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1 Introduction

The Hamiltonian interpolation of a symplectic map which is a perturbation of the
identity is a central problem both in the study of Hamiltonian systems and in their
discretization by numerical methods. This question actually goes back to Moser [26]
who interpreted such a map as the exact flow of a Hamiltonian system in the finite-
dimensional context. Such a result was later refined and extended by Benettin and
Giorgilli [5] to the analysis of symplectic numerical methods, and leads to the seminal
backward error analysis results of Hairer, Lubich [17] and Reich [27] for numerical
integrators applied to ordinary differential equations. These results constitute now a
cornerstone of the geometric numerical integration theory [19, 23].

In the finite-dimensional case, the situation can be described as follows: if
(p,q) — ¥ (p,q) is a symplectic map from the phase space R into itself, and
if this map is a perturbation of the identity, wh =1d + O(h), then there exists a
Hamiltonian function Hj(p, ¢q) such that ' can be interpreted as the flow at time
t = h of the Hamiltonian system associated with Hj,. If ¥ is analytic, such results
hold up to an error that is exponentially small with respect to the small parameter #,
and for (p, ¢) in a compact set of the phase space. In applications to numerical anal-
ysis, the map ¥ (p, q) ~ @ ;’{ (p, q) is a numerical approximation of the exact flow
associated with a given Hamiltonian H. As a consequence, the modified Hamiltonian
Hj,, which turns out to be a perturbation of the initial Hamiltonian H, is preserved
along the numerical solution, (p;, g,) = (whyr (po, qo), n € N. More precisely, we
have

(Pn>an) = (¥")" (po, 90) = (4! ) (po, g0) + nhexp(—1/(ch)) ~ (1.1)

under the a priori assumption that the sequence (p;, ¢»)neN remains in a compact set
used to derive the analytic estimates. Here the constant ¢ depends on the eigenvalues
of the quadratic part of the Hamiltonian H (i.e., the linear part of the associated
ODE). As a consequence the qualitative behavior of the discrete dynamics associated
with the map ¥" over exponentially long times can be pretty well understood through
the analysis of the continuous system associated with Hj,.

The extension of such results to Hamiltonian partial differential equations (PDE)
faces the principal difficulty that the Hamiltonian function involves operators with
unbounded eigenvalues making the constant ¢ in the previous estimate blow up. The
goal of this work is to overcome this difficulty and to give Hamiltonian interpolation
results for splitting methods applied to semilinear Hamiltonian PDEs.

We consider a class of Hamiltonian PDEs associated with a Hamiltonian H that
can be split into a quadratic functional Hy associated with an unbounded linear oper-
ator having a discrete spectrum and a nonlinearity P which is a polynomial functional
and at least cubic:

H=Hy+ P.

Typical examples are given by the nonlinear Schrodinger equation (NLS)

10w = Au+ f(u,u) (1.2)
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or the nonlinear wave equation (NLW)
o — Au= g(u) (1.3)

set on the torus T¢. Here f and g are polynomials having a zero of order at least
three at the origin, for instance f(u,u) = lu|>u for the cubic defocussing NLS and
g(u) = u? for the classical NLW.

To approximate such equations, splitting methods are widely used: They consist
in decomposing the exact flow dﬁfll at a small time step £ as compositions of the flows
@ZO and @ f,. The Lie—Trotter splitting methods

u(nh, x) ~u"(x) := (O 0 @) "uo(x) or u"(x):= (P} od} ) uo(x) (1.4)

are known to be order 1 approximation schemes in time, when the solution is smooth.
Here smooth means that the numerical solution belongs to some Sobolev space H?,
s > 1, uniformly in time; see [20, 22] for the linear case and [25] for the nonlinear
Schrodinger equation.

These schemes are all symplectic, preserve the L? norm if Hy and P do, and can be
easily implemented in practice. For instance, in the cases of NLS or NLW just above,
we can diagonalize the linear part and integrate it by using the fast Fourier transform
and integrate the nonlinear part explicitly (it is an ordinary differential equation).
More generally, instead of the fast Fourier transform, pseudo spectral methods are
used if the spectrum of Hy is known and available.

The Hamiltonian interpolation problem described above can be formulated here
as follows: is it possible to find a modified energy (or modified Hamiltonian function)
Hj, depending on Hy, P and on the chosen stepsize, such that

h o) ~ D ? (1.5)

Formally, this question corresponds to the classical Baker—Campbell-Hausdorff
(BCH) formula (see [2, 21]) for which the modified Hamiltonian Hj, is expressed
as iterated Poisson brackets between the two Hamiltonian P and Hy. Hence we ob-
serve that the validity of such representation a priori depends on the smoothness of
the discrete solution u”. But this is not fair, as there is no reason for u" to be, a priori,
uniformly smooth over a long time. Actually, it is well known that this assumption is
not satisfied in general and we illustrate this in Sect. 6 by numerical examples in the
case of the simulation of a solitary wave for NLS.

In this work, we establish backward error analysis results in the spirit of
[5, 17, 27] for the Lie-Trotter splitting methods. We follow a general approach
recently developed in [9] for linear PDEs. In this linear context, Debussche and
Faou proved a formula of the form (1.5) by considering smoothed schemes, namely
schemes where <1§1h{ is replaced by the midpoint approximation of the unbounded
part Hy. This yields schemes of the form

Phod) or D, odf, (1.6)
where Ag depends on %, and is an approximation of the operator 4 Hy when 7 — 0.
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In the present work we consider the context of nonlinear PDEs (P is at least cubic).
Let us focus in the introduction on the NLS equation on the torus T¢ (a more general
setting is consider in Sect. 2). The quadratic part reads Ho(u) = ) ;cz4 k|2 i
and corresponds to the unbounded linear operator —A. We approximate i Hy by Ag
defined by

Aoy =Y alinl®, = an(hlk?), (1.7)
keZd

where oy, is a filter function satisfying o, (x) ~ x for small x. It turns out that under
such an assumption, (1.6) remains an order one approximation of the continuous
solution, provided that the numerical solution is smooth. This general setting contains
the standard splitting method (1.4) which corresponds to the choice oy (x) = x for
all x, and the midpoint approximation of the linear flow which corresponds to the
function [9] «j, (x) = 2 arctan(x/2).

Our principal result can be described as follows:

We assume that, in the Fourier variables, the numerical trajectory remains bounded
in the space' ¢! (the Wiener algebra). Then we construct a Hamiltonian Hj, such that

|oho@) @) — @k @, <h¥ NN (1.8)

uniformly for z in a fixed ball of £! and for some constant C depending on P. The
number N depends on a sort of regularization condition satisfied by the eigenvalues
A of Ap:

Vi=1oo n Yk k) Jhg £ Ay | <2, (1.9)

If it is satisfied for some r > 2, then we can take in the previous estimate
N=(r—-2)/(ro—2),

where rg is the degree of the polynomial P. Actually Theorem 4.2 is more gen-
eral since estimate (1.8) is obtained in Eé , the space of sequences (zx); 7z« such that

> 1k|*|zk| < o0.
For numerical schemes associated with a filter function

o (x) = Vharctan(x /v/h), (1.10)

we can actually prove that the regularization condition (1.9) is satisfied for r ~ 1/+/h.
The analytic estimate (1.8) then yields an exponentially small error at each step. The
choice (1.10) typically induces a stronger regularization in the high frequencies than
the midpoint rule, without breaking the order of approximation of the method.

For the other classical schemes (standard splitting, implicit—explicit schemes), the
regularization condition (1.9) is in general not satisfied unless a Courant—Friedrichs—
Lewy (CFL) condition is imposed [8], depending on the desired approximation level
N in (1.8) (see Sect. 5 for details and other examples).

