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Abstract
We study the geometric Whitney problem on how a Riemannian manifold (M, g) can
be constructed to approximate a metric space (X , dX ). This problem is closely related
to manifold interpolation (or manifold reconstruction) where a smooth n-dimensional
submanifold S ⊂ R

m , m > n needs to be constructed to approximate a point cloud
in R

m . These questions are encountered in differential geometry, machine learning,
and in many inverse problems encountered in applications. The determination of a
Riemannian manifold includes the construction of its topology, differentiable struc-
ture, and metric. We give constructive solutions to the above problems. Moreover,
we characterize the metric spaces that can be approximated, by Riemannian mani-
folds with bounded geometry: We give sufficient conditions to ensure that a metric
space can be approximated, in the Gromov–Hausdorff or quasi-isometric sense, by
a Riemannian manifold of a fixed dimension and with bounded diameter, sectional
curvature, and injectivity radius. Also, we show that similar conditions, with modified
values of parameters, are necessary. As an application of the main results, we give a
new characterization of Alexandrov spaces with two-sided curvature bounds. More-
over, we characterize the subsets of Euclidean spaces that can be approximated in the
Hausdorff metric by submanifolds of a fixed dimension and with bounded principal
curvatures and normal injectivity radius.We develop algorithmic procedures that solve
the geometric Whitney problem for a metric space and the manifold reconstruction
problem in Euclidean space, and estimate the computational complexity of these pro-
cedures. The above interpolation problems are also studied for unbounded metric sets
and manifolds. The results for Riemannian manifolds are based on a generalization
of the Whitney embedding construction where approximative coordinate charts are
embedded in Rm and interpolated to a smooth submanifold.

Keywords Whitney’s extension problem · Riemannian manifolds · Machine
learning · Inverse problems
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1 Introduction and theMain Results

1.1 Geometrization ofWhitney’s Extension Problem

In this paper, we develop a geometric version of Whitney’s extension problem. Let
f : K → R be a function defined on a given (arbitrary) set K ⊂ R

n , and let m ≥ 1
be a given integer. The classical Whitney problem is the question whether f extends
to a function F ∈ Cm(Rn) and if such an F exists, what is the optimal Cm norm of
the extension. Furthermore, one is interested in the questions if the derivatives of F ,
up to order m, at a given point can be estimated, or if one can construct extension F
so that it depends linearly on f .

These questions go back to the work of Whitney [95–97] in 1934. In the decades
sinceWhitney’s seminal work, fundamental progress wasmade byGlaeser [50], Brud-
nyi and Shvartsman [19–24] and [86–88], and Bierstone et al. [10]. (See also Zobin
[101,102] for the solution of a closely related problem.)

The above questions have been answered in the last few years, thanks to work
of Bierstone et al. (see [10,18,19,21,22,24,37–42]). Along the way, the analogous
problems with Cm(Rn) replaced by Cm,ω(Rn), the space of functions whose mth
derivatives have a given modulus of continuity ω, (see [41,42]), were also solved.

The solution of Whitney’s problems has led to a new algorithm for interpolation of
data, due to Fefferman and Klartag [45,46], where the authors show how to compute
efficiently an interpolant F(x),whoseCm norm lies within a factorC of least possible,
where C is a constant depending only on m and n.

In recent years, the focus of attention in this problem has moved to the direction
when the measurements ˜f : K → R on the function f are given with errors bounded
by ε > 0. Then, the task is to find a function F : Rn → R such that supx∈K |F(x) −
˜f (x)| ≤ ε. Since the solution is not unique, one wants to find the extensions that have
the optimal norm inCm(Rn), see, e.g., [45,46]. Finding F can be considered as the task
of finding a graph Γ (F) = {(x, F(x)) : x ∈ R

n} ⊂ R
n+1 of a function in Cm(Rn)

that passes near the points {(x, ˜f (x)) : x ∈ K }. To formulate the above problems
in geometric (i.e., coordinates invariant) terms, instead of a graph set Γ (F), we aim
to construct a general submanifold or a Riemannian manifold that approximates the
given data. Also, instead of the Cm(Rn)-norms, we will measure the optimality of the
solution in terms of invariant bounds for the curvature and the injectivity radius.

In this paper, we consider the following two geometric Whitney problems:

A. Let E be a separable Hilbert space, e.g., RN , and assume that we are given a set
X ⊂ E . When can one construct a smooth n-dimensional submanifold M ⊂ E
that approximates X with given bounds for the geometry of M and the Hausdorff
distance betweenM and X?How can the submanifoldM be efficiently constructed
when X is given?

B. Let (X , dX ) be a metric space. When there exists a Riemannian manifold (M, g)
that has given bounds for geometry and approximates well X? How can the mani-
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fold (M, g) be constructed when X is given? What is an algorithm that constructs
(M, g) when X is finite?

In Question B, by ‘approximation’ wemean Gromov–Hausdorff or quasi-isometric
approximation, see definitions in Definition 3 and Sect. 2.1.

We answer the Question A in Theorem 2, by showing that if X ⊂ E is locally (i.e.,
at a certain small scale) close to affine n-dimensional planes, see Definition 4, there
is a submanifold M ⊂ E such that the Hausdorff distance of X and M is small and
the second fundamental form and the normal injectivity radius of M are bounded.

The answer to the Question B is given in Theorem 1. Roughly speaking, it asserts
that the following natural conditions on X are necessary and sufficient: Locally, X
should be close to Rn , and globally, the metric of X should be almost intrinsic.

The conditions inTheorem1 are optimal, up tomultiplying the obtained bounds by a
constant factor depending on n. Theorem1gives sufficient conditions formetric spaces
that approximate smooth manifolds. In Corollary 1, we show that similar conditions,
with modified values of parameters, are necessary.

The result of Theorem 2 is optimal, up to multiplication the obtained bounds by a
constant factor depending on n.

The proofs of Theorems 1 and 2 are constructive and give raise to manifold recon-
struction algorithms when X is a finite set. Moreover, we give algorithms that verify
if a finite data set X satisfies the characterizations given in Theorems 1 and 2. We
analyze in Sect. 7.2 the computational complexity of these algorithms, but emphasize
that to keep the algorithms simple, the algorithms have not been optimized in this
paper to have the minimal complexity.

Finally,wenote that this paper is related to two rather different theoremsofWhitney:
One is the Whitney embedding theorem of smooth manifolds into an Euclidean space
and the other is the Whitney extension theorem for functions in R

n .
Next we formulate the definitions needed to state the results rigorously.

Notations For a metric space X and sets A, B ⊂ X , we denote by dX
H (A, B), or just

by dH (A, B), the Hausdorff distance between A and B in X .
By dGH(X ,Y ), we denote the Gromov–Hausdorff (GH) distance between metric

spaces X and Y . For the reader’s convenience, we collect definitions and elementary
facts about the GH distance in Sect. 2.1. For more detailed account of the topic, see,
e.g., [26,79,85]. In most cases, we work with pointed GH distance between pointed
metric spaces (X , x0) and (Y , y0), where x0 ∈ X and y0 ∈ Y are distinguished points.
For the definition of pointed GH distance, see [79, §1.2 in Ch. 10]) or Sect. 2.1.

For a metric space X , x ∈ X and r > 0, we denote by BX
r (x) or Br (x) the

ball of radius r centered at x . For X = R
n , we use notation Bn

r (x) = BR
n

r (x) and
Bn
r = Bn

r (0). For a set A ⊂ X and r > 0, we denote by U X
r (A) or Ur (A) the metric

neighborhood of A of radius r that is the set points within distance r from A.
When speaking about GH distance between metric balls BX

r (x) and BY
r (y), we

always mean the pointed GH distance where the centers x and y are distinguished
points of the balls. We abuse notation and write dGH(BX

r (x), BY
r (y)) to denote this

pointed GH distance.
For a Riemannian manifold M , we denote by SecM its sectional curvature and by

injM its injectivity radius.
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Small metric balls in a Riemannian manifold are GH close to Euclidean balls. More
precisely, let M be a Riemannian n-manifold with |SecM | < K where K is a positive
constant, and 0 < r ≤ 1

2 min{ π√
K

, injM }. Then, for every x ∈ M , the metric balls

BM
r (x) in M and Bn

r in Rn satisfy

dGH(BM
r (x), Bn

r ) ≤ 1
4Kr3. (1)

For a proof of this estimate, see Sect. 4.
If M is a submanifold of RN , one can write a similar estimate for the Hausdorff

distance in RN . Namely, if the principal curvatures of M are bounded by κ > 0, then
M deviates from its tangent space by at most 1

2κr
2 within a ball of radius r . Thus, the

Hausdorff distance between r -ball BM
r (x) inM and the ball BTx M

r (x) = BN
r (x)∩TxM

of the affine tangent space of M at x satisfies

dH (BM
r (x), BTx M

r (x)) ≤ 1
2κr

2. (2)

Note the different order of the above estimates for the intrinsic distances (1) and the
extrinsic distances (2).

With (1) in mind, we give the following definition.

Definition 1 Let X be a metric space, r > δ > 0, n ∈ N. We say that X is δ-close to
R
n at scale r if, for any x ∈ X ,

dGH(BX
r (x), Bn

r ) < δ. (3)

Condition (3) can be effectively verified, up to a constant factor, see Algo-
rithm GHDist. The condition can be also formulated for finite subsets: If sequences
(y j )Nj=1 ⊂ Bn

r and (x j )Nj=1 ⊂ BX
r (x) are δ

4 -nets such that |dRn (y j , yk)−dX (x j , xk)| <
δ
4 for all j, k = 1, 2, . . . , N , then (3) is valid by [26, Prop. 7.3.16 andCorollary 7.3.28].
On the other hand, if X is δ

16 -close to R
n at scale r , then such δ

4 -nets exist.
In a Riemannianmanifold, large-scale distances are determined by small-scale ones

through the lengths of paths. However, Definition 1 does not impose any restrictions
on distances larger that 2r in X . To rectify this, we need to make the metric ‘almost
intrinsic’ as explained below.

Definition 2 Let X = (X , d) be a metric space and δ > 0. A δ-chain in X is a finite
sequence x1, x2, . . . , xN ∈ X such that d(xi , xi+1) < δ for all 1 ≤ i ≤ N − 1. A
sequence x1, x2, . . . , xN ∈ X is said to be δ-straight if

d(xi , x j ) + d(x j , xk) < d(xi , xk) + δ (4)

for all 1 ≤ i < j < k ≤ N . We say that X is δ-intrinsic if for every pair of points
x, y ∈ X there is a δ-straight δ-chain x1, . . . , xN with x1 = x and xN = y.

Clearly, every Riemannian manifold (more generally, every length space) is δ-
intrinsic for any δ > 0. Moreover, if X lies within GH distance δ from a length
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space, then X is Cδ-intrinsic. In fact, this property characterizes δ-intrinsic metrics,
see Lemma 2.

In order to conveniently compare metric spaces at both small scale and large scale,
we need the notion of quasi-isometry.

Definition 3 Let X , Y be metric spaces, ε > 0 and λ ≥ 1. A (not necessarily contin-
uous) map f : X → Y is said to be a (λ, ε)-quasi-isometry if the image f (X) is an
ε-net in Y and

λ−1dX (x, y) − ε < dY ( f (x), f (y)) < λdX (x, y) + ε (5)

for all x, y ∈ X , where dX and dY denote the distances in X and Y , resp.

Unlike the use of quasi-isometries in, e.g., geometric group theory, in this paper
we consider quasi-isometries with parameters ε ≈ 0 and λ ≈ 1. The quasi-isometry
relation is almost symmetric: If there is a (λ, ε)-quasi-isometry from X to Y , then
there exists a (λ, 3λε)-quasi-isometry from Y to X . We say that metric spaces X and
Y are (λ, ε)-quasi-isometric if there are (λ, ε)-quasi-isometries in both directions.

The existence of a (λ, ε)-quasi-isometry f : X → Y implies that

dGH(X ,Y ) ≤ 1
2 (λ − 1) diam(X) + 3

2ε. (6)

See Sect. 2.1 for the proof.
Now we formulate our main result.

Theorem 1 For every n ∈ N, there exist σ1 = σ1(n) > 0 and C1 = C1(n),C2 =
C2(n) > 0 such that the following holds. Let r > 0, X be a metric space with
diam(X) > r , and

0 < δ < σ1r . (7)

Suppose that X is δ-intrinsic and δ-close to R
n at scale r , see Definitions 1 and 2.

Then, there exists a complete n-dimensional Riemannian manifold M such that

1. X and M are (1 + C1δr−1,C1δ)-quasi-isometric. Moreover, when the diameter
of X is finite, we have

dGH(X , M) ≤ 2C1δr
−1 diam(X). (8)

2. The sectional curvature SecM of M satisfies |SecM | ≤ C2δr−3.
3. The injectivity radius of M is bounded below by r/2.

By following the steps of the proof, one can obtain explicit formulas for the values
of σ1(n), C1(n), and C2(n).

The estimate (8) follows from the existence of a (1+C1δr−1,C1δ)-quasi-isometry
from X to M due to (6) and the fact that diam(X) > r . The proof of Theorem 1 is
given in Sect. 5.

The quasi-isometry parameters and sectional curvature bound in Theorem 1 are
optimal up to constant factors depending only on n, see Remark 9.
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Remark 1 The assumption that X is δ-intrinsic in Theorem 1 is not crucial. Without
this assumption, the following more technical variant of the theorem holds:

If a metric space X is δ-close to R
n at scale r , where δ/r is bounded above by

a constant depending on n, then there exists a complete (possibly not connected)
Riemannian n-manifold M which satisfies properties (2) and (3) from Theorem 1 and
approximates X in the following sense: There is a map f : X → M such that

|dM ( f (x), f (y)) − dX (x, y)| < Cδ

for all x, y ∈ X such that dX (x, y) < r or dM ( f (x), f (y)) < r .
This variant follows from Theorem 1 and the fact that one can modify ‘large’

distances in X so that the resulting metric is Cδ-intrinsic and coincides with d within
balls of radius r . The new distances are measured along ‘discrete shortest paths’ in X ,
see (32) and Lemma 3 in Sect. 2.2.

This procedure may split X into several ‘components’ with modified distances
between them being infinite. In the original metric space, these components are subsets
separated by distances greater that r . They correspond to connected components of
the approximating manifold M .

For δ-intrinsic metrics, an approximation f as above is (1 + Cδr−1,Cδ)-quasi-
isometry and vice versa. This follows from Lemmas 1 and 4, see Sect. 2.

Furthermore, Theorem 1 gives a characterization result for metric spaces that GH
approximate smooth manifolds with certain geometric bounds. The precise formula-
tion is the following.

Let M(n, K , i0, D) denote the class of n-dimensional compact Riemannian man-
ifolds M satisfying |SecM | ≤ K , injM ≥ i0, and diam(M) ≤ D. Denote by
Mε(n, K , i0, D) the class of metric spaces X such that dGH(X , M) < ε for some
M ∈ M(n, K , i0, D). Also, letX (n, δ, r , D) denote the class of metric spaces X that
are δ-intrinsic and δ-close to R

n at scale r , and satisfy diam(X) ≤ D. Theorem 1
has the following corollary that concerns neighborhoods of smooth manifolds and the
class of metric spaces that satisfy a weak δ-flatness condition in the scale of injectivity
radius and a strong δ-flatness condition in a small-scale r .

Corollary 1 For every n ∈ N, there exist σ1 = σ1(n) > 0 and C3 = C3(n),C4 =
C4(n) > 0 such that the following holds. Let K , i0, D > 0 and assume that i0 <√

σ1/K. Let δ0 = Ki30 , 0 < δ < δ0, and r = (δ/K )
1
3 . Let X be the class of metric

spaces defined by

X := X (n, δ, r , D) ∩ X (n, δ0, i0, D).

Then,

Mε1(n, K/2, 2i0, D − δ) ⊂ X ⊂ Mε2(n,C3K , i0/2, D) (9)

where ε1 = δ/6 and ε2 = C4DK 1/3δ2/3.
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For a metric space X , the first inclusion in (9) means that the condition X ∈ X is
necessary for X to approximate amanifold fromM(n, K/2, 2i0, D−δ)with accuracy
ε1. Likewise, the second inclusion in (9) says that X ∈ X is a sufficient condition for
X to approximate a manifold fromM(n,C3K , i0/2, D) with accuracy ε2.

The optimal values of ε1 and ε2 in Corollary 1 remain an open question. The proof
of Corollary 1 is given in Sect. 6. It is based on Theorem 1 and Proposition 2.

Another application of Theorem 1 is the following characterization of Alexandrov
spaces with two-sided curvature bounds.

Corollary 2 For a complete geodesic metric space X and n ∈ N, the following two
conditions are equivalent:

1. There exists K > 0 such that for all x ∈ X and r > 0,

dGH(BX
r (x), Bn

r ) ≤ Kr3. (10)

2. X is an n-dimensional manifold, its metric has two-sided bounded curvature in
the sense of Alexandrov, and its injectivity radius is bounded away from 0.

Furthermore, if (1) holds, then X has Alexandrov curvature bounds between −C5K
and C5K and injectivity radius at least 1/(C6

√
K ), where C5 and C6 are positive

constants depending only on n.

The proof of Corollary 2 is given in Sect. 6. We refer to [17,26,27] or [8] for
the definition and basic properties of Alexandrov curvature bounds. Here we only
mention the fact that finite-dimensional boundaryless Alexandrov spaces with two-
sided curvature bounds are Riemannian manifolds with C1,α metrics ([71], see also
[8, Theorem 14.1]).

On the Proof of Theorem 1

In the proof of Theorem 1, M is constructed as a submanifold of a separable Hilbert
space E , which is eitherRN with a large N (in case when X is bounded) or �2 endowed
with the standard ‖ · ‖�2 norm. However, the Riemannian metric on M is different
from the one inherited from E .

We note that an algorithm based on Theorem 1, which also summarizes some of
the main objects used in the proof, is given in Sect. 7, see also Fig. 1 in Sect. 5.

Here is the idea of the proof of Theorem 1. Since the r -balls in X are GH close
to the Euclidean ball Bn

r , they admit nice maps (2δ-isometries) to Bn
r . These maps

can be used as a kind of coordinate charts for X , allowing us to argue about X as
if it were a manifold. In particular, we can mimic the proof of Whitney embedding
theorem (on the classical Whitney embedding, see [98,99]). If X were a manifold,
this would give us a diffeomorphic submanifold of a higher-dimensional Euclidean
space E . In our case, we get a set Σ ⊂ E which is a Hausdorff approximation of
a submanifold M ⊂ E . In order to prove this, we use Theorem 2 (see Sect. 1.3)
which characterizes sets approximable by (nice) submanifolds. We emphasize that the
resulting submanifold M ⊂ E is the image of a Whitney embedding but not of a Nash
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Fig. 1 A schematic visualization of the interpolation algorithm ‘ManifoldConstruction’ based on Theorem
1, see Sect. 7. Assume that a finite metric space (X , dX ) is given. First we construct a maximal (r/100)-
separated subset X0 = {qi , i = 1, 2, . . . , N } ⊂ X and r -neighborhoods BX

r (xi ) ⊂ X of points qi ∈ X0.
Then, we construct balls Di ⊂ R

n approximating the r -balls BX
r (qi ) and local embeddings fi : BX

r (qi ) →
Di . The balls Di are considered as local coordinate charts. We embed these local charts to an Euclidean

space E = R
m using Whitney-type embeddings F(i) = F |

Dr/10
i

: Dr/10
i → Σi . Submanifolds Σi ⊂ E

are denoted by blue curves. Using the algorithm SubmanifoldInterpolation, the union
⋃

i Σ is interpolated
to a red submanifold M ⊂ E . When PM is the normal projector onto M , denoted by the red arrows, we
can determine a metric tensor gi on PM (Σi ) by pushing forward the Euclidean metric from Di to PM (Σi )

by the map PM ◦ F |Di . The metric tensor g on M is obtained by computing a smooth weighted average of
tensors gi (Color figure online)

isometric embedding [68,69]. As the last step of the construction (see Sect. 5.4), we
construct a Riemannian metric g on M so that a natural map from X to (M, g) is
almost isometric at scale r . The construction is explicit and can be performed in an
algorithmic manner, see Sect. 7. Then, with the assumption that X is δ-intrinsic, it
is not hard to show that X and (M, g) are quasi-isometric with small quasi-isometry
constants (Table 1).

Convention Here and later, we fix the notation n for the dimension of a (sub)manifold
in question. Throughout the paper, we denote by c, C , C1,C2, etc., various constants
depending only on n and, when dealing with derivative estimates, on the order of the
derivative involved. The same letter C can be used to denote different constants, even
within one formula. The constants with a number are used for two reasons: First, to
make it possible to compute the values of these constants when needed, and second,
to make the presentation easier, so that the reader can see what earlier estimates are
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Table 1 Index of the key notations

Name Description Loc.

dX dX (x, y) = dist(x, y) in metric space X Section 1

dH Hausdorff distance (24)

dGH Gromov–Hausdorff distance Section 2.1

σ1 Maximal ration of δ and r in Theorem 1 Thmeorem 1

K Bound for sectional curvature, |SecM | ≤ K Corollart 3

injM Injectivity radius of manifold M Section 1

dk kth derivative Theorem 2

E Euclidean space RN or the Hilbert space �2 Section 1

Reach Reach(M) is the reach of submanifold M � E Section 1.3

σ0(n) Maximal value for parameter δ when r = 1 (66)

X0 subset of X or a maximal r/100 separated subset of X (67)

Bn
r A ball of radius r in Rn Section 1

Br (x) A ball either in E , or X depending on the context Section 1

Dr
i Dr

i = Bn
r (pi ) ⊂ R

n is a ball of radius r centered at pi Section 5.1

Di Di = Bn
1 (pi ) ⊂ R

n is a ball of radius 1 centered at pi Section 5.1

Uδ(A) A δ-neighborhood of the set A Section 1.1

Ax Affine plane of dimension n containing x Proposition 3

Pi Orthogonal projector Pi = PAqi
onto affine plane Aqi (64)

μi (x) Smooth cutoff functions μi : E → [0, 1] (68)

ϕi (x) Function ϕi : E → E , ϕi (x) = μi (x)Pi (x) + (1 − μi (x))x (71)

fi (x) fi : E → E , fi = ϕi ◦ ϕi−1 ◦ . . . ◦ ϕ1 (72)

f (x) f (x) = limi→∞ fi (x) or f (x) = fmax i (x) (74)

M Reconstructed submanifold M = f (U1/5(X0)) ⊂ E (87)

Ai j Affine transition maps Ai j : Rn → R
n (135)

Ω Ω = ⋃

i Di ⊂ R
n is a union of coordinate charts Section 5.2

Ω0 Ω0 = ⋃

i D
1/10
i ⊂ R

n is a union of coordinate charts Section 5.2

φ(x) A smooth map φ : Rn → S
n (142)

Fi (x) Embedding Fi : Ω → R
n+1, Fi (x) = φ(A ji (x) − pi ) (143)

F(x) An embedding F : Ω → R
m , F(x) = (Fi (x))

N
i=1 (143)

Σi Σi = F(D1/10
i ) are local coordinate patches (151)

Σ0
i Σ0

i = F(D1/50
i ) are small local coordinate patches (151)

PM (x) A projection of x to the nearest point of M to x Section 1

F(i) Map F for the ball B1(qi ) given by GHDist (48)

Vi Vi = PM (Σi ) coordinate neighborhoods on M (165)

ψi (x) ψi = PM ◦ F maps local chart D1/10
i to Vi ⊂ M (164)

ui (x) ui = ũi /(
∑

i ũi ) ∈ C∞
0 (Vi ) is a partition of unity on M (188)

g g = ∑

i ui gi the metric constructed on M (189)
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Table 2 Lemmas or formulas in
which or after which Ck is
introduced

Ck Location Ck Location Ck Location

C1 (8) C2 (8) C3 (9)

C4 (9) C5 (10) C6 (10)

C7 (11) C8 (12) C9 (15)

C10 (15) C11 (17) C12 (20)

C13 (17) C14 (23) C15 (31)

C16 (42) C17 Lemma 7 C18 Lemma 8

C19 (70) C20 (17) C21 (76)

C22 (93) C23 (133) C24 (136)

C25 (141) C26 (145) C27 (146)

C28 (148) C29 (152) C30 (154)

C31 (155) C32 Lemma 35 C33 (161)

C34 (170) C35 Lemma 36 C36 Lemma 36

C37 (171) C38 (172) C39 (175)

C40 (176) C41 (177) C42 (181)

C43 (182) C44 (184) C45 (185)

C46 (187) C47 (193) C48 (193)

C49 (197) C50 (198) C51 (200)

C52 (201) C53 (206) C54 (212)

C55 (213) C56 (214) C57 (216)

C58 (217) C59 (221) C60 (221)

involved in each formula. However, to keep the presentation simpler, some constants
that are not needed in later estimates or are notmain in focus of the interest of this paper
are not numbered. To indicate dependence on other parameters, when we introduce a
new constant, we use notation like C(M, k) or C j (M, k) for numbers depending on
manifoldM andnumber k. The locationswhere the constants appear first time are listed
in Table 2. Constants that do not depend on any parameters, including the dimension
n of the manifold, are called universal constants. Most of the constants C j depend on
the intrinsic dimension n, and we do not usually indicate it (except in the introduction
where main results are stated), that is, we have C j = C j (n), C(M, k) = C(M, k, n),
etc. We note that several constants C j have an exponential dependency in n. One of
the reasons for this is that in a manifold having a negative sectional curvature, e.g., in
the hyperbolic space, a ball of radius r contains ecr/δ points that are δ-separated. We
emphasize that n is the intrinsic dimension of the manifold that is relatively small in
several applications, and the constants do not depend on the dimension of an ambient
space where a considered manifold may be embedded in.

1.2 Manifold Reconstruction and Inverse Problems

Theorem 1 and Corollary 1 give quantitative estimates on how one can use discrete
metric spaces as models of Riemannian manifolds, for example for the purposes of
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numerical analysis.With this approach, a data set representing a Riemannian manifold
is just a matrix of distances between points of some δ-net. Naturally, the distances can
be measured with some error. In fact, only ‘small-scale’ distances need to be known,
see Corollary 3.

The statement of Theorem 1 provides a verifiable criterion to tell whether a given
data set approximates any Riemannian manifold (with certain bounds for curvature
and injectivity radius). See Sect. 2.4 for an explicit algorithm.

The proof of Theorem 1 is constructive. It provides an algorithm, although a rather
complicated one, to construct aRiemannianmanifold approximated by a given discrete
metric space X . See Sect. 7 for an outline of the algorithm.

Next we formulate results that describe properties of the manifold M constructed
from data X that approximates some smooth manifold ˜M and discuss how this result
is used in inverse problems.

1.2.1 Reconstructions with Data that Approximate a Smooth Manifold

When dealing with inverse problems, it is assumed that the data set X comes from
some unknown Riemannian manifold ˜M , and moreover, some a priori bounds on
the geometry of this manifold are given. Applying Theorem 1 to this data set yields
another manifold M which is (1 + Cδr−1,Cδ)-quasi-isometric to ˜M . One naturally
asks what information about the original manifold ˜M can be recovered, in particular,
if the topological and differentiable type of the manifold ˜M can be determined using
the set X . An answer is given by the following proposition.

Proposition 1 (cf. Theorem 8.19 in [51]) There exist κ0 > 0 and C7 > 0 such that the
following holds. Let M and ˜M be completeRiemannian n-manifoldswith |SecM | ≤ K
and |Sec

˜M | ≤ K, where K > 0.
Let 0 < κ < κ0 and assume that M and ˜M are (1+ κ, κr)-quasi-isometric, where

r < min{(κ/K )1/2, injM , inj
˜M }.

Then, M and ˜M are diffeomorphic. Moreover, there exists a bi-Lipschitz diffeomor-
phism Ψ between M and ˜M with bi-Lipschitz constant bounded by 1 + C7κ ,

(1 + C7κ)−1d
˜M (Ψ (x), Ψ (y)) ≤ dM (x, y) ≤ (1 + C7κ) d

˜M (Ψ (x), Ψ (y)). (11)

We do not prove Proposition 1 because it is essentially the same as Theorem 8.19
in [51], except that the approximation is quasi-isometric rather than GH. To prove
Proposition 1, one can apply the same arguments as in [51, 8.19] using coordinate
neighborhoods of size r . The estimates are not given explicitly in [51], but they follow
from the argument. These results can be regarded as quantitative versions of Cheeger’s
Finiteness Theorem [30], see [79, Ch. 10] and [78] for different proofs.

Remark 2 Using results of [2], one can show that for any α < 1, M and ˜M in Propo-
sition 1 are close to each other in C1,α topology. However, we do not know explicit
estimates in this case.
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1.2.2 An Improved Estimate for the Injectivity Radius

The injectivity radius estimate provided by Theorem 1 is not good enough in the
context of manifold reconstruction. Indeed, in order to obtain a good approximation
one has to begin with a small r . (Recall that for Theorem 1 to work, δ should be of
order Kr3 where K is the curvature bound.) However, Theorem 1 guarantees only a
lower bound of order r for injM , so a priori one could end up with an approximating
manifold M with a very small injectivity radius. In order to rectify this, we need the
following result.

Proposition 2 There exists a universal constant C8 > 0 such that the following holds.
Let K > 0 and let M, ˜M be complete n-dimensional Riemannian manifolds with
|SecM | ≤ K and |Sec

˜M | ≤ K.

1. Let x ∈ M, x̃ ∈ ˜M, and 0 < ρ ≤ min{inj
˜M (̃x), π√

K
}. Then,

injM (x) ≥ ρ − C8 · dGH(BM
ρ (x), B

˜M
ρ (̃x)). (12)

2. Suppose that M and ˜M are (1 + ε, δ)-quasi-isometric where ε, δ ≥ 0. Then,

injM ≥ (1 − C8ε)min{inj
˜M , π√

K
} − C8δ. (13)

This result is important for the inverse problems of an approximate recovery of an
unknown manifold ˜M . It is often the case that we a priori know bounds for the
sectional curvature, injectivity radius, etc., of ˜M . On the other hand, any othermanifold
M described by Theorem 1 is (1+Cδr−1,Cδ)-quasi-isometric to ˜M . Thus, the second
part of Proposition 2 gives a better estimate for injM than Theorem 1.

The proof of Proposition 2 is given in Sect. 4.

1.2.3 An Approximation Result with Only One Parameter

We summarize the manifold reconstruction features of Theorem 1 in the following
corollary where all approximations, errors in data, as well as the errors in the recon-
struction are given in terms of a single parameter ̂δ. Essentially, the corollary tells
that a manifold N can be approximately reconstructed from âδ-net X of N and the
information about local distances between points of X containing small errors. This
type of results is useful, e.g., in inverse problems discussed below.

Corollary 3 Let K > 0, n ∈ Z+ and (N , g) be a compact n-dimensional manifold
with sectional curvature bounded by |SecN | ≤ K. There exist δ0 = δ0(n, K ) and
C9 = C9(n),C10 = C10(n) > 0 such that if 0 < ̂δ < δ0, then the following holds:

Let r = (̂δ/K )1/3 and suppose that the injectivity radius injN of N satisfies injN >

2r . Also, let X = {x j : j = 1, 2, . . . , J } ⊂ N be a ̂δ-net of N and ˜d : X × X →
R+ ∪ {0} be an approximate local distance function that satisfies for all x, y ∈ X

|˜d(x, y) − dN (x, y)| ≤ ̂δ, if dN (x, y) < r , (14)
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and

˜d(x, y) > r −̂δ, if dN (x, y) ≥ r .

Given the set X and the function˜d, one can effectively construct a compact, smooth n-
dimensional Riemannian manifold (M, gM ), with distance function dM. This manifold
approximates the manifold (N , g) in the following way:

1. There is a diffeomorphism F : M → N satisfying

1

L
≤ dN (F(x), F(y))

dM (x, y)
≤ L, for all x, y ∈ M, (15)

where L = 1 + C10K 1/3
̂δ 2/3.

2. The sectional curvature SecM of M satisfies |SecM | ≤ C9K.
3. The injectivity radius injM of M satisfies

injM ≥ min{(C9K )−1/2, (1 − C10K
1/3

̂δ 2/3) injN }.

