b — b — 28 < d' (Y, ym) < by — by +38 (36)

forall k,m € {1, ..., N'} such that k < m. If both y; and y,, are from one sub-chain
S;, then (36) follows from the §-straightness of §;. Assume that y; € S; and y,, € S;
where i < j. Then, the triangle inequality

d' (Vi ym) < d' (ks Xig) +d' (xiy1, %)) +d'(x}, Ym)

and relations d’(yx, Xj4+1) < aj41 — bg + 268 (cf. (35)), d'(xi41, xj) <aj —aj41 + 8
(cf. (33)),and d’(xj, Ym) = by —a; (cf. (34)) imply the upper bound in (36). Similarly,
the lower bound in (36) follows from the triangle inequality

d' i, ym) = d' (xi, xj41) —d' (xi, yo) —d' Yy Xj41)

and relations d’(x;, xj41) = aj+1 — a; (cf. (33)), d'(xi, yx) = br — a; (cf. (34)), and
d (ym, Xjy1) < ajy1 — by + 28 (cf. (35)). This finishes the proof of (36).
Fork,m,n € {1, ..., N'} such that k < m < n, (36) implies that

=78 < d' (e, ym) +d' ms yu) — d' Yk, yn) < 88.

Thus, {yx} is a 83-straight sequence and the lemma follows. O

The next lemma shows that if a map is almost isometric at small scale, then it is a
quasi-isometry with small constants. It is used in the proof of Theorem 1.

Lemma4 Letr > 15§ > 0. Let X and Y be 8-intrinsic metric spacesand f: X — Y
a map such that f(X) is a 6-netin Y and

ldy (f (x), f(¥)) —dx(x,y)| <& (37

forall x,y € X such that

min{dy (x, ), dy (f(x), f(y)} <.

Then, f isa (1 + 10r~'8, 38)-quasi-isometry.
Proof Let p,q € X and D = dx(p, q). We have to verify that

A+10r7'8)7'D =38 <dy(f(p), f(q)) < 1 +10r~18)D +35.  (38)

Since X is §-intrinsic, p and ¢ can be connected by a §-straight §-chain, see Def-
inition 2. This chain contains a subsequence p = xi,x2,...,xy = ¢ such that
r—38 <dx(xj,xit1) <rforalli=1,...,N —2anddyx(xy—_1,q) < r. Since the
subsequence is also §-straight, by (30) we have

E dx(xi, xiy1) < D+ (N —2)6. (39)
FoC'T
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Since dx (xi, xj+1) > r — § foreachi < N — 2, the left-hand side of (39) is bounded
below by (N — 2)(r — §). Hence,

N<@r-28"'D+2 (40)

By (37), we have dy (f (x;), f(xix+1)) < dx(xi, xi+1) + 6 for all i. Therefore,

D dy(fO), fxin) < Y dx(xi, xip1) + (N = 1)8 < D+ (2N —3)8.
by (39). By (40),
D+Q2N-3)8<D+Q2r—-28""D+1)s=1+20—28""'8D+3.
Thus,
dy(f(p). (@) < (1 +2(r —28)"'8)D + 6 (41)

Since r — 28§ > r/2, the second inequality in (38) follows.

To prove the first inequality in (38), interchange the roles of X and Y and apply
the same argument to an ‘almost inverse’ map g: ¥ — X constructed as follows: For
each y € Y, let g(y) be an arbitrary point from the set f ~1(Bs(y)). This map satisfies
the assumptions of the lemma with 36 in place of § and r — 2§ in place of . We may
assume that g(f(p)) = p and g(f(q)) = g; then, (41) for g takes the form

D < (14+6(r—68)7"186)D +38 < (1+10r~'8)D’ + 38, D' =dy(f(p), f(q)).

This implies the first inequality in (38) and the lemma follows. O

2.3 GH Approximations of the Disk

Here we prove a technical Lemma 6 about §-isometries to subsets of R”. For a matrix
A € R™ the norm || A|| is the operator norm of the map A : R” — R”, unless stated
otherwise. First we need the following estimate.

Lemma5 Lete > Oandvy,...,v, € R" besuchthat“v,'|2 — l| < eand|{v;, vj)| <
eifi # j, foralli,j € {1,...,n}. Define a linear map L: R" — R" by L(v) =
((v, vi))i_,. Then, there exists an orthogonal operator U : R" — R" such that || L —
Ul < ne.

Proof We regard L as an n x n matrix whose ith row consists of coordinates of v;.
The inner products (v;, v;) are elements of the matrix LL’. By assumptions of the
lemma, all elements of the matrix LL’ — I are bounded by . Therefore, the operator
norm |LL" — I| is bounded by ne. Decompose L as L = U; DU, where U; and U,
are orthogonal matrices and D is a diagonal matrix with nonnegative entries. Then,
LL' = U;D*U; " and

IL = U\Usll = ID = 1| < |D* = 1| = |U\D*U; ' = I|| = |LL' — I|| < ne.
EOE';W
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Thus, the operator U = U, U, satisfies the desired inequality. O

Lemma 6 There is a universal constant C1¢ > 0 such that the following holds. Let
X be a metric space, xo € X, and f,g: X — R" maps with f(xg) = g(xg) = 0.
Let R > r > § > 0 and assume that f and g are §-isometries to sets Y1 C R" and
Y, C R", resp., such that B} CY; C By fori =1,2.

Then, there exists an orthogonal operator U : R" — R" such that

|f(x) = U(g(x))| < CignRr~"s (42)
forall x € X.
Proof The statement of the lemma is scale invariant, i.e., one can multiply the param-

eters R, r, 8, the maps f, g, and the distances in X by the same scale factor. Thus, we
may assume that » = 1. Since f and g are §-isometries, we have

1£ ) = £ = 1g(x) — g)I| < 28

for all x,y € X. In particular,
Hence,

| £ ()] = 1g)I| < 28 since f(x0) = g(xg) = 0.

1F P = 18P < 28(1F ()] + Ig()])

and

1F ) = FOIF = 18(x) — g < 2801 () = F(] + [g(x) — gD
= 28(1f )+ [fFDI+ g + 18D

for all x, y € X. These inequalities and the polarization identity
(,v) = (lul® + P = lu—vf*), u,veR", (43)
imply that
[{g(x), &) = (S (), fFON = 28(1F O+ [f DI+ 1)+ gD (44)

forall x,y € X.

Since B} C Y, there exist xy,...,x, € X such that | f(x;) — ¢;| < 6 for all i,
where (¢;)7_, is the standard basis of R". Let v; = g(x;),7 = 1, ..., n. Then, by (44)
appliedtox = x; and y = x;, forall i, j € {1, ..., n} we have

[{vi, vj) = (f(xi), f(xj))| <28(4488) = (8+165)3,
since | f(x;)] < 14§ and |g(x;)| < 1 + 35. Therefore,
[{vi, vj) — (ei, ej)| < (10 +178)3 =: 4y,
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since [(f (x;), f(x;)—(ei, ej)| <26 +682. Thus, the vectors v; satisfy the assumptions
of Lemma 5 with ¢ = §1. As in Lemma 5, define L(v) = ((v, v;))7_, forall v € R"
and let U be an orthogonal operator such that |[L — U|| < néj.

Since f(X) and g(Y) are contained in B;é, the right-hand side of (44) is bounded
by 8RS. Hence, by (44) applied to y = x;,

[(g(x), vi)) = (f(x), f(xi))| < 8RS (45)

forallx € X andi € {1, ..., n}. We also have

[(F ), f(x)) = (f), el < [f O] -1f(xi) —eil = Ré.

This and (45) imply that

(g (), vi)) = (f(x), ei)| <IRS. (46)

The term (g(x), v;)) is the ith coordinate of the vector L(g(x)) (recall the definition
of L above), and ( f (x), ¢;) is the ith coordinate of f(x). Hence, (46) implies that

IL(g(x)) — f(x)] < 9v/nRS.
Since ||L — U|| < nd;, we also have
[L(g(x)) — U(g(x))| < ndi|g(x)| < nR3y.
Therefore,
|f(x) —U(gx))| < (9v/n8 +nd;)R < 36nR$

since 81 < 274. Thus, (42) holds with Ci¢ = 36. O

2.4 Verifying GH Closeness to the Disk

Here we present an algorithm that can be used to verify the main assumption of
Theorem 1. Namely, given a discrete metric space X, n € N and r > 0, one can
approximately (i.e., up to a factor C = C(n)) find the smallest § such that X is §-close
to R" at scale r (see Definition 1). Due to rescaling, it suffices to handle the case r = 1.

Thus, the problem boils down to the following: Given a point xg € X, find approx-
imately the (pointed) GH distance between the metric ball B IX (x0) C X of radius 1
centered at xo and the Euclidean unit ball BI’ C R". In the case, when X is finite, the
following algorithm solves this problem.

Algorithm GHDist: Assume that we are given n, the point xg € X, and the ball
X = le(xo) C X. We regard X as a metric space with metric d = dx|x,xx,. We
implement the following steps:

1. Let x; € X be a point that minimizes |1 — d(xg, x)| over all x € X.
FolCTM
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2. Given xq, x2, ...x, for m < n, we define the coordinate function
fn () = 5(d(x, x0)* — d(x, x)* + d(x0, Xm)?) (47)

3. Given x1, x2, ... X, and coordinate functions f1(x), f2(x), ..., fm(x) form <
n — 1, choose x;,41 that is the solution of the minimization problem

;Ielg(nl Kn(x), Kp(x) =max(|1 —d(xo, x)*], [ /i), ..., [ fn ().

4. When x1, x2, ..., x, and coordinate functions f1(x), f2(x), ..., fn(x) are deter-
mined, compute the map F: X| — Bj defined by

F(x) = P(fi(x), ..., fu(x) (48)

where P is the map from R” to B} defined as follows: P(v) = v if |v] < 1;
otherwise, P(v) = v/|v].
5. Let €1 = #X be the number of elements in X and compute the values

§1= sup |d(x',x) —|F(x") = F()l|,

x,x'eXy
S, = sup inf [F(x)—y|+¢ ",
yey (e ¥€Xi
8q = max(dq, 82). (49)

where Y (£1) = (hZ") N By is the set of points in the unit ball whose coordinates

are integer multiplies of & = 41_1/ " //n. Finally, the algorithm outputs the value
of §, and the map F.

Lemma 7 There is a universal constant C17 > 0 such that the following holds. Let
X1, xo be as in the above algorithm, § > 0, and suppose that dGu (X1, B}) < 8 where
X and B} are regarded as pointed metric spaces with distinguished points xo and 0,
resp. Then,

1. The output value 8, of the algorithm satisfies §, < C17né.
2. The output map ¥: X1 — B} is a 8,-isometry with F(xg) = 0.

Proof First we make some preliminary considerations. Let §; be as in (49), and define

85 = sup inf |F(x)—yl,

yer xeXi

8/ = max(8y, 8)). (50)

Here, §/, is considered as a better approximation of the Gromov—Hausdorff distance
dgu(X1, BY) than §,, but it is computationally more difficult to obtain.
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Next we show that
8y < 8y < 285. (51)

To show this, denote #X; = £;. By (50), the unit ball B} can be covered with closed
8-balls whose center points are in F(X). Considering their volumes, we obtain an
estimate £1(8%)" > 1, or, equivalently, 8, > El_l/n. AsY(¢y)isa (El_l/n)-net in the unit
ball, we see that the supremums in the definitions of 8 and &), differ by no more than
Zl_l/ ". This yields the first inequality in (51). The second inequality in (51) follows

from the fact that both the supremum in (49) and Zl_l/ " are no greater than 8. Thus,
(51) is valid and we have

8 < 84 <28, (52)

Now we are ready to prove the claims of the lemma. By construction of F, we have
F(x0) = 0 and the definition of 8/, implies that F is a §,-isometry from X to BY'. This
proves the second claim of the lemma. It remains to prove the first one.

Consider the points x1, ..., x, constructed by the algorithm and the corresponding
functions fi(x), ..., fn(x), see (47). Note that f; (x;) = d(x;, x0)2. Fix a 2§-isometry
h: X1 — B? with A (xg) = 0 and define functions #;: X1 — R,i =1,...,n, by

hi(x) == (h(x), h(x)) = SR + [hG)? = [h(x) — h(x)]?).

Since 4 is a 3§-isometry, h(xp) = 0, d(x,x0) < 1 and |h(x)| < 1 for all x € Xy,
we have |d(x, x0)? — [h(x)|?| < 48 and |d(x, y)* — |h(x) — h(y)|*| < 88 for all
x,y € Xy. Therefore,

|hi(x) — fi(x)] < %(48 + 46 +85) =85 (53)

forallx €e X1,i=1,...,n.

Now we estimate K, (x;,,41) form € {0, 1, ..., n— 1}, assuming that K is defined
by Ko(x) = |1 —d(x, x0)2|. Since m < n, there exists y,, 41 € d B} orthogonal to all
vectors h(xy), ..., h(xy). Since & is a 28-isometry, there exists x;, 41 € X1 such that
|h(x,, 1) — ym+1| < 28. This implies that d(xo, x,,, ) > |h(x,,, )| — 28 > 1 — 48,
and therefore,

11— d(xo, X}, )% < 88. (54)
Moreover, foralli = 1,2, ..., m, we have

|7 (X )] = [, B ) = [ (), B (Xqy) = Ym1)| < 28

since yp41 is orthogonal to h(x;) and |h(x,/n+l) — Ym+1)| < 28. Hence, by (53),
|ﬁ(x,’n+1)| < 108. This and (54) imply that K, (x,’nH) < 108. Hence, the minimizer
Xm+1 of K, also satisfies K, (x;;,4+1) < 108. Equivalently, | f; (x;4+1)] < 1056 for
FoC Tl

@Springer Lﬁjog



1066 Foundations of Computational Mathematics (2020) 20:1035-1133

i=1,...,mand fi+1(xp+1) = d(xo,xm+1)2 > 1 —104. Since m + 1 is an arbitrary
elementof {1, ..., n}, we have shown that, foralli, j € {1,...,n}, | fi(x;)| < 108 if
i < jand|fi(x;) — 1] < 104.

These inequalities and (53) imply that

[{h(xi), h(xp))| = lhi(xj)| < |fi(xj)| +85 <188  ifi < j,
and
1RGP — 1] = [hi(xi) — 1] < | fi(xi) — 1] + 85 < 188.

Thus, the vectors v; = h(x;) satisfy the assumptions of Lemma 5 for ¢ = 185. Let
L:R" — R"beasinLemma5, namely L(v) = (L;(v))!_, where L; (v) = (v, h(x;)).
Then, Lemma 5 provides an orthogonal operator U : R" — R”" such that |L — U|| <
18né.

Forevery x € Xy andi € {1,...,n}, we have L;(h(x)) = (h(x), h(x;)) = h;(x).
This and (53) imply that | f; (x) — L; (h(x))| < 88. Thus, for f(x) = (f;(x))7_, we
have | f(x) — L(h(x))| < 8né. Since ||L — U|| < 18né and |h(x)| < 1, it follows that
| f(x)=U(h(x))| < 26néforallx € X;.Since F(x) = P(f(x)) where P: R" — B}
is a retraction that does not increase distances, F(x) satisfies the same inequality:

IF(x) — U(h(x))| < 26n8 (55)

for all x € X. Since & is a 28-isometry to B}, so is U o h. This and (55) imply that
F is a 54nd-isometry from X; to BY. Thus, the first claim of the lemma holds with
C17 = 54. O

The above lemma and (52) imply that the (pointed) Gromov—Hausdorff distance
between X and By satisfies

Q2C17n) "8, < dau(X1, BY) < 28,. (56)

Thus, the algorithm GHDist gives the Gromov—Hausdorft distance of X and B} up
to a constant factor 2C17 depending only on dimension .

2.5 Learning the Subspaces that Approximate the Data Locally

Let X be a finite set of points in £ = RY and X N By (x) := {x,X], ..., Xy} be a set
of points within a Hausdorff distance § of some (unknown) unit n-dimensional disk
D1 (x) centered at x. Here Bj(x) is the set of points in RY whose distance from x is
less or equal to 1. We give below a simple algorithm that finds a unit n-disk centered
at x within a Hausdorff distance Cné of X| := X N By (x), where C is a universal
constant.

The basic idea is to choose a near orthonormal basis from X where x is taken to
be the origin and let the span of this basis intersected with Bj(x) be the desired disk.

FoC'T
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Algorithm FindDisc:
1. Let x| be a point that minimizes |1 — |x — x/|| over all x’ € X].
2. Given xq, ...x, form <n — 1, choose x,,+1 such that
max (|1 — |x — x"|[, [y /|xt ], XD [/ x| X))

is minimized among all x" € X for x’ = xp,11.

The output of the algorithm is the sequence (x1, x2, ..., x,). Let A be the afﬁne
n-dimensional subspace containing x, x1, ..., X, and the unit n-disk D] (x) be A N
B (x). Recall that for two subsets A, B of RN , dy (A, B) represents the Hausdorff
distance between the sets. The same letter C can be used to denote different constants,
even within one formula.

Lemma 8 Suppose there exists an n-dimensional affine subspace Ay containing X such
that D1(x) = Ax N B1(x) satisfies dy (X1, D1(x)) < 6. Suppose 0 < § < Then,

e m
dy (X1, D1(x)) < Cigné.

Proof Without loss of generality, let x be the origin. Let d(x, y) be used to denote
[x — y|. We will first show that forallm <n — 1,
<x_m’ xm+1> ) < 4.
|7 |

To this end, consider the function L,,+1 : Di(x) — R, given by

) o
|x1] [ % |

and let z,,+1 € Di(x) be the point where L, obtains its minimum in Dj(x). The
minimal value L, 1 (z;+1) is 0, because the dimension of D1 (x) is z and there are only
m < n—1 linear equality constraints. Also, the radius of Dy (x)is 1,s0 |1 —d(x, z;+1)|
has a value of 0 where a minimum of (57) occurs at y = z,,41. Since the Hausdorff
distance between Dj(x) and X is less than §, there exists a point y,,+1 € X1 whose
distance from z,,41 is less than 8. For this point y,,1, we have § greater than

X1 Xm
max | |1 — s I\ T Ym+1 )| s T Ym+1 (58)
|x1] %5 |
xm
max | [1 — s Xm+1 s Xm+1
|x1| 1l

is no more than the corresponding quantity in (58), we see that foreach m + 1 < n,

Xm
T
| m |
Fol:rﬂ
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Let V be an N x n matrix whose ith column is the column x;. We recall that the operator
norm of a matrix Z is denoted by || Z||. For any distinct i, j we have [{(x;, x;)| < 6,
and for any i, [(x;, x;) — 1| < 268, because 0 < 1 — § < |x;| < 1. For a matrix X, let
| X || denote its Frobenius norm. Therefore,

VIV — 1) < VIV = I|lF < V(12 —n + 4n)82 < 2n8.

Therefore, the singular values of V lie in the interval
Ic =[1 —4né, 1 + 4né].

Foreachi < n,let xlf be the nearest point on D1 (x) to the point x;. Since the Hausdorff
distance of X to D1 (x) is less than 8, this implies that |xlf —x;| < éforalli <n.Let
V be an N x n matrix whose ith column is x/. Since for any distinct i, j, |(x], /)| <
38 + 82 < 46, and for any i, |[{x] X;, l) — 1] < 44. This means that the smgular Values
of V lie in the interval Ic.

We shall now proceed to obtain an upper bound of Cné on the Hausdorff distance
between X and D 1(x). Recall that the unit n-disk D 1(x)1is ;fx N B (x). By the triangle
inequality, since the Hausdorff distance of X to Dl(gj) is less than §, it suffices to
show that the Hausdorff distance between D;(x) and D (x) is less than 6né.

Let x’ denote a point on D (x). We will show that there exists a point 7’ € 51 (x)
such that |x’ — z/l < 4né.