I This implies that the numerical trajectory remains bounded in L (T9) uniformly in time. This is actually
the standard assumption is the finite-dimensional case: no blow up in finite time.
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We can make precise in which sense the estimate (1.8) induces a better control of
the numerical solution. Actually, the modified Hamiltonian reads Ag/h + P where
P is a modified polynomial. This modified energy will be close to the original energy
only if u is smooth, something that is not guaranteed by the present analysis. How-
ever, in Corollary 5.3 we prove that the preservation of this modified energy implies
the control of the H! norm of low modes of the numerical solution, and of the L2
norm of high modes, as in [9], over a very long time. Using this analysis, it is possible
to prove the almost global existence in H! of small fully discrete numerical solutions
of NLS in dimension 1. Indeed in this case the H' norm controls the £' norm making
possible the use of a bootstrap argument: see [11, Chap. 6]. In a similar direction,
the existence of this modified energy allows one to prove the stability of numerical
solitons: see [4] and the numerical experiments performed in Sect. 2.

The relative question of persistence of smoothness of the numerical solution has
recently seen many progresses: see [7, 10, 12-15, 18]. However, in all these works
non-resonance conditions are imposed on the stepsize and/or on the frequencies of
the original PDE. In the nonlinear case, such analysis holds only when the linear op-
erators in (1.2) or (1.3) are slightly perturbed by a smooth potential, see also [3, 16].
Here we do not need any non-resonance assumption on the original frequencies, and
the smoothing condition (1.9) is sufficient to ensure the absence of numerical reso-
nances (see [12, 13] for a similar discussion).

2 Abstract Hamiltonian Formalism

In this section we consider Hamiltonian PDEs whose linear part has a discrete spec-
trum. The solution of the PDE under study is decomposed in the eigenbasis of the
linear part:

Yt x) =) E (i (x)

and we observe the PDE in the Fourier-like variables & = (&).

The main difference with the presentation in [12, 13, 16] lies in the choice of the
phase space. We consider Fourier variables £ belonging to E} spaces, based on the
Wiener algebra, and not to E?, the classical weighted ¢2 spaces (Sobolev spaces).

2.1 Setting and Notations

We denote N = Z? or N’ (depending on the concrete application) for some d > 1.
Fora = (ay,...,a3) € N, we set |a|2 = max(1, a% +--- 4 afl). We consider the set
of variables (§,, np) € cN xcN equipped with the symplectic structure

iy d& Adng. 2.1)
aeN

We define the set Z =N x {£1}. For j = (a, ) € Z, we define |j| = |a| and we
denote by j the index (a, —8). We will identify a couple (£, ) € CN x CV with
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(zj)jez € CZ via the formula

zj=§ ifé=1,

j=(a,8)eZ .
j=1(a,d) e = {ijna o

By a slight abuse of notation, we often write z = (£, 1) to denote such an element.

Example 2.1 In the case where Hy = —A on the torus T4, the eigenbasis is the
Fourier basis, N = Z¢ and & is the sequence associated with a function ¥ while
n is the Fourier sequence associated with a function ¢ via the formula

Y(x) = Z é:aeia,x and ¢(x)= Z nae—ia.x'
aeN aeN

For a given s > 0, we consider the Banach space ¢! := ¢!(Z, C) made of elements
z € CZ such that

lzller := D 1jl*lz51 < oo,

JEZ

and equipped with the symplectic form (2.1). We will often write simply £! = 6(1). We
moreover define for s > 1 the Sobolev norms

1/2
Mm=<2uﬁmﬂ.

JEZ
For a function F of C! (K}, C), we define its gradient by

OF . oF |9 ifs=1,
VF(z) = — , where for j = (a,8), — = 3; )
8Zj jEZ BZ/ 3_% 1f5=—1
Let H(z) be a function defined on ¢ Sl If H is smooth enough, we can associate with

this function the Hamiltonian vector field X i (z) defined by
Xy(iz)=JVH(2),

where J is the symplectic operator on £! induced by the symplectic form (2.1).
For two functions F' and G, the Poisson Bracket is (formally) defined as

3F 3G 9F 0G
(F.G}=VFTIVG=1) ——— ——. (2.2)
S om; 05 98 on;

We say that z € Z; is real when =2 for any j € Z. In this case, we write
7= (&, &) for some £ € C/'. Furthermore, we say that a Hamiltonian function H is

real if H(z) is real for all real z.
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Example 2.2 Following Example 2.1, a real z corresponds to the relation ¢ = ¥ and
a typical real Hamiltonian reads H(z) = de h(¥(x), ¢ (x))dx where & is a regular
function from C? to C satisfying 4 (¢, ¢) € R for all ¢ € C.

Definition 2.3 For a given s > 0, we denote by H, the space of real Hamiltonians P
satisfying

PeC'(e},C) and XpeC'(L),e)).

DR

Notice that for F and G in H, the formula (2.2) is well defined.

We will verify later (see Example 2.6) that the typical real Hamiltonians given in
Example 2.2 belong to the class H,. Actually the proof is not totally trivial, because
the Fourier transform is not well adapted to the £! space.

With a given Hamiltonian function H € H;, we associate the Hamiltonian system

z=JVH(z)

which can be written

£, =—id (&), aeN,

014q

. . 2.3)
e =156, acN.

In this situation, we define the flow @fq(z) associated with the previous system (for
an interval of times ¢t > 0 depending a priori on the initial condition z). Note that if
z=(&,) and if H is real, the flow (&', ") = &%, (2) is also real for all time ¢ where
the flow is defined: £’ = 7;*. When H is real, it may be useful to introduce the real
variables p, and g, given by

£, = %(pa +ig,) and &, = \%(pa —iqa),

the system (2.3) is then equivalent to the system

Pa=—3L(q,p), aeN,
da=G(q.p),  acN,

where by a slight abuse of notation we still denote the Hamiltonian with the same

letter: H(q, p) = H(&, §).

We now describe the hypothesis needed on the Hamiltonian nonlinearity P.

Let £ > 2. We consider j = (ji,..., j¢) € Zt and we set forall i = 1,...,¢,
ji = (a;, 8;) where a; € N and §; € {:1}. We define

J=01s-i o) withj;=(a;, =8),i=1,....¢
We also use the notation

=2 e
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We define the momentum M (j) of the multi-index j by
M@G)y=a1b1+ -+ aede. 2.4
We then define the set of indices with zero momentum
To={j= (..., je) € 25, with M(j) =0}. (2.5)
We can now define precisely the type of polynomial nonlinearities we consider:

Definition 2.4 We say that a polynomial Hamiltonian P € Py if P is real, of de-
gree k, has a zero of order at least 2 in z =0, if

e P contains only monomials a7z having zero momentum, i.e. such that M(j) =0
when a; # 0 and thus P formally reads

k

P(z)=z Za,-z; (2.6)

=2 jeI,

with the relation a 3= aj.
o The coefficients a are bounded, i.e. satisfy

Ve=2,...,k,Vj=(j1,...,jo) €Ly laj| <C.
In the following, we set

k
IPI="_ sup lajl. @7

=2 jGIg

Definition 2.5 We say that P € SPy if P € Py has coefficients a; such that a; # 0
implies that j contains the same numbers of positive and negative indices:

i lji = (ai. +D} =t{i | ji = (@, —D}.
In other words, P contains only monomials with the same numbers of &; and ;. Note

that this implies that k is even.

Example 2.6 Following Example 2.2, P(z) = de p(¥(x),d(x))dx, where p is a
polynomial of degree k in C[X, Y] satisfying p(¢, ) € R and having a zero of order
at least 2 at the origin, defines a Hamiltonian in Pk.

An example of a polynomial Hamiltonian in SPy is given by P = [ |y 1k dx.

The zero momentum assumption in Definition 2.4 is crucial in order to obtain the
following proposition:

Proposition 2.7 Let k > 2 and s > 0; then we have P, C Hg, and for P € Py, we
have the estimates

P <1PI( max 11 ) 2.8)
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and

vietl |Xp@|y S2kGk =D IPNIly( maxlelp). @9)

.....

