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1. Introduction and summary

In this paper, we provide various characterizations of absence of arbitrage
opportunities in a securities market model with bid-ask spreads on the asset
prices. We do this in a simple framework in which the information flow
over time can be described by an event-tree. Aside from this requirement,
however, we do not impose other restrictions. In particular, we allow the bid-
ask spreads to be positive on all assets, and we account for intertemporal
dividends.

Our first characterization is based on a cost minimization argument.
Given any intertemporal cashflowm, we say that a dynamic trading strategy
super-replicates it if it generates an intertemporal cashflow at least as large
asm. We consider then the problem of selecting the strategies that super-
replicatem at the minimum initial cost. In our setting, the collection of these
problems for all cashflowsm is a family of linear programs that we employ
to characterize absence of arbitrage from two perspectives. The first is a
cost perspective: absence of arbitrage is characterized by the facts that (a)
every cashflow is super-replicable at a finite minimum initial cost, (b) the
cost of super-replicating a positive cashflow is positive, and (c) the cost of
super-replicating a portfolio of cashflows is possibly lower than the cost of
super-replicating its components separately. The second perspective is based
on the properties of the cost-minimizing strategies. From this standpoint, in
fact, only the minimum-cost super-replication of the null cashflow needs
to be considered. Specifically, absence of arbitrage with positive bid-ask
spreads is characterized by the fact that minimum-cost super-replication of
m = 0 is achieved by the dynamic trading strategies that generate a null
cashflow at zero cost. Interestingly, our result also shows that the existence
of cost-minimizing super-replicating strategies form = 0 guarantees that
the same holds true forany cashflow m.

Our second characterization is based on the notion ofunderlying fric-
tionless (UF) state-prices, and is related to the previous one via duality.
In particular, we callUF state-prices the strictly positive vectors whose
inner product with the cashflows generated by dynamically trading the as-
sets with bid-ask spreads is non-positive. We argue that theUF state-prices
are the strictly positive elements of the feasible set of the dual of the cost-
minimization problem, and exploit this fact to show that absence of arbitrage
opportunities is equivalent to the existence ofUF state-prices. Moreover,
we show that the minimum cost to super-replicate a cashflowm is the supre-
mum of the values assigned tom by theUF state-prices. This allows us to
interpret theUF state-prices as state-prices of securities markets with zero
bid-ask spreads underlying those with positive bid-ask spreads, and to con-
clude that the minimum cost to super-replicatem is the supremum of the
arbitrage values ofm in such underlying markets.
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Our last characterization is based on martingale arguments, and is related
to the previous by the fact that it involves transforming theUF state-prices
into state-price deflators. In the case of zero bid-ask spreads, a state-price
deflator is a process that equates the asset prices to the discounted condi-
tional expected values of the cumulative future dividends. For the case with
positive bid-ask spreads, we show that absence of arbitrage is characterized
by the existence of state-price deflators that place the discounted conditional
expected value of the cumulative future dividends of each asset inside the
bid-ask spread. The state-price deflators in this characterization are theUF
state-prices normalized by the probability. In the zero bid-ask spreads case,
absence of arbitrage is well-known to be equivalent to the existence of state-
price deflators. Therefore, our characterization can be restated by saying
that absence of arbitrage with positive bid-ask spreads is equivalent to the
existence of asset prices that have zero bid-ask spread, lie inside the bid-ask
spreads, and are arbitrage-free.

For a better comparison with the literature, we also consider the special
case in which one asset has zero bid-ask spread, and distributes dividends
strictly positive at the terminal date, and non-negative otherwise. We denote
byV the intertemporal value of buying and holding this asset until the termi-
nal date, reinvesting the dividends. We consider then the set of probabilities
Q equivalent to the original one, and satisfying the following property: the
conditional expected value computed underQ of the cumulative future divi-
dends denominated in units ofV lies inside the bid-ask spread. We show that
the set of such probabilitiesQ is in one-to-one correspondence with the set
of UF state-prices. In this special case, therefore, absence of arbitrage with
positive bid-ask spreads is equivalent to existence of zero bid-ask spread
prices that, once expressed in units ofV , lie inside the bid-ask spreads and
are equal to the conditional expected value computed underQ of the cu-
mulative future dividends themselves in units ofV . From this standpoint,
the probabilitiesQ are then the equivalent martingale measures for these
zero bid-ask spread prices. In this special case, moreover, the minimum
cost to super-replicate a future payoffm can be expressed as the supremum
over all these equivalent martingale measuresQ of the expected value ofm
denominated in units ofV .