Let va = x’. Assuming that § < 1/ (16n8) and using the bound on the singular
values of V we have |o| < 1+4nd.Lety = Va. Then, by the bound on the singular
values of V, we have |y/| < (1 +4n8)? < 1+410n8. Letz’ = min(1 -8, [y') [y'|"'y'.
By the preceding two lines, z’ belongs to Dj (x). We next obtain an upper bound on
|x" —7/|

X' =2 < X =y 1+ 1y =7 (59)
We examine the first term in the right side of (59)

' =y =1Va = Vol <suplx; — x/|Q_ ley]) < n(1 + 10n8).
1

i
We next bound the second term in the right side of (59). We have
Iy = 2| <81yl < 2.
Together, these calculations show that
|x" — 2| < 4nsé.
A similar argument shows that if z”” belongs to D (x), then there is a point p’ € Dj(x)
such that | p’ — z”| < 6n8; the details follow. Again, assume that § < 1/(16n6) and let

Fo C 'ﬂ
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VB = 7. From the bound on the singular values of V, | 8| < (1+4n8). Letq’ := V.
Let p' := 7z =min(1 — 8, |¢]) |¢’| "¢’ Then,

/

_Z//l S |q/_Z//|+|p/_q/|
VB —VBI+1p - VBI
supx; — /1) |Bil) + Sn
1 .

l

|p

IA

IA

IA

én(l 4+ 10n8) + 56n
< 66n.

This proves that the Hausdorff distance between X and 51 (x) is bounded above by
Cigné = 6mns. O

Remark 3 Let us consider the computational complexity of the above algorithms
GHDist and FindDisc in terms the number of elementary operations one has to perform.
Here, we count the computation of an algebraic function of the distance dx (x;, x;),
of two elements of x;, x; € X and a computations of a piecewise analytic function
t — f(t) of areal variable, as one operation and the computation of the inner product
of two m-dimensional vectors in R™ as m operations. We note that computing an
inverse of an n X n matrix requires a number of elementary operations that depend
only on the intrinsic dimension 7, and thus, it requires in our notation convention
C = C(n) elementary operations.

Let us consider the algorithm GHDist. When the set X1 has £1 = #X elements,
the steps 1-3 of the algorithm GHDist need C¥¢; steps, where C is a generic constant
depending on the dimension n. The step 4 needs C¢; steps. In the step 5, the set Y (£1)
contains at most C'¢; points, and hence, the step 5 needs at most ce% steps. Thus, the
computational complexity of GHDist is CE%.

We assume that £ = R and X satisfies assumptions of Theorem 2, so that the set
X is 8-close to n-flats in scale . When the set X has ¢ = #X elements, the algorithm
FindDisc minimizes n times functions that are the maximum of at most »n functions
on involving inner products of m-dimensional vectors (i.e., points of X). Thus, the
computational complexity of FindDisc is Cm¥.

3 Proof of Theorem 2

The statement of Theorem 2 is scale invariant: It does not change if one multiplies r
and § by A > 0 and applies a A-homothety to all subsets of E. Hence, it suffices to
prove the theorem only for » = 1. We recall that we use the notation 80 = oyr. Thus,
to prove Theorem 2 with r = 1, it is enough to prove the following proposition (where
0> is renamed to ;S\o):

Proposition 3 There exist positive constants §g < 1, C11, C12 depending only on n,
and C13(k) > 0 such that the following holds. Let E be a separable Hilbert space,
X CEand0 < § < :3\0. Suppose that for every x € X there is an n-dimensional
FoL g
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affine subspace Ay C E through x such that
dg(X N Bi(x), Ay N Bi(x)) < é. (60)
Then, there is a closed n-dimensional smooth submanifold M C E such that
1.dy (X, M) <56.
2. The second fundamental form of M at every point is bounded by C118.

3. Reach(M) > 1/3.
4. The normal projection Py : Uy ;3(M) — M is smooth and for all x € Uy ;3(M)

ldX Pyl < C13(k)8, k=2, (61)
and

ldx Py — Prymll < Ci3(1)8,  y = Py (x). (62)

5. Letx € X and y = Py (x). Then,
Z(Ay, TyM) < C120. (63)

The proof of Proposition 3 occupies the rest of this section. Let X and {A,},cx be
as in the proposition. Let

Pyt E— Ay (64)
be the orthogonal projection to A,. By A,, we denote the linear subspace parallel to

Ay.Forx € X and p > 0, we define Bg{(x) =XNB,(x)and D,(x) = Ay N B,(x).
In this notation, (60) takes the form

dy (B (x), D1(x)) <8, xeX. (65)

In the sequel, we assume that § is sufficiently small so that the inequalities arising
throughout the proof are valid, that is, we have

8 <op(n)andr =1, (66)

where og(n) > 0 depends only on n. The number oy (n) can be explicitly estimated
by numbers Cy appearing in the proof.

Lemma9 Let p,q € X be such that |p — q| < 1. Then, dist(q,Ap) < & and
Z(Ap, Ay) < 56.

Proof Since g € BIX (p), we have
dist(q, A,) < dist(q, D1(p)) < du (B (p), Di(p)) <8
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by (65). It remains to prove the second claim of the lemma.

Let z = PAp(pTJ"’). Then, |z — p| < % and |z — ¢q| < % + § by the triangle
inequality. Define B = A, N By/2-25(z). We claim that dist(y, A;) < 28 for every
y € B.Indeed, let y € B. Then, |y —¢g| <1 -4 and |y — p| < 1 — 26. The latter
implies that y € D1 (p); hence, by (65) there exists x € X such that [x — y| < §. By
the triangle inequality we have x € le (q); hence, (65) implies that dist(x, Ay) < 6.
Therefore, dist(y, Ay) < |y — x| + dist(x, Ay) < 28 as claimed.

Define a function 2: A, — Ry by h(v) = dist(z + v, Aq)z. As shown above,
h(v) < 482 forallv € A p such that [v| < % — 26. The function 4 is polynomial of
degree 2, i.e., h(v) = Q(v) + L(v) + ho where Q is a (nonnegative) quadratic form,
L is a linear function, and iy = h(0). Furthermore,

Q) =sin® Z(v, A,) - |v]?

forallv e A,. Leta = Z(A,, A,), and let vg € A, be such that Z(vp, A;) = o and
lvol = 4 — 2. Then,

0 (vo) = w — h(0) < 482

since h(Evg) < 48% and 4 (0) > 0. Thus, sin?(«) - |v()|2 < 4582, or, equivalently,
sina < 28(3 —28)"" =45(1 —48)"".

If 6 is sufficiently small, this implies the desired inequality o < 56. O

Let X be a maximal (with respect to inclusion) ﬁ-separated subset of X, that is,
a maximal subset Xy C X satisfying

1
dy(x,x") > 00 forall x, x" € Xp, x # x'. (67)

Note that X¢ is a ﬁ—net in X and X is at most countable. Let X¢ = {q,-}ll.iol‘. For
brevity, we introduce notation A; = Ay, and P; = Py a

Throughout the argument below, we assume that | Xo| = o0, i.e., X is a countably
infinite set. In the case when X is finite, the proof is the same, except that ranges of
some indices should be restricted.

Assuming that § < ﬁ, there is a number N = N(n) such that every set of the
form Xy N Bj(gq;) contains at most N points. This follows from the fact that this set
is llm-separated and contained in the §-neighborhood of a unit n-dimensional ball
Di(g)-

Let us fix a smooth function p: Ry — [0, 1] such that p(¢) = 1 for all ¢ € [0, %]
and u(t) = Oforallt > % Below, we will use the function u(f) = a1/3,1/2(¢), where

dap(t) = (exp((t — @)™ /(exp((t —a)™") +exp((b — )™ 1)) fort € [a, b].
(68)
Fold
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For each i > 1, define a function w; : E — [0, 1] by
wi(x) = pn(lx —gil). (69)

Clearly, u; is smooth and

max ||di i || Lo ®) < Cro(k) (70)
Jj<k

for every k > 1. Here, C19(k) can be chosen uniformly over n as by Lemma 41
in ‘Appendix A, the supremum of the kth order derivative d)]flh', considered as a
multilinear form, is attained at a derivative corresponding to vectors that are all equal,
which in turn implies that for all n > 2, ||d)’§ WillLoerny 1s independent of n. Let
@i E — E be a map given by

@i(x) = pi(x) Pi(x) + (1 — pi(x)x. (71)

Now define amap f;: E — E by

fi=¢iopi—10...00¢] (72)

foralli > 1, and let fo = idEg.

Forx € Eandi > 1, wehave fi(x) = fi-1(x)if | fi—1(x) —qi| > %.This follows
from the relation f; = ¢; o f;—1 and the fact that ¢; is the identity outside the ball
B1/2(qi).

Let U = U1/4(Xo) C E. We are going to show that for every x € U the sequence
{ fi (x)} stabilizes, and hence, a map f = lim;_, » f; is well defined on U.

Define B, = Bi4(qm) form =1,2,....Note that U = |J,, Bn.

Lemma 10 Ifx € By, then | f;(x) — qu| < % foralli > 1.

Proof Suppose the contrary and let
io = min{i : | f;(x) — gm| = 1}.

Leti < igpbesuchthat|g; —g,| < 1.Suchi does exist since otherwise |g; —¢g,| > 1 for
alli < ipimplying that f;(x) = x € B,,. Inparticular, fori = io, | fiy(x) —gn| < 1/3
which is a contradiction. Nextletz = f;_1(x). Sincei —1 < ip, we have |z—gn| < %
Lemma 9 applied to p = ¢; and g = g, implies that | P;(z) — P, (z)| < 64. Since
P, is the orthogonal projection to a subspace containing g,,, we have | P, (z) — gm| <
|z — qm|; therefore,

[Pi(2) = gm| < 1Pu(2) — qm| + |Pi(2) — Pu(2)| < |z — qml| + 68,
and hence, the point

fix) =i (2) = ni (@ Pi(z) + (I — pi(2)z
Elol:;ﬂ
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satisfies

[fi(X) = gm| < i (@DIP;i(2) — gm| + (1 — wi @)z — gml < |z — gm| + 64.

Thus,

[fi(x) = gm| < |fi-1(x) — gm| + 65 (73)

for all i < ip such that |g; — g;»| < 1. For indices i < ip such that |¢; — gn| > 1, we
have

|fic1() —qil = 1= fici(x) —gm| > 1 — £ > 1,

and hence, f;(x) = fi—1(x). Since there are at most N = N (n) indices i < iy such
that |¢; — gm| < 1, by (73), it follows that

| fio () — @l < |x — @l + 6NS < |x — gl + 55 < 3.

provided that § < 1/(120N). This contradicts the choice of ij. O

Lemma 10 implies that there exist only finitely many indices i such that f;|p, #
fi—1lB,,- Indeed, if f;(x) # fi—1(x) for some x € By, then |g; — gu| < 1 because
| fic1(x) — gm| < % by Lemma 10 and | fi_1(x) — gi| < % (since ¢; is the identity
outside Bj,2(q;)). Thus, the sequence { fi|p,, }72, stabilized, and hence, the map

fx) = lim fi(x) (74)

is well defined and smooth on B,,. Since m is arbitrary, f is well defined and smooth
onU =J,, Bn.

Remark 4 We note that in the case when X and thus Xy C X are finite sets and when
N is the number of the elements in X, we define instead of (74)

fx) = fn). (75)
3.1 Estimates for Interpolation Maps f; and f

Next, we consider functions f and f; defined in (71), (72), and (74).
Lemma 11 Letk > 0. There is Ca1 (k) = (C(k))N™ > 0 such that

I fi = Pmllckp,,) < Ca1(k)s  foralli > m, (76)
and therefore,
ILf = Pmlicks,) = C21(k)8. (17
Below we denote C1 = C21(0), C5; = Ca1(1), and C; = C21(2).

FolCT
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Proof Let I,, = {i : |gi — qgm| < 1} and let j; < --- < jy,, be all elements of /,,,.
Recall that Ny, = |I,,] < N = N(n). As shown above, Lemma 10 implies that ¢; is
the identity on f;_1(B;,) for i ¢ I,,. Therefore, for every i we have

filB, = Py © Piiiy-1 © -+ -0 P B, (78)

where [(i) = max{k : ji <i}.
We compare ¢; and f; with maps @; and f; defined by

@i (x) = pi () Py (x) + (1 — pi (X))x, (79)
and
Fi = @iy © Pjryr © -+ - 0 @), (80)
By induction, one easily sees that
i) = 3 (0) P () + (1 = 2 (0))x (81)

for some A;(x) € [0, 1], A1(x) < A2(x) < .... Therefore, ﬁ(Bm) C By, for all i.
Similar to the case of f;, this implies that

fils, = Py © Pjiiy-1 © -+ °Pj 1B, (82)

Let

./ o~ —~

D =@y O Piiy 1 © 0P s PP =), 0...00
and
= (P{/ o 51', = @iy © Plisr1 O -+ © Pjy, ©Pjiy © ... 0 Py |B,,
By Lemma 9 and (22), for every i € I,, we have
[Pi(x) = Pn(x)|l <118,  |ldxP; — dx Py < 108
for all x € B1(qn), and therefore, as P; and P,, are affine maps,

i llck (B, (gm)) = Cio(k)k,
||@||ck(31(qm)) < Cig(k)k,
187 = @illck sy gy = Iliti - (P — Pl (s, g,y < 11C10(0K*S,  (83)

where the factor k% appears due to the Leibniz rule for derivatives of the product and
the fact that the second- and the higher-order derivatives of affine maps vanish. This
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estimate, (78), (82) and the fact that /(i) < |I,,] < N(n) imply that

1(i)
Ifi = fillckep,y < ZA AL =1 = ek

As
Ai/ _ ||§Di/+1 . ai/ _ @i/-‘rl -~ é;l‘/”
i =¥ 0@, 0P i %y oL lcks,)

we see by using Lemma 42(2) in ‘Appendix A’ with f = fiy = q§i"/“, h =hy =
@j., 0 @/ and g = gir = @j, o 5;”, we see for k > 1 that

A < (k+ D2 £l i g, -
(1 + lgirlcka,) + Nhirllcrs,)Ellgi — hirll ek a,)- (84)

Here, by Lemma 42(1) in ‘Appendix A’ and (83) we have

lgirllcr sy + il o,y < 24N Co0k) (14 kCroth) N ™,
I firlleksn g,y < 28D NOC ok + 1) (1+ (k + DCrolk + 1)*EHIN® (85)

and

lgir = hirllct s,y = 1@js = 05,0 © B] ez,
< 2HDNOT 110 (kK8 - (14 kCro(k) ™ ™. (86)

By substituting formulas (85) and (86) in to formula (84), and using that /(i) < N (n),
we see that

1(i)
Ifi = fillckep,y < D AL < Ca1 (k)8

i'=1

for all i and k > 0, where C»;(k) can be written as an explicit formula involving k,
Cig9(k), Ci9(k + 1), and N(n) Observe that @B, = Pn |Bm since (,;, = 1 on By,

ThlS fact together with fm = ¢m o fm 1 and (81) implies that fm|3m = PulB,- Thus
fz |B,, = PmlBp, foralli > m. Therefore, fori > m the estimate (84) turns into (76)

m

and the claim of the lemma follows. O
Lemma 12 f,,(By) C D13(qm).

Proof Letx € By andy = f,,—1(x), then f,;,(x) = ¢, (y). By Lemma, 10, |y —g,,| <

%. Therefore, w,,(y) = 1, and hence, ¢,,(y) = P, (y). Thus, f,(x) = Pn(y) €

D13(qm). a
FolCTM
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By definition, f = g o f,, for some smooth map g: E — E. Therefore, f(By,) is
contained in an image of the n-dimensional disk D1/3(g,,,) under a smooth map g.

Lemma 13 f(B,) C Uss(D1/3(qm)) for every m, and f(U) C Uss(X).

Proof Letx € B,,. By Lemma 10, we have f; (x) € B1/3(qy) foralli.Letus show that
fi(x) € Uys(Ay,) foralli > m. This is true fori = m since f,; (x) € D1/3(gm) C Ap
by Lemma 12. Arguing by induction, let i > m and assume that y = f;_1(x) €
Uss(Am). If |y —gi| = 3. then fi(x) = y € Uss(Ap), so we assume that [y —g;| < 5.
Note that

lgi = am| < lgm =yl +1y—ail < 3+3 < 1.
By definition, the point f;(x) = ¢;(y) belongs to the line segment [yz] where z =
P;i(y).Sincez € A; and |g; — z| < |gi — y| < %, we have
dist(z, Ap) < dist(qi, Ap) + 5 sin Z(A;, Ay) < 8+ 38 < 48

where the second inequality follows from Lemma 9. Thus, z € Uss(A,,). Since f; (x) €
[yz], both y and z belong to Uas(A;,) and Uss(Ay) is a convex set, fi(x) € Uss(Am)
as claimed.

Thus, fi(x) € Uss(Am) N Byy3(gn) for all x € By, and all i > m. This implies
the first claim of the lemma. To prove the second one, recall that D(g,,) C Us(X)
by (65). Hence, f(B;) C Uss(D1;3(qm)) C Uss(X). Since m is arbitrary, the second
assertion of the lemma follows. m]

3.2 Construction and Properties of the Submanifold M

Now define

M = fUi5(Xo)). (87)
We are going to show that M is a desired submanifold.

Lemma 14 For every y € M, there exists g, € Xo such that |y — q| < ﬁ + 56
and

M N Bi100(y) C f(Di/10(gm))-

In particular, M = J,, f(D1/10(qm)).

Proof By Lemma 13, y € Uss(X). Since Xy is a ﬁ-net in X, there is point g, € Xo
such that |y — g, | < ﬁ + 56. Let us show that this point satisfies the requirements
of the lemma. Let W = M N By;100(y) and D = D1,10(¢gn). We are to show that
W C f(D). Fix a point z € W. Observe that

12— gml < |z =Y+ 1y —gml < 145 + 195 + 36 = o5 + 36.
Elol:;ﬂ
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Since z € M, we have z = f(x) for some x € U;;5(Xp). Let p € X be such that
[x — pl < % Then, |z — P4, (x)| < C218 by Lemma 11. On the other hand,

1
lx = Pa, ()] < |x — p| < 5.

Therefore, assuming that § is smaller than some constant depending only on n (see
(66)), we have

Ix = gm] < 1x — Pa, ()| + |z — Pa, ()| + |2 — gl < 3 + C216 + 55+ 58 < 1

thus, x € By,.
By Lemma 11, it follows that |z — Py, (x)| = | f(x) — P (x)| < Ca1é and | f;,, (x) —
P, (x)| < C216. Therefore, | f,(x) — z| < 2C3148, and hence,

| fn () = @l < | fn(x) =z + |2 — gl < o5 + (2C21 + 5)8.

By Lemma 12, we have f,,(x) € A,,; hence, f,,(x) € D1/5042C2+5)8(Gm)-

Now consider the map f;;,|p. By Lemma 12, its image f,,(D) is contained in
Ap. By Lemma 11, f,|p is Ca16-close to the projection Py, |p, which equals idp
since D C A,,. Thus, fi,|p is Ca1é-close to the identity and maps D to a subset
of the n-dimensional subspace A,,. By topological reasons, see [73, Thm. 1.2.6],
this implies that f;, (D) contains an n-ball Dj/10—c,5(gm), see (66). Since f,(x) €
D1/50+2C21+5)5(Gm) C D1/10-c55(gm), it follows that there exists a point x’ € D
such that f,,(x") = f(x). Since f factors through f;,, this implies that f(x") =
f(x) =z.Thus, z € f(D). Since z is an arbitrary point of W, the lemma follows. O

Now we prove that M is a submanifold.

Lemma 15 M is a closed n-dimensional smooth submanifold of E. Everyy € M has
a neighborhood in M that admits a parametrization by a smooth map ¢: V — E,
V C R", which is C21 (k)8-close to an affine isometric embedding in the C*-topology
for any k > 0, where Cy1(k) is the constant provided by Lemma 11.

Proof Pick y € M and let g,, € X be as in Lemma 14. As in the proof of Lemma
14, we use the notation D = D1,10(¢gn). By Lemma 11, f|p is C21(k)é-close to the
inclusion D < E in the Ck-topology. Assuming that § < Cj (1)_1, it follows that
flp is a smooth embedding, and hence, f(D) is a smooth submanifold of E. By
Lemma 14,

f(D)N Bij100(y) = M N Byj100(y)-

Thus, M N Bi/100(y) is a submanifold for every y € M, hence sois M.

To see that M is closed, recall that |y — ¢, | < fm + 56. Since f|p is Ca16-close
to identity, this implies that the f-image of the boundary of D is separated away from
y by distance at least % — ﬁ — 55 — Cy16 > ﬁ. Therefore, M N Bi/100(y) is
contained in a compact subset of the submanifold f (D). Since this holds within a
uniform radius 1]W from any y € M, it follows that M is a closed set in E.

