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1 Introduction

We consider the nonlinear Schrodinger equation
iy = —Au+Vxu+ |ul*u ¢))

with periodic boundary conditions in dimension d > 1, where u = u(x,t), x € T =
R? / 2774, t > 0. The linear potential V =V (x) € L2(T%) acts by convolution on u.
It is assumed to be periodic with real Fourier coefficients.

Such equations have been studied by Bambusi and Grébert [3], Bourgain [4], and
Eliasson and Kuksin [7]. The presence of a convolution potential avoids resonances
among the frequencies (eigenvalues) of the linearized system. Bambusi and Grébert
transformed the equation into a normal form, which allows them to show approximate
conservation of the actions of the linear Schrodinger equation iu; = —Au + V * u
along solutions of (1) over long times in the case of small initial data [3, Theo-
rem 3.25]. Here, instead, we prove such a result using the alternative technique of
modulated Fourier expansions. This technique has the advantage of being transfer-
able to discretizations of the equation. Here we show that the approximate conserva-
tion of actions remains true after a spectral semi-discretization in space. Moreover, we
show that the energy and the momentum of (1) are approximately conserved along so-
lutions of the semi-discretized equation. Similar results for a full discretization of (1)
using in addition a Lie-Trotter splitting in time are shown in a separate paper [8].

The technique of modulated Fourier expansions has been used by Hairer and Lu-
bich [9] to study conservation properties of numerical methods for highly oscillatory
ordinary differential equations, see also [11, Chap. XIII]. Recently, together with
Cohen, they extended this technique to semilinear wave equations [6], their spectral
semi-discretizations in space [10], and full discretizations with trigonometric integra-
tors and the Stormer-Verlet method [5].

In Sect. 2 we state the result of approximate conservation of actions for the so-
lution of (1). For the proof of this result we study a modulated Fourier expansion in
Sect. 3 and conservation properties of this expansion in Sect. 4. In Sects. 5 and 6 we
extend the results to the standard spectral discretization in space of (1) and study the
long-time near-conservation of energy and momentum.

2 Near-Conservation of Actions for the Nonlinear Schrodinger Equation
2.1 Statement of the Result
In this section we formulate our main result for solutions of the nonlinear Schrodinger

equation (1). To motivate this result we first consider the linear Schrédinger equation
iu; = —Au + V % u and note that the actions

1
Ij(u,ﬁ)=§|uj|2 (j ez ()

are exactly conserved along any solution of this equation. Here u ; = F;(u) denotes
the jth Fourier coefficient of a periodic function u = Zj cgd U jel(/ ) where j - x =
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J1x1 + -+ + jaxq. In fact, the linear Schrodinger equation as an equation for the
Fourier coefficients reads i(u ;); = w;u j, where

w;j =i +Fj(v) (jeZ?) (©)

are the frequencies with | j|? = j 12 +---+ jj. The frequencies behave asymptotically
like | /2.

Our main result states that along solutions of the nonlinear equation (1) the ac-
tions (2) are approximately conserved over long times provided that the frequencies
satisfy a nonresonance condition and that the initial data is small. The smallness of
the initial data is measured in the Sobolev norm

1
2
2
”””s:( E || |u | >

jezd

for s > 0. In this definition w; is replaced by 1 in the case of w; = 0. Because of
the asymptotics of the frequencies, the norm ||-|| is equivalent to the Sobolev norm
of H®. The s-norm of the initial data is assumed to be of size ¢ < 1. Equivalent to
the condition of small initial data, we could require a small nonlinearity and initial
data of size 1 in the norm |-||; by replacing (1) by iu; = —Au + V % u + £ |u|’u.
We consider the almost-conservation of actions on time intervals of length e~V for
natural numbers N.

For the precise statement of the nonresonance condition on the frequencies (3) of
the linear part of the equation we introduce the following notation similar to [6]. For a
sequence k = (k;);c7« of integers k; and the sequence @ = (w;); <74 of frequencies (3)
we write

="k, Ikl=)Y k. keo=Yy ko, oM=]]o"
lezd lezd lezd 1e74
)

for o € R. In our analysis we have to divide by k- @ — w ;). We collect pairs (j (K), k)
with small denominator in the set of near-resonant indices

1
Re={0,K:j=jkK,k#(j), [k-@—o;| <e2, |kl <2N +2},

where (j) = (8;1);cz« with Kronecker’s delta, and impose on this set the nonreso-
nance condition

loi*™ 2" 2N+4
Sup - — € < Coe )
(ReR: |~ 2K

for a constant C (independent of ¢) and a given natural number N. Here again and
in the following, whenever the absolute value of the frequencies appears, zero fre-
quencies are replaced by 1. The proof of the following theorem will be the subject of
Sects. 3 and 4.
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Theorem 1 For given N and s > d + 1 there exists gy > 0 such that the following
holds: Under the conditions of small initial data ||u(-,0)||s < & < &9 and of nonreso-
nance (5), the estimate

N

5 forO<t<e~
&

le7d

holds for solutions u(x, t) of (1) with a constant C which depends on Cy, d, N, s,
and V but is independent of € and t.

This theorem slightly refines [3, Theorem 3.26]. We mention that Theorem 1 (and
also Theorem 2 below) can be extended easily to nonlinear Schrédinger equations
with nonlinearities of the form g(|u|?)|u|?u where g is analytic in a neighborhood
of 0 (the constants will then also depend on g).

The proof of Theorem 1 proceeds as follows. A modulated Fourier expansion is
chosen as an ansatz for the solution of (1). The system determining the coefficients of
this expansion (the modulation system) is solved approximatively on a time interval
of length £~! by an iterative procedure described in Sect. 3. Moreover, this system
possesses formal invariants, as is shown in Sect. 4, which are 8% close to the actions
and turn out to be almost-invariants (up to £V*+3) along the approximate solution of
the modulation system. Repeating this procedure on time intervals of length ¢! and
controlling the interfaces between these intervals finally yields the near-conservation
of actions on an interval of length ¢~V For a comparison with the corresponding
result [6] for nonlinear wave equations, we refer the reader to Sect. 7.

2.2 On the Nonresonance Condition

We now show that the nonresonance condition (5) is realistic in the sense that it is
fulfilled for a large set of potentials V. We do this by proving that our nonresonance
condition is implied by the one used by Bambusi and Grébert [3]. They show the
following proposition.

