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Abstract. We present an approach that allows performing computations related
to the Baker—Campbell-Haussdorff (BCH) formula and its generalizations in an
arbitrary Hall basis, using labeled rooted trees. In particular, we provide explicit
formulas (given in terms of the structure of certain labeled rooted trees) of the con-
tinuous BCH formula. We develop a rewriting algorithm (based on labeled rooted
trees) in the dual Poincaré-Birkhoff-Witt (PBW) basis associated to an arbitrary
Hall set, that allows handling Lie series, exponentials of Lie series, and related series
written in the PBW basis. At the end of the paper we show that our approach is
actually based on an explicit description of an epimorphism v of Hopf algebras from
the commutative Hopf algebra of labeled rooted trees to the shuffle Hopf algebra and
its kernel ker v.

1. Imntroduction, General Setting, and Examples

Consider a d-dimensional system of nonautonomous ordinary differential equa-
tions (ODEs) of the form

d
e (D) [1(Y) 4+ 22 (7) f2 (), 6]
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with smooth maps fi, f> : RY — R4, and integrable functions Ay, A, : Rt — R,
Let E, and E, be the vector fields (or Lie operators) associated to f; and f>,
respectively, that is, E, = Y.*_, f9/dy' for a € {1,2}. The solutions y(t) of
(1) can be expanded as follows. Given a smooth g : R — R,

g@) =gGO)+ > > i, By - Ei g (y(0)), )

m=1ip,....in€A

where, for each word w = i; - - - i, € A* over the alphabet A = {1, 2},

T Tm—1 1%
.y, (T) =/ / / A (t) - A, () dTy - - - d . (3)
o Jo 0

Hereafter, A* denotes the set of words on the alphabet A (i.e., the free monoid
over the set A). Systems of ODEs of the form (1) arise in many applications, for
instance, in nonlinear control [15], where it can be used to model systems with two
controls A1, Ay (or also, with A;(7) = 1, systems with shift and one control A,).
Series of the form (2)—(3) are referred to as Chen—Fliess series in this context. The
series of linear differential operators at the right-hand side of (2) can be written in

the form
> auEy, €

weA*

where A* denotes the set of words on the alphabet A = {1, 2}, including the empty
word e, the function «,, is given for each w € A* in (3), and

E, =1, Ey,=E, - E,, if w=a;---a,€A”, )

I being the identity operator.

A well-known result due to Chen [6] implies that the series (4) can be formally
rewritten as the exponential of a series of vector fields obtained as nested com-
mutators of E; and E;. One of the goals of the present work (Subsection 4.2) is
to obtain explicit formulas for such series of vector fields (the continuous Baker—
Campbell-Hausdorff (BCH) formula), expressed in appropriate basis of the Lie
algebra generated by the vector fields E| and E;. A different approach that ex-
plicitly expresses the continuous BCH formula can be found in [22]. However,
compared to our formula, in [22], the continuous BCH formula is written in terms
of a spanning set of the free Lie algebra instead of a basis.

It is important to observe that expansions with very similar form with the
same underlying combinatorics arise in many other applications. For instance,
composition methods in numerical analysis of ODEs [18], [17] (Example 3 below),
stochastic differential equations [2] (Example 2), or matrix differential equations
on Lie groups [14] (Example 4).

We consider series of the form (4) where the coefficients «,, are elements in a
certain commutative ring K with unit 1k, A is a set of indices referred to as the
alphabet, and the basic objects E,, a € A, are the generators of a (nonnecessarily
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commutative) associative algebra B over K. Obviously, all the elements of B can
be written in the form (4), where «,, € K for each w € A* («,, being # 0 for a
finite number of words w), and each E,, (w € A*)is given by (5), I being the unity
in B. If the algebra B is freely generated by {E, : @ € A}, then such representation
is unique. It is straightforward to check that

(2] () (o).

weA* weA* weA*

where, for each word w = a; - --a,, € A*,

m—1
(@B)w = awPe + e + Zaal...ajﬁajﬂ..um. (6)
=1

J

In some applications, the alphabet A may be infinite, but then it typically makes
sense assigning a weight (a positive integer) to each letter, and, when needed,
truncating the series (4) according to the weight ||w| of each word w € A. Note
that the set A* of words on the alphabet A with a prescribed weight is finite provided
that the subsets A; C A of letters with weight k (k > 1) are finite.

Example 1. Let M be a smooth manifold. Consider K as the ring of piecewise
continuous functions R* — R, and let E,, a € A (where A is a certain set of
indices) be smooth vector fields on M. Let B be the algebra over K of linear
operators on C*° (M) (the vector space of smooth functions on M) generated by
the vector fields E,, a € A. Given A, € K, a € A, the solution operator of the
time-varying vector field E(t) = ), e Ma(T)E, can be expanded as a series of
linear operators in B3 of the form (4), with

Uy, ...q, =/ / 1k, ap,...,a, € A, @)
an, aj

where 1 is the unity function (the unity element in K), and each fa K — Kis

defined as
{/M} (r) = fr m(s)hq(s)ds, acA. 3
a 0

Notice that such formulas can make sense even in the case of an infinite alphabet
A. For instance, consider a nonautonomous vector field E(t) = E| + tE; +
2E;+---,sothat A = {1,2,3,...},and A,(t) = ¢ ! foreacha € A. Consider
also o, € K and E,, given for each word w on the alphabet A by (7) and (5),
respectively, and let ||w| denote the weight of the word w € A obtained by
weighting the letters of the alphabet A as ||a|| = a. Then, if y(t) is an integral
curve of the vector field E(t) and g is an arbitrary smooth function on M, it holds
that g(y(7)) — ZIIwH<n ay(T)Eug (y(0)) = O(z") as T — 0. Observe that such
a statement makes sense, as the number of words with smaller weight than » is
finite.
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Example 2. Consider a d-dimensional stochastic differential equation [2] rewrit-
ten in the form

y(r) = y(0)+/ fo()’(f))df-i-Z/ fiy() dW;(7), €))
0 i=1 Y0
where W;(t) (i = 1,...,m) represent independent Wiener processes, and the

stochastic integrals in the summation on the right-hand side of (9) are interpreted
in the Stratonovich sense. In such a case, the formal expansions (2)—(7) hold for
the alphabet A = {0, 1, ..., m}, with { [, u}(r) = [; u(s)ds, and {f; u}(x) =
for u(s)dW;(s) for i > 1. The same combinatorics as in Example 1 arise here
because the integration by parts formula also holds for Stratonovich integrals [2].

Example 3. An important family of numerical integrators for ODEs, which is
particularly interesting when trying to conserve certain properties of the flow that
are preserved under composition, can be applied if the original vector field E is
split as the sum of two (or more) vector fields £ = E| + E, such that the flow of
E| and E, can be computed exactly (or at least very accurately). Each method of
that family of integrators is determined by certain coefficients w1, ..., u2s € R
that can be chosen [18], [17] in such a way that

exp(u1 E1) exp(uaEr) - - - exp(uas—1 E1) exp(uas E2) (10)

approximates exp(E; + E;) in some sense (with the exponentials defined as a
power series expansion). It is obvious that both exp(E; + E3) and (10) can be
expanded as series of the form (4)—(5) for the alphabet A = {1, 2}. A typical
requirement of such splitting integrators is that the expansions of exp(E; + E7)
and (10) coincide up to terms of a prescribed degree. (Actually, the same formal
approximations (10) of exp(E; + E») are also used in many other applications,
such as certain partial differential equations (PDEs), where E;, E; are, instead of
vector fields, operator in some space.) More generally, one is required to expand
formally expressions of the form

exXp (Z Ml,aEa> < eXp (Z Mx,aEa> ) (11)
acA acA

where A is a certain set of indices, and i , € R. Clearly, (11) can also be expanded
in the form (4)—(5) with K = R. It is interesting to note that the expansion of (11)
can be obtained as a particular case of Example 1, with K as the ring of piecewise
continuous functions R* — R, and each A, € K defined as A,(r) = pu;, if
j—1<1t < jforj > 1.Insuch a case, the expansion of (11) corresponds to the
series (4)—(5) where the functions «,, : R — R, given by (3)—(8), are evaluated
att ==s.
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Example 4. Consider a matrix differential equation of the form Y’ = E (7)Y,
Y (0) = Yj. It is often of interest (for instance, when the solution evolves in a Lie
group [14]) to approximate the solution Y (t) as the exponential exp 2(t) of an
element Q(7) of the Lie algebra of matrices generated by E(c;t),i = 1,...,s,
for appropriately chosen ¢; € [0, 1]. If E(r) depends smoothly on 7, so that
E(t) = E;+1Ey+12E;+- - -, then Y (7) and exp Q2 (7) can be formally interpreted
as series of the form (4)—(5) for the weighted alphabet A = {1, 2, 3, ...} with
weights ||a|| = a for each a € A (the weights of each word ||w|| here account for
the power of t in each term in (4)). Of course, in this case, we have that K = R,
and B is the algebra of matrices generated by {E, :a = 1,2,3,...}.

In the general case where the coefficients «,, in the series (4) are not defined
as iterated integrals of the form (3), particularly interesting are expressions (4)
that are actually series of elements in the Lie algebra L(E;, E,) generated by
{E|, E»} (which we will loosely refer to as Lie series). If the basic elements E, are
vector fields, (4) being a Lie series implies that it represents a formal vector field
(in the sense of a series of vector fields that does not necessarily converge). In
general, it is often of interest in applications rewriting the series (4) in a Poincaré—
Birkhoff-Witt (PBW) basis associated to a basis of L(E|, E;), and performing,
in such a basis, operations such as sum, product, commutator, formal exponential,
and formal logarithm. (In particular, in such a PBW basis, checking if (4) is a
Lie series or the exponential of a Lie series is a trivial task.) The main goal of
the present work is to give several results that allow performing such operations
working in the dual of a PBW basis.

In order to do that, we will make use of rooted trees labeled by the alphabet A,
and (although this will not be made clear until Section 7) of a commutative Hopf
algebra structure on labeled rooted trees [8], [7], [9]. But how do labeled rooted
trees come into play here? The origin of our approach is the observation [12] that
the series expansion (4)—(3) of the solution operator of (1) can be alternatively
written as

o(u)
1+Zg(u) X ), (12)

ueF

where the summation is over the set F of forests of labeled rooted trees, o (1) € Z*
is a certain normalization factor (the symmetry number of the forest u to be defined
in Subsection 2.1 below), each X (1) is a linear differential operator (of order m
if the forest u has m labeled rooted trees) acting on smooth functions on R (to
be defined in Section 6), and each «(u) is a function on 7 that is obtained from
Mg (@ € A) in terms of products and iterated integrals, and can be obtained from
the functions o, (3) in (4) by means of Definition 6 in Subsection 3.1 below. The
main results of the present work arose from the study of the relation of «() in
(12) with the coefficients oy, in (4)—(3). Although series of the form (12) do not
make sense in the general case where E, (a € A) are not vector fields, all of our
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results, except those in Section 6, hold for the general case where E,, a € A, are
the generators of an arbitrary noncommutative associative algebra B.

The plan of the paper is as follows. In Section 2, labeled rooted trees and forests,
and Hall sets of labeled rooted trees are introduced, as well as some definitions
and a few results on them to be used in the rest of the paper. Some fundamental
results (Theorem 3, Proposition 4, and Corollary 5) that relate a PBW basis of an
arbitrary Hall set and labeled rooted trees are presented in Section 3. Such results
are used to obtain explicit formulas to compute the coefficients in a PBW basis
of the exponential of a Lie series and the logarithm (Subsection 4.1). The result
obtained for the logarithm (Theorem 9) in particular provides explicit expressions
for the coefficients of the continuous BCH formula (Subsection 4.2), useful, for
instance, in the contexts of Examples 1-4. Section 5 is devoted to the construction of
rewriting algorithms (based on Algorithm 1), that together with Corollary 5 allows
computing the coefficients of the product of two series written in a PBW basis. The
results are applied in Subsection 5.3 to the computation of the Lie bracket of Lie
series. The theory developed to construct our rewriting algorithm allows proving
Theorem 3 (essentially Theorem 5.3 in [21]) in an alternative way (Subsection 5.4).
The values a(u) for labeled forests u determined from the coefficients of the series
(4) in Definition 6 (a key element in our approach) are interpreted in the context
of series of vector fields (Section 6), which shows a connection with some results
in [12]. In Section 7 we interpret the results in previous sections in the context
of Hopf algebras, which we believe provides an interesting insight. Finally, some
concluding remarks are given in Section 8.