EOE';W
@Springer Lﬁjog



1078 Foundations of Computational Mathematics (2020) 20:1035-1133

To construct the desired local parametrization ¢, just compose f|p with an affine
isometry between D and an appropriate ball V C R”. O

The bounds on derivatives of ¢ from Lemma 15 imply that the second fundamental
form of M is bounded by

(1 —Ch8)72Ch 8 <2058 (88)

provided that§ < (4C} 1)_1 .See Lemma 11 for the notation C5, and C%,. The inequal-
ity (88) proves the second assertion of Proposition 3 with C1; = 2CY,.
The first assertion of Proposition 3 is the following lemma.

Lemma 16 dy(M, X) < 56.

Proof By Lemma 13, we have M C Uss(X). It remains to prove the inclusion X C

Uss(M). Fix x € X and let g, € Xo be such that |g,, — x| < llm. Consider the

map Py, o f|D1/5(qm) from D1/5(qm) C Am to Ayp. By Lemma 11, this map is C2;6-
close to the identity. Therefore, its image contains the n-disk D1/5_c,,5(¢n)- This disk
contains the point Py, (x) because

[Py (x) — gm| < |x — qm| < ﬁ <%—C215.

Hence, Py, (x) € P, (f(D1/5(gn))). This means that there exists y € Dj/5(gn) such
that P, (f(y)) = Py, (x). By Lemma 13, we have dist(f (), A;;) < 46, and therefore,

lf ) = Pa ()| = [f(y) = Pu(f (D)) < 48.

By Lemma 9, we have dist(x, A,,) < §, and therefore, |[x — P,,(x)| < §. Hence,
[f) = x| < 1f () = Pun()| + |x — Pn(x)| <45 +68 =54.

Observe that f(y) € M since y € Dy/5(qm) C Uy/5(X0). This and the above inequal-
ity imply that x € Uss(M). Since x is an arbitrary point of X, we have shown that
X C Uss(M). The lemma follows. ]

Remark 5 We observe that
M = fUs(X)) (39)

(compare with (87)). Indeed, we have M C J,, f(Di /10(¢m)) by Lemma 14 and

Di10(gm) C Us(X) by (65).
One can think of (89), (87) and the last claim of Lemma 14 as various reconstruction
procedures for M.

Lemma 17 | f(y) — y| < Cooé forevery y € Us(X).
Elol:;ﬂ
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Proof Since y € Us(X), thereis x € X such that |x — y| < 8. Pick ¢,, € X such that
| — gm| < 755- Then, y € By, and hence, | f(y) — Pu(y)| < C218 by Lemma 11.
By Lemma 9, we have dist(x, A,,) < §, and hence,

ly = Pn(y)| = dist(y, Ap) < 26.

Therefore, [ f(y) = y| < [f (V) = PaW)| + [y = Pu(M)| < (C21 +2)8 = Cx6. O

For x, y € M, we denote by dy;(x, y) the intrinsic arc-length distance between x
and y in M. If x and y are from different connected components of M, thendy; (x, y) =
oo. Since M is closed in E, each component of M is a complete Riemannian manifold.

Lemma 18 Let x,y € M be such that |x — y| < 2—1. Then, dy(x,y) < 1.

Proof Let x,y € M be as above. Then, by (89) there are points x’, y/ € Us(X)
such that f(x’) = x and f(y") = y. By Lemma 17, we have |x — x| < Cy8 and
|ly—y'| < Cy08,hence |x' —y'| < %+2C205 by the triangle inequality. Letx”, y” € X
be such that |x" — x”| < § and |y’ — y"| < 6.

Then, when § is smaller than a bound depending on n, see (66),

X" =y < ¥ — /| +28 < 3 4+2C508 +26 < 1.

Hence, y” € BIX (x”"). This and (65) imply that y” € Us(D;(x")). Therefore, both
x" and y’ and hence the line segment [x’, y'] are contained in the 28-neighborhood
of the affine n-disk D;(x"). Since B{f(x") C X, it follows from (65) that Dy (x") C
Us(B¥(x")) C Us(X). Hence, the 28-neighborhood of D (x”) is contained in U35 (X).
Thus, [x’, y'] is contained in U35(X) and hence in the domain of f.

Consider the f-image of the line segment [x’, y']. It is a smooth path in M connect-
ing x and y. Lemma 11 for k = 1 implies that f is locally Lipschitz with Lipschitz
constant 1 4+ C},8. Therefore,

length(f([x', y'1)) < (1 + C38)|x" — y'| < (1 + C5;8)(% +2Cx08) < 1,
see (660). Hence, dps(x, y) < 1. O

Now we are in position to prove the third assertion of Proposition 3.

Lemma 19 Reach(M) > % Furthermore, for every p € U1 3(M) there exists a unique
X € M such that |p — x| < %andp—x 1 TM.

Proof Fix p € Ui/3(M). By Lemma 18, the set By/3(p) N M is contained in a unit
ball of (M, dyr), since the diameter of this set in E is bounded by % < ‘5—‘. Since M is
a complete Riemannian manifold, closed balls in (M, djs) are compact. Hence, there
exists x € M nearest to p. It remains to prove that x is a unique nearest point and that
it is also a unique point of By/3(p) N M such that p —x L T\ M.
Let y be another point from Bj/3(p) N M. By Lemma 18, we have dy(x, y) < 1.
Connect x to y by a unit speed minimizing geodesic y : [0, L] — M, and consider the
EOE';W
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function f(t) = %| p—y®tel0, Ll Computing the second derivative of f(¢)
yields

'@ =1y O "), p—y@®) = 1= ), p— y(®) (90)

where (-, -) is the inner product in E.

Let k denote our bound on the second fundamental form of M, i.e.,k = Cy;§. Since
y is a geodesic, |y”(t)| < k. This and (90) imply that | f”(t) — 1| < «x|p — y (¢)] for
all £. Thus,0 < f”(r) < 2aslongas|p—y(1)| < « 1. Since p —x L T X, we have
£/(0) = 0. Therefore, 0 < f"(t) <2,0 < f'(t) < 2t,and f(0) < f(t) < f(0)+1>
forall # € (0, L] such that f(0) + 12 < k2.

Assuming that k = C18 < % (see (66)) and using estimates |p — x| < 1 and
L = dy(x,y) < 1, we see that the above inequalities hold for all # € [0, L]. In
particular f (L) > f(0) and f'(L) > 0; hence, |p — y| > |p — x| and p — y is not
orthogonal to T, M. O

Now we have the normal projection map Py : Uy/3(M) — M. Let us prove the
fifth assertion of Proposition 3. Let x € X and y = Py (x). Then, |[x — y| < 5§ by
Lemma 16. By Lemma 14, there exists g, € X¢ such that |y — g,,| < ﬁ + 56 and
y € f(D) where D = Dj10(gn). By Lemma 11, f|p is C5,8-close to Py|p = idp
in the C'-topology. Therefore,

Z(Ay,,, TyYM) < (1 — CQIS)_ICQI(S <2C58
provided that § < (2C§1)_1. By Lemma 9, we have Z(A,, A,,) < 55. Hence,
Z(A Ty M) < (2C%, +5)8

and (63) follows with C1o = 2C}, + 5.

It remains to prove the fourth assertion of Proposition 3. Consider the normal disk
bundle

visM :={(x,v):xeM,ve E,v L T\M, |v| < 1/3} ©n

and the map J: vi;3M — E given by J(x, v) = x + v. Lemma 19 implies that J is
a bijection onto U1 /3(M). The normal projection Py : U1/3(M) — M can be written
as Py = 7 o J~! where m(x,v) = x for (x,v) € vi;3M. Thus, it suffices to show
that J~! is smooth and estimates its derivatives.

Let (x0, v9) € vi/3M. By means of a parallel translation, we may assume that
xo is the origin of E. By Lemma 15, a neighborhood of xp in M admits a local
parametrization ¢: V — M which is Ca(k)8-close in C*-topology to an affine
isometric embedding. We identify V with a neighborhood of the origin in the tangent
space Ty, M C E sothat ¢ is C2; (k)5-close to the identity in Ck—topology. Let B be the
ball of radius 1/3 in the orthogonal complement (7', M )L of T, M in E. Parametrize

Elol:;ﬂ
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a neighborhood of (xo, vg) in vi3M by (¢(x), v — Py(x)(v)), and introduce a map
@:V x B— E given by

DP(x,v) =@(x) +v— Pyy)(v), xeV,veB, (92)

where Py (y) is the orthogonal projection from E to Ty M. The projection Py (y)(v)
can be written explicitly as an arithmetic formula involving the first derivatives of ¢
and their inner products with each other and v; hence, the kth derivatives of @ can be
written explicitly in terms of the derivatives of ¢ up to the order k 4 1 and the inner
product in E. If ¢ is the identity, then so is @. Since ¢ is Ca1(k 4 1)§-close to the
identity in C*¥*!-topology, this implies an estimate

1P —1Idllck (v« gy < C22(k)d 93)

where C»> (k) is a constant that can be written explicitly in terms of C;(k 4 1). By
the inverse function theorem, this implies that @ is a local diffeomorphism provided
that § < C(k)~!. The normal projection Py in a neighborhood of (xg, vg) is given by
Py =¢om o® ! where m1: V x B — V is the first coordinate projection. The
kth differential of @ ! can be written as an explicit dimension-independent formula
in terms of differentials of ¢ up the kth order. If ¢ is the identity, then Py, is the
orthogonal projection Pr, ». This implies an estimate

1Py — Prymllcr = Ci3(k)s

for all k > 0, where C13(k) can be written explicitly in terms of Ca1(k + 1). These
bounds imply (61) and (62).

This finishes the proof of Proposition 3. As explained in the beginning of this
section, Theorem 2 follows via a rescaling argument.

Remark 6 Assuming in Theorem 2 that § < r/100 and by scaling metric by factor
r~!in Lemmas 11 and 16, the above arguments about Py, imply that

L = Patll ks, ooy < Ca1k)sr™ (94)

for all k. Thus, for computation purposes, the explicitly constructed map f is as good
as the normal projection Pyy.

Remark 7 Let us show that the constants in Theorem 2 are optimal, up to constant
factors. Let M C E be a closed n-dimensional submanifold whose the second funda-
mental form is bounded by «; , = %Sr’z, with0 < § < r < 1, and Reach(M) > 2r.
Let x € M. Using formula (2), we see that

du(BY (x), B3 (x)) < 6. (95)

Here Bé‘;’ (x) is the intrinsic ball in M of radius 2r centered at x.
Our assumptions on M imply that the normal projection Py, is well defined and 2-
Lipschitz in the ball BrE (x).Hence, foranyz € M ﬁBrE (x) the projection Py ([x, z]) of
FoC Tl
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the line segment [x, z] is a curve of length at most 2r. Therefore, z = Py (z) € Bé‘;’ (x).
Thus, M N BE (x) C B3 (x). Also note that BM (x) C M N BE (x). These relations,
(95) and (2), imply that diy (M N BE (x), B (x)) < 8. As x above is an arbitrary
point of M, we have that M is §-close to n-flats at scale r. This shows that in Theorem
2 the bounds in claims (2) and (3) on the second fundamental form and reach are
optimal, up to multiplying these bounds by constant factors depending on .

4 Proof of Proposition 2 and Injectivity Radius Estimates

The main goal of this section is to prove Proposition 2. We begin with recalling some
facts about Riemannian manifolds of bounded curvature and proving the estimate (1)

Let M = (M, g) be a complete Riemannian manifold with | Secy; | < K where
K > 0.For p € M, consider the exponential map exp,: 7, M — M. We restrict this
map to the ball of radius r < j—? in T, M centered at the origin. As a consequence
of Rauch Comparison Theorem, exp,, is non-degenerate in this ball and we have
the following estimates on its local bi-Lipschitz constants: For v € T, M such that

b1

vl <r < J= andevery £ € T,M \ {0},

sin(vKr) - |dy exp, (§)] - sinh(vKr)
NI &1 - JVKr

(see, e.g., [79, Thm. 27 in Ch. 6] and [83, Thm. IV.2.5 and Remark IV.2.6]).
Ifr < % min{#, inj,;;(p)}, then the geodesic r-ball B,M(p) is convex, i.e., mini-

(96)

mizing geodesics with endpoints in this ball do not leave it (see, e.g., [79, Thm. 29 in
Ch. 6]). This makes the local bi-Lipschitz estimate (96) global. Hence,

sin(v/Kr) _ dm(exp, (). exp, () _ sinh(v/K)

97
JEr i« — o] == /&, en

and therefore,
|d (exp, (u), exp,(v)) — [u —v]| < 3K’ (98)

forallu, v € T, M suchthat|u|, |[v| < r.Here (98) follows from (97) and the estimates
|u —v| < 2r and

t— 1P <sin(r) <sinh(r) <t + 317, 1 €0, %] (99)

Thus, the distortion of exp, within the r-ball is bounded by %K r3 provided that
r< %min{\/Lf, inj,,(p)}. This proves (1).

The upper bound in (97) does depend on the assumption that r < %inj u(P).
Moreover, the distances within a ball of radius #f have a better upper bound stated
in Lemma 20. This lemma is a variant of Toponogov’s Comparison Theorem (see,

FolCTM
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e.g., [79, Thm. 79 in Ch. 11]) for geodesics that are not necessarily minimizing but
whose lengths are bounded in terms of curvature.

Let M2 x denote the rescaled hyperbolic plane of curvature — K. For real numbers
a,b > 0and ¢ € [0, 7], denote by Y_k (a, b, @) the length of the side x;x of a
triangle Axgxix; in M? x Whose sides xox; and xox2 equal a and b, resp., and the
angle at xo equals «. Note that

Yok (a.b,a) < Yo(a,b,o) + 3K ifab<r <7, (100)

where Y is defined similarly using the Euclidean plane as M2 This follows from
(98) applied to M? ~ g in place of M.

Lemma20 Let M = (M", g) be a complete Riemannian manifold, |Secy | < K

_T_
where K >0, p e M,and (0 <r < NS Then,

dy(exp,, (). exp, () < Y _g (lul, [v], Z(u, v)) < |u —v| + Kr®  (101)

forallu,v € TyM such that |ul, [v] <.

Proof This lemma is a standard application of Rauch comparison. We give a proof for
the reader’s convenience.

Let M be the rescaled hyperbolic n-space of curvature —K and p € M. Denote
by B and B the closed r-balls centered at p and p in M and M, resp. Define a map
f: B — B by f = exp,ol o expl7 |z where exp,, and expj are the Riemannian
exponential maps of M and M, resp., and / is a linear isometry from T M to T,M.
Since r < j—?, exp,, is non-degenerate within the r-ball. Therefore, by [83, Thm.
IV.2.5], the map f does not increase lengths of smooth curves.

Let u, v € T, M be such that |u], [v] < r, and let  be a geode51c segment in M
between the points exp U™ (1)) and exp U™ '(v)). Then, ¥ is contained in B and

length(y) = Y _k (|ul, [v], Z(u, v)). (102)
Since y := f oy is a path connecting exp ,(«) and exp , (v) in M, we have
dy (exp,(u), exp,(v)) < length(y) < length(y)

where the second inequality follows from the above-mentioned fact that f does not
increase lengths. This and (102) imply the first inequality in (101). The second inequal-
ity in (101) follows from (100). O

The next lemma is a quantified version of the fact that, for Riemannian manifolds
with two-sided curvature bounds, collapsing in the Gromov—Hausdorff sense is equiv-
alent to injectivity radii going to zero (see [31,47] or [51, Ch. 8]). The advantage of
Lemma 21 over collapsing technique is that it provides bounds independent of the
dimension.

FoE'ﬂ
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Lemma21 Let M be a complete Riemannian manifold with |Secy | < K where
K > 0.Let p € M andr > 0 be such that Kr* < 1073 and

dou(BY (p). B)') < 107°r

where n = dim M. Then, inj,;(p) > %r.

Proof Define ¢ = 1073. The statement of the lemma is scale invariant so it suffices
to prove it for » = 1. More precisely, we rescale M by the factor r~!. The rescaled
manifold, for which we reuse the notation M, satisfies

|Secy | < Kr’<e (103)
and

deu(BY (p), B]) < e, (104)

The desired inequality now takes the form inj,,(p) > 19—0. We rewrite it as

inj, (p) =1 —100s. (105)

The rest of the proof works for any & < 1073,

First we informally explain the idea of this long and technical proof. Since the
curvature of M is small, the ball B{” (p) is GH close to the set of vectors in the unit
ball of T, M corresponding to minimizing geodesics starting at p. This is shown in
Step 1. (In fact, the proof deals with spheres rather than balls, but we speak about
balls in this informal explanation). If the injectivity radius inj,,(p) is small, there is
a short geodesic loop from p to itself. Using triangle comparison, one can see that
minimizing geodesics of length close to 1 cannot have too small angles with this loop.
This part of the argument is contained in Step 5. One concludes that if inj,;,(p) is
small, then B{VI (p), and hence B, is GH close to a subset of the Euclidean unit ball
where a significant part (namely a ball of certain smaller radius) is removed. Clearly,
this is impossible in any fixed dimension, but it is not so obvious when n — oo while
the radius of the removed ball stays fixed. This issue is handled in Steps 2—4 with
Kirszbraun’s and Ulam—Borsuk theorems applied to suitable maps. Now we proceed
with the formal proof.

By (104), there is a 2¢-isometry f: B — Bf” (p) such that f(0) = p. We denote
by B the unit ball in 7, M and construct a map h: B — B as follows: For every
x € BY, choose h(x) € B such that expp(h(x)) = f(x) and |[h(x)| = dy(p, f(x)).
(Note that the choice of /(x) is not necessarily unique). We proceed in a number of
steps.

Step 1 We show that / has a small distortion on the unit sphere sl = 83{', see
(106) and (111).

For every x, y € Bf, we have | f(x) — f(y)| < |h(x) — h(y)| + %8 by (103) and
Lemma 20 applied to u = h(x), v = h(y) and r = 1. Hence,

h(x) —h(W)] = [f () = FO) — 4e > |x —y| — 3¢ (106)
Elol:;ﬂ
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since f is a 2e-isometry. In particular, since 7(0) = 0,
|h(x)] > |x| — 3e (107)

forall x € BY.
Pick x, y € §"~!. By (106) with —x in place of x, we have

|Mw—hemﬂz(u+ﬂ—§gzzu+yﬁ—m8 (108)
since |x + y| < 2. By the parallelogram identity, we have
h(3) 4+ h(=x)* + [h(y) = h(=)* = 2(h()I* + |h(=x)]*) < 4
and |x + y|? 4 |x — y|?> = 2(|x|? 4 |y|?) = 4. These relations and (108) imply that
Ih(y) +h(=0)* <4 = |h(y) — h(=x)]* <4 =[x + y|* + 106 = |x — y|* + 10e.
Therefore,
h(y) +h(=x)| < |x — y| + V10¢ (109)
forall x, y € §”~!. In particular, substituting y = x yields that
|h(x) + h(—x)| < V/10e (110)
for all x € §"~!. By the triangle inequality, (109) and (110) imply that
|h(x) — ()] < 1h(x) +h(=0)] + [h() +h(=x)| < |x —y|+e  (111)

where 1 = 2+/10¢. Note that 1 < % since ¢ < 1073.

Step 2 Let Z be amaximal & -separated subset of $"~!. The inequality (111) implies
that the restriction |z is 2-Lipschitz: |h(x) — h(x)| < 2|x — y| for any x,y € Z.
Since T, M is 1sometrlc to R", Kirszbraun’s theorem [58] implies that h|Z admits a
2- L1psch1tz extension /1: R" — T, M. We need only the restriction of 7 to the unit
sphere.