Proposition 1 (Bambusi and Grébert [3, Theorem 3.22]) Fix m > % and R > 0. The

space

vi (141"
R

{V(x): > vjeld

jezd

1
< Eforallj}

endowed with the product probability measure has a subset S of measure 1 such that
for any V € S the following property holds. For any r > 0 there exist y > 0 and
o > 0 such that for any L > 1,

%
|2 o= 3
jezd

for any sequence kK = (k;)icz of integers ki fulfilling 0 # |k| <r + 2 and
2ijislkjl <2 exceptifk = (j) — (1) with | j| = |I].
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We remark that the exception in Bambusi’s and Grébert’s original version of
Proposition 1 covers those k with k; = 0 for |j| < LV%/™ and > 1jj=nkj =0 for

all n > LY*/™ Note however that we can assume « > m as becomes clear from the
proof presented in [3] and is also used there, and hence Proposition 1 as stated above
is indeed implied by [3, Theorem 3.22].

Proposition 2 Fix N. For sufficiently large s, the nonresonance condition (5) holds
forall V € S, where S is the set of Proposition 1, with a constant Cy which depends
onlyon N and V.

Proof We use the notation of Proposition 1.Let V € S, (j,Kk) € R., and k| <r+1.
We write K - w = kjow; + Z\jISL,jaél kjw; with |I| > L and L > 1 minimal. We have
k # (l) since otherwise [ = j(k) = j and k = () contradictory to (j,Kk) € R.. We
also have k # (j) 4+ ({I) — (m)) since otherwise j + (I —m) = j(K) = j, and hence
again k = (j). Hence, k — (j) is not an exception in Proposition 1. This proposi-
tion then yields Z_a <lk-o-—-wj|< 8%. The statement now follows as in the proof
of [6, Lemma 1]. U

Note that the nonresonance condition of Bambusi and Grébert in Proposition 1
requires that all frequencies be nonzero. Our nonresonance condition (5) does not
impose this restriction.

3 Modulated Fourier Expansions

The analysis of the solution of (1) is done by the method of modulated Fourier ex-
pansions. We follow the lines of [6].

Throughout this section we work under the assumptions of Theorem 1. All appear-
ing constants will be denoted by C. The main point is that all these constants do not
depend on ¢ and the time 0 <7 < ¢~ ! however, they may depend on Cyp and N from
the nonresonance condition (5), the dimension d, the regularity parameter s, and the
potential V.

3.1 The Modulation System

We are looking for a function #(x, ) which approximates the solution u(x, t) of (1)
by a modulated Fourier expansion

ﬂ(.x, t): Z Zl/((k)(gt)el(./(k)X)efl(kw)l‘ — Z Zk(x,{;‘t)eii(k.w)t (6)
1N Ikll<K

with z%(x, er) = z?(k) (e1)elV 00 We set zK(et) = 0 for I # j (k). In contrast to [6]

the functions z¥

and note that

consist of a single wave. This comes about when we insert (6) in (1)

— k' kK P
Fi(M ) = {Sa%jae iy =i,
0, else
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for k=k' +k* —k since j (k) = j (k') 4 j(k?) — j (k?). If we compare the coeffi-
cients of el K-V e—ik®)t e thyg arrive at the modulation system

isz";(k) + (k- w)Zl;(k) =w j(k)Zl;(k) + Z Fix) (zk s ) (7a)
k! +k2—k3=k

Here, we denote by z¥ i) the derivative with respect to T = ef. We choose K = 2N +2
and tacitly assume here and in the following that || k|| < K unless stated otherwise.
Requiring (-, 0) = u(-, 0) further yields

> K 0) =u;(0). (7b)
k

3.2 Results on the Modulation Functions
We will construct an approximate solution of the modulation system (7) for 0 < et =

7 < 1. For measuring the size of functions z = (z¥) = (Zl;(k)ei(j ®)-2)), we use the
norm

llzlls =

2t

k

L-(zer(z))

jezd

where

i) =) |vjleld

jezd
for a periodic function v(x) =374 v; el/"*) This norm yields a mixture between

the [%-based framework of [6] and a more handy / !_based framework. We use the
notation - for the scaling

s _ (2k _ 2s—d—1 K|k
2= (&)= (lo™ 5,
and prove the following proposition for the approximate solution.

Proposition 3 Under the conditions of Theorem 1, there exists a function

ux,t) = Z Z?(k)(at)e‘(j(k)'x)e—l(k"*’)’
Ik[<2N+2

for x € T and 0 < et < 1 satisfying
JuG, 6y —ac. 0, <ceVt2 (9a)

Moreover, the following estimates hold:
e i is small,

lac.0)|, <Ce. (9b)
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o zis small,

. A ; i)2
K =0 for(ja).k) €Re,  allap <Co Y lojl'lzf[ = €6,
jezd

D ol <Z|Z |> <Cce’, Y lojl d?(Z] ) <Cé.

jezd jezd
(9¢)
e z is a solution of (7a) up to a small defect d = e + f with e;‘ =0 for j # j(K) or

(j:K) € Re and ¥ =0for (j,k) & Re,
llelly < Ce¥*, 0 léllag < CeN (9d)

All constants are independent of ¢ and 0 <t < e~ ! but may depend on Co, d, N, s,
and V.

The proof of this proposition will cover the remaining part of this section except
Sect. 3.9. At a first reading it might be useful to skip this highly technical part.

3.3 Iterative Solution of the Modulation System

The pairs (j, (j)) play a special role since K - @ — w; = 0 for k = (;j). We therefore
collect those pairs (j (k), k) which are not of this form and are not near-resonant in
the set

Se={0.K):j=j®) . k#(j), (/K &R, |kl < K}.

The solution of the modulation system (7) is determined up to a small defect by
an iterative procedure as in [6]. We start by setting

[Z§j>]o =u;(0) and [Zl;<k>]0 =0 fork#(j(k)

forO0<et=t<1.Forn>0and 0<er =1 <1 we set, motivated by isolating the
dominant terms in (7a),

n
[ = ﬁ[—iez% oo FEME zk3):| for (j.k) € S,
/ Kl +I2 —k3 =k
[ZY)]H-H i8_l|: Z F, (Zklzkzzk3):|n7
k! +k2—K3=(j)
n
[/ @] =u;0 - [}:zﬁm},
k#(j)

[ =0 for (j.K) € R..
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The notation [-]” means that the nth iterates of the variables within the brackets are
taken. In each iteration step we have initial value problems for z( /) and algebraic

equations for the other z¥ i We stop the iteration after L = 2N +2 steps. The functions
of Proposition 3 will be z = [z]*.

3.4 Abstract Formulation of the Iteration

We set

1 |
(kg = | MG UK+ D. 2. kA (),
UK+ =1, k=(j).