2. Graph-Theoretical Tools
2.1.  Rooted Trees and Forests Labeled by A

Given an alphabet A, rooted trees and forests labeled by A can be defined as
follows.

A partially ordered set labeled by A is a partially ordered set U together with
a map from U to A. The elements of U are called vertices, and |U| denotes the
number of vertices of U. An edge (x < y) of U is an ordered pair (x, y) € U x U
such that x < y and there exists no z € U with x < z < y. In that case, it
is said that x is a parent of y, and that y is a child of x. New labeled partially
ordered sets can be obtained from U by adding and/or removing some vertices
and/or edges. In particular, given a labeled partially ordered set U with vertices
{x1, ..., x,}, a different labeled partially ordered subset V C U is determined by
each subset {x;,...,x;,} C {x1,...,x,}, with the partial ordering and labeling
inherited from U.

An isomorphism of two partially ordered sets labeled by A is a bijection of the
underlying sets of vertices that preserves the partial order and the labeling. A forest
labeled by A is an isomorphism class of finite partially ordered sets U labeled by
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A satisfying
x,y,z€U, y<x, z<x = either y<zorz<yorz=y. (13)

The roots of a labeled partially ordered set U representing a labeled forest u are
its minimal vertices. A rooted tree labeled by A is a forest represented by labeled
partially ordered sets with only one root.

The degree |u| of a forest u labeled by A represented by a labeled partially
ordered set U is the number |U| of vertices of U. Given a forest u labeled by
A, the partial degree |u|, of u with respect to a € A is the number of vertices
in U that are labeled by a. If A is a weighted alphabet, where a positive integer
weight ||a|| is associated to each letter a € A, so that a vertex labeled by a has
weight ||a||, the weight of the forest u is defined as the sum of the weights of its
vertices. We denote as F (resp., 7) the set of forests (resp., rooted trees) labeled
by A. The empty forest is also included in F, and we denote it as e. We denote
Fr={ueF :|lul=k}foreachk >0and 7y = {u € 7 : |u|] = k} fork > 1.
When representing labeled rooted trees graphically, we will position the root at
the bottom of the diagram. A vertex labeled by the letter a € A in a labeled rooted
tree can be represented as a small circle with the letter a inside. Alternatively, we
can assign a color to each letter in A, and then depict the vertex as a small circle in
that color. In particular, in our examples with the two-letter alphabet A = {1, 2},
we assign “black” to 1, and “white” to 2. The first sets 7; for that alphabet are

Ti = {e, 0} L={%.3.%. 8} (14)
T={C. G Q¢ O 0L,

VR ! (15)

We will later work with the ring Z[7 ] of polynomials with the labeled rooted

trees as commuting indeterminates, with Z-basis {u;‘ Ceeu, Uy, ., Uy € T

Clearly, each such expression u)' ---u}» can be identified with a unique forest
u € F, the forest obtained as the direct union, from i = 1 to m of r; copies of the
labeled rooted tree u;. We thus simply write u = u}' - - - u/», and denote as uv the
direct union of two forests u, v € F (if U and V are two labeled partially ordered
sets representing u and v, respectively, with disjoint sets of vertices, then uv is the
forest represented by the union of U and V). We will consider several additional
operations on the set F of labeled forests. Givena € A, t;,...,t, € T,u =
ty -ty € F,wedenote by [u], the labeled rooted tree of degree |¢; |+ - -+ |t,, |+ 1
obtained by grafting the roots of 71, .. ., f,, to a new root labeled by a. That is, it
corresponds to adding a new vertex r labeled by a to a partially ordered forest U
representing u, and adding, for each #;, a new edge (r < r;) connecting the root
r; of t; with r. In particular, [e], is the labeled rooted tree with only one vertex,
labeled by a. We will identify [e], simply with a when its meaning is clear from
the context. Given a labeled rooted tree ¢t € 7 and a labeled forest u € F, we
denote by ¢ ou the labeled rooted tree of degree |u| + |f| obtained by grafting
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the labeled rooted trees in u to the root of ¢ (this operation is often referred to in
the context of numerical analysis of ODEs as the Butcher product). For instance,
(A={1,2},1 —> e,2 — o),

[22],=esd.  2o(et)=osgd=12r08.

In particular, foe = ¢ and [e],cu = [u], fora € A, t € T,u € F. We also
write ece = e, eou = 0, foreach u € F\{e}. The grafting operation o is not
associative; however,

(tou)ov =to(uv) = (tov)ou foreachre T, u,verF. (16)
Givent,ty,...,t, € T,u € F, we will use the notation
k
o
hoho--otyoui=to(o--o(tyou),  t*=ro ot

that is, in the absence of parentheses, we interpret multiple grafting of rooted trees
from right to left (notice that, by virtue of (16), for multiple grafting from left to
right we have that (- - - ((tj o tp) ot3) - - - ot,) = t1o(tr -+ - ty)).

The symmetry number o (u) of a labeled forest u is the number of different
permutations of the set of vertices of a labeled partially ordered set representing u
that are isomorphisms of labeled partially ordered sets. The symmetry number of
forests can be recursively obtained as follows.

Lemmal. Foreacha e A t,... .ty €T, t; 1 ifi # ],

oe)=1, o(ul)=0w), ow=][]ilew)" i u:]_[tjf.
j=1 j=1

2.2.  Hall Sets of Rooted Trees

Definition 1. A set 7 of rooted trees labeled by A together with a total order

relation > is a Hall set (of labeled rooted trees) over A, if the following conditions
hold:

1. fac A, then[e], € T.

2. Givena € A and u € F\{e}, where u = ;"' -+t t1, ..., 1, € T,
Fiy....rp>1,and ty > --- > t,

[ul, € T ifandonlyif #, > [t ---1," ', €T. (17)

It ="ty € Totyyoo oty € Toryy.oo by > 1,a € A, then

ti>tforeach j=1,...,m.
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o~

In (17), it is understood that t,o” -~-t,flrf," = eif m = 1. Thus, given t € 7T,
r > 1, and a € A, the labeled rooted tree [r°"], belongs to 7 if and only if
t > [el..

For instance, the sets of labeled rooted trees

Ti=tle o) T=(3) T={<. ]

S R
R I I SR SR T M

ISl
|

are the first homogeneous subsets ’ﬂ ={te T: |t| = k} of a Hall set of labeled
rooted trees over the alphabet A = {1,2} (1 — e, 2 — o). A total order of the
displayed rooted trees that is compatible with the definition of Hall sets can be
obtained by considering that the elements of each 7 (k = 1, 2, 3, 4, 5) are given
in decreasing order in (18), and that 7 > z if [¢] < [z].
R Given a fixed Hall set 7 of labeled rooted trees, we consider the set of forests
F=feyUfty --tprir,...,rm =1, t1,.. ty €T, t; #1;if i # j}. When
t € T, we will say that ¢ is a Hall rooted tree, and when u € F, ihat u is a Hall
forest. Note that the labeled rooted trees of the form ¢°" wit}h\ teT and r > 1 are
Hall forests but not Hall rooted trees. We will also denote 7, = {t € 7 |t| = k}
and F_y ={ueT :|ul=k—1}foreachk > 1. R

Lemma 1 and Definition 1 show that o (u) = 1 for each u € F, that is, Hall
rooted trees and Hall forests have no symmetries (apart from the trivial identity
permutation of its vertices).

Remark 1. There is a one-to-one correspondence between Hall sets of labeled
rooted trees over 7 and a Hall set VW of words [21]oner A. Given a Hall set 7
of labeled rooted trees, consider the map Q2 from 7 to the set of words A* on
the alphabet A defined as follows. For each a € A, 2 assigns the one-letter word
a to the rooted tree [e],, and given 1 = [;" ---to], € T such that a € A,
Heeoostw € T, ry,...,1 > 1l,and t; > --- > 1, Q assigns the Hall word
Q) = Q@)™ --- ()" a to the Hall rooted tree ¢. Here we use the standard
notation w;w, for the concatenation of two words w; and w,. Recall that this
defines an associative binary operation that (contrary to the product u;u, of two
forests uy, u, € F) is not commutative.

It can be seen that such €2 is injective, and its image (together with the total
order induced from that of 7') is a Hall set WV of words over A (in the general sense
of [21]).
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The image by 2 of the sets Hy in (18) are the homogeneous subsets

Wi = {1,2}, Wh = {21}, Wi = {211, 212}, (19)
Wiy = {2111, 2112, 2122}, Ws = {21121, 21221, 21111, 21112, 21222},

of a particular Hall set VW of words over the alphabet {1, 2}.

Hall sets of rooted trees labeled by A can be alternatively constructed from an
arbitrary Hall set JV of words on the alphabet A as the range of an injective map
T : W — 7T recursively defined as follows: For words of degree 1, 7(a) = [e],-
Given a word w € W of degree |w| > 1, consider a € A and the (nonneces-
sarily Hall) word v on the alphabet A such that w = va. As any word on A, v
can be written as a nondecreasing product of Hall words [21], v = wi' ceewp,
Wi, ..., w, €W, w < -+ < Wy, F ...,y > 1. Then, 7(w) is defined as
T(w) = [t(wy)) -+ T(Ww)la-

2.3. Technical Results on Hall Rooted Trees

Definition 2. The standard decomposition (t',t") € T x7T ofeacht € T is

defined as follows. If |f| = 1, then ' = ¢ and ¢" = e. If 1 = [t ],
a€ A tf,....t, €T, 1y > -+ > ty, Iy..., Iy > 1, then t’/ = tm/,\t’ =
[e;" -+ 2" 1o =], Similarly, the standard decomposition (u, u”) € F x T
of a Hall forest u € F\7 is given as follows. If u = ;"' -+ £, 1) >« > 1y,

OFm—1
m—1

then u’ = ;10” et t;;l(rm_])’ W' =t,.

Definition 3. We define a map I' : F\{e} — 7 as follows. Given u € F,
where u = "' -+t t1, ...ty € T,m,ry,...,r > 1,01 > -+ > 1, then
F(u) — [frl o([;rz - t;):m)'

Lemma 2. The map I in Definition 3 is injective, and its image is the set {[u], €
T:uelF,aec A}.Thatis,givenu € Fanda € A, there existuniquety, ..., t, €

ory orp

Tandry,...,rm > 1suchthatty > --- >ty and ;" o(t,” - - 15") = [ul4.

Proof.  Assume without loss of generality thatu = zfl‘ e zzlk,wherezl, L.,k €

T,z21> -~ >z by oo g > 1

We will first see thg\t under the assumption that such tf L, tom exist, they
are unique. As 7, € 7, we have that r; = [s"'---s5"],, where s1,...,s; €
T,ny,....,n; > 1l,and sy > -+ > 8 > 1 > tp > --- > t,, and thus
sy, s tf(”fl), 5 = (zfl‘, e zzlk). Moreover, i is the largest
integer such that [z} - - 20" ], € T (1 = lelaifi =0),as [s{" - 57177V, &
T and [s;"" ---5;""1,"*], € T (due to the fact that [s"' - -- 5], = t; > 1o).