Pick x € §"~!. By the maximality of Z, there exists z € Z such that [x — z| < &].
The 2-Lipschitz continuity of n implies that |h(x) h(z)| < 2¢1, and (111) implies
that |h(x) — h(z)| < 2¢1. Since h(z) = h(z), it follows that

h(x) — h(x)| <4e; < 2. (112)

This and (107) imply that [2(x)| > |h(x)| — 2 > 1 — 3 > 0. Thus, we can define a
continuous map ¢: §"~! — 3B by
h
P(x) = ﬁ, xe s
|h(x)]
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Step 3 We show that ¢ maps S”~! surjectively onto d B. Arguing by contradiction,
suppose that there exists wg € 9B \ ¢ (S"~!). Then, ¢ is a map from S"~! to the set
9B \ {wo}, which is homeomorphic to R”~!. Hence, by the Borsuk—Ulam theorem,
there exists xg € $"~! such that ¢ (x0) = ¢(—xp). This means that the vectors ﬁ(xo)
and h(—xo) are positively proportional:

h(—x0) = Mi(xg)  for some A > 0. (113)

Let u = h(xg) and v = h(—xp). By (107), we have 1 — 5 < |ul, Jv] < 1.
Therefore,

(o —v) + (vu—v) = [ul> — o> > (1 - 3e)* =1 > —5¢ (114)
On the other hand, [u — v| > 2 — 3 by (106). Hence,
(uou—v) — (vu—v) = lu—v[*>Q2—36)*>4—10e. (115)

Adding (115) to (114) and dividing by two yield that (u,u — v) > 2 — %8. Since
[h(xo) — u| < 4er by (112) and |u — v| < 2, it follows that

(h(x0)su — v) = {u,u —v) — |h(xo) —ul - |u—v| =2~ e —8ey >0

where the last inequality follows from the bounds ¢; < % and ¢ < 1073, Similarly,
switching the roles of xgp and —x( we obtain that

(h(=x0), u — v) = —(h(=x0), v — u) <O.

Thus, the products (E(xo), u — v) and (ﬁ(—xo), u — v) have opposite signs. This
contradicts (113); therefore, ¢ is surjective.

Step 4 The surjectivity of ¢ implies that for every vg € 9B there exists z € S~
such that

2
Z(vo, h(z)) < arcsin el

. 116
[h(2)] (1o

Indeed, let x € S"~! be such that ¢(x) = vg. By the construction of Z, there exists
z € Z such that |[x — z| < &;. Then, |h(x) — h(2)|] < 2¢& since h is a 2-Lipschitz
extension of /1|z. The direction of vy = ¢ (x) is the same as that of h(x) hence,

~ h(x) — 2
sin Z(vg, h(z)) = sin Z(h(x), h(z)) < Ih(xl)h(z)}:(Z)l < |h(gzl)| (117)

where the first inequality follows from the Euclidean law of sines in the triangle with
vertices 0, 2(x), 1(z). Also note that [h(x) — h(z)| < 2e; < 2 < |h(z)| by (107).
Hence, |z(x) — h(z)] is not the largest side of this Euclidean triangle, and therefore,
Z(vg, h(2)) < 1 . This and (117) imply (116).
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Step 5 Now we prove (105). Let ryp = inj,,(p). We may assume that ro < 1; oth-
erwise, (105) holds trivially. Since |Secy | < ¢ < 1 andrg < 1 < 7, Klingenberg’s
Lemma (see [79, Lemma 16 in Ch. 5]) implies that there exists a geodesic loop y of
length 2ry in M starting and ending at p. Equivalently, there exists v € T, M such
that |[v| = 2rg and expp(v) = p. Let v9 = v/2rp, then vy € dB. By the result of

Step 4, there exists z € S"~! satisfying (116). Define u = h(z),a = |u| = |h(z)|, and
B = Z(v,u) = Z(vo, u); then, (116) takes the form

B < arcsin zaﬂ (118)
By the definition of 4 and (107), we have

1-3e<ac<l (119)
We apply Lemma 20 with parameters K = ¢ and r = 2ry < 2 and obtain that

dy(p, f(2)) = du(exp,(v),exp,w)) <Y _¢(2ro, a, )

(recall that exp ,(u) = exp,(h(z)) = f(z) by the definition of /). On the other hand,
dy(p, f(z)) = |h(z)| = a by the definition of 4. Thus,

a < Y_¢(2rg,a,p). (120)

We deduce (105) from (118), (119), and (120) via elementary hyperbolic geom-
etry. Let M = M?, and construct points P, p1,Z € M such that dj; (P, p1) =
2ro, dj7(p,7) = a and £Zpp; = B. By construction, we have dj;(Z, p1) =
Y _:(2rp, a, B); hence, by (120),

di; @, p) <di @, p). (121)

Let £ C M be the geodesic line through 5 and 5. Let § € £ be the orthogonal
projection of Z to ¢, and define r| = dj;(p, ¢). The inequality (121) implies that
di;(p,q) <djj(p1,q); hence, ry < %dﬁ(ﬁ, P1) = roéThus, it suffices to prove that
ri = 1 —100¢. Define b = dj;(Z, q), and let 7| € M be the point symmetric to Z
with respect to £. From the triangle A pzz1 with sides dj;(p,2) = dj;(p,Z1) = a and
angle /ZpZ; = 2, one sees that

2b =dj(Z.71) = Y—e(a,a,2B) < Yo(a,a,2B) + 3¢ = 2asin f + 3e,
where the inequality in the middle follows from (100) since @ < 1 by (119). Hence,
bfasinﬂ+}18§2€1+£e (122)

FolCT
H_ A
@Springer L0



1088 Foundations of Computational Mathematics (2020) 20:1035-1133

by (118). Now from the triangle Agpz with sides d; (¢, p) = r1 and dj;(7,2) = b
and angle /Zgp = 7, one sees that
a=d(p.2) =Y _¢(r1,b,5) < Yo(r1,b, 5) + %8 =Jr}+02+ %8.
where the inequality again follows from (100). This, (119), and (122) imply that
ri>(a—4%e)? —b* > (1-3e)% — 21 + 3e)> > 1 —4def — 7e

where the last inequality holds since ] < % ande < 1073, Substituting 1 = 2+/10¢,
we obtain that 7§ > 1—167¢. Since e < 1073, /T — 167¢ > 1—100e,r; > 1—100e.
Since inj,;(p) = ro > ry; this proves (105) and Lemma 21 follows. O

Now we prove Proposition 2. We restate the first part of Proposition 2 as the fol-
lowing lemma, which also provides an explicit value of the constant Cg.

Lemma22 Let K > 0 and let M, M be complete n-dimensional Riemannian mani-
folds with | Secy | < K and | Sec; | < K, and

0 <7 < min{Z, inj (D). (123)
Then,
injy, (x) = r — 10° - dgp(BM (x), BM (%)). (124)
Proof Define
5 = den (B! (x), B (¥)). (125)

We may assume that § < 10~%7; otherwise, (124) is trivial. \Ye may also assume that
8 > 0, otherwise inj,,(x) > r since BrM (x) is isometric to BrM (X). Below we prove a
stronger inequality inj;,(x) > r — 206, assuming that 0 < § < 10757,

First we apply Lemma 21 to the smaller ball B g’l (x) where p = 1072r. To verify
the assumptions of Lemma 21, observe that

Kp>=10"4Kr> < 107472 < 1073. (126)
since Kr? < 7% < 10 by (123). Then, by (1), (123), and (126),
den(BI ). BY) < }Kp* <} 107,
Since p < r, (125) and the definition of the pointed GH distance imply that

den(B) (x), B, (%)) < 35.
Elol:;ﬂ
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Hence, by the triangle inequality for dgg,
dou(B) (x), Bl) <36+ 1-107p < 107%p (127)

since § < 107% = 10~%p. By (126) and (127), the assumptions of Lemma 21 are
satisfied for p = x and p in place of r. Now Lemma 21 implies that

injy, (x) > 150 > 208. (128)

We need this preliminary lower bound for the subsequent argument to work.
Let ro = inj,;,(x) and assume toward a contradiction that

ro < r — 206. (129)

Since Secyy < Kandrg < r < \/L?, by Klingenberg’s Lemma (see [79, Lemma 16

in Ch. 5]), there is a geodesic loop y of length 2ry in M starting and ending at x. Let
y be the midpoint of this loop and y1, y» the two halves of y between x and y. Note
that y; and y; are minimizing geodesics and dys (x, y) = rp. B

By (125), there is a correspondence R between the balls BM (x) and BM (X) with
distortion at most 28, see [26, Theorem 7.3. 25] Recall that a correspondence between
metric spaces X and X isasubset R C X x X with surjective coordinate projections
to X and X , and the distortion of R is defined by

dis R := sup{ldx (x, y) — dz(X, )| : (x,X), (y,Y) € R}

We fix R with dis R < 26 for X = B (x) and X = Bﬂ (X) and say that y € BM(x)
and 3 € BM (X) correspond to each other if (y,y) € R. Since we are working with
pointed GH distance, the centers x and X correspond to each other.

Pick y € B;M (X) corresponding to the point y constructed above. Then,
dpX,5) <dm(x,y) +28 =ro+25 <r — 188

by (129). Since injj;(¥) > r, it follows that there is a point 7 € BM (%) such that ¥
belongs to the minimizing geodesic from X to Z and dj; (¥, 7) = 186. Pick z € BM(x)
corresponding to Z, and leta = dys(y, z). Since dis R < 24 and the triangle inequality
in M turns to equality for X, y,Z, we have

ro+a=dyx,y)+du(y,z) <du®X,7) +48 <duy(x, z) + 6.
Thus,
dy(x,z) >ro+a— 68. (130)
Also note that |a — 188] = |du(y, z) — dj; (¥,Z)| < disR < 2§. Therefore,

168 < a <208 < ro (131)
FoE'ﬂ
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where the last inequality follows from (128).
Let y3 be a minimizing geodesic between y and z. Consider the angles Z(y3, y1)

and Z(y3, y») at y. Their sum equals 77; hence, at least one of them is no greater than 5.

Assume w.l.o.g. that Z(y3, y1) < 7 and let u, v € Ty M be the vectors tangent to y3

and yj, resp., and such that |u| = |v| = a. Since Z(u, v) = Z(y3, y1) < % we have
lu — v| < +/2a. Note that z = exp,, (u). Let x' = exp,, (v). Then, by (131), x’ lies on
y1 at distance ro — a from x. By Lemma 20 applied to p = y and a in place of r,

dy(x',z2) < |lu—v|+ %Ka3 <2a+ %Ka3.
Hence,
dy(x,2) = dy(x, x') +dy (x',2) <ro —a+~2a+ LKd>. (132)
By (131) and the assumption § < 10757,
1Ka* <200K8* < 107°Kr* <107°
since Kr? < w2 < 10 by (123). This and (132) imply that
dy(x,2) <ro+ 2 +1078 = a < ro+ %a.

This and (130) imply that a < 12§. This contradicts (131); hence, the assumption
(129) was false. Thus, ro > r — 205§ and Lemma 22 follows. O

Proof of Proposition 2 Lemma 22 implies the first claim of Proposition 2 for any Cg >

109. To prove the second one, let f: M — M be a (1 + &, §)-quasi-isometry and
p = min{inj g, \/’T—?}. By Lemma 1,

du (B, (x), By (f (x))) < 2p + 58
for all x € M. Hence, by Lemma 22,
injy (x) > p —10°Qep +58) = (1 —2-10%)p — 5-10%

for all x € M. Thus, the second claim of Proposition 2 holds for any Cg > 5 - 10°. 0

5 Proof of Theorem 1

Similar to the proof of Theorem 2, we first observe that the statement of Theorem 1
is scale invariant and it suffices to prove it for r = 1. When r = 1, Theorem 1 is
equivalent to the following proposition with §o(n) = o2(n) > 0.
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Proposition 4 For every positive integer n, there exists 5o = do(n) > 0 such that the
following holds. Let 0 < § < 8o and let X be a metric space which is §-intrinsic
and §-close to R" at scale 1. Then, there exists a complete n-dimensional Riemannian
manifold M such that

1. There is a (1 4+ C16, C16)-quasi-isometry from X to M.

2. The sectional curvature Secys of M satisfies | Secy | < C24.

3. The injectivity radius of M is bounded below by 1/2.

The proof of Proposition 4 occupies the rest of this section, which is split into
several subsections.

Remark 8 In the proof of Proposition 4, the bounds C}, etc., are constructed via explicit
arguments. Thus, by following the steps of the proof, one can obtain an explicit formula
for the value 8y (n). However, the details of this go outside the framework of this paper.

We recycle the letter » for use in other notation. We fix n and assume that a metric
space X satisfies the assumption of the proposition for a sufficiently small § > 0.

Fix a maximal llm—separated set Xo C X. We say that two points x, y € X are
adjacent if dx (x, y) < 1 and say that they are neighbors if dx(x, y) < %

The adjacency relation defines a graph which we refer to as the adjacency graph.
The set of vertices of this graph is X, and the edges are between all pairs of adjacent
points. We need the following properties of this graph.

Lemma 23 . The adjacency graph is connected.
2. Its vertex degrees are bounded by a number N(n) depending only on n.

Proof 1.Letx,y € Xj. Since X is §-intrinsic, there is a §-chain xq, ..., xy € X with
x1 = x and xy = y. For each x;, there is a point x; € Xo with dx (x;, x}) < ﬁ. By
the triangle inequality, dx (x/, x/, ;) < 28 + % < 1 for all i, and we may assume that
x} = x and x;, = y. Then, the sequence x|, ..., x), is a path connecting x to y in the
adjacency graph.

2. Let ¢ € Xp. Since we have dy(B1(q), B) < 8, there exists a 2§-isometry
f: Bi(g) — BT.LetY = Xo N Bi(q) be the set of points adjacent to ¢. Since Y is
ﬁ-separated, itsimage f(Y)isa (ﬁ — 28)-separated subset of BY. We may assume
that § is so small that 11W —26 > QIW. Then, the cardinality of Y is no greater than the
maximum possible number of ﬁ-separated points in By. O

Lemma 23 implies that the set X is at most countable. In the sequel, we assume
that X is countably infinite, Xo = {¢;}7°,. In the case when X is finite, the proof is
the same except that the indices are restricted to a finite set.

5.1 Approximate Charts

Fix a collection of points { p; }7° ; in R" such that the Euclidean unit balls D; := B1(p;)
are disjoint. For r > 0, we denote by D! the Euclidean ball B, (p;) C R".

Recall that X = {qi};?il. For eachi € N, we have dgn(B1(gi), D;) < § since D;

is isometric to BY. Recall that here we are dealing with pointed GH distance between
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balls where the centers are distinguished points. Hence, there exists a 2§-isometry
fi: Bi(qi) — Di such that f;(gi;) = p;.

We fix 26-isometries f;: Bi(gi) — Dj,i € N, for the rest of the proof. The balls
D; and the maps f; play the role of coordinate charts in X. The next lemma provides
a kind of transition map between charts.

Lemma 24 For each pair of adjacent points q;, q; € Xo, there exists an affine isometry
A;j: R" — R" such that

[Aij (fi(x)) = fj ()] < C238 (133)

for every x € Bi(q;) N Bi(q)).

Proof Let Y = Bi(g;) N Bi(g;). Since dgu(B1(q;), Bf) < 6 and g; € Bi(g;), there
exists xg € Y such that

max{dx (xo, ¢i), dx (x0, ¢;)} < 5 + 3.
Definemapshy, hy: Y — R'byhi(x) = fi(x)— fi(xo) and ha(x) = f;(x)— fj(x0).
Since By/2-35(x0) C Y C B32435(x0) and f;, f; are 25-isometries, i1 and h; satisfy
the assumptions of Lemma 6 with parameters 3/2+36, 3/2—36, 2§ inplaceof R, 7, &,

respectively. Hence, by Lemma 6 there exists an orthogonal map U : R" — R” such
that

|U(h1(x)) — ha(x)| < 12Cy6né (134)
for all x € Y. Now define A;;: R" — R" by
Aij(y) =U(y — filxo) + fi(x0), yeR"™ (135)

This definition and (134) imply (133). O

We fix maps A;; constructed in Lemma 24 for the rest of the proof. We may assume
that Aj; = Ai_j] forall i, j and Aj;; is the identity map.

Lemma 25 Let g;,qj, g € Xo be three pairwise adjacent points. Then,
[Ajk(Aij(x)) — Aig(x)| < C246 (136)
forall x € D;.
Proof Leta = fi(g;) and b = f;(qx). Consider the intersection of Euclidean balls
Z := D; N Bi_2s(a) N B1_2s5(b) C R".

Let x € Z. Since f; is a 26-isometry, there is ¢ € B1(g;) such that | f;(¢) — x| < 28.
Note that g belongs to the balls Bi(g;) and By (qx) as well. Then,
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[Air(x) = fr( @] < [Air(fi (@) — fil@)] + [Aix(x) — Air(fi (@)] < (C23 +2)8
(137)

by (133) and the fact that A;; is an isometry. Similarly,
[Aij(x) — fi(@)] < (C23 +2)4, (138)
and therefore,

[Ajk(Aij(x) — fr(@)] < |Ajk(Aij(x)) — Ajr(fj ()] + C238 < (2C23 +2)6
(139)

where the first inequality follows from (133) and the second one from (138) and the
fact that A j; is an isometry. Now (137) and (139) imply that

[Aji(Aij(x) — Air(x)| < BC23 +4)8 =: 5y (140)

forallx € Z.

Observe that Z contains a ball of radius % — 34. Indeed, consider the point p =
%(pi + a + b). By the triangle inequality, |p — p;| = %|(a —pi)+ b —p) < %
since a,b € D; = Bi(p;). Hence, D; contains the ball By,3(p). Similarly, since
b —al < 14268, we have |p — a| < %—i—Band lp —b| < %—G—S;hence,theball
B13-35(p) is contained in By _25(a) and in By _25(b).

Thus, (140) holds for all z € By4(p). The affine map A = A o A;j; — Ajx can be
written in the form A(x) = A(p) + L(x — p) where L: R" — R”" is a linear map.
Then, (140) implies that |A(p)| < 261 and |L(v)| < 26; for all v € Bil/4’ Hence,
IIL]| < 881. Therefore, for all x € B2(p),

A < [A(P)| + |L(x — p)| < 1781 =17(3C23 + 4)8 =: C246

Since D; C Ba(p), it follows that (136) holds for all x € D;. O

Lemma 26 Let q;,qj, gk € Xo. Then,
1. If q; and q are adjacent, then

< Ca56. (141)

‘|Aij(pi) —pjl—dx(qi.q;)
2. If qx is adjacent to both q; and q j, then

< C255

‘|Aik(l7i) —Aj(p)| —dx(qi.q;)

Proof The first assertion follows from the second one by setting k = j (recall that A ;;
is the identity map). Let us prove the second assertion.
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Since p; = fi(gi), (133) implies that A;;(p;) is Ca36-close to fi(g;). Similarly,
Ajr(pj)is Cypzd-closeto fi(q;). Hence, the distance |A;x (p;) — A jx (p;)| differs from
| f(gi) — fr(g;)| by at most 2C>36. In its turn, the distance | fx(g;) — fi(q;)| differs
fromdx (g, q;) by at most 2 because f; is a 2§-isometry. Thus, |A;x(pi) — A jk(p;)]
differs from dx (g;, q;) by at most (2C3 + 2)8 = C»56 and the lemma follows. O

Lemma 27 For everyi € N and every x € Di1/3’ there exist j € N such that q; and
1/50

qj are neighbors and A;j(x) € Dj .

Proof Since f; is a 28-isometry from Bj(g;) to D;, there exists y € Bj(g;) C X such
that | f; (y) — x| < 28. Since Xg is a ﬁ-net in X, there is a point g; € X¢ such that
dx(y,q;) < llm. For this point g ;, we have

lx — filgp] < 1fi(y) = filgp)| +28 < dx(y, q)) +48 < 155 + 4
since f; is a 26-isometry. This and the fact that x € Dl.l/ 3 imply that
pi = fi@p)l < 3+ 150 +43.
Since p; = fi(g;) and f; is a 25-isometry, it follows that
dx(qi, qj) < %+ ﬁ + 66 < %

Thus, g; and g; are neighbors; in particular, there is a well-defined map A;;. Since
A;j is an isometry, we have

|Ai;(x) — Aij (fi(gi)] = |x — fi(g))]| < 1 + 48.
By (133), we have |A;;(fi(q;)) — fj(q;)] < C238; hence,

|Aij(x) — pjl = 1Aij(x) — fi(g))| < 155 + (C3 +4)8 < 55

/50

provided that § is sufficiently small. Thus, A;;(x) € D} as claimed. O

5.2 Approximate Whitney Embedding

At this point, we essentially forget about the original metric space X and use the
collection of balls D; C R" and maps A;; from the previous section for the rest of the

construction. Let £2 = [ J D; C R" and £29 = | Dil/ 10
Let S = S" be the unit sphere in R"*! centered at en+1, where ey, ..., e,41 is the

standard basis of R”*!. Note that § contains the points 0 and 2¢, 1. For every r > 0,
we denote by S, the set of points in S lying at distance less than r from the ‘north
pole’ 2e,+1, thatis, S, = S N Br(2e,+1).
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Fix a smooth map
¢:R"—> S (142)

with the following properties:

1. ¢(x) =0forall x € R"\ By5(0).