Moreover, for z and y in Zi, we have

%P @) = Xp)] < 4kte= D IPI( _max (vl 1215) )12 =yl (2:10)

n=

,,,,,

Therefore, for P € Py and Q € Py, we have {P, Q} € Px1¢—2 and we have the esti-
mate

[{P. Q3| <2kel POl (2.11)
Ifnow P € SPy and Q € SPy, then {P, O} € SPyye—2.

Remark 2.8 The estimate (2.9) is a sort of tame estimate. The same estimate with £ §
replaced by E% is proved in [16] under the assumption of decreasing coefficients of
the polynomial P. Actually the present proof is much simpler.

Proof Assume that P is given by (2.6), and denote by P; the homogeneous compo-
nent of degree i of P, i.e.

Pix)=) ajzj. i=2.....k
JeLi

We have for all z
|P@| < IRzl < 1Pl

The first inequality (2.8) is then a consequence of the fact that

k
1PI=Y_IPil. (2.12)
i=2

Now let j = (a, €) € Z be fixed. The derivative of a given monomial z; =z, - 2;
with respect to z; vanishes except if j C j. Assume for instance that j = j;. Then

the zero momentum condition implies that M (jy, ..., ji—1) = —€a and we can write
| oP; . .
5| = iled > P 1zj, - 2jiy |- (2.13)
j

jeZi-t M(j)=—ca

Now in this formula, for a fixed multi-index j, the zero momentum condition implies
that

.....

1< (il 4+ lil) <G =1° _max Linl”. (2.14)
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Therefore, after summing over a and € we get

[Xp @y <206 =D IP0 D0 max LIzl J2 |
jezi-t T
<2i(i = D IP Izl 2l (2.15)

which yields (2.9) after summing overi =2, ..., k.
Now for z and y in ¢ i, we have, with the previous notation,

| P P,
|J|A‘gf(z)—§’_<y)‘ Zw/o 7 8 —(ry+ (1 = 0z) dt|lzg — g
*J J 2q

But we have for fixed j = (¢,a) and ¢ = (6, b) in Z, and for all u € Z},

)| <illP] > 1y s -

JEZi=2, M(j)=—ca—8b

aZjan
In the previous sum, we necessarily have M(j, j, k) = 0, and hence as before
1< (il + il +1g1)” < G = D%l [T linl®

Letu(t) =ty + (1 —t)z; we have for all ¢ € [0, 1] with the previous estimates

L ap
,/08 o (u(n)) dr

1
Ei(i—l)s|CI|S||Pi||/ Z Ll [ug @] 1ol |, (0] de.

0 JE€Zi-2 M(j)=—ea—5b

L’

Multiplying by (z4 — y,) and summing over k and j, we obtain

1
o i—2
1Zp,(2) = Xp (V)| 1 <4iG = DI P; ||</ |lu@) |, dt) Iz =yl
s 0 s
Hence we obtain the result after summing over i, using the fact that
[y + A =0z ,y < max(yllgy. llzley).

Assume now that P and Q are homogeneous polynomials of degrees k and ¢,
respectively, and with coefficients ag, k € Ty and by, £ € Z,. It is clear that { P, Q} isa
monomial of degree k + ¢ — 2 satisfying the zero momentum condition. Furthermore,
writing

P.OY)= Y ¢jzj,

J€Zkve—2
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c; is expressed as a sum of coefficients agbg for which there exists an a € N and
€ € {£1} such that

(a,e)CkeI; and (a,—e)Clely,

and such that if for instance (a,€) = k1 and (a, —€) = £, we necessarily have
(k2 ..., kg, €2,...,£¢) = j. Hence for a given j, the zero momentum condition on
k and on £ determines the value of €a, which in turn determines the value of (¢, a)
when A = N? and determines two possible values of (¢, a) when N = Z2.

This proves (2.11) for monomials. If

k 12
P=)"P; and Q=) 0.
i=2

j=2
where P; and Q; are homogeneous polynomials of degree i and j, respectively, then

we have
k402

(P.OY= > > (PO}

n=2 i+j—2=n

Hence by definition of || P|| (see (2.7)) and the fact that all the polynomials {P;, O ;}
in the sum are homogeneous of degree i + j — 2, we have by the previous calculations

k+€-2

P o= > | > {P.Qj}
n=2 i+j—2=n
k+0-2

<2 ) > djlRlel

n=2 i+j—2=n
k 14
< m(z ||P,»||) (Zquu) =2ke| Pl Qll,
i=2 j=2

where we used (2.12) for the last equality.
The last assertion, as well as the fact that the Poisson bracket of two real Hamilto-
nian is real, follow immediately from the definition of the Poisson bracket. O

With the previous notation, we consider the following Hamiltonian functions:

H(z)=Ho(x) + PR) =Y wala(z) + P(2). (2.16)
aeN

where for all a € N, I,(z) = &,n, are the actions and w, € R are the associated
frequencies. We assume

YaeN, |wi <Cla|™ (2.17)
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for some constants C > 0 and m > 0. The Hamiltonian system (2.3) then reads

{éaz—iwasa—i%@,n), aeN, o18)
Na =iwana +igE € m),  aeN. '
2.2 Examples
2.2.1 Nonlinear Schrodinger Equation
We first consider nonlinear Schrodinger equations of the form

0y =AY +dg(W, ¥), xeT (2.19)

where g : C*> — C is a polynomial of order ry. We assume that g(z, 7) € R, and that
2(z,7) = O(|z]?) is a polynomial with a zero of order at least 3 at the origin. The
corresponding Hamiltonian functional is given by

H, &)=Ad(|vw|2+g(w, V) dx.

Let ¢, (x) = e, g € Z¢ be the Fourier basis on L?(T¢). With the notation

dJ2

1 dj2 _ 1 _
wz(g) > &agpa(x) and w=(§> > Naa(x),

aeZd aeZd

the Hamiltonian associated with (2.19) can (formally) be written

ro
HE =Y @abatla+ Y PabbayEayby b, - (2:20)

aeZd r=3 a,b

Here w, = |a|? satisfying (2.17) with m = 2 are the eigenvalues of the Laplace
operator —A. As previously seen in Examples 2.1, 2.2, 2.6, the nonlinearity P =
de g(¥(x), ¢(x))dx is real, satisfies the zero momentum condition and belongs to
H, (as g is polynomial).

In this situation, working in the space £! for £ corresponds to working in a sub-
space of bounded functions ¥ (x). Similarly the control of the ¢! norm of & for s > 0
leads to a control of ||V || peo.

2.2.2 Nonlinear Wave Equation

As a second concrete example we consider a 1-d nonlinear wave equation
up —uxxy =8w), xe€(0,m),1eR, (2.21)

with Dirichlet boundary condition: u(0, ¢t) = u(r,t) = 0 for any ¢. We assume that
g : R — R is polynomial of order ryp — 1 with a zero of order two at u = 0. Defining
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u v
o (v> - <uxx +g(’/‘)> '

Furthermore, let H : H(0, 7) x L2(O, ) — R be defined by

v =uy, (2.21) reads

(374342 +0w)
H(u,v):/ —v°+ —uy +G(u) | dx, (2.22)
sl 2 2

where G such that 9,G = —g is a polynomial of degree ro; then (2.21) can be ex-
pressed as a Hamiltonian system

9 u\ (0 1 —uyy + 0,G
"\wv) " \=1 0 v
= JVyyH(u,v), (2.23)

where J = (_Ol 01) represents the symplectic structure and where V,, , = (*) with

V, and V, denoting the L? gradient with respect to u and v, respectively.
Let —Ap be the Laplace operator with Dirichlet boundary conditions. Let A =
(—Ap)Y/?. We introduce the variables (p, ¢) given by

q::Al/zu and p:=A*1/2v.