Inorder to prove the existence, let i be the largest integer such that [z‘f[‘ X ~Zfli la €

’?(z = [e],ifi = 0),and lett; = [chl‘ -~-z;’l"]a.Itis enough proving that#; > z;4;
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lis1+1 lita
(in such a case, if 1; = z;41, then (¢}, ..., 15") = (z loil“Jr ) V 2y Olk)
and otherwise, (t,"', ..., 1;/") = (1, lfl', RN ¢ k) and it obviously holds that
tp > .-+ > t, if z; > ... > zz.). The inequality #; > z;;; follows from the
observation that, if < Zit1s then, we have (as z; > -+ > z;41 > f1), that
h oliy1
[ O

2z la € 7, which is not possible by definition of i. O

Remark 2. Lemma 2 shows in particular that, for each n > 1, there exists a
bijection between ]-"n x A and ]—"n+1 Furthermore, from its proof it is clear that
such a bijection preserves all the partial degrees. Comparing that with the trivial
bijection between A" x A and the set A"*! that gives the word wa of degree
lwa| = n+ 1 foreach (w, a) € (A", A), it follows that the number of Hall forests
u € JF with prescribed partial degrees |u|, = d,, a € A, d, > 0, coincides with
the number of words w € A* with |w|, = d,.

Remark 3. The bijection in Remark 2 is related to known results on Hall words
and the maps SZ and 7 in Remark 1 as follows: Given a € A and the Hall forest
u= z‘f“ . zk kK wherezy,..., 2k € T Z1 > > Zk, b1, ..., Ix = 1, consider the
word w = Q(zp)* - - Q(zl)l‘ a. Now, there exists [21] a unique decomposition
of w as an increasing product of Hall words w = w’ ---w}', with Hall words
W, < --- < Wiy, r,...,r, > 1. Then it can be seen that [z°l‘ -~-zzl“]a =

1" oty g, where t; = T(wy), i = 1,...,m.

We define a partial order > in the set j-: of Hall forests, to be used in Section 5
below as follows.

Definition 4. Givenu, v € F with the same partial degrees, where u =1,"" - - - £/,

m

[ / T
U—Z?l"-ZZk,tl,.. Y 4 T zke’Tmlrl,.. s, o e > 1,1 >

->tyandz) > - >z, If 1y > 2] > 7 > 1, (wWhere (2], z}) is the standard
decomposition of z;), then u > v.

Remark 4. Notice that,ifu > v, u, v € F, then max(u) > max(v) > min(v);
min(u), where we use the notation max(tf'l sty = ifty, ..t € T,
o> >l Py, by > 1.

3. Poincaré-Birkhoff-Witt Basis and Labeled Rooted Trees

3.1. Expressing Series in a PBW Basis Associated to a Set of Hall Forests

Let B be a (nonnecessarily commutative) associative algebra I3 generated by the
elements {E, : a € B}. We next define one element E («) € B for each Hall forest

of labeled rooted trees u € . If the algebra B is freely generated by {E,, : a € B},
that is, if {E,, : w € A*} is a basis of B3, then {E(¢) : t € T} is a (Hall) basis
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(ordered according to the total order relation in ’T) of the Lie algebra g generated
by {E,:a € B},and {E(u) :u € .7-'} is the PBW basis associated to that ordered
basis of g.

Definition 5.  Given a Hall set 7T of rooted trees over A and the corresponding
set F of Hall forests, we assign an element E(u) € B for each u € F recur-
sively as follows. For the empty forest, E(e¢) = I, for each ¢ € 7 with standard
decomposition (¢',t") € T x 7T,

E(t)=[E("), Et)]=E@")E({') — Et)E("), (20)
and given u € F \? with standard decomposition (u’, u”) € F x ?,
E) = EW"E@). 1)

In the general case (where B may not be freely generated by {E, : a € B}), g is
spanned by {E(¢) : t € 7}, and B is spanned by {E(u) : u € F}.

Theorem 3 below is an essential ingredient of the present work. We first need
the following definition.

Definition 6. Given a map that assigns «,, € K to each w € A*, we consider
the map o : F — K defined as follows. For the empty forest a(¢) = «,. Given
u € F\{e}, consider a labeled partially ordered set U representing the forest u, and

let xq, ..., x, be the vertices of U labeled as [ (x;) = a; € Aforeachi =1,...,n.
For each total order relation > on the set of vertices of U, x;, > --- > x; , that
extends the partial order relation in U, we denote the word a;, - - - a;, as w(>yp).
Then
a() = ), (22)
>u

where the summation goes over each total order relation > on the set of vertices
of U that extends its partial order relation.

Example 5. Consider the labeled forest u = ** ¢ over the alphabet A =
{1,2} (1 — e,2 — o). It is represented, for instance, by the labeled partially
ordered set U = {xi, x, X3, X4, x5} with partial order x; < xp, x; < x3, and
x4 < x5 and labeled as [(x;) = [(x3) = I(x4) = 1,1(x1) = [(x5) = 2. In that case,
each different total ordering x;, > --- > x;, of U that extends its partial order
relation is characterized by the 5-tuple (iy, ..., is). Such total orderings of U are
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obtained in this case for

(i1,...,15) = (2,3,1,5,4),(2,3,5,4,1),(2,3,5,1,4), (2,5,4,3, 1),
(2,5,3,4,1),(2,5,3,1,4),(3,2,1,5,4), (3,2,5, 1, 4),
(3,2,5,4,1),(3,5,4,2,1),(3,5,2,4,1),(3,5,2,1,4),
(5,4,3,2,1),(5,4,2,3,1),(5,3,4,2,1),(5,3,2,4, 1),
(5,3,2,1,4),(5,2,4,3,1),(5,2,3,4,1),(5,2,3, 1,4).

Theorem 3. Given a map that assigns o, € K to each word w € A*, it holds
that

> awEy =) a@E®), (23)

« =
weA ueF

where a : F — K is given in Definition 6 above.

The discussion on the proof of Theorem 3 is postponed to Subsection 5.4, where
it is shown that it is essentially equivalent to Theorem 5.3 in [21].

Remark 5. Theorem 3 implies that, given « : F — R obtained by Definition 6
for some coefficients «,,, w € A*, then such «,, can be uniquelly written as a
linear combination of the values «(u), u € F. To see this, it is enough to consider
Theorem 3 with B = K(A) (the set of K-linear combinations of words on the
alphabet A), so that {E,, : w € A*} is linearly independent, and the fact that by
definition, each E(u) is a linear combination of {E,, : w € A*}. We will give a
direct proof (without using Theorem 3) of this statement in Section 5 (Corollary 19)
when constructing an algorithm that allows, in particular, effectively rewriting «,,
as a linear combination of the values «(u), u € F.

Remark 6. We have considered a PBW basis of B (when B is freely generated by
{E, : a € A})consisting of increasing products of the ordered basis {E(¢) : t € T}
of the Lie algebra generated by {E,, : a € A}. APBW basis of 3 made of decreasing
products can similarly be considered. One can translate from one case to the other
by considering the opposite algebra of B (with product * given by X « Y =YX
for X, Y € B). This simple trick gives

Y ayE, =Y awE®),

—~

weA* ueF

where E(t) = (=D)IE@), EG@]" - t) = E(t)" -+ E(ty)™ if ty > -+ > 1,
and @ : F — Kis given by Definition 6 for &, ..., = ®a,.ay> 415 - - - > A € A.



400 A. Murua

3.2.  The Product of Two Series in a PBW Basis Associated
to a Set of Hall Forests

Definition 7. Given two arbitrary maps «, § : F — K, we define ¢ : F — K
as follows. Given u € F\{e}, let U be a labeled partially ordered set representing
u, then

apy= Y a(V)BW), (24)

(V,W)eR(U)

where (V, W) € R(U) if V and W are labeled partially ordered subsets of U
satisfying the following two conditions:

(i) the set of vertices of U is the disjoint union of the sets of vertices of V and
W; and
(i) givenx,y € U suchthatx > y,if x € W, theny € W.

Example 6. For instance, consider the labeled forest u = { e over the alpha-
bet A = {1, 2}. The labeled partially ordered set U with vertices xj, X, X3, X4
partially ordered as x; < x3, x3 < x4, and labeled as I(x;) = I(x3) = 1,
l(x1) = l(x4) = 2, represents u. Each (V, W) € R(U) is determined by the
set of vertices of V, and there are eight different possibilities for V, that are
{x1, x2, x3, x4}, {x1, X3, X4}, {x2, X3, X4}, {x3, x4}, {x2, x4}, {x4}, {x2}, &, and thus,

“ﬁ(‘i -) = a(@ 0>ﬁ(e)+ot<‘<j>/3(-)+a(o $)B(0)
+a(3)B(e o)+ ale 0)B(E) +a(o)B(S o)

+m.m(€)+a@ﬂ<§-)

Proposition 4. Assume that ay,, B, € Kforeachw € A*,andleta, f : F - K
be given by Definition 6. The map off : F — K given by Definition 7 and that
given by Definition 6 for the coefficients (aB),, w € A*, in (6) coincide.

Proof. Here we give a direct proof of combinatorial nature. An algebraic proof
is given in the discussion of Section 7 below (Corollary 28).

Consider a labeled partially ordered set U representing the forest u, and let
X1, ..., X, be the vertices of U labeled as [(x;) = a; € Aforeachi =1,...,n.
Then, «f(u) given by Definition 6 for the coefficients («8),, w € A*, given in
(6) is the sum, over each j € {0, ..., n} and each total ordering x;, > --- > x;, of
U that extends its partial order relation, of a(a;, - - - a;)) B(ai,,, - - - a;,). Each pair
of such total ordering of U and j, determines different (V, U, >y, >y ) such that
(V, W) € R(U) and >y (resp., >w) is a total ordering of the set of vertices of V
(resp., W) that extends its partial ordering, V (resp., W) being the labeled partially
ordered subset of U determined by the vertices {x;, . x, } (resp., {xi,,,.....x, }) totally

yeney
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ordered as x;, > --- > x;; (resp., x;;,, > -+ > x;,). Now, (24) follows from the
observation that each (V, U, >y, >y) such that (V, W) € R(U) and >y (resp.,
>y ) is a total ordering of the set of vertices of V' (resp., W) that extends its partial

ordering can be obtained in this way from a pair (j, >y) where j € {0, ..., |U|}
and >y is a total ordering of the set of vertices of U that is compatible with its
partial order relation. O

Theorem 3 and Proposition 4 imply the following:

Corollary 5. Assume that oy, By € K for each w € A*. Then it holds that

(Z awEw> (Z ﬁwEw> =Y apu)E®). (25)

* * =
weA weA ueF

Remark 7. A similar formula is obtained for a “PBW basis” of decreasing prod-
ucts using the notation and the trick in Remark 6, namely,

(Z awEw> (Z ﬁwEw> =Y Baw)E®).

=S
weA* weA* ueF

If one explicitly has the values a (1), B (1) (u € F) given by Definition 6 (this is
the case, for instance, of series with iterated integrals considered in Subsection 4.2
below), then Corollary 5 allows expressing the product of series of the form (4) in
the PBW basis {E(u) : u € F} directly, instead of first obtaining the coefficients
(aB), for each word w € A*, and then computing the values ¢f(u) (u € F)
given by Definition 7 in terms of the coefficients («f8),. This will be exploited
in Section 4, where, in particular, explicit formulas for the BCH formula and the
continuous BCH formula are obtained.

Otherwise, assume that we want to compute the product of series that are written
as in the right-hand side of (23). In such a case, one could always /{ewrite each o,
(w € A*) as a linear combination of the known values «(u), u € F (see Remark 5
above), then obtain the c’(\)efﬁcients (aB)y by means of (6), and finally obtain the
coefficients af (u) (u € F)in (25) by applying Definition 6. Instead of that, one can
directly obtain the coefficients «f(u) (u € F) from Definition 7. Unfortunately,
givenu € F and (V, W) € R(U) in (24), the labeled partially ordered sets V and
W may not represent Hall forests (V always represents a product of Hall rooted
trees, but this is not the case for W). In order to overcome this difficulty, we need
some rewriting algorithm that allows expressing «(v) for arbitrary v € F as a
linear combination of {«(x) : u € F}. This will be accomplished in Section 5
below.
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4. Exponentials of Lie Series and Explicit Continuous BCH Formulas
4.1.  The Exponential, the Logarithm, and Lie Series

In the present subsection we assume that K is a (Q-algebra. Recall that the formal
exponential (defined as a power series) of a series (4) with o, = 0 is a new series
of the form (4) with «, = 1, and that its inverse is the formal logarithm, defined
for series (4) with o, = 1.