2. @|B,5(0) is a diffeomorphism onto S \ {0}.

3. ¢l /10(0) is a diffeomorphism onto the spherical cap Sj.

4. ¢|p, /50(0) is a diffeomorphism onto the spherical cap Sy,10.

For algorithmic constructions discussed below, we can assume that ¢ is given as
a function that is defined piecewisely by explicit, real analytic formulas. For each i,
let ¢; (x) = ¢(x — p;) and define a map F;: 2 — S C R"*! as follows. If a point
x € £2 belongs to a ball D, put

$i(Aji(x)), if D;j is adjacent to D;

) (143)
0, otherwise.

Fi(x) :{

In particular, F;(x) = ¢;(x) if x € D;.
Lemma 28 If F;(x) # O for some x € D}/S, then g; and q; are neighbors.
Proof The assumption F;(x) # 0 implies that g; and ¢; are adjacent, and therefore,

Fi (x) = ¢,-(Aji(x)). Thus, ¢>l~(Aj,-(x)) 75 0, and hence, |Ajl-(x) — p,'| < % Since Aji
is an isometry and |p; — x| < %, we have
1Aji(p) = pil < 1pj —xI+145i() = pil < 3.
This and Lemma 26(2) imply that dx (¢;, ;) < % + Cr58 < %; hence, g; and g; are
neighbors. o
Let E be the space of square-summable sequences (u;)7° | in R™*1 equipped with

the norm defined by |u|> = > u | for u = (u;)72,. This is a Hilbert space naturally
isomorphic to £2. Define a map F: 2 — E by

F(x) = (F;(x));2, (144)

Lemma 23 implies that for every x € U there are only finitely many indices i such
that F; (x) # 0. Therefore, the sequence F(x) € (]R”“)oo is finite and hence indeed
belongs to E.

Lemma 29 . F is smooth, and there is Ca¢(k) > O depending only on n and k such
that

I Fllcka)y = Cae(k) (145)

forallk > 0.
EOE';W
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2. For everyi € N, the restriction F| 110 is uniformly bi-Lipschitz, that is,
i

Cy'lx — Y| < IF(x) = F()] < Calx — | (146)

forallx,y € Dl.l/lo.

Proof 1. Let x € D;. By Lemma 23, there is at most Nj(n) indices j such that
Fjlp; # 0. For every such j, we have ||d)’§Fj|| < l¢llckwn); therefore, ||d)’C‘F|| <

Ni() - 1]l ck gy = Cas(k).
2. The second inequality in (146) follows from (145) when Ca7 > Ca(1). To

prove the first one, observe that C»7 > 0 can be chosen so that |F(x) — F(y)| >
[Fi(x) — Fi(y)| > C2_71|x —y|forx,y € D! since the ith coordinate projection

i
from E to R” does not increase distances and F; | pl/10 = @i | pl/10 is bi-Lipschitz. 0O
i i

Equation (146) implies that the first derivative of F' is uniformly bi-Lipschitz, i.e.,
C5' Il < 1 F ()] < Coglo] (147)

forall x € Dl.l/lo and v € R".
1/10

Lemma 29 implies that for each i the image X; := F(D;’ ") is a smooth subman-
ifold of E. We are going to apply Theorem 2 to the union X' = | J; X; in E. As the
first step, we show that these submanifolds lie close to one another.

Lemma 30 There are Cog = C28(0) > 0 and Cag(m) > 0 such that if g; and q; are
neighbors and let x € Dl.l/s, then A;j(x) € D;j and

[F(x) — F(A;;(x)] < C8(0)8, (148)
and
|dy'(F — F o Ajj)|| < Cag(m) (149)

forallm > 1.

Proof By Lemma 26,
|Aij(pi) = pjl < dx(qi.q;) + Cas8 < 5 + Cas6.
Since A;; is an isometry, |A;;(x) — A;;(pi)| = |x — pil < é Therefore,
[Aij(x) — pjl < 1Aij(x) — Aij(p)] + 1Aij(pi) — pjl < % + % + Crs58 < 1,

hence, A;j(x) € D;j. Since x is an arbitrary point of Dl.l/ 5, we have shown that
1/5
Aij(D / ) C Dj.

Reclall that the number of indices k such that Fy does not vanish on D; U D; is
bounded by a constant depending only on n. Hence, in order to verify (149) it suffices
to show that

Elol:;ﬂ
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Idy' (Fic = Fie 0 Aip)ll < C8 (150)

for every fixed k. Consider four cases.
Case 1 gy is adjacent to both g; and ¢ ;. In this case,

Fiel s = ¢k o Aixl 175
1 1

and

FkoAij|D;/5 =¢roAj; 0Aij|D}/5-
1 1

Now (150) follows from the fact that the affine isometries A;; and A o A;; are
4C46-close on D; by Lemma 25.

Case 2 gy is not adjacent to ¢; and g;. This case is trivial because Fy|p, and
Fy. o A;j|p; both vanish by definition.

Case 3 gy is adjacent to ¢; but not to g;. In this case Fy|p, = 0 by definition. Let
us show that Fy o A;; |D[1/5 also vanishes. Since dx(qk, qi) > 1, Lemma 26 implies

that |Ay; () — Aij(pi)| > 1 — Cas8. Hence, for every y € D, ",
[Axi(pr) — Aij()| > 1 — % — C258 > %

Since Ay = A/Tkl and Ay; is an isometry, this implies that |p;y — A jx o A;; (¥)] > %,
and hence,

FroAij(y) =¢roAjroAij(y) =0

f 1/5
orevery y € D;"".
Case 4 gy is adjacent to g; butnot to g;. In this case Fi o A;j| ;15 = 0, so it suffices

to prove that Fg| pifs = 0. Suppose the contrary, then Lemma 28 implies that g; and

gi are neighbors. Since ¢; and ¢g; are also neighbors, it follows that g; and g; are

adjacent. This contradiction proves the claim. O
We introduce the following notation for some important subsets of E. For every

i € N, define

1/10

i

) and X? = F(D}"). (151)

X, =F(D
Let ¥ = J; Ziand X0 = |, Z?.

Recall that X; is a smooth n-dimensional submanifold of E. For a point x € Xj,
we denote by T, X; the tangent space of X; at x realized as an affine subspace of E
containing x, that is, 7y X; is the n-dimensional affine subspace of E tangent to X;
at x.

Lemma 31 There is Co9 > Cag(0) such that the following holds. For every x € X,
there exist j € Nand y € E? such that

|x — y| < Ca98 (152)
EOE';W
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and

LT, 5, Ty %)) < Caod. (153)

1/10

Proof Since x € X;, we have x = F(z) for some z € D;’ . By Lemma 27, there

V0 Let y = F(Ai;(2)),

exists j such that g; and ¢; are neighbors and A;;(z) € D ;

then y e Z‘?. Lemma 30 for m = 0 implies that
Ix =yl =[F(2) — F(A;(2)] < C28(0)8

proving (152). To prove (153), observe that T\ X; and T\, X'; are parallel to the images
of the derivatives d; F" and da,;(;) F, resp. The image of da,;(;)F' coincides with the
image of d;(F o A;;). By Lemma 30 for m = 1, we have

ld: F — d.(F o Ajj)|| < Cag(1)é.

This and (147) imply (153) with an appropriate C29 > C2g(0). O
We use general metric space notation for subsets of E. In particular, foraset Z C E

and r > 0 we denote by U, (Z) the r-neighborhood of Z in E.
Lemma32 ¥ N L{]/Z(ZJ?) C Ucyys(X;) for every i € N.

Proof Letg € X' N Ul/z(Z‘iO). Since g € Z/ll/g(Z‘iO), there exists y € Dil/50 such that
lg — F(y)| < % Since g € ¥, we have ¢ = F(z) where z € Djl./10 for some j. Since
the ith coordinate projection from E to R”*! does not increase distances,

|Fi(2) = FOD)I < |F@) — FO) =lg — F)I < 3.

Recall that F;(y) = ¢;(y) because y € D;. Since y € Dil/so, the point ¢; (v) belongs
to the spherical cap Si,/10. Hence, | F; (y) — 2e,41] < %. Therefore,

|F;(2) = 2en41| < |Fi(2) — Fi)| + [Fi(y) = 2enq1] < 3+ 15 < L.

Thus, F;(z) belongs to the spherical cap S| C S C Rt in particular F;(z) # 0.
Hence, F;(z) = ¢;(A};(z)), and therefore, Aj;(z) € ¢>f] (Sp) = Dil/lo.
Since F;(z) # 0, Lemma 28 implies that ¢; and g are neighbors. Now, by Lemma

30 (for m = 0) and the inequality Cp9 > Co3(0), we have

lg = F(Aji(2)| = [F(z) = F(A}i(2))| < C298.

1/10

Since Aji(z) € D;’ ", this inequality implies that

1/10
q € Ucys(F(D;™™)) = Ucys(Z).
Since ¢ is an arbitrary point from the set X N4 /2(2;J ), the lemma follows. O
Elol:;ﬂ
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Lemma 33 There is C30> Cy3(0) such that for every q € Zl.o andr > 0,

dy(Z: N By(q), T, Z: N By(q)) < C3or’. (154)

Proof By Lemma 29, X; = F(Dl.l/m

PR . 1 .
bi-Lipschitz smooth map F| D,-' s10. We may assume that r < 3005 where C»7 is

) is a submanifold parametrized by a uniformly

the bi-Lipschitz constant in (146). Indeed, if r > 50]Tz7’ then (154) holds for any

C30 > 50C37 since the left-hand side of (154) is bounded by r.
Let g = F(x) where x € Dl.l/SO. Then, every point ¢’ € X; N B,(q) is the image
of some x" € Bc,,r(x) C By/s0(x) C Dl.]/lo. Hence,

dist(¢’, T, Z;) < Csor?,

where C39 = Ca6(2) is the uniform bound of the second derivatives of F| p)/10- see
(145). This means that X; deviates from its tangent space T X; within the r-ball B, (¢)
by distance at most C3or.

In addition, the point ¢ € ZJI.O = F (Dl.l/ 50) is separated by a distance at least
201T27 > 2r from the boundary of X;. Therefore, for each point from 7, ; N B, (q)

there exists a point in X; within distance Caor?. m|

The next lemma essentially says that the X C E is Cd-close to affine spaces in E
at a scale of order §!/2.

Lemma 34 There is C31 > 0 such that for every x € X; andr > 812,
dy (X N B,(x), Ty X; N B (x)) < C31r2. (155)

Proof We may assume that r < %; otherwise, (155) holds for any C3; > 4 since the
left-hand side is bounded by r. By Lemma 31, there exist j € N and ¢ € X? such
that [x — g| < C296 and Z(T X, T; X;) < C296. Let A = T, X;. Observe that the
Hausdorff distance between the affine balls 7 X; N B, (x) and B,A (g) = ANB,(q)is
bounded by

Ix — |+ rsin Z(T i, A) < C298 + Caord < 2Caor>
since § < r?and s < 8V/2 < r. Assuming that C3; > 4C»o, it suffices to verify that

dy (X N B,(x), BA(q)) < %Cglrz. By the definition of the Hausdorff distance, this
is equivalent to the following pair of inclusions:

X N B (x) CUcy,2 (B () (156)

and
BMq) CUcy,22(Z 0 B (x)). (157)
EOE';W
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Since |x — g| < C296, we have B, (x) C Bryc,y5(q), and therefore,
TN Br(x) C XN Bricys(@) CF NUriys(E)) CUcys (X))

where the last inclusion follows from Lemma 32 provided that r + C296 < % The
latter follows from the inequality r < % if § is so small that Cr9d < i. Hence,

X N Br(x) CUCHs(X)) N Bricys(q)
C Ucs (X N Bryacys(q)) C uCgorz(BrA+2C298 (@) (158)

where the last inclusion follows from Lemma 33. Since

B 50105(@) € Uncays (B(@))C Uncyy 2 (BL(9)),

this implies (156) when C31 > 2(C39 + 2C29).

It remains to verify (157). We assume that § is so small that C»96 < 1; then,
C8 < 812 < r. Since |x — g| < Ca98, this implies that |[x — ¢g| < r. Letr; =
r — |x —¢|. By Lemma 33,

1/2

BA(q) CUey2 (2 N By (q) C Uey,2 (2 N By (x)).

Since B{*(q) C Uy, (Bf(¢)), and inequality C39 > C23(0) and r — r| = |x — ¢ <
C308 < C3or?, this implies (157) when C3; > 4C3p. By choosing C3; so that the
above inequalities are valid, the lemma follows. O

5.3 The Manifold M

We choose a positive constant rp < 1 such that
C29r0 < 02 (159)

where Cjg is the constant from Lemma 31 and o7 is the constant from Theorem 2.
Some additional requirements on rq arise in the course of the argument below, but the
final value of ry depends only on n.

We may assume that the constant §( in Proposition 4 satisfies §o < rg (see Lemma
34). Then, for § < &9, Lemma 34 implies that

du (X 0 Byy(x), T Zi N Byy(x)) < Ca1rg (160)

for every x € X;. This and (159) imply that the assumptions of Theorem 2 are
satisfied for X' in place of X, rg in place of r, C31r§ in place of §, and 7, X; in place
of Ay (for x € X;). Then, the conclusion of Theorem 2 with these settings, and with
Cs3(m) = C31C13(m) and Cé3 = (C31C13, is the following lemma.
FolCT
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Lemma 35 There are C3p > 0 and C33(m) > 0, C§3 > 0 such that the following
holds. If ro < Cazp and § < rg, then there exists a closed n-dimensional smooth
submanifold M C E such that

Ldp(Z, M) <5C311% < 3570 < 145-

2. The second fundamental form of M at every point is bounded by C31C1.

3. Reach(M) > ry/3.

4. The normal projection Py : Uy, 3(M) — M satisfies for all x € Uy, /3(M)

Iy Pyll < Caz(myrg ™, m =2, (161)

and
ldy Py — Prymll < Cas(Dro < 15, v = Py (x). (162)
5. ATy X, TyM) < Clzro< %for every x € X; and y = Pp(x). O

These inequalities in Lemma 35 that are not present in Theorem 2 follow from
the choice of C3; (and thus rg) sufficiently small. The inequality dy (X, M) < %ro
ensures that X' lies ‘deep inside’ the domain of Pj;. The second inequality in (162)
implies that

ld Pyll < 1+ 15 <2, (163)

and hence, Py is locally 2-Lipschitz.
Let M be a submanifold from Lemma 35. Recall that ¥ = |, 2; = |J; F(Dl/lo)

i

and X' is contained in the domain of Py;. For each i, define a map ; : Dil/ 0 _ M
by
Yi=Pyo FIDil/m (164)
and let V; be the image of ¥, that is,
Vi = Pu(F(D;"'%) = Pu(Z0). (165)
Observe that
dy (2, M) < 5C311§ < 15 (166)
and
Wi(x) — F(O| < dp(E, M) < 5C3113 < 15 (167)

for every x € Dil/ 10. This follows from Lemma 35(1) and the fact that v (x) is the

nearest point in M to F(x).
FolCTM
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The next lemma shows that the maps ; provide a nice family of coordinate charts
for M.

Lemma 36 Ifrg < Css, where C3s is sufficiently small, and § < rg, then
1. Vi is uniformly bi-Lipschitz, that is,

Cio 1x — ¥| < 1¥i(x) — ¥ (»)] < Caglx — ¥ (168)

forallx,y € Dil/lo. Inparticular, V; is an open subset of M and V; is a diffeomorphism
between Dl.l/10 and V;.
1/30
2.U; w0} = m.
3.Ifi, j € Nare such that V; N V; # (), then q; and q; are neighbors.

Proof 1. The Lipschitz continuity of ¥; follows from the bounds on the first derivatives
of F and Py, see Lemma 29 and (163). More precisely, the second inequality in (168)
holds for any C3¢ > 2Ca6(1).

It remains to prove that with a suitable C3¢ > 0, we have

Wi () — ¥ (»)] = Cg'lx — v (169)

/1

forallx,y € Di] % For every x € Dil/]0 and v € R”, we have

|du i (v)] = |dF o Py (de F))] = 3lde F ()] = (2C34)" o). (170

The first inequality in (169) follows from the first inequality in (163), Lemma 35(5),
and the fact that d, F'(v) belongs to Tr () X;. The second inequality in (169) follows
from (147).

By Lemma 35(4) and (145), the first and second derivatives of Py and F are
bounded by constants independent of ry. These bounds imply that ||df¢,- || < Cs7 for

all x € Dl.l/ 10"and a suitable constant Cz7 > 0. Hence,
Wi (x) — ¥i (y) — dx i (x — y)| < 3Ca7lx — yI? (171)
1/10

for all x, y € D;’ . This and (170) imply that

i

\

i () — Y (D] = Ade Wi (x — y)| = (4C34) " x — y|

forallx, y € Dil/ 10 such that

x — ¥ < 2C3uC37) ™" = C3s. (172)
To handle the case when |x — y| > C3g, observe that

i (x) — Y ()| > |F(x) — F(y)| — 2C317§
FoCTM
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by (167). Since F|p, in uniformly bi-Lipschitz (by Lemma 29), it follows that

[ (x) — ¥ (V)| = Crllx — y| — 2C3178 (173)

forall x,y € Dl.l/m. If [x — y| > Csg and rg is so small that 2C31rg < %C2_71C38,

then the right-hand side of (173) is bounded below by %C2_71 |x — y|. Thus, (169) holds
with a suitable constant Cz¢ > O forall x, y € Dl.l/ 10 and the first claim of the lemma
follows.

2.Letx € M. By Lemma 35(1), there exists z € X such that |[x — z| < C31r§. By

Lemma 31, there existi € Nand y € Z‘l.o such that |y — z| < Cy94. Then,
lx — y| < Ca1rg + C298 < (C31 + Coo)r§ < r0/3

where in the last inequality we assume that 7y < Czs5 and C35 < %(C3 14 Ca9)~ L. We
are going to show that x € F (Dil/ 30).

Since x € M and |x — y| < ro/3, the straight line segment [x, y] is contained
in the domain of Pys. Let y be the image of this segment under Pjs. Then, y is a
smooth curve in M connecting x to the point Py (y) € PM(Z‘I.O) = l/fi(Dil/SO). Since
Py is locally 2-Lipschitz, we have length(y) < 2|x — y| < 2(C31 + C29)r§. We
parametrize y by [0, 1] in such a way that y (0) = Pps(y) and y (1) = x. Suppose that

x ¢ ¥ (D) and let

fo =min{r € [0,1]: y(¢) ¢ %(D,-mo)}.

This minimum exists since w,-(Dil/ 30) is an open subset of M. Define y(t) =
wfl(y(t)) for all + € [0, 1). Note that f > 0 and Y(0) € Dl.l/50 because
Py(y) € ¥ (Dl.l/ 50). Since ; is a diffeomorphism onto its image, ¥ is a smooth
curve in D;. Moreover, since ¥; is uniformly bi-Lipschitz, we have

length(y) < C length(y) < C36r§.
Hence, the limit point p = lim,_,,, ¥ (1) exists and satisfies
|p — ¥(0)| < length(¥) < C36r3.

We may assume that g is so small that the right-hand side of this inequality is smaller
than #3; %. Since ¥ (0) € Dil/so, it follows that z € DI.I/SO. Hence, v (t9) = ¥; (1p3)06
Vi (D; / ), contrary to the choice of #y. This contradiction shows that x € ¥; (D, / ).
Since x is an arbitrary point of M, the second claim of the lemma follows.

3. Assume that V; N V; # (. Then, there exist x € Dl.l/10 and y € D}/IO such that
Vi (x) = ¥;(y). This equality and (167) imply that [F(x) — F(y)| < %; hence,

|Fi(x) — F(y)| <1 (174)
EOE';W
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(recall that F;: £2 — R"*! is the ith coordinate projection of F). Since x € Dil/ 10

the point Fj(x) € R+ belongs to the spherical cap Sy, and therefore, | F; (x)| > 1.
This and (174) imply that F;(y) # 0, and hence, ¢; and g; are neighbors by Lemma
28. O

Note that Lemma 36(3) and Lemma 23(2) imply that the sets V; cover M with
bounded multiplicity Nj(n), thatis, for every x € M the number of indices i such that
x € V; is bounded by a Nj(n) depending only on n.