The proof of Corollary 3 is given in the end of Sect. 6.
We call the function ˜d : X × X → R+ ∪ {0}, defined on thêδ-net X and satisfying

the assumptions of Corollary 3, an approximate local distance function with accuracy
̂δ. Many inverse problems can be reduced to a setting where one can determine the
distance function dN (x j , xk), withmeasurement errors ε j,k , in a discrete set {x j } j∈J ⊂
N . Thus, if the set {x j } j∈J iŝδ-net in N , the errors ε j,k satisfy conditions (14), and
̂δ is small enough, then the diffeomorphism type of the manifold can be uniquely
determined by Corollary 3. Moreover, the bi-Lipschitz condition (15) means that also
the distance function can be determined with small errors. We emphasize that in (14)
one needs to approximately know only the distances smaller than r = (̂δ/K )1/3. The
larger distances can be computed as in (32).

1.2.4 Manifold Reconstructions in Imaging and Inverse Problems

Recently, geometric models have became an area of focus of research in inverse prob-
lems. As an example of such problems, one may consider an object with a variable
speed of wave propagation. The travel time of a wave between two points defines
a natural non-Euclidean distance between the points. This is called the travel time
metric, and it corresponds to the distance function of a Riemannian metric. In many
topical inverse problems, the task is to determine the Riemannian metric inside an
object from external measurements, see, e.g., [61,62,75,76,89–91,93]. These prob-
lems are the idealizations of practical imaging tasks encountered in medical imaging
or in Earth sciences. Also, the relation of discrete and continuous models for these
problems is an active topic of research, see, e.g., [9,13,14,57]. In these results, discrete
models have been reconstructed from various types of measurement data. However,
a rigorously analyzed technique to construct a smooth manifold from these discrete
models to complete the construction has been missing until now.
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In practice, the measurement data always contain measurement errors and the
amount of these data is limited. This is why the problem of the approximate recon-
struction of a Riemannian manifold and the metric on it from discrete or noisy data is
essential for several geometric inverse problems. Earlier, various regularization tech-
niques have been developed to solve noisy inverse problems in the PDE setting, see,
e.g., [36,65], but most of such methods depend on the used coordinates and, therefore,
are not invariant. One of the purposes of this paper is to provide invariant tools for
solving practical imaging problems.

An example of problems with limited data is an inverse problem for the heat kernel,
where the information about the unknown manifold (M, g) is given in the form of
discrete samples (hM (x j , yk, ti )) j,k∈J ,i∈I of the heat kernel hM (x, y, t), satisfying

(∂t − Δg)hM (x, y, t) = 0, on (x, t) ∈ M × R+,

hM (x, y, 0) = δy(x),

where the Laplace operator Δg operates in the x variable, see, e.g., [56]. Here
y j = x j , where {x j : j ∈ J } is a finite ε-net in an open set Ω ⊂ M , while
{ti : i ∈ I } is in ε-net of the time interval (t0, t1). It is also natural to assume that
one is given measurements h(m)

M (x j , yk, ti ) of the heat kernel with errors satisfying

|h(m)
M (x j , yk, ti )−hM (x j , yk, ti )| < ε. Several inverse problems for the wave equation

lead to a similar problem for the wave kernel GM (x, y, t) satisfying

(∂2t − Δg)GM (x, y, t) = δ0(t)δy(x), on (x, t) ∈ M × R,

GM (x, y, t) = 0, for t < 0,

see, e.g., [53,56,72]. In the case of complete data (corresponding to the case when
ε vanishes), the inverse problem for heat kernel and wave kernel is equivalent to
the inverse interior spectral problem, see [55]. In this problem, one considers the
eigenvalues λk of −Δg , counted by their multiplicity, and the corresponding L2(M)-
orthonormal eigenfunctions, ϕk(x), that satisfy

−Δgϕk(x) = λkϕk(x), x ∈ M .

In the inverse interior spectral problem, one assumes that we are given approx-
imations ˜λk, k = 0, 1, 2, . . . , N − 1, to the first N smallest eigenvalues of −Δg ,
and values ϕ′

k(x j ), at points x j , of approximations to the eigenfunctions ϕk . Here x j
form an ε-net {x j : j ∈ J } ⊂ Ω , where Ω ⊂ M is open, and |˜λk − λk | ≤ ε and
|ϕ′

k(x j ) − ϕk(x j )| < ε.
It is shown in [15] that these data determine a metric space (X , dX ) which is a

δ−approximation (in the Gromov–Hausdorff distance) to the unknown manifold M ,
where δ = δ(ε, N ;Ω) tends to 0 as ε → 0 and N → ∞. Itmay be noted that the earlier
works [3,57] dealt with similar approximations (under other geometric conditions) for
the case of manifolds with boundary and the Laplace operators with some classical
boundary conditions.
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Returning to the case when M has no boundary, Theorem 1 completes the solution
of the above inverse problems by constructing a smooth manifold that approximates
M .

1.3 Interpolation of Manifolds in Hilbert Spaces

As already mentioned, in the proof of Theorem 1 we need to approximate a set in a
Hilbert space by an n-dimensional submanifold (with bounded geometry). At small
scale, the set in question should be close to affine subspaces in the following sense.

Definition 4 Let E be a Hilbert space, X ⊂ E , n ∈ N and r , δ > 0. We say that X
is δ-close to n-flats at scale r if for any x ∈ X , there exists an n-dimensional affine
space Ax ⊂ E through x such that

dH (X ∩ BE
r (x), Ax ∩ BE

r (x)) ≤ δ. (16)

To formulate our result for the sets in Hilbert spaces, we recall some definitions.
By a closed submanifold of a Hilbert space E , we mean a finite-dimensional smooth
submanifold which is a closed subset of E .

Let M ⊂ E be a closed submanifold. The reach of M , denoted by Reach(M),
is the supremum of all r > 0 such that for every x ∈ Ur (M) there exists a unique
nearest point in M . We denote this nearest point by PM (x) and refer to the map
PM : Ur (M) → M as the normal projection.

For x ∈ M , we denote by TxM the tangent space of M at x . The tangent space
is regarded as an affine subspace of E containing x . We denote by Tx M the linear
subspace of E parallel to TxM .

Theorem 2 For every n, k ∈ N, there exist positive constants σ2, C11, C12 depending
only on n and a positive constant C13(n, k) > 0 such that the following holds. Let E
be a separable Hilbert space, X ⊂ E, r > 0 and

0 < δ < σ2r . (17)

Suppose that X is δ-close to n-flats at scale r (see Definition 4). Then, there exists a
closed n-dimensional smooth submanifold M ⊂ E such that:

1. dH (X , M) ≤ 5δ.
2. The second fundamental form of M at every point is bounded by C11δr−2.
3. Reach(M) ≥ r/3.
4. The normal projection PM : Ur/3(M) → M is smooth and satisfies for all x ∈

Ur/3(M)

‖dkx PM‖ < C13(n, k)δr−k, k ≥ 2, (18)

and

‖dx PM − PTyM‖ < C13(n, 1)δr−1 (19)
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where y = PM (x) and PTyM is the orthogonal projector to TyM.
5. The tangent spaces of M approximate subspaces Ax from Definition 4 in the

following sense. If x ∈ X and y = PM (x), then the angle between Ax and the
tangent space TyM satisfies

∠(Ax , TyM) < C12δr
−1. (20)

Notations In (19), (18) and throughout the paper, dx and dkx denote the first and kth
differentials of a smooth map at a point x . The norm of the kth differential is derived
from the inner product normon E in the standardway.As usual, we define theCk -norm
of a map f defined on an open set U ⊂ E , by

‖ f ‖Ck (U ) = sup
x∈U

max
0≤m≤k

‖dmx f ‖

where d0x f = f (x).
The angle ∠(A1, A2) between n-dimensional linear subspaces A1, A2 ⊂ E is

defined by

∠(A1, A2) := max
u1

min
u2

{

∠(u1, u2) | u1 ∈ A1, u2 ∈ A2, u j �= 0
}

(21)

where ∠(u1, u2) = arccos 〈u1,u2〉|u1||u2| and 〈 ·, · 〉 is the inner product in E . The angle
between affine subspaces is defined as the angle between their parallel translates
containing the origin. Note that if A1 and A2 are linear subspaces and PA1 and PA2

are orthogonal projectors onto A1 and A2, respectively, then

‖PA1 − PA2‖= sin∠(A1, A2). (22)

The proof of Theorem 2 is given in Sect. 3. An algorithm based on Theorem 2,
which also summarizes the main objects used in its proof, is given in Sect. 7, see also
Fig. 2.

The above question of submanifold interpolation has attracted recently much inter-
est in geometry and machine learning. For example, an interpolation problem similar
to Theorem 2 has been considered in the recent paper of Kleiner and Lott concerning
Perelman’s proof of the geometrization conjecture, see [60, Lemma B.2]. Compared
to these results, our method provides explicit geometric bounds for M in claims
(2)–(4) of Theorem 2, whereas the bounds in [60, Lemma B.2] arise from a con-
tradiction argument and have the form of an unknown ε = ε(δ, . . . ) which just goes
to 0 along with δ. In particular, Theorem 2 provides explicit curvature bounds that
are linear in δ. This is essential in the proof of Theorem 1 as well as in applica-
tions.

In Remark 7, we show that the bounds in claims (2) and (3) in Theorem 2 are
optimal, up to constant factors depending on n. Thus, Theorem 2 gives necessary and
sufficient conditions (up to multiplication of the bounds by a constant factor) for a set
X ⊂ E to approximate a smooth submanifold with given geometric bounds.
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Fig. 2 A schematic visualization of the interpolation algorithm ‘SubmanifoldInterpolation’ based on The-
orem 2. In the figure, on the top, the black data points X ⊂ E = R

m have a δ-neighborhood U = Uδ(X).
The boundary of U is marked by blue. In the figures below, we determine, near points xi ∈ X , i = 1, 2, 3
the approximating n-dimensional planes Ai , marked by red lines. Then, we map the set U by applying to
it iteratively functions ϕi : E → E , defined in (71). The maps ϕi are convex combinations of the projector
PAi , onto Ai , and the identity map. The three figures on the bottom show the sets ϕ1(U ), ϕ2(ϕ1(U )), and
ϕ3(ϕ2(ϕ1(U ))), respectively. The limit of these sets converges to the n-dimensional submanifold M ⊂ E
(Color figure online)

In order to approximate a submanifold M as in Theorem 2, the set X must contain
as many points as a Cδ-net in M . This is an unreasonably large number of points
when δ is small. The following corollary allows one to reconstruct M from a smaller
approximating set. It involves two parameters ε and δ where ε is a ‘density’ of a net
and δ is a ‘measurement error.’ Note that δ may be much smaller than ε. A similar
generalization is possible for Theorem 1, but we omit these details.

Corollary 4 For every n ∈ N, there exist σ2 = σ2(n) > 0 and C14 = C14(n) > 0
such that the following holds. Let E be a Hilbert space, X ⊂ E, 0 < ε < r/10 and
0 < δ < σ2r . Suppose that for every x ∈ X there exists an n-dimensional affine
subspace Ax ⊂ E such that the set X ∩ Br (x) is within Hausdorff distance δ from an
ε-net of the affine n-ball Ax ∩ Br (x).

Then, there exists a closed n-dimensional submanifold M ⊂ E satisfying properties
2–4 of Theorem 2 and an ε-net Y of M such that

dH (X ,Y ) ≤ C14δ. (23)

Proof sketch Consider the set X ′ = ⋃

x∈X (Ax ∩ Br (x)) ⊂ E . A suitably modified
version of Lemma 9 implies that ∠(Ax , Ay) < Cδr−1 for all x, y ∈ X such that
|x − y| < r . It then follows that X ′ is Cδ-close to n-flats at scale r − Cδ. Now the
corollary follows from Theorem 2 applied to X ′. ��
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1.4 Submanifold Interpolation andMachine Learning

The construction of a manifold that approximates, in some suitable sense, the given
data points is a classical problem of machine learning. We emphasize that we consider
reconstruction of manifolds which are either considered as (differentiable) Rieman-
nian manifolds or embedded submanifolds of an Euclidean space but not immersed
submanifolds of an Euclidean space (i.e., a submanifold that intersects itself) that are
outside the context of this paper.

Next we give a short review on existing methods and discuss how Theorem 2 is
applied for problems of manifold learning.

1.4.1 Literature on Submanifold Interpolation

The question of fitting a manifold to data has been of interest to data analysts and
statisticians of late. There are several results dealing exclusively with sample com-
plexity such as [1,48,64,66,67]. We will restrict our attention to results that provide
an algorithm for describing a manifold to fit the data together with upper bounds on
the sample complexity.

A work in this direction, [49], building over [74] provides an upper bound on
the Hausdorff distance between the output manifold and the true manifold equal to

O((
log N
N )

2
D+8 ) + ˜O(σ 2 log(σ−1)). In order to obtain a Hausdorff distance of cε, one

needs more than ε−D/2 samples, where D is the ambient dimension. The results of
[43] guarantee (for sufficiently small σ ) a Hausdorff distance of

Cd7(σ
√
D) = O(σ )

with less than

CV

ωd(σ
√
D)d

= O(σ−d)

samples, where d is the dimension of the submanifold, V is in upper bound in the
d−dimensional volume, and σ is the standard deviation of the noise projected in one
dimension. The question of fitting a manifold Mo to data with control both on the
reach τo and mean squared distance of the data to the manifold was considered in
[44]. The paper [44] did not assume a generative model for the data and had to use
an exhaustive search over the space of candidate manifolds whose time complexity
was doubly exponential in the intrinsic dimension d ofMo. In [43], the construction
of Mo has a sample complexity that is singly exponential in d, made possible by the
generative model, while [44] did not specify the bound on τo, beyond stating that the
multiplicative degradation τ

τo
in the reach depends on the intrinsic dimension alone.

In [43], this degradation is pinned down to within (0,Cd7], where C is an absolute
constant and d is the dimension ofM.

There are alsomethodswhichmaphigh-dimensional data points to low-dimensional
piecewise linear manifolds. Cheng, Dey and Ramos present an algorithm [32] to
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reconstruct a smooth k-dimensional manifold M embedded in a Euclidean space
from a sufficiently dense point sample on the manifold. The algorithm outputs a
simplicial manifold that is homeomorphic toM and close toM in Hausdorff distance
(see also the related work using witness complexes in [12]). In recent work, Aamari
and Levrard [1] derive optimal rates for the estimation of tangent spaces the second
fundamental form, and the submanifoldM given a sample drawn from a submanifold
M of Euclidean space. Unlike this paper or [43,44,49], they do not, however, provide
a method to produce a single consistent manifold from finitely many samples. In other
recent work [11], Boissonnat et al. presented an algorithm for producing Delaunay
triangulations of manifolds. Given a set of sample points and an atlas on a compact
manifold, a manifold Delaunay complex is produced for a perturbed point set provided
the transition functions are bi-Lipschitz with a constant close to 1, and the original
sample points meet a local density requirement. The output complex is endowed with
a piecewise-flat metric which is a close approximation of the original Riemannian
metric. This is similar to our present work, except that our metric is C∞, and not just
piecewise linear.

1.4.2 Literature on Manifold Learning

The following methods aim to transform data lying near a d-dimensional manifold
in an N -dimensional space into a set of points in a low-dimensional space close to
a d-dimensional manifold. During transformation, all of them try to preserve some
geometric properties, such as appropriately measured distances between points of the
original data set. Usually the Euclidean distance to the ‘nearest’ neighbors of a point
is preserved. In addition, some of the methods preserve, for points farther away, some
notion of geodesic distance capturing the curvature of the manifold.

Perhaps the most basic of such methods is ‘principal component analysis’ (PCA),
[52,77] where one projects the data points onto the span of the d eigenvectors cor-
responding to the top d eigenvalues of the (N × N ) covariance matrix of the data
points.

An important variation is the ‘Kernel PCA’ [84] where one defines a feature map
ϕ(·) mapping the data points into a Hilbert space called the feature space. A ‘kernel
matrix’ K is built whose (i, j)th entry is the dot product 〈ϕ(xi ), ϕ(x j )〉 between
the data points xi , x j . From the top d eigenvectors of this matrix, the corresponding
eigenvectors of the covariancematrix of the image of the data points in the feature space
can be computed. The data points are projected onto the span of these eigenvectors of
this covariance matrix in the feature space.

In the case of ‘multi-dimensional scaling’ (MDS) [34], only pairwise distances
between points are attempted to be preserved.Oneminimizes a certain ‘stress function’
which captures the total error in pairwise distances between the data points andbetween
their lower-dimensional counterparts. For instance, a raw stress function could be
Σ(‖xi − x j‖−‖yi − y j‖)2, where xi are the original data points, yi , the transformed
ones, and ‖xi − x j‖, the distance between xi , x j .

‘Isomap’ [92] attempts to improve on MDS by trying to capture geodesic distances
between points while projecting. For each data point, a ‘neighborhood graph’ is con-
structed using its k neighbors (k could be varied based on various criteria), the edges
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carrying the length between points. Now the shortest distance between points is com-
puted in the resulting global graph containing all the neighborhood graphs using a
standard graph theoretic algorithm such as Dijkstra’s. Let D = [di j ] be the n × n
matrix of graph distances. Let S = [d2i j ] be the n × n matrix of squared graph dis-

tances. Form the matrix, A = 1
2HSH , where H = I − n−111T . The matrix A is of

rank t < n, where t is the dimension of the manifold. Let AY = 1
2HSY H , where

[SY ]i j = ‖yi − y j‖2. Here the yi are arbitrary t-dimensional vectors. The embedding
vectors ŷi are chosen to minimize ‖A − AY ‖. The optimal solution is given by the
eigenvectors v1, . . . , vt corresponding to the t largest eigenvalues of A. The vertices
of the graph G are embedded by the t × n matrix

̂Y = (ŷ1, . . . , ŷn) = (
√

λ1v1, . . . ,
√

λtvt )
T .

‘Maximum variance unfolding’ (MVU) [94] also constructs the neighborhood
graph as in the case of Isomap but tries to maximize distance between projected
points keeping distance between the nearest points unchanged after projection. It uses
semidefinite programming for this purpose.

In ‘Diffusion Maps’ [33], a complete graph on the data points is built and each

edge is assigned a weight based on a gaussian: wi j ≡ exp(
‖xi−x j‖2

σ 2 ). Normalization
is performed on this matrix so that the entries in each row add up to 1. This matrix is
then used as the transition matrix P of a Markov chain. Pt is therefore the transition
probability between data points in t steps. The d nontrivial eigenvalues λi and their
eigenvectors vi of Pt are computed, and the data are now represented by the matrix
[λ1v1, · · · , λdvd ], with the row i corresponding to data point xi .

The following are essentially local methods of manifold learning in the sense that
they attempt to preserve local properties of the manifold around a data point.

‘Local linear embedding’ (LLE) [81] preserves solely local properties of the data.
Let Ni be the neighborhood of xi , consisting of k points. Find optimal weights ŵi j

by solving ̂W := argminW
∑n

i=1 ‖xi − ∑n
j=1 wi j x j‖2, subject to the constraints

(i) ∀i,∑ j wi j = 1, (ii) ∀i, j, wi j ≥ 0, (iii) wi j = 0 if j /∈ Ni . Once the weight

matrix ̂W is found, a spectral embedding is constructed using it. More precisely, a
matrix ̂Y is a t × n matrix constructed satisfying ̂Y = argminY Tr(YMYT ), under
the constraints Y1 = 0 and YY T = nIt , where M = (In − ̂W )T (In − ̂W ). ̂Y is used
to get a t-dimensional embedding of the initial data.

In the case of the ‘Laplacian eigenmap’ [4,54] again, a nearest neighbor graph is
formed. The details are as follows. Let ni denote the neighborhood of i . LetW = (wi j )

be a symmetric (n×n)weighted adjacency matrix defined by (i)wi j = 0 if j does not
belong to the neighborhood of i ; (ii) wi j = exp(‖xi − x j‖2/2σ 2), if x j belongs to the
neighborhood of xi . Here σ is a scale parameter. Let G be the corresponding weighted
graph. Let D = (di j ) be a diagonal matrix whose i th entry is given by (W1)i . The
matrix L = D−W is called the Laplacian of G. We seek a solution in the set of t × n
matrices ̂Y = argminY :Y DY T =It Tr(Y LY T ). The rows of ̂Y are given by solutions of
the equation Lv = λDv.

Hessian LLE (HLLE) (also calledHessian eigenmaps) [35] and ‘local tangent space
alignment’ (LTSA) [100] attempt to improve on LLE by also taking into consideration
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the curvature of the higher-dimensional manifold while preserving the local pairwise
distances. We describe LTSA below.

LTSAattempts to compute coordinates of the low-dimensional data points and align
the tangent spaces in the resulting embedding. It starts with computing bases for the
approximate tangent spaces at the datapoints xi by applying PCA on the neighboring
data points. The coordinates of the low-dimensional data points are computed by
carrying out a further minimization minYi ,Li Σi‖Yi Jk − LiΘi‖2. Here Yi has as its
columns, the lower- dimensional vectors, Jk is a ‘centering’ matrix, Θi has as its
columns the projections of the k neighbors onto the d eigenvectors obtained from the
PCA, and Li maps these coordinates to those of the lower-dimensional representation
of the data points. The minimization is again carried out through suitable spectral
methods.

The alignment of local coordinate mappings also underlies some other methods
such as ‘local linear coordinates’ (LLC) [82] and ‘manifold charting’ [16].

Each of the algorithms is based on strong domain-based intuition and in general
performs well in practice at least for the domain for which it was originally intended.
PCA is still competitive as a general method.

Some of the algorithms are known to perform correctly under the hypothesis that
data lie on a manifold of a specific kind. In Isomap and LLE, the manifold has to
be an isometric embedding of a convex subset of Euclidean space. In the limit as the
number of data points tends to infinity, when the data approximate a manifold, then
one can recover the geometry of this manifold by computing an approximation of the
Laplace–Beltrami operator. Laplacian eigenmaps and diffusion maps rest on this idea.
LTSA works for parameterized manifolds, and detailed error analysis is available for
it.

1.4.3 Theorems 1 and 2 and the Problems of Machine reconstruction

Theorem 1 addresses the fundamental question, when a given metric space (X , dX ),
corresponding to data points and their ‘abstract’ mutual distances, approximates a
Riemannian manifold with a bounded sectional curvature and injectivity radius. In the
context of Theorem 1, the distances are measured in intrinsic sense in M and X .

Theorem 2 deals with approximating a subset of a Hilbert space E satisfying certain
local constraints by a manifold having bounded second fundamental form and reach.
In the context of Theorem 2, the distances are measured in extrinsic sense in E . Such
approximations have extensively been considered in machine learning or, more pre-
cisely, manifold learning and nonlinear dimensionality reduction, where the goal is to
approximate the set of data lying in a high-dimensional space like E by a submanifold
in E of a low enough dimension in order to visualize these data, see, e.g., references
of Sect. 1.4.2.

The results of this paper provide for the observed data an abstract low-dimensio-
nal representation of the intrinsic manifold structure that the data may possess. In
particular, the topology of the manifold structure is determined, assuming that the
sampling density has been sufficient. As described in Sect. 3, the proof of Theorem
2 is of a constructive nature and provides an algorithm to perform such visualization.
Note that this algorithm startswith tangent-type planeswhichmakes it distantly similar
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to the LTSAmethod in machine learning, see, e.g., [63,100]. In paper [44], the authors
provide a method of visualization of a given data using a probabilistic setting. In
comparison, Theorem 2 helps us visualize data in a deterministic setting.

The results of this paper are also related to dimensionality reduction consid-
ered extensively in machine learning, see, e.g., [4–6,80]. Using the constructions of
Sect. 5.2, we can associate with given data not only the metric structure but also
point measures. Combining this with the constructions of [28], one could analyze the
approximate determination of the eigenvalues and eigenfunctions of a manifold that
approximates the data set.

2 Approximation of Metric Spaces

In this section, we collect preliminaries about GH and quasi-isometric approximation
of metric spaces. In Sects. 2.4 and 2.5, we present algorithms that can be used to verify
the assumptions of Theorems 1 and 2 .

2.1 Gromov–Hausdorff Approximations

Let X be a metric space. Recall that the Hausdorff distance between sets A, B ⊂ X is
defined by

dH (A, B) = inf{r > 0 : A ⊂ Ur (B) and B ⊂ Ur (A)} (24)

where Ur denotes the r -neighborhood of a set.
The Gromov–Hausdorff (GH) distance dGH(X ,Y ) between metric spaces X and

Y is the infimum of all ε > 0 such that there exist a metric space Z and subsets
X ′,Y ′ ⊂ Z isometric to X and Y , resp., such that dH (X ′,Y ′) < ε. One can always
assume that Z is the disjoint union of X and Y with a metric extending those of X
and Y . The pointed GH distance between pointed metric spaces (X , x0) and (Y , y0)
is defined in the same way with an additional requirement that dZ (x0, y0) < ε. See,
e.g., [79, §1.2 in Ch. 10] or [26] for details.

Example 1 (Distorted net) Recall that a subset S of a metric space X is called an ε-net
if Uε(S) = X . Let S be an ε-net in X and imagine that we have measured the distances
between points of S with an absolute error ε, that is, we have a distance function d ′
on S × S such that |d ′(x, y) − d(x, y)| < ε for all x, y ∈ S. Then, the GH distance
between X and (S, d ′) is bounded by 2ε. This follows from the fact that the inclusion
S ↪→ X is an ε-isometry from (S, d ′) to (X , d), see below.

Strictly speaking, the ‘measurement errors’ in this example may break the triangle
inequality so that (S, d ′) is no longer a metric space. This can be fixed by adding 3ε
to all d ′-distances.
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Let X ,Y be metric spaces, f : X → Y a (not necessarily continuous) map, and
ε > 0. The distortion of f , denoted by dis f , is defined by

dis f = sup
x,y∈X

|dY ( f (x), f (y)) − dX (x, y)|,

and f is called an ε-isometry if dis f < ε and f (X) is an ε-net in Y .
If dGH(X ,Y ) < ε, then there exists a 2ε-isometry from X to Y , and conversely, if

there is an ε-isometry from X to Y , then dGH(X ,Y ) < 2ε. Moreover,

dGH(X , f (X)) ≤ 1

2
dis f . (25)

Also, if f (X) is ε−net in Y , then

dGH(X ,Y ) ≤ 1

2
dis f + ε. (26)

See [26, §7.3.3] for proofs of these facts. They also hold for the pointed GH dis-
tance between pointed metric spaces (X , x0) and (Y , y0), provided that f (x0) = y0.
Throughout the paper, we use these properties without explicit reference.

If f is a (λ, ε)-quasi-isometry (see Definition 3), then dis f ≤ (λ−1) diam(X)+ε.
This together with (25)–(26) implies (6). The next lemma is a variant of (6) for metric
balls.

Lemma 1 Let f : X → M be a (λ, ε)-quasi-isometry and suppose that (M, dM ) is a
Riemannian manifold. Then, every r-ball in M is within GH distance 2(λ − 1)r + 5ε
from some r-ball in X. More precisely,

dGH(BX
r (x), BM

r (y)) < 2(λ − 1)r + 5ε (27)

for all x ∈ X and y ∈ M such that dM ( f (x), y) < ε.

Proof Let x and y be as in the formulation. Then,

BM
r1+r2(y) = Ur2(B

M
r1 (y)) (28)

for all r1, r2 > 0.
Fix r > 0 and denote X1 = BX

r (x) and M1 = BM
r (y). Since diam(X1) ≤ 2r , the

distortion of f |X1 is bounded by 2(λ − 1)r + ε. Hence, by (26),

dGH(X1, f (X1)) ≤ (λ − 1)r + ε/2 (29)

where f (X1) is regarded as a pointed metric space with distinguished point f (x).
Now we estimate the Hausdorff distance dH ( f (X1), M1) in M . By (5) and (28),

f (X1) ⊂ BM
λr+ε( f (x)) ⊂ BM

λr+2ε(y) ⊂ Uε1(M1), ε1 = (λ − 1)r + 2ε.
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To prove that M1 is contained in a suitable neighborhood of f (X1), let r1 = λ−1r−3ε
and consider z ∈ BM

r1 (y). Since f (X) is an ε-net in M , there is x ′ ∈ X such that
dM (z, f (x ′)) < ε, and hence, dM ( f (x), f (x ′)) < r1 + 2ε. This and (5) imply that

dX (x, x ′) < λ(dM ( f (x), f (x ′)) + ε) < λ(r1 + 3ε) = r;

hence, x ′ ∈ X1. Thus, BM
r1 (y) ⊂ Uε( f (X1)). This and (28) imply that

M1 ⊂ Uε2( f (X1)), ε2 = r − r1 + ε = (1 − λ−1)r + 4ε.

Thus, dH ( f (X1), M1) ≤ max(ε, ε1, ε2) < (λ−1)r+4ε. Since theHausdorff distance
is an upper bound for the GH distance, this and (29) imply (27). ��

2.2 Almost Intrinsic Metrics

Here we discuss properties of δ-intrinsic metrics and related notions fromDefinition 2.
First observe that, if x1, x2, . . . , xN is a δ-straight sequence, then its ‘length’ satisfies

N−1
∑

i=1

d(xi , xi+1) ≤ d(x1, xN ) + (N − 2)δ. (30)

This follows by induction from (4) and the triangle inequality.
The next lemma characterizes almost intrinsic metrics as those that are GH close

to Riemannian manifolds. However, manifolds provided by this lemma may have
extremely large curvatures and tiny injectivity radii.

Lemma 2 Let X be a metric space and δ > 0. 1. If there exists a length space Y
such that dGH(X ,Y ) < δ, then X is 6δ-intrinsic. 2. Conversely, if X is compact and
δ-intrinsic, then there exists a two-dimensional Riemannian manifold M such that

dGH(X , M) < C15δ, (31)

where C15 is a universal constant.

Proof 1. By the definition of the GH distance, there exists a metric d on the dis-
joint union Z := X � Y such that d extends dX and dY and dH (X ,Y ) < δ in
(Z , d). Let x, x ′ ∈ X . Since dH (X ,Y ) < δ, there exist y, y′ ∈ Y such that
d(x, y) < δ and d(x ′, y′) < δ. Connect y to y′ by a minimizing geodesic and let
y = y1, y2, . . . , yN = y′ be a sequence of points along this geodesic such that
d(yi , yi+1) < δ for all i . For each i = 2, . . . , N − 1, choose xi ∈ X such that
d(xi , yi ) < δ. Then, x, x2, . . . , xN−1, x ′ is a 6δ-straight 3δ-chain connecting x and
x ′. Since x and x ′ are arbitrary points of X , the claim follows.

2. Since we do not use this claim, we do not give a detailed proof of it. Here
is a sketch of the construction. First, arguing as in [26, Proposition 7.5.5], one can
approximate X by a metric graph. If X is δ-intrinsic, the graph can be made GH C15δ-
close to X . Consider a piecewise-smooth arcwise isometric embedding of the graph
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into R
3, and let M be a smoothed boundary of a small neighborhood of the image.

Then, M is a two-dimensional Riemannian manifold which can be made arbitrarily
close to the graph and hence C15δ-close to X . ��

Now we describe a construction that makes a Cδ-intrinsic metric out of a metric
which is δ-close to R

n at scale r (see Definition 1). More generally, let X = (X , d)

be a metric space in which every ball of radius r is δ-intrinsic, where r > δ > 0. For
x, y ∈ X , define the new distance d ′(x, y) by

d ′(x, y) = inf{xi }

{N−1
∑

i=1

d(xi , xi+1) : x1 = x, xN = y

}

(32)

where the infimum is taken over all finite sequences x1, . . . , xN connecting x to y and
such that every pair of subsequent points xi , xi+1 is contained in a ball of radius r in
(X , d).

In order to avoid infinite d ′-distances, we need to assume that any two points can
be connected by such a sequence. If this is not the case, X divides into components
separated from one another by distance at least r . For our purposes, such components
are unrelated to one another just like disconnected components of a manifold.