We split and scale the variables as follows:

LUV % S P 0 Kk =
N Clas (J), and =" (])
0, k;é(]) J 8_[[ ]]Z‘, k

and write a = (a¥)k = (a}‘(k)ei(j K-y b= 0Ky = (bz?(k)ei(j(k)'x))k, andc=a+Db.
‘We further define

1
&2 c?, else

@0k — {(k-w —a)j)c];, (j,k) €S,

and

k _ _—max([[k]],2) (K ] K K 3
P = > Fe )
k! +k2—k3=k

The iteration in the rescaled variables becomes

[P = [—ie(27'D)"]" + [(@'F©)}]" for (k) €.,

[ §1>]n+1 i[F(c)ﬁ»j)]", [a§j>(0)]n+1 =8_1uj(0) _ |: Z 8[[k]]—1b;g(0):| .
k£ (j
(10)

. . ~ 2s—d—1 ~
We also use a second rescaling of the variables, a? = |lw 4 |l“||a}‘, b']i‘ =
2 d_l\k| k A ~ N .
| |bj,andc=a+b.W1th

AL _ 2s—d—1
F(c)l;=8 maX([[k]],Z)’w 7 |k|‘

2 3 _ 2s—d—1 1 2 31 | Akl AK2 T
X3 (R IR = B OR  k!

k! +k2—k3=k
the iteration for b becomes

[P = [—ie(@'B)S]" +[(2F@)S]" for (k) €S
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3.5 Estimating the Nonlinearity

The following lemma is crucial for estimations of the nonlinearity. It reflects the fact
that for s > % the Sobolev space H* is an algebra.

Lemma 1 We have for s > %

Ivlls < Clivlls,  llvwlls < Clivlislwlls,  and

>_{etd') 2ot 22t

k,1 k 1

<c (1)

N N N

with a constant C which depends on d, s, and V but is independent of €.

Proof The first inequality is clear from the asymptotics of the frequencies. Using the
Cauchy—Schwarz inequality we get

2
2
low]? < Z|w,-|5< > |Uk||wl|>

jezd ketl=j
)
SU 20 s 2 ;]
< Z( > ol foePlor|* [wi] )( > m)
jezd k+l=j k=) |k

The term ), ; % can be bounded independently of j by C 3 _xc74
where C depends on V. We replace the Euclidean norm || in the latter series by the
equivalent 1-norm |k|; = |k1| + - - - + |kg| (the constant then will also depend on d).
By counting the vectors k € Z¢ with 1-norm equal to a given number n, we see that
this series converges for 2s > d, cf. [2, Proof of Theorem 4 in Sect. 24]. This gives

the second estimate of (11). For the third estimate we just notice that

1
|k|2x ’

(] = Siest (i)
SO ZH7))

=2 {c"Hd')

k1

s 0

The second estimate of Lemma 1 is well known, see for example [1, Theorem
5.23]. The proof presented here does not make use of the Sobolev embedding theorem
as in [1]. However, the proof presented here is in essence well known.
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Now, we can study the nonlinearity.

Lemma 2 We have

2 "¢|l, <& 2llell,, (12a)
IF@][, < Celieli?, (12b)
[F@©) —F@® ||, < Celic — &ll, max(liell,, IEll,) (12¢)

with a constant C which depends on d, s, and V but is independent of €. The same
estimates hold for ¢, ¢, F, and || - || ax1 instead of ¢, ¢, F, and ||| - ||, respectively.
2

Proof The estimate (12a) follows from the definition of the set R, of near-resonant
indices. For the proof of (12b) we first note that for k! + k> — k3 =k

[[k']]+ [[2]] + [[K°]] = max (1K1, 2) + 1 (13)

since [[k']] + [[k*]] + [[K*1] > (K[| + [1K2]| + k3] +3) > S(Ik]| + 1) + 1 and
[[(k'1] + [[k?]] + [[k3]] > 3. Using this estimate we get

(G
2
- Z|w/|s<zg—max( D[S R k%k*))
]EZd k! +k2—Kk3=k
2 2
< &2 Z |(Uj|s( Z 7 (Cklckzck3) ) — g2 Z {Cklckzck3}
jezd k! k2, k3 KRS E

Using (11) from Lemma 1 we obtain (12b). The same calculation is true for ¢, F, and
I - Il replaced by ¢, F, and || - ||| 411, respectively.
2

For the last inequality (12c) we note that

n
ai---an —by---by 222_'i(al +b1)---(aj—1+bj_1)(a; — b))
j=1

X (@jy1--an+bjr1---byp)
(used for n = 3). A calculation as above thus yields the result on ||F(c) — F(¢)]||, and
IF© —F@ll a1 O
3.6 Size of the Iterated Modulation Functions

‘We have

. 2
), = (3 ol 1) <6 fuo, + el b)) I,

jezd
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Using Lemma 2 we getfor0 <ef =t <land £ >0

IOT ), < 21D 0T+ | E(rer) @)

n+1|

s’

s’

llta !l = Nfac)] ™, + sup fiface)]

I 2T < e daer) )

N

where () denotes the £th derivative with respect to T = ef. With

_ () n
“n = E:O,.-I-l,lla-‘f)-(ZL—n Oil;l;] ||| [a (T)] | s’
_ ©) n
P L Mm%, S @]l
this implies forn =0, ..., L — 1, using again Lemma 2 and the smallness of the initial

data, o1 < 1468, + Ce(ap + ,Bn)3 and 8,41 < e%ﬂn + CS% (o + ﬁn)3» where the
constants depend on d, L, n, s, and V but not on . The dependence on n is due
to the estimates of derivatives of F with the product rule. Using o = [|[a(0)]°]l, =
e Nu(0)|y <1and Bo=0we getforn=0,...,L

G <C,  Po<Ce? (14)

with a constant C which depends on d, L, n, s, and V but not on ¢. With
these estimates we now prove the estimate (9b) of Proposition 3 for i = [ii]" =
Zk[zk]Lefi(kw)t’

~n2
I} = lojl*

jezd

= X ot (Sllken)*l) = fiet

jezd k

2

S L] et

k

We now turn to the size of the variables 4 and b in the second rescaling and set

o= 42&??1%-;1 oifl; |||[ﬁ(£)(1)]n|||%’

B, = () n
o=,y max, s (IBO@] o

The relation [|a]| .1 = ||a]l, yields &, = «;,. For ,3,, we get the same estimate as for
2

Bn,and so forn =0,..., L
Gn<C,  Pn=Cez (15)

with a constant C which depends ond, L, n, s, and V but not on ¢. Together with (14)
this yields for z = [z]” the estimates (9c) of Proposition 3.
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3.7 Defect of the Iterated Modulation Functions
After n steps the defect in the modulation system (7a) is (with j = j(k))
n
.« 1 2
[d¥]" = [wz.l; + (k- 0—w)f— Z Fi( ek z"3)} .
Kl K2 k3=