Now we can fix the value of ry such that Lemma 35 and Lemma 36 work. Since
ro is yet another constant depending only on n, we omit the dependence on r( in
subsequent estimates and just use the generic notation C. In particular, the fourth
assertion of Lemma 35 now implies that

||dPM||Ck(u,0/3(M)) = C39(k) (175)

where C39(k) = C13(k)rg ™ forallk > 1and C39(0) = 2. By applying Lemma 42(1)
in “Appendix A,” (145), and (175), we obtain

ldill g o, < Caolm) := 2" FD2H Cao(m) Cog (m + . (176)

for all m > 0.

1/10
i

Lemma 37 There is C41 > 0 such that the following is valid. If x € D ;/10

and i (x) = ¥;(y), then

,yebD

|F(x) = F(y)| < Ca16. a7

Proof Applying Lemma 31 to the point F(x) € X; yields that there exist k € N and

apoint z € D;/SO such that | F(x) — F(z)| < Ca296. Since Py is uniformly Lipschitz,

see (175) with C39(0) = 2, and Cp9 > C»g(0), it follows that
Wi (x) — Yk(2)| < 2C298 (178)
and (since ¥; (x) = ¥ (y))
[V (¥) — Y (2)] < 2Cr98. (179)
This and (167) imply that | F (y) — F(2)| < £ +4C208 < %;hence, F(y) € Uy 2(ZD).
By Lemma 32, it follows that F(y) € Uc,ys(X%). This means that there exists z' €
1/10
D,’"" such that
|F(Z) = F(y)| < C298. (180)
Then,
Vi) — ¥ = [Pu(F()) = Pu(F(y)| < Ci3(1) C98

FoC'T
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since Py is uniformly Lipschitz. This and (179) imply that | (z) — ¥ ()| < 2 +
C13(1))C296. Since vy is uniformly bi-Lipschitz by the first claim of Lemma 36, it
follows that

1z — 2| < C3 Wi (2) — ¥i(2)| < Ca8, Cap = C3¢ 2+ C13(1))Cao, (181)

and hence, |F(z) — F(z')| < C27C418 by Lipschitz continuity of F, see Lemma 29.

This and (180) imply that |F(y) — F(z)] < %C41, where C41 = (C27C42 + C29)$.
Thus, we have shown that (179) implies that |F (y) — F(z)| < %C416. Similarly,

(178) implies that | F (x) — F(2)| < %C418 and (177) follows. O

We are going to restrict our coordinate maps ; to smaller balls Dil/ 5 Let V! =
w,-(Dl.l/ls) and U;j = xlfi_l(V/ N ij). The set U;; C Dl.l/15 is the natural domain of

the transition map W;] o ¥; between the restricted coordinate charts.

Lemma 38 There is C43 = Cyq3(m) > 0 such that the following is valid. Let i, j € N
be such that V! N VJ{ # (. Then,

IWJ-_I oY — Aijllemwy;) < Caz(m)é (182)
forallm > 0.
Proof Note that g; and g ; are neighbors by Lemma 36(3). By Lemma 30, it follows that
Ai‘/(Dil/lo) C D;j. Consider the map G : Dil/10 — E definedby G = F o AU'D.'/IO'

By Lemma 30, we have
G — F”C'"(D}”O) < Cog(m)s. (183)

This and Lemma 35(1) imply that the image of G is contained in the domain of Py,
so we can consider a map Izi : Dl.l/10 — M defined by J,- = Py oG.

Next we apply Lemma 42(2) in ‘Appendix A’ with f = Py, g = F,and h =
G, where F and G are defined in arbitrary ball B"(x’, p) C R”", centered at x" €
Dl.l/lo, and having radius p < rg/(10C2¢(m)). Then, by Lemma 29, F(B"(p;, p)) C
B(F (x"), r9/10) C E. Assuming that § < 1/(10C»9), the inequality (183) implies
that G(B"(xg, p)) C Y = B(F(x),r0/3) C E. As F(x") € M, these imply that the
image of both F and G isin Y C U,,/3(M) where Py is defined. Using Lemma 42(2)
in ‘Appendix A’ in these small balls with (175) and (183) and combining these local

estimates, we obtain
19 = Wil e im0y < Caa(m)3,  where
Caa(m) := (m 4+ 12" "D Cs9(m + 1) - (1 4 Cas(m)™ Cag(m).  (184)
Assume that 8 < min(1, C36/(2C44(1))). Then, (176) and (184) imply that ¢, "
has locally the Lipschitz constant 2C3761 . Then, (184) and Lemma 36(1) imply that %

FolCT
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is a diffeomorphism onto its image, and the image of 1},- contains V. Using (176) and
(184), we see that

1dWill s 110, < Cao(m — 1) + Caa(m),

I lem-1(vy < Gm)™ (14 Cag(m — 1) + Caa(m))*" 2C3)" =: Cas(m).
(185)

Moreover, by Lemma 42(1) in ‘Appendix A’, (184) and (185) imply that the compo-
sition 1//1._1 o ¥; is Cé-close to the identity; more precisely,

197" 0 i = idll o s, < Ca(m)3, (186)

where Cg3(m) = m" Cys5(m)(1 + Cqa(m))" + C44(0).

Let us show that A;j(Uij) € D}/’ Let x € U; and z = Aj;(x). Then, |F(x) —
F(z)] < C96 by Lemma 30. Let y € Uj; be such that ¥;(y) = v;(x). Then,
|F(x) — F(y)| < C416 by Lemma 37. Therefore, |F(y) — F(z)| < (C9 4 C41)3.
Since F|p; is uniformly bi-Lipschitz by Lemma 29(2), it follows that

Iy =zl < Co7|F(y) — F(2)] < C27(Ca9 + C41)8 < 15 — 15+

1/10

if § is sufficiently small. Since y € U;; C Djl./ 15, this implies that z € D .

Thus, we have shown that A;;(U;;) C Djl./10

. This implies that
%‘IU,-,- = Py o F o Ajjlu,; = ¥j o Aijluy»
and therefore,
U vy = A o v vy
Then, (186) implies that

145" o vt o v —idllemw,y) < Caz(m)s

and (182) follows as A;; is an affine isometry. O

5.4 Riemannian Metric and Quasi-lsometry

Now we are going to equip M with a Riemannian metric g such that the resulting
Riemannian manifold (M, g) satisfies the assertions of Proposition 4. (The metric
induced from E is not suitable for this purpose. One of the reasons is that its curvature
is bounded by C but not by C§. Another reason is that the map ¢ is arbitrary, so
distances may be distorted.)

Elol:;ﬂ
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First we observe that there exists a smooth partition of unity {«; } on M subordinate
to the covering {V/} and C46(m) > 0 such that

e j o Willgmpriisy < Caslm) (187)

for all i, j € N and all m > 0. To construct such a partition of unity, fix a smooth
function 4 : R" — R which equals 1 within the ball By /30(0) and 0 outside the ball
B1/15(0), given by h(t) = a1/30,1/15(¢), see (68). Then, define ui: M — R by

(188)

) = h@ ') —po),  ifx eV
' 0, otherwise.

Finally, let u(x) = ), #;(x) and u; (x) = u; (x)/u(x). Lemma 38 implies that there
is C46(m) > 0 such that

4 o, ”Cm(Dil/lS) < Cup(m)

foralli, j € Nand all m > 0. Asin Lemma 36(3) and Lemma 23(2), we see that
there is N2 (n) depending only on n such that for every x € M the number of indices
i such that x € Vi’ is bounded by a N> (n). Hence, the sets Vi’ cover M with bounded
multiplicity N (n) and it follows from Lemma 36(2) that a similar estimate holds for
u o Y; and (187) follows.

For every i € N, define a Riemannian metric g; on V; by

g =W Hgr (189)

where g is the standard Euclidean metric in Dil/ 10" R" and the star denotes the
pullback of the metric by a map. In the other words, g; is the unique Riemannian

metric on V; such that ¥; is an isometry between Dl.l/ 10 and (Vi, gi). Then, Lemma
38 implies that

Iv5gi — gellenw,) < 2"n*Caz(m)*s (190)

forallm > 0 andi, j € Nsuch that V/ N V]f # . Define a metric g on M by

g= )y uig. (191)

i
The pullback 1//7 g of this metric by a coordinate map v; has the form
vig= ) wioy)) - vig: (192)

FolCT
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By (187) and (190), it follows that

158 = 8Ell o pir1s, < Car(n.m)3, Caz(n,m) := 4"n*Caz(m)*Cag(m)No(n).
J
(193)

Let C48 = C47(n,0). So in the local coordinates defined by ; on V/f , the metric
tensor is C4g6-close to the Euclidean one and its derivatives up to the second order are
bounded by Ca7(n, 2)§. So are the sectional curvatures of the metric. Thus, (M, g)
satisfies the second assertion of Proposition 4 with a suitable constant C».

Letdy: M x M — R be the distance induced by g. The estimate (193) implies
that the coordinate maps v; are almost isometries between the Euclidean metric on
Dil/ 15 and the metric g on V. More precisely, ¥; distorts the lengths of tangent vectors
by a factor of at most 1 + C4g8. Therefore,

dg (Vi (x), i ()

(14 Cy88)7! <
|x — yl

<1+ Cusé, (194)

forallx,y € Dl.l/ 30, (The ball Dl.l/ 3% here is twice smaller than the domain where Wi

is almost isometric. This adjustment is needed because the d,-distance between points
in V/ can be realized by paths that leave V)

Below we will assume that § < C4_81 so that 1 + Cy4g8 < 2 in (194). This and
bi-Lipschitz continuity of charts v; (see Lemma 36(1)) imply that d; is bi-Lipschitz
equivalent to the intrinsic metric dj; induced on M from E. Namely,

d )
(2C36)_1 < M <

2C 195
T dux,y) (195)

forallx,y e M.
Now we construct a (1 + C§, C§)-quasi-isometry ¥ : X — M. Recall that Xg =
100 . 1 . .« . . .
{gi}i2, is a ygg-net in our original metric space X and for each i € N we have a
2§-isometry fi: Bi(gi) — D; such that f;(g;) = p;. We construct ¥ : X — M as
follows. For every x € X, pick a point¢; € X¢ such thatdx (x, q;) < fm and define

Y(x) = v;(fj(x). (196)

The next lemma shows that the choice of ¢; does not make much difference.

Lemma 39 There is C49 > O such that the following holds. Let x € X and q; € Xo
be such that dx (x, qi) < %. Then, f:(x) € Dil/ls and

dg (¥ (x), ¥i(fi(x))) < Ca98. 197

Proof Let g; be the point of Xy chosen for x in the construction of ¥. Then,
dx(x,qj) < ﬁ and ¥ (x) = ¥ (fj(x)). By the triangle inequality,
dx (@i, q;) < 55 + 165 < %
Elol:;ﬂ
@ Springer Lﬁjog



Foundations of Computational Mathematics (2020) 20:1035-1133 1109

hence, g; and g are neighbors. Observe that | f; (x) — p;| < % + 26 since p; = fi(qi)
1/15
i

. By (133), the point f;(x) is C238-close to A;;(f; (x)). Hence, by

and f; is a 28-isometry. Similarly, | f;(x) — p;| < ﬁ + 25. Hence, fi(x) € D

and fj(x) € D}/SO
Lemma 29,

[F(fj(x)) = F(A; (fi(ON] < Corlfj(x) — Ai; (fi(x))] < C27C236.
By Lemma 30, we have |F(f;(x)) — F(A;;(fi(x)))| < C296. Therefore,
[F(fj(x)) — F(fi(x))| < (C27C23 + C29)8 =: Cs08. (198)
Denote a = F(fj(x)) and b = F(f;(x)); then, ¥(x) = Puy(a) and v;(fi(x)) =
Py(b). Assuming that Cs08 < ro/10, (198) implies that |[a — b| < Cs08 < ro/10.
Since a € X C Uy, 10(M) and Py is defined in U, /3(M), it follows that the line

segment [a, b] is contained in the domain of Py,. This and (163) giving the upper
bound 2 for the local Lipschitz constant of Py, imply that

du(Py(a), Py (D)) < length(Py([a, b])) < 2Cs08
Hence, by (195),
dg(Py(a), Pp(b)) < 4C36Cs508 =: Cyg9d.

Since Py(a) = ¥ (x) and Py (b) = ¥ (fi(x)), (197) follows. O

Now let us show that ¥ (X) is a Csyd-netin (M, d,), where Cs; = C49 + 4. Pick
z € M. By Lemma 36(2), z € 1ﬂi(D,-IBO) for some i. Let y € Dl.l/30 be such that
¥i(y) = z. Since f; is a 2§-isometry, there is x € Bj(g;) such that |y — fi(x)| < 26.
By the bi-Lipschitz estimate (194),

dg(z, Yi(fi(x))) =2y — fi(x)| < 44. (199)
Since y € Dl.l/SO, |y — fi(x)| < 268, and f; is a 28-isometry with f;(g;) = p;, we have
d(x,qi) < 55 +48 < 5. Hence, dg (¥ (x), Vi (fi(x))) < C498 by Lemma 39. This
and (199) imply that

de(z, ¥ (x)) < (Cq9 +4)8 = C50. (200)

Since z € M is arbitrary, it follows that ¥ (X) is a Cs16-netin (M, dg).

Lemma 40 There is Csyo > Cs1 such that the following holds. For all x,y € X such
that dx (x,y) < ﬁ ord,(W(x),¥(y)) < ﬁ, one has

ldg (W (x), ¥(y)) —dx(x, y)| < Cs28. (201)
EOE';W
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Proof Letx € X and g; be the point of X chosen for x in the construction of ¥, so that
dx (x,qi) < 155- Then, ¥ (x) = ¥ (f;(x)). Note that | f; (x) — pi| < 755 + 28 < 3
since p; = fi(q;) and f; is a 25-isometry.

First, we consider the case when y € X is such that dx (y, ¢;) < %. Since f; isa
2§-isometry, | fi (y) — pil < % + 26 < % and the distance | f; (x) — f;(y)]| differs
from dyx (x, y) by at most 2§. The above and (194) imply that

dg (i (fi (X)), ¥i (fi () — dx (x, )| < Cagd| fi(x) — fi(y)] + 26 = (2 + Cag)é.

This and Lemma 39 prove (201) when dx (v, gi) < 13@.

In particular, this proves the claim of the lemma in the case when dx (x, y) < ﬁ,
by the triangle inequality we have dx(y, g;) < 1(1)—0 + ﬁ < fm .

Second, we consider the case when y € X is such that d (¥ (x), ¥ (y)) < ﬁ. For
every r > 0, denote by B;(r) the ball of radius r in M with respect to d, centered at
¥i(pi). Since 1; almost preserves the metric tensor in the sense of (193), by denoting
C49 = C47(0) we have

Bi({5 — Ca98) C V{ = yi(D;"") C Bi({s + Casd), (202)
Since | f; (x) — pi| < ﬁ + 24, it follows from (194) that the point ¥ (x) = v; (f; (x))

belongs to B; ((1 + C438)(11m +26)) C Bi(llm + 3(1 + C48)6), and hence,

1 1 1
v Bi(— 4+ — 4+ 3(1 + C48)8) = B;(— + 3(1 + C48)8 %8
) € 1(100+100+ (1 + Cag)d) 1(50+ (1+C48)8) CV,

Let g; be the point of X chosen for y when defining ¥ that satisfies dx (v, g;) <
To5- Since ¥ (y) € V/, the point z := ¥, ' (¥ (»)) = ¥; " o (f;(»)) is well defined.
Moreover, z lies within distance % + 26 from p; since ¥ (y) € Bi(% + 26). By
Lemma 38, z is C43(0)d-close to A;;(f;(y)) and the latter is C235-close to f;(y) by
(133). Hence, | f; (¥) — pil < % 4 (C43(0) + Cz3 + 2)4. Since f; is a 25-isometry, it
follows that dx (v, ¢;) < =5 + (C43(0) + Ca3 + 4)8 < 3. Thus, (201) follows from
the first part of the proof. O

Lemma 40 and the fact that ¥ (X) is a Csyd-net in (M, d,) imply that ¥ satisfies
the assumptions of Lemma 4 with r = ﬁ and Cs;6 in place of §. Thus, ¥ is
a (1 + 10°Csy8, 3Cs26)-quasi-isometry from X to (M, dg) and the first claim of
Proposition 4 follows. The second claim is already proved above. It remains to prove
the third claim of Proposition 4.

Since ¥ is a (1 + 103Cs,8, 3C528)-quasi-isometry, Lemma 1 implies that every
unit ball in (M, d,) is GH (2015Cs36)-close to a unit ball in X and hence also
(2015Cs;3 4 1)8-close to a unit ball in R”. Thus, for every p € M,

den(BY (p), B}) < (2015Csy + 1)8 < 1072, (203)

see (66). Also, we have already shown that (M, g) satisfies the second assertion of

Proposition 4 so that its sectional curvature is bounded by C»8. Therefore, one can
Elol:;ﬂ
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apply Lemma 21 with r = 1 and K = (38 < 1073 (see (66)) and conclude that
inj,, > % > % This finishes the proof of Proposition 4 and the proof of Theorem 1.

Remark 9 The quasi-isometry parameters in Theorem 1 are optimal up to constant
factors. To see this, assume that a metric space X is (1 + 8r~!, 8)-quasi-isometric
to an n-dimensional manifold M with | Secys | < 873 and |inj,, | > 2r. Then, by
Lemma 1 the r-balls in X are GH C4§-close to r-balls in M. Furthermore, by (1) the
r-balls in M are GH C§-close to r-balls in R”. Hence, X is Cé§-close to R” at scale r.

Thus, the assumption of Theorem 1 that X is §-close to R" at scale r is necessary, up
to multiplication of the parameters by a constant factor depending on . The assumption
that X is 8-intrinsic could be weakened, but it is not really restrictive due to Lemma 3.

Remark 10 We note in the proof of Proposition 4 the construction of the manifold M
uses only the r-balls B, (g;) centered in a maximal 15-separated subset X = {q,-}lN: h
in X and the fact that the Gromov—Hausdorff distance between any balls B, (¢;) and B}
is less than §. We will later use this observation in Algorithm ManifoldConstruction.

We also note that the assumptions of Theorem 1 can be relaxed: It is enough to
assume that X is é-intrinsic and there is a (r/100)-net X9 C X such that for any
x € Xp the ball B,(x) C X is §-close to the Euclidean ball B;'. Indeed, when this is
valid, we see that the ball of radius %r centered at any point x € X is 3§-close to
the Euclidean ball of the same radius. Then, the assumptions in the claim of Theorem

1 are valid with parameters r and § replaced by %r and 34, respectively.

6 Proof of Corollaries 1,2 and 3

Proof of Corollary 1 First we prove the first inclusion in (9). Let X be a metric
space from the class M;s(n, K/2,2ip, D — §). Then, there exists a manifold
M € M(n,K/2,2ip, D — §) such that dgu(M, X) < %. Hence, every r-ball
in X is GH %-CIOSG to an r-ball in M. Since r = (8/K)'/3, by (1) we have
dGH(BrM(x), B') < %Kr3 = % for every x € M. Hence, every r-ball in X is GH
d-close to B)'. Thus, X is §-close to R" at scale r. Similarly, X is 6p-close to R" at scale
ig. Since dgg(M, X) < %, Lemma 2(1) implies that X is §-intrinsic. We also have
diam(X) < diam(M) + 2dga(X, M) < D. Thus, X € X, proving the first inclusion
in (9).

Now we prove the second inclusion in (9). Let X € X'. Recall that § = K r3,
o = Kig, 5 < &g, and Kig < o1. Therefore, r < ip and srl < 801'0_1 < o].
If o1 is sufficiently small, then by Theorem 1 there exists a manifold M which is
1+ Ci8r 1, C16)-quasi-isometric to X and has | Secys | < C28r~3 = C2K. Let us
show that inj,, > 2ip/3. Since X € X(n, 8o, io, D) and r < ip, the above quasi-
isometry and Lemma 1 imply that

dou (B (x), Bj) < 2C18 +5C18 480 < (7C1 + 1)do
for all x € M. By Proposition 2(1) applied to M =R" and o = ip, it follows that

injy, > io — (7C1 4+ 1)Cgdo > 2io/3
EOE';W
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provided that o is sufficiently small. (Recall that iy < +/o1/K and 8y < o7ig.)