Lemma 3 Under the above assumptions, the function d ′ given by (32) is a 8δ-intrinsic
metric on X. Furthermore, d and d ′ coincide within any ball of radius r .
Proof The triangle inequality for d implies that d ′ is a metric, d ′ ≥ d, and d ′(x, y) =
d(x, y) if x and y belong to an r -ball in (X , d). It remains to verify that (X , d ′) is
8δ-intrinsic. Let x, y ∈ X and let x = x1, . . . , xN = y be a sequence realizing the
infimum in (32) with an error less than δ. Then,

∑

d ′(xi , xi+1) =
∑

d(xi , xi+1) < d ′(x, y) + δ;

hence, the sequence {xi } is δ-straight with respect to d ′. Recall that every pair xi , xi+1
belongs to an r -ball and this ball is δ-intrinsic. Hence, there is a δ-straight δ-chain
Si = {z(i)j }Ni

j=1 connecting xi to xi+1 and contained in an r -ball. Joining the sequences

Si together yields a δ-chain {yk}N ′
k=1, N

′ = ∑

Ni , connecting x to y.
It suffices to prove that the sequence {yk} is 8δ-straight with respect to d ′. Note

that the chains Si are δ-straight with respect to both d and d ′ since the two metrics
coincide in any r -ball. Let ai = d ′(x, xi ) for i = 1, . . . , N . Then, for i ≤ j we have

a j − ai ≤ d ′(xi , x j ) < a j − ai + δ (33)

by the triangle inequality and the δ-straightness of {xi }. For k ∈ {1, . . . , N ′}, define

bk = ai + d ′(xi , yk) (34)

where i = i(k) is the index such that yk belongs to Si . Note that, for yk ∈ Si ,

d ′(yk, xi+1) < d ′(xi , xi+1) − d ′(xi , yk) + δ < ai+1 − bk + 2δ (35)
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due to the δ-straightness of Si and (33). We claim that

bm − bk − 2δ < d ′(yk, ym) < bm − bk + 3δ (36)

for all k,m ∈ {1, . . . , N ′} such that k ≤ m. If both yk and ym are from one sub-chain
Si , then (36) follows from the δ-straightness of Si . Assume that yk ∈ Si and ym ∈ S j

where i < j . Then, the triangle inequality

d ′(yk, ym) ≤ d ′(yk, xi+1) + d ′(xi+1, x j ) + d ′(x j , ym)

and relations d ′(yk, xi+1) < ai+1 − bk + 2δ (cf. (35)), d ′(xi+1, x j ) < a j − ai+1 + δ

(cf. (33)), and d ′(x j , ym) = bm−a j (cf. (34)) imply the upper bound in (36). Similarly,
the lower bound in (36) follows from the triangle inequality

d ′(yk, ym) ≥ d ′(xi , x j+1) − d ′(xi , yk) − d ′(ym, x j+1)

and relations d ′(xi , x j+1) ≥ a j+1 − ai (cf. (33)), d ′(xi , yk) = bk − ai (cf. (34)), and
d ′(ym, x j+1) < a j+1 − bm + 2δ (cf. (35)). This finishes the proof of (36).

For k,m, n ∈ {1, . . . , N ′} such that k ≤ m ≤ n, (36) implies that

−7δ < d ′(yk, ym) + d ′(ym, yn) − d ′(yk, yn) < 8δ.

Thus, {yk} is a 8δ-straight sequence and the lemma follows. ��
The next lemma shows that if a map is almost isometric at small scale, then it is a

quasi-isometry with small constants. It is used in the proof of Theorem 1.

Lemma 4 Let r > 15δ > 0. Let X and Y be δ-intrinsic metric spaces and f : X → Y
a map such that f (X) is a δ-net in Y and

|dY ( f (x), f (y)) − dX (x, y)| < δ (37)

for all x, y ∈ X such that

min{dX (x, y), dY ( f (x), f (y))} < r .

Then, f is a (1 + 10r−1δ, 3δ)-quasi-isometry.

Proof Let p, q ∈ X and D = dX (p, q). We have to verify that

(1 + 10r−1δ)−1D − 3δ < dY ( f (p), f (q)) < (1 + 10r−1δ)D + 3δ. (38)

Since X is δ-intrinsic, p and q can be connected by a δ-straight δ-chain, see Def-
inition 2. This chain contains a subsequence p = x1, x2, . . . , xN = q such that
r − δ < dX (xi , xi+1) < r for all i = 1, . . . , N − 2 and dX (xN−1, q) < r . Since the
subsequence is also δ-straight, by (30) we have

∑

dX (xi , xi+1) < D + (N − 2)δ. (39)
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Since dX (xi , xi+1) > r − δ for each i ≤ N − 2, the left-hand side of (39) is bounded
below by (N − 2)(r − δ). Hence,

N ≤ (r − 2δ)−1D + 2 (40)

By (37), we have dY ( f (xi ), f (xi+1)) < dX (xi , xi+1) + δ for all i . Therefore,

∑

dY ( f (xi ), f (xi+1)) <
∑

dX (xi , xi+1) + (N − 1)δ < D + (2N − 3)δ.

by (39). By (40),

D + (2N − 3)δ < D + (2(r − 2δ)−1D + 1)δ = (1 + 2(r − 2δ)−1δ)D + δ.

Thus,

dY ( f (p), f (q)) < (1 + 2(r − 2δ)−1δ)D + δ (41)

Since r − 2δ > r/2, the second inequality in (38) follows.
To prove the first inequality in (38), interchange the roles of X and Y and apply

the same argument to an ‘almost inverse’ map g : Y → X constructed as follows: For
each y ∈ Y , let g(y) be an arbitrary point from the set f −1(Bδ(y)). This map satisfies
the assumptions of the lemma with 3δ in place of δ and r − 2δ in place of r . We may
assume that g( f (p)) = p and g( f (q)) = q; then, (41) for g takes the form

D < (1 + 6(r − 6δ)−1δ)D′ + 3δ < (1 + 10r−1δ)D′ + 3δ, D′ = dY ( f (p), f (q)).

This implies the first inequality in (38) and the lemma follows. ��

2.3 GH Approximations of the Disk

Here we prove a technical Lemma 6 about δ-isometries to subsets of Rn . For a matrix
A ∈ R

n×n , the norm ‖A‖ is the operator norm of the map A : Rn → R
n , unless stated

otherwise. First we need the following estimate.

Lemma 5 Let ε > 0 and v1, . . . , vn ∈ R
n be such that

∣

∣|vi |2 − 1
∣

∣ < ε and |〈vi , v j 〉| <

ε if i �= j , for all i, j ∈ {1, . . . , n}. Define a linear map L : Rn → R
n by L(v) =

(〈v, vi 〉)ni=1. Then, there exists an orthogonal operator U : Rn → R
n such that ‖L −

U‖ < nε.

Proof We regard L as an n × n matrix whose i th row consists of coordinates of vi .
The inner products 〈vi , v j 〉 are elements of the matrix LLt . By assumptions of the
lemma, all elements of the matrix LLt − I are bounded by ε. Therefore, the operator
norm ‖LLt − I‖ is bounded by nε. Decompose L as L = U1DU2 where U1 and U2
are orthogonal matrices and D is a diagonal matrix with nonnegative entries. Then,
LLt = U1D2U−1

1 and

‖L −U1U2‖ = ‖D − I‖ ≤ ‖D2 − I‖ = ‖U1D
2U−1

1 − I‖ = ‖LLt − I‖ < nε.
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Thus, the operator U = U1U2 satisfies the desired inequality. ��
Lemma 6 There is a universal constant C16 > 0 such that the following holds. Let
X be a metric space, x0 ∈ X, and f , g : X → R

n maps with f (x0) = g(x0) = 0.
Let R ≥ r ≥ δ > 0 and assume that f and g are δ-isometries to sets Y1 ⊂ R

n and
Y2 ⊂ R

n, resp., such that Bn
r ⊂ Yi ⊂ Bn

R for i = 1, 2.
Then, there exists an orthogonal operator U : Rn → R

n such that

| f (x) −U (g(x))| < C16nRr
−1δ (42)

for all x ∈ X.

Proof The statement of the lemma is scale invariant, i.e., one can multiply the param-
eters R, r , δ, the maps f , g, and the distances in X by the same scale factor. Thus, we
may assume that r = 1. Since f and g are δ-isometries, we have

∣

∣| f (x) − f (y)| − |g(x) − g(y)|∣∣ < 2δ

for all x, y ∈ X . In particular,
∣

∣| f (x)| − |g(x)|∣∣ < 2δ since f (x0) = g(x0) = 0.
Hence,

∣

∣| f (x)|2 − |g(x)|2∣∣ ≤ 2δ(| f (x)| + |g(x)|)

and

∣

∣| f (x) − f (y)|2 − |g(x) − g(y)|2∣∣ ≤ 2δ(| f (x) − f (y)| + |g(x) − g(y)|)
≤ 2δ(| f (x)| + | f (y)| + |g(x)| + |g(y)|)

for all x, y ∈ X . These inequalities and the polarization identity

〈u, v〉 = 1
2

(|u|2 + |v|2 − |u − v|2), u, v ∈ R
n, (43)

imply that

|〈g(x), g(y)〉 − 〈 f (x), f (y)〉| ≤ 2δ(| f (x)| + | f (y)| + |g(x)| + |g(y)|) (44)

for all x, y ∈ X .
Since Bn

1 ⊂ Y1, there exist x1, . . . , xn ∈ X such that | f (xi ) − ei | < δ for all i ,
where (ei )ni=1 is the standard basis of R

n . Let vi = g(xi ), i = 1, . . . , n. Then, by (44)
applied to x = xi and y = x j , for all i, j ∈ {1, . . . , n} we have

|〈vi , v j 〉 − 〈 f (xi ), f (x j )〉| ≤ 2δ(4 + 8δ) = (8 + 16δ)δ,

since | f (xi )| < 1 + δ and |g(xi )| < 1 + 3δ. Therefore,

|〈vi , v j 〉 − 〈ei , e j 〉| ≤ (10 + 17δ)δ =: δ1,
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since |〈 f (xi ), f (x j )−〈ei , e j 〉| < 2δ+δ2. Thus, the vectors vi satisfy the assumptions
of Lemma 5 with ε = δ1. As in Lemma 5, define L(v) = (〈v, vi 〉)ni=1 for all v ∈ R

n

and let U be an orthogonal operator such that ‖L −U‖ < nδ1.
Since f (X) and g(Y ) are contained in Bn

R , the right-hand side of (44) is bounded
by 8Rδ. Hence, by (44) applied to y = xi ,

|〈g(x), vi )〉 − 〈 f (x), f (xi )〉| < 8Rδ (45)

for all x ∈ X and i ∈ {1, . . . , n}. We also have

|〈 f (x), f (xi )〉 − 〈 f (x), ei 〉| ≤ | f (x)| · | f (xi ) − ei | ≤ Rδ.

This and (45) imply that

|〈g(x), vi )〉 − 〈 f (x), ei 〉| < 9Rδ. (46)

The term 〈g(x), vi )〉 is the i th coordinate of the vector L(g(x)) (recall the definition
of L above), and 〈 f (x), ei 〉 is the i th coordinate of f (x). Hence, (46) implies that

|L(g(x)) − f (x)| < 9
√
nRδ.

Since ‖L −U‖ < nδ1, we also have

|L(g(x)) −U (g(x))| ≤ nδ1|g(x)| ≤ nRδ1.

Therefore,

| f (x) −U (g(x))| < (9
√
nδ + nδ1)R ≤ 36nRδ

since δ1 ≤ 27δ. Thus, (42) holds with C16 = 36. ��

2.4 Verifying GH Closeness to the Disk

Here we present an algorithm that can be used to verify the main assumption of
Theorem 1. Namely, given a discrete metric space X , n ∈ N and r > 0, one can
approximately (i.e., up to a factor C = C(n)) find the smallest δ such that X is δ-close
toRn at scale r (see Definition 1). Due to rescaling, it suffices to handle the case r = 1.

Thus, the problem boils down to the following: Given a point x0 ∈ X , find approx-
imately the (pointed) GH distance between the metric ball BX

1 (x0) ⊂ X of radius 1
centered at x0 and the Euclidean unit ball Bn

1 ⊂ R
n . In the case, when X is finite, the

following algorithm solves this problem.
Algorithm GHDist: Assume that we are given n, the point x0 ∈ X , and the ball

X1 = BX
1 (x0) ⊂ X . We regard X1 as a metric space with metric d = dX |X1×X1 . We

implement the following steps:

1. Let x1 ∈ X1 be a point that minimizes |1 − d(x0, x)| over all x ∈ X1.
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2. Given x1, x2, . . . xm for m ≤ n, we define the coordinate function

fm(x) = 1
2

(

d(x, x0)
2 − d(x, xm)2 + d(x0, xm)2

)

(47)

3. Given x1, x2, . . . xm and coordinate functions f1(x), f2(x), . . . , fm(x) for m ≤
n − 1, choose xm+1 that is the solution of the minimization problem

min
x∈X1

Km(x), Km(x) = max(|1 − d(x0, x)
2|, | f1(x)|, . . . , | fm(x)|).

4. When x1, x2, . . . , xn and coordinate functions f1(x), f2(x), . . . , fn(x) are deter-
mined, compute the map F : X1 → Bn

1 defined by

F(x) = P( f1(x), . . . , fn(x)) (48)

where P is the map from R
n to Bn

1 defined as follows: P(v) = v if |v| ≤ 1;
otherwise, P(v) = v/|v|.

5. Let �1 = #X1 be the number of elements in X1 and compute the values

δ1 = sup
x,x ′∈X1

∣

∣

∣

∣

d(x ′, x) − |F(x ′) − F(x)|
∣

∣

∣

∣

,

δ2 = sup
y∈Y (�1)

inf
x∈X1

|F(x) − y| + �
−1/n
1 ,

δa = max(δ1, δ2). (49)

where Y (�1) = (hZn) ∩ Bn
1 is the set of points in the unit ball whose coordinates

are integer multiplies of h = �
−1/n
1 /

√
n. Finally, the algorithm outputs the value

of δa and the map F.

Lemma 7 There is a universal constant C17 > 0 such that the following holds. Let
X1, x0 be as in the above algorithm, δ > 0, and suppose that dGH(X1, Bn

1 ) < δ where
X1 and Bn

1 are regarded as pointed metric spaces with distinguished points x0 and 0,
resp. Then,

1. The output value δa of the algorithm satisfies δa < C17nδ.
2. The output map F : X1 → Bn

1 is a δa-isometry with F(x0) = 0.

Proof First we make some preliminary considerations. Let δ1 be as in (49), and define

δ′
2 = sup

y∈Bn
1

inf
x∈X1

|F(x) − y|,

δ′
a = max(δ1, δ

′
2). (50)

Here, δ′
a is considered as a better approximation of the Gromov–Hausdorff distance

dGH(X1, Bn
1 ) than δa , but it is computationally more difficult to obtain.
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Next we show that

δ′
2 ≤ δ2 ≤ 2δ′

2. (51)

To show this, denote #X1 = �1. By (50), the unit ball Bn
1 can be covered with closed

δ′
2-balls whose center points are in F(X1). Considering their volumes, we obtain an

estimate �1(δ
′
2)

n ≥ 1, or, equivalently, δ′
2 ≥ �

−1/n
1 . As Y (�1) is a (�

−1/n
1 )-net in the unit

ball, we see that the supremums in the definitions of δ2 and δ′
2 differ by no more than

�
−1/n
1 . This yields the first inequality in (51). The second inequality in (51) follows

from the fact that both the supremum in (49) and �
−1/n
1 are no greater than δ′

2. Thus,
(51) is valid and we have

δ′
a ≤ δa ≤ 2δ′

a . (52)

Now we are ready to prove the claims of the lemma. By construction of F, we have
F(x0) = 0 and the definition of δ′

a implies that F is a δ′
a-isometry from X1 to Bn

1 . This
proves the second claim of the lemma. It remains to prove the first one.

Consider the points x1, . . . , xn constructed by the algorithm and the corresponding
functions f1(x), . . . , fn(x), see (47). Note that fi (xi ) = d(xi , x0)2. Fix a 2δ-isometry
h : X1 → Bn

1 with h(x0) = 0 and define functions hi : X1 → R, i = 1, . . . , n, by

hi (x) := 〈h(x), h(xi )〉 = 1
2 (|h(x)|2 + |h(xi )|2 − |h(x) − h(xi )|2).

Since h is a 3δ-isometry, h(x0) = 0, d(x, x0) ≤ 1 and |h(x)| ≤ 1 for all x ∈ X1,
we have

∣

∣d(x, x0)2 − |h(x)|2∣∣ < 4δ and
∣

∣d(x, y)2 − |h(x) − h(y)|2∣∣ < 8δ for all
x, y ∈ X1. Therefore,

|hi (x) − fi (x)| ≤ 1
2 (4δ + 4δ + 8δ) = 8δ (53)

for all x ∈ X1, i = 1, . . . , n.
Nowwe estimate Km(xm+1) form ∈ {0, 1, . . . , n−1}, assuming that K0 is defined

by K0(x) = |1− d(x, x0)2|. Since m < n, there exists ym+1 ∈ ∂Bn
1 orthogonal to all

vectors h(x1), . . . , h(xm). Since h is a 2δ-isometry, there exists x ′
m+1 ∈ X1 such that

|h(x ′
m+1) − ym+1| < 2δ. This implies that d(x0, x ′

m+1) > |h(x ′
m+1)| − 2δ > 1 − 4δ,

and therefore,

|1 − d(x0, x
′
m+1)

2| < 8δ. (54)

Moreover, for all i = 1, 2, . . . ,m, we have

|hi (x ′
m+1)| = |〈h(xi ), h(x ′

m+1)〉| = |〈h(xi ), h(x ′
m+1) − ym+1〉| < 2δ

since ym+1 is orthogonal to h(xi ) and |h(x ′
m+1) − ym+1〉| < 2δ. Hence, by (53),

| fi (x ′
m+1)| < 10δ. This and (54) imply that Km(x ′

m+1) < 10δ. Hence, the minimizer
xm+1 of Km also satisfies Km(xm+1) < 10δ. Equivalently, | fi (xm+1)| < 10δ for
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i = 1, . . . ,m and fm+1(xm+1) = d(x0, xm+1)
2 > 1−10δ. Sincem+1 is an arbitrary

element of {1, . . . , n}, we have shown that, for all i, j ∈ {1, . . . , n}, | fi (x j )| < 10δ if
i < j and | fi (xi ) − 1| < 10δ.

These inequalities and (53) imply that

|〈h(xi ), h(x j )〉| = |hi (x j )| < | fi (x j )| + 8δ < 18δ if i < j,

and

∣

∣|h(xi )|2 − 1
∣

∣ = |hi (xi ) − 1| < | fi (xi ) − 1| + 8δ < 18δ.

Thus, the vectors vi = h(xi ) satisfy the assumptions of Lemma 5 for ε = 18δ. Let
L : Rn → R

n be as inLemma5, namely L(v) = (Li (v))ni=1 where Li (v) = 〈v, h(xi )〉.
Then, Lemma 5 provides an orthogonal operator U : Rn → R

n such that ‖L −U‖ ≤
18nδ.

For every x ∈ X1 and i ∈ {1, . . . , n}, we have Li (h(x)) = 〈h(x), h(xi )〉 = hi (x).
This and (53) imply that | fi (x) − Li (h(x))| < 8δ. Thus, for f (x) = ( fi (x))ni=1 we
have | f (x)− L(h(x))| < 8nδ. Since ‖L −U‖ ≤ 18nδ and |h(x)| ≤ 1, it follows that
| f (x)−U (h(x))| < 26nδ for all x ∈ X1. SinceF(x) = P( f (x))where P : Rn → Bn

1
is a retraction that does not increase distances, F(x) satisfies the same inequality:

|F(x) −U (h(x))| < 26nδ (55)

for all x ∈ X1. Since h is a 2δ-isometry to Bn
1 , so is U ◦ h. This and (55) imply that

F is a 54nδ-isometry from X1 to Bn
1 . Thus, the first claim of the lemma holds with

C17 = 54. ��
The above lemma and (52) imply that the (pointed) Gromov–Hausdorff distance

between X1 and Bn
1 satisfies

(2C17n)−1δa ≤ dGH(X1, B
n
1 ) ≤ 2δa . (56)

Thus, the algorithm GHDist gives the Gromov–Hausdorff distance of X1 and Bn
1 up

to a constant factor 2C17 depending only on dimension n.

2.5 Learning the Subspaces that Approximate the Data Locally

Let X be a finite set of points in E = R
N and X ∩ B1(x) := {x, x̃1, . . . , x̃s} be a set

of points within a Hausdorff distance δ of some (unknown) unit n-dimensional disk
D1(x) centered at x . Here B1(x) is the set of points in R

N whose distance from x is
less or equal to 1. We give below a simple algorithm that finds a unit n-disk centered
at x within a Hausdorff distance Cnδ of X1 := X ∩ B1(x), where C is a universal
constant.

The basic idea is to choose a near orthonormal basis from X1 where x is taken to
be the origin and let the span of this basis intersected with B1(x) be the desired disk.
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Algorithm FindDisc:

1. Let x1 be a point that minimizes |1 − |x − x ′|| over all x ′ ∈ X1.
2. Given x1, . . . xm for m ≤ n − 1, choose xm+1 such that

max(|1 − |x − x ′||, |〈x1/|x1|, x ′〉|, . . . , |〈xm/|xm |, x ′〉|)

is minimized among all x ′ ∈ X1 for x ′ = xm+1.

The output of the algorithm is the sequence (x1, x2, . . . , xn). Let ˜Ax be the affine
n-dimensional subspace containing x, x1, . . . , xn and the unit n-disk ˜D1(x) be ˜Ax ∩
B1(x). Recall that for two subsets A, B of RN , dH (A, B) represents the Hausdorff
distance between the sets. The same letter C can be used to denote different constants,
even within one formula.

Lemma 8 Suppose there exists an n-dimensional affine subspace Ax containing x such
that D1(x) = Ax ∩ B1(x) satisfies dH (X1, D1(x)) ≤ δ. Suppose 0 < δ < 1

20n . Then,
dH (X1, ˜D1(x)) ≤ C18nδ.

Proof Without loss of generality, let x be the origin. Let d(x, y) be used to denote
|x − y|. We will first show that for all m ≤ n − 1,

max

(

|1 − d(x, xm+1)|,
∣

∣

∣

∣

〈

x1
|x1| , xm+1

〉∣

∣

∣

∣

, . . . ,

∣

∣

∣

∣

〈

xm
|xm | , xm+1

〉∣

∣

∣

∣

)

< δ.

To this end, consider the function Lm+1 : D1(x) → R, given by

Lm+1(y) =max

(

|1 − d(x, y)|,
∣

∣

∣

∣

〈

(x1)

|x1| , y
〉∣

∣

∣

∣

, . . . ,

∣

∣

∣

∣

〈

(xm)

|xm | , y
〉∣

∣

∣

∣

)

, (57)

and let zm+1 ∈ D1(x) be the point where Lm+1 obtains its minimum in D1(x). The
minimal value Lm+1(zm+1) is 0, because the dimension of D1(x) is n and there are only
m ≤ n−1 linear equality constraints. Also, the radius of D1(x) is 1, so |1−d(x, zm+1)|
has a value of 0 where a minimum of (57) occurs at y = zm+1. Since the Hausdorff
distance between D1(x) and X1 is less than δ, there exists a point ym+1 ∈ X1 whose
distance from zm+1 is less than δ. For this point ym+1, we have δ greater than

max

(

|1 − d(x, ym+1)|,
∣

∣

∣

∣

〈

x1
|x1| , ym+1

〉∣

∣

∣

∣

, . . . ,

∣

∣

∣

∣

〈

xm
|xm | , ym+1

〉∣

∣

∣

∣

)

. (58)

Since

max

(

|1 − d(x, xm+1)|,
∣

∣

∣

∣

〈

x1
|x1| , xm+1

〉∣

∣

∣

∣

, . . . ,

∣

∣

∣

∣

〈

xm
|xm | , xm+1

〉∣

∣

∣

∣

)

is no more than the corresponding quantity in (58), we see that for each m + 1 ≤ n,

max

(

|1 − d(x, xm+1)|,
∣

∣

∣

∣

〈

x1
|x1| , xm+1

〉∣

∣

∣

∣

, . . . ,

∣

∣

∣

∣

〈

xm
|xm | , xm+1

〉∣

∣

∣

∣

)

< δ.
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Let ˜V be an N×nmatrixwhose i th column is the column xi .We recall that the operator
norm of a matrix Z is denoted by ‖Z‖. For any distinct i, j we have |〈xi , x j 〉| < δ,
and for any i , |〈xi , xi 〉 − 1| < 2δ, because 0 < 1 − δ < |xi | < 1. For a matrix X , let
‖X‖F denote its Frobenius norm. Therefore,

‖˜V t
˜V − I‖ ≤ ‖˜V t

˜V − I‖F ≤
√

(n2 − n + 4n)δ2 < 2nδ.

Therefore, the singular values of ˜V lie in the interval

IC = [1 − 4nδ, 1 + 4nδ].

For each i ≤ n, let x ′
i be the nearest point on D1(x) to the point xi . Since the Hausdorff

distance of X1 to D1(x) is less than δ, this implies that |x ′
i − xi | < δ for all i ≤ n. Let

̂V be an N × n matrix whose i th column is x ′
i . Since for any distinct i, j , |〈x ′

i , x
′
j 〉| <

3δ + δ2 < 4δ, and for any i , |〈x ′
i , x

′
i 〉 − 1| < 4δ. This means that the singular values

of ̂V lie in the interval IC .
We shall now proceed to obtain an upper bound of Cnδ on the Hausdorff distance

between X1 and ˜D1(x). Recall that the unit n-disk ˜D1(x) is ˜Ax ∩B1(x). By the triangle
inequality, since the Hausdorff distance of X1 to D1(x) is less than δ, it suffices to
show that the Hausdorff distance between D1(x) and ˜D1(x) is less than 6nδ.

Let x ′ denote a point on D1(x). We will show that there exists a point z′ ∈ ˜D1(x)
such that |x ′ − z′| < 4nδ.

Let ̂Vα = x ′. Assuming that δ < 1/(16nδ) and using the bound on the singular
values of ̂V , we have |α| ≤ 1+4nδ. Let y′ = ˜Vα. Then, by the bound on the singular
values of ˜V , we have |y′| ≤ (1+4nδ)2 ≤ 1+10nδ. Let z′ = min(1−δ, |y′|) |y′|−1y′.
By the preceding two lines, z′ belongs to ˜D1(x). We next obtain an upper bound on
|x ′ − z′|

|x ′ − z′| ≤ |x ′ − y′| + |y′ − z′|. (59)

We examine the first term in the right side of (59)

|x ′ − y′| = |̂Vα − ˜Vα| ≤ sup
i

|xi − x ′
i |(

∑

i

|αi |) ≤ δn(1 + 10nδ).

We next bound the second term in the right side of (59). We have

|y′ − z′| ≤ δ|y′| ≤ 2δ.

Together, these calculations show that

|x ′ − z′| < 4nδ.

A similar argument shows that if z′′ belongs to ˜D1(x), then there is a point p′ ∈ D1(x)
such that |p′ − z′′| < 6nδ; the details follow. Again, assume that δ < 1/(16nδ) and let
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̂Vβ = z′′. From the bound on the singular values of ̂V , |β| < (1+4nδ). Let q ′ := ˜Vβ.
Let p′ := z′ = min(1 − δ, |q ′|) |q ′|−1q ′. Then,

|p′ − z′′| ≤ |q ′ − z′′| + |p′ − q ′|
≤ |˜Vβ − Vβ| + |p′ − ˜Vβ|
≤ sup

i
|xi − x ′

i |(
∑

i

|βi |) + 5δn

≤ δn(1 + 10nδ) + 5δn

≤ 6δn.

This proves that the Hausdorff distance between X1 and ˜D1(x) is bounded above by
C18nδ = 6nδ. ��
Remark 3 Let us consider the computational complexity of the above algorithms
GHDist andFindDisc in terms the number of elementary operations onehas to perform.
Here, we count the computation of an algebraic function of the distance dX (xi , x j ),
of two elements of xi , x j ∈ X and a computations of a piecewise analytic function
t �→ f (t) of a real variable, as one operation and the computation of the inner product
of two m-dimensional vectors in R

m as m operations. We note that computing an
inverse of an n × n matrix requires a number of elementary operations that depend
only on the intrinsic dimension n, and thus, it requires in our notation convention
C = C(n) elementary operations.

Let us consider the algorithm GHDist. When the set X1 has �1 = #X1 elements,
the steps 1–3 of the algorithm GHDist need C�1 steps, where C is a generic constant
depending on the dimension n. The step 4 needs C�1 steps. In the step 5, the set Y (�1)

contains at most C�1 points, and hence, the step 5 needs at most C�21 steps. Thus, the
computational complexity of GHDist is C�21.

We assume that E = R
m and X satisfies assumptions of Theorem 2, so that the set

X is δ-close to n-flats in scale r . When the set X has � = #X elements, the algorithm
FindDisc minimizes n times functions that are the maximum of at most n functions
on involving inner products of m-dimensional vectors (i.e., points of X ). Thus, the
computational complexity of FindDisc is Cm�.

3 Proof of Theorem 2

The statement of Theorem 2 is scale invariant: It does not change if one multiplies r
and δ by λ > 0 and applies a λ-homothety to all subsets of E . Hence, it suffices to
prove the theorem only for r = 1. We recall that we use the notation̂δ0 = σ2r . Thus,
to prove Theorem 2 with r = 1, it is enough to prove the following proposition (where
σ2 is renamed tôδ0):

Proposition 3 There exist positive constants δ0 < 1, C11, C12 depending only on n,
and C13(k) > 0 such that the following holds. Let E be a separable Hilbert space,
X ⊂ E and 0 < δ < ̂δ0. Suppose that for every x ∈ X there is an n-dimensional
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affine subspace Ax ⊂ E through x such that

dH (X ∩ B1(x), Ax ∩ B1(x)) < δ. (60)

Then, there is a closed n-dimensional smooth submanifold M ⊂ E such that
1. dH (X , M) ≤ 5δ.
2. The second fundamental form of M at every point is bounded by C11δ.
3. Reach(M) ≥ 1/3.
4. The normal projection PM : U1/3(M) → M is smooth and for all x ∈ U1/3(M)

‖dkx PM‖ < C13(k)δ, k ≥ 2, (61)

and

‖dx PM − PTyM‖ < C13(1)δ, y = PM (x). (62)

5. Let x ∈ X and y = PM (x). Then,

∠(Ax , TyM) < C12δ. (63)

The proof of Proposition 3 occupies the rest of this section. Let X and {Ax }x∈X be
as in the proposition. Let

PAx : E → Ax (64)

be the orthogonal projection to Ax . By Ax , we denote the linear subspace parallel to
Ax . For x ∈ X and ρ > 0, we define BX

ρ (x) = X ∩ Bρ(x) and Dρ(x) = Ax ∩ Bρ(x).
In this notation, (60) takes the form

dH (BX
1 (x), D1(x)) < δ, x ∈ X . (65)

In the sequel, we assume that δ is sufficiently small so that the inequalities arising
throughout the proof are valid, that is, we have

δ < σ0(n) and r = 1, (66)

where σ0(n) > 0 depends only on n. The number σ0(n) can be explicitly estimated
by numbers Ck appearing in the proof.

Lemma 9 Let p, q ∈ X be such that |p − q| < 1. Then, dist(q, Ap) < δ and
∠(Ap, Aq) < 5δ.

Proof Since q ∈ BX
1 (p), we have

dist(q, Ap) ≤ dist(q, D1(p)) ≤ dH (BX
1 (p), D1(p)) < δ
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by (65). It remains to prove the second claim of the lemma.
Let z = PAp (

p+q
2 ). Then, |z − p| < 1

2 and |z − q| < 1
2 + δ by the triangle

inequality. Define B = Ap ∩ B1/2−2δ(z). We claim that dist(y, Aq) < 2δ for every
y ∈ B. Indeed, let y ∈ B. Then, |y − q| < 1 − δ and |y − p| < 1 − 2δ. The latter
implies that y ∈ D1(p); hence, by (65) there exists x ∈ X such that |x − y| < δ. By
the triangle inequality we have x ∈ BX

1 (q); hence, (65) implies that dist(x, Aq) < δ.
Therefore, dist(y, Aq) ≤ |y − x | + dist(x, Aq) < 2δ as claimed.