This has to be considered for ||k|| < 3K where we set [zX]* = 0 for ||k|| > K and
all n. We decompose the defect in (7a) as d}-‘ = eb? + fj'-‘ + g? with e'j‘.I =0for (j,k) &

S, and k # (j), f}‘ =0 for (j,k) € R, and g}‘ =0 for |k| < K. The defect in
equation (7b) for the initial condition reads

[d]"]" =u;0) - [Zz"(m]

To estimate f we make use of the nonresonance condition (5). With Lemma 2 and
the estimates (15) we get forn =0, ..., L

el = S (X Il

jezd k:(j k) eR,
2
- T X o)
jezd k:(j,k)ER,
2s—d—1 2
N c@]( o D )
J§/| : k:(j,zk):em o™ K| Lr@3T]
2s—d—1 2
NFOF I s (Lhp ™) <) ao)
T (KeR: \ |~ 4 K|

with a constant which depends on Cy, d, N, n, s, and V but not on ¢. With the same
arguments as in the proof of Lemma 2, we obtain for g using in addition (14)

> AT

K <|k[|<3K §
1 2 3 1 2733
— Z 8[[k]] {8[[k]] Z 8[[k 1+[k“11+[[k ]]Ck Ck ck3}
K<|Kk||<3K k! +k2—Kk3=k s
SCE%(K+2)8=C8N+3 (17)

with a constant which depends on d, N, n, s, and V but not on ¢.
The remainder of this subsection is devoted to the analysis of e,

" @bk —[@vs+h, .k es.,
e = 3
! ie2 ([(Qa)k]" — (@K, k=()).
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‘We have

Sz([b]n _ [b]n+l)]; — _ig([l')]nfl _ [b]n)l]( + (F([C]nil) _ F([c]n))lj(

for (j, k) € S,

(2([2O)]" ~ [a@]™") Y =2 3 M1 ([p0)]" " ~ [BXO)]").
k#(j)

In particular, we have with Lemma 2
l2([a®]" - [a@]" )|, < ef|2@O]"" - BO]"),
As in the analysis of the size of the modulation functions, we set

= ©) nora0 n+1
=, s 1o @) - 0@

|,

1
o= gma,, sw (|20 @] =[O,

By Lemma 2 and (14) we have 1,11 < &t + Ce(y + ) and a1 < €70 +
Ce%(nn + uy) forn=0,..., L — 1. We remark that we gain a factor of e% in each
iteration step, whereas in [6, Sect. 3.11] the variables had to be rescaled once more to
gain a positive power of . The reason is that the nonlinearity in (1) is cubic and not

only quadratic as in [6]. Using (14) we get for the initial values 1y < 8% (g +oap) <

Cs% and po < |||SZ([b(0)]1)|||S < |||F([c(0)]0)|||s < Ce¢. Similar estimates are true for
the second rescaling with

~ A A 1
=, gmaxswp [[R(@0@] - GO,

~ ~ o 1
=, _jmax | sup [|2(O @) - [BO@ e

(Note that 7, = n,,.) We have thus proven that forn =0, ..., L

n+l
2

Nns Mns T, fin < Ce 2 (18)
with a constant C which depends on d, L, n, s, and V but not on . Hence, with
Lemma 2 [|[e]"[l, < Ce"%" and [|[é]"] s < Ce"5", which yields together with (16)

the estimates (9d) of Proposition 3.
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For the defect d in the initial conditions we get using the iteration for [zy ) 0717,
Lemma 2, and (18)

2
@12 = Y leos 1|y = Y [0]"
jezd k
2
=Y lojt'| 3 ([0 - [HO]")
jezd k#(j)
<[l ([e@]" |} = (cem2e™5)? (19)
forn=1,...,L.
3.8 Error

We now turn to the proof of the estimate (9a) of Proposition 3. We write i = [i]" =
Zk[zk]Le_‘(k"")’ and z = [z]X, and estimate the error & — u, where u is the exact
solution of the nonlinear Schrodinger equation (1).

3.8.1 Size of the Solution

We first determine the size of the solution u of (1). This solution satisfies
(uj) =—iwju; —i]:j(|u|2u)
and the variation-of-constants formula yields
uj(r) =e"""u;(0) — /O D (e )P 6)) d,
While ||u(-, )]s <2¢ we have using Lemma 1

t t
Jut0l, = a0l + [ luc0) 200 < Juc 0], + [ 4c26uce 0)], 0.

The Gronwall inequality yields [lu(-, £)|ls < |lu(:, 0)||Se4c2821. So we have for ¢ <
log(2)/(4C?)

lu,Ols <2¢ for0<t<e . (20)
3.8.2 Erroron[0,e71]
In t = 0 we have by (19)
Ja¢.0) —ut. 0 < [[tdr*], < ce¥*? 21

with a constant which depends on d, N, s, and V but not on ¢.
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On [0, e~!] we have
(i —uj) +ioj(i; —uj) +iF;(jil*d — ul*u)

Ikl|<3K

The variation-of-constants formula yields
ujt) —uj)

=e (i1 (0) — u; (0))

t
—/ e O GF (|, 0) [, 0) — [uC, ) u(, 6)) = 8;(-, 6)) do.
0

The integrand is estimated for 0 < r < ¢~! with (16), (17), (18), and
o~ Pl < [ wi], + [ @], + |1+ ul@—w),
< C&?llii —uls

by Lemma 1, (20), and the inequality (9b). We thus obtain
t

lac, 0 —ut 0], < Hﬁ(~,0>—u<-,o>us+/ Ce?||a(,0) —u(-,0)] do +1CeN+

0
with a constant which depends on Cy, d, N, s, and V but not on ¢. Together with (21)
and the Gronwall inequality this yields the estimate (9a) in Proposition 3, completing
the proof of this proposition.
3.9 Interface Between Modulated Fourier Expansions
So far, we have constructed an approximate solution z = [z]* of the modulation sys-
tem (7) for 0 < et < 1. With the same method we can construct an approximate so-

lution Z of the modulation system (7) for 1 < ef <2 taking u(-, &~ 1) as initial value.
Hence, equation (7b) becomes

3K eik@ T —y (671,
k

The following proposition bounds the difference of z(1) and z(1). Recall that Z and 7
are defined by the rescaling of Sect. 3.4.