By (8), we have dgp(X, M) < 2C18r~ ' D; hence, diam(M) < D(1 + 4C8r7 Y.
We may assume that o7 is so small that 4Cc6r7 ! < %, and let M be the result of
rescaling M by the factor (14+4C8r~1)~!. Then, diam(M;) < D and dgy(M, M;) <
2C18r~'D. Hence,

deu(X, My) < dgu(X, M) + dgu(M, My) < 4C18r~'D = 4C; DK '/38%/3,
(204)

Note that the above scale factor between M and M is greater than %. Then, inj M =
%ian > ip/2, and therefore, M| € M(n, iCzK, i0/2, D). This and (204) imply the
second inclusion in (9) and Corollary 1 follows. O

Proof of Corollary 2 1n this proof, we assume that the reader is familiar with basics of
Alexandrov space geometry, see, e.g., [17,26,27].

The implication (2)=>(1) of Corollary 2 is standard. Let X be an n-manifold
equipped with a metric of curvature bounded between —K(y and Kg in the sense
of Alexandrov and injectivity radius bounded below by iy > 0. Then (see, e.g., [8]
for proofs), the tangent cone of X at every point is isometric to R”, all geodesics are
uniquely extensible, and hence, X has a well-defined exponential map. The definition
of Alexandrov curvature bounds implies that the exponential map features the same
distance comparison properties as a Riemannian manifold with | Sec | < Ky, in partic-
ular (98), holds. Hence, just like in the Riemannian case (cf. (1) and Sect. 4), we have
dou(BX(x), B") < Kor® forall x € X and 0 < r < ro := min{K ~!/2i(/2}. For
r > rp, one can use the trivial estimate dGH(B,X (x), B') < 2r. Thus, (205) holds for
K = max{Kj, 2r0_2} and all » > 0. This proves the implication (2)=>(1) of Corollary
2.

Now we prove the implication (1)=>(2). Let X be a complete geodesic space satis-

fying
den(BX (x), B") < Kr?. (205)

for some K > 0 and all » > 0. Pick a decreasing sequence r; — 0 such that
r1 < min(1,4/01/K) where o is the constant from Theorem 1. Due to (205) and the
bound on r1, we can apply Theorem 1 to X withr = r; and § = K rl.3. This yields a
sequence of Riemannian n-manifolds M; such that | Secys, | < C2K, inj M, = Ti /2,
and M; is (1 + C1K rl.z, Ci1K r?)-quasi-isometrio to X. By Lemma 1, it follows that
(X, p) is a pointed GH limit of (M;, p;) where p € X is an arbitrary marked point
and p; € M; corresponds to p via the quasi-isometry.

Let us show that the injectivity radii of M; are uniformly bounded away from 0. To
do this, we apply Proposition 2 to M = M; and M = M;. Due to their quasi-isometry
to X, the manifolds M; and M, are (1 + 2C1Kr12, 2C1Kr?)-quasi—isometric to each
other. Hence, by Proposition 2(2)

.. . r s
injy, > (1 —2CsCy Kri) min {E’ m} —2C3CiKr3. (206)

FoC'T
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The right-hand side of (206) is bounded below by 1 /4 if r; < Cs3/ VK for a suitable
constant Cs3 > 0 (whose value is determined by the constants provided by Theorem 1
and Proposition 2). Thus, all M; have a uniform lower bound for the injectivity radius
and hence X is a non-collapsed limit of {M;}. As explained in, e.g., [51, §8.20], it
follows that X is an n-manifold (with a low regularity Riemannian metric) with the
same bounds for curvature and injectivity radius.

It remains to prove the last claim of Corollary 2 (that estimates curvature and
injectivity radius of X in terms of K). The curvature bound C, K obtained above
already has the desired form. The injectivity radius bound r; /4 gets the desired form

1/(Cs3+/K) if we choose r; = min{,/o7, C53}/vVK. O
Finally, we prove Corollary 3.

Proof of Corollary3 Let us consider § < 80, where 8o = 8o (n, K) is chosen later in the
proof, and r = (8/K)'/3. Then, r < ro, where ro = (89/K)'/?. By (1) the manifold
N is 3-close to R" at scale r /2 provided that above ry < mln{K 1721 1n] jv 1. Hence,
the set X with the approximate distance function d is 25-close to R” at scale r /2. As
in Lemma 3, we can replace d by a 108-intrinsic metric d’ on X. This can be done with
standard algorithms for finding the shortest paths in graphs. By Lemma 4, (X, d’) is
14+ 40/8\;”1, 20:3\)—quasi—isometric to N.

The metric space (X, d’) is 408-close to R" at scale r /2. We may assume that
8o = Sp(n, K) satisfies §g < K—1/2013/2, where 01 = o1(n) is given in Theorem 1.
Then, 8o < o1rp.

As in Theorem I (see also the algorithm ManifoldConstruction below), using the
given data one can construct amanifold M = (M, g) Wthh is (1 —|—4OC1<Sr*1 20C18)
quasi-isometric to (X, d’) and has |Secy | < C3 408 (r/2) = C9K, where Cy =
80C3>. Since both M and N are quasi-isometric to X with these parameters, they are
(14 80C 18r=1 40C 1:3\)-quasi-isometric to each other. By Proposition 1, it follows
that there exists a bi-Lipschitz diffeomorphism between M and N with bi-Lipschitz
constant 1 + C7 80C ﬁr’l =1480C;C,KY 352/3, Thus, M satisfies the statements
1 and 2 of Corollary 3.

To verify the last statement of Corollary 3, assume that §o = 8o (n, K) is chosen to
be 80 ¢ small that rg = (60 /K !/ 3 < (CLK)™V 2 Then, Proposition 2(2) applies to M
and M = N with 40C,3 in place of § and C2K in place of K. It implies that

inj,; > (1 — 80CgC18r ")y min{injy, 7 (C2K)~V/2}—Cs40C) 3.

We may assume that §p is so small that the term 1 — 80CgC 1;S\r_1 = 1-
80CsC K1/ 3852/3 in this estimate is greater than % Then, the last statement of Corol-
lary 3 follows. Choosing 89 = 8¢(n, K) so that the above conditions for §y and rg are
satisfied, we obtain Corollary 3. O

7 Manifold Reconstructions Based on Theorems 1 and 2

Now we change the gear and explain how the above geometric proofs can be developed
to manifold reconstruction procedures.

Fo C "ﬂ
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7.1 Outline of Reconstruction Procedures

The constructive proofs of Theorems 1 and 2 yield algorithms that can be used to
produce submanifolds or manifolds from finite data sets. We give only the sketches of
the algorithms that could be written of based on these theorems. Adding the necessary
details to make these sketches numerically implementable algorithms needs more
work, and it is outside the scope of this paper. However, for sake of brevity, we
below refer these sketches as algorithms and procedures. These algorithms use the
sub-algorithms FindDisc and GHDist given in Sects. 2.4 and 2.5. In the description of
the algorithm, we assume that the data set X is finite.

First we outline the algorithm based on Theorem 2.

Algorithm SubmanifoldInterpolation: Assume that we are given the dimension n,
the scale parameter r, and a finite set points X C E = R™. We suppose that X is
dr-close to n-flats at scale r where § is sufficiently small. Our aim is to construct a
submanifold M C R that approximates X. We implement the following steps:

1. We rescale X by the factor 1/r. After this scaling, the problem is reduced to the
case whenr = 1.

2. We choose a maximal l(l)—o-separated set Xo C X and enumerate the points of X
as {qi}lN: 1~ We apply the algorithm FindDisc to every point g; € X to find an
affine subspace A; through ¢; such that the unit n-disk A; N By (g;) lies within
Hausdorff distance Cignd from the set X N By(g;). We construct the orthogonal
projectors P;: R™ — R™ onto A;.

3. We construct the functions ¢; : R” — R™, defined in (71), that are convex
combinations of the projector P; and the identity map. Then, we iterate these
maps to construct f: R" — R™, f =@y opn_10...0¢1,see (72).

4. We construct the image M = f (Us(X)) of the §-neighborhood of the set X in the
map f, see Remark 5.

The output of the algorithm SubmanifoldInterpolation is the n-dimensional sub-
manifold M C R™.

The algorithm based on Theorem 1 is the following.

Algorithm ManifoldConstruction: Assume that we are given the dimension 7, the
scale parameter r, and a finite metric space (X, d). Our aim is to construct a smooth
n-dimensional Riemannian manifold (M, g) approximating (X, d). We implement the
following steps:

1. We multiply all distances by 1/r. After this scaling, the problem is reduced to the
case whenr = 1.

2. We select a maximal ﬁ-separated subset X9 C X and enumerate the points of
X as {q,-}fvzl. We choose a set { p; ,Nzl such that the unit balls D; = BY(p;) C R"
are disjoint.

3. For each g; € X, we apply the algorithm GHDist to the ball By(g;) C X to find
the value 8,(g;). Define 8, = max,cx, d4(q), see (49) and (56).

4. For all ¢;,q; € Xo such that dx(g;,q;) < 1, we construct the affine transition
maps A;;: R” — R" usingthemaps F(;) : B1(g¢;) — D;andF ;) : B1(q;) — D;
and the construction given in Lemma 6 and formula (135).

Elol:;ﬂ
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5. Denote 29 = va:l Dl.l/lo, where Dl.l/10 = Bijio(pi) C R", and E = R™,
m = (n + 1) N. We construct a Whitney embedding-type map

F: Q20— R", Fx)=(Fx)Y,

where F; : 29 — R"*! are given by (143).

6. We construct the local patches X; = F(D,’ ") and ko-net ¥; = {y,-yk},f;1 in X
that is (ko /2)-separated, where k( is the constant from Proposition 1.

7. We apply algorithm SubmanifoldInterpolation for the points {y; x; 1 < i <
N, 1 < k < Kj} to obtain a submanifold M C R™. We construct the normal
projector Pys: Up/5(M) — M for the submanifold M.

8. We construct maps ¥; = Py o F|D_1/1o : Dil/10 — Py(X) C M.

9. We construct metric tensors g; on sets Py (X;) € M by pushing forward the
Euclidean metric g¢ on £2p to the sets Py (X;) using the maps ;. Then, metric g
on M is constructed by using a partition of unity to compute a weighted average
of the obtained metric tensors, see (192).

1/10

The output of the algorithm is the submanifold M C R and the metric g on it.

We note that by Lemma 7 and formula (56), we have for all x € X that the
Gromov-Hausdorff distance between the ball By(x) and By is at most 25,(x). A
sufficient condition for the correctness of the algorithm ManifoldConstruction is that
84 computed in the step (3) is smaller than the constant §y(n)/2, where dg(n) is given
in Proposition 4, see Remark 8.

Also, we note that in the proof of Proposition 4 the construction of the submanifold
M and in the above algorithm we use only the r-balls in X centered at the points of a
maximal ]’m-separated subset X of X, see Remark 10.

7.1.1 An Alternative Construction with the Map f Replacing the Projector Py

The numerical computation of the projector Py;, mapping a point to the nearest point
on manifold M, may be difficult. To overcome this practical difficulty, we observe
that the manifold M given by the algorithm ManifoldConstruction can be constructed
using the functions ¥; = f o F|D;/1o, instead of functions v¥; = Py o F|D_1/m, see
Remarks 6 and 75. In other words,lthe steps (7), (8), and (9) can be replaced i)y

(7’) We apply algorithm SubmanifoldInterpolation for the points {y; x; 1 < i <
N, 1 <k < K;}toobtainasubmanifold M C R".The map f constructed in the
step 3 of the algorithm SubmanifoldInterpolation gives a map f: U j10(M) —
M from the neighborhood of M onto M, see Remark 6.

(8”) We construct maps %- =fo Fl im0 Dl.l/10 — f(X) C M.

(9°) We construct metric tensors g; oh sets f(X;) C M by pushing forward the
Euclidean metric g¢ on £29 to the sets f(X;) using the maps Ji. Then, the metric
gon M is a weighted average of the these metric tensors using a suitable partition
of unity, see (208) below.

When D; = B’f/30(p,) CR'and 5; = w,(D) i =1,2,..., N the algorithm
gives the maps I/f . 5, > Dj that by Lemma 36 can be considered as local
FoE'ﬂ
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coordinate charts of M that cover the whole manifold M and the transition functions
~ ~1 7
nji = 1/fj o Y; that map

7ji: ‘7ij = J,-‘l(%(ﬁi) N 1;1(5]')) - ‘7ji = 1;;1(%(51') N ‘Zj(ﬁj))~

Note that the transition functions 7;; need to be approximated numerically, e.g., using
Newton’s algorithm.

To construct the metric tensor g on these charts, we can first take a family nonneg-
ative functions v; € C{° (5,-) such that v;(x) = 1 for x € B}f/so(pi)' Then, the sets

{xeM: (%ﬁl)*vi (x) > 0} cover M and define a partition of unity on M by

N -1
i (x) = (Z((&;U*v»(@) (@ o). (207)

i=1

Then, the metric tensor (¥ 7)*g on the chart D ;18 given by

(T 0) = Z(Zw(n,l(y») vk (5 () (k) # e (208)

k=1

where g, is the Euclidean metric on 5k. ~ ~

The collection of local coordinate charts D ;, metric tensors gV = W )¢ :D; —
R™*" and transition functions 7;; : V;; — Vj; is a representation of the Riemannian
manifold M in local coordinate charts. Using this representation, we can determine the
image of a geodesw Vxo.6o (s), emanating from (xg, &) € T M, on several coordinate
charts w Z‘ — D and determine the metric tensor in the Riemannian normal
coordinates, [79]. Thus, for practical imaging purposes, for instance to visualize the n-
dimensional manifold (M, g), the algorithm ManifoldConstruction can be continued
with the following steps

(10) For given xg € M, determine the metric tensor g in the normal coordinates given
by the map exp,,, : {§ € Ty oM : [|§]lg < p}, where p < injy,.

(11) For given xg € M and two linearly independent vectors &1, &> € Ty, M, visualize
the properties of the metric g, e.g., the determinant of the metric, in the normal
coordinates, by computing the map

§ = (51, 52) > det(g(expy, (s181 + 5252))), (209)

inthe set {s € R? : ||s1&] + 528 llg < p}. This produces an image of the metric in

a two-dimensional slice of the manifold. Moreover, consider a data point x € X

such that x € BrX (qj), with some index j, and that its image y = Jj (fj(x)) on

M satisfies y € Bg” (x0). Then, the vector & = exp;o1 (y) € TxyM corresponds

to the data point x in the tangent space of M at xo. In the visualization of the

two-dimensional slice, the data point x can be visualized as the projection & of
FoE'ﬂ
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the vector & to the plane span(&1, &>). In this way, both the metric and the original
data points X can be visualized in two-dimensional slices of the manifold.

Practical imaging methods similar to step (11) above have been used in seismic imag-
ing, for example in the imaging of the wave speed function in the time migration
coordinates, see, e.g., [29].

7.1.2 Numerical Approximation of the Extended Transition Functions Using a
Newton-Type Algorithm

The functions l;i =fo F|D_1/1o, i =1,2,..., N, discussed in Sect. 7.1.1 and used

in the steps (8)—(9’) of the allgorithm, are piecewisely defined by explicit formulas.
Next we discuss, how the inverse functions of these maps and the extensions of the
transition functions 7;; can be approximated using a Newton-type algorithm.

To consider the inverse function of v;, we first reduce the problem to finding an
inverse function to a map between n-dimensional spaces.

We construct the tangent spaces

T; := y; + Ran(dy; (pi))

of the n-dimensional submanifolds Ji(Dil/ 10) C R"aty = 17/} (pi), where i =
1,2,..., N,and Ran(A) denotes the range (i.e., the image) of the operator A. Recall
that for x € M, the map d Py (x) is the orthogonal projector in 7, R = R™ onto T,y M.
Denote P, = dPy(x) and P; = d Py (y;). Then, P; : R™ — T; are the orthogonal
projections. Below, By (y) C R™ is the ball having the radius R and the center y.

Then, we compose ; with a projector P; and an affine isometry A; : 7; — R”
and obtain a map

Gji=AjoPjog;:D/'"" = R" (210)

In particular, we are interested in the maps G; = G ;. These maps are used below
to determine the extended transition functions in formula (228).

First we recall some estimates proved above. We recall that the constants C and Cy
depend only on dimension n. By Lemma 29,

I1Fllc22y < C30. (211)

where C30 = C26(2).
Next we use Lemma 35 or, equivalently, Theorem 2 with 79 < 1 in place of r and
C31r§ in place of §, and choose later the value of rg so that it depends only on n. We

also use the fact that by (145) and (166), M C E is in the ball of radius C26(0) + %
centered at zero, and hence,

1 Patllcogsy sy < Co6(0) + 15+ % < Csa = CosO) + 15 + 3. (212)
EOE';W
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When we denote Css = Csq + C33(2) + C33(1), we have by Lemma 35 and the fact
thatrg < 1,

I PM(X)||C2(L{,O/3(M)) < Css. (213)
By Remark 6,
1f = Pl ety powny < Cserg s k=0,1,2, (214)

where Csq = C31 max(Cz1(2), C21(1), C21(0)). Then, using interpolation in Holder
spaces [7] to inequalities (214) with k being 1 and 2, we see that

1/2
If = Pullcrirnas, oy < C56”0/ . (215)

Lemma 35(1) and the formulas (211), (215), and (214) yield that there is Cs57 > 0
such that

||$i||C2(D_1/10) = GCs7 and N1Gjill 2 pio) = Cs7. (216)

i

By (168), there is a constant Cs5g3 = C3_6l > 0 such that the maps ¥, = Py o F :

D' — R™ defined in (164), satisfy

1

|dyile ()| = Csslvl, forx e D', v eR". (217)
When r < (Cs8/(2Cs6))?, the formulas (215), (217), and the identity Py o i = ;

imply that for z = ¥; (x) we have

y - 1
|P.(dPil: )| = |dFils(v)| = ~Csslvl, x e D' (218)
2
Assume next that
7D} (1) £ 0.
Then, we have, by (215) and (216), for z € 9 (D}’'%) that
2 12
[Py — Pyl = —Cs56Cs7ry’ " (219)

10

So, when rg < (Csg/(2Cs56C57))%, we have

~ 1
|Pj@ile)] = JCsslvl, x € !/, (220)
FoCTM
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Now we choose ryp = min((Csg/(2Cs6))2, (Csg/(4Cs6Cs7))%) in the above use of
Lemma 35 so that the above conditions for rq are valid.
As A; : Tj — R" is an affine isometry, (220) implies

4
1dG,i(x) '] < Cso = oo F€ p}'". (221)

Denote Cgp = max(3C57Cs9, 1), and choose

1 ro

, 222
100" 20(Ce0)? 1OOC57) (&%)

Pn = min(—

Recall that D; = Bf’/lo(p,-) and 5 = B’l’/30(pl~) and let R, = Cs7p,. As p, <
1/100, formula (216) yields for x € B ., (pi) that §1; (BE (x)) C Bjy, (i (x)).

Our next aim is to cover the set D by small balls of radius p,, and to use Newton’s
method to find the transition functions in these balls.

To consider how the transition functions can be constructed with a numerical algo-
rithm, we first will extend these functions to be defined in larger domains. We call
these functions the extended transition functions. To this end, let 4 € B /30(0) Cc R",
k=1,2,..., K be a maximal set of pj,-separated points in B /30(0) Note that K is
bounded by Vol(Bl/lo(O))/Vol(Bpn »(0)).

For a € Z, denote

Vi(a) = U BJ (Wi (pi + hp)) C R™.