Define a function h : Ap → R+ by h(v) = dist(z + v, Aq)
2. As shown above,

h(v) ≤ 4δ2 for all v ∈ Ap such that |v| ≤ 1
2 − 2δ. The function h is polynomial of

degree 2, i.e., h(v) = Q(v) + L(v) + h0 where Q is a (nonnegative) quadratic form,
L is a linear function, and h0 = h(0). Furthermore,

Q(v) = sin2 ∠(v,Aq) · |v|2

for all v ∈ Ap. Let α = ∠(Ap, Aq), and let v0 ∈ Ap be such that ∠(v0,Aq) = α and
|v0| = 1

2 − 2δ. Then,

Q(v0) = h(v0) + h(−v0)

2
− h(0) ≤ 4δ2

since h(±v0) ≤ 4δ2 and h(0) ≥ 0. Thus, sin2(α) · |v0|2 ≤ 4δ2, or, equivalently,

sin α ≤ 2δ( 12 − 2δ)−1 = 4δ(1 − 4δ)−1.

If δ is sufficiently small, this implies the desired inequality α < 5δ. ��
Let X0 be a maximal (with respect to inclusion) 1

100 -separated subset of X , that is,
a maximal subset X0 ⊂ X satisfying

dX (x, x ′) ≥ 1

100
for all x, x ′ ∈ X0, x �= x ′. (67)

Note that X0 is a 1
100 -net in X and X0 is at most countable. Let X0 = {qi }|X0|

i=1 . For
brevity, we introduce notation Ai = Aqi and Pi = PAqi

.
Throughout the argument below, we assume that |X0| = ∞, i.e., X0 is a countably

infinite set. In the case when X0 is finite, the proof is the same, except that ranges of
some indices should be restricted.

Assuming that δ < 1
300 , there is a number N = N (n) such that every set of the

form X0 ∩ B1(qi ) contains at most N points. This follows from the fact that this set
is 1

100 -separated and contained in the δ-neighborhood of a unit n-dimensional ball
D1(qi ).

Let us fix a smooth function μ : R+ → [0, 1] such that μ(t) = 1 for all t ∈ [0, 1
3 ]

andμ(t) = 0 for all t ≥ 1
2 . Below, we will use the functionμ(t) = α1/3,1/2(t), where

αa,b(t) = (exp((t − a)−1)/(exp((t − a)−1) + exp((b − t)−1)) for t ∈ [a, b].
(68)
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For each i ≥ 1, define a function μi : E → [0, 1] by

μi (x) = μ(|x − qi |). (69)

Clearly, μi is smooth and

max
j≤k

‖d j
xμi‖L∞(R) ≤ C19(k) (70)

for every k ≥ 1. Here, C19(k) can be chosen uniformly over n as by Lemma 41
in ‘Appendix A,’ the supremum of the kth order derivative dkxμi , considered as a
multilinear form, is attained at a derivative corresponding to vectors that are all equal,
which in turn implies that for all n ≥ 2, ‖dkxμi‖L∞(Rn) is independent of n. Let
ϕi : E → E be a map given by

ϕi (x) = μi (x)Pi (x) + (1 − μi (x))x . (71)

Now define a map fi : E → E by

fi = ϕi ◦ ϕi−1 ◦ . . . ◦ ϕ1 (72)

for all i ≥ 1, and let f0 = idE .
For x ∈ E and i ≥ 1, we have fi (x) = fi−1(x) if | fi−1(x)−qi | ≥ 1

2 . This follows
from the relation fi = ϕi ◦ fi−1 and the fact that ϕi is the identity outside the ball
B1/2(qi ).

Let U = U1/4(X0) ⊂ E . We are going to show that for every x ∈ U the sequence
{ fi (x)} stabilizes, and hence, a map f = limi→∞ fi is well defined on U .

Define Bm = B1/4(qm) for m = 1, 2, . . . . Note that U = ⋃

m Bm .

Lemma 10 If x ∈ Bm, then | fi (x) − qm | < 1
3 for all i ≥ 1.

Proof Suppose the contrary and let

i0 = min{i : | fi (x) − qm | ≥ 1
3 }.

Let i ≤ i0 be such that |qi−qm | < 1. Such i does exist since otherwise |qi−qm | > 1 for
all i ≤ i0 implying that fi (x) = x ∈ Bm . In particular, for i = i0, | fi0(x)−qm | < 1/3
which is a contradiction. Next let z = fi−1(x). Since i−1 < i0, we have |z−qm | < 1

3 .
Lemma 9 applied to p = qi and q = qm implies that |Pi (z) − Pm(z)| < 6δ. Since
Pm is the orthogonal projection to a subspace containing qm , we have |Pm(z)−qm | ≤
|z − qm |; therefore,

|Pi (z) − qm | ≤ |Pm(z) − qm | + |Pi (z) − Pm(z)| ≤ |z − qm | + 6δ,

and hence, the point

fi (x) = ϕi (z) = μi (z)Pi (z) + (1 − μi (z))z

123



Foundations of Computational Mathematics (2020) 20:1035–1133 1073

satisfies

| fi (x) − qm | ≤ μi (z)|Pi (z) − qm | + (1 − μi (z))|z − qm | ≤ |z − qm | + 6δ.

Thus,

| fi (x) − qm | ≤ | fi−1(x) − qm | + 6δ (73)

for all i ≤ i0 such that |qi − qm | < 1. For indices i ≤ i0 such that |qi − qm | ≥ 1, we
have

| fi−1(x) − qi | ≥ 1 − | fi−1(x) − qm | > 1 − 1
3 > 1

2 ,

and hence, fi (x) = fi−1(x). Since there are at most N = N (n) indices i ≤ i0 such
that |qi − qm | < 1, by (73), it follows that

| fi0(x) − qm | ≤ |x − qm | + 6Nδ < |x − qm | + 1
20 < 1

3 ,

provided that δ < 1/(120N ). This contradicts the choice of i0. ��
Lemma 10 implies that there exist only finitely many indices i such that fi |Bm �=

fi−1|Bm . Indeed, if fi (x) �= fi−1(x) for some x ∈ Bm , then |qi − qm | < 1 because
| fi−1(x) − qm | < 1

3 by Lemma 10 and | fi−1(x) − qi | < 1
2 (since ϕi is the identity

outside B1/2(qi )). Thus, the sequence { fi |Bm }∞i=1 stabilized, and hence, the map

f (x) = lim
i→∞ fi (x) (74)

is well defined and smooth on Bm . Since m is arbitrary, f is well defined and smooth
on U = ⋃

m Bm .

Remark 4 We note that in the case when X and thus X0 ⊂ X are finite sets and when
N is the number of the elements in X0, we define instead of (74)

f (x) = fN (x). (75)

3.1 Estimates for InterpolationMaps fi and f

Next, we consider functions f and fi defined in (71), (72), and (74).

Lemma 11 Let k ≥ 0. There is C21(k) = (C(k))N (n) > 0 such that

‖ fi − Pm‖Ck (Bm) ≤ C21(k)δ for all i ≥ m, (76)

and therefore,

‖ f − Pm‖Ck (Bm ) ≤ C21(k)δ. (77)

Below we denote C21 = C21(0), C ′
21 = C21(1), and C ′′

21 = C21(2).
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Proof Let Im = {i : |qi − qm | < 1} and let j1 < · · · < jNm be all elements of Im .
Recall that Nm = |Im | ≤ N = N (n). As shown above, Lemma 10 implies that ϕi is
the identity on fi−1(Bm) for i /∈ Im . Therefore, for every i we have

fi |Bm = ϕ jl(i) ◦ ϕ jl(i)−1 ◦ . . . ◦ ϕ j1 |Bm (78)

where l(i) = max{k : jk ≤ i}.
We compare ϕi and fi with maps ϕ̂i and ̂fi defined by

ϕ̂i (x) = μi (x)Pm(x) + (1 − μi (x))x, (79)

and

̂fi = ϕ̂ jl(i) ◦ ϕ̂ jl(i)−1 ◦ . . . ◦ ϕ̂ j1 (80)

By induction, one easily sees that

̂fi (x) = λi (x)Pm(x) + (1 − λi (x))x (81)

for some λi (x) ∈ [0, 1], λ1(x) ≤ λ2(x) ≤ . . . . Therefore, ̂fi (Bm) ⊂ Bm for all i .
Similar to the case of fi , this implies that

̂fi |Bm = ϕ̂ jl(i) ◦ ϕ̂ jl(i)−1 ◦ . . . ◦ ϕ̂ j1 |Bm (82)

Let

Φ i ′
i = ϕ jl(i) ◦ ϕ jl(i)−1 ◦ . . . ◦ ϕ ji ′+1

, ̂Φ i ′
i = ϕ̂ ji ′ ◦ . . . ◦ ϕ̂ j1

and

f i
′

i := Φ i ′
i ◦ ̂Φ i ′

i = ϕ jl(i) ◦ ϕ jl(i)−1 ◦ . . . ◦ ϕ ji ′+1
◦ ϕ̂ ji ′ ◦ . . . ◦ ϕ̂ j1 |Bm

By Lemma 9 and (22), for every i ∈ Im we have

‖Pi (x) − Pm(x)‖ ≤ 11δ, ‖dx Pi − dx Pm‖ ≤ 10δ

for all x ∈ B1(qm), and therefore, as Pi and Pm are affine maps,

‖ϕi‖Ck (B1(qm )) ≤ C19(k)k,

‖ϕ̂i‖Ck (B1(qm )) ≤ C19(k)k,

‖ϕ̂i − ϕi‖Ck (B1(qm)) = ‖μi · (Pm − Pi )‖Ck (B1(qm)) ≤ 11C19(k)k
2δ, (83)

where the factor k2 appears due to the Leibniz rule for derivatives of the product and
the fact that the second- and the higher-order derivatives of affine maps vanish. This
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estimate, (78), (82) and the fact that l(i) ≤ |Im | ≤ N (n) imply that

‖ fi − ̂fi‖Ck (Bm ) ≤
l(i)
∑

i ′=1

Ai ′
i , Ai ′

i = ‖ f i
′

i − f i
′−1

i ‖Ck (Bm)

As

Ai ′
i = ‖Φ i ′+1

i ◦ ϕ ji ′ ◦ ̂Φ i ′
i − Φ i ′+1

i ◦ ϕ̂ ji ′ ◦ ̂Φ i ′
i ‖Ck (Bm )

we see by using Lemma 42(2) in ‘Appendix A’ with f = fi ′ = Φ i ′+1
i , h = hi ′ =

ϕ ji ′ ◦ ̂Φ i ′
i and g = gi ′ = ϕ̂ ji ′ ◦ ̂Φ i ′

i , we see for k ≥ 1 that

Ai ′
i ≤ (k + 1)2k(k−1)‖ fi ′ ‖Ck+1(Bm ) ·

·(1 + ‖gi ′ ‖Ck (Bm ) + ‖hi ′ ‖Ck (Bm ))
k‖gi ′ − hi ′ ‖Ck (Bm ). (84)

Here, by Lemma 42(1) in ‘Appendix A’ and (83) we have

‖gi ′ ‖Ck (Bm ) + ‖hi ′ ‖Ck (Bm ) ≤ 2(k+1)2N (n)C19(k) (1 + kC19(k))
kN (n),

‖ fi ′ ‖Ck+1(Bm ) ≤ 2(k+2)2N (n)C19(k + 1) (1 + (k + 1)C19(k + 1))(k+1)N (n) (85)

and

‖gi ′ − hi ′ ‖Ck (Bm ) = ‖(ϕ̂ ji ′ − ϕ ji ′ ) ◦ ̂Φ i ′
i ‖Ck (Bm )

≤ 2k(k+1)N (n) · 11C19(k)k
2δ · (1 + kC19(k))

kN (n). (86)

By substituting formulas (85) and (86) in to formula (84), and using that l(i) ≤ N (n),
we see that

‖ fi − ̂fi‖Ck (Bm ) ≤
l(i)
∑

i ′=1

Ai ′
i ≤ C21(k)δ

for all i and k ≥ 0, where C21(k) can be written as an explicit formula involving k,
C19(k), C19(k + 1), and N (n). Observe that ϕ̂m |Bm = Pm |Bm since μm = 1 on Bm .
This fact together with ̂fm = ̂φm ◦ ̂fm−1 and (81) implies that ̂fm |Bm = Pm |Bm . Thus,
̂fi |Bm = Pm |Bm for all i ≥ m. Therefore, for i ≥ m the estimate (84) turns into (76)
and the claim of the lemma follows. ��
Lemma 12 fm(Bm) ⊂ D1/3(qm).

Proof Let x ∈ Bm and y = fm−1(x), then fm(x) = ϕm(y). By Lemma, 10, |y−qm | <
1
3 . Therefore, μm(y) = 1, and hence, ϕm(y) = Pm(y). Thus, fm(x) = Pm(y) ∈
D1/3(qm). ��
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By definition, f = g ◦ fm for some smooth map g : E → E . Therefore, f (Bm) is
contained in an image of the n-dimensional disk D1/3(qm) under a smooth map g.

Lemma 13 f (Bm) ⊂ U4δ(D1/3(qm)) for every m, and f (U ) ⊂ U5δ(X).

Proof Let x ∈ Bm . By Lemma 10, we have fi (x) ∈ B1/3(qm) for all i . Let us show that
fi (x) ∈ U4δ(Am) for all i ≥ m. This is true for i = m since fm(x) ∈ D1/3(qm) ⊂ Am

by Lemma 12. Arguing by induction, let i > m and assume that y = fi−1(x) ∈
U4δ(Am). If |y−qi | ≥ 1

2 , then fi (x) = y ∈ U4δ(Am), so we assume that |y−qi | < 1
2 .

Note that

|qi − qm | ≤ |qm − y| + |y − qi | < 1
3 + 1

2 < 1.

By definition, the point fi (x) = ϕi (y) belongs to the line segment [yz] where z =
Pi (y). Since z ∈ Ai and |qi − z| ≤ |qi − y| < 1

2 , we have

dist(z, Am) ≤ dist(qi , Am) + 1
2 sin∠(Ai , Am) < δ + 5

2δ < 4δ

where the second inequality follows fromLemma9. Thus, z ∈ U4δ(Am). Since fi (x) ∈
[yz], both y and z belong to U4δ(Am) and U4δ(Am) is a convex set, fi (x) ∈ U4δ(Am)

as claimed.
Thus, fi (x) ∈ U4δ(Am) ∩ B1/3(qm) for all x ∈ Bm and all i ≥ m. This implies

the first claim of the lemma. To prove the second one, recall that D1(qm) ⊂ Uδ(X)

by (65). Hence, f (Bm) ⊂ U4δ(D1/3(qm)) ⊂ U5δ(X). Since m is arbitrary, the second
assertion of the lemma follows. ��

3.2 Construction and Properties of the SubmanifoldM

Now define

M = f (U1/5(X0)). (87)

We are going to show that M is a desired submanifold.

Lemma 14 For every y ∈ M, there exists qm ∈ X0 such that |y − qm | < 1
100 + 5δ

and

M ∩ B1/100(y) ⊂ f (D1/10(qm)).

In particular, M = ⋃

m f (D1/10(qm)).

Proof By Lemma 13, y ∈ U5δ(X). Since X0 is a 1
100 -net in X , there is point qm ∈ X0

such that |y − qm | < 1
100 + 5δ. Let us show that this point satisfies the requirements

of the lemma. Let W = M ∩ B1/100(y) and D = D1/10(qm). We are to show that
W ⊂ f (D). Fix a point z ∈ W . Observe that

|z − qm | ≤ |z − y| + |y − qm | < 1
100 + 1

100 + 5δ = 1
50 + 5δ.
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Since z ∈ M , we have z = f (x) for some x ∈ U1/5(X0). Let p ∈ X0 be such that
|x − p| < 1

5 . Then, |z − PAp (x)| < C21δ by Lemma 11. On the other hand,

|x − PAp (x)| ≤ |x − p| < 1
5 .

Therefore, assuming that δ is smaller than some constant depending only on n (see
(66)), we have

|x − qm | ≤ |x − PAp (x)| + |z − PAp (x)| + |z − qm | < 1
5 + C21δ + 1

50 + 5δ < 1
4 ;

thus, x ∈ Bm .
By Lemma 11, it follows that |z− Pm(x)| = | f (x)− Pm(x)| < C21δ and | fm(x)−

Pm(x)| < C21δ. Therefore, | fm(x) − z| < 2C21δ, and hence,

| fm(x) − qm | ≤ | fm(x) − z| + |z − qm | < 1
50 + (2C21 + 5)δ.

By Lemma 12, we have fm(x) ∈ Am ; hence, fm(x) ∈ D1/50+(2C21+5)δ(qm).
Now consider the map fm |D . By Lemma 12, its image fm(D) is contained in

Am . By Lemma 11, fm |D is C21δ-close to the projection Pm |D , which equals idD
since D ⊂ Am . Thus, fm |D is C21δ-close to the identity and maps D to a subset
of the n-dimensional subspace Am . By topological reasons, see [73, Thm. 1.2.6],
this implies that fm(D) contains an n-ball D1/10−C21δ(qm), see (66). Since fm(x) ∈
D1/50+(2C21+5)δ(qm) ⊂ D1/10−C21δ(qm), it follows that there exists a point x ′ ∈ D
such that fm(x ′) = fm(x). Since f factors through fm , this implies that f (x ′) =
f (x) = z. Thus, z ∈ f (D). Since z is an arbitrary point of W , the lemma follows. ��
Now we prove that M is a submanifold.

Lemma 15 M is a closed n-dimensional smooth submanifold of E. Every y ∈ M has
a neighborhood in M that admits a parametrization by a smooth map ϕ : V → E,
V ⊂ R

n, which is C21(k)δ-close to an affine isometric embedding in the Ck-topology
for any k ≥ 0, where C21(k) is the constant provided by Lemma 11.

Proof Pick y ∈ M and let qm ∈ X0 be as in Lemma 14. As in the proof of Lemma
14, we use the notation D = D1/10(qm). By Lemma 11, f |D is C21(k)δ-close to the
inclusion D ↪→ E in the Ck-topology. Assuming that δ < C21(1)−1, it follows that
f |D is a smooth embedding, and hence, f (D) is a smooth submanifold of E . By
Lemma 14,

f (D) ∩ B1/100(y) = M ∩ B1/100(y).

Thus, M ∩ B1/100(y) is a submanifold for every y ∈ M , hence so is M .
To see that M is closed, recall that |y − qm | < 1

100 + 5δ. Since f |D is C21δ-close
to identity, this implies that the f -image of the boundary of D is separated away from
y by distance at least 1

10 − 1
100 − 5δ − C21δ > 1

100 . Therefore, M ∩ B1/100(y) is
contained in a compact subset of the submanifold f (D). Since this holds within a
uniform radius 1

100 from any y ∈ M , it follows that M is a closed set in E .
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To construct the desired local parametrization ϕ, just compose f |D with an affine
isometry between D and an appropriate ball V ⊂ R

n . ��
The bounds on derivatives of ϕ from Lemma 15 imply that the second fundamental

form of M is bounded by

(1 − C ′
21δ)

−2C ′′
21δ < 2C ′′

21δ (88)

provided that δ < (4C ′
21)

−1. See Lemma 11 for the notationC ′
21 andC

′′
21. The inequal-

ity (88) proves the second assertion of Proposition 3 with C11 = 2C ′′
21.

The first assertion of Proposition 3 is the following lemma.

Lemma 16 dH (M, X) ≤ 5δ.

Proof By Lemma 13, we have M ⊂ U5δ(X). It remains to prove the inclusion X ⊂
U5δ(M). Fix x ∈ X and let qm ∈ X0 be such that |qm − x | ≤ 1

100 . Consider the
map Pm ◦ f |D1/5(qm) from D1/5(qm) ⊂ Am to Am . By Lemma 11, this map is C21δ-
close to the identity. Therefore, its image contains the n-disk D1/5−C21δ(qm). This disk
contains the point Pm(x) because

|Pm(x) − qm | ≤ |x − qm | ≤ 1
100 < 1

5 − C21δ.

Hence, Pm(x) ∈ Pm( f (D1/5(qm))). This means that there exists y ∈ D1/5(qm) such
that Pm( f (y)) = Pm(x). By Lemma 13, we have dist( f (y), Am) < 4δ, and therefore,

| f (y) − Pm(x)| = | f (y) − Pm( f (y))| < 4δ.

By Lemma 9, we have dist(x, Am) ≤ δ, and therefore, |x − Pm(x)| ≤ δ. Hence,

| f (y) − x | ≤ | f (y) − Pm(x)| + |x − Pm(x)| < 4δ + δ = 5δ.

Observe that f (y) ∈ M since y ∈ D1/5(qm) ⊂ U1/5(X0). This and the above inequal-
ity imply that x ∈ U5δ(M). Since x is an arbitrary point of X , we have shown that
X ⊂ U5δ(M). The lemma follows. ��
Remark 5 We observe that

M = f (Uδ(X)) (89)

(compare with (87)). Indeed, we have M ⊂ ⋃

m f (D1/10(qm)) by Lemma 14 and
D1/10(qm) ⊂ Uδ(X) by (65).

One can think of (89), (87) and the last claim of Lemma 14 as various reconstruction
procedures for M .

Lemma 17 | f (y) − y| < C20δ for every y ∈ Uδ(X).
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Proof Since y ∈ Uδ(X), there is x ∈ X such that |x − y| < δ. Pick qm ∈ X0 such that
|x − qm | < 1

100 . Then, y ∈ Bm , and hence, | f (y) − Pm(y)| < C21δ by Lemma 11.
By Lemma 9, we have dist(x, Am) < δ, and hence,

|y − Pm(y)| = dist(y, Am) < 2δ.

Therefore, | f (y) − y| ≤ | f (y) − Pm(y)| + |y − Pm(y)| < (C21 + 2)δ = C20δ. ��
For x, y ∈ M , we denote by dM (x, y) the intrinsic arc-length distance between x

and y inM . If x and y are fromdifferent connected components ofM , then dM (x, y) =
∞. Since M is closed in E , each component of M is a complete Riemannian manifold.

Lemma 18 Let x, y ∈ M be such that |x − y| < 4
5 . Then, dM (x, y) < 1.

Proof Let x, y ∈ M be as above. Then, by (89) there are points x ′, y′ ∈ Uδ(X)

such that f (x ′) = x and f (y′) = y. By Lemma 17, we have |x − x ′| < C20δ and
|y−y′| < C20δ, hence |x ′−y′| < 4

5 +2C20δ by the triangle inequality. Let x ′′, y′′ ∈ X
be such that |x ′ − x ′′| < δ and |y′ − y′′| < δ.

Then, when δ is smaller than a bound depending on n, see (66),

|x ′′ − y′′| ≤ |x ′ − y′| + 2δ < 4
5 + 2C20δ + 2δ < 1.

Hence, y′′ ∈ BX
1 (x ′′). This and (65) imply that y′′ ∈ Uδ(D1(x ′′)). Therefore, both

x ′ and y′ and hence the line segment [x ′, y′] are contained in the 2δ-neighborhood
of the affine n-disk D1(x ′′). Since BX

1 (x ′′) ⊂ X , it follows from (65) that D1(x ′′) ⊂
Uδ(BX

1 (x ′′)) ⊂ Uδ(X). Hence, the 2δ-neighborhood of D1(x ′′) is contained inU3δ(X).
Thus, [x ′, y′] is contained in U3δ(X) and hence in the domain of f .

Consider the f -image of the line segment [x ′, y′]. It is a smooth path in M connect-
ing x and y. Lemma 11 for k = 1 implies that f is locally Lipschitz with Lipschitz
constant 1 + C ′

21δ. Therefore,

length( f ([x ′, y′])) ≤ (1 + C ′
21δ)|x ′ − y′| < (1 + C ′

21δ)(
4
5 + 2C20δ) < 1,

see (66). Hence, dM (x, y) < 1. ��
Now we are in position to prove the third assertion of Proposition 3.

Lemma 19 Reach(M) ≥ 1
3 . Furthermore, for every p ∈ U1/3(M) there exists a unique

x ∈ M such that |p − x | < 1
3 and p − x ⊥ TxM.

Proof Fix p ∈ U1/3(M). By Lemma 18, the set B1/3(p) ∩ M is contained in a unit
ball of (M, dM ), since the diameter of this set in E is bounded by 2

3 < 4
5 . Since M is

a complete Riemannian manifold, closed balls in (M, dM ) are compact. Hence, there
exists x ∈ M nearest to p. It remains to prove that x is a unique nearest point and that
it is also a unique point of B1/3(p) ∩ M such that p − x ⊥ TxM .

Let y be another point from B1/3(p) ∩ M . By Lemma 18, we have dM (x, y) < 1.
Connect x to y by a unit speed minimizing geodesic γ : [0, L] → M , and consider the
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function f (t) = 1
2 |p − γ (t)|2, t ∈ [0, L]. Computing the second derivative of f (t)

yields

f ′′(t) = |γ ′(t)|2−〈γ ′′(t), p − γ (t)〉 = 1−〈γ ′′(t), p − γ (t)〉 (90)

where 〈·, ·〉 is the inner product in E .
Let κ denote our bound on the second fundamental form ofM , i.e., κ = C11δ. Since

γ is a geodesic, |γ ′′(t)| ≤ κ . This and (90) imply that | f ′′(t) − 1| ≤ κ|p − γ (t)| for
all t . Thus, 0 < f ′′(t) < 2 as long as |p−γ (t)| < κ−1. Since p− x ⊥ TxΣ , we have
f ′(0) = 0. Therefore, 0 < f ′′(t) < 2, 0 < f ′(t) < 2t , and f (0) < f (t) < f (0)+ t2

for all t ∈ (0, L] such that f (0) + t2 < 1
2κ

−2.
Assuming that κ = C11δ < 1

2 (see (66)) and using estimates |p − x | < 1 and
L = dM (x, y) < 1, we see that the above inequalities hold for all t ∈ [0, L]. In
particular f (L) > f (0) and f ′(L) > 0; hence, |p − y| > |p − x | and p − y is not
orthogonal to TyM . ��

Now we have the normal projection map PM : U1/3(M) → M . Let us prove the
fifth assertion of Proposition 3. Let x ∈ X and y = PM (x). Then, |x − y| < 5δ by
Lemma 16. By Lemma 14, there exists qm ∈ X0 such that |y − qm | < 1

100 + 5δ and
y ∈ f (D) where D = D1/10(qm). By Lemma 11, f |D is C ′

21δ-close to Pm |D = idD
in the C1-topology. Therefore,

∠(Aqm , TyM) < (1 − C ′
21δ)

−1C ′
21δ < 2C ′

21δ

provided that δ < (2C ′
21)

−1. By Lemma 9, we have ∠(Ax , Aqm ) < 5δ. Hence,

∠(AxTyM) < (2C ′
21 + 5)δ

and (63) follows with C12 = 2C ′
21 + 5.

It remains to prove the fourth assertion of Proposition 3. Consider the normal disk
bundle

ν1/3M := {(x, v) : x ∈ M, v ∈ E, v ⊥ TxM, |v| < 1/3} (91)

and the map J : ν1/3M → E given by J (x, v) = x + v. Lemma 19 implies that J is
a bijection onto U1/3(M). The normal projection PM : U1/3(M) → M can be written
as PM = π ◦ J−1 where π(x, v) = x for (x, v) ∈ ν1/3M . Thus, it suffices to show
that J−1 is smooth and estimates its derivatives.

Let (x0, v0) ∈ ν1/3M . By means of a parallel translation, we may assume that
x0 is the origin of E . By Lemma 15, a neighborhood of x0 in M admits a local
parametrization ϕ : V → M which is C21(k)δ-close in Ck-topology to an affine
isometric embedding. We identify V with a neighborhood of the origin in the tangent
space Tx0M ⊂ E so that ϕ isC21(k)δ-close to the identity inCk-topology. Let B be the
ball of radius 1/3 in the orthogonal complement (Tx0M)⊥ of Tx0M in E . Parametrize
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a neighborhood of (x0, v0) in ν1/3M by (ϕ(x), v − Pϕ(x)(v)), and introduce a map
Φ : V × B → E given by

Φ(x, v) = ϕ(x) + v − Pϕ(x)(v), x ∈ V , v ∈ B, (92)

where Pϕ(x) is the orthogonal projection from E to Tϕ(x)M . The projection Pϕ(x)(v)

can be written explicitly as an arithmetic formula involving the first derivatives of ϕ

and their inner products with each other and v; hence, the kth derivatives of Φ can be
written explicitly in terms of the derivatives of ϕ up to the order k + 1 and the inner
product in E . If ϕ is the identity, then so is Φ. Since ϕ is C21(k + 1)δ-close to the
identity in Ck+1-topology, this implies an estimate

‖Φ − Id‖Ck (V×B) < C22(k)δ (93)

where C22(k) is a constant that can be written explicitly in terms of C21(k + 1). By
the inverse function theorem, this implies that Φ is a local diffeomorphism provided
that δ < C(k)−1. The normal projection PM in a neighborhood of (x0, v0) is given by
PM = ϕ ◦ π1 ◦ Φ−1 where π1 : V × B → V is the first coordinate projection. The
kth differential of Φ−1 can be written as an explicit dimension-independent formula
in terms of differentials of ϕ up the kth order. If ϕ is the identity, then PM is the
orthogonal projection PTx0M . This implies an estimate

‖PM − PTx0M‖Ck ≤ C13(k)δ

for all k ≥ 0, where C13(k) can be written explicitly in terms of C21(k + 1). These
bounds imply (61) and (62).

This finishes the proof of Proposition 3. As explained in the beginning of this
section, Theorem 2 follows via a rescaling argument.

Remark 6 Assuming in Theorem 2 that δ < r/100 and by scaling metric by factor
r−1 in Lemmas 11 and 16, the above arguments about PM imply that

‖ f − PM‖Ck (Ur/10(M)) < C21(k)δr
−k (94)

for all k. Thus, for computation purposes, the explicitly constructed map f is as good
as the normal projection PM .

Remark 7 Let us show that the constants in Theorem 2 are optimal, up to constant
factors. Let M ⊂ E be a closed n-dimensional submanifold whose the second funda-
mental form is bounded by κδ,r = 1

2δr
−2, with 0 < δ < r < 1, and Reach(M) > 2r .

Let x ∈ M . Using formula (2), we see that

dH (BM
2r (x), B

Tx M
2r (x)) ≤ δ. (95)

Here BM
2r (x) is the intrinsic ball in M of radius 2r centered at x .

Our assumptions on M imply that the normal projection PM is well defined and 2-
Lipschitz in the ball BE

r (x). Hence, for any z ∈ M∩BE
r (x) the projection PM ([x, z]) of
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the line segment [x, z] is a curve of length atmost 2r . Therefore, z = PM (z) ∈ BM
2r (x).

Thus, M ∩ BE
r (x) ⊂ BM

2r (x). Also note that BM
r (x) ⊂ M ∩ BE

r (x). These relations,

(95) and (2), imply that dH (M ∩ BE
r (x), BTx M

r (x)) ≤ δ. As x above is an arbitrary
point of M , we have that M is δ-close to n-flats at scale r . This shows that in Theorem
2 the bounds in claims (2) and (3) on the second fundamental form and reach are
optimal, up to multiplying these bounds by constant factors depending on n.