Definition 8. Given a map o : F — K. If a(e) = 0, then the exponential is
defined as a new map exp « determined as follows: For the empty forest, exp o (e) =
1, and for each u € F\{e},

|ue]

1
expa(u) = Z Eak(u). (26)
k=1 ""

If a, = 1, the logarithm log @ of « is a new map defined as follows:
loga(e) =0,
lu] k+1
(=D
loga(u) =
g ; .

where ¢(e) = 1 and e(u) = 0 for u € F\{e}.

(o — &)fu), foreach u e F\fe}, (27)

Here we use the notation o referred to as the product given in Definition 7.

Remark 8. The fact that «* (1) = 0 if w(e) = 0 and |u| < k implies that, given
o : F — Ksuch that a(e) = 0, then

_1yk+I
(lk) ok, (28)

1
expa:a—l—zyak, log(s—l—a):Z
k>1 """ k>1

The following is a consequence of (28) and Corollary 5.

Proposition 6. Given o, € K for each w € A*, let o« : F — K be given by
Definition 6. If a, = 0, then

exp (Z awEw> = Zexpa(u)E(u). 29)
weA* ueF
Ifa(e) =1, then

log (Z awEw> =Y loga(u)E(u). (30)

=
weA* ueF



The Hopf Algebra of Rooted Trees, Free Lie Algebras, and Lie Series 403

In many applications, series of the form (4) that can be written as a series of
elements of the Lie algebra generated by {E, : a € A} have a special relevance.
Such series can be defined as follows.

Definition 9. We say that a Lie series is a series of the form

Y aEQ®, 31)

teT
where a(t) € K foreacht € T.

Notice that this definition of Lie series coincides with that given in [21] when
E, =a (a € A) and B is the K-algebra K(A) of K-linear combinations of words
on the alphabet A with the concatenation product of words.

The next proposition is a standard result in the Hopf-algebraic context of Sec-
tion 7.

Proposition 7.  Given an arbitrary map o : F — K, there exists B : F — K
such that « = exp 8 and B(u) = 0 whenever u € F\T, if and only if

ae)=1 and a(ty - ty)=a(ty) - a(ty) for t,....t, €F. (32)

In particular, a series of the form (4) is the exponential of a Lie series if (32) holds
for the map o : F — K given by Definition 6.

Remark 9. Lemma 15 in Subsection 5.1 below implies in particular that, if
o . F — Kis given by Definition 6, then « (") = Q! a(t) foreacht € 7.
This implies that, if (32) holds, then for each t € 7, exp(a¢(?)E(®)) = I +
> 1 2 () E(r)", which shows that, in that case, the series (23) can be rewritten

as an infinite directed product of exponentials of the form exp(«(¢) E(t)), t € T.

We will give (under the assumptions of Proposition 7) explicit formulas for
exp B(u) and log o (u). First, we will fix some notation and give an auxiliary
result.

Definition 10. The factorial u! of each forest u € F is defined recursively as
follows. For the empty forest, e! = 1. Givena € A, t,...,t, € F,v € F,
1= [U]a,u :tl"'tm’

th=oltl,  ul=n! -t

Definition 11. For each labeled partially ordered subset V' C U with vertices
{x1,...,xn} (V| = m < |U|), we consider two new labeled forests: The forest
v € F represented by V, and the forest CV (U) of labeled rooted trees obtained
by removing from U all edges of the form (y < x;), 1 <i <m,y € U. Note
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thatif 7, . .., 7; are the roots of U, then CV (U) = CV\"--"(U). If V = @, then
cV(U) = u.

Example 7. Consider the labeled forestu = @ e over the alphabet A = {1, 2}.
Let U be the labeled partially ordered set considered in Example 6. For the labeled
partially ordered subset V C U determined by the vertices {x;, x, x4}, we have
thatv= e & and CY(U) = e 0 3.

Definition 12. Given a labeled partially ordered set U representing a forest u €
F, K(U) will denote the family of labeled partially ordered subsets of U that
include all the roots of U. Foreachn > 1, K,,(U) ={V € K(U) : |V| = n}. The
number of different total orderings of the set U that preserve the partial ordering in
U will be denoted by p(U). Given n > 1, w,(U) denotes the number of different

ordered partitions (Uy, ..., U,) of the set of vertices of U satisfying that
xelU, yeU, x<y = i<]. (33)
Observe that, in the definition of w,(U), (33) excludes partitions (Uy, ..., U,)

satisfying that x > y for some x,y € U; and some i. That is, for each i, the
partially ordered subset of U determined by the vertices in U; represents a forest
of the form e (i.e., a forest with k vertices and no edges).

The next lemma follows from repeated application of Definition 7.

Lemma 8. Consider amap o : F — K. Givenn > 1 andu € F, let U be a
labeled partially ordered set representing it.

1. If o is such that a(v) = 0 whenever v € F\7T, then

o"wy= Y p(V)a(C" W), (34)
VeK,(U)
where we use the notation o' (v) = «a(ty)---«(t,) for arbitrary forests
v=1t- by, (t1,..., 00 €T).
2. If a is such that a(e) = 0 and a(t; - - - t,,) = a(ty) - - - «(t,) for arbitrary
t,...,t, €T, then
=Y w0, (V)a(C"(U)). (35)
VeK,(U)

Theorem 9. Let« : F — K be a map such that a«(u) = 0 if u € F\7T. Given
u € F,let U be a labeled partially ordered set representing it. Then

1
expa(u) = Y —e(Cv ), (36)
VekKU)

where v denotes the labeled rooted tree represented by V, v! is given in Defini-
tion 10, and o' (w) (w € F) is interpreted as in Lemma 8.
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Proof. By definition of exp o (26) and Lemma 8 we have that

expa(u) = Y wa/(cV(U)). (37)

]
VeK(U) v

Consider now ¢ : F — K such that ¢(u) = 1 if |u| = 1 and ¢(u) = 0 oth-
erwise. Then, (37) applied for o = ¢ gives (as ¢'(CV(U)) = 1if V = U and
@' (CY(U)) = 0 otherwise) that exp(¢) = 6, where 0(u) = p(u)/|u|!. We will
prove that |u|! = u! p(u) for each u € F, thatis, 6(u) = 1/u!. By Proposition 7,
O0(e) =1landO(t;---t,) =60(t)---0(t,) forty, ..., t, € 7T,and thus, according
to Definition 10, the required result will follow if we prove that

|t]6(r) = 6(u) whenever = [u],, ueF, acA. (38)

Consider the map DO : F — K given by DO (u) = |u|6(u). It is straightforward
to check that D can be considered as a derivation of maps § : 7 — K with respect
to the product given in Definition 7, and thus D6 = Dexpg = (exp¢)p = O¢.
This, together with ¢ ([u],) = 0(u) for u € F and a € A (by Definition 7 and
the particular form of the map ¢) finally leads to (38). O

The nextresult follows from the definition of log « (27) and the second statement
of Lemma 8.

Theorem 10. Let @ : F — K be a map satisfying (32). Givenu € F, let U be
a labeled partially ordered set representing it. Then

loga(w) = Y o@a(C’U)), (39)

VeK(U)

where v denotes the forest of labeled rooted trees represented by V , and

[v] (_1)n+1

w(v) = Z

n=I

wy (). (40)

Remark 10. Observe that, in the definition of u!, w, (1), and w (1), the labeling
of its vertices plays no role. Thus, u!, w, (#), and w (u) are color-blind. We thus can
consider that the values of u! and w (1) are defined for rooted trees, and whenever
we write u! (resp., w(u)) for a labeled rooted tree u € 7, we refer to a value of !
(resp., w) of the rooted tree obtained from u by forgetting its labeling. Notice that,
by Proposition 7, one only needs to apply (36) and (39) for labeled rooted trees
(as loga(u) = 0if u € F\7T, and expa(t;---t,) = expa(ty)---expa(ty)).
The values of u! and w(u) for rooted trees of degree |u| < 5 are displayed in
Table 1.
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Table 1. Values of ¢! and w(t) for rooted trees of degree |¢| < 5.

R N T
It 1 2 3 3 4 4 4 4
t! 1 2 6 3 24 12 8 4
R T N S S R S

Example 8. For each rooted tree ¢ without ramifications (“tall rooted trees”), we
have that w(t) = (=1)*!/|¢|. This follows from (40) and the fact that, for such
rooted trees, t! = [t|!, wy; (1) = 1, and w, () = 0if n # |¢|.

As an additional example, consider the rooted tree ¢t = . Counting
the number of ordered partitions (U, ..., U,) of the set of vertices of a labeled
partially ordered set T representing ¢ that satisfy condition (33), one gets that

wi(t) =w(@®) =0, w3(t) =2, w4(t) =09,

wst) =8, ot)=3-24+%=1.

Remark 11. Let$ : F — Kbesuchthat§(e) =1,8(t;---t,) =68(t1) ---6(ty)
fort;,...,t,, € T,and givent € 7, §(t) = 1if [t| = 1 and §(¢) = O otherwise.
Then, (39) applied fora = 8 gives (as §(CV(U)) = 1if V = U and §(C"V (U)) =0
otherwise) that w = log$ (in particular, according to Proposition 7, w(u) = 0 if
ue F\7T).

Thus, the values of w(t) (f € 7T) can be obtained, as an alternative to (40),
from solving for w(¢) in expw = §. Another alternative can be obtained from
the expansion z/(e* — 1) = 1+ ) _,., B¢/ k! zF (B being the Bernoulli numbers,
in particular, B} = —%, B, = %, and By = 0 for k > 1), which gives w =
8+ -, Br/k! 08, leading to

By
o([ul,) = ; LW, weF\e) acA
The first statement of Lemma 8 and the fact that |v|! = v! p(v) for v € F (proof

of Theorem 9) then leads to

By ,
o(lul) = Y —Ha/(C"WU)), (41)

VeK(U)

where U is a labeled partially ordered set representing u € F, and for each
partially ordered set V € K (U), v is the forest that represents it, and o' (¢1 - - - t,,) =
w(ty) ---w(ty). Observe that, since By = 0 for odd numbers £ > 1, in (41) one
only needs to consider V € K (U) with only one element (which is only possible
if u is a rooted tree) and V € K (U) with an even number |V | of elements.
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Example 9. For rooted trees of the form ¢ = [e*], k > 1, (“bushy trees”), we
have that u = e* and K (U) = {U}, and hence

o([«*]) = By

As an additional example of the application of (41), consider, as in Example 8, the

rooted tree t = ‘\>'/.’ sothatu = e %" . Then,

B

w<t>=—2,w<-V>+ v),w(-4)=Bzw(V)+?4
_1 -1 1
~ 3690 60

Remark 12. In the literature of numerical analysis for ODEs [3], [16], [17], the
factorial ¢! of a rooted tree ¢ is referred to as the density of ¢, and is denoted
as y(t), while w(¢) (t € 7) can be interpreted as the coefficient of the B-series
corresponding to the modified equations of the explicit Euler method. The explicit
formula (39) in Theorem 10 has been independently obtained in the context of
numerical analysis of ODEs in [4], and additional formulas for w(t), t € 7 are
given.