Proposition 4 Assume ||u(-, ¢~ 1) || < &. Under the conditions of Theorem 1, we have
[ = 21| ags < €2
with constants depending on d, N, s, and V but not on .
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Proof As in the prev1ous sections we use the notation 4, b, a and b cf. Sect. 3.4.
The iteration for a a (1) reads

n
~{j +1 _ —1\ iw e ! 15 Li(kew—wi)e—]
[“,5'”(1)]” —¢ luj(s l)elw_/é‘ _[Z Ik 1b?(1)e i(kw—w))e ] )

k£ (j

This yields
llac) =[],

s<Z|w|

jezd

1

2 S
3 el ([ (1) —bl;(l))ei(")jk'w)sl' )2

k#(j)

5|, _ o eye—]
+ <Z|a)/ s a;j)(l)-f- Z 8[[k]] lb?(l)el(a)j k-w)e

jezd k#(j)

2)%
<s&||[[b]" =bM||, +e " a(,e") —u( e,

In addition we have
(b(1) — [b]"™)5 = (@' 2(b(1) — ()] )k —ie(@! (b1) — [b(1)]"))"
+ (27 (F(e(D) —F([ED]"))s for (j. k) €S,

(3 = [AO]) = () — [a0] ) —i(F(em) - F([&m]").
For

_ 87114]' (871)eiw_,'s’l

P zf mla-‘rX(L n) H‘a(@(l) N [ﬁ(g)(l)]”H s’
= ) NG n
= ., 1P = [POT,
WenOte’OOSO[L+8_1”M(S_1)”SScandgofﬂL§C8%.Forn=0’“_’L_1We

have with Lemma 2, (14), and (9a) p,41 < €&, + Ce~1eN+2 Le 2y, 4 Celpn+£n)

and &,41 < 62 g + Ce28, +Ce2 (py + &), and thus p, &, < CVH 465 +eb)
by (18) with a constant which depends on d, L, n, s, and V but not on . The same
procedure can be done for the second rescaling. This proves the estimates of the
proposition. g

4 Conservation Properties

The modulation system (7a) has invariants close to the actions, as we discuss now.
Let z be the functions of Proposition 3.
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4.1 Almost-Invariants of the Modulation System

Let

1 1 27073 4
U(z) = E 2K 2K K7k
® (27T )é /
Kl k2 13—
The transformation z¥ e‘(k"‘)ezk for real sequences . = (i;);c7¢ and 6 € R leaves

U invariant since the sum is over k! + k? — k3 — k* = 0. Hence, we have

d ik 1 .

0=—
K3 —ki=—k

1 — 1 2753
E — 2(—1) (k- k E KoKk gy
+k(2ﬂ)d/1rd(l)( nz 22 2

Kl k2 —K3=k
. - 1 w2
= —4Re<21(k«u) Z Zl;]:j( Z XK z"g>)
k jezd k! +k2—k3=k

and with (7a) and 2Re(zkezk) =3 Iz k|2 we obtain

d kK |2 : k 4k
0=252<k-ﬂ>lzj<k)| +4Re<2‘(k'“)zj<k>dj<k> :
k

k

Hence,
T (2(- en) = Z(k Wl @0’ (22)

is an almost-invariant of the modulation system (7a). To quantify the term “almost”
we need the following lemma.

Lemma 3 Let z and v = p + q with 2§ = p¥ =0 for j # j (&) or (j, k) € Re and

q =0 for (j,K) € R.. The following estimate holds for s > d + 1 with a constant C
whlch depends onlyond, K, s,and V:

K k k A A
D1l DIkl oo | < Cllllag 1Bl g -
lezd k
In addition we have for q =0

> lorl [Ty (2) = Zyy0)| < Cllz — pll aga 1z + Pl g1 -
lezd

Proof Since z'; =0 for (j, k) € R, we have

ar1 Y ezalkillol’ g
St Mklullfuol = 3 oyl 21

lezd k=(j) or (j,K)€S; wjl

@ Springer



158 Found Comput Math (2010) 10: 141-169

where Sg ={(j, k) : j = j(K),k # (j), (j,K) € Re, k|| < K}. We now bound

k N
sup > rezdlkilloy] . @3

k=(j) or (j.K)ES: |0~ —)‘k|||a) |5

For k = (j) the fraction is 1. Let now (j, k) = (j(k), k) € S;. We have for the nu-
merator in (23) D yalki||eg|® < Clog|*® if L is the index of largest norm [-| with
kr # 0. The constant C depends only on K, s, and V.

For the estimation of the denominator in (23) we consider two cases. For k
with |1<L| > 1 or k, #0 for [ # L with |I| > 7%|L| we have 6~ FDIK| >
Clor|*~ =R |wL| En because s > d + 1 for a constant which depends on d, K, s,
and V. For the other k we have

Zkll = |k L+ Z kil

K—-1 1
>|L| - 7|L| > §|L|,
lezd 1<

k)| =

sz ILI

and hence |w(s’d2j)|k‘ [lw;] =N > Clwyg, |S’d2il || 5" with a constant which depends
ond, s,and V. Thus, (23) is bounded by a constant depending on d, K, s, and V.

The Cauchy-Schwarz inequality now yields the first estimate of the lemma. For
the proof of the second estimate we just remark that

> lorl' [Ty @) = Ly )] < 3 lorl® Z'kl” ST

le7d lezd
K2 _ K2 < 1k _ Kk k o ok
and||zj| |rj| |_|Zj rj||zj+rj|- 0

Using Lemma 3 and Proposition 3 we obtain the following proposition concerning
the conservation of Z;y from (22).

Proposition 5 We have for 0 <t < g !

< C8N+3

z( st))

lezd
with a constant C which depends on Cy, d, N, s, and V but not on € and t.
4.2 Relationship Between Almost-Invariants and Actions

Proposition 6 We have for0 <t <g™!

N

>l |Zoy (2. en) = I(u(. 1), u(- )| < Ce?

le7d

with a constant C which depends on Cy,d, N, s, and V but not on € and t.
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Proof On the one hand we have using Lemma 3 and Proposition 3

> lorl =§§JMVEZM#MV

leZd lezd k#(l)

L w2
EMH—QM” <Ce’

where z';

inequality

> el

lezd

< (IIM —iils + (Dwzr“ (k%u}w)z)é) (nuns - <Z|wlls|z§l>|2>%>

lezd =

is evaluated at ef. On the other hand we have using the Cauchy—Schwarz

2 = 2

since
||uz|2 - |z,<[>|2| < \uz _ Z1<1>e—iwlt||ul n Zl<1>e—iwlz|
< (=l + [ = e ) a + |2

With Proposition 3 this can be bounded by Ce?. This yields the inequality stated in
the proposition. d

4.3 From Short to Long Time Intervals

By now we have proven Theorem 1 on the short time interval [0, ~!]. The extension
to long time intervals [0, &N as stated in the theorem can be done as in [6, Sect. 4.5]:
On intervals [me~!, (m + 1)e~!] for integers m we consider the approximate so-
lution of the modulation system given by Proposition 3 with initial data u (-, me™1).
On each of these intervals we have conservation of Zy, up to e¥+3 by Proposition 5
(by “conservation” we mean conservation in the sense of this lemma and Theorem 1).
The difference of 7y at the interfaces of these intervals is estimated by eN+3 using
the second estimate of Lemma 3 and Propositions 3 and 4. Hence, Zy;) is conserved
up to &* on an interval of length ¢~V which consists of e~V *! intervals of length
¢~ 1. By Proposition 6 this implies the conservation of the actions /; on this interval
up to ¢7 . This lemma also guarantees that the initial data u(-, me ') remains of size ¢
on the considered short intervals for ¢ small enough since ||u ||§ =) o 20 (u, ).
This concludes the proof of Theorem 1.