4 Proof of Proposition 2 and Injectivity Radius Estimates

The main goal of this section is to prove Proposition 2. We begin with recalling some
facts about Riemannian manifolds of bounded curvature and proving the estimate (1)

Let M = (M, g) be a complete Riemannian manifold with |SecM | ≤ K where
K > 0. For p ∈ M , consider the exponential map expp : TpM → M . We restrict this
map to the ball of radius r < π√

K
in TpM centered at the origin. As a consequence

of Rauch Comparison Theorem, expp is non-degenerate in this ball and we have
the following estimates on its local bi-Lipschitz constants: For v ∈ TpM such that
|v| ≤ r < π√

K
and every ξ ∈ TpM \ {0},

sin(
√
Kr)√

Kr
≤ |dv expp(ξ)|

|ξ | ≤ sinh(
√
Kr)√

Kr
(96)

(see, e.g., [79, Thm. 27 in Ch. 6] and [83, Thm. IV.2.5 and Remark IV.2.6]).
If r ≤ 1

2 min{ π√
K

, injM (p)}, then the geodesic r -ball BM
r (p) is convex, i.e., mini-

mizing geodesics with endpoints in this ball do not leave it (see, e.g., [79, Thm. 29 in
Ch. 6]). This makes the local bi-Lipschitz estimate (96) global. Hence,

sin(
√
Kr)√

Kr
≤ dM (expp(u), expp(v))

|u − v| ≤ sinh(
√
Kr)√

Kr
, (97)

and therefore,

∣

∣dM (expp(u), expp(v)) − |u − v|∣∣ ≤ 1
2Kr3 (98)

for all u, v ∈ TpM such that |u|, |v| ≤ r . Here (98) follows from (97) and the estimates
|u − v| ≤ 2r and

t − 1
6 t

3 ≤ sin(t) ≤ sinh(t) ≤ t + 1
4 t

3, t ∈ [0, π
2 ]. (99)

Thus, the distortion of expp within the r -ball is bounded by 1
2Kr3 provided that

r ≤ 1
2 min{ π√

K
, injM (p)}. This proves (1).

The upper bound in (97) does depend on the assumption that r ≤ 1
2 injM (p).

Moreover, the distances within a ball of radius π

2
√
K
have a better upper bound stated

in Lemma 20. This lemma is a variant of Toponogov’s Comparison Theorem (see,
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e.g., [79, Thm. 79 in Ch. 11]) for geodesics that are not necessarily minimizing but
whose lengths are bounded in terms of curvature.

Let M2−K denote the rescaled hyperbolic plane of curvature −K . For real numbers
a, b > 0 and α ∈ [0, π ], denote by �−K (a, b, α) the length of the side x1x2 of a
triangle �x0x1x2 in M2−K whose sides x0x1 and x0x2 equal a and b, resp., and the
angle at x0 equals α. Note that

�−K (a, b, α) ≤ �0(a, b, α) + 1
2Kr3 if a, b ≤ r ≤ π

2
√
K

, (100)

where �0 is defined similarly using the Euclidean plane as M2
0 . This follows from

(98) applied to M2−K in place of M .

Lemma 20 Let M = (Mn, g) be a complete Riemannian manifold, |SecM | ≤ K
where K > 0, p ∈ M, and 0 < r ≤ π

2
√
K
. Then,

dM (expp(u), expp(v)) ≤ �−K (|u|, |v|,∠(u, v)) ≤ |u − v| + 1
2Kr3 (101)

for all u, v ∈ TpM such that |u|, |v| ≤ r .

Proof This lemma is a standard application of Rauch comparison. We give a proof for
the reader’s convenience.

Let ˜M be the rescaled hyperbolic n-space of curvature −K and p̃ ∈ ˜M . Denote
by B and ˜B the closed r -balls centered at p and p̃ in M and ˜M , resp. Define a map
f : ˜B → B by f = expp ◦I ◦ exp−1

p̃ |
˜B where expp and exp p̃ are the Riemannian

exponential maps of M and ˜M , resp., and I is a linear isometry from Tp̃ ˜M to TpM .
Since r < π√

K
, expp is non-degenerate within the r -ball. Therefore, by [83, Thm.

IV.2.5], the map f does not increase lengths of smooth curves.
Let u, v ∈ TpM be such that |u|, |v| ≤ r , and let γ̃ be a geodesic segment in ˜M

between the points exp p̃(I
−1(u)) and exp p̃(I

−1(v)). Then, γ̃ is contained in ˜B and

length(γ̃ ) = �−K (|u|, |v|,∠(u, v)). (102)

Since γ := f ◦ γ is a path connecting expp(u) and expp(v) in M , we have

dM (expp(u), expp(v)) ≤ length(γ ) ≤ length(γ̃ )

where the second inequality follows from the above-mentioned fact that f does not
increase lengths. This and (102) imply the first inequality in (101). The second inequal-
ity in (101) follows from (100). ��

The next lemma is a quantified version of the fact that, for Riemannian manifolds
with two-sided curvature bounds, collapsing in the Gromov–Hausdorff sense is equiv-
alent to injectivity radii going to zero (see [31,47] or [51, Ch. 8]). The advantage of
Lemma 21 over collapsing technique is that it provides bounds independent of the
dimension.
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Lemma 21 Let M be a complete Riemannian manifold with |SecM | ≤ K where
K > 0. Let p ∈ M and r > 0 be such that Kr2 ≤ 10−3 and

dGH(BM
r (p), Bn

r ) < 10−3r

where n = dim M. Then, injM (p) ≥ 9
10r .

Proof Define ε = 10−3. The statement of the lemma is scale invariant so it suffices
to prove it for r = 1. More precisely, we rescale M by the factor r−1. The rescaled
manifold, for which we reuse the notation M , satisfies

|SecM | ≤ Kr2 ≤ ε (103)

and

dGH(BM
1 (p), Bn

1 ) < ε, (104)

The desired inequality now takes the form injM (p) ≥ 9
10 . We rewrite it as

injM (p) ≥ 1 − 100ε. (105)

The rest of the proof works for any ε ≤ 10−3.
First we informally explain the idea of this long and technical proof. Since the

curvature of M is small, the ball BM
1 (p) is GH close to the set of vectors in the unit

ball of TpM corresponding to minimizing geodesics starting at p. This is shown in
Step 1. (In fact, the proof deals with spheres rather than balls, but we speak about
balls in this informal explanation). If the injectivity radius injM (p) is small, there is
a short geodesic loop from p to itself. Using triangle comparison, one can see that
minimizing geodesics of length close to 1 cannot have too small angles with this loop.
This part of the argument is contained in Step 5. One concludes that if injM (p) is
small, then BM

1 (p), and hence Bn
1 , is GH close to a subset of the Euclidean unit ball

where a significant part (namely a ball of certain smaller radius) is removed. Clearly,
this is impossible in any fixed dimension, but it is not so obvious when n → ∞ while
the radius of the removed ball stays fixed. This issue is handled in Steps 2–4 with
Kirszbraun’s and Ulam–Borsuk theorems applied to suitable maps. Now we proceed
with the formal proof.

By (104), there is a 2ε-isometry f : Bn
1 → BM

1 (p) such that f (0) = p. We denote
by B the unit ball in TpM and construct a map h : Bn

1 → B as follows: For every
x ∈ Bn

1 , choose h(x) ∈ B such that expp(h(x)) = f (x) and |h(x)| = dM (p, f (x)).
(Note that the choice of h(x) is not necessarily unique). We proceed in a number of
steps.

Step 1 We show that h has a small distortion on the unit sphere Sn−1 = ∂Bn
1 , see

(106) and (111).
For every x, y ∈ Bn

1 , we have | f (x) − f (y)| ≤ |h(x) − h(y)| + 1
2ε by (103) and

Lemma 20 applied to u = h(x), v = h(y) and r = 1. Hence,

|h(x) − h(y)| ≥ | f (x) − f (y)| − 1
2ε ≥ |x − y| − 5

2ε (106)
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since f is a 2ε-isometry. In particular, since h(0) = 0,

|h(x)| ≥ |x | − 5
2ε (107)

for all x ∈ Bn
1 .

Pick x, y ∈ Sn−1. By (106) with −x in place of x , we have

|h(y) − h(−x)|2 ≥
(

|x + y| − 5
2ε

)2 ≥ |x + y|2 − 10ε (108)

since |x + y| ≤ 2. By the parallelogram identity, we have

|h(y) + h(−x)|2 + |h(y) − h(−x)|2 = 2(|h(y)|2 + |h(−x)|2) ≤ 4

and |x + y|2 + |x − y|2 = 2(|x |2 + |y|2) = 4. These relations and (108) imply that

|h(y) + h(−x)|2 ≤ 4 − |h(y) − h(−x)|2 ≤ 4 − |x + y|2 + 10ε = |x − y|2 + 10ε.

Therefore,

|h(y) + h(−x)| ≤ |x − y| + √
10ε (109)

for all x, y ∈ Sn−1. In particular, substituting y = x yields that

|h(x) + h(−x)| ≤ √
10ε (110)

for all x ∈ Sn−1. By the triangle inequality, (109) and (110) imply that

|h(x) − h(y)| ≤ |h(x) + h(−x)| + |h(y) + h(−x)| ≤ |x − y| + ε1 (111)

where ε1 = 2
√
10ε. Note that ε1 ≤ 1

5 since ε ≤ 10−3.

Step 2Let Z be amaximal ε1-separated subset of Sn−1. The inequality (111) implies
that the restriction h|Z is 2-Lipschitz: |h(x) − h(x)| ≤ 2|x − y| for any x, y ∈ Z .
Since TpM is isometric to R

n , Kirszbraun’s theorem [58] implies that h|Z admits a
2-Lipschitz extension ˜h : Rn → TpM . We need only the restriction of ˜h to the unit
sphere.

Pick x ∈ Sn−1. By the maximality of Z , there exists z ∈ Z such that |x − z| ≤ ε1.
The 2-Lipschitz continuity of ˜h implies that |˜h(x) − ˜h(z)| ≤ 2ε1, and (111) implies
that |h(x) − h(z)| ≤ 2ε1. Since˜h(z) = h(z), it follows that

|˜h(x) − h(x)| ≤ 4ε1 ≤ 4
5 . (112)

This and (107) imply that |˜h(x)| ≥ |h(x)| − 4
5 ≥ 1

5 − 5
2ε > 0. Thus, we can define a

continuous map φ : Sn−1 → ∂B by

φ(x) = ˜h(x)

|˜h(x)| , x ∈ Sn−1.
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Step 3We show that φ maps Sn−1 surjectively onto ∂B. Arguing by contradiction,
suppose that there exists w0 ∈ ∂B \ φ(Sn−1). Then, φ is a map from Sn−1 to the set
∂B \ {w0}, which is homeomorphic to R

n−1. Hence, by the Borsuk–Ulam theorem,
there exists x0 ∈ Sn−1 such that φ(x0) = φ(−x0). This means that the vectors˜h(x0)
and˜h(−x0) are positively proportional:

˜h(−x0) = λ˜h(x0) for some λ > 0. (113)

Let u = h(x0) and v = h(−x0). By (107), we have 1 − 5
2ε ≤ |u|, |v| ≤ 1.

Therefore,

〈u, u − v〉 + 〈v, u − v〉 = |u|2 − |v|2 ≥ (1 − 5
2ε)

2 − 1 ≥ −5ε (114)

On the other hand, |u − v| ≥ 2 − 5
2ε by (106). Hence,

〈u, u − v〉 − 〈v, u − v〉 = |u − v|2 ≥ (2 − 5
2ε)

2 ≥ 4 − 10ε. (115)

Adding (115) to (114) and dividing by two yield that 〈u, u − v〉 ≥ 2 − 15
2 ε. Since

|˜h(x0) − u| ≤ 4ε1 by (112) and |u − v| ≤ 2, it follows that

〈˜h(x0), u − v〉 ≥ 〈u, u − v〉 − |˜h(x0) − u| · |u − v| ≥ 2 − 15
2 ε − 8ε1 > 0

where the last inequality follows from the bounds ε1 ≤ 1
5 and ε ≤ 10−3. Similarly,

switching the roles of x0 and −x0 we obtain that

〈˜h(−x0), u − v〉 = −〈˜h(−x0), v − u〉 < 0.

Thus, the products 〈˜h(x0), u − v〉 and 〈˜h(−x0), u − v〉 have opposite signs. This
contradicts (113); therefore, φ is surjective.

Step 4 The surjectivity of φ implies that for every v0 ∈ ∂B there exists z ∈ Sn−1

such that

∠(v0, h(z)) ≤ arcsin
2ε1

|h(z)| . (116)

Indeed, let x ∈ Sn−1 be such that φ(x) = v0. By the construction of Z , there exists
z ∈ Z such that |x − z| ≤ ε1. Then, |˜h(x) − h(z)| ≤ 2ε1 since ˜h is a 2-Lipschitz
extension of h|Z . The direction of v0 = φ(x) is the same as that of˜h(x); hence,

sin∠(v0, h(z)) = sin∠(˜h(x), h(z)) ≤ |˜h(x) − h(z)|
|h(z)| ≤ 2ε1

|h(z)| (117)

where the first inequality follows from the Euclidean law of sines in the triangle with
vertices 0, ˜h(x), h(z). Also note that |˜h(x) − h(z)| < 2ε1 ≤ 2

5 < |h(z)| by (107).
Hence, |˜h(x) − h(z)| is not the largest side of this Euclidean triangle, and therefore,
∠(v0, h(z)) < π

2 . This and (117) imply (116).
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Step 5 Now we prove (105). Let r0 = injM (p). We may assume that r0 < 1; oth-
erwise, (105) holds trivially. Since |SecM | ≤ ε < 1 and r0 < 1 < π , Klingenberg’s
Lemma (see [79, Lemma 16 in Ch. 5]) implies that there exists a geodesic loop γ of
length 2r0 in M starting and ending at p. Equivalently, there exists v ∈ TpM such
that |v| = 2r0 and expp(v) = p. Let v0 = v/2r0, then v0 ∈ ∂B. By the result of
Step 4, there exists z ∈ Sn−1 satisfying (116). Define u = h(z), a = |u| = |h(z)|, and
β = ∠(v, u) = ∠(v0, u); then, (116) takes the form

β ≤ arcsin
2ε1
a

(118)

By the definition of h and (107), we have

1 − 5
2ε ≤ a ≤ 1 (119)

We apply Lemma 20 with parameters K = ε and r = 2r0 < 2 and obtain that

dM (p, f (z)) = dM (expp(v), expp(u)) ≤ �−ε(2r0, a, β)

(recall that expp(u) = expp(h(z)) = f (z) by the definition of h). On the other hand,
dM (p, f (z)) = |h(z)| = a by the definition of h. Thus,

a ≤ �−ε(2r0, a, β). (120)

We deduce (105) from (118), (119), and (120) via elementary hyperbolic geom-
etry. Let ˜M = M2−ε and construct points p̃, p̃1, z̃ ∈ ˜M such that d

˜M ( p̃, p̃1) =
2r0, d˜M ( p̃, z̃) = a and ∠̃z p̃ p̃1 = β. By construction, we have d

˜M (̃z, p̃1) =
�−ε(2r0, a, β); hence, by (120),

d
˜M (̃z, p̃) ≤ d

˜M (̃z, p̃1). (121)

Let � ⊂ ˜M be the geodesic line through p̃ and p̃1. Let q̃ ∈ � be the orthogonal
projection of z̃ to �, and define r1 = d

˜M ( p̃, q̃). The inequality (121) implies that
d

˜M ( p̃, q̃) ≤ d
˜M ( p̃1, q̃); hence, r1 ≤ 1

2d˜M ( p̃, p̃1) = r0. Thus, it suffices to prove that
r1 ≥ 1 − 100ε. Define b = d

˜M (̃z, q̃), and let z̃1 ∈ ˜M be the point symmetric to z̃
with respect to �. From the triangle � p̃̃z̃z1 with sides d˜M ( p̃, z̃) = d

˜M ( p̃, z̃1) = a and
angle ∠̃z p̃̃z1 = 2β, one sees that

2b = d
˜M (̃z, z̃1) = �−ε(a, a, 2β) ≤ �0(a, a, 2β) + 1

2ε = 2a sin β + 1
2ε,

where the inequality in the middle follows from (100) since a ≤ 1 by (119). Hence,

b ≤ a sin β + 1
4ε ≤ 2ε1 + 1

4ε (122)

123



1088 Foundations of Computational Mathematics (2020) 20:1035–1133

by (118). Now from the triangle �q̃ p̃̃z with sides d
˜M (q̃, p̃) = r1 and d

˜M (q̃, z̃) = b
and angle ∠̃zq̃ p̃ = π

2 , one sees that

a = d
˜M ( p̃, z̃) = �−ε(r1, b,

π
2 ) ≤ �0(r1, b,

π
2 ) + 1

2ε =
√

r21 + b2 + 1
2ε.

where the inequality again follows from (100). This, (119), and (122) imply that

r21 ≥ (a − 1
2ε)

2 − b2 ≥ (1 − 3ε)2 − (2ε1 + 1
4ε)

2 ≥ 1 − 4ε21 − 7ε

where the last inequality holds since ε1 ≤ 1
5 and ε ≤ 10−3. Substituting ε1 = 2

√
10ε,

we obtain that r21 ≥ 1−167ε. Since ε ≤ 10−3,
√
1 − 167ε ≥ 1−100ε, r1 ≥ 1−100ε.

Since injM (p) = r0 ≥ r1; this proves (105) and Lemma 21 follows. ��
Now we prove Proposition 2. We restate the first part of Proposition 2 as the fol-

lowing lemma, which also provides an explicit value of the constant C8.

Lemma 22 Let K > 0 and let M, ˜M be complete n-dimensional Riemannian mani-
folds with |SecM | ≤ K and |Sec

˜M | ≤ K, and

0 < r ≤ min{ π√
K

, inj
˜M (̃x)}. (123)

Then,

injM (x) ≥ r − 106 · dGH(BM
r (x), B

˜M
r (̃x)). (124)

Proof Define

δ = dGH(BM
r (x), B

˜M
r (̃x)). (125)

We may assume that δ < 10−6r ; otherwise, (124) is trivial. We may also assume that
δ > 0, otherwise injM (x) ≥ r since BM

r (x) is isometric to B ˜M
r (̃x). Below we prove a

stronger inequality injM (x) ≥ r − 20δ, assuming that 0 < δ < 10−6r .
First we apply Lemma 21 to the smaller ball BM

ρ (x) where ρ = 10−2r . To verify
the assumptions of Lemma 21, observe that

Kρ2 = 10−4Kr2 ≤ 10−4π2 < 10−3. (126)

since Kr2 ≤ π2 < 10 by (123). Then, by (1), (123), and (126),

dGH(B
˜M
ρ (̃x), Bn

ρ ) ≤ 1
4Kρ3 ≤ 1

4 · 10−3ρ.

Since ρ < r , (125) and the definition of the pointed GH distance imply that

dGH(BM
ρ (x), B

˜M
ρ (̃x)) ≤ 3δ.
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Hence, by the triangle inequality for dGH,

dGH(BM
ρ (x), Bn

ρ ) ≤ 3δ + 1
4 · 10−3ρ < 10−3ρ (127)

since δ ≤ 10−6r = 10−4ρ. By (126) and (127), the assumptions of Lemma 21 are
satisfied for p = x and ρ in place of r . Now Lemma 21 implies that

injM (x) > 9
10ρ > 20δ. (128)

We need this preliminary lower bound for the subsequent argument to work.
Let r0 = injM (x) and assume toward a contradiction that

r0 < r − 20δ. (129)

Since SecM ≤ K and r0 < r ≤ π√
K
, by Klingenberg’s Lemma (see [79, Lemma 16

in Ch. 5]), there is a geodesic loop γ of length 2r0 in M starting and ending at x . Let
y be the midpoint of this loop and γ1, γ2 the two halves of γ between x and y. Note
that γ1 and γ2 are minimizing geodesics and dM (x, y) = r0.

By (125), there is a correspondence R between the balls BM
r (x) and B ˜M

r (̃x) with
distortion at most 2δ, see [26, Theorem 7.3.25]. Recall that a correspondence between
metric spaces X and ˜X is a subsetR ⊂ X × ˜X with surjective coordinate projections
to X and ˜X , and the distortion of R is defined by

disR := sup{|dX (x, y) − d
˜X (̃x, ỹ)| : (x, x̃), (y, ỹ) ∈ R}

We fixR with disR ≤ 2δ for X = BM
r (x) and ˜X = B ˜M

r (̃x) and say that y ∈ BM
r (x)

and ỹ ∈ B ˜M
r (̃x) correspond to each other if (y, ỹ) ∈ R. Since we are working with

pointed GH distance, the centers x and x̃ correspond to each other.
Pick ỹ ∈ B ˜M

r (̃x) corresponding to the point y constructed above. Then,

d
˜M (̃x, ỹ) ≤ dM (x, y) + 2δ = r0 + 2δ < r − 18δ

by (129). Since inj
˜M (̃x) ≥ r , it follows that there is a point z̃ ∈ B ˜M

r (̃x) such that ỹ
belongs to the minimizing geodesic from x̃ to z̃ and d

˜M (ỹ, z̃) = 18δ. Pick z ∈ BM
r (x)

corresponding to z̃, and let a = dM (y, z). Since disR ≤ 2δ and the triangle inequality
in ˜M turns to equality for x̃, ỹ, z̃, we have

r0 + a = dM (x, y) + dM (y, z) ≤ dM (̃x, z̃) + 4δ ≤ dM (x, z) + 6δ.

Thus,

dM (x, z) ≥ r0 + a − 6δ. (130)

Also note that |a − 18δ| = |dM (y, z) − d
˜M (ỹ, z̃)| ≤ disR ≤ 2δ. Therefore,

16δ ≤ a ≤ 20δ < r0 (131)
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where the last inequality follows from (128).
Let γ3 be a minimizing geodesic between y and z. Consider the angles ∠(γ3, γ1)

and∠(γ3, γ2) at y. Their sum equalsπ ; hence, at least one of them is no greater than π
2 .

Assume w.l.o.g. that ∠(γ3, γ1) ≤ π
2 and let u, v ∈ TyM be the vectors tangent to γ3

and γ1, resp., and such that |u| = |v| = a. Since ∠(u, v) = ∠(γ3, γ1) ≤ π
2 , we have

|u − v| ≤ √
2a. Note that z = expy(u). Let x ′ = expy(v). Then, by (131), x ′ lies on

γ1 at distance r0 − a from x . By Lemma 20 applied to p = y and a in place of r ,

dM (x ′, z) ≤ |u − v| + 1
2Ka3 ≤ √

2a + 1
2Ka3.

Hence,

dM (x, z) = dM (x, x ′) + dM (x ′, z) ≤ r0 − a + √
2a + 1

2Ka3. (132)

By (131) and the assumption δ < 10−6r ,

1
2Ka2 ≤ 200K δ2 < 10−9Kr2 < 10−8

since Kr2 ≤ π2 < 10 by (123). This and (132) imply that

dM (x, z) ≤ r0 + (
√
2 + 10−8 − 1)a < r0 + 1

2a.

This and (130) imply that a < 12δ. This contradicts (131); hence, the assumption
(129) was false. Thus, r0 ≥ r − 20δ and Lemma 22 follows. ��

Proof of Proposition 2 Lemma 22 implies the first claim of Proposition 2 for any C8 ≥
106. To prove the second one, let f : M → ˜M be a (1 + ε, δ)-quasi-isometry and
ρ = min{inj

˜M , π√
K

}. By Lemma 1,

dGH(BM
ρ (x), B

˜M
ρ ( f (x))) ≤ 2ερ + 5δ

for all x ∈ M . Hence, by Lemma 22,

injM (x) ≥ ρ − 106(2ερ + 5δ) = (1 − 2 · 106ε)ρ − 5 · 106δ

for all x ∈ M . Thus, the second claim of Proposition 2 holds for any C8 ≥ 5 · 106. ��

5 Proof of Theorem 1

Similar to the proof of Theorem 2, we first observe that the statement of Theorem 1
is scale invariant and it suffices to prove it for r = 1. When r = 1, Theorem 1 is
equivalent to the following proposition with δ0(n) = σ2(n) > 0.
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Proposition 4 For every positive integer n, there exists δ0 = δ0(n) > 0 such that the
following holds. Let 0 < δ < δ0 and let X be a metric space which is δ-intrinsic
and δ-close toRn at scale 1. Then, there exists a complete n-dimensional Riemannian
manifold M such that

1. There is a (1 + C1δ,C1δ)-quasi-isometry from X to M.
2. The sectional curvature SecM of M satisfies |SecM | ≤ C2δ.
3. The injectivity radius of M is bounded below by 1/2.

The proof of Proposition 4 occupies the rest of this section, which is split into
several subsections.

Remark 8 In the proof of Proposition 4, the boundsC j , etc., are constructed via explicit
arguments. Thus, by following the steps of the proof, one can obtain an explicit formula
for the value δ0(n). However, the details of this go outside the framework of this paper.

We recycle the letter r for use in other notation. We fix n and assume that a metric
space X satisfies the assumption of the proposition for a sufficiently small δ > 0.

Fix a maximal 1
100 -separated set X0 ⊂ X . We say that two points x, y ∈ X0 are

adjacent if dX (x, y) < 1 and say that they are neighbors if dX (x, y) < 1
2 .

The adjacency relation defines a graph which we refer to as the adjacency graph.
The set of vertices of this graph is X0, and the edges are between all pairs of adjacent
points. We need the following properties of this graph.

Lemma 23 1. The adjacency graph is connected.
2. Its vertex degrees are bounded by a number N1(n) depending only on n.

Proof 1. Let x, y ∈ X0. Since X is δ-intrinsic, there is a δ-chain x1, . . . , xN ∈ X with
x1 = x and xN = y. For each xi , there is a point x ′

i ∈ X0 with dX (xi , x ′
i ) ≤ 1

100 . By
the triangle inequality, dX (x ′

i , x
′
i+1) < 2δ + 1

50 < 1 for all i , and we may assume that
x ′
1 = x and x ′

N = y. Then, the sequence x ′
1, . . . , x

′
N is a path connecting x to y in the

adjacency graph.
2. Let q ∈ X0. Since we have dH (B1(q), Bn

1 ) < δ, there exists a 2δ-isometry
f : B1(q) → Bn

1 . Let Y = X0 ∩ B1(q) be the set of points adjacent to q. Since Y is
1

100 -separated, its image f (Y ) is a ( 1
100 −2δ)-separated subset of Bn

1 . We may assume
that δ is so small that 1

100 − 2δ > 1
200 . Then, the cardinality of Y is no greater than the

maximum possible number of 1
200 -separated points in Bn

1 . ��
Lemma 23 implies that the set X0 is at most countable. In the sequel, we assume

that X0 is countably infinite, X0 = {qi }∞i=1. In the case when X0 is finite, the proof is
the same except that the indices are restricted to a finite set.

5.1 Approximate Charts

Fix a collection of points {pi }∞i=1 inR
n such that the Euclidean unit balls Di := B1(pi )

are disjoint. For r > 0, we denote by Dr
i the Euclidean ball Br (pi ) ⊂ R

n .
Recall that X0 = {qi }∞i=1. For each i ∈ N, we have dGH(B1(qi ), Di ) < δ since Di

is isometric to Bn
1 . Recall that here we are dealing with pointed GH distance between

123



1092 Foundations of Computational Mathematics (2020) 20:1035–1133

balls where the centers are distinguished points. Hence, there exists a 2δ-isometry
fi : B1(qi ) → Di such that fi (qi ) = pi .
We fix 2δ-isometries fi : B1(qi ) → Di , i ∈ N, for the rest of the proof. The balls

Di and the maps fi play the role of coordinate charts in X . The next lemma provides
a kind of transition map between charts.

Lemma 24 For each pair of adjacent points qi , q j ∈ X0, there exists an affine isometry
Ai j : Rn → R

n such that

|Ai j ( fi (x)) − f j (x)| < C23δ (133)

for every x ∈ B1(qi ) ∩ B1(q j ).

Proof Let Y = B1(qi ) ∩ B1(q j ). Since dGH(B1(qi ), Bn
1 ) < δ and q j ∈ B1(qi ), there

exists x0 ∈ Y such that

max{dX (x0, qi ), dX (x0, q j )} < 1
2 + 3δ.

Definemaps h1, h2 : Y → R
n by h1(x) = fi (x)− fi (x0) and h2(x) = f j (x)− f j (x0).

Since B1/2−3δ(x0) ⊂ Y ⊂ B3/2+3δ(x0) and fi , f j are 2δ-isometries, h1 and h2 satisfy
the assumptions of Lemma 6with parameters 3/2+3δ, 3/2−3δ, 2δ in place of R, r , δ,
respectively. Hence, by Lemma 6 there exists an orthogonal map U : Rn → R

n such
that

|U (h1(x)) − h2(x)| < 12C16nδ (134)

for all x ∈ Y . Now define Ai j : Rn → R
n by

Ai j (y) = U (y − fi (x0)) + f j (x0), y ∈ R
n . (135)

This definition and (134) imply (133). ��
We fixmaps Ai j constructed in Lemma 24 for the rest of the proof. Wemay assume

that A ji = A−1
i j for all i, j and Aii is the identity map.

Lemma 25 Let qi , q j , qk ∈ X0 be three pairwise adjacent points. Then,

|A jk(Ai j (x)) − Aik(x)| < C24δ (136)

for all x ∈ Di .

Proof Let a = fi (q j ) and b = fi (qk). Consider the intersection of Euclidean balls

Z := Di ∩ B1−2δ(a) ∩ B1−2δ(b) ⊂ R
n .

Let x ∈ Z . Since fi is a 2δ-isometry, there is q ∈ B1(qi ) such that | fi (q) − x | < 2δ.
Note that q belongs to the balls B1(q j ) and B1(qk) as well. Then,
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|Aik(x) − fk(q)| ≤ |Aik( fi (q)) − fk(q)| + |Aik(x) − Aik( fi (q))| < (C23 + 2)δ

(137)

by (133) and the fact that Aik is an isometry. Similarly,

|Ai j (x) − f j (q)| < (C23 + 2)δ, (138)

and therefore,

|A jk(Ai j (x)) − fk(q)| ≤ |A jk(Ai j (x)) − A jk( f j (q))| + C23δ ≤ (2C23 + 2)δ

(139)

where the first inequality follows from (133) and the second one from (138) and the
fact that A jk is an isometry. Now (137) and (139) imply that

|A jk(Ai j (x)) − Aik(x)| < (3C23 + 4)δ =: δ1 (140)

for all x ∈ Z .
Observe that Z contains a ball of radius 1

3 − 3δ. Indeed, consider the point p =
1
3 (pi + a + b). By the triangle inequality, |p − pi | = 1

3 |(a − pi ) + (b − pi )| ≤ 2
3

since a, b ∈ Di = B1(pi ). Hence, Di contains the ball B1/3(p). Similarly, since
|b − a| < 1 + 2δ, we have |p − a| < 2

3 + δ and |p − b| < 2
3 + δ; hence, the ball

B1/3−3δ(p) is contained in B1−2δ(a) and in B1−2δ(b).
Thus, (140) holds for all z ∈ B1/4(p). The affine map A = A jk ◦ Ai j − Aik can be

written in the form A(x) = A(p) + L(x − p) where L : Rn → R
n is a linear map.

Then, (140) implies that |A(p)| < 2δ1 and |L(v)| < 2δ1 for all v ∈ Bn
1/4. Hence,‖L‖ ≤ 8δ1. Therefore, for all x ∈ B2(p),

|A(x)| ≤ |A(p)| + |L(x − p)| < 17δ1 = 17(3C23 + 4)δ =: C24δ

Since Di ⊂ B2(p), it follows that (136) holds for all x ∈ Di . ��
Lemma 26 Let qi , q j , qk ∈ X0. Then,

1. If qi and q j are adjacent, then

∣

∣

∣

∣

|Ai j (pi ) − p j | − dX (qi , q j )

∣

∣

∣

∣

< C25δ. (141)

2. If qk is adjacent to both qi and q j , then

∣

∣

∣

∣

|Aik(pi ) − A jk(p j )| − dX (qi , q j )

∣

∣

∣

∣

< C25δ

Proof The first assertion follows from the second one by setting k = j (recall that A j j

is the identity map). Let us prove the second assertion.
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Since pi = fi (qi ), (133) implies that Aik(pi ) is C23δ-close to fk(qi ). Similarly,
A jk(p j ) isC23δ-close to fk(q j ). Hence, the distance |Aik(pi )− A jk(p j )| differs from
| fk(qi ) − fk(q j )| by at most 2C23δ. In its turn, the distance | fk(qi ) − fk(q j )| differs
from dX (qi , q j ) by at most 2δ because f j is a 2δ-isometry. Thus, |Aik(pi )− A jk(p j )|
differs from dX (qi , q j ) by at most (2C23 + 2)δ = C25δ and the lemma follows. ��

Lemma 27 For every i ∈ N and every x ∈ D1/3
i , there exist j ∈ N such that qi and

q j are neighbors and Ai j (x) ∈ D1/50
j .