Then, on H*(0, ) x H*(0, ) with s > 1/2, the Hamiltonian (2.22) takes the form
Hy + P with

1
Ho(q, p) = 5(<Ap, P2+ (Aq.q)2) (2.24)
and
P(q,p)zf G(A™%g)dx. (2.25)
Sl

In this context N' = N\ {0}, w; = a, a € N are the eigenvalues of A and ¢, = sinax,
a € N, the associated eigenfunctions.
Substituting the decompositions

q(¥) =) qapa(x) and p(x) =" patpa(x)
aeN aeN

into the Hamiltonian functional, we see that it takes the form

2 2
szwaL;q“+p’

where P is a function of the variables ¢,. Using the complex coordinates

1 . 1 .
&, = E(Qu +ip,) and 1, = E(Qa —1ipa)
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the Hamiltonian function can be written in the form (2.20) with a nonlinearity de-
pending on G. In this case, the space ¢! for z = (£, 1)) corresponds to functions u (x)
such that the Fourier transform #(a) = % fon u(x) sin(ax) dx satisfies (au(a)) en €
' (W) and (a~'%(a))gep € £1(N). This implies in particular a control of u(x) and
dyu(x) in L®(0, r). More generally, with a z in some E% space, s € N, there is asso-
ciated a function u(x) such that afu(x) e L>®, ) fork=0,...,5s + 1.

2.3 Splitting Schemes

The standard Lie—Trotter splitting methods for the PDE associated with the Hamil-
tonian Hp + P consists in replacing the flow generated by H during the time % (the
small time step) by the composition of the flows generated by Hy and P during the
same time, namely

®f od} and Do d} .

As explained in the introduction, it turns out that it is convenient to consider more
general splitting methods including in particular a regularization in the high modes of
the linear part. Thus we replace the operator 4 Hy by a more general Hamiltonian Ag.
Precisely, let a, (x) be a real function, depending on the stepsize #, satisfying o, (0) =
0 and o, (x) ~ x for small x. We define the diagonal operator A by the relation

Vi=(a,8)€Z, Aozj=70dap(hwy)z;. (2.26)
For a € N, we set A, = a, (hw,). We consider the splitting methods
Phody and P, odp, (2.27)

where @ﬁ’, is the exact flow associated with the Hamiltonian P, and where & }‘0 is
defined by the relation

Vi=(@deZ (P),();=exp(idra)z;.

We will mainly consider the cases listed in the Table 1 below.

Table 1 Splitting schemes

Method ap(x)
Splitting ap(x)=x
Splitting + CFL op(x) =xLy<c(x)
Mid-split ap (x) = 2arctan(x/2)
Mid-split + CFL ap(x) =2arctan(x/2) 1y < (x)
New scheme (I) ap(x) = hb arctan(h_ﬁx)
_ x+x2/hﬁ
New scheme (IT) ap(x) = Toa/ B x2 /128

@ Springer



Found Comput Math (2011) 11:381-415 395

Let us comment on these choices. The “mid-split” cases correspond to the approx-
imation of the system

éa =—iw.&,, aelN,
Na = iWaNa, aeN,

by the midpoint rule [1, 28]. Starting from a given point (53, ng) we have by definition
for the first equation

g; - <%)§3 = exp(—Zi arctan(ha)a/Z))E(?

which is the solution at time 1 of the system

£, = —i2arctan(hwy /2)E,, a €N,
Na = i2arctan(hwg /2)n., a €N.

Thus in this case the Hamiltonian Ag is given by

Ao(&,m) =Y 2arctan(hwa/2)éaMa-
acZ

Note that using the relation

3
_ P

=73 (2.28)

VyeR, |arctan(y) - y|
we obtain, for all a € NV,
| exp(—ihw,) — exp(—2iarctan(hw, /2))| < Ch3w}
for some constant C independent of a. Using the bound (2.17), we get for all z,
|, (@) = @4, @ 12 < CP 1zl gy
More generally, we have the following approximation result:
Lemma 2.9 Assume that the function oy, (x) satisfies
Vx>0, |op(x)—x|<Ch 7x" (2.29)
for some constants C > 0,0 >0 and y > 2. Then we have
|24, @ — 4 (@] 2 < CR 7 izl v (2.30)
Proof For a given a € N, we have

|on (how) — hoo| < CRY ).
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Hence owing to the fact that [¢* — e¢!¥| < |x — y| for real x and y, we obtain
| exp(—ihw,) — exp(—ias (hwg)| < ChY ~w},
and this yields the result. g

Commentary 2.10 Under the assumption that P acts on sufficiently high index
Sobolev spaces H*, the previous result can be combined with standard convergence
analysis to show that the splitting methods (2.27) yield consistent approximation of
the exact solution CDZ provided the initial solution is smooth enough (depending
on m). The condition y — o = 2 guarantees a local order 2 in (2.30) that will be of
the same order of the error made by the splitting decomposition after one step. Such
a local error propagates to a global error of order 1, which means that for a give fi-
nite time T, the error with the exact solution after » iteration with nh = T will be of
order n x h* >~ h up to constants depending on T, and under the assumption that the
numerical solution remains smooth. To give more precise results would be out of the
scope of this paper, and we refer to [25] for the case of NLS.

Let us consider the function
ap(x) = hP arctan(hPx) (2.31)

for 1 > B > 0. It satisfies (2.29) with C = 1/3, 0 =28 and y = 3 (see (2.28)). Hence
for g = 1/2, the estimate (2.30) shows a local error of order y — o = 2, and hence
the splitting schemes (2.27) remains of local order 2 (though with more smoothness
required than with the midpoint approximation) which means that the error made after
one step is of order 4%. Of course, when g = 1, the approximation is not consistent
(local error of order 1).

The second example

) x +x%/nP (2.32)
ap(x) = .
g 1+ x/hP +x2/ 1P
exhibits similar properties. Note that the simple choice
()= — (2.33)
ap(x) = ——— .
h 1+x/hP

ensures only a local error of order h2-P (y =2 and o = B in (2.30)). Hence the
corresponding splitting schemes (2.27) are of global order 1 — B (hence 1/2 in the
case where 8 =1/2).

All these “new” schemes have the particularity that o, (x) >~ x when x is small, but
when x — 0o, we have aj,(x) >~ h?. Their use thus leads to a stronger regularization
effect in the high modes than the midpoint approximation, without breaking the order
of approximation for smooth functions. We will see in Sects. 3 and 4 that this property
allows us to construct a modified equation over exponentially long times for all these
schemes.
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Note that, in practice, the implementation of the schemes associated with the filter
functions (2.31) or (2.32) a priori requires the knowledge of a spectral decomposition
of Hy. This will be the case for NLS on the torus, or NLW with Dirichlet boundary
conditions, where the switch from the x-space (to calculate @ﬁ‘,) to the Fourier space
(to calculate @AO) can be easily implemented using the fast Fourier transform.

3 Recursive Equations

In this section we explain the strategy in order to prove the existence of a modified
energy. We will see that it leads us to solve by induction a sort of homological equa-
tion in the spirit of normal form theory (see for instance [16]). For simplicity, we
consider only the splitting method @ 1’,’, o /1{0. The second Lie splitting @/1{0 o @2 can
be treated similarly.

We look for a real Hamiltonian function Z(t, &, n) such that for all # < h we have

Phody =Dy, @3.1)

and such that Z(0) = Ap.