Example 10. Consider for each a € A, the map ¢, : F — K determined as
follows. Given u € F, ¢,(u) = 1 if u = [e], and ¢, (1) = O otherwise. It then
trivially holds that E, = Zu 7 Pa(u) E(u), and thus the BCH formula reads,

exp(E,) exp(E1) = exp Zloga(t)E(t) ,
1eT

where A = {1, 2}, and o = (exp ¢2)(exp ¢1). Recall that we represent as black
vertices those labeled by 1, and those labeled by 2 as white vertices, The coefficients
log a(t) can be read from the structure of the labeled rooted tree ¢ by application
of Theorem 10 for the map « explicitly given as follows. Given u € 7, let U be a
labeled partially ordered set representing u. Let V (resp., W) be the labeled partially
ordered subset of U determined by the white vertices of U (resp., black vertices).
Then, V and W will represent two forests v and w, respectively. If (V, W) € R(U)
(as given in Definition 7), then «(u) = 1/(v!w!), and «(u) = 0 otherwise. This
is a direct consequence of the fact that 6, = exp ¢, is such that, given u € F,
0,(u) = 1/u!if all the vertices of u are labeled by a, and 6, () = 0 otherwise. The
latter statement can be proven in a very similar way to 6(¢) := exp () = 1/t!in
the proof of Theorem 9. Observe that «(t) = 0 if ¢ has some black vertex whose
parent is white, so that is this case, one only needs to consider in (39) labeled
partially ordered subsets of V including (in addition to all the roots of U) all the
black vertices with white parents. For instance, for the Hall set of rooted trees in
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(18), we have that

exp(E2) exp(E1) = exp (/3( e)E|+ B(0)Es+ B(Q)IE, Exl

ny (<;> LE\, [Ey, E2]l + B( %) Es, [Ey, Esl] +)

(here, ““- - -” stands for terms of degree higher than three), where 8 = log «, and,
in particular,

Ble) = a(e) =1,

B(o) = a(o) =1,

B(&) = w(da(e)a(o) =—7,

1
2
ﬂ({) = w(:)oz(o)ot(:)+w<<>a(.)2a(o)=_%%+%

B(%7) = w(I)a(.>a(8>+w<<>a(.)a(o)2z_%%+%

sl

|~

[

4.2.  Iterated Integrals and the Continuous BCH Formula
The proof of the next result will be postponed to Section 5 below.

Proposition 11. Consider the particular case of (4)—(5) where each a,, is an
iterated integral of the form (7), where K is an arbitrary commutative ring, 1k is
the unity in K, and fa : K — K, a € A, are Z-linear endomorphisms satisfying

L) =L f) [0 L)

foreach a, b € A and arbitrary u, A € K (the “integration by parts” property).
The map a : F — K given by Definition 6 for a,, in (7) satisfies

ale) =1, oty ty) = o(ty) - - ot(t),
a([ty - tnld) = [, o) - alty) 43)
whenever ty, ..., ty, € T,a € A. Such o : F — K is uniquely determined by

(43).
The assumptions of Proposition 11 hold, for instance, in Examples 1-4.

Remark 13. By virtue of Proposition 7, the second equality in (43) implies that
(4)—(7) can be written as the exponential of a Lie series. According to Remark 9,
(44) can alternatively be expressed as an infinite directed product of exponentials of
the form exp(a(¢) E(t)), t € T, each coefficient «(¢) being a generalized iterated
integral that reflects the structure of the labeled rooted tree ¢ (see [15] for this result
in the context of nonlinear control theory).
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We finally have that, under the assumptions of Proposition 11,

D awEn=exp| D BOE® |, (44)

weA* teT

where 8 = loga is explicitly given for o : 7 — K in (43) by means of Theo-
rem 10. That is, we have obtained an explicit expression of the so-called continuous
BCH formula. Recall that, compared to the results in [22], our formula is written
in a basis (an arbitrary Hall basis) of the free Lie algebra, while in [22], a spanning
set of the free Lie algebra is used to express the formula (and thus requires the use
of some rewriting algorithm in order to express it in a basis).

Example 11. Under the assumptions of Proposition 11, the application of The-
orems 3 and 10 gives, for instance, for the Hall set of rooted trees in (18), that

Y oy Ey = exp(B(e)Er + B(0)Er + B(D)IEL, Er]

weA*

+B (i) [E1, [E, E2]1+ B(*)IE, [EL, Eo]] +>

where = log «. Using the notation o, = ]a 1g fora € A = {1, 2}, we have, in
particular,

Ble) = a(e) =0y,
B(o) = a(o) = oy,

B(2) = w(o)a(é)-i-w(I)Ot(o)ot(O)=/20t1—%alaz,
ﬂ(é) = w(o)a('é)+w(2)(a(o)a(2)+a(-)a(5))

+w(<>a(.)2a(o)
= /focl—%(a2/a1+a1/a1)+§a12az,
2J1 1 2

B(%") = w(e)a( %) + () (a(e)a()
+a<o)a<s)>+w(<)a(.)a(o)2

= /Ol]O[z— %(051/012—}—0[2/(11)4- %Ol]O[%.
2 2 2
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5. Rewriting Labeled Rooted Trees as Linear Combinations of Hall Forests
5.1. A Congruence on Linear Combinations of Forests

Here we assume that the characteristic of the ring K is O (if the characteristic of K
is k # 0, one should replace Z by Z/(k) in what follows).

Consider the ring Z[7] of polynomials with integer coefficients in the com-
muting indeterminates u € 7, where the products of labeled rooted trees (i.e.,
the monomials in Z[7]) are identified with forests u € F. The unity element is
the empty forest, and the elements in Z[7 ] are Z-linear combinations of forests
u € F. We extend by bilinearity the grafting operation ¢ o u for Z-linear combina-
tions of labeled rooted trees ¢ and Z-linear combinations of labeled forests u. We
also extend arbitrary maps « : F — K by linearity to Z[7].

Definition 13. Given u, v € Z[7 ], we say that u and v are congruent, and write
u = v, if for every map @ : A* — K that assigns @(w) = a,, to each word w, it
holds that o (1) = «(v) for the map o : F — K given by Definition 6.

Proposition 12. Givenm > 2,t;,...,t, €T,
m
tl"‘tmzztiol_[tj‘ (45)
i=1 J#i

Proof. Given a labeled partially ordered set U representing a forestu = ¢, - - - t,,,

t, ..., ty withroots ry, ..., r,. Consider for eachi = 1, ..., m the labeled par-
tially ordered set Z; obtained from U by adding the edges r; < r; for each
je{l,...,m}\{i} (thus, Z; representing the labeled rooted tree z; = #; o ]_[j# 1).

Then, it is straightforward to check that each total order <y of the set of vertices
of U that extends the partial order in U extends the partial order of one and only
one of the Z;, which shows that a(¢, - - - t,,) = a(z1) + - -+ + «a(z,,) for arbitrary
o : F — K given by Definition 6 for some «,, € K, w € A*. O

Proof of Proposition 11. Given a labeled partially ordered set T representing a
labeled rooted tree t = [u],, u € F, with vertices {x, ..., x,} and root x,, labeled
as/(x,) = a, then the labeled partially ordered set U C T determined by the set of
vertices {xq, ..., x,—1} (i.e., obtaining from T by removing the root x,,) represents
the forest u. Now, for each total ordering >y of {x;, ..., x,—} that extends the
partial order in U, there is clearly a unique total ordering >7 of {xi, ..., x,} that
extends both the partial order in 7" and the total ordering >, and in that case,
w(>7) = w(>y)a. This defines a one-to-one correspondence between the total
order >7 and >, and thus

a(lul) = Y tniepy = Yt = [ Vucy = [atw. @6

a >y a
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The “integration by parts” property (42) can be generalized (by applying induction
on m) as

(1 0=3 (v

The second equality in (43) can by proven by induction on the degree of u =
1| - - - t,, and Proposition 12) as follows. Let #; = [v;],,, where a; € A and v; € F

H/M,), acA, wek, i=1,...,m. (@47

J# T

foreachi =1, ..., m, then, by virtue of Proposition 12 and (46), we have that
cw=Fe([alTs] ) =5 [ «(v115).
=1 i j=17Jai J#i

and by induction hypothesis and applying (46) again, we obtain that

a(u) = Z/ oc(vi)l_[a(fj) =Z/ “(”f)n/ a(v;),
j=1"ai j=1"a @

J#i j#i Jai
and (47) with u; = a(v;) finally leads to a(u) = a(ty) . .. o (t).

Induction on the degree of forests shows that (43) uniquely determines the map
a:F— K O

Consider the Z-module Z{A) of Z-linear combinations of words, and let us
denote the shuffle product of w1, wy € Z(A) [21] as w; w w;.

Proposition 13.  Consider the Z-linear map v : Z[T| — Z{A) given as follows.
For eachu € F,

vu) =Y wo), (48)

where we adopt the same notation as in Definition 6. Then it holds that

v([uly) =v(u)a, v(uv)=v(u) wv(v), foreach u,veF, acA. (49)

Proof. Consider K = Z(A), and faw = wa for each w € A*, a € A. The
recursive definition of the shuffle product [21] then just reads (42). Proposition 11
applied in this case gives the required result. O

Remark 14. It obviously holds that a map « : F — K is given by Definition 6
for some coefficients {o,, : w € A*} if and only if
a(u) =a(vu)), foreach u e F, (50

where @ : Z(A) — K is the Z-linear map given by & (w) = «,, for each w € A*.
We thus have that u = v if and only if u — v € kerv (i.e., u and v are congruent
modulo ker v).
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According to Remark 14, Proposition 13 implies the following:

Proposition 14. Givenu,v € Z[7],a € A, ifu = v, then [u], = [v],. Further-
more, ifu = v foru,v € F, then uu = vv. Moreover, if under such conditions
Hy.oonty €T, thentyo---ot,ou=1t0---0f,ov.

The following result follows from Proposition 12 and from third statement of
Proposition 14.

Lemma 15. For arbitraryt € T, n > 1, it holds that t" = n! t°".

Corollary 16. For arbitraryt € T, i, j > 1, it holds that t°'t* = [(i + j)!/
P11,

Remark 15. Repeated application of Corollary 16 shows that the product of
arbitrary Hall forests is congruent to a Hall forest multiplied by a positive integer.
In particular, this implies that, given s € T,u € F,andn > 1, thereexist A € Zand
w € F such that 1" o > u = A [w],. More precisely, w is such that v~ Du = jw,
where t = [v],, v e}' acA.

5.2. A Rewriting Algorithm

We will give an algorithm that allows rewriting each u € F as u = v, where
v € ZF (i.e. v is a Z-linear combination of Hall forests), in a finite number of
recursion steps. The main tool is an algorithm (Algorithm 1 below) that rewrites
any labeled rggted tree of the form [u], where a € A and u € F as [u], = v,
where v € Z F.

Algorithm 1. Givent = [u], € 7, where u € Fanda € A:

1. Find (following the constructive proof of Lemma 2) the Hall forest v € f
such that I"(v) = [u],, thatis, find v = tor' ---to'msuchthatty, ..., t, € 7,
My Fly oo bm > 1,8 >+ >t,, and F(v) = to” oty - - t°’m) = [u],.

2. Ifm=1,thent =1,"" € .7-' and the algorithm stops. Otherwise, set

i Or, or; ‘m
t= tlorl . orm Ztor o(torl l lltz+1+l . .t;lr )’ (51)

rewrite, following Lemma 17 below, each term in the summation of the
right-hand side of (51) in the form X, '(v;), A; € Z, v; € ]-" and recur-
sively go to the second step in Algorithm 1 (with v replaced by v;) for each
i=2,....m
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Lemma 17. Consider v = t;" -t € F, where m > 1, t;,...,t, € T,

Flyoostm > 1,11 > - >1t,.Giveni € {2,...,m}, there exist ; > 1, v; € F,

such that t;" o(t‘”1 ct T o) = 4 T (vp) and v > vy

Proof. Giveni € {2, ..., m},according to Remark 15, thereexist A; > 1,a; € A,

and w; € F such that tor’ oty " ‘tlofr‘l“ o tom) = A; [wi], . Consider v; =
I''([w;ls,) € F. that is, the unique v; = 20" o(z32 -+ - 20%) with I, ..., [, > 1,

Zlyee 2k € T,andz; > --- > zx such that [w;], = zi’l‘ o(z5 o ... O]k)

1. If k =1, = 1, thatis, v = z; € ’]A’, then z] = min(t,,_,, t,,) provided that
i =mandr, =1, and 2| = t,, otherwise, and hence #; > z| > 1, that is,
UV >Z21 =V;.