5 Near-Conservation of Actions, Energy, and Momentum
for the Semi-Discretized Nonlinear Schriodinger Equation

We now consider a spectral semi-discretization in space of the nonlinear Schrodinger
equation (1) and study the actions (2) along solutions of the semi-discretized equa-
tion. Similar results could be obtained for a semi-discretization in space with finite
differences.
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5.1 Spectral Semi-Discretization in Space

The semi-discretization in space is done by a spectral collocation method. As an
ansatz for the solution u# of the nonlinear Schrodinger equation (1) we choose the
trigonometric polynomial

ux =Y q;)elV,
jeM

where M ={-M,...,M — l}d. We require this ansatz to fulfill (1) in the collocation
points

="k keM.
M

With u™ (xi, e = Foumr (g (®)) jem, where F2y denotes the d-dimensional dis-
crete Fourier transform, we arrive at the system of ordinary differential equations

M

.du _ 2
i O Dkem = Fam 5 u™ G, ket + (Ju Go 0 ™ (. 1) o g (24)

where Q = diag((w;);ep) is the diagonal matrix with the frequencies wy, [ € M,
on its diagonal. The initial value is uM (xy, 0)rem = u(xk, 0)rerr. We note that the
semi-discretized system (24) is a finite dimensional complex Hamiltonian system
with Hamiltonian Hyy (u™ (x, Dgepts u™ (s Drern) = Hy (@™, uM),

— l———r _ 1 4
Hyg (M uM) = ZuM (o, 1) pa Fam 2 Fppqu Goe, Okepa + 7 3 Ju Gao)|
keM

1 — 1
= 3@y /[ﬂ,n]d (|VMM|2 + (V *u™)uM + EQ(|MM|4)> dx.
(25)
Here, we use the notation Q(v) for the trigonometric interpolation of a periodic func-
tion v = ZjeZd Vj ell%) in the collocation points, i.e.,

Q) =y (Z vj+2Mz>ei('j'x).
JjeEM Nezd

The semi-discretized equation (24) can be rewritten as

_du™ M M M2 M
IT:_AM +V*u +Q(}u ‘u ) (26)

with initial value

uM(-,0) = Q(u(-, 0)).
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5.2 Statement of the Result

The nonlinear Schrodinger equation (1) is an infinite dimensional complex Hamil-
tonian system with Hamiltonian or total energy

1 1
Hu,il) = —— Vul? + (Vs u)ii + = |ul* ) dx. 27
) = 50— f[_n’ﬂd<| ul + *u>u+2|u|) @7)
Along solutions of (1) this Hamiltonian as well as the momentum
K@u,u) =i ! / uVi—uVu)d (28)
U, i) =1—— uViu —uVu)dx
(27T)d (=%

are exactly conserved. However, they are not exact invariants of the semi-discretized
system (24). We now formulate our main result for this semi-discretized system
which states that energy, momentum, and all actions (2) are approximately conserved
along solutions of the semi-discretized system over long times.

We use notation similar to that of Sect. 2, (4), but now k = (k;);ep and @ =
(wp)1e M are finite sequences and

Jja) ="kl mod2M e M.
leM

Here, mod2M denotes the reduction modulo 2M of each component, where the rep-
resentative is chosen in M. The set of near-resonant indices now consists of pairs
(j (k), k) with a finite sequence k = (k;);c o of integers,

1
Rem ={0, K :j=jk), k# (j), k-0 —o;| <e2, |kl <2N +2},

and the nonresonance condition reads

s_dil
o2 kg4 ON+4
sup  ——— g —¢ < Cope 29)
(IR m |0~ 7Kl

for a constant Cq (independent of ¢) and a given natural number N. Note that Propo-

sition 2 is also true for the nonresonance condition (29), with the same proof. In

particular, the semi-discretization in space does not introduce numerical resonances.
The following theorem corresponds to Theorem 1.

Theorem 2 For given N and s > d + 1 there exists ey > 0 such that the following
holds: Under the conditions of small initial data ||[u™ (-, 0)||s < & < o and of nonres-
onance (29), the estimates

Mo Ty — M. 0). wH (.
ZW'IZ(” 1), uM (-, 1)) 211(u COMMCON _ 3 o<y <N,
leM €

|H@M (-, 1), uM (-, 1)) — Hu™ (-, 0), uM (-, 0))|

5 <Ce*?M™* forOftSs‘N,
)
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3 |Kr @M (1), uM (-, 1) — K M (-, 0), uM (-, 0))]

. 3 _(g—d+tl
5 ngln(sz,tezM =% ))
)

r=1

for0<t<e N

hold for solutions uM(x, t) of (26) with a constant C which depends on Cy, d, N, s,
and V but is independent of ¢, M, and t.

The proof of this theorem is given in the following section.

6 Modulated Fourier Expansions for the Semi-Discretized Equation

The proof of the near-conservation of actions in Theorem 2 is a modification of the
proof of Theorem 1 given in Sects. 3 and 4. We mainly state the differences.

6.1 The Modulation System and Its Approximate Solution

The ansatz for u™ is chosen again as a modulated Fourier expansion

i(x. 1) = Z leg(k)(gt)ei(j(k)'x)efi(k.w)t: Z Kx, enye i1 (30)
Ikl <K k<K

with 2% (x, er) = 2%\ (61U ®*) and K = 2N +2. Now and in the following, k =
(k1)jemm 1s a finite sequence of integers k; with ||k|| < K. For the derivation of the

modulation system we proceed similarly as in Sect. 3. We insert (30) in (26) and note
that for k = k! + k* — k3 we have

— k' k¥ K3 .
fj(Q(Zklzkzzkz)) 15wy 1T J(K),
0, else

since j (k) = j (k') + j(k?) — j(k*) (mod2M) and j (k) € M. Comparing the coef-
ficients of ell/ W X)e=ik@)t giyeg

.. 1 27 3.
1‘gzl;(k) + (k- G))Zl;(k) = a’j(k)zl;(k) + Z Fiw(Q(E* %)), (la)
k!+k2—k3=k

The only difference in comparison with the continuous modulation system (7a) is the
presence of Q. For the initial condition we obtain

> K0y =ul (0. (31b)
k

For this modulation system we have an approximate solution z as in Proposition 3
with the same estimates and constants independent of ¢, M, and 0 <t < g1 (and u
replaced by ™ and j € Z¢ replaced by j € M). To see this, we only have to ensure
that the presence of Q in (31a) does not affect the estimates of the nonlinearity. This
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is done by the first inequality of the following lemma, which is similar to [10, Lemma
4.2] (but here in arbitrary spatial dimension).