For a given Hamiltonian K € H, we denote by Lk the Lie differential operator
associated with the Hamiltonian vector field X : for a given function g acting on £!,
s > 0, and taking values on C or Z%, we have

d
Lr()= ) (Xk)j5
jeZ 2

Denoting by z(t) the flow generated by X starting from z € £, i.e. z(t) = DL (2),
we have (if K is in H)

0@ =ck11(z(0), forallk eN,

where I defines the identity vector field: /(z); = z;. Thus we can write, at least
formally,

@) =exp(Li)II]. (3.2)
Differentiating the exponential map we calculate as in [19, Sect. II1.4.1]

d¢>1 =X o)
drZo T 01 ° %z

where the differential operator associated with Q(¢) is given by
1
Lon=Y ———Ady (Lzn)
] 13
= (k+1)! Zm
with
Adg,(Lr)=1[La, LH]

being the commutator of two vector fields.
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As the vector fields are Hamiltonian, we have
[La, Lul= LA H)s
where
adg (G) ={K, G}.

Hence we obtain the formal series equation for Q:
1
Q) =) ———ady, Z'(), (3.3)
!
= (k+1)!

where Z'(t) denotes the derivative with respect to ¢ of the Hamiltonian function Z ().
Therefore taking the derivative of (3.1), we obtain

Xpo®hod®) =Xgu oPy,

and hence the equation to be satisfied by Z(¢) reads

1
Z o 1)|adkz(t)Z (t) = (3.4)

1 -

Notice that the series Y - gmsd = <5

with inverse given by Zkzo %zk where By are the Bernoulli numbers. So formally,
(3.4) is equivalent to the formal series equation (see also [9], Eqn. (3.1))

By
7' =)  —rady, P (3.5)

k>0

Substituting an Ansatz expansion Z(t) = Y ,., t*Z, into this equation, we get
Zo= Ag and forn >0

M+ 1)Zps1 = Z > adz, ---adz, P. (3.6)

k>0 T £y +Al=n

Commentary 3.1 The analysis made to obtain this recursive equation is formal. To
obtain our main result, we will verify that the series we manipulate are in fact con-
vergent series in H uniformly on balls of ¢ sl that contain the different flows involved
in the formulas (see in particular Lemma 4.3 below).

For instance, (3.2) holds true as soon as z(7) remains in a ball B}, :=

{z € 61 | ”Z”el < M} for 0 <t <1, and the series Z k, Nt is uniformly conver-

gent on Bj,. Notice that this in turn implies that ¢ > z(¢) is analytic on the complex
disc of radius 1.

Commentary 3.2 In the case of Strang splitting methods of the form

®"/2 o ) o 2
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we can apply the same strategy and look for a Hamiltonian Z(¢) satisfying, for all
t<h,
1 t/2 1 t/2
<DZ([) =@, o @Ao o Py

and this yields equations similar to (3.6). We do not give the details here, as the
analysis will be very similar.

The key lemma in order to prove that the previous series converge (and thus to jus-
tify the previous formal analysis) is the following one (whose proof is straightforward
calculus):

Lemma 3.3 Assume that
Q@)= Z ajij
JjeZ
is a polynomial. Then
adz,(Q) = Y "iA(j)ajz;.
JjeZ
where for a multi-index j = (ji, ..., jr) with fori =1,...,r, ji = (a;,8;) € N x
{£1}, we denote

AG)=81ha + -+ 82, .

Hence we see that if |A(j)| < 27 we will be able to define at least the first term
Z1 by summing the series in k in the formula (3.6).

4 Analytic Estimates

We assume in this section that o, and  satisfy the following condition: there exist r
and a constant § < 2m such that

Vn<rVjeI, |A()|=<2r-s. 4.1)

Using Lemma 3.3, this condition implies that for any polynomial Q € P,, we have
the estimate

ladz, 0| < @7 — &)l QI (4.2)

as, for homogeneous polynomials, the degree of adz,Q is the same as the degree

of Q.

Theorem 4.1 Let ro > 3. Assume that P € Py, and that the condition (4.1) is fulfilled

=2 .
for some constants § and r. Then forn < N := r’O_Z we can define polynomials Z,, €

Priro—2)+2 satisfying (3.6) up to the order n, and satisfying the estimates || Z1|| < ¢
andfor2<n<N,

1 Zul < c(Cn)"—2 (4.3)
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for some constants c and C depending only on || P||, ro and 8. If, moreover, P € SPy,
then Z,, € SPp(ry—2)42-

Proof Let

1o
P(2) :Z Z ajzj.

=2 jEIg

First we prove the existence of the Z; for k < N. Equation (3.6) for n = 0 reads

Z]:ZF dk

k>0

The previous lemma and the condition (4.1) show that Z; exists and is given by
) . .
1A())
Z) = oA 1Y
2, Z exp(A(j) — 17

Furthermore, we deduce immediately that Z; is real and satisfies || Z1|| < cs|| P| for
some constant cg.

Assume now that the Z; are constructed for 0 < k < n, n > 1 and are such that Z;,
is a polynomial of degree k(ro — 2) + 2. Formally, Z,,4 is defined as a series

1 By,

Zoii= oy By
|
n+1 0 k!

where

Ak = Z adzllmadzsz
L+-+Ll=n

Let us prove that this series converges absolutely. In the previous sum, we separate
the number of indices j for which £; = 0. For them, we can use (4.2). Only for the
other indices, we will use the estimates of Proposition 2.7 by taking into account
that the right-hand side is a sum of terms that are all real polynomials of degree
1+ -+L)(Fo—2)+ro=(n+1)(o—2)+2 < (n+ 1)rg and hence the inequality
of Proposition 2.7 is only used with polynomials of order less than (n + 1)rg. Thus
we write for k > n

lAkll:=1 Y  adg, ---adg, P|
l1+-+L=n
k! 2m — 8)k—i Iy
_Z T Yoo DTN Ze G Ze | P

- tli=n]E; >0

n
<S@r=8 Y Y DT Ze |- Gl Zg P
i=1£1+-+L;=n|;>0

and thus ) , = Be Ap converges and Z,, 1 is well definedupton + 1 < N.
k>0 %!
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Further, as the right-hand side of (3.6) is a sum of terms that are all real polynomi-
als of degree (n + 1)(ro —2) +2, Z,+1 is a polynomial of degree (n + 1) (ro —2) + 2.

Now we have to prove the estimate (4.2). Following the previous calculation we
get

“ B . .
n+DIZeal Y Y Zﬁ@ﬂ—&kﬂ(la—kl)’_lzl;ﬁ’

i=1 £y +4-4Li=n|€;>0 k>i
XL Ze Nl - CillZe; N1 Pl

On the other hand, the entire series f(z) :=) ;. %zk defines an analytic function

on the disc |z| < 27r. Thus its ith derivative ) ;. %zk_" also defines an analytic
function on the same disc and, by Cauchy estimates, there exists a constant Cs =
SUP|;| <27 —5/2 | f(x)] such that

> B (271—8)k_i<Ci'<%)i
k —i)! == \s )

k>i

We then define forn > 1
Sn = nroll Zyll.