Assume next that %(5,-) N % (5j) 0. Ifx; € 51’ = B’17/30(pi) is such that
Vi(xi) € i (D) N (D)),

there exists x; € D j so that " j(x;) = i (x;). Then, there are k; and k ;j such that
xi € By (pi +hy) andx; € B) (pj + hi;) and we see that

% (pi + i) € Bl (Fi(x1)) = By (¥(x)))
C BYy (Wj(pj + hi))) C V;(2). (223)

Let K(j,i) = {k € {1,2,...,K}: ¥i(pi + ht) € V;(2)} and

wi= | B (pi+m) CR".
kek(j.i)

By (223), we have

&,71(%(51') N Jj(ﬁj)) c Wy
FoE'ﬂ
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and the function
T =9 ovi: Wi > D; (224)

is an extension of the transition function 7;, that is, it coincides with 7;; in the set
U (Wi (Dy) N (D). Moreover, for k € K(j, i)

Vi (B2 (pi +hi)) C By (Fi(pi + hi))

c U BkG)cV0), (225)
7eV;(2)
that implies
G;i(Wj) CW;@3)and G;j(W;;) C W;(3), (226)

where, as P; is an orthogonal projector and A} is an affine isometry,

W;3) = A;(P;(V;(3))

K
J A, (P; (B, (T (pj + hi)))
k=1

K
| Bk, (pj0) C R,
k=1

and pjx = A;(P; (1} j(pj + hi))). To compute the extended transition function 'ﬁ;i,
it is enough to compute the inverse function

and then, we can write

'ﬁ;l :&;lo% :(Ajonolzj)floAjono% :G;loGj,,' : Wji — D;.
(228)

Next, to consider various push forwards of metric tensors (see (231) below), we
analyze the computation of the restrictions of the inverse functions in balls BY R, (Pji)s
that is, G;
Gj_: :W;(3) — D;.Inthe case wheni and j are equal, this gives us also the function
G;':W;3) - D;.

"To consider (227), assume that we are given z € W, (3). Then, we can determine
ko € {1,2,..., K} such that 7 € Bg‘Rn (Pj.ko)- Then, we will start the iteration in

FolCT
LI o
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Newton’s algorithm from xo = p; + hy,. The iterations of Newton’s method proceed
as follows. For p > 0,

Xpi1 =xp = (G (xp) (G} i(xp) = 2). (229)
As
(dG i (x0)™'(z = G i (x0)| < 3CsoRy = Coopn = r1
and g := C57Cs59(Ce0pn)< (Céo)zpn < %, it follows by the convergence theo-

rem for Newton’s algorithm [59, Thm. 6.14] that the sequence ()cp);i1 stays in

B} (pi + hiy) C D; and it converges to the limit point x = Gj_1 (2), and moreover,
this sequence satisfies

lxp — x| < 2Cs00ng> ™. (230)

Note that the above also shows that W;(3) C G ;(D;).
Summarizing the above shows that the Newton’s algorithm can be used to compute
the inverse functions of G ; and of the extensions of the transition functions 'ﬁj P

7.2 Analysis of the Computational Complexity
7.2.1 Computational Complexity of the Algorithm Submanifoldinterpolation

We analyze the computational complexity of the above algorithms in terms the number
of elementary computational operations needed (see Remark 3). We note that as we
have only presented the sketches of the above algorithms, in the considerations below
we do not analyze the real computational requirements, in particular in the sense
that we do not consider how much computational resources the needed elementary
operations use. Below we consider two types of computational requirements: First
the requirements for the one-time work that corresponds to the preparatory work and
second the computational work required to answer to a query that produces a point
of the constructed manifold. These are then combined to estimate the computational
work required to obtain a grid of points on the manifold. We also recall that below C
denotes a constant which depends only on 7, that is, C = C(n), but the value of C
may change even inside a formula line.
Let £ = #X be the number of elements in the set X. We assume that E = R"” and
X C R™ satisfies the assumptions of Theorem 2 with sufficiently small § and » < 1
so that the set X is §-close to n-flats in scale r. Also, we assume that diam(X) < D.
In the step 2 of SubmanifoldInterpolation, we construct a maximal r /100 separated
subset Xg C X. Since sec(M) < K = C8r3, the number N = #X( of elements in
the set X satisfies N < min(¢, C (eCKD/r)n). In the step 2, the construction of the
set X can be done by going through all points x in X one by one and include it in
X if the distance from x to some of the points chosen earlier to be included in X
at least 1/100. This requires at most N¢ < £ operations. Also, in the steps 2-3 of
EOE';W
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the algorithm, one applies algorithm FindDisc N times to a set consisting of ¢ points
in an m-dimensional space and this requires Cm N ¢ operations. Thus, the steps 1-3,
which construct a function f, require altogether Cm N ¢ operations. Observe that f is
given as a composition of explicit functions containing parameters that depend on the
data, that is, the coordinates of the points g; in (69) and the matrixes and vectors that
determine the affine projectors P; = Py, in (64). Thus, the construction of f means
the determination of the values of these parameters. These steps for finish the one-time
work requited for the preparatory steps. The preparatory steps require altogether

Ne{+CmNC < CN{em

elementary operations.

Recall that the submanifold M C R™ is the image of a §-neighborhood of the set X
in the constructed function f. Moreover, by Lemma 14, M is the union images of the
n-dimensional disks A; N Bi(g;, r) of radii r, that is, M = U,N:1 f(A; N Bi(gi,r)).
Obtaining one point of manifold M can be considered as a query where the input
consists of an index i and a point z € Bj(q;, r) and the query gives the answer f(z).
As we have already constructed the function f, or more precisely the parameters
that determine this function taking values in R™, answering such a query requires
Cm elementary operators (that is, finitely many operations for each m coordinates of
S ).

Let us next consider computing a grid of points on M. To thisend, let0 < n < § be
a small parameter. Then, choose an 1-dense computational grids in the n-dimensional
disks A; N Bi(gi, r), having radii r. Let us denote these computational grids by
(z, j)jj.zl, J < C(r/n)". Then, we obtain a grid of points on the submanifold M
by constructing a (Cn)-dense subset { f(z; j); i =1,2,...,N, j=1,...,J}of M.
This requires CN Jm operations. Summarizing, computing the points { f(z; j); i =
1,2,...,N, j = 1,...,J} on M using the algorithm Submanifoldinterpolation
requires altogether

CmN{+ CNJm < Cme* + Ctm(r/n)"

operations.

7.2.2 Computational Complexity of the Algorithm ManifoldConstruction

We estimate the number of elementary operations needed in ManifoldConstruction
to compute the transition functions between local charts and the metric on the charts
with given numerical accuracy. By rescaling in the step 1, that is, by multiplying the
distance function dy : X x X — R and the geometric parameters r and § by factor
1/r, it suffices to handle the case r = 1. Because of this, we analyze the complexity
of the algorithm in the case when r = 1 and § < 8¢ (n), where §o(n) < 1 appearing in
Proposition 3 depends only on 7.

We will analyze the computational complexity of the alternative version of the
algorithm described in Sects. 7.1.1 and 7.1.2.

Elol:;ﬂ
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Again, we start with the requirements of the one-time work needed for the prepara-
tory work. We assume that a finite metric space X satisfies assumptions of Theorem
1 and that diam(X) < D. Again, let £ = #X be the number of elements in the set X.
Below, 6 > 0 will be the parameter corresponding to the required numerical accuracy.

We first observe that the step 2 of the algorithm requires C£? steps.

In the step 3, we apply algorithm GHDist to all balls XY) := Bj(q;) C X with

i=1,2,..., N,thatis, for balls centered in points of X¢. Let ¢; = #XY). By Lemma

23, each point x € X belongs at most C = C(n) balls X%i), and thus, ZlNzl L < CL.

Applying algorithm GHDist to the ball X {i) requires C Eiz elementary operations, so
step 3 requires altogether

N N
dYcg=cO w?=ce?
i=1 i=1

elementary operations.

Since by Theorem 1, the set X is (Cd)-close to a smooth n-dimensional manifold
M such that sec(M) < K = C4§, we have that the number N = #X of elements in
the maximal ﬁ—separated set X satisfies N < min(¢, C(e€XP)"). Below, we give
estimates in terms of N and £. In the step 3, we construct the set X = {g;} lNz ; € Xand
at the same time make arecord of those elements g;, g; € Xofor whichdx (g;, q;) < 1.
This requires C N ¢ operations. Below, we use the fact that by Lemma 23, for any i the
number of j such that dx(qg;, g;) < 1 is bounded by a number depending only on n.

In the step 4, finding maps A;;, i, j = 1,2,..., N as in Lemma 6 and formula
(135) requires C N¢ operations. Indeed, for each i € {1, ..., N} there is a bounded
number of maps A;; to construct, see Lemma 23. The construction of A;; described
in the proof of Lemma 6 requires a number of operations proportional to the number
of points in the ball B(g;). In the step 5, we introduce the space E = R™, where
m = (n + 1) N. We emphasize that here the dimension m of the space R depends
on N and therefore on the metric space X. In this step, the construction of the map
F requires C N? operations. The construction of the ko-nets in ¥; C X in the step
6 requires CN - m operations. Note that by Lemma 29, the maps F : Dl.l/ 0 X
are bi-Lipschitz with the Lipschitz constant C»7, and therefore, we can first choose
a (2Cy7) " 'ko-net Z; ¢ DY'° and then choose ¥; ¢ F(D./!°

i i
(k0 /2)-separated subset of F(Z;).

In the step 7, we apply the steps 1-3 of algorithm SubmanifoldInterpolation for the
set Y = |J; Yi, consisting of CN points that are in £ = R™. This requires CmN 2

operations and gives us functions f and %- = fo F|D1/1o, i =1,2,...,N. This
i

) to be a maximal

implements also the step 8’ of the algorithm.

Next we construct forall j € {1,2,..., N}thesetsZ(j) C {l,2,..., N} of those
i for which dx(gi, q;) < 1. By Lemma 23, the number of elements in the set Z() is
bounded by a number depending only on n. Thus, the construction of sets Z(j) for all

jefl,2,..., N}requires CN 2 elementary operations.
Next we consider pairs (i, j) such that i € Z(j). The functions f and % are
piecewisely defined by explicit formulas. As explained in Sect. 7.1.2, we can construct
EOE';W
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numerically the inverse maps
Gii=(AjoPioy) ™ : W;(3) — D = B/ (py),

see (210). There, the construction of the orthogonal projections P; onto the tan-
gent spaces 7; requires CmN operations. This finishes one-time work needed for
the preparatory work that has required

2C¢* +2CNL+ CmN? + CN? + CmN < C¢* + CN?

operations.

Next we consider several queries. The first query we consider takes as an input a
point z € W;(3) and gives as the output a numerical approximation for the inverse of
the map G| ; at the point z. To do that, we compute the inverse of the map G; ; by
using Newton’s method. By (230), to compute numerically the value Gj_} (z) foragiven

z € W;(3) and with the precision of 6 € (0, }‘), it suffices to take C log, log,(1/6)
iterations. Below in this section, when we consider the computation of the transition
functions and the metric tensor, all computations are done with the precision C6.
Leti € Z(j) and y) € Bj and yU-) ¢ W;;. Using the numerical computations
described above, one can compute the values of the values of z\/*) = G i (yU:?) and
G;l (zYD). Observe that G j,i 18 a composition of the linear operators A ; and P; and

R™-valued functions IZ,- having explicit formulas containing parameters that we have
already computed using the data. Hence, this requires Cm elementary operations. The
second query we consider takes as an input a point y/-) and gives as an output the value
the extended transition function 'ﬁji(y(j Ay = G;l(G 5.i(yYD)) with the precision
of CO, see (228). As the computation of the derivative of the R™-valued function G ;
requires Cm operations, this query requires Cm log, log, (1/6) elementary operations.

Next we consider the query where the input is a pair (i, j), satisfyingi € Z(j), and
a point y/-) and the output is the metric tensor

(1548 = (G D4(Gj.)xg", (231)

evaluated at the point yU/-?). Here, using the matrix notation, gy = (’ﬁ;i)* g€ is given
by

gy =
3G, \' [0G,, . (3G N\ (3G \!
<_3y (y)> ( 32 (z)> -8 < a2 (z)> '<(_ay (y)))

where 82 » = Sap s the Buclidean metric. We note that since G ; is a composition of
linear operators and functions having explicit formulas, the derivative DG ; ; can be
computed at any given point using elementary operations whose number depends only
on n. Using the Lipschitz estimates (216) and (221), we see that computing (?]’7 xg° at

—1
Z:Gj,i »)

the point y/-!) with the precision C6 requires C log, log, (1/6) elementary operations.
Eo [y
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Next we consider the computation of the metric tensor (IZ j)¥g at y e D ; with
the precision C@. This is done by using a partition of unity (207) on M and computing
a weighted sum of tensors ('ﬁfj)* g¢, as described in formula (208) where the sum
needs to be taken over the indexes i and k that satisfy i, k € Z(j). As the number of
elements in Z(j) is bounded by C = C(n), this requires C log, log,(1/0) elementary
operations. Finally, we consider the query, where the input is y/) and the output is
£ (). As discussed above in the context of the algorithm SubmanifoldInterpolation,
this takes Cm elementary operations as we have already computed the parameters that
determine the function f. Summarizing the above, after the one-time work described
above, we can consider a query, where the input is an index j and a point y\/) € D b
and the output is the collection

FO (@ *ar ). (i) i e IG)) (232)

with the precision C#, that is, the output is the point f(y/)) on M that corresponds
to /) on the local coordinate chart D j» the metric tensor on D; at the point y), and
the values of the transition functions from the chart D; to the charts D; at y). After
the one-time work, answering the query (232) requires

Cm + Cmlog, log,(1/0) < Cmlog, log,(1/0)

elementary operations. ~

To construct a grid of points on the manifold M, let Q; = D; N (pZ"), j =
1,2,..., N, be computational grids in the sets D;, where p > 0 is the grid size
parameter. We write these grids as

Qi =ty :1=1,2,..., L}

We see that the numbers L ; of the points in Q; are bounded by Cp™". Answering
to the query (232) for all points yl(l) in the computational grid ij=1 Q; produces a
C p-dense set of grid points on the manifold M and the values of the metric tensors on
all local coordinate charts D; at these grid points. Summarizing the above analysis,

the computation work to do this requires altogether

2C¢* 4 2CNE+ CmN? + CN?* 4 CmN + Cp~"Nmlog, log,(1/6)
< C* 4+ CN? + Cp~"N?log, log,(1/6)

elementary operations. We recall that here » = 1, C depends on the intrinsic dimension
n of the manifold, p is the size parameter of the computational grid, m = (n + 1)N,
C0 is the required numerical accuracy, N is the number of points in the maximal
(r/100)—separated set in X, and ¢ is the number of points in X.
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Appendix A: Estimates for Higher Derivatives of a Composition of
Functions

For a function f : X — R” defined in an open set X C R", let D, f(x) = 9y f (x)
be derivative of f to direction v € R” at x. We denote D, f(x) = 9 f(x) - v. The
derivatives of order k are below considered as multilinear forms

By Dy -+ Oy S () = 3F F OV, v2, ..., k],

where vy, ...y € R"and x € X.
We consider higher-order derivatives as multilinear forms and use the following
lemma for multilinear forms, proved in [70, Prop. 9.1.1].

Lemma 41 Let Alhy, ..., hi] be a k—linear symmetric form on R" and B[h, h,] be

a symmetric positive semidefinite 2—linear form on R". Assume that for some o, one
has |Alh, ..., hl| < «(B[h, h))*/?, for h € R™. Then, forall hy, ..., hy € R",

k
ALk, .. il < e [ [(BIR, ki)',
i=1

We will refer to the above result as the Nesterov—Nemirovski lemma.
When 4 : X € R" — R”, we define

IAllckxy = sup sup sup |9y, ... 0y, A (x)||rn
0<r=<kuy,..v,esn-1 xeX
= sup sup sup sup |3 h(x) -al, (233)
O<r=<kyesn-1xeX gesn-1

sup sup [0y, ... Oy h(x)[IRrn

v, upeSt 1 xeX

||h||(jk(x)

= sup sup sup |95h(x) -al, (234)

veSr—lxeX gesn—1

where the equalities in (233) and (234) follow from Lemma 41. We note that by Lemma
41, we have, for example, that

sup 18y, ... 0 k() lRe = sup (1957787 h(x)||gn. (235)
vl,..., oS! v,wesn—!
FolCTM
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We denote CK(X) = C*¥(X:; R") and use the Euclidean norm a > ||a|g» in R”.
When L' (R") is the set of symmetric m-multilinear maps A : (R")" — R”", we
define
lAllLm sup  [[Alwr, w2, ..., Wy ]llRe
wi,...wy, e8!
sup ( sup |Alw,w,...,w] -al)

lallgn=1 wesn-1

and
for H: X C R" — L™(R"), define

||H||ck(x;L{g1) = Ssup sup sup [|0y, ... 0y, H(x)|[Lm

0<r=kuvy,..v,esSt-1xeX

= sup sup sup |9, Hx)[w,w, ..., w]|gr, (236)
0<r<k pesn—1 xeX
”H”Ck(Xngn) = sup sup sup ”aU] s aUkH(x)”L?'

vy,..pesSt L wesn-lxeX
= sup sup sup [EHW[w, w,..., wllg, (237

vesn—l wesn—1 xeX

where we have again used the Nesterov—Nemirovskii lemma.
In the main text of the paper, we use the following lemma:

Lemmad42 (1) Let k € Nand f; : R" — R", i = 1,2,..., N be Ck—smooth
functions. Then,

I fio---o fallck
< QKEEDN=D2) £l (14 [ fall ) o (L4 L fv ek (238)

(2) Letk € Z. When X C R" isopen, Y C R" is open and convex, and f : Y — R”
is CK*'—smooth and g, h : X — R" are CK—smooth functions such that g(X) C Y
and h(X) C Y, we have

1(fog)— (f omllcrx
< (k4 D2 CDY fllcrrr oy 4+ gl ey + Il or )k llg = Rllorge-

Proof (1) Consider first the case N = 2. The claim is clearly valid for k = 0. Let us
next assume that (238) is valid for k — 1. Then,

IA

sup [[((@w f) 0 &) (@)l k-1

v,wiw|=[v|=1
<270 sup 1@uwf) o gllerl1Bug e

v,w:w|=lv|=1

< 2k=b k=02 qup 18y fll ekt (L4 g D5 1Bvgll crm

Ck—l
v,w:w|=lv|=1

IIf o gllex
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< 2KEED2) £l (1 + llgllen)®. (239)

This and (238) for k — 1 yield that (238) is valid for k. By induction, (238) is valid for
N =2.

Iterating (238) for composition of two functions N times yields (238) for general
N. This proves the claim (1).

(2) We have

= ((0f) © &) (x)[3vg(x)]

w=0dyg

I (f o8 x) = (9w [f) o g)x)

and 3, (3! f) 0 g) = (3(d! £)) o g)dy g, Where w = 3, g, and

dw(@f) 0 8) = (@, oh)
= (O@,1)) 0 9)dug] = (BB} 1)) o M[Bwh]

= <(8(3f}f)) 0og — (3@ f) o h)[awg] + (33, /)) 0 h) [%g - 8wh}-

For an integer i < k, leta; 4—; := |[[((3" f) 0 g) — (3" f) o Ml ki (x: 1)
When g(X) C X andi < k — 1 is an integer, the Nesterov—Nemirovskii lemma
(see also (235)) implies

160" ) 0 8) = (" ) 0 W)l ¢x-i x. 1)
- sup 1957178, (B ) 0 8) — 95717180, (B ) o Wl co )

vli=llwi=lw=1
= PR ||(3w/3lvf) 08— (3w/3:}f) ° h||ck717i(x;Rn) : ||awg||ckflfi(x;]1§n)
+27170 sup [ @wdy ) o hll ki - 19wg — Bwhllcro1-ixy

lvl=lwl=llw=1
< 2@ o — O ) o hll iy iy - 198l k-1 )
+ 2@ ) o hll ki i1y - 188 = 3Rl g1 -

Thus,

sup [[(( f) 0 g) = (3" f) o W)l ¢rio x: iy

i<r<k—1
<21 fyog — @ P ohll iy i+ - lglcr-icx
F2N@ ) 0 bl e iy - g — Pl ok xy-

Using this and the claim (1) of the lemma, we see that

aij—i = sup (@ f)og) = (@ f)omllerivixriy

i—l<r<k—1
FoC'T
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@Springer L0
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satisfy

aik—i <25 T appkm1mi gl ki + 257 by, (240)

where

b = 2D fllcrery (4 Dgllerx) + Ihllerx) llg = hllcrexy- (241

Since Y is convex, we have by the Nesterov—Nemirovskii lemma

ko = Sup SUp (@) 0 §6) = (@) o e cage, i)

< sup  supll3udf F(MI g — Allcocy)
vil=llwl=1 yeY

||f||ck+1(y)||g - h||ck(x)-

IA

Using this and induction for (240) in the index i, we see that

aok < 2XEVN Fll ok (1 + lgllerxy + Al ek ) I8 — Rl ek x)-

This yields the claim (2). m]
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