Lemmad Fors > % and s’ > 0 we have

and | Q) — v, <M== |l

N

with a constant C which depends on d, s, and V but not on € and M.

Proof Recall from Lemma 1 that ) ; _;q |w [ converges for s > <. This implies that

M _ 1 C (32)
s -
0tierd lwj2mil

for a constant C which depends on d, s, and V but noton ¢, j, and M.
We have

1)}

k

2

F;A'“’”S(Z Zyc7+2Mz|> =

lezd k
As in the proof of [10, Lemma 4.2] we have with the Cauchy—Schwarz inequality

S
2 lw;| r 2
[Qully < E (E [P ) E lwjromil*lvjramil”.

w N
jeM Nezd jamil )

The term ) ;4 m can be estimated independently of j with (32), concluding

the proof of the first estimate of the lemma.
As in the proof of [10, Lemma 4.2] we further have

IO = S R PHU P
jgM

+ Z( Z ﬁ)( Z |wj+2Ml|S|Uj+2Ml|2)~

A
jeM Nostiezd @ j+2m1] 0£lezd
With (32) this can be estimated by CM 26— ||v||2. O
6.2 Near-Conservation of Actions

Let

1 z
U@ = Z ey f QM ) .

Kl Hk2—k3—
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Using ﬁ Jra QD) dx = ﬁ Jra Q) dx and Q(vw) = Q(Q(V)Q(w)) we get
for finite real sequences p = (11);em

d .
0= U((eiemo Kk
2| vty
1 Sy
=y —— | 2ik- k Kk )4
Z(zn)d /Td i( IL)Q(Z Z 74 7K'z x
k K2—k3—ki=—k
1 - -
+ Z 5 / 2(—i)(k - M)Q(Zk Z zklzkzzk3> dx
o (@) Jme k! +k2—k3=kK
=—4Re(Zi(k-ﬂ) > z_';f,»(g( > zklzkzz?>)),
k jeM Kl +k2—K3=k
and with (31a) and 2Re(z_'fsil;) = % Izljl2 we obtain

d kK |2 . k gk
k k

Hence,

1 2
(2o e0) = 5 D (K- )< (en)]
k
is an almost-invariant of the modulation system (31a).
For the estimation of ZZEM|w1|S|%I<1>(~, et)| we need Lemma 3 for the semi-
discrete setting. In the proof of this lemma we concluded |j(K)| > %|L| from

1> eza kil] > %|L|. However, this conclusion is no longer true (recall j(k) =
Y ie74 kil mod 2M). We therefore adapt this part of the proof of Lemma 3.

Adapted proof of Lemma 3 We need to (re)bound

2 remlkillonl®
Sup d+ly e d+1 °
(G0eSem @™ 2K 0|72

where S,y ={(j, K) : j # j(K),k# (j), (j,K) € Re m, IK|| < K'}. For this purpose
let again (j, k) = (j (K), k) € S¢ p. Let |-|max be the maximum norm on R? which is
equivalent to the Euclidean norm |-|,

12 < d|l|Za < dll*. (33)

max

Using this and the asymptotics of the frequencies we have Y, \(lkil|w|* < Clor|®
if L € M is the index of largest norm |-|max With kz, # 0. The constant C depends
onlyond, K, s,and V.

For |kr| > 1 or k; £ 0 for [ # L with |l|max > ﬁ|L|max we have using s >d + 1

d+1 d+1 d+1 .
and (33) |w(s’%)|k‘| > C|a)L|S’% Ia)L|% for a constant which depends on d, K,
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s, and V. For the other k we have

—1
|L|max > | L|max + 7K |L|max >

kL + Z kil
1< e ILI

max

1
> E|L|max‘

max

= Zkll

lezd

From this we can conclude that |j(K)|max > %|L|max. Hence, we get with (33)

d+1 d+1 d+1 d+l .
|w(S_T)|k|||wj|T > Clwp|*” 2 |wg| 2 with a constant which depends on d, s,
and V. Il

So, Lemma 3 is true in the semi-discretized situation with constants independent
of M. Now, the approximate conservation of actions along solutions of the semi-
discretized equation can be shown as in Sect. 4.

6.3 Near-Conservation of Energy

The conservation of actions as stated in Theorem 2 implies
[ .0 = ¢ 0| < cez,
and hence,
[0 =2¢ (34)

for times 0 <7 < ¢~V provided that ¢ is sufficiently small. This spatial regularity
and the Hamiltonian structure of the semi-discrete system are the main tools to prove
the long-time near-conservation of energy and momentum with the arguments of [10,
Sect. 6].

We have from (25) and (27)

H(u™ 1), uM (1) — Hy (u™ 1), uM (-, 1))

- M 4 M, 4
4y /[_n,ﬂ]dqu (’t)| Q(}“ ( ,f)‘ ))dx
As in [10, Sect. 6.2] the right-hand side can be bounded using Lemma 4 with s' =0
by
M= [, o], < cmse?

for 0 <t <&~V by (34). This implies the long-time near-conservation of energy as
stated in Theorem 2 since the Hamiltonian H), is exactly conserved along solutions
M
of (24).
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6.4 Near-Conservation of Momentum

Let v(x, r) be the exact solution of (1) with initial value v(-, 0) = u™ (-, 0). Along
this solution the momentum (28), whose rth component is

1 du du
Ky(u, i) =1—— — —a— |dx=2 AITHES
(0, 0) =i /[_m]d(u o dx) x=2" jrlujl

is exactly conserved. With the arguments from Sect. 3.8 we get ||v(-, )]s < Ce for
0 <t < &L, For the difference v — u™ we have
: M M 2 M2 M
i(vj —uj'), = w;(v; —uj) + F;(QvI*v — [u["u™))
—|—]—'j(|v|2v — Q(|v|2v)). (35)

% and Lemma 1 the last term is

With the second inequality of Lemma 4 with s’ =
bounded by |||v]?v — Q(|v[>v)|| a1 < CM~6="¢3 . The arguments from Sect. 3.8
applied to (35) yield