2. Otherwise, from the proof of Lemma 2 it is clear that z; = ¢, (and [ = r,)
ifj#mofr, >1.1f j =mandr, =1, then zx = min(t,,, t,_1) > t,. It
then remains to prove that Zy <. We will show that z; = [¢{"v],,, where
r > 1and v € F, which implies that z] < #;.

By definition of the Hall rooted tree apphed fors € 7, there exista € A,

nig,...,n, > 1,and s,...,s, € Tsuchthats1 > o> 8, > =
[s7" - .s;”"]ai.

If s, > t; (resp., s, =11), then it implies, together with z; = [s;"' - - s;"”]al
< ty,that [s;" -5, 17" ], € T (resp., [s7" - On”l ‘tf“””‘)]a e 7),and
the proof of Lemma 2 shows that z; is of the form z; = [s{"" ---5,""¢;" u],,
(resp., z; = [s{"" -~ on"l ltf(g”Jr”)u]a,), where u € F.

Otherwise, if 5, < 11, let j be the smallest integer such that s; < #;. If z;
is not of the form zl = [t1 Vg, v € ]—' then the proof of Lemma 2 shows

that zy = [s7"" - -5;" 1o, > 22 = ;. But, the fact that [s}"' - -5,"],, € T
together with s; < #; implies that z; = [s;"' ---sm’] N <85 <t =22,
which leads to a contradiction. O

Proposition 18.  Algorithm 1 when applied to an arbitrary labeled rooted tree of
the formt = [ul, ,u € ]-' a € A, rewritest ast = v, where v € Z}' in a finite
number of recursion steps. Moreover, such v is a Z-linear combination of Hall
forests v; € F with the same partial degrees as t and satisfying that T~ (t) > v;.

Proof.  According to Proposition 12, if Algorithm 1 stops when applied for a
labeled rooted tree of the Aform t = [uls,, u € F,a € A, then it succeeds in
rewriting it as ¢t = v € Z F. To see that the algorithm stops after a finite number
of recursion steps, first notice that the set {z € 7 : |z|, = |t|, foreacha € A}
of labeled rooted trees with the same partial degrees as an arbitrary t € 7T is
always finite. And, finally, observe that each of the labeled rooted trees I'(v;) in
Algorithm 1 has the same partial degrees as ¢, and is, according to Lemma 17,
such that I'~'(¢) > v;, where the partial order on Hall forests > is given in
Definition 4. O
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Corollary 19.  Under the assumptions of Theorem 3, for each word w € A",
there exists v € Z F of homogeneous degree n such that o, = ot(v).

Proof. _According to Remark 14, one only needs to show that w = v(v) for some
v € Z F. This follows applying induction on the degree |w| from Propositions 18
and 14. It is trivial for w = a € A, and given w € A, by induction hypothesis
and Proposition 14 we have that wa = v(v)a = v([v],) and the requirg\d result
follows by applying Algorithm 1 to each [v;],, where v = ) A;v;, v; € F. O

Remark 16. The proof of Corollary 19 gives arecursive algorithm to rewrite each
word w as w = v(v) where v € Z F. This together with (48) allows rewriting
an arbitrary forest u € F as u = v, v € Z F. However, this can be done more
efficiently, directly using Algorithm 1 and the results in Proposition 14. Application
of the second statement in Proposition 14 allows rewriting any forestu =t; - - - t,,
provided that each t1,...,t, € 7 has been previously rewritten. For labeled
rooted trees t € 7, one can either use recursion and the first two statements in
Proposition 14, or directly use the third statement in Proposition 14 combined with
Algorithm 1 to reduce in step-by-step manner each subtree of 7 of the form [u],,
u e }'(1 e.,suchthatt =t o0---ot, o[ul,).

Remark 17. In [20], a different definition of Hall sets of labeled rooted trees is
given. Such a set of labeled rooted trees can be obtained from a Hall set T (as
given in Definition 1) as T = {(t* €T :t e T} where for each Hall forest
U= tlo” SR AL F and for the Hall rooted tree t = [ul, € T u* and r* are given
recursively as u* = ()" - - (t;,)™ and t* = [u*], (with e* = ¢). It follows from
Lemma 15 that u* = o (u*)u. Hence, Corollary 19 also holds with ZF replaced
by Q[ T*] An equivalent version of Algorithm 1 can be easily obtained with Fr
instead of 7, which is slightly simpler in some sense (instead of Corollary 16 we
just need the trivial #/ = ¢**/), but it has the drawback of requiring the use of
rational numbers.

5.3. Application to Computations in the Lie Algebra of Lie Series

Proposition 20. Under the assumptions of Proposition 4, if x(u) = 0 foru €
F\T, then

daWE® | | DoBWEw | =) apw)Ew), (52)

teT ueF ueF

where, given u € F and a labeled partially ordered set U representing u,

)= Y a@BV), (53)

(Z,V)ER.(U)
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where R (U) is the set of pairs (Z, V) € R(U) such that the labeled partially
ordered set Z represents a Hall rooted tree 7 € T .

Proof. Corollary 5 implies that (52)—(53) hold with R, (U) the set of pairs
(Z,V) € R(U) such tl}gt the labeled partially ordered set Z represents a la-
beled rooted tree z € 7. With such a definition of R, (U), there is one pair
(Z,V) € R, (U) per edge (x < y) of U, where Z and V are the two connected
components of the labeled partially ordered set obtained from U by removing the
edge (x < y). The definition of Hall rooted trees shows that such Z can only
represent labeled rooted trees of the form z° where z € 7 and r > 1. But, by
assumption, «(z*") = 0ifr > 1. O

The following result gives formulas to compute the Lie bracket of two Lie series
(as given in Definition 9).

Corollary 21.  Under the assumptions of Proposition 4, if a(u) = B(u) = 0 for
ue F\7T (ie,a) = ) =0 foru € F\T), then

Y aME®, Y BOE® | =) o, BIOE®), (54)
(55)

where givent € T and a labeled partially ordered set T representing t,

[, Bl) = D (@(2)B(S) — B(D)a(S)). (56)

(Z,5)eR(T)

When computing the Lie bracket (54) of two Lie series, one only needs to compute
[a, B1(¢) fort € T, but § in the summation of (56) does not necessarily represent a
labeled rooted tree in 7, and thus one will need to apply some rewriting algorithm
(based, for instance, on Algorithm 1) unless the values of «(s), B(s) for arbitrary
s € T are previously known.

Example 12. For instance, for the Hall set of rooted trees in (18), we have that
[, B1Ce) = lot, B1(2) = 0.t BIC2) = a(@)B(o) =Bl o)), e B1( ) =
a(e)B() — Ple)a(?), and [, BI( %) = a(0)B(E) — B(o)a(?) (recall
that o, & € F\7, and thus a(u) = B(u) = O foru = $, ).

Remark 18. Formulas (54)—(56) can be used to do computations in an arbitrary
Lie algebra g as follows. Let the Lie algebra g be generated by the set {E,, : a €
A} C g (A is a set of indices). Consider a Hall set T of rooted trees labeled by
A. Recursively define E(t) € g,t € 7, by (20). Then any element of g can be
represented by a Lie series (31) (with a finite number of nonvanishing coefficients
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«(t)), and the Lie bracket of two arbitrary elements of g can be computed using
(54)—(56). This is a direct consequence of previous results applied with B being
the enveloping universal algebra of the Lie algebra g.

5.4. The Proof of Theorem 3

In order to prove Theorem 3 it is clearly sufficient to show that the result holds
in the case K = Z(A) (with the shuffle product) and «,, = w for each w € A*.
According to Proposition 13, Remark 6, and Lemma 15, Theorem 5.3 in [21] is
equivalent to the required result.

For completeness, we next outline an alternative proof that uses the results in
the preceding two subsections.

Proposition 22. Under the assumptions of Proposition 20, for each u € Fit
holds that aB(u) — a(u,’i)ﬂ (u') ) is a Z-linear combination of terms of the form
a(z)B(v) suchthatz € T,v e F,and z > v".

Proof. Given a labeled partially ordered set T representing a labeled rooted
tree t € 7T, each pair (Z,S) € R(T), such that Z and S represent two labeled
rooted trees z and s is associated to a unique decomposition of 7 of the form
T = T,0---0oT1oTy (m > 1, and each T; representing a labeled rooted tree
t; € T)ywithZ =Tyand S = T,, o - - - o T}, which is a one-to-one correspondence.
Equivalently, there is a one-to-one correspondence between such decompositions
of T and the edges (x < y) of T (where x and y are the roots of 7} and Ty,
respectively). Thus, each edge of T is associated to a decomposition of ¢ of the
form

t=tyo0---0lp, (57)

In general, different edges of T can give the same decomposition (57). However,
if o (t) = 1, and, in particular, if r € 7, then there is a one-to-one correspondence
between the pairs (Z, S) € R(T) such that Z and S represent two labeled rooted
trees and the different decompositions (57) of z. That correspondence associates
each decomposition (57) to a pair (Z, S) € R(T) such that Z and S represent
the labeled rooted trees 7y and 7, - - - o1y, respectively. By definition of the Hall
rooted trees, if t € 7, then ¢ isA of the formty =z, r > 1, zZ € T . Exactly the
same argument holds with r € 7 replacegl\ by ", where t € 7 and n > 1. Thus,
according to Proposition 20, given t € 7, n > 1, aB (") is the sum, over all
decompositions

" =tyo---00 OZor’

withr > 1,z € ”T\ Hy.oonty € T,0fa(2)B(tyo---oty 0z°=D) There s aunique
such decomposition of °* such that m = 1 and (¢; 0z°“~", z) is the standard
decomposition of 7. It is not difficult to check (using the properties of Hall rooted
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trees) that the remaining decompositions are such that t°" = f,,0--.0¢j0 z2°0=D
is of the form

(Zgmoum)o---o(z)" ouy), where z > max(zy - Zplty -+ ), (58)

Flyeoostm > 1,21,...,2m € ’?, and uq,...,u, € j-: Here we have used the no-
tation adopted in Remark 4 for the maximum Hall rooted tree max () of a product
u of Hall forests. If m > 1, the third statement in Proposition 14, Proposition 18,
Lemma 17, and Remark 4 show that (58) is congruent to a linear combination of
labeled rooted trees of the form (58) with m replaced by m — 1. If m = 1, Proposi-
tion 18 and Lemma 17 show that (58) is congruent to a linear combination of Hall
forests v € F such that Ziuy > v, and, in particular, z > v” (as 7 > max(zlul))
We have thus proven the statement of Proposition 22 when u = t°", t € 7T,
and n > 1. The required result for general Hall forests u € F follows from
the next statement. Given a labeled partially ordered set U representing a forest
u==t-tye€F, ty,....t, €T,ifTy,..., T, (resp., Uy, ..., Uy,) are labeled
partially ordered subsets of U such that 7; represents the labeled rooted tree f;
(resp., U; represents the labeled forest ) - - - #;_1t;11 - - - t,), then (Z, V) € R(U)
is and only if either Z = T; and V = U, or V is the direct union of U; and S,
where (Z, S) € R(T;). O

Proof of Theorem 3.  According to Corollary 19, for each u € j-: there exist
al) e K, w € A*, such that the map « : F — K given by Definition 6 is such
that foreachv € 7, ™ (v) = 1if v = u and 2™ (v) = 0 otherwise. Corollary 19
implies that (23) and (25) hold with some E (1) € B (certain K-linear combination
of E,, for words w of degree |u|). It then remains to show that such E(u) (u € F)
satisfy (20)—(21), which is clearly equivalent to

a®=aMa)—aMe W =a®aq™  where teT,uecF, (59)

and (¢',1") € T x 7T and w,u") € F x T are the standard decompositions
of ¢ and u, respectively. Finally, (59) is 1mphed by the f0110w1ng According to
Proposmon 22, givenu, v € Fandt € T if ™™ (v) —a™) (V)™ (V') £ 0,
then u” > (u’)” (which is false by definition of standard decomposition), and,
similarly, " (v) # 0 implies that #' > (¢”)"” (which is again false). O

6. Interpretation in Terms of Vector Fields

The map « : F — Kin Definition 6, which has a central role in the present work,
lacks, in the context of Sections 3-5, a direct interpretation of the coefficients o (u)
for general u € F.