These numbers satisfy the estimates, for n > 0,
n .
Gnp1 <89rocsl| P+ Corol PIY S Y. (D (487 o) duy -ty
i=101++L;=nl;>0
Letus fix N > 1. We have forn =0,..., N

457 ro(N 4+ D
<487 rg(N 4 1)8%rocs | Pl

n
+ G487 IPIY > (N D (5 ) Gy e
i=1L;++Li=n|l;>0

Let B, j =0, ..., N be the sequence satisfying

n
Br1=80CI+Cry > BBy 4.4)
i=1 6 ++L=n|t;>0
where
Ci=4(N+Drics Y P| and Cy= %rgnpn.
By induction, we see that foralln =0, ..., N,

4rg
(N + 1)791 = lgn-
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Multiplying (4.4) by "1 and summing over n > 0 we see that the formal series
B(t) =3 -1/ B; satisfies the relation

B) =1Cy +tC2<71 —1,3(1‘) - 1>,

This yields
(1=B®)(B(t) —1C1) =tC2B(1)
or equivalently
B0 — Bt)(1+1(C1 — C2)) +1Cy =0.
The discriminant of this equation is
(141(C1 = C2))* = 41C =1 -2(Cy + Co) +13(Cy — C2)?

and hence, for t < 1/2(Cy + C»), we find, using 8(0) =0,

2B=141(C1 = Cy) = (1=20(C1 + C2) +17(C1 = C)?) %,

We verify that for t <1/2(Cy — C2) we have

28 < >
=5
By analytic estimate, we obtain for all n > 0

BM©0) 3 n
pr="—— =521 - )"

For n = N, this yields
N
By < (CNIP|)
for some constant C depending on ry and §. We deduce the claimed result from the

expression of {y. g
For s > 0, we define
By ={zet;llzlly < M},
and we will use the notation By = B/?/r

Theorem 4.2 Letro > 3,5 > 0and M > 1 be fixed. We assume that P € Py, and that
the condition (4.1) is fulfilled for some constants § and r > ro and we denote by N
the largest integer smaller than - 122. Then there exist constants co and C depending
on rg, s, 8, || P|| and M such that, for all hN < co, there exists a real Hamiltonian

polynomial Hy, € Py (r,—2)+2 such that, for all z € B}, we have

[oh 0@} ) — @ (2) ”4 <Nt cnN. (4.5)
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Moreover, assuming that

0
P(x)= Z Z a;zj
=1 jeI,
for z € By, we have
|Hi(2) — H"(2)| < Ch 4.6)
where

HOA=S L, 0 ana iA(j) _ 47
3@ a§hah(w)sn ;;exp(lA(j)) [z @D

If finally, P € SPy,, then Hy € SPn(ry—2)42-

Proof We define the real Hamiltonian Hy, = Zhh(h)

, Where
N

Zin=> 12,
j=0

and where, for j =0, ..., N, the polynomials Z; are defined in Theorem 4.1. Notice
that N depends on r and thus on % via the condition (4.1).

By definition, Zj (¢)(z) is a polynomial of order N (ro — 2) + 2 < Nrg and using
Theorem 4.1 we get

N
HZh(t)H §cl<1 +Z(Ctj)j_2> <00
j=2

for some constant ¢; depending on § and ||P|. Thus Z;, € Py(y—2)4+2 (and in
SPNo-2)+2 if P € SPyy).
We will use the fact that for all s, there exists a constant ¢ such that, for all j > 1,

J = (es). (4.8)
Now, as for all j, Z; is a polynomial of order j(ro —2) +2 < jro with a zero of order
at least 2 in the origin, we have, using Proposition 2.7 and Theorem 4.1, for z € Bg M

and j > 1

[X2, @ =2eGro™ €™ sup 2l ) = M(2Cesry T ejomyT),

where the constants ¢ and C are given by estimate (4.3). On the other hand we have,
using Lemma 3.3 and (4.1),

X2, |1 <27lizllr <27 M.
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Hence, for ¢ < (4NCcSr(‘§+1c)_l (9M)~"0 we have

N
1Xz,00@ | <27 M +M Y (12Cery ' eNOM)Y0) < @ +1)M < 8M. (4.9)
j=1

Therefore by a classical bootstrap argument, the time 1 flow @ éh (1) Maps Bj, into
B3, provided that 1 < AN Ce,ry T o)~ (OM) ™.

On the other hand, @ }10 is an isometry of E% and hence maps Bj, into itself;
while using again Proposition 2.7, we see that @}, maps B}, into Bj,, as long as
t < @yt PIM0=D)=1 We then define

T =T(N,M,ro,s,8,||Pll)
= min{(4rg I PIMOD) T (AN CeargTle) T oMy} @10)

and we assume in the sequel that 0 <t < T in such a way that all the flows remain in
the ball Bgyy.

Letu(t) = @} 0 dbl‘o (z) — @%h (1(2) and denote by Qj(7) the Hamiltonian defined
by

1
On(t) =Y ———adl, 7, (1.
= k+1)! Zn(®

Lemma 4.3 Fort <T given in (4.10), the Hamiltonian Qy,(t) € Hy and satisfies for
z€ By,

d

1 1
37 22:0@ = X0, © D7, ). @.11)

We postpone the proof of this lemma to the end of this section.
Using this result, as u(0) =0, we get for t < T given in (4.10)

t
Hu(t)”e; =< /0 |Xp(@) 0@y (2)) — XQh<s)(¢’%h(s)(Z))He; ds
t
< [ 1% (@4,012) = Xo,0(@, 0, @)y 8

t
+ [ 1xe(@5 004, 0) = Xp(@4, ) |y 4.
Therefore fort < T

t t
lu)] i < f sup || Xp(2) = X0, (@) | ds + Lp / lu@s)lgds — (4.12)
s 0 z€Byy s 0

where, using (2.10) in Proposition 2.7, we can take
Lp=4ryT | PII(OM)O 2

So it remains to estimate SUP,¢ o), I Xp(z) — XQh([)(Z)”ZSI forze Bopyyandt <T.
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Now by the definition of Qj,(¢) and using Lemma 4.3 we have

o0

By
Z]/’l(t) = Z k! adl%h(t) Qn (1),

k=0

where the right-hand side actually defines a convergent series by the argument used
in the proof of Theorem 4.1. By construction (cf. Sect. 3), we have

o0

B
Z k_,!{ad]%h(t)(Qh(f) — P) — O(Z‘N)

k=0

in the sense of the Hamiltonian in the space H;. Taking the inverse of the series, we
see

Qn(t)—P =) Ky, (4.13)

n>N

where we have the explicit expressions

Ki= > (m+1)Z(k Y S adg,adz, Znsr. (4.14)

L+m=n| m<N Lyt +=LILj <N

Estimates similar to the one in the proof of Theorem 4.1 lead to

¢ k—i)
Qr — 8)\
l 2i
1Kl < ) <m+1>22 n+1 Y S Ty
L+m=n|m<N i=0 k=i
x > N Zey - i | Zee 181 Ze, N1 Zin |
/é1+~~+/é,‘=e|0<lj§N
and hence, after summing over &,
21r21 (n + 1)1
IKal<Cr Y (m+1>2 - -
L+m=n|m<N
x > CNZey N Gl Ze 18N Ze ) Zims |

L1+ +€i=L0<l; <N

for some constant C| depending on §. Using the estimates in Theorem 4.1, we have
forf; >0and £; <N,

GlIZg I <c(CLp)t™ <e(CN)YY!
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Using, moreover, || Zy,+1|l < ¢(CN)™, and as the number of integers £, ..., ¥¢;
strictly positive such that £1 + - - - 4 £; = £ is bounded by 22¢, we obtain

2¢)! 1)
Kl <cCi Y om +1)Z(c)r it D)

l+m=n m<N

X Z (CN)ZI+"'+£i+m—i
L1+ +Li=L0<Ll; <N

z 2i z+1
<cCiCNY Y 2”2(20) (n+ "

L+m=n i=0

Therefore, there exists a constant D depending on rg and || P|| such that
Vn>N |[K,ll <(DN)".