Joe.t) =uM 0] ap = Credm=e= 50

for0 <t <e~!. This implies, using in addition Proposition 3,

d+1

| K (@ G0 M () = Ki (00, 0), 5, 0))| < Cre*m 075

for 0 <t < &~ !. The extension to long time intervals can be done as in [10, Sect. 6.1],
which yields

e 0,17 1) = K (¥, 00,27, 0)] = Cret a5

for 0 <7 < &~ N. On the other hand we have, using the conservation of actions,
K (™ o0, uM (1) — K (u™ (-, 0), u™ (-, 0))]

<2 3 el @™ o0 uM L 0) = 1 (L 0),uM (-, 0)] < Ce
jeM

SN

for0<t<e Nandr=1,...,d since |j| < Clw;|*. This concludes the proof of
Theorem 2.
7 Conclusion and Comparison

In this paper the long-time near-conservation of actions has been shown for the non-
linear Schrodinger equation (1) and its spectral semi-discretization (24) in the weakly
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nonlinear setting of small initial data, over time scales far beyond a linear perturba-
tion analysis. The implied spatial regularity allowed us to show the long-time near-
conservation of energy and momentum for the semi-discretized system. These re-
sults must be compared with [6, Theorem 1] and [10, Theorems 3.1, 3.2, 3.3], where
the corresponding quantities of semilinear wave equations and their spectral semi-
discretizations are studied.

The method of proof presented in this paper is the same as in [6] and [10]: A mod-
ulated Fourier expansion of the solution of (1) or its semi-discretization (24) is estab-
lished, and the coefficients of this expansion are determined up to a small defect on
a time interval of length e ~! (Sects. 3 and 6.1). The system determining these coef-
ficients has invariants which are conserved up to ¢V 73 on a time interval of length
e~ and which are close to the actions (Sects. 4 and 6.2). The result for the long time
interval of length eV is obtained by patching together the short time intervals.

However, there are some remarkable differences between the semilinear wave
equation and the nonlinear Schrodinger equation, which we collect in the following.

A major difference lies in the validity for arbitrary spatial dimension of Theorems
1 and 2 for the nonlinear Schrodinger equation (so far, the results for semilinear
wave equations have only been established for the one dimensional problem). This
is due to the fact that the frequencies of the Schrédinger equation have a milder
behavior than those of the wave equation in arbitrary dimension, cf. [3] where a
theorem similar to Theorem 1 is shown by transforming (1) to a normal form. To
make use of this fact in the context of modulated Fourier expansions, it is essential to
observe that it suffices to consider modulation functions consisting of a single wave,
cf. Proposition 2. In fact, this property ensures that terms of the modulated Fourier
expansion evolving in time with similar frequencies, for instance w,, and w; with
m # 1 but |m|* = ||, consist of different Fourier modes j((m)) =m # 1 = j((I))
and hence can be distinguished. This is used in the proof of Proposition 2.

Another difference in the statements of the results is that the actions divided by

&2 are conserved up to &2 for the nonlinear Schrodinger equation (instead of & for

the semilinear wave equation). This is explained by the cubic (instead of quadratic)
nonlinearity in (1). For this reason, one could even expect a conservation up to &2,
but it is not clear how to achieve 2. Note however that in the near-conservation of
energy and momentum divided by &2 along solutions of the semi-discretized equation

we get a factor &2 as expected, since these proofs only rely on the spatial regularity

established by the conservation of actions. In [6], the enhancement from 8% to € in
the conservation of actions is derived by bounding the denominator 0?2 — (k- ®)2]
from below independently of & for (among others) k = (k) £ (/) and j =k + [,
cf. (30) and the proof of Theorem 4 in [6]. Here, we should accomplish this for
k = £(k) & (I) & (m) due to the cubic nonlinearity, but this is not true. However, the

. L 1
conservation of the actions in Theorems 1 and 2 can be enhanced to £>~ for any
integer m > 2 with a new definition of the set of near-resonant indices

~ 1
Re={(. k) :j=jkK,k#(j) k- @—owj|<en, |k| <2N +2}.

Then we get 8, < C&l_ml instead of g, < Ce? in Sect. 3.6, and this yields 84_%
instead of £7 in Proposition 6.
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Due to the cubic nonlinearity a linear perturbation analysis allows estimates over
times £2. This suggests that we consider the time scale T = £ instead of t = et for
the coefficients z¥ of the modulated Fourier expansion. However, this time scale leads
to difficulties in the estimations of the defect in Sect. 3.7 since a result corresponding
to [6, (22)] is not true for the cubic nonlinearity. The usage of the time scale ¢t in
combination with the cubic nonlinearity even simplifies the estimation of the defect
in the modulation functions in comparison with [6, Sect. 3.11]: Yet another rescaling
of the variables as in the estimation of the defect in [6] is no longer necessary.

The technical differences arising in the analysis of the modulation functions are
mainly caused by a different structure of the wave and the Schrodinger equation.
While the wave equation is a second order partial differential equation with asymp-
totically linear frequencies, the Schrédinger equation is of first order with asymp-
totically quadratic frequencies. This leads to different linear parts in the modulation
systems. For the nonlinear Schrédinger equation, this linear partis (k- @ —w; (k))zl;(k)
(7a), whereas it reads

((k-0)* — ) = (k- ol + o) (k- @ — ;)2

for the semilinear wave equation (equation (15) in [6]). Hence, in the case of the wave
equation (|k - w| + w j)b]]fI can be estimated and not only b? as for the Schrodinger
equation.

The first consequence is that in the proof of Lemma 3 we no longer have the factor
|k-®|+ 1 in the denominator of (23), but the absence of this term can be compensated
by our knowledge that the modulation functions consist of single waves.

The second more fundamental consequence is that we need to use a different
norm for the analysis of the modulation functions. Our mixture between the />- and
' -frameworks described by (8) replaces the / 2_framework of [6], where the norm

1
(Zed XIP)
j k

is used instead. With this norm from [6] another rescaling of the variables is needed
for the estimation of the nonlinearity; namely ¥ = /¥l ~[K1 7k with a slightly dif-
ferent definition of [[K]] due to the quadratic nonlinearity, cf. [6, Sect. 3.5] (recall
that we scaled the variables by introducing ¥ = [kl k) This rescaling introduces
a factor (w; — k - @) before b in the modulation system for the initial values in [6]
(to be more precise, it is responsible for the w; in this factor), cf. [6, Sect. 3.6]. This
is no problem since (|k - ®| + @ J-)bk can be estimated. In the case of the nonlinear

Schrodmger equation a factor w; would appear before bk in the formula (10) for

(0) which we cannot handle by this argument. For thls reason we choose the
norm (8). A further advantage of this norm is that it simplifies many estimations in
the analysis of the modulation functions.
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