Assume that {E, : a € A} are smooth vector fields (viewed as linear differential
operators) over a d-dimensional smooth manifold M. Let B be the vector space
over R of linear differential operators acting on smooth functions on M spanned
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by the identity operator I and the set {E, ---E, :m > 1, a,...,a, € A}.
Here the expression E,, - - - E,, represents a composition of operators (so that the
action of E,, --- E, on a smooth function g € C*(M) is recursively given by
Ey - E, g8 :=E, - E,_ (E,g)). Thus B is generated as an algebra by the
vector fields {E, : a € A}. Obviously, all the results shown in the preceding
sections are valid in this case with K = R. In the present section, we will consider
K=R.

Theorems 24 and 25 below help give, to the map « : F — K associated in
Definition 6 to each series of the form (4), a more concrete meaning. The product
of arbitrary maps from F to K, that we have so far applied only to maps associated
to a series of the form ), _ .. ot E,,, can now be interpreted with Theorem 24 for
general maps « : F — K.

The results in the present section are closely related to the results in [12] and
references therein.

In local coordinates (x1, ..., x4), defined in an open set I/ C M, the smooth
vector fields E, can be written as

d
E, = Z fiD;  foreach a € A, (60)
i=1

with suitable smooth functions f! : U/ C M — Kand D; = 8/0x;,i = 1,....,d.
In what follows, C*° (/) denotes the set of smooth functions on i/ C M.

Definition 14. A linear differential operator X (u#) acting on C*° (/) is assigned
to each forest u € F of rooted trees labeled by A as follows. For the empty forest,
X(e) =1, and

d
X(ty o tw)= Y F@)"--Fty)" Dy -+~ Dy, if t,... .1, €T (6])

where, for each t € 7 and each i € {1,..., m}, F(¢t)' is a smooth function on
U C M given by
F@t) = Xu)f! if t=[ul,, uerF, acA. (62)

Theorem 24 below, which gives a rule to perform the product of series of linear
differential operators of the form

3y, (63)

can be proven in an indirect way using some results available in the literature (see
Remark 23 in Section 7 below). We give for completeness a direct proof. We first
need the following result, due to Grossman and Larson [12, Prop. 2].
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Lemma 23. Given two labeled partially ordered sets V and W representing,
respectively, the labeled forests v, w € F and having disjoint sets of vertices, it
holds that

XWX ) =) XW),
w

where the summation goes over all labeled partially ordered sets W representing
labeled forests such that (V,U) € R(W), and X(W) = X(w) if W represents
we F.

Proof. We first observe that, given a forest u € F, (n > 1) represented by a
labeled partially ordered set U with vertices 1, ..., n labeled by ay, ..., a, € A,
respectively, and roots {1, ..., k} (k < n), for each g € C*°(U),

d n .
Xwg= ). <]_[Dix(,,l)---D,-X(,,n,.)féj)D,-, Dy, (64)

j=1

where foreach j € {1,...,n}, {x(j, 1), ..., x(Jj, nj)} is the set of children of the
vertex j in U. Notice that X (1)g is a summation of products of terms having one
factor per vertex of U plus one more for a partial derivative of g. This shows that,

given v = t, ..., by, ty, ...ty € 7,and u € F, X(v)X (u)g can be expanded
as a sum of (|u| + 1) terms obtained from (64) by letting each Zf’zl F(t,)' D,
(r = 1,...,m) act on either the factor in (64) corresponding to one vertex of U or

on D;, --- Dj g. But each of such terms is of the form X (W)g, with one term per
labeled partially ordered set W satisfying that the set of vertices of W is (following
the notation in the statement of Lemma 23) the union of the sets of vertices of U
and V, and the set of edges of W is obtained as the union of the edges of U and V
and possibly some edges of the form (x < r), x € U, r € roots(V), with at most
one such edge per root of V. Or, equivalently, X (v) X (u)g is the sum of X (W)g
over all labeled partially ordered sets W satisfying that (V, U) € R(W). O

Theorem 24. Given two arbitrary maps o,  : F — K, it formally holds that

OC(M) ﬂ(u) _ OC‘B(M)
(L; o(u) X(u)) (Z o) X(u)) = Z prn X (u), (65)

ueF ueF

where af : F — K is given in Definition 7.

Proof. 1t is clearly sufficient to prove the statement for o and 8 defined, for
arbitrary u,v € F, as follows. Given w € F, a(w) = o(v) if w = v and
a(w) = 0 otherwise, and S(w) = o (u) if w = u and B(w) = 0 otherwise. In that
case, the left-hand side of (65) is X (v) X (#). By Lemma 23, we have that

Y (u)
o(w)

X)X (1) = Z

weF

X(w),
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where y (w) = k(w, v, u) o (w) for each w € F, where k(w, v, u) is a nonneg-
ative integer determined as follows. Given V, U (with disjoint sets of vertices)
representing v, u, respectively, k(w, v, 1) is the number of different labeled par-
tially ordered sets W representing w such that (V, U) € R(W). We thus need to
prove that o8 = y for these particular & and 8 associated to v and u, respectively.
By Definition 7 we have that y (w) = I(w, v, u) o (v)o (u), where given a labeled
partially ordered set W representing w, [(w, v, u) is the number of different pairs
(V, W) € R(W) that represents, respectively, v and u. It thus remains to show
that k(w, v, u)o (w) = [(w, v, u)o(v)o (u), which follows from the following
observation. If (V, U) € R(W) for some labeled partially ordered sets V, U, W
representing, respectively, v, u, w, then k(w, v, u) = o (v)o (u)/o (W, V,U) and
l(w,v,u) = o(w)/c(W,V,U), and k(w,v,u) = l(w, v,u) = 0 otherwise,
where o (W, V, U) denotes the number of different pairs of permutations of the
vertices of V and U, respectively, which determine an isomorphism of the labeled
partially ordered set W. a

Theorem 25. Given a map that assigns «,, € K to each word w € A*. Let
o : F — K be given by Definition 6, then

Y awEn=) W) v ). (66)

weA* ueF o (u)

Proof. It is clearly sufficient to prove the statement with o, = (%) given

for arbitrarily fixed aj, . .., a, € A as follows: ¢(%) = 1if w = q, - - - a,, and
(@) = () otherwise. We will prove by induction on m that
(ar-+am)
o u
Y g, = 3 T (67)
weA* ueF o (u)

holds for @) : F — K given by Definition 6.

For m = 1, the map o™ : F — K given by Definition 6 is trivially such
that, for u € F, a“(u) = 1if u = [e],, and «‘*(u) = O otherwise. But, by
definition, E, = X ([e],), which leads to (67) for m = 1.

For m > 1, by induction hypothesis and Theorem 24, we have that (67) holds
for @@ @) : F — K given by Definition 7 as the product of a = a1
and B = a®). On the other hand, it is trivially checked that ¢ (@) = (aB),,
in (6) for o = """ and B,, = @) The required result then follows from
Corollary 5. |

Remark 19. It is straightforward to check that Lemma 23 and Theorems 24
and 25 still hold (with exactly the same proofs) in the general situation where
K is an arbitrary commutative ring with unit, C*°(If) is replaced by an arbitrary
commutative K-algebra R, and for eacha € Aandeachi =1,...,d, fcf e R,
and E, and D; are K-linear derivations of R such that Dy, ..., D, commute with
each other, and (60) holds.
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Remark 20. Theorem 25 gives, in particular, an explicit description of the map
¢ in [12, Prop. 3].

Remark 21. Theorem 30 in Section 7 below implies that, if @ : 7 — Kis such
that w(e) = 1 and

alty - ty) = a(t) - alty) = ) (no]‘[g) (68)
i=1

J#

foreachm > 1,1, ..., t, € 7T, then the series of differential operators (63) is the
exponential of a series of vector fields in the Lie algebra generated by the basic
vector fields {E, : a € A}, more precisely,

3 %) ¥ ) = exp Y loga(E(®)

ueF O'(I,t) ,e?

Remark 22. Series of differential operators of the form (63) (typically with
the presence of a factor of the form Al in each term, associated to the time-
discretization parameter s, which can be incorporated in the definition of the
functions f!) are particularly useful in the theoretical study of large classes of
numerical integrators for ODEs [19], [20], [5]. Inthe case of amap & : F — K
satisfying (32), the series (63) is equivalent to the more standard so-called B-series
associated to a numerical integrator [16], [3], [17], or its generalizations to labeled
(colored) rooted trees [16], [17], [1], [20]. More precisely, S(x)g (g € C*U)) is
formally equivalent to the composition of g with a B-series with coefficients o (7),
t € 7 [19], [5]). Theorem 24 in the particular case of « and S satisfying (32) is
equivalent to the composition of two B-series (generalized to labeled rooted trees)
with coefficients 5 (¢) and «(¢) (¢ € F), respectively. The formal vector field whose
1-flow interpolates the numerical solution given by a one-step method expanded
with such a B-series (the modified equation in formal backward error analysis) is
just the series ), loga(r) /o (1) X (). See [5] for a recent work where series of
the form (63) are exploited, and, in particular, maps « : F — K satisfying (68) are
interpreted in the context of preservation of first integrals of numerical integrators
for ODE:s.

7. Hopf-Algebraic Interpretation

We refer to [23] for the basic theory of Hopf algebras. Consider the commutative
K-algebra structure given by the shuffle product to K(A), with the empty word as
the unity of the shuffle product. In order to distinguish it from the empty labeled
forest e, we will hereafter denote the empty word as e. It is well known that the
shuffle algebra K(A) has a commutative Hopf algebra structure with coproduct
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A K(A) — K(A) ® K(A) given for each word w = a; ---a,, (ay, ..., a, € A)

Zw=w®?+?®w+za1"'aj®aj+1"'am- (69)

The counit g : K{A) — K is given by €(e) = 1 and €(w) = 0 for w € A*. The
interpretation of that coproduct in our context is as follows. Each element @ in the
(algebraic) linear dual K(A)* of K(A) gives rise to a series of the form (4) with
ay, = {a, w) for each w € K(A), and the E{Oduct of two such series associated to
@, B € K(A)* is the series associated to @8 € K(A)* given as

@B, w) = @® B, Aw), w e K(A). (70)

(If, foreach w € A*, (@, w) = a,, and (B, w) = By, then (@B, w) = (af), given
in (6).)

Consider the graded commutative K-algebra K[7] (graded by the degree of
forests, or, more generally, by the weight of forests if A is a weighted alphabet),
where the unity element is represented by the empty forest, and each monomial
t---t, withty, ..., 1, € 7T is associated to a forest u € F. It is well known [7],
[9] that the graded commutative K-algebra K[7 ] can be given a commutative Hopf
algebra structure over K compatible to the grading given to K[7]. Such a graded
commutative Hopf algebra structure is uniquely determined by the coproduct A :
K[7] — K[7] ® K[7] which is defined for each u € F as follows. Given a
labeled partially ordered set U representing u,

Awy= > vew, (71)

(V,W)eR(U)

where R(U) is given in Definition 7, and for each pair (V, W) € R(U) of labeled
partially ordered sets, the labeled forests v and w are represented by V and W,
respectively. The counit ¢ : K[7] — K is given by ¢(¢) = 1 and e(u) = O for
u € F\{e}. From now on, we will refer to such a commutative Hopf algebra simply
as K[7].