Proof Since fi is a 2δ-isometry from B1(qi ) to Di , there exists y ∈ B1(qi ) ⊂ X such
that | fi (y) − x | ≤ 2δ. Since X0 is a 1

100 -net in X , there is a point q j ∈ X0 such that
dX (y, q j ) ≤ 1

100 . For this point q j , we have

|x − fi (q j )| < | fi (y) − fi (q j )| + 2δ < dX (y, q j ) + 4δ ≤ 1
100 + 4δ

since fi is a 2δ-isometry. This and the fact that x ∈ D1/3
i imply that

|pi − fi (q j )| < 1
3 + 1

100 + 4δ.

Since pi = fi (qi ) and fi is a 2δ-isometry, it follows that

dX (qi , q j ) < 1
3 + 1

100 + 6δ < 1
2 .

Thus, qi and q j are neighbors; in particular, there is a well-defined map Ai j . Since
Ai j is an isometry, we have

|Ai j (x) − Ai j ( fi (q j ))| = |x − fi (q j )| < 1
100 + 4δ.

By (133), we have |Ai j ( fi (q j )) − f j (q j )| < C23δ; hence,

|Ai j (x) − p j | = |Ai j (x) − f j (q j )| < 1
100 + (C23 + 4)δ < 1

50

provided that δ is sufficiently small. Thus, Ai j (x) ∈ D1/50
j as claimed. ��

5.2 ApproximateWhitney Embedding

At this point, we essentially forget about the original metric space X and use the
collection of balls Di ⊂ R

n and maps Ai j from the previous section for the rest of the

construction. Let Ω = ⋃

Di ⊂ R
n and Ω0 = ⋃

D1/10
i .

Let S = S
n be the unit sphere in R

n+1 centered at en+1, where e1, . . . , en+1 is the
standard basis of Rn+1. Note that S contains the points 0 and 2en+1. For every r > 0,
we denote by Sr the set of points in S lying at distance less than r from the ‘north
pole’ 2en+1, that is, Sr = S ∩ Br (2en+1).
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Fix a smooth map

φ : Rn → S (142)

with the following properties:

1. φ(x) = 0 for all x ∈ R
n \ B1/5(0).

2. φ|B1/5(0) is a diffeomorphism onto S \ {0}.
3. φ|B1/10(0) is a diffeomorphism onto the spherical cap S1.
4. φ|B1/50(0) is a diffeomorphism onto the spherical cap S1/10.

For algorithmic constructions discussed below, we can assume that φ is given as
a function that is defined piecewisely by explicit, real analytic formulas. For each i ,
let φi (x) = φ(x − pi ) and define a map Fi : Ω → S ⊂ R

n+1 as follows. If a point
x ∈ Ω belongs to a ball Dj , put

Fi (x) =
{

φi (A ji (x)), if Dj is adjacent to Di

0, otherwise.
(143)

In particular, Fi (x) = φi (x) if x ∈ Di .

Lemma 28 If Fi (x) �= 0 for some x ∈ D1/5
j , then qi and q j are neighbors.

Proof The assumption Fi (x) �= 0 implies that qi and q j are adjacent, and therefore,
Fi (x) = φi (A ji (x)). Thus, φi (A ji (x)) �= 0, and hence, |A ji (x)− pi | < 1

5 . Since A ji

is an isometry and |p j − x | < 1
5 , we have

|A ji (p j ) − pi | ≤ |p j − x | + |A ji (x) − pi | < 2
5 .

This and Lemma 26(2) imply that dX (qi , q j ) < 2
5 + C25δ < 1

2 ; hence, qi and q j are
neighbors. ��

Let E be the space of square-summable sequences (ui )∞i=1 in R
n+1 equipped with

the norm defined by |u|2 = ∑ |ui |2 for u = (ui )∞i=1. This is a Hilbert space naturally
isomorphic to �2. Define a map F : Ω → E by

F(x) = (Fi (x))
∞
i=1 (144)

Lemma 23 implies that for every x ∈ U there are only finitely many indices i such
that Fi (x) �= 0. Therefore, the sequence F(x) ∈ (Rn+1)∞ is finite and hence indeed
belongs to E .

Lemma 29 1. F is smooth, and there is C26(k) > 0 depending only on n and k such
that

‖F‖Ck (Ω) ≤ C26(k) (145)

for all k ≥ 0.
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2. For every i ∈ N, the restriction F |
D1/10
i

is uniformly bi-Lipschitz, that is,

C−1
27 |x − y| ≤ |F(x) − F(y)| ≤ C27|x − y| (146)

for all x, y ∈ D1/10
i .

Proof 1. Let x ∈ Di . By Lemma 23, there is at most N1(n) indices j such that
Fj |Di �= 0. For every such j , we have ‖dkx Fj‖ ≤ ‖φ‖Ck (Rn); therefore, ‖dkx F‖ ≤
N1(n) · ‖φ‖Ck (Rn) = C26(k).

2. The second inequality in (146) follows from (145) when C27 ≥ C26(1). To
prove the first one, observe that C27 > 0 can be chosen so that |F(x) − F(y)| ≥
|Fi (x) − Fi (y)| ≥ C−1

27 |x − y| for x, y ∈ D1/10
i since the i th coordinate projection

from E to Rn does not increase distances and Fi |D1/10
i

= φi |D1/10
i

is bi-Lipschitz. ��
Equation (146) implies that the first derivative of F is uniformly bi-Lipschitz, i.e.,

C−1
27 |v| ≤ |dx F(v)| ≤ C27|v| (147)

for all x ∈ D1/10
i and v ∈ R

n .

Lemma 29 implies that for each i the image Σi := F(D1/10
i ) is a smooth subman-

ifold of E . We are going to apply Theorem 2 to the union Σ = ⋃

i Σi in E . As the
first step, we show that these submanifolds lie close to one another.

Lemma 30 There are C28 = C28(0) > 0 and C28(m) > 0 such that if qi and q j are

neighbors and let x ∈ D1/5
i , then Ai j (x) ∈ Dj and

|F(x) − F(Ai j (x))| < C28(0)δ, (148)

and

‖dmx (F − F ◦ Ai j )‖ < C28(m)δ (149)

for all m ≥ 1.

Proof By Lemma 26,

|Ai j (pi ) − p j | < dX (qi , q j ) + C25δ < 1
2 + C25δ.

Since Ai j is an isometry, |Ai j (x) − Ai j (pi )| = |x − pi | < 1
5 . Therefore,

|Ai j (x) − p j | ≤ |Ai j (x) − Ai j (pi )| + |Ai j (pi ) − p j | < 1
2 + 1

5 + C25δ < 1,

hence, Ai j (x) ∈ Dj . Since x is an arbitrary point of D1/5
i , we have shown that

Ai j (D
1/5
i ) ⊂ Dj .

Recall that the number of indices k such that Fk does not vanish on Di ∪ Dj is
bounded by a constant depending only on n. Hence, in order to verify (149) it suffices
to show that
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‖dmx (Fk − Fk ◦ Ai j )‖ < Cmδ (150)

for every fixed k. Consider four cases.
Case 1 qk is adjacent to both qi and q j . In this case,

Fk |D1/5
i

= φk ◦ Aik |D1/5
i

and

Fk ◦ Ai j |D1/5
i

= φk ◦ A jk ◦ Ai j |D1/5
i

.

Now (150) follows from the fact that the affine isometries Aik and A jk ◦ Ai j are
4C24δ-close on Di by Lemma 25.

Case 2 qk is not adjacent to qi and q j . This case is trivial because Fk |Di and
Fk ◦ Ai j |Di both vanish by definition.

Case 3 qk is adjacent to q j but not to qi . In this case Fk |Di = 0 by definition. Let
us show that Fk ◦ Ai j |D1/5

i
also vanishes. Since dX (qk, qi ) ≥ 1, Lemma 26 implies

that |Akj (pk) − Ai j (pi )| > 1 − C25δ. Hence, for every y ∈ D1/5
i ,

|Akj (pk) − Ai j (y)| > 1 − 1
5 − C25δ > 1

5 .

Since Akj = A−1
jk and Akj is an isometry, this implies that |pk − A jk ◦ Ai j (y)| > 1

5 ,
and hence,

Fk ◦ Ai j (y) = φk ◦ A jk ◦ Ai j (y) = 0

for every y ∈ D1/5
i .

Case 4 qk is adjacent to qi but not to q j . In this case Fk ◦ Ai j |D1/5
i

= 0, so it suffices

to prove that Fk |D1/5
i

= 0. Suppose the contrary, then Lemma 28 implies that qk and

qi are neighbors. Since qi and q j are also neighbors, it follows that qk and q j are
adjacent. This contradiction proves the claim. ��

We introduce the following notation for some important subsets of E . For every
i ∈ N, define

Σi = F(D1/10
i ) and Σ0

i = F(D1/50
i ). (151)

Let Σ = ⋃

i Σi and Σ0 = ⋃

i Σ
0
i .

Recall that Σi is a smooth n-dimensional submanifold of E . For a point x ∈ Σi ,
we denote by TxΣi the tangent space of Σi at x realized as an affine subspace of E
containing x , that is, TxΣi is the n-dimensional affine subspace of E tangent to Σi

at x .

Lemma 31 There is C29 > C28(0) such that the following holds. For every x ∈ Σi ,
there exist j ∈ N and y ∈ Σ0

j such that

|x − y| < C29δ (152)
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and

∠(TxΣi , TyΣ j ) < C29δ. (153)

Proof Since x ∈ Σi , we have x = F(z) for some z ∈ D1/10
i . By Lemma 27, there

exists j such that qi and q j are neighbors and Ai j (z) ∈ D1/50
j . Let y = F(Ai j (z)),

then y ∈ Σ0
j . Lemma 30 for m = 0 implies that

|x − y| = |F(z) − F(Ai j (z))| < C28(0)δ

proving (152). To prove (153), observe that TxΣi and TyΣ j are parallel to the images
of the derivatives dz F and dAi j (z)F , resp. The image of dAi j (z)F coincides with the
image of dz(F ◦ Ai j ). By Lemma 30 for m = 1, we have

‖dz F − dz(F ◦ Ai j )‖ < C28(1)δ.

This and (147) imply (153) with an appropriate C29 > C28(0). ��
We use general metric space notation for subsets of E . In particular, for a set Z ⊂ E

and r > 0 we denote by Ur (Z) the r -neighborhood of Z in E .

Lemma 32 Σ ∩ U1/2(Σ
0
i ) ⊂ UC29δ(Σi ) for every i ∈ N.

Proof Let q ∈ Σ ∩ U1/2(Σ
0
i ). Since q ∈ U1/2(Σ

0
i ), there exists y ∈ D1/50

i such that

|q − F(y)| < 1
2 . Since q ∈ Σ , we have q = F(z) where z ∈ D1/10

j for some j . Since

the i th coordinate projection from E to Rn+1 does not increase distances,

|Fi (z) − Fi (y)| ≤ |F(z) − F(y)| = |q − F(y)| < 1
2 .

Recall that Fi (y) = φi (y) because y ∈ Di . Since y ∈ D1/50
i , the point φi (y) belongs

to the spherical cap S1/10. Hence, |Fi (y) − 2en+1| < 1
10 . Therefore,

|Fi (z) − 2en+1| ≤ |Fi (z) − Fi (y)| + |Fi (y) − 2en+1| < 1
2 + 1

10 < 1.

Thus, Fi (z) belongs to the spherical cap S1 ⊂ S ⊂ R
n+1, in particular Fi (z) �= 0.

Hence, Fi (z) = φi (A ji (z)), and therefore, A ji (z) ∈ φ−1
i (S1) = D1/10

i .
Since Fi (z) �= 0, Lemma 28 implies that qi and q j are neighbors. Now, by Lemma

30 (for m = 0) and the inequality C29 > C28(0), we have

|q − F(A ji (z))| = |F(z) − F(A ji (z))| < C29δ.

Since A ji (z) ∈ D1/10
i , this inequality implies that

q ∈ UC29δ(F(D1/10
i )) = UC29δ(Σi ).

Since q is an arbitrary point from the set Σ ∩ U1/2(Σ
0
i ), the lemma follows. ��
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Lemma 33 There is C30> C28(0) such that for every q ∈ Σ0
i and r > 0,

dH (Σi ∩ Br (q), TqΣi ∩ Br (q)) < C30r
2. (154)

Proof By Lemma 29, Σi = F(D1/10
i ) is a submanifold parametrized by a uniformly

bi-Lipschitz smooth map F |
D1/10
i

. We may assume that r < 1
50C27

where C27 is

the bi-Lipschitz constant in (146). Indeed, if r ≥ 1
50C27

, then (154) holds for any
C30 > 50C27 since the left-hand side of (154) is bounded by r .

Let q = F(x) where x ∈ D1/50
i . Then, every point q ′ ∈ Σi ∩ Br (q) is the image

of some x ′ ∈ BC27r (x) ⊂ B1/50(x) ⊂ D1/10
i . Hence,

dist(q ′, TqΣi ) ≤ C30r
2,

where C30 = C26(2) is the uniform bound of the second derivatives of F |
D1/10
i

, see

(145). This means thatΣi deviates from its tangent space TqΣi within the r -ball Br (q)

by distance at most C30r2.
In addition, the point q ∈ Σ0

i = F(D1/50
i ) is separated by a distance at least

1
20C27

> 2r from the boundary of Σi . Therefore, for each point from TqΣi ∩ Br (q)

there exists a point in Σi within distance C30r2. ��
The next lemma essentially says that the Σ ⊂ E is Cδ-close to affine spaces in E

at a scale of order δ1/2.

Lemma 34 There is C31 > 0 such that for every x ∈ Σi and r ≥ δ1/2,

dH (Σ ∩ Br (x), TxΣi ∩ Br (x)) < C31r
2. (155)

Proof We may assume that r ≤ 1
4 ; otherwise, (155) holds for any C31 ≥ 4 since the

left-hand side is bounded by r . By Lemma 31, there exist j ∈ N and q ∈ Σ0
j such

that |x − q| < C29δ and ∠(TxΣi , TqΣ j ) < C29δ. Let A = TqΣ j . Observe that the
Hausdorff distance between the affine balls TxΣi ∩ Br (x) and BA

r (q) = A∩ Br (q) is
bounded by

|x − q| + r sin∠(TxΣi , A) < C29δ + C29rδ ≤ 2C29r
2

since δ ≤ r2 and δ ≤ δ1/2 ≤ r . Assuming that C31 > 4C29, it suffices to verify that
dH (Σ ∩ Br (x), BA

r (q)) < 1
2C31r2. By the definition of the Hausdorff distance, this

is equivalent to the following pair of inclusions:

Σ ∩ Br (x) ⊂ UC31r2/2(B
A
r (q)) (156)

and

BA
r (q) ⊂ UC31r2/2(Σ ∩ Br (x)). (157)
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Since |x − q| < C29δ, we have Br (x) ⊂ Br+C29δ(q), and therefore,

Σ ∩ Br (x) ⊂ Σ ∩ Br+C29δ(q) ⊂ Σ ∩ Ur+C29δ(Σ
0
j ) ⊂ UC29δ(Σ j )

where the last inclusion follows from Lemma 32 provided that r + C29δ < 1
2 . The

latter follows from the inequality r ≤ 1
4 if δ is so small that C29δ < 1

4 . Hence,

Σ ∩ Br (x) ⊂ UC29δ(Σ j ) ∩ Br+C29δ(q)

⊂ UC29δ(Σ j ∩ Br+2C29δ(q)) ⊂ UC30r2(B
A
r+2C29δ

(q)) (158)

where the last inclusion follows from Lemma 33. Since

BA
r+2C29δ

(q) ⊂ U2C29δ(B
A
r (q))⊂ U2C29r2(B

A
r (q)),

this implies (156) when C31 ≥ 2(C30 + 2C29).
It remains to verify (157). We assume that δ is so small that C29δ

1/2 < 1; then,
C29δ < δ1/2 ≤ r . Since |x − q| < C29δ, this implies that |x − q| < r . Let r1 =
r − |x − q|. By Lemma 33,

BA
r1(q) ⊂ UC30r2(Σ ∩ Br1(q)) ⊂ UC30r2(Σ ∩ Br (x)).

Since BA
r (q) ⊂ Ur−r1(B

A
r1(q)), and inequality C30 > C28(0) and r − r1 = |x − q| <

C30δ < C30r2, this implies (157) when C31 ≥ 4C30. By choosing C31 so that the
above inequalities are valid, the lemma follows. ��

5.3 TheManifoldM

We choose a positive constant r0 < 1 such that

C29r0 < σ2 (159)

where C29 is the constant from Lemma 31 and σ2 is the constant from Theorem 2.
Some additional requirements on r0 arise in the course of the argument below, but the
final value of r0 depends only on n.

We may assume that the constant δ0 in Proposition 4 satisfies δ0 < r20 (see Lemma
34). Then, for δ < δ0, Lemma 34 implies that

dH (Σ ∩ Br0(x), TxΣi ∩ Br0(x)) < C31r
2
0 (160)

for every x ∈ Σi . This and (159) imply that the assumptions of Theorem 2 are
satisfied for Σ in place of X , r0 in place of r , C31r20 in place of δ, and TxΣi in place
of Ax (for x ∈ Σi ). Then, the conclusion of Theorem 2 with these settings, and with
C33(m) = C31C13(m) and C ′

33 = C31C12, is the following lemma.
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Lemma 35 There are C32 > 0 and C33(m) > 0, C ′
33 > 0 such that the following

holds. If r0 < C32 and δ < r20 , then there exists a closed n-dimensional smooth
submanifold M ⊂ E such that

1. dH (Σ, M) < 5C31r20 < 1
10r0 < 1

100 .
2. The second fundamental form of M at every point is bounded by C31C11.
3. Reach(M) ≥ r0/3.
4. The normal projection PM : Ur0/3(M) → M satisfies for all x ∈ Ur0/3(M)

‖dmx PM‖ < C33(m)r2−m
0 , m ≥ 2, (161)

and

‖dx PM − PTyM‖ < C33(1)r0 < 1
10 , y = PM (x). (162)

5. ∠(TxΣi , TyM) < C ′
33r0<

1
10 for every x ∈ Σi and y = PM (x). ��

These inequalities in Lemma 35 that are not present in Theorem 2 follow from
the choice of C32 (and thus r0) sufficiently small. The inequality dH (Σ, M) < 1

10r0
ensures that Σ lies ‘deep inside’ the domain of PM . The second inequality in (162)
implies that

‖dx PM‖ < 1 + 1
10 < 2, (163)

and hence, PM is locally 2-Lipschitz.
Let M be a submanifold from Lemma 35. Recall that Σ = ⋃

i Σi = ⋃

i F(D1/10
i )

and Σ is contained in the domain of PM . For each i , define a map ψi : D1/10
i → M

by

ψi = PM ◦ F |
D1/10
i

(164)

and let Vi be the image of ψi , that is,

Vi = PM (F(D1/10
i )) = PM (Σi ). (165)

Observe that

dH (Σ, M) < 5C31r
2
0 < 1

10 (166)

and

|ψi (x) − F(x)| ≤ dH (Σ, M) < 5C31r
2
0 < 1

10 (167)

for every x ∈ D1/10
i . This follows from Lemma 35(1) and the fact that ψi (x) is the

nearest point in M to F(x).
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The next lemma shows that the maps ψi provide a nice family of coordinate charts
for M .

Lemma 36 If r0 < C35, where C35 is sufficiently small, and δ < r20 , then
1. ψi is uniformly bi-Lipschitz, that is,

C−1
36 |x − y| ≤ |ψi (x) − ψi (y)| ≤ C36|x − y| (168)

for all x, y ∈ D1/10
i . In particular, Vi is an open subset of M andψi is a diffeomorphism

between D1/10
i and Vi .

2.
⋃

i ψi (D
1/30
i ) = M.

3. If i, j ∈ N are such that Vi ∩ Vj �= ∅, then qi and q j are neighbors.

Proof 1. The Lipschitz continuity ofψi follows from the bounds on the first derivatives
of F and PM , see Lemma 29 and (163). More precisely, the second inequality in (168)
holds for any C36 ≥ 2C26(1).

It remains to prove that with a suitable C36 > 0, we have

|ψi (x) − ψi (y)| ≥ C−1
36 |x − y| (169)

for all x, y ∈ D1/10
i . For every x ∈ D1/10

i and v ∈ R
n , we have

|dxψi (v)| = |dF(x)PM (dx F(v))| ≥ 1
2 |dx F(v)| ≥ (2C34)

−1|v|. (170)

The first inequality in (169) follows from the first inequality in (163), Lemma 35(5),
and the fact that dx F(v) belongs to TF(x)Σi . The second inequality in (169) follows
from (147).

By Lemma 35(4) and (145), the first and second derivatives of PM and F are
bounded by constants independent of r0. These bounds imply that ‖d2xψi‖ ≤ C37 for

all x ∈ D1/10
i and a suitable constant C37 > 0. Hence,

|ψi (x) − ψi (y) − dxψi (x − y)| ≤ 1
2C37|x − y|2 (171)

for all x, y ∈ D1/10
i . This and (170) imply that

|ψi (x) − ψi (y)| ≥ 1
2 |dxψi (x − y)| ≥ (4C34)

−1|x − y|

for all x, y ∈ D1/10
i such that

|x − y| ≤ (2C34C37)
−1 =: C38. (172)

To handle the case when |x − y| > C38, observe that

|ψi (x) − ψi (y)| > |F(x) − F(y)| − 2C31r
2
0
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by (167). Since F |Di in uniformly bi-Lipschitz (by Lemma 29), it follows that

|ψi (x) − ψi (y)| ≥ C−1
27 |x − y| − 2C31r

2
0 (173)

for all x, y ∈ D1/10
i . If |x − y| > C38 and r0 is so small that 2C31r20 < 1

2C
−1
27 C38,

then the right-hand side of (173) is bounded below by 1
2C

−1
27 |x− y|. Thus, (169) holds

with a suitable constant C36 > 0 for all x, y ∈ D1/10
i and the first claim of the lemma

follows.
2. Let x ∈ M . By Lemma 35(1), there exists z ∈ Σ such that |x − z| < C31r20 . By

Lemma 31, there exist i ∈ N and y ∈ Σ0
i such that |y − z| < C29δ. Then,

|x − y| < C31r
2
0 + C29δ < (C31 + C29)r

2
0 < r0/3

where in the last inequality we assume that r0 < C35 and C35 < 1
3 (C31 +C29)

−1. We

are going to show that x ∈ F(D1/30
i ).

Since x ∈ M and |x − y| < r0/3, the straight line segment [x, y] is contained
in the domain of PM . Let γ be the image of this segment under PM . Then, γ is a
smooth curve in M connecting x to the point PM (y) ∈ PM (Σ0

i ) = ψi (D
1/50
i ). Since

PM is locally 2-Lipschitz, we have length(γ ) ≤ 2|x − y| < 2(C31 + C29)r20 . We
parametrize γ by [0, 1] in such a way that γ (0) = PM (y) and γ (1) = x . Suppose that
x /∈ ψi (D

1/30
i ) and let

t0 = min{t ∈ [0, 1] : γ (t) /∈ ψi (D
1/30
i )}.

This minimum exists since ψi (D
1/30
i ) is an open subset of M . Define γ̃ (t) =

ψ−1
i (γ (t)) for all t ∈ [0, t0). Note that t0 > 0 and γ̃ (0) ∈ D1/50

i because

PM (y) ∈ ψi (D
1/50
i ). Since ψi is a diffeomorphism onto its image, γ̃ is a smooth

curve in Di . Moreover, since ψi is uniformly bi-Lipschitz, we have

length(γ̃ ) ≤ C length(γ ) < C36r
2
0 .

Hence, the limit point p = limt→t0 γ̃ (t) exists and satisfies

|p − γ̃ (0)| ≤ length(γ̃ ) < C36r
2
0 .

Wemay assume that r0 is so small that the right-hand side of this inequality is smaller
than 1

30 − 1
50 . Since γ̃ (0) ∈ D1/50

i , it follows that z ∈ D1/50
i . Hence, γ (t0) = ψi (p) ∈

ψi (D
1/30
i ), contrary to the choice of t0. This contradiction shows that x ∈ ψi (D

1/30
i ).

Since x is an arbitrary point of M , the second claim of the lemma follows.
3. Assume that Vi ∩ Vj �= ∅. Then, there exist x ∈ D1/10

i and y ∈ D1/10
j such that

ψi (x) = ψ j (y). This equality and (167) imply that |F(x) − F(y)| < 1
5 ; hence,

|Fi (x) − Fi (y)| < 1
5 (174)
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(recall that Fi : Ω → R
n+1 is the i th coordinate projection of F). Since x ∈ D1/10

i ,
the point Fi (x) ∈ R

n+1 belongs to the spherical cap S1, and therefore, |Fi (x)| > 1.
This and (174) imply that Fi (y) �= 0, and hence, qi and q j are neighbors by Lemma
28. ��

Note that Lemma 36(3) and Lemma 23(2) imply that the sets Vi cover M with
bounded multiplicity N1(n), that is, for every x ∈ M the number of indices i such that
x ∈ Vi is bounded by a N1(n) depending only on n.

Now we can fix the value of r0 such that Lemma 35 and Lemma 36 work. Since
r0 is yet another constant depending only on n, we omit the dependence on r0 in
subsequent estimates and just use the generic notation C . In particular, the fourth
assertion of Lemma 35 now implies that

‖dPM‖Ck (Ur0/3(M)) ≤ C39(k) (175)

where C39(k) = C13(k)r
1−k
0 for all k ≥ 1 and C39(0) = 2. By applying Lemma 42(1)

in “Appendix A,” (145), and (175), we obtain

‖dψi‖Cm (D1/10
i )

< C40(m) := 2m(m+1)/2+mC39(m)C26(m + 1)m+1. (176)

for all m ≥ 0.

Lemma 37 There is C41 > 0 such that the following is valid. If x ∈ D1/10
i , y ∈ D1/10

j
and ψi (x) = ψ j (y), then

|F(x) − F(y)| < C41δ. (177)

Proof Applying Lemma 31 to the point F(x) ∈ Σi yields that there exist k ∈ N and
a point z ∈ D1/50

k such that |F(x) − F(z)| < C29δ. Since PM is uniformly Lipschitz,
see (175) with C39(0) = 2, and C29 > C28(0), it follows that

|ψi (x) − ψk(z)| < 2C29δ (178)

and (since ψi (x) = ψ j (y))

|ψ j (y) − ψk(z)| < 2C29δ. (179)

This and (167) imply that |F(y)−F(z)| < 1
5 +4C29δ < 1

2 ; hence, F(y) ∈ U1/2(Σ
0
k ).

By Lemma 32, it follows that F(y) ∈ UC29δ(Σk). This means that there exists z′ ∈
D1/10
k such that

|F(z′) − F(y)| < C29δ. (180)

Then,

|ψk(z
′) − ψ j (y)| = |PM (F(z′)) − PM (F(y))| < C13(1)C29δ
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since PM is uniformly Lipschitz. This and (179) imply that |ψk(z) − ψk(z′)| < (2 +
C13(1))C29δ. Since ψk is uniformly bi-Lipschitz by the first claim of Lemma 36, it
follows that

|z − z′| ≤ C−1
36 |ψi (z) − ψi (z

′)| < C42δ, C42 = C−1
36 (2 + C13(1))C29, (181)

and hence, |F(z) − F(z′)| < C27C41δ by Lipschitz continuity of F , see Lemma 29.
This and (180) imply that |F(y) − F(z)| < 1

2C41, where C41 = (C27C42 + C29)δ.
Thus, we have shown that (179) implies that |F(y) − F(z)| < 1

2C41δ. Similarly,
(178) implies that |F(x) − F(z)| < 1

2C41δ and (177) follows. ��

We are going to restrict our coordinate maps ψi to smaller balls D1/15
i . Let V ′

i =
ψi (D

1/15
i ) and Ui j = ψ−1

i (V ′
i ∩ V ′

j ). The set Ui j ⊂ D1/15
i is the natural domain of

the transition map ψ−1
j ◦ ψi between the restricted coordinate charts.

Lemma 38 There is C43 = C43(m) > 0 such that the following is valid. Let i, j ∈ N

be such that V ′
i ∩ V ′

j �= ∅. Then,

‖ψ−1
j ◦ ψi − Ai j‖Cm (Ui j ) < C43(m)δ (182)

for all m ≥ 0.

Proof Note that qi and q j are neighbors byLemma 36(3). ByLemma 30, it follows that

Ai j (D
1/10
i ) ⊂ Dj . Consider the map G : D1/10

i → E defined by G = F ◦ Ai j |D1/10
i

.

By Lemma 30, we have

‖G − F‖
Cm (D1/10

i )
< C28(m)δ. (183)

This and Lemma 35(1) imply that the image of G is contained in the domain of PM ,
so we can consider a map ˜ψi : D1/10

i → M defined by ˜ψi = PM ◦ G.
Next we apply Lemma 42(2) in ‘Appendix A’ with f = PM , g = F , and h =

G, where F and G are defined in arbitrary ball Bn(x ′, ρ) ⊂ R
n , centered at x ′ ∈

D1/10
i , and having radius ρ < r0/(10C26(m)). Then, by Lemma 29, F(Bn(pi , ρ)) ⊂

B(F(x ′), r0/10) ⊂ E . Assuming that δ < 1/(10C29), the inequality (183) implies
that G(Bn(x0, ρ)) ⊂ Y = B(F(x ′), r0/3) ⊂ E . As F(x ′) ∈ M , these imply that the
image of both F and G is in Y ⊂ Ur0/3(M) where PM is defined. Using Lemma 42(2)
in ‘Appendix A’ in these small balls with (175) and (183) and combining these local
estimates, we obtain

‖˜ψi − ψi‖Cm (D1/10
i )

< C44(m)δ, where

C44(m) := (m + 1)2m(m−1)C39(m + 1) · (1 + C26(m))mC29(m). (184)

Assume that δ < min(1,C36/(2C44(1))). Then, (176) and (184) imply that ˜ψ−1
i

has locally the Lipschitz constant 2C−1
36 . Then, (184) and Lemma 36(1) imply that ˜ψi
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is a diffeomorphism onto its image, and the image of ˜ψi contains V ′
i . Using (176) and

(184), we see that

‖d˜ψi‖Cm−1(D1/10
i )

≤ C40(m − 1) + C44(m),

‖d˜ψ−1
i ‖Cm−1(V ′

i )
≤ (3m)m(1 + C40(m − 1) + C44(m))2m(2C−1

36 )m =: C45(m).

(185)

Moreover, by Lemma 42(1) in ‘Appendix A’, (184) and (185) imply that the compo-
sition ˜ψ−1

i ◦ ψi is Cδ-close to the identity; more precisely,

‖˜ψ−1
i ◦ ψi − id‖

Cm (D1/15
i )

< C43(m)δ, (186)

where C43(m) = mmC45(m)(1 + C44(m))m + C44(0).
Let us show that Ai j (Ui j ) ⊂ D1/10

j . Let x ∈ Ui j and z = Ai j (x). Then, |F(x) −
F(z)| < C29δ by Lemma 30. Let y ∈ Uji be such that ψ j (y) = ψi (x). Then,
|F(x) − F(y)| < C41δ by Lemma 37. Therefore, |F(y) − F(z)| < (C29 + C41)δ.
Since F |Dj is uniformly bi-Lipschitz by Lemma 29(2), it follows that

|y − z| < C27|F(y) − F(z)| < C27(C29 + C41)δ < 1
10 − 1

15 ,

if δ is sufficiently small. Since y ∈ Uji ⊂ D1/15
j , this implies that z ∈ D1/10

j .

Thus, we have shown that Ai j (Ui j ) ⊂ D1/10
j . This implies that

˜ψi |Ui j = PM ◦ F ◦ Ai j |Ui j = ψ j ◦ Ai j |Ui j ,

and therefore,

˜ψ−1
i |V ′

i ∩V ′
j
= A−1

i j ◦ ψ−1
j |V ′

i ∩V ′
j
.