As K, is a polynomial of order at most ron, we deduce from the previous estimate
and Proposition 2.7 that, for z € B; I8

||XKn (Z) ||E§ < 2(nr0)3+1 (DN)H(9M)I’H’O < (2C FO+IDN(9M)rO)

where the constant ¢ is defined in (4.8). Hence the series ano "Xk, (z) con-
verges for t < (dcyr, SHDN (9M)")~!. Furthermore, again for z € By, and t <
(4cgrv‘H DNOM))™ ! we get, using (4.13) and the previous bound,

[X0,0@ = Xp @y = Y "Xk, @]y = WV + De¥ BN
n>N

for some constant B depending on || P||, s, § and ry.
Let us set

co(M, ro, 8,5, IIP|l) := min{ (45t [ | PIMOOD) " (4Ceorste) ™ oMy,

(4csr ' DOM)Y) ™ }

Fort <co(M,ro,8,s, ||P|)N"L, inserting the last estimate in (4.12) we get

t
Juo) ]y < BWY + Lo [ o] s

and this leads to

Ju@,y <" (BN)Y

for some constant B depending on rg, &, s, | P|| and M. This implies (4.5) defining
Hy = Zy(h)/h for h < co(M, ro, 8, s, | PI)N .
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The second assertion of the theorem is just a calculus defining

Using the previous bounds and the first inequality in Proposition 2.7, we then calcu-
late that for z € By,

N
|Hu@) = B @y < D0 1Zi @l
j=2

N
<heM? Y " hi=2(CjM™)I 2

j=2
N ooy
< heM?0 J <2hM?0
= hedt™ ) (2N> B
j=2
by definition of c¢o(M, ro, 8, s, || P|]). O

Proof of Lemma 4.3 With the previous notations, we have

On() =) 1"Ky,

n>0

where K, is given by (4.14) and the bounds obtained show that Qj(¢)(z) and
X0, (z) are well defined on Bgy. Now let us consider the flow q)]zh (r)- AAs pre-
viously mentioned, it acts from Bj,l to Bg - Now we can write formally

1
®2,0@ = 5 Lno)
k>0 "

=Zf"2% Y Lz, 0 0Lz, ()

n>0 k>0 Li4--+Lly=n|l{; <N

=31, (2). (4.15)

n>0

We are going to show that this series converges uniformly for z € Bj, andt < T.

Let K be a fixed polynomial of degree k, and G(z) = (G;(z))jez a function
acting on £!, and taking values in £!, such that the entries G (z) are all polynomials
of degree £. By definition, we have

(Lk 0G)j =) (XK)i

ieZ

G
L ={K.Gj).

0z;
Now using the relation (2.11) of Proposition 2.7, we see that (Lg o G); is a polyno-

mial of degree k + £ — 2 and of norm smaller that 2k£| K || |G ||. Now if K = Z,
this bound can be refined in [|(Lz, 0 G) ;|| < 27 — 8)||G || using (4.2).
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For a given z € B, the jth component of 'CZzl 0-:+0 EZQ (I)(z) is a polynomial
of order n(rg — 2) + 2 and involves terms of momentum M (j) = —ea if j = (a, €)
(see (2.13)). Hence summing over j, and separating as before the indices m for which
£,, = 0 in the sum, we obtain for a given n and z € B3,

” lI/n (Z) ng < Z(nrO)S"rlMi’()n

. 2 — )k~ :
x2.0. X %(M&)’elnzeln-~-zi||zz,.||

i=1 k>i £y++=n|ly<N

and we conclude as before that this series is convergent for # < T given in (4.10) with
K depending on g, M, || P||, s and §.

Now writing down the same argument for the series (in k > 0 and ", n > 0)
deﬁning d%(béh ) and X On() © cbéh (> We see that this series is again convergent,
which justifies the relation (4.11). O

5 Applications

In this section we analyze the consequences of the analytic estimates obtained in the
previous section. We first show that, for the “new schemes” in Table 1, we obtain
exponential estimates. We then show that for general splitting schemes, we obtain
results under an additional CFL condition.

5.1 Exponential Estimates

We consider the following splitting scheme <Dﬁ o® }‘O where the operator A is asso-
ciated with a function oy, (x) (see (2.26)) satisfying

VxeR |ap(x)| < yhf (5.1)

for some B € (0,1) and some y > 0. Examples of such methods, preserving the
global order 1 approximation property for smooth functions, are given in Table 1. For
such a scheme, we obtain an exponentially close modified energy.

Theorem 5.1 Letrg >3 s > 0and M > 1 be fixed. Assume that P € P,, and that oy,
satisfies the condition (5.1) for some constants y and B. Then there exists a constant
ho depending on ro, | P||, s, M and y such that for all h < hg, there exists a real
polynomial Hamiltonian Hy, such that, for all z € B;,, we have

[ @5 0 @4, @) — D, @)1 < hexp(—(ho/ )F). (5.2)

Proof The hypothesis (5.1) implies that the eigenvalues A, of the operator Ao are
bounded by yh#. Hence for a multi-index j = (ji, ..., j,) we have

|A()| < ryh?
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and the condition |A(j)| < 7 will be satisfied as long as r < (r/y)h~P. Taking
r1 such that r| < (n/y)h_ﬁ < ry + 1 and defining N = (r; — 1)/(ro — 1), we get
bih=# < N < byh=P for some positive constants by and by, depending on y and ryp.
Now the estimate (4.5) in Theorem 4.2 for this N yields

[0k 0@}, @) — @, @], <V HCNY <h(Choh!=F)Y,

as long as AN < ¢g. Thus defining ho = min{(cobl_l)l/(l_ﬁ), (eChy)~1/(1=P) b}/ﬂ},
we have for 0 < h < hy

|@h 0@}, — @, @],y <he™ < he " < hexp(—(ho/W)P). O

The dynamical consequences for the associated numerical scheme are given in the
following corollaries. We first assume that the numerical solution remains a priori in
¢! only over an arbitrarily long time.

Corollary 5.2 Under the hypothesis of the previous Theorem, let 70 = (€0, &0) € ¢!
and the sequence 7" be defined by

' =dhody "), n>0. (5.3)

Assume that, for all n, the numerical solution 7" remains in a ball By of €' for a
given M > 0. Then there exist constants ho and c such that for all h < hg, there exists
a polynomial Hamiltonian Hy, such that

H(") = Hi(=0) + Ofexp(—ch))
fornh < exp(chfﬁ). Moreover, with the Hamiltonian H,El) defined in (4.7) we have
H"(2") = H" (%) + Oh) (5.4)
over exponentially long times nh < exp(ch™P).

This means that the modified energy remains exponentially close to its initial value
during exponentially long times. Or more practically (since H,El) is explicit) the first
modified energy is almost conserved during exponentially long times.

Proof As all the Hamiltonian functions considered are real, we have for all n, 7" =
(&", &™), i.e. 7" is real. Hence for all n, H,(z") € R. Note, moreover, that we can
always assume that M > 1.

We use the notations of the previous theorems and we notice that Hy(z) is a con-
served quantity by the flow generated by Hj,. Therefore, we have

Hy, (Zn+1) — Hy, (Zn) = Hy (djl}‘l’ °© ¢z]40 (Zn)) — Hy (¢I;Ih (Zn))
and hence

[ Hi (1) = Ha ()] < (Z:ggw [VEL@) | )| @5 0 @), (") = @, (") -
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Now using (4.9) and (5.2) we obtain for all n
|Hy, (2"T") — Hy(2")| < 4 M exp(—(ho/ 1))

and hence
|Hp(z") — Hy(2°)| < (nh) exp(—2ch™P)

for some constant ¢, provided A is small enough. This implies the result. The second
estimate is then a clear consequence of (4.6). O

The preservation of the Hamiltonian H,il) over a long time induces, for 7" =
", n"),
1
> enhodgn;
aeN

to be bounded over a long time, provided z° is smooth. For the functions o, given in
Table 1, this yields H m/2 hounds for low modes, while the L2 norm of high modes
remains small (see [9, Corollary 2.4] for similar results in the linear case). We detail
here the result in the specific situation where «y, (x) is given by (1.10).

Corollary 5.3 Letro >3, P € Py, and o, (x) = V/h arctan(x / Vh). We assume that
there exists a constant b > 1 such that

1
YaeN Z|a|m <wy < bla|". (5.5)

Let 7" be the sequence defined by (5.3). We assume that 7° = (€°,&%) € H™/? and
that the sequence 7" remains bounded in £'. Then there exist constants C, o and B
such that

. 2 1 2
2 M= 2 IEl=c
|j|<(1h’1/2”’ |j|20th71/2”7
over exponentially long times nh < exp(ch™#).