Clearly, each & € K[7]* is determined by its values (o, u) = a(u) for u € F,
and the product in Definition 7 exactly corresponds to the product in the K-algebra
structure of K[7]* dual to the coalgebra (K[7], A, ¢), that is,

(@B, u) = (a @ B, Au), u € K[T]. (72)

The maps « : F — Ksuchthata(u) = 0if u € F\7 (resp., such that (32) holds)
correspond to @ € K[7]* in the Lie algebra P(K[7]°) of primitive elements
(resp., in the group G(K[7]°) of group-like elements) of the dual Hopf algebra
K[7]° (in the sense of Sweedler [23]) of the commutative Hopf algebra on K[7].
Proposition 7 corresponds to the standard result that (if the base ring K is a Q-
algebra) the exponential defines a bijectionexp : P(K[7]°) — G(K[7]°) whose
inverse is the logarithm.
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Remark 23. The cocommutative Hopf algebra H¢,, on labeled rooted trees of
Grossman and Larson [11] is a Hopf subalgebra of the Hopf algebra K[7]°. Ac-
tually, Hg, and K[7] are graded dual (graded by the degree of forests if A is
finite, and with other more general grading in the general case) to each other [10],
[13]. That duality together with the results in [12] gives an alternative proof of
Theorem 24 (actually, the proof we give in Section 6 is essentially a proof of the
duality between the coalgebra structure of K[7 ] and the algebra structure of Hg ).

It is straightforward to check that the following holds for the coproduct (71) in
K[7T]. Givenu € F,a € A, then

Aluls = [ula ® e + (d ®[id],) Au. (73)

This, together with the fact that A is an algebra map, can be used to recursively
compute the coproduct for all forests. Equivalently, (73) can be written as follows.
Givent € T,u,v,w € F,wedefine (u ®1) o(v @ w) := (uv) ® (f ow), and then

Ay =t®e+ A1), A(lely) = e ® [ela, A(tou) = A(t) o Au)

foreacht € T,u € F,a € A,
The graded commutative Hopf algebra K[7] of rooted trees labeled by A can
be characterized by the following universal property [7], [9].

Theorem 26. Given a commutative algebra C over K and a family of K-module
maps L, : C — C, a € A, there exists a unique K-algebra homomorphism
Y K[7T] — C such that ¥ ([u],) = L,(u) for eachu € K[T],a € A.

If C has a Hopf algebra structure (with unity element 1¢ and coalgebra structure
(C, Ac, e¢)) satisfying | J,., Im L, C kerec and

AcLg(c) = La(c) ® le + (ide ®La)(Ac(0) (74)

foreach c € C,a € A, then  is a Hopf algebra homomorphism.

Corollary 27. The K-linear map v : K[T] — K(A) defined for each forest
u € F as in (48), is a Hopf algebra homomorphism over K.

Proof. Consider C as the shuffle algebra K(A) and L, (w) = wa foreachw € A*.
We know from Proposition 13 that v is a K-algebra map, and that v([u],) =
L,(u) for each u € K[7], a € A. Whence, ¥ = v. Furthermore, consider the
commutative Hopf algebra structure on C = K(A) given by the coproduct (69),
it is straightforward to check that the assumptions on the second statement of
Theorem 26 hold, and thus v is an homomorphism of Hopf algebras over K. [

The next result (equivalent to Proposition 4) is a direct consequence of Corol-
lary 27.
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Corollary 28. Given @, B € K(A)*, it holds that
@B, v(w)) = (B, u), u e K[T], (75)

where a, B € K[T1* are given by a(u) = a(v(u)) and B(u) = E(v(u))for each
u e K[T].

Since any word w € A is the image by v : K[7] — K of a labeled rooted
tree without ramifications, we have that v is an epimorphism of Hopf algebras.
Thus, the shuffle Hopf algebra K(A) is isomorphic to the quotient Hopf algebra
K[7]/(kerv).

Lemma 29. The Hopf ideal Ker v coincides with the ideal I of the commutative
algebra K[T] generated by the set

ﬁt,-—itiontj:m>l, tl,...,tmeT}. (76)
i=1

i=1 i

Proof. The set (76) can also be written as {§(v) — v : u € F}, where &(v) for
forests v € F is recursively defined as follows: If t € 7 and v € F, then §(t) = ¢
and £(vt) = tov+&(v) ot. We first show that, if u € Zandt € 7, thentou € Z.
It is clearly sufficient to show that this is true for u of the form u = £(v) — v,
v € F, which is obtained from the following. Givent € 7 and v € F,

to(v—§) = tov+E@)or —(to§) +&W) ot —1E()) —15(v)

= (E@v) —tv) + (EEW) — W) — (W) —v)t e 1.

Then it is easy to show by induction that any ¥ € F is congruent modulo Z to
a Z-linear combination of rooted trees of the form a;o---0a,,, ay,...,a, € A
(labeled rooted trees without ramifications). Clearly, Z C ker v and thus the K-
module K(A) is isomorphic to some K-submodule of K[7]/Z. Since the set of
labeled rooted trees without ramifications can be identified with the set of words
on the alphabet A, we have by a dimensional argument that K[7]/Z is isomorphic
to the K-module K(A), and thus, Z = ker v. O

Now the results obtained so far lead to the following:

Theorem 30. The shuffle Hopf algebra K{A) is isomorphic to the quotient Hopf
algebra K[T]/Z, where the Hopfideal T is given in Lemma 29. The cosets {u +Z :
u € F} form a basis of the free K-module K[T1/Z, and as a K-algebra, K[T]/Z
is freely generated by {t + 1 : t € T} provided that K is a Q-algebra. The dual
basis of {u +7 : u € F}is a PBW basis associated to a Hall basis of the free Lie
algebra over the alphabet A.
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Notice that (73) together with Algorithm 1 gives a recursive way to describe
the coproduct in K[7]/Z in terms of the basis {u + Z : u € F}, as an alternative
to using (71) with a full rewriting algorithm as in Remark 16. According to the
last statement in Theorem 30, such a description of the coproduct in K[7]/Z
provides a direct way of computing the product of series written in the PBW basis
{E(w) :u € F}.

Remark 24. It can be seen that the kernel Z = ker v is the smallest ideal Z of
K[77] satisfying that {f oz + zot —tz : t,z € T} C Z and tou € T whenever
u € 7T and t € 7. Moreover, it is not difficult to show that 7 is the ideal of the
algebra K[7] generated by the set

{toz4zot —tz:t,z7€T}U{sotoz+so0zot —so(tz):t,z,5s €T},
or, alternatively, by the set

{toz+zot —tz:t,7€T}U{so(tz) +zo(ts) +to(sz) —tzs:t,z,5s € T}

8. Concluding Remarks

We have presented a new approach to using labeled rooted trees for dealing with
Lie series, exponentials of Lie series, and related series in a PBW basis associated
to an arbitrary Hall set.

Some of the results we present are equivalent to (or can be derived from)
known results, for instance, Theorem 3. The main original results of our work are
Proposition 4 (equivalently, Corollary 27), Theorems 9 and 10 and, as a by-product,
the continuous BCH formula written in terms of Hall rooted trees, the rewriting
Algorithm 1 and related results, Corollary 21, Theorems 24 and 25, and the explicit
description of the epimorphism v of Hopf algebras from the commutative Hopf
algebra of labeled rooted trees and the shuffle Hopf algebra and its kernel.

References

[1] A. L. Araujo, A. Murua, and J. M. Sanz-Serna, Symplectic methods based on decompositions,
SIAM J. Numer. Anal. 34 (1977), 1926-1947.

[2] K.Burrage and P. M. Burrage, High strong order methods for non-commutative stochastic ordinary
differential equation systems and the Magnus formula, in Predictability: Quantifying Uncertainty
in Models of Complex Phenomena (S. Chen, L. Margolin, and D. Sharp, eds.), Physica D 133
(1999), 34-48.

[3] J. C. Butcher, Numerical Methods for Ordinary Differential Equations, Wiley, Chichester, UK,
2003.

[4] P.Chartier, E. Hairer, and G. Vilmart, A substitution law for B-series vector fields, INRIA Report
No. 5498, 2005.

[5] P. Chartier, E. Faou, and A. Murua, An algebraic approach to invariant preserving integrators:
The case of quadratic and Hamiltonian invariants, Numer. Math. (2006), to appear.



426 A. Murua

[6] K.T.Chen, Integration of paths, geometric invariants and a generalized Baker-Hausdorff formula,
Ann. of Math. 65 (1957), 163-178.

[7]1 A. Connes and D. Kreimer, Hopf algebras, renormalization, and non-commutative geometry,
Comm. Math. Phys. 199 (1998), 203-242.

[8] A.Diir, Mobius Functions, Incidence Algebras and Power-Series Representations, Lecture Notes
in Mathematics, Vol. 1202, Springer-Verlag, Berlin, 1986.

[9] L. Foissy, Les algebres de Hopf des arbres enracinés decorés, 1, Bull. Sci. Math. 126 (2002),
193-239.

[10] L. Foissy, Les algebres de Hopf des arbres enracinés decorés, 11, Bull. Sci. Math. 126 (2002),
249-288.

[11] R. Grossman and R. G. Larson, Hopf-algebraic structure of families of trees, J. Algebra 126
(1989), 184-210.

[12] R. Grossman and R. G. Larson, Solving nonlinear equations from higher order derivations in
linear stages, Adv. Math. 82 (1990), 180-202.

[13] M. E. Hoffman, Combinatorics of rooted trees and Hopf algebras, Trans. Amer. Math. Soc. 355
(2003), 3795-3811.

[14] A. Iserles, H. Z. Munthe-Kaas, S. P. Ngrsett, and A. Zanna, Lie-group methods, Acta Numer. 9
(2000), 215-365.

[15] M. Kawski and H. Sussmann, Noncommutative power series and formal Lie-algebraic thec-
niques in nonlinear control theory, in Operators, Systems and Linear Algebra: Three Decades of
Algebraic Systems Theory (U. Helmke, D. Praetzel-Wolters, and E. Zerz, eds.), B. G. Teubner,
Stuttgart, 1997, pp. 111-129.

[16] E. Hairer, S. P. Ngrset, and G. Wanner, Solving Ordinary Differential Equations 1. Non-stiff
Problems, 2nd ed., Springer-Verlag, New York, 1993.

[17] E. Hairer, C. Lubich, and G. Wanner, Geometric Numerical Integration. Structure-Preserving
Algorithms for Ordinary Differential Equations, Springer-Verlag, Berlin, 2002.

[18] R.I. McLachlan and G. R. W. Quispel, Splitting methods, Acta Numer. 11 (2002), 341-434.

[19] A. Murua, Formal series and numerical integrators. Part I: Systems of ODEs and Symplectic
integrators, Appl. Numer. Math. 29 (1999), 221-251.

[20] A.MuruaandJ. M. Sanz-Serna, Order conditions for numerical integrators obtained by composing
simpler integrators, Philos. Trans. Roy. Soc. London A 357 (1999), 1079-1100.

[21] C. Reutenauer, Free Lie Algebras, London Math. Soc. Monographs (N.S.), Vol. 7, Oxford Uni-
versity Press, New York, 1993.

[22] E. M. Rocha, On computation of the logarithm of the Chen—Fliess series for nonlinear systems,
in Nonlinear and Adaptive Control (A. Zinober et al., eds.), Lecture Notes in Control and Inform.
Sci. 281 (2003), 317-326.

[23] M. Sweedler, Hopf Algebras, Benjamin, New York, 1969.