Then, (186) implies that

‖A−1
i j ◦ ψ−1

j ◦ ψi − id‖Cm (Ui j ) < C43(m)δ

and (182) follows as Ai j is an affine isometry. ��

5.4 RiemannianMetric and Quasi-Isometry

Now we are going to equip M with a Riemannian metric g such that the resulting
Riemannian manifold (M, g) satisfies the assertions of Proposition 4. (The metric
induced from E is not suitable for this purpose. One of the reasons is that its curvature
is bounded by C but not by Cδ. Another reason is that the map φ is arbitrary, so
distances may be distorted.)
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First we observe that there exists a smooth partition of unity {ui } on M subordinate
to the covering {V ′

i } and C46(m) > 0 such that

‖u j ◦ ψi‖Cm (D1/15
i )

< C46(m) (187)

for all i, j ∈ N and all m ≥ 0. To construct such a partition of unity, fix a smooth
function h : Rn → R+ which equals 1 within the ball B1/30(0) and 0 outside the ball
B1/15(0), given by h(t) = α1/30,1/15(t), see (68). Then, define ũi : M → R+ by

ũi (x) =
{

h(ψ−1
i (x) − pi ), if x ∈ V ′

i

0, otherwise.
(188)

Finally, let u(x) = ∑

i ũi (x) and ui (x) = ũi (x)/u(x). Lemma 38 implies that there
is C46(m) > 0 such that

‖ũ j ◦ ψi‖Cm (D1/15
i )

< C46(m)

for all i, j ∈ N and all m ≥ 0. As in Lemma 36(3) and Lemma 23(2), we see that
there is N2(n) depending only on n such that for every x ∈ M the number of indices
i such that x ∈ V ′

i is bounded by a N2(n). Hence, the sets V ′
i cover M with bounded

multiplicity N2(n) and it follows from Lemma 36(2) that a similar estimate holds for
u ◦ ψi and (187) follows.

For every i ∈ N, define a Riemannian metric gi on Vi by

gi = (ψ−1
i )∗gE (189)

where gE is the standard Euclidean metric in D1/10
i ⊂ R

n and the star denotes the
pullback of the metric by a map. In the other words, gi is the unique Riemannian
metric on Vi such that ψi is an isometry between D1/10

i and (Vi , gi ). Then, Lemma
38 implies that

‖ψ∗
j gi − gE‖Cm (Ui j ) < 2mn4C43(m)2δ (190)

for all m ≥ 0 and i, j ∈ N such that V ′
i ∩ V ′

j �= ∅. Define a metric g on M by

g =
∑

i

ui gi . (191)

The pullback ψ∗
j g of this metric by a coordinate map ψ j has the form

ψ∗
j g =

∑

i
(ui ◦ ψ j ) · ψ∗

j gi . (192)
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By (187) and (190), it follows that

‖ψ∗
j g − gE‖

Cm (D1/15
j )

< C47(n,m)δ, C47(n,m) := 4mn4C43(m)2C46(m)N2(n).

(193)

Let C48 = C47(n, 0). So in the local coordinates defined by ψ j on V ′
j , the metric

tensor is C48δ-close to the Euclidean one and its derivatives up to the second order are
bounded by C47(n, 2)δ. So are the sectional curvatures of the metric. Thus, (M, g)
satisfies the second assertion of Proposition 4 with a suitable constant C2.

Let dg : M × M → R+ be the distance induced by g. The estimate (193) implies
that the coordinate maps ψi are almost isometries between the Euclidean metric on
D1/15
i and themetric g on V ′

i . More precisely,ψi distorts the lengths of tangent vectors
by a factor of at most 1 + C48δ. Therefore,

(1 + C48δ)
−1 <

dg(ψi (x), ψi (y))

|x − y| < 1 + C48δ, (194)

for all x, y ∈ D1/30
i . (The ball D1/30

i here is twice smaller than the domain where ψi

is almost isometric. This adjustment is needed because the dg-distance between points
in V ′

i can be realized by paths that leave V ′
i .)

Below we will assume that δ < C−1
48 so that 1 + C48δ < 2 in (194). This and

bi-Lipschitz continuity of charts ψi (see Lemma 36(1)) imply that dg is bi-Lipschitz
equivalent to the intrinsic metric dM induced on M from E . Namely,

(2C36)
−1 ≤ dg(x, y)

dM (x, y)
≤ 2C36 (195)

for all x, y ∈ M .
Now we construct a (1 + Cδ,Cδ)-quasi-isometry Ψ : X → M . Recall that X0 =

{qi }∞i=1 is a 1
100 -net in our original metric space X and for each i ∈ N we have a

2δ-isometry fi : B1(qi ) → Di such that fi (qi ) = pi . We construct Ψ : X → M as
follows. For every x ∈ X , pick a point q j ∈ X0 such that dX (x, q j ) ≤ 1

100 and define

Ψ (x) = ψ j ( f j (x)). (196)

The next lemma shows that the choice of q j does not make much difference.

Lemma 39 There is C49 > 0 such that the following holds. Let x ∈ X and qi ∈ X0

be such that dX (x, qi ) < 1
20 . Then, fi (x) ∈ D1/15

i and

dg(Ψ (x), ψi ( fi (x))) < C49δ. (197)

Proof Let q j be the point of X0 chosen for x in the construction of Ψ . Then,
dX (x, q j ) ≤ 1

100 and Ψ (x) = ψ j ( f j (x)). By the triangle inequality,

dX (qi , q j ) < 1
20 + 1

100 < 1
2 ;
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hence, qi and q j are neighbors. Observe that | fi (x)− pi | < 1
20 +2δ since pi = fi (qi )

and fi is a 2δ-isometry. Similarly, | f j (x) − p j | < 1
100 + 2δ. Hence, fi (x) ∈ D1/15

i

and f j (x) ∈ D1/50
j . By (133), the point f j (x) is C23δ-close to Ai j ( fi (x)). Hence, by

Lemma 29,

|F( f j (x)) − F(Ai j ( fi (x)))| < C27| f j (x) − Ai j ( fi (x))| < C27C23δ.

By Lemma 30, we have |F( fi (x)) − F(Ai j ( fi (x)))| < C29δ. Therefore,

|F( f j (x)) − F( fi (x))| < (C27C23 + C29)δ =: C50δ. (198)

Denote a = F( f j (x)) and b = F( fi (x)); then, Ψ (x) = PM (a) and ψi ( fi (x)) =
PM (b). Assuming that C50δ < r0/10, (198) implies that |a − b| < C50δ < r0/10.
Since a ∈ Σ ⊂ Ur0/10(M) and PM is defined in Ur0/3(M), it follows that the line
segment [a, b] is contained in the domain of PM . This and (163) giving the upper
bound 2 for the local Lipschitz constant of PM imply that

dM (PM (a), PM (b)) ≤ length(PM ([a, b])) ≤ 2C50δ

Hence, by (195),

dg(PM (a), PM (b)) ≤ 4C36C50δ =: C49δ.

Since PM (a) = Ψ (x) and PM (b) = ψi ( fi (x)), (197) follows. ��
Now let us show that Ψ (X) is a C51δ-net in (M, dg), where C51 = C49 + 4. Pick

z ∈ M . By Lemma 36(2), z ∈ ψi (D
1/30
i ) for some i . Let y ∈ D1/30

i be such that
ψi (y) = z. Since fi is a 2δ-isometry, there is x ∈ B1(qi ) such that |y − fi (x)| < 2δ.
By the bi-Lipschitz estimate (194),

dg(z, ψi ( fi (x))) ≤ 2|y − fi (x)| < 4δ. (199)

Since y ∈ D1/30
i , |y− fi (x)| < 2δ, and fi is a 2δ-isometry with fi (qi ) = pi , we have

d(x, qi ) < 1
30 + 4δ < 1

20 . Hence, dg(Ψ (x), ψi ( fi (x))) < C49δ by Lemma 39. This
and (199) imply that

dg(z, Ψ (x)) < (C49 + 4)δ = C51δ. (200)

Since z ∈ M is arbitrary, it follows that Ψ (X) is a C51δ-net in (M, dg).

Lemma 40 There is C52 ≥ C51 such that the following holds. For all x, y ∈ X such
that dX (x, y) < 1

100 or dg(Ψ (x), Ψ (y)) < 1
100 , one has

|dg(Ψ (x), Ψ (y)) − dX (x, y)| < C52δ. (201)
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Proof Let x ∈ X and qi be the point of X0 chosen for x in the construction ofΨ , so that
dX (x, qi ) ≤ 1

100 . Then, Ψ (x) = ψi ( fi (x)). Note that | fi (x) − pi | < 1
100 + 2δ < 1

30
since pi = fi (qi ) and fi is a 2δ-isometry.

First, we consider the case when y ∈ X is such that dX (y, qi ) < 3
100 . Since fi is a

2δ-isometry, | fi (y) − pi | < 3
100 + 2δ < 1

30 and the distance | fi (x) − fi (y)| differs
from dX (x, y) by at most 2δ. The above and (194) imply that

|dg(ψi ( fi (x)), ψi ( fi (y))) − dX (x, y)| < C48δ| fi (x) − fi (y)| + 2δ ≤ (2 + C48)δ.

This and Lemma 39 prove (201) when dX (y, qi ) < 3
100 .

In particular, this proves the claim of the lemma in the case when dX (x, y) < 1
100 ,

by the triangle inequality we have dX (y, qi ) < 1
100 + 1

100 < 3
100 .

Second, we consider the case when y ∈ X is such that dg(Ψ (x), Ψ (y)) < 1
100 . For

every r > 0, denote by Bi (r) the ball of radius r in M with respect to dg centered at
ψi (pi ). Since ψi almost preserves the metric tensor in the sense of (193), by denoting
C49 = C47(0) we have

Bi (
1
15 − C49δ) ⊂ V ′

i = ψi (D
1/15
i ) ⊂ Bi (

1
15 + C49δ). (202)

Since | fi (x)− pi | < 1
100 + 2δ, it follows from (194) that the point Ψ (x) = ψi ( fi (x))

belongs to Bi ((1 + C48δ)(
1

100 + 2δ)) ⊂ Bi (
1

100 + 3(1 + C48)δ), and hence,

Ψ (y) ∈ Bi (
1

100
+ 1

100
+ 3(1 + C48)δ) = Bi (

1

50
+ 3(1 + C48)δ) ⊂ V ′

i .

Let q j be the point of X0 chosen for y when defining Ψ that satisfies dX (y, q j ) ≤
1

100 . SinceΨ (y) ∈ V ′
i , the point z := ψ−1

i (Ψ (y)) = ψ−1
i ◦ψ j ( f j (y)) is well defined.

Moreover, z lies within distance 1
50 + 2δ from pi since Ψ (y) ∈ Bi (

1
50 + 2δ). By

Lemma 38, z is C43(0)δ-close to Ai j ( f j (y)) and the latter is C23δ-close to fi (y) by
(133). Hence, | fi (y) − pi | < 1

50 + (C43(0) + C23 + 2)δ. Since fi is a 2δ-isometry, it
follows that dX (y, qi ) < 1

50 + (C43(0) + C23 + 4)δ < 3
100 . Thus, (201) follows from

the first part of the proof. ��
Lemma 40 and the fact that Ψ (X) is a C51δ-net in (M, dg) imply that Ψ satisfies

the assumptions of Lemma 4 with r = 1
100 and C52δ in place of δ. Thus, Ψ is

a (1 + 103C52δ, 3C52δ)-quasi-isometry from X to (M, dg) and the first claim of
Proposition 4 follows. The second claim is already proved above. It remains to prove
the third claim of Proposition 4.

Since Ψ is a (1 + 103C52δ, 3C52δ)-quasi-isometry, Lemma 1 implies that every
unit ball in (M, dg) is GH (2015C52δ)-close to a unit ball in X and hence also
(2015C52 + 1)δ-close to a unit ball in Rn . Thus, for every p ∈ M ,

dGH(BM
1 (p), Bn

1 ) < (2015C52 + 1)δ < 10−3, (203)

see (66). Also, we have already shown that (M, g) satisfies the second assertion of
Proposition 4 so that its sectional curvature is bounded by C2δ. Therefore, one can
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apply Lemma 21 with r = 1 and K = C2δ < 10−3 (see (66)) and conclude that
injM ≥ 9

10 > 1
2 . This finishes the proof of Proposition 4 and the proof of Theorem 1.

Remark 9 The quasi-isometry parameters in Theorem 1 are optimal up to constant
factors. To see this, assume that a metric space X is (1 + δr−1, δ)-quasi-isometric
to an n-dimensional manifold M with |SecM | ≤ δr−3 and | injM | ≥ 2r . Then, by
Lemma 1 the r -balls in X are GH Cδ-close to r -balls in M . Furthermore, by (1) the
r -balls in M are GH Cδ-close to r -balls in Rn . Hence, X is Cδ-close to Rn at scale r .

Thus, the assumption of Theorem 1 that X is δ-close toRn at scale r is necessary, up
tomultiplicationof the parameters by a constant factor dependingonn. The assumption
that X is δ-intrinsic could be weakened, but it is not really restrictive due to Lemma 3.

Remark 10 We note in the proof of Proposition 4 the construction of the manifold M
uses only the r -balls Br (qi ) centered in a maximal r

100 -separated subset X0 = {qi }Ni=1
in X and the fact that theGromov–Hausdorff distance between any balls Br (qi ) and Bn

r
is less than δ. We will later use this observation in Algorithm ManifoldConstruction.

We also note that the assumptions of Theorem 1 can be relaxed: It is enough to
assume that X is δ-intrinsic and there is a (r/100)-net X0 ⊂ X such that for any
x ∈ X0 the ball Br (x) ⊂ X is δ-close to the Euclidean ball Bn

r . Indeed, when this is
valid, we see that the ball of radius 99

100r centered at any point x ∈ X is 3δ-close to
the Euclidean ball of the same radius. Then, the assumptions in the claim of Theorem
1 are valid with parameters r and δ replaced by 99

100r and 3δ, respectively.

6 Proof of Corollaries 1, 2 and 3

Proof of Corollary 1 First we prove the first inclusion in (9). Let X be a metric
space from the class Mδ/6(n, K/2, 2i0, D − δ). Then, there exists a manifold
M ∈ M(n, K/2, 2i0, D − δ) such that dGH(M, X) < δ

6 . Hence, every r -ball
in X is GH δ

2 -close to an r -ball in M . Since r = (δ/K )1/3, by (1) we have
dGH(BM

r (x), Bn
r ) < 1

2Kr3 = δ
2 for every x ∈ M . Hence, every r -ball in X is GH

δ-close to Bn
r . Thus, X is δ-close toRn at scale r . Similarly, X is δ0-close toRn at scale

i0. Since dGH(M, X) < δ
6 , Lemma 2(1) implies that X is δ-intrinsic. We also have

diam(X) ≤ diam(M) + 2dGH(X , M) ≤ D. Thus, X ∈ X , proving the first inclusion
in (9).

Now we prove the second inclusion in (9). Let X ∈ X . Recall that δ = Kr3,
δ0 = Ki30 , δ < δ0, and Ki20 < σ1. Therefore, r < i0 and δr−1 < δ0i

−1
0 < σ1.

If σ1 is sufficiently small, then by Theorem 1 there exists a manifold M which is
(1 + C1δr−1,C1δ)-quasi-isometric to X and has |SecM | ≤ C2δr−3 = C2K . Let us
show that injM > 2i0/3. Since X ∈ X (n, δ0, i0, D) and r < i0, the above quasi-
isometry and Lemma 1 imply that

dGH(BM
i0 (x), Bn

i0) ≤ 2C1δ + 5C1δ + δ0 < (7C1 + 1)δ0

for all x ∈ M . By Proposition 2(1) applied to ˜M = R
n and ρ = i0, it follows that

injM ≥ i0 − (7C1 + 1)C8δ0 > 2i0/3
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provided that σ1 is sufficiently small. (Recall that i0 <
√

σ1/K and δ0 < σ1i0.)
By (8), we have dGH(X , M) ≤ 2C1δr−1D; hence, diam(M) ≤ D(1 + 4C1δr−1).

We may assume that σ1 is so small that 4C1δr−1 < 1
4 , and let M1 be the result of

rescalingM by the factor (1+4C1δr−1)−1. Then, diam(M1) ≤ D and dGH(M, M1) ≤
2C1δr−1D. Hence,

dGH(X , M1) ≤ dGH(X , M) + dGH(M, M1) ≤ 4C1δr
−1D = 4C1DK 1/3δ2/3.

(204)

Note that the above scale factor between M and M1 is greater than 3
4 . Then, injM1

≥
3
4 injM ≥ i0/2, and therefore, M1 ∈ M(n, 4

3C2K , i0/2, D). This and (204) imply the
second inclusion in (9) and Corollary 1 follows. ��
Proof of Corollary 2 In this proof, we assume that the reader is familiar with basics of
Alexandrov space geometry, see, e.g., [17,26,27].

The implication (2)⇒(1) of Corollary 2 is standard. Let X be an n-manifold
equipped with a metric of curvature bounded between −K0 and K0 in the sense
of Alexandrov and injectivity radius bounded below by i0 > 0. Then (see, e.g., [8]
for proofs), the tangent cone of X at every point is isometric to R

n , all geodesics are
uniquely extensible, and hence, X has a well-defined exponential map. The definition
of Alexandrov curvature bounds implies that the exponential map features the same
distance comparison properties as a Riemannian manifold with |Sec | ≤ K0, in partic-
ular (98), holds. Hence, just like in the Riemannian case (cf. (1) and Sect. 4), we have
dGH(BX

r (x), Bn
r ) ≤ K0r3 for all x ∈ X and 0 < r ≤ r0 := min{K−1/2, i0/2}. For

r ≥ r0, one can use the trivial estimate dGH(BX
r (x), Bn

r ) ≤ 2r . Thus, (205) holds for
K = max{K0, 2r

−2
0 } and all r > 0. This proves the implication (2)⇒(1) of Corollary

2.
Now we prove the implication (1)⇒(2). Let X be a complete geodesic space satis-

fying

dGH(BX
r (x), Bn

r ) ≤ Kr3. (205)

for some K > 0 and all r > 0. Pick a decreasing sequence ri → 0 such that
r1 ≤ min(1,

√
σ1/K ) where σ1 is the constant from Theorem 1. Due to (205) and the

bound on r1, we can apply Theorem 1 to X with r = ri and δ = Kr3i . This yields a
sequence of Riemannian n-manifolds Mi such that |SecMi | ≤ C2K , injMi

≥ ri/2,
and Mi is (1 + C1Kr2i ,C1Kr3i )-quasi-isometric to X . By Lemma 1, it follows that
(X , p) is a pointed GH limit of (Mi , pi ) where p ∈ X is an arbitrary marked point
and pi ∈ Mi corresponds to p via the quasi-isometry.

Let us show that the injectivity radii of Mi are uniformly bounded away from 0. To
do this, we apply Proposition 2 to M = Mi and ˜M = M1. Due to their quasi-isometry
to X , the manifolds Mi and M1 are (1 + 2C1Kr21 , 2C1Kr31 )-quasi-isometric to each
other. Hence, by Proposition 2(2)

injMi
≥ (1 − 2C8C1Kr21 )min

{

r1
2

,
π√
C2K

}

− 2C8C1Kr31 . (206)

123



Foundations of Computational Mathematics (2020) 20:1035–1133 1113

The right-hand side of (206) is bounded below by r1/4 if r1 ≤ C53/
√
K for a suitable

constantC53 > 0 (whose value is determined by the constants provided by Theorem 1
and Proposition 2). Thus, all Mi have a uniform lower bound for the injectivity radius
and hence X is a non-collapsed limit of {Mi }. As explained in, e.g., [51, §8.20], it
follows that X is an n-manifold (with a low regularity Riemannian metric) with the
same bounds for curvature and injectivity radius.

It remains to prove the last claim of Corollary 2 (that estimates curvature and
injectivity radius of X in terms of K ). The curvature bound C2K obtained above
already has the desired form. The injectivity radius bound r1/4 gets the desired form
1/(C53

√
K ) if we choose r1 = min{√σ1,C53}/

√
K . ��

Finally, we prove Corollary 3.

Proof of Corollary 3 Let us consider̂δ < δ0, where δ0 = δ0(n, K ) is chosen later in the
proof, and r = (̂δ/K )1/3. Then, r < r0, where r0 = (δ0/K )1/3. By (1), the manifold
N iŝδ-close to Rn at scale r/2 provided that above r0 ≤ min{K−1/2, 1

2 injN }. Hence,
the set X with the approximate distance function ˜d is 2̂δ-close to R

n at scale r/2. As
in Lemma 3, we can replace˜d by a 10̂δ-intrinsic metric d ′ on X . This can be done with
standard algorithms for finding the shortest paths in graphs. By Lemma 4, (X , d ′) is
(1 + 40̂δr−1, 20̂δ)-quasi-isometric to N .

The metric space (X , d ′) is 40̂δ-close to R
n at scale r/2. We may assume that

δ0 = δ0(n, K ) satisfies δ0 < K−1/2σ
3/2
1 , where σ1 = σ1(n) is given in Theorem 1.

Then, δ0 < σ1r0.
As in Theorem 1 (see also the algorithm ManifoldConstruction below), using the

given data one can construct amanifoldM = (M, g)which is (1+40C1̂δr−1, 20C1̂δ)-
quasi-isometric to (X , d ′) and has |SecM | ≤ C2 40̂δ (r/2)−3 = C9K , where C9 =
80C2. Since both M and N are quasi-isometric to X with these parameters, they are
(1 + 80C1̂δr−1, 40C1̂δ)-quasi-isometric to each other. By Proposition 1, it follows
that there exists a bi-Lipschitz diffeomorphism between M and N with bi-Lipschitz
constant 1+C7 80C1̂δr−1 = 1+ 80C7C1K 1/3

̂δ 2/3. Thus, M satisfies the statements
1 and 2 of Corollary 3.

To verify the last statement of Corollary 3, assume that δ0 = δ0(n, K ) is chosen to
be so small that r0 = (δ0/K )1/3 < (C2K )−1/2. Then, Proposition 2(2) applies to M
and ˜M = N with 40C1̂δ in place of δ and C2K in place of K . It implies that

injM ≥ (1 − 80C8C1̂δr
−1)min{injN , π(C2K )−1/2}−C840C1̂δ.

We may assume that δ0 is so small that the term 1 − 80C8C1̂δr−1 = 1 −
80C8C1K 1/3

̂δ 2/3 in this estimate is greater than 1
2 . Then, the last statement of Corol-

lary 3 follows. Choosing δ0 = δ0(n, K ) so that the above conditions for δ0 and r0 are
satisfied, we obtain Corollary 3. ��

7 Manifold Reconstructions Based on Theorems 1 and 2

Nowwe change the gear and explain how the above geometric proofs can be developed
to manifold reconstruction procedures.
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7.1 Outline of Reconstruction Procedures

The constructive proofs of Theorems 1 and 2 yield algorithms that can be used to
produce submanifolds or manifolds from finite data sets. We give only the sketches of
the algorithms that could be written of based on these theorems. Adding the necessary
details to make these sketches numerically implementable algorithms needs more
work, and it is outside the scope of this paper. However, for sake of brevity, we
below refer these sketches as algorithms and procedures. These algorithms use the
sub-algorithms FindDisc andGHDist given in Sects. 2.4 and 2.5. In the description of
the algorithm, we assume that the data set X is finite.

First we outline the algorithm based on Theorem 2.
Algorithm SubmanifoldInterpolation: Assume that we are given the dimension n,

the scale parameter r , and a finite set points X ⊂ E = R
m . We suppose that X is

δr -close to n-flats at scale r where δ is sufficiently small. Our aim is to construct a
submanifold M ⊂ R

m that approximates X . We implement the following steps:

1. We rescale X by the factor 1/r . After this scaling, the problem is reduced to the
case when r = 1.

2. We choose a maximal 1
100 -separated set X0 ⊂ X and enumerate the points of X0

as {qi }Ni=1. We apply the algorithm FindDisc to every point qi ∈ X0 to find an
affine subspace Ai through qi such that the unit n-disk Ai ∩ B1(qi ) lies within
Hausdorff distance C18nδ from the set X ∩ B1(qi ). We construct the orthogonal
projectors Pi : Rm → R

m onto Ai .
3. We construct the functions ϕi : R

m → R
m , defined in (71), that are convex

combinations of the projector Pi and the identity map. Then, we iterate these
maps to construct f : Rm → R

m , f = ϕN ◦ ϕN−1 ◦ . . . ◦ ϕ1, see (72).
4. We construct the image M = f (Uδ(X)) of the δ-neighborhood of the set X in the

map f , see Remark 5.

The output of the algorithm SubmanifoldInterpolation is the n-dimensional sub-
manifold M ⊂ R

m .
The algorithm based on Theorem 1 is the following.
Algorithm ManifoldConstruction: Assume that we are given the dimension n, the

scale parameter r , and a finite metric space (X , d). Our aim is to construct a smooth
n-dimensional Riemannianmanifold (M, g) approximating (X , d).We implement the
following steps:

1. We multiply all distances by 1/r . After this scaling, the problem is reduced to the
case when r = 1.

2. We select a maximal 1
100 -separated subset X0 ⊂ X and enumerate the points of

X0 as {qi }Ni=1. We choose a set {pi }Ni=1 such that the unit balls Di = Bn
1 (pi ) ⊂ R

n

are disjoint.
3. For each qi ∈ X0, we apply the algorithm GHDist to the ball B1(qi ) ⊂ X to find

the value δa(qi ). Define δa = maxq∈X0 δa(q), see (49) and (56).
4. For all qi , q j ∈ X0 such that dX (qi , q j ) < 1, we construct the affine transition

maps Ai j : Rn → R
n using themapsF(i) : B1(qi ) → Di andF( j) : B1(q j ) → Dj

and the construction given in Lemma 6 and formula (135).
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5. Denote Ω0 = ⋃N
i=1 D

1/10
i , where D1/10

i = B1/10(pi ) ⊂ R
n , and E = R

m ,
m = (n + 1)N . We construct a Whitney embedding-type map

F : Ω0 → R
m, F(x) = (Fi (x))

N
i=1

where Fi : Ω0 → R
n+1 are given by (143).

6. We construct the local patches Σi = F(D1/10
i ) and κ0-net Yi = {yi,k}Ki

k=1 in Σi

that is (κ0/2)-separated, where κ0 is the constant from Proposition 1.
7. We apply algorithm SubmanifoldInterpolation for the points {yi,k; 1 ≤ i ≤

N , 1 ≤ k ≤ K j } to obtain a submanifold M ⊂ R
m . We construct the normal

projector PM : U2/5(M) → M for the submanifold M .

8. We construct maps ψi = PM ◦ F |
D1/10
i

: D1/10
i → PM (Σi ) ⊂ M .

9. We construct metric tensors gi on sets PM (Σi ) ⊂ M by pushing forward the
Euclidean metric ge on Ω0 to the sets PM (Σi ) using the maps ψi . Then, metric g
on M is constructed by using a partition of unity to compute a weighted average
of the obtained metric tensors, see (192).

The output of the algorithm is the submanifold M ⊂ R
m and the metric g on it.

We note that by Lemma 7 and formula (56), we have for all x ∈ X0 that the
Gromov–Hausdorff distance between the ball B1(x) and Bn

1 is at most 2δa(x). A
sufficient condition for the correctness of the algorithm ManifoldConstruction is that
δa computed in the step (3) is smaller than the constant δ0(n)/2, where δ0(n) is given
in Proposition 4, see Remark 8.

Also, we note that in the proof of Proposition 4 the construction of the submanifold
M and in the above algorithm we use only the r -balls in X centered at the points of a
maximal r

100 -separated subset X0 of X , see Remark 10.

7.1.1 An Alternative Construction with the Map f Replacing the Projector PM

The numerical computation of the projector PM , mapping a point to the nearest point
on manifold M , may be difficult. To overcome this practical difficulty, we observe
that the manifold M given by the algorithmManifoldConstruction can be constructed
using the functions ˜ψi = f ◦ F |

D1/10
i

, instead of functions ψi = PM ◦ F |
D1/10
i

, see

Remarks 6 and 75. In other words, the steps (7), (8), and (9) can be replaced by

(7’) We apply algorithm SubmanifoldInterpolation for the points {yi,k; 1 ≤ i ≤
N , 1 ≤ k ≤ K j } to obtain a submanifoldM ⊂ R

m . Themap f constructed in the
step 3 of the algorithm SubmanifoldInterpolation gives a map f : Ur/10(M) →
M from the neighborhood of M onto M , see Remark 6.

(8’) We construct maps ˜ψi = f ◦ F |
D1/10
i

: D1/10
i → f (Σi ) ⊂ M .

(9’) We construct metric tensors gi on sets f (Σi ) ⊂ M by pushing forward the
Euclidean metric ge onΩ0 to the sets f (Σi ) using the maps ˜ψi . Then, the metric
g onM is a weighted average of the thesemetric tensors using a suitable partition
of unity, see (208) below.

When ˜Di = Bn
1/30(pi ) ⊂ R

n and ˜Σi = ˜ψi (˜Di ), i = 1, 2, . . . , N the algorithm

gives the maps ˜ψ−1
i : ˜Σi → ˜Di that by Lemma 36 can be considered as local
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coordinate charts of M that cover the whole manifold M and the transition functions
η̃ j i = ˜ψ−1

j ◦ ˜ψi that map

η̃ j i : ˜Vi j = ˜ψ−1
i (˜ψi (˜Di ) ∩ ˜ψ j (˜Dj )) → ˜Vji = ˜ψ−1

j (˜ψi (˜Di ) ∩ ˜ψ j (˜Dj )).

Note that the transition functions η̃ j i need to be approximated numerically, e.g., using
Newton’s algorithm.

To construct the metric tensor g on these charts, we can first take a family nonneg-
ative functions vi ∈ C∞

0 (˜Di ) such that vi (x) = 1 for x ∈ Bn
1/50(pi ). Then, the sets

{x ∈ M : (˜ψ−1
i )∗vi (x) > 0} cover M and define a partition of unity on M by

ṽ j (x) =
( N

∑

i=1

((˜ψ−1
i )∗vi )(x)

)−1

((˜ψ−1
j )∗v j )(x). (207)

Then, the metric tensor (˜ψ j )
∗g on the chart ˜Dj is given by

((˜ψ j )
∗g)(y) =

N
∑

k=1

( N
∑

i=1

vi (̃η j i (y))

)−1

vk (̃η jk(y)) (̃η jk)∗ge, (208)

where ge is the Euclidean metric on ˜Dk .
The collection of local coordinate charts ˜Dj , metric tensors g( j) = (˜ψ j )

∗g : ˜Dj →
R
n×n , and transition functions η̃i j : ˜Vi j → ˜Vji is a representation of the Riemannian

manifoldM in local coordinate charts. Using this representation, we can determine the
image of a geodesic γx0,ξ0(s), emanating from (x0, ξ0) ∈ T M , on several coordinate
charts ˜ψ−1

i : ˜Σi → ˜Di and determine the metric tensor in the Riemannian normal
coordinates, [79]. Thus, for practical imaging purposes, for instance to visualize the n-
dimensional manifold (M, g), the algorithm ManifoldConstruction can be continued
with the following steps

(10) For given x0 ∈ M , determine the metric tensor g in the normal coordinates given
by the map expx0 : {ξ ∈ Tx0M : ‖ξ‖g < ρ}, where ρ < injM .

(11) For given x0 ∈ M and two linearly independent vectors ξ1, ξ2 ∈ Tx0M , visualize
the properties of the metric g, e.g., the determinant of the metric, in the normal
coordinates, by computing the map

s = (s1, s2) �→ det(g(expx0(s1ξ1 + s2ξ2))), (209)

in the set {s ∈ R
2 : ‖s1ξ1+s2ξ2‖g < ρ}. This produces an image of the metric in

a two-dimensional slice of the manifold. Moreover, consider a data point x ∈ X
such that x ∈ BX

r (q j ), with some index j , and that its image y = ˜ψ j ( f j (x)) on
M satisfies y ∈ BM

ρ (x0). Then, the vector ξ = exp−1
x0 (y) ∈ Tx0M corresponds

to the data point x in the tangent space of M at x0. In the visualization of the
two-dimensional slice, the data point x can be visualized as the projection ξ̄ of
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the vector ξ to the plane span(ξ1, ξ2). In this way, both the metric and the original
data points X can be visualized in two-dimensional slices of the manifold.

Practical imaging methods similar to step (11) above have been used in seismic imag-
ing, for example in the imaging of the wave speed function in the time migration
coordinates, see, e.g., [29].