Proof The almost conservation of the Hamiltonian H, ff]) (cf. (5.4)) shows that, for all
n such that nh < exp(ch_ﬂ), we have

Z —arctan \/_a)a)|§,’;|2

aeN

< |P}fl)(zo) — P}El) )|+ Z —arctan x/_wa)|$£’2+Ch
aeN

for some constant C, where P;l)(z) is the nonlinear Hamiltonian of (4.7). As 7"

remains bounded in ¢!, we see that |P}fl)(z0) — P}EI) (z"")] is uniformly bounded. Now
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we have for all a

L arctan(\/zwa) < wq

vh

and we deduce, using (5.5),

Z — arctan x/_a)a)|$£‘2 <Clizllgms.
aeN

Hence we have
Z —arctan «/—wa)|§a"|2 <C
aeN
for some constant C depending on M and ||z|| gm/2. We conclude by using

X
x>1 =— arctanx >arctan(l) and x<1 — arctanx > 5

and the bounds (5.5) on w,. O
5.2 Results Under a CFL Condition

We now consider cases where o, does not depend on 4 and thus does not satisfy
(5.1). We focus on schemes such that

ap(x) = B(X)Tx<c(x) (5.6)

i.e. schemes associated with a filter function 8 and a CFL condition with CFL num-
ber c. We mainly have in mind the two applications (see Table 1)

B(x)=x and B(x)=2arctan(x/2)

corresponding to standard and implicit—explicit splitting schemes. Now, for such a
scheme and for all multi-indices j = (ji, ..., jr), we have at most

|AG)| <rBo).

Cr = ,3_1 <277T)7

the condition (4.1) will be satisfied for some § if ¢ < ¢,. Now considering a fixed
order of approximation N, the construction of the modified energy of Theorem 4.2
can be performed up to r = (rg — 2)N + 2. The following result is then an easy
consequence of Theorem 4.2.

Hence if we define

Theorem 5.4 Letro >3, N, s >0 and M > 0 be fixed. Assume that P € Py, and
that oy, is of the form (5.6) for some constants c. Assume that

-1 2 .
c=Fb ((ro—2>N+2)’
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then there exist constants hg and Cy such that for all h < hy, there exists a real
polynomial Hamiltonian Hj, such that, for all 7 € B3, we have

| @5 0 ®4,() = @, @) < CvaV T 5.7

If moreover P € SP;,, and if forall a € N, wq > 0, then the same results holds under
the condition

_ 4

Proof The former part of the theorem is a consequence of the previous estimates.
The latter assertion comes from the fact that all the A, are positive. Hence for a
given r and a given monomial of SP, associated with a symmetric multi-index j =
(ts--sdrp2s k1, oo kpp2) with j; = (a;, +1) and k; = (b;, —1), a; and b; € N, we
have

rB(c
)»(J')=)»a1+"'+/\a,/2—)\b1—"'—)»b,/zim

and this yields the bound (5.8) for r < (ro —2)N + 2. Il

This result implies the preservation of the Hamiltonian over long times of order
k=N, as in Corollary 5.2. Similarly, Corollary 5.3 extends to the case of the mid-split
scheme (i.e. the case §(x) = 2arctan(x/2)) leading to H m/2 control of the frequen-
cies smaller than c,h_l/ ™ over long times of order hN, namely

Sl sc

ljl<crh=1m

for n < h~". As the proof is completely similar, we do not give the details here.
Note, however, that the high frequency cut-off does not give a control of the L?> for
high modes unless considering a fully discrete system where the high modes are by
definition not present (see [11, Chap. 6]).

In Table 2, we give the expression of the CFL constant c in (5.8) required to obtain
a given precision of order 4" +1in the estimate (5.7) in the two cases where B(x) = x
and B(x) = 2arctan(x/2) and in the special case of the cubic nonlinear Schrédinger
equation for which the nonlinearity belongs to SPs. In this situation, we have ro = 4.
The required CFL number c is then calculated using the formula (5.8).

6 Numerical Example

The goal of this last section is to illustrate the link between the features of the nu-
merical integrator (CFL number, use of an implicit solver) and the preservation of the
energy and regularity of the solution. In particular, we show that the preservation of

the regularity of the numerical solution over long times depends on the CFL number
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Table 2 CFL conditions for

cubic NLS RN F Bx)=x B(x) =2arctan(x/2)

n? 3.14 o0

"3 2.10 3.46
nt 1.57 2.00
n 1.27 1.45
no 1.05 1.15
W’ 0.90 0.96
ns 0.80 0.83
o 0.70 0.73
B0 0.63 0.65

or the type of the integrator (explicit, implicit), making in general the a priori mathe-
matical assumption irrelevant that the numerical solution remains smooth over a long
time.

We consider the cubic nonlinear Schrodinger equation

10u(t, x) = — 0y u(t,x) — |u(t,x)|2u(t,x), u(t,x) =u’(x)

set on the real line, x € R. Here, we aim at approximating the particular ground state
solution

ﬁeiz
cosh(x)’

for which long time stability results can be proved (see for instance [6] and the ref-
erences therein). We introduce a large window [—x/L, /L] where L is a small
parameter, and we use a Fourier pseudospectral collocation method (see for instance
[24] and the reference therein). In this scaled situation the CFL number is given by

2
K

cfl =hL2(—) )
2

We take K =256, L =0.11 and 2 = 0.1 (cfl=19.8), h =0.05 (cfl=9.9) and h =
0.01 (cfl = 1.9). As time integrator, we consider splitting schemes of the form (1.6).
We first consider the case where Ag in (1.7) is associated with the eigenvalues A, =
hk*L=2 k=—K/2,..., K /2 — 1 (standard explicit splitting method). In Fig. 1, we
plot the evolution of the discrete approximation of the energy

u(t,x)=

1
H(u,ﬁ):/ }axu(x)yz—z}u(x)‘4dx
R

along the numerical solution, with respect to the time. We see that in the two cases
cfl = 19.8 and cfl = 9.9, there is a serious drift, while in the case cfl = 1.9, we observe
a good preservation of the energy.

In Fig. 2, we plot the absolute value of the numerical solution |u" (x)| at time t =
nh. In the case where cfl = 19.8 we observe a deterioration at time t = 300 where the
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Fig. 1 Evolution of the energy 3
for the Strang splitting with
cfl = 19.8 (blue), 9.9 (red) and 1t
1.9 (green) >
o
[ 1 [ .
c
w
1
_1 1 1 1 1
0 222 444 666 888 1111
Time
15 i T T T .
1t
0.5¢
0 =20 -10 0 10 1‘0 0 =20 -10 0 10 10
X X

Fig.2 |u" (x)| for the Strang splitting with cfl = 19.8 at time = 300 (left) and cfl = 1.9 at time = 10,000
(right)

smoothness of the initial solution seems to be lost. The right figure is obtained with
a CFL number cfl = 1.9 and we observe that the numerical solution is particularly
stable. The profile of the solution is almost the same as for the initial solution. This
picture is drawn at time ¢ = 10,000.

We then repeat the same experiments for implicit-explicit integrator, where
Ag corresponds to the midpoint rule applied to the free Schrodinger equation:
A = 2arctan(hk?L 2 /2) [9]. In this situation, the energy is well preserved, inde-
pendently of the CFL condition, and the shape of the soliton is stable for a very long
time.

Hence we see that for the classical explicit splitting method, the preservation of the
energy relies on the use of a CFL condition, as expected from the analysis developed
in the previous sections. Moreover, we see that we cannot a priori assume that the
solution remains smooth for all time independently of the space discretization. For the
existence and stability of the numerical soliton with the help of the modified energy
constructed in this paper, we refer to a forthcoming paper [4].
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