7.1.2 Numerical Approximation of the Extended Transition Functions Using a
Newton-Type Algorithm

The functions ˜ψi = f ◦ F |
D1/10
i

, i = 1, 2, . . . , N , discussed in Sect. 7.1.1 and used

in the steps (8’)–(9’) of the algorithm, are piecewisely defined by explicit formulas.
Next we discuss, how the inverse functions of these maps and the extensions of the
transition functions η̃ j i can be approximated using a Newton-type algorithm.

To consider the inverse function of ˜ψi , we first reduce the problem to finding an
inverse function to a map between n-dimensional spaces.

We construct the tangent spaces

Ti := yi + Ran(d˜ψi (pi ))

of the n-dimensional submanifolds ˜ψi (D
1/10
i ) ⊂ R

m at yi = ˜ψi (pi ), where i =
1, 2, . . . , N , and Ran(A) denotes the range (i.e., the image) of the operator A. Recall
that for x ∈ M , themap dPM (x) is the orthogonal projector in TxRm = R

m onto TxM .
Denote Px = dPM (x) and Pi = dPM (yi ). Then, Pi : Rm → Ti are the orthogonal
projections. Below, Bm

R (y) ⊂ R
m is the ball having the radius R and the center y.

Then, we compose ˜ψi with a projector Pj and an affine isometry A j : Ti → R
n

and obtain a map

G j,i := A j ◦ Pj ◦ ˜ψi : D1/10
i → R

n . (210)

In particular, we are interested in the maps G j = G j, j . These maps are used below
to determine the extended transition functions in formula (228).

First we recall some estimates proved above. We recall that the constants C and Ck

depend only on dimension n. By Lemma 29,

‖F‖C2(Ω) ≤ C30, (211)

where C30 = C26(2).
Next we use Lemma 35 or, equivalently, Theorem 2 with r0 ≤ 1 in place of r and

C31r20 in place of δ, and choose later the value of r0 so that it depends only on n. We
also use the fact that by (145) and (166), M ⊂ E is in the ball of radius C26(0) + 1

10
centered at zero, and hence,

‖PM‖C0(Ur0/3(M)) ≤ C26(0) + 1
10 + r0

3 ≤ C54 = C26(0) + 1
10 + 1

3 . (212)
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When we denote C55 = C54 + C33(2) + C33(1), we have by Lemma 35 and the fact
that r0 ≤ 1,

‖PM (x)‖C2(Ur0/3(M)) ≤ C55. (213)

By Remark 6,

‖ f − PM‖Ck (Ur0/10(M)) ≤ C56r
2−k
0 , k = 0, 1, 2, (214)

where C56 = C31 max(C21(2),C21(1),C21(0)). Then, using interpolation in Hölder
spaces [7] to inequalities (214) with k being 1 and 2, we see that

‖ f − PM‖C1,1/2(Ur0/10(M)) ≤ C56r
1/2
0 . (215)

Lemma 35(1) and the formulas (211), (215), and (214) yield that there is C57 > 0
such that

‖˜ψi‖C2(D1/10
i )

≤ C57 and ‖G j,i‖C2(D1/10
i )

≤ C57. (216)

By (168), there is a constant C58 = C−1
36 > 0 such that the maps ψi = PM ◦ F :

D1/10
i → R

m , defined in (164), satisfy

∣

∣dψi |x (v)
∣

∣ ≥ C58|v|, for x ∈ D1/10
i , v ∈ R

n . (217)

When r0 < (C58/(2C56))
2, the formulas (215), (217), and the identity PM ◦ ˜ψi = ˜ψi

imply that for z = ˜ψi (x) we have

∣

∣Pz(d˜ψi |x (v))
∣

∣ = ∣

∣d˜ψi |x (v)
∣

∣ ≥ 1

2
C58|v|, x ∈ D1/10

i . (218)

Assume next that

˜ψi (D
1/10
i ) ∩ ˜ψ j (D

1/10
j ) �= ∅.

Then, we have, by (215) and (216), for z ∈ ˜ψi (D
1/10
i ) that

‖Pz − Pyj ‖ ≤ 2

10
C56C57r

1/2
0 . (219)

So, when r0 < (C58/(2C56C57))
2, we have

∣

∣Pj (d˜ψi |x (v))
∣

∣ ≥ 1

4
C58|v|, x ∈ D1/10

i . (220)
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Now we choose r0 = min((C58/(2C56))
2, (C58/(4C56C57))

2) in the above use of
Lemma 35 so that the above conditions for r0 are valid.

As A j : Tj → R
n is an affine isometry, (220) implies

‖(dG j,i (x))
−1‖ ≤ C59 = 4

C58
, x ∈ D1/10

i . (221)

Denote C60 = max(3C57C59, 1), and choose

ρn = min(
1

100
,

1

20(C60)2
,

r0
100C57

). (222)

Recall that Di = Bn
1/10(pi ) and ˜Di = Bn

1/30(pi ) and let Rn = C57ρn . As ρn ≤
1/100, formula (216) yields for x ∈ Bn

1/20(pi ) that ˜ψi (Bn
ρn

(x)) ⊂ Bm
Rn

(˜ψi (x)).

Our next aim is to cover the set ˜Di by small balls of radius ρn and to use Newton’s
method to find the transition functions in these balls.

To consider how the transition functions can be constructed with a numerical algo-
rithm, we first will extend these functions to be defined in larger domains. We call
these functions the extended transition functions. To this end, let hk ∈ Bn

1/30(0) ⊂ R
n ,

k = 1, 2, . . . , K be a maximal set of ρn-separated points in Bn
1/30(0). Note that K is

bounded by vol(Bn
1/10(0))/vol(B

n
ρn/2

(0)).
For a ∈ Z+, denote

Vi (a) =
K
⋃

k=1

Bm
aRn

(˜ψi (pi + hk)) ⊂ R
m .

Assume next that ˜ψi (˜Di ) ∩ ˜ψ j (˜Dj ) �= ∅. If xi ∈ ˜Di = Bn
1/30(pi ) is such that

˜ψi (xi ) ∈ ˜ψi (˜Di ) ∩ ˜ψ j (˜Dj ),

there exists x j ∈ ˜Dj so that ˜ψ j (x j ) = ˜ψi (xi ). Then, there are ki and k j such that
xi ∈ Bn

ρn
(pi + hki ) and x j ∈ Bn

ρn
(p j + hk j ) and we see that

˜ψi (pi + hki ) ∈ Bm
Rn

(˜ψi (xi )) = Bm
Rn

(˜ψ j (x j ))

⊂ Bm
2Rn

(˜ψ j (p j + hk j )) ⊂ V j (2). (223)

Let K( j, i) = {k ∈ {1, 2, . . . , K } : ˜ψi (pi + hk) ∈ V j (2)} and

Wji =
⋃

k∈K( j,i)

Bn
ρn

(pi + hk) ⊂ R
n .

By (223), we have

˜ψ−1
i (˜ψi (˜Di ) ∩ ˜ψ j (˜Dj )) ⊂ Wji
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and the function

η̃eji = ˜ψ−1
j ◦ ˜ψi : Wji → Dj (224)

is an extension of the transition function η̃ j i , that is, it coincides with η̃ j i in the set
˜ψ−1
i (˜ψi (˜Di ) ∩ ˜ψ j (˜Dj )). Moreover, for k ∈ K( j, i)

˜ψi (B
n
ρn

(pi + hk)) ⊂ Bm
Rn

(˜ψi (pi + hk))

⊂
⋃

z′∈V j (2)

Bm
Rn

(z′) ⊂ V j (3), (225)

that implies

G j,i (Wji ) ⊂ W j (3) and G j (Wji ) ⊂ W j (3), (226)

where, as Pj is an orthogonal projector and A j is an affine isometry,

W j (3) := A j (Pj (V j (3)))

=
K
⋃

k=1

A j (Pj (B
m
3Rn

(˜ψ j (p j + hk)))

=
K
⋃

k=1

Bn
3Rn

(p j,k) ⊂ R
n,

and p j,k = A j (Pj (˜ψ j (p j + hk))). To compute the extended transition function η̃eji ,
it is enough to compute the inverse function

G−1
j = (A j ◦ Pj ◦ ˜ψ j )

−1 : W j (3) → Dj , (227)

and then, we can write

η̃eji = ˜ψ−1
j ◦ ˜ψi = (A j ◦ Pj ◦ ˜ψ j )

−1 ◦ A j ◦ Pj ◦ ˜ψi = G−1
j ◦ G j,i : Wji → Di .

(228)

Next, to consider various push forwards of metric tensors (see (231) below), we
analyze the computation of the restrictions of the inverse functions in balls Bn

3Rn
(p j,k),

that is, G−1
j,i |Bn

3Rn
(p j,k) : Bn

3Rn
(p j,k) → Di . These maps give us the inverse maps

G−1
j,i : W j (3) → Di . In the case when i and j are equal, this gives us also the function

G−1
j : W j (3) → Dj .
To consider (227), assume that we are given z ∈ W j (3). Then, we can determine

k0 ∈ {1, 2, . . . , K } such that z ∈ Bn
3Rn

(p j,k0). Then, we will start the iteration in
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Newton’s algorithm from x0 = pi + hk0 . The iterations of Newton’s method proceed
as follows. For p ≥ 0,

xp+1 = xp − (dG j,i (xp))
−1(G j,i (xp) − z). (229)

As

|(dG j,i (x0))
−1(z − G j,i (x0))| < 3C59Rn = C60ρn = r1

and q := C57C59(C60ρn)≤ (C60)
2ρn < 1

2 , it follows by the convergence theo-
rem for Newton’s algorithm [59, Thm. 6.14] that the sequence (xp)∞p=1 stays in

Bn
r1(pi + hk0) ⊂ Di and it converges to the limit point x = G−1

j,i (z), and moreover,
this sequence satisfies

|xp − x | ≤ 2C60ρnq
2p−1. (230)

Note that the above also shows thatW j (3) ⊂ G j,i (Di ).
Summarizing the above shows that the Newton’s algorithm can be used to compute

the inverse functions of G j,i and of the extensions of the transition functions η̃eji .

7.2 Analysis of the Computational Complexity

7.2.1 Computational Complexity of the Algorithm SubmanifoldInterpolation

We analyze the computational complexity of the above algorithms in terms the number
of elementary computational operations needed (see Remark 3). We note that as we
have only presented the sketches of the above algorithms, in the considerations below
we do not analyze the real computational requirements, in particular in the sense
that we do not consider how much computational resources the needed elementary
operations use. Below we consider two types of computational requirements: First
the requirements for the one-time work that corresponds to the preparatory work and
second the computational work required to answer to a query that produces a point
of the constructed manifold. These are then combined to estimate the computational
work required to obtain a grid of points on the manifold. We also recall that below C
denotes a constant which depends only on n, that is, C = C(n), but the value of C
may change even inside a formula line.

Let � = #X be the number of elements in the set X . We assume that E = R
m and

X ⊂ R
m satisfies the assumptions of Theorem 2 with sufficiently small δ and r ≤ 1

so that the set X is δ-close to n-flats in scale r . Also, we assume that diam(X) < D.
In the step 2 of SubmanifoldInterpolation, we construct a maximal r/100 separated
subset X0 ⊂ X . Since sec(M) ≤ K = Cδr−3, the number N = #X0 of elements in
the set X0 satisfies N ≤ min(�,C

(

eCK D/r
)n

). In the step 2, the construction of the
set X0 can be done by going through all points x in X one by one and include it in
X0 if the distance from x to some of the points chosen earlier to be included in X0
at least 1/100. This requires at most N� ≤ �2 operations. Also, in the steps 2–3 of
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the algorithm, one applies algorithm FindDisc N times to a set consisting of � points
in an m-dimensional space and this requires CmN� operations. Thus, the steps 1–3,
which construct a function f , require altogether CmN� operations. Observe that f is
given as a composition of explicit functions containing parameters that depend on the
data, that is, the coordinates of the points qi in (69) and the matrixes and vectors that
determine the affine projectors Pi = PAqi

in (64). Thus, the construction of f means
the determination of the values of these parameters. These steps for finish the one-time
work requited for the preparatory steps. The preparatory steps require altogether

N� + CmN� ≤ CN�m

elementary operations.
Recall that the submanifold M ⊂ R

m is the image of a δ-neighborhood of the set X
in the constructed function f . Moreover, by Lemma 14, M is the union images of the
n-dimensional disks Ai ∩ B1(qi , r) of radii r , that is, M = ⋃N

i=1 f (Ai ∩ B1(qi , r)).
Obtaining one point of manifold M can be considered as a query where the input
consists of an index i and a point z ∈ B1(qi , r) and the query gives the answer f (z).
As we have already constructed the function f , or more precisely the parameters
that determine this function taking values in R

m , answering such a query requires
Cm elementary operators (that is, finitely many operations for each m coordinates of
f (x)).
Let us next consider computing a grid of points on M . To this end, let 0 < η < δ be

a small parameter. Then, choose an η-dense computational grids in the n-dimensional
disks Ai ∩ B1(qi , r), having radii r . Let us denote these computational grids by
(zi, j )Jj=1, J ≤ C(r/η)n . Then, we obtain a grid of points on the submanifold M
by constructing a (Cη)-dense subset { f (zi, j ); i = 1, 2, . . . , N , j = 1, . . . , J } of M .
This requires CN Jm operations. Summarizing, computing the points { f (zi, j ); i =
1, 2, . . . , N , j = 1, . . . , J } on M using the algorithm SubmanifoldInterpolation
requires altogether

CmN� + CN Jm ≤ Cm�2 + C�m(r/η)n

operations.

7.2.2 Computational Complexity of the AlgorithmManifoldConstruction

We estimate the number of elementary operations needed in ManifoldConstruction
to compute the transition functions between local charts and the metric on the charts
with given numerical accuracy. By rescaling in the step 1, that is, by multiplying the
distance function dX : X × X → R and the geometric parameters r and δ by factor
1/r , it suffices to handle the case r = 1. Because of this, we analyze the complexity
of the algorithm in the case when r = 1 and δ < δ0(n), where δ0(n) < 1 appearing in
Proposition 3 depends only on n.

We will analyze the computational complexity of the alternative version of the
algorithm described in Sects. 7.1.1 and 7.1.2.
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Again, we start with the requirements of the one-time work needed for the prepara-
tory work. We assume that a finite metric space X satisfies assumptions of Theorem
1 and that diam(X) < D. Again, let � = #X be the number of elements in the set X .
Below, θ > 0 will be the parameter corresponding to the required numerical accuracy.

We first observe that the step 2 of the algorithm requires C�2 steps.
In the step 3, we apply algorithm GHDist to all balls X (i)

1 := B1(qi ) ⊂ X with

i = 1, 2, . . . , N , that is, for balls centered in points of X0. Let �i = #X (i)
1 . By Lemma

23, each point x ∈ X belongs at most C = C(n) balls X (i)
1 , and thus,

∑N
i=1 �i ≤ C�.

Applying algorithm GHDist to the ball X (i)
1 requires C�2i elementary operations, so

step 3 requires altogether

N
∑

i=1

C�2i ≤ C(

N
∑

i=1

�i )
2 ≤ C�2

elementary operations.
Since by Theorem 1, the set X is (Cδ)-close to a smooth n-dimensional manifold

M such that sec(M) ≤ K = Cδ, we have that the number N = #X0 of elements in
the maximal 1

100 -separated set X0 satisfies N ≤ min(�,C(eCK D)n). Below, we give
estimates in terms of N and �. In the step 3, we construct the set X0 = {qi }Ni=1 ⊂ X and
at the same timemake a record of those elementsqi , q j ∈ X0 forwhichdX (qi , q j ) < 1.
This requires CN� operations. Below, we use the fact that by Lemma 23, for any i the
number of j such that dX (qi , q j ) < 1 is bounded by a number depending only on n.

In the step 4, finding maps Ai j , i, j = 1, 2, . . . , N as in Lemma 6 and formula
(135) requires CN� operations. Indeed, for each i ∈ {1, . . . , N } there is a bounded
number of maps Ai j to construct, see Lemma 23. The construction of Ai j described
in the proof of Lemma 6 requires a number of operations proportional to the number
of points in the ball B1(qi ). In the step 5, we introduce the space E = R

m , where
m = (n + 1)N . We emphasize that here the dimension m of the space Rm depends
on N and therefore on the metric space X . In this step, the construction of the map
F requires CN 2 operations. The construction of the κ0-nets in Yi ⊂ Σi in the step
6 requires CN · m operations. Note that by Lemma 29, the maps F : D1/10

i → Σi

are bi-Lipschitz with the Lipschitz constant C27, and therefore, we can first choose
a (2C27)

−1κ0-net Zi ⊂ D1/10
i and then choose Yi ⊂ F(D1/10

i ) to be a maximal
(κ0/2)-separated subset of F(Zi ).

In the step 7, we apply the steps 1–3 of algorithm SubmanifoldInterpolation for the
set Y = ⋃

i Yi , consisting of CN points that are in E = R
m . This requires CmN 2

operations and gives us functions f and ˜ψi = f ◦ F |
D1/10
i

, i = 1, 2, . . . , N . This

implements also the step 8’ of the algorithm.
Next we construct for all j ∈ {1, 2, . . . , N } the sets I( j) ⊂ {1, 2, . . . , N } of those

i for which dX (qi , q j ) < 1. By Lemma 23, the number of elements in the set I( j) is
bounded by a number depending only on n. Thus, the construction of sets I( j) for all
j ∈ {1, 2, . . . , N } requires CN 2 elementary operations.
Next we consider pairs (i, j) such that i ∈ I( j). The functions f and ˜ψi are

piecewisely defined by explicit formulas. As explained in Sect. 7.1.2, we can construct
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numerically the inverse maps

G−1
j,i = (A j ◦ Pj ◦ ˜ψi )

−1 : W j (3) → Di = B1/10(pi ),

see (210). There, the construction of the orthogonal projections Pi onto the tan-
gent spaces Ti requires CmN operations. This finishes one-time work needed for
the preparatory work that has required

2C�2 + 2CN� + CmN 2 + CN 2 + CmN ≤ C�2 + CN 3

operations.
Next we consider several queries. The first query we consider takes as an input a

point z ∈ Wi (3) and gives as the output a numerical approximation for the inverse of
the map G j,i at the point z. To do that, we compute the inverse of the map G j,i by
usingNewton’smethod.By (230), to compute numerically the valueG−1

j,i (z) for a given

z ∈ Wi (3) and with the precision of θ ∈ (0, 1
4 ), it suffices to take C log2 log2(1/θ)

iterations. Below in this section, when we consider the computation of the transition
functions and the metric tensor, all computations are done with the precision Cθ .

Let i ∈ I( j) and y( j) ∈ ˜Dj and y( j,i) ∈ Wji . Using the numerical computations
described above, one can compute the values of the values of z( j,i) = G j,i (y( j,i)) and
G−1

j (z( j,i)). Observe that G j,i is a composition of the linear operators A j and Pj and

R
m-valued functions ˜ψi having explicit formulas containing parameters that we have

already computed using the data. Hence, this requires Cm elementary operations. The
second querywe consider takes as an input a point y( j,i) and gives as an output the value
the extended transition function η̃eji (y

( j,i)) = G−1
j (G j,i (y( j,i))) with the precision

of Cθ , see (228). As the computation of the derivative of the Rm-valued function G j

requiresCm operations, this query requiresCm log2 log2(1/θ) elementary operations.
Next we consider the query where the input is a pair (i, j), satisfying i ∈ I( j), and

a point y( j,i) and the output is the metric tensor

(̃ηeji )∗g
e = (G−1

j )∗(G j,i )∗ge, (231)

evaluated at the point y( j,i). Here, using the matrix notation, g̃( j i) = (̃ηeji )∗ge is given
by

g̃( j i)(y) =
(

∂G j

∂ y
(y)

)−1

·
(

∂G j,i

∂z
(z)

)

· ge ·
(

∂G j,i

∂z
(z)

)t

·
(

(
∂Gi

∂ y
(y))t

)−1∣
∣

∣

∣

z=G−1
j,i (y)

where geab = δab is the Euclidean metric. We note that since G j,i is a composition of
linear operators and functions having explicit formulas, the derivative DG j,i can be
computed at any given point using elementary operations whose number depends only
on n. Using the Lipschitz estimates (216) and (221), we see that computing (̃ηeji )∗ge at
the point y( j,i) with the precisionCθ requiresC log2 log2(1/θ) elementary operations.
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Next we consider the computation of the metric tensor (˜ψ j )
∗g at y( j) ∈ ˜Dj with

the precision Cθ . This is done by using a partition of unity (207) on M and computing
a weighted sum of tensors (̃ηei j )∗ge, as described in formula (208) where the sum
needs to be taken over the indexes i and k that satisfy i, k ∈ I( j). As the number of
elements in I( j) is bounded by C = C(n), this requires C log2 log2(1/θ) elementary
operations. Finally, we consider the query, where the input is y( j) and the output is
f (y( j)). As discussed above in the context of the algorithm SubmanifoldInterpolation,
this takesCm elementary operations as we have already computed the parameters that
determine the function f . Summarizing the above, after the one-time work described
above, we can consider a query, where the input is an index j and a point y( j) ∈ ˜Dj

and the output is the collection

f (y( j)), ((˜ψ j )
∗g)ab(y( j)), {̃η j i (y

( j)) : i ∈ I( j)} (232)

with the precision Cθ , that is, the output is the point f (y( j)) on M that corresponds
to y( j) on the local coordinate chart Dj , the metric tensor on Dj at the point y( j), and
the values of the transition functions from the chart Dj to the charts Di at y( j). After
the one-time work, answering the query (232) requires

Cm + Cm log2 log2(1/θ) ≤ Cm log2 log2(1/θ)

elementary operations.
To construct a grid of points on the manifold M , let Q j = ˜Dj ∩ (ρZn), j =

1, 2, . . . , N , be computational grids in the sets ˜Dj , where ρ > 0 is the grid size
parameter. We write these grids as

Q j = {y( j)
l : l = 1, 2, . . . , L j }.

We see that the numbers L j of the points in Q j are bounded by Cρ−n . Answering

to the query (232) for all points y(i)
l in the computational grid

⋃N
j=1Q j produces a

Cρ-dense set of grid points on the manifold M and the values of the metric tensors on
all local coordinate charts Dj at these grid points. Summarizing the above analysis,
the computation work to do this requires altogether

2C�2 + 2CN� + CmN 2 + CN 2 + CmN + Cρ−nNm log2 log2(1/θ)

≤ C�2 + CN 3 + Cρ−nN 2 log2 log2(1/θ)

elementary operations.We recall that here r = 1,C depends on the intrinsic dimension
n of the manifold, ρ is the size parameter of the computational grid, m = (n + 1)N ,
Cθ is the required numerical accuracy, N is the number of points in the maximal
(r/100)−separated set in X , and � is the number of points in X .
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Appendix A: Estimates for Higher Derivatives of a Composition of
Functions

For a function f : X → R
n defined in an open set X ⊂ R

n , let Dv f (x) = ∂v f (x)
be derivative of f to direction v ∈ R

n at x . We denote Dv f (x) = ∂ f (x) · v. The
derivatives of order k are below considered as multilinear forms

∂v1∂v2 . . . ∂vk f (x) = ∂k f (x)[v1, v2, . . . , vk],

where v1, . . . vk ∈ R
n and x ∈ X .

We consider higher-order derivatives as multilinear forms and use the following
lemma for multilinear forms, proved in [70, Prop. 9.1.1].

Lemma 41 Let A[h1, . . . , hk] be a k−linear symmetric form on Rn and B[h1, h2] be
a symmetric positive semidefinite 2−linear form on Rn. Assume that for some α, one
has |A[h, . . . , h]| ≤ α(B[h, h])k/2, for h ∈ R

n. Then, for all h1, . . . , hk ∈ R
n,

|A[h1, . . . , hk]| ≤ α

k
∏

i=1

(B[hi , hi ])1/2.

We will refer to the above result as the Nesterov–Nemirovski lemma.
When h : X ⊂ R

n → R
n , we define

‖h‖Ck (X) = sup
0≤r≤k

sup
v1,...vr∈Sn−1

sup
x∈X

‖∂v1 . . . ∂vr h(x)‖Rn

= sup
0≤r≤k

sup
v∈Sn−1

sup
x∈X

sup
a∈Sn−1

|∂rvh(x) · a|, (233)

‖h‖Ċk (X) = sup
v1,...,vk∈Sn−1

sup
x∈X

‖∂v1 . . . ∂vk h(x)‖Rn

= sup
v∈Sn−1

sup
x∈X

sup
a∈Sn−1

|∂kvh(x) · a|, (234)

where the equalities in (233) and (234) follow fromLemma41.We note that byLemma
41, we have, for example, that

sup
v1,...,vk∈Sn−1

‖∂v1 . . . ∂vk h(x)‖Rn = sup
v,w∈Sn−1

‖∂k− j
v ∂ j

wh(x)‖Rn . (235)
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We denote Ck(X) = Ck(X;Rn) and use the Euclidean norm a �→ ‖a‖Rn in Rn .
When Lm

s (Rn) is the set of symmetric m-multilinear maps A : (Rn)m → R
n , we

define

‖A‖Lm
s

= sup
w1,...wm∈Sn−1

‖A[w1, w2, . . . , wm]‖Rn

= sup
‖a‖Rn=1

( sup
w∈Sn−1

|A[w,w, . . . , w] · a|)

and
for H : X ⊂ R

n → Lm(Rn), define

‖H‖Ck (X;Lm
s ) = sup

0≤r≤k
sup

v1,...vr∈Sn−1
sup
x∈X

‖∂v1 . . . ∂vr H(x)‖Lm
s

= sup
0≤r≤k

sup
v∈Sn−1

sup
x∈X

‖∂rv H(x)[w,w, . . . , w]‖Rn , (236)

‖H‖Ċk (X;Lm
s ) = sup

v1,...vk∈Sn−1
sup

w∈Sn−1
sup
x∈X

‖∂v1 . . . ∂vk H(x)‖Lm
s

= sup
v∈Sn−1

sup
w∈Sn−1

sup
x∈X

‖∂kv H(x)[w,w, . . . , w]‖Rn , (237)

where we have again used the Nesterov–Nemirovskii lemma.
In the main text of the paper, we use the following lemma:

Lemma 42 (1) Let k ∈ N and fi : R
n → R

n, i = 1, 2, . . . , N be Ck−smooth
functions. Then,

‖ f1 ◦ · · · ◦ fN‖Ck

≤ 2k(k+1)(N−1)/2‖ f1‖Ck (1 + ‖ f2‖Ck )
k . . . (1 + ‖ fN‖Ck )

k . (238)

(2) Let k ∈ Z+. When X ⊂ R
n is open, Y ⊂ R

n is open and convex, and f : Y → R
n

is Ck+1−smooth and g, h : X → R
n are Ck−smooth functions such that g(X) ⊂ Y

and h(X) ⊂ Y , we have

‖( f ◦ g) − ( f ◦ h)‖Ck (X)

≤ (k + 1)2k(k−1)‖ f ‖Ck+1(Y )(1 + ‖g‖Ck (X) + ‖h‖Ck (X))
k‖g − h‖Ck (X).

Proof (1) Consider first the case N = 2. The claim is clearly valid for k = 0. Let us
next assume that (238) is valid for k − 1. Then,

‖ f ◦ g‖Ċk ≤ sup
v,w:|w|=|v|=1

‖((∂w f ) ◦ g)(∂vg)‖Ċk−1

≤ 2k−1 sup
v,w:|w|=|v|=1

‖(∂w f ) ◦ g‖Ck−1‖∂vg‖Ck−1

≤ 2k−1 · 2k(k−1)/2 sup
v,w:|w|=|v|=1

‖∂w f ‖Ck−1(1 + ‖g‖)k−1
Ck−1‖∂vg‖Ck−1
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≤ 2k(k+1)/2‖ f ‖Ck (1 + ‖g‖Ck )
k . (239)

This and (238) for k − 1 yield that (238) is valid for k. By induction, (238) is valid for
N = 2.

Iterating (238) for composition of two functions N times yields (238) for general
N . This proves the claim (1).

(2) We have

∂v( f ◦ g)(x) = ((∂w f ) ◦ g)(x)

∣

∣

∣

∣

w=∂vg
= ((∂ f ) ◦ g)(x))[∂vg(x)]

and ∂w((∂ iv f ) ◦ g) = (∂(∂ iv f )) ◦ g)∂wg, where w = ∂vg, and

∂w((∂ iv f ) ◦ g) − ∂w((∂ iv f ) ◦ h)

= ((∂(∂ iv f )) ◦ g)[∂wg] − ((∂(∂ iv f )) ◦ h)[∂wh]
=

(

(∂(∂ iv f )) ◦ g − (∂(∂ iv f )) ◦ h

)

[∂wg] + ((∂(∂ iv f )) ◦ h)

[

∂wg − ∂wh

]

.

For an integer i ≤ k, let ai,k−i := ‖((∂ i f ) ◦ g) − ((∂ i f ) ◦ h)‖Ck−i (X;Li
s )
.

When g(X) ⊂ X and i ≤ k − 1 is an integer, the Nesterov–Nemirovskii lemma
(see also (235)) implies

‖((∂ i f ) ◦ g) − ((∂ i f ) ◦ h)‖Ċk−i (X;Li
s )

= sup
‖v‖=‖w‖=‖w′‖=1

‖∂k−1−i
w′ ∂w((∂ iv f ) ◦ g) − ∂k−1−i

w′ ∂w((∂ iv f ) ◦ h)‖C0(X;Rn)

≤ 2k−1−i‖(∂w′∂ iv f ) ◦ g − (∂w′∂ iv f ) ◦ h‖Ck−1−i (X;Rn) · ‖∂wg‖Ck−1−i (X;Rn)

+ 2k−1−i sup
‖v‖=‖w‖=‖w′‖=1

‖(∂w′∂ iv f ) ◦ h‖Ck−1−i (X) · ‖∂wg − ∂wh‖Ck−1−i (X)

≤ 2k−1−i‖(∂ i+1 f ) ◦ g − (∂ i+1 f ) ◦ h‖Ck−1−i (X;Li+1
s )

· ‖∂g‖Ck−1−i (X;L1
s )

+ 2k−1−i‖(∂ i+1 f ) ◦ h‖Ck−1−i (X;Li+1
s )

· ‖∂g − ∂h‖Ck−1−i (X;L1
s )

.

Thus,

sup
i≤r≤k−1

‖((∂ i f ) ◦ g) − ((∂ i f ) ◦ h)‖Ċr−i+1(X;Li
s )

≤ 2k−1−i‖(∂ i+1 f ) ◦ g − (∂ i+1 f ) ◦ h‖Ck−1−i (X;Li+1
s )

· ‖g‖Ck−i (X)

+2k−1−i‖(∂ i+1 f ) ◦ h‖Ck−1−i (X;Li+1
s )

· ‖g − h‖Ck−i (X).

Using this and the claim (1) of the lemma, we see that

ai,k−i = sup
i−1≤r≤k−1

‖((∂ i f ) ◦ g) − ((∂ i f ) ◦ h)‖Ċr−i+1(X;Li
s )
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satisfy

ai,k−i ≤ 2k−1−i ai+1,k−1−i · ‖g‖Ck−i (X) + 2k−1−i bk, (240)

where

bk = 2k(k−1)/2‖ f ‖Ck (Y )(1 + ‖g‖Ck (X) + ‖h‖Ck (X))
k‖g − h‖Ck (X). (241)

Since Y is convex, we have by the Nesterov–Nemirovskii lemma

ak,0 = sup
‖v‖=1

sup
x∈X

‖((∂kv f ) ◦ g(x)) − ((∂kv f ) ◦ h(x))‖C0(X;Lk−1+1
s )

≤ sup
‖v‖=‖w‖=1

sup
y∈Y

‖∂w∂kv f (y)‖ ‖g − h‖C0(X)

≤ ‖ f ‖Ck+1(Y )‖g − h‖Ck (X).

Using this and induction for (240) in the index i , we see that

a0,k ≤ 2k(k−1)‖ f ‖Ck+1(Y )(1 + ‖g‖Ck (X) + ‖h‖Ck (X))
k‖g − h‖Ck (X).

This yields the claim (2). ��
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