After the early contributions of Garman and Ohlson (1981), Leland
(1985), and Prisman (1986), the last decade has witnessed a mounting inter-
est in the effects of introducing bid-ask spreads in the standard no-arbitrage
model with frictionless markets. Merton (1990) and Boyle and Vorst (1992)
have generalized the valuation-by-replication binomial option pricing model
to the case of bid-ask spreads on the stock. Dermody and Rockafellar (1991),
Bensaid et al. (1992) and Edirisinghe et al. (1993) have remarked that ex-
act replication of the option’s payoff may be unnecessarily costly, since
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there may exist strategies that dominate the payoff at a lower initial cost.
Naik (1995), in an event-tree framework, and Jouini and Kallal (1995), in
an infinite state-space environment, have exploited this observation to pro-
vide martingale-based characterizations of absence of arbitrage in securities
markets with bid-ask spreads (see also Milne and Neave (1997) and Jouini
and Kallal (1999)). However, both Naik (1995) and Jouini and Kallal (1995)
assume that the assets pay no intermediate dividends, and that one asset is
a pure discount bond with zero bid-ask spread. Jouini and Kallal (1995),
moreover, restrict their analysis to self-financing trading. In this paper, we
account for intermediate dividend payment, we do not require one asset to
be a pure discount bond, and we allow for positive bid-ask spreads on all
assets and for non-self-financing trading.1

The rest of the paper is structured as follows. In the next section, we set
out the notation and definitions. We supply the characterizations of absence
of arbitrage opportunities based on the existence of minimum-cost, super-
replicating strategies and of underlying frictionless state-prices in Section
3. In Section 4 we discuss the martingale-based characterizations, both for
the general case and for the special case in which one asset has zero bid-ask
spread, and compare our results with Naik (1995) and Jouini and Kallal
(1995). Section 5 concludes.

2. The securities market model with bid-ask spreads: notation and
definitions

We base our securities market model on a finite probability space(�, F, P ),
where� = {ω1, . . . , ωsT } is a finite set of states,F = 2�, andP is a strictly
positive probability on 2�\{∅}. The set of trading dates isT = {0,1, . . . , T },
and the information flow shared by all investors is described by a filtration
F = {Ft}t∈T of F , with F0 = {∅, �} andFT = F . In this finite setting,
the information flow can be described equivalently by a familyP ={Pt}t∈T
of partitions of�, with P0 = {�}, Pτ finer thanPt for τ > t , andPT =
{{ω1} , . . . ,

{
ωsT

}}. Henceforth, we referP as the event-tree associated with
the filtrationF, to the generic cellf t

k of the partitionPt as the generic timet
node of the event-tree, tost ≡ card(Pt ) as the number of timet nodes, and
toL =∑T

t=0 st as the total number of nodes.
At each timet , markets open for trading inJ assets, indexed byj .

We assume that agents are price-takers, that unlimited short-sales with full
use of proceeds are allowed, and that the assets are perfectly divisible. We
consider however the presence of bid-ask spreads, and formalize this fact

1 There is also a vast literature on the issues related to introducing bid-ask spreads in
continuous-time models of securities markets. We refer to Cvitanic (1999) for a detailed
survey of this literature.
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by identifying the assets via triples
(
SAj , S

B
j , dj

)
of F-adapted stochastic

processes. The first component,SAj , represents the ex-dividend ask price of
thej -th asset, i.e., the price that the investors pay to take a long position in
assetj . The second component,SBj , represents the ex-dividend bid price,
i.e., the price that the investors receive if they sell (possibly short) assetj .
Finally, dj represents the dividend flow paid by assetj . We assume that all
prices and dividends are denominated in units of the same (num´eraire) good.
Without loss of generality, we letdj (0) = 0 andSAj (T ) = SBj (T ) = 0 for all
j . In words, the assets pay no initial dividends, and have zero ex-dividend
ask and bid prices at the terminal date, so thatdj (T ) is interpreted as a

liquidating dividend. We call
(
SA, SB, d

) = {(
SAj , S

B
j , dj

)}J
j=1 the price-

dividend system of the securities market with bid-ask spreads.
We model the dynamic trading strategies available to the investors as

couplesθ = {θA, θB} of 	J -valued,F-predictable stochastic processes,2

whereθAj (t + 1) represents the number of units of assetj bought at time
t , and θBj (t + 1) the number of units of assetj sold at timet . A basic
requirement in a securities market with bid-ask spreads is that investors be
prevented from buying the assets at the bid prices, or selling them at the ask
prices. We formalize this requirement by deeming feasible only the dynamic
trading strategies that are certainly non-negative. We denote by� the set of
all feasible dynamic trading strategies.

We now define thecashflow process xθ generated by a feasible dynamic
trading strategy θ . To this end, we observe that the quantity∑t

τ=1

[
θA(τ)− θB(τ )

]
represents the net position held on theJ assets be-

fore trading at timet . We have therefore

xθ(t) =



− θA(1) · SA(0)+ θB(1) · SB(0) t = 0

d(t) ·
t∑

τ=1

[
θA(τ)− θB(τ )

]
− [θA(t + 1) · SA(t)− θB(t + 1) · SB(t)] t = 1, . . . , T − 1

d(T ) ·∑T
τ=1

[
θAj (τ )− θBj (τ )

]
t = T .

(1)

Interpreted,−xθ(0) = θA(1) · SA(0)− θB(1) · SB(0) represents the initial
cost of θ , while xθ(T ) represents the dividends received at the final liq-
uidation of θ . At the intermediate datest = 1, . . . , T − 1, instead, the
cashflowxθ(t) consists of the difference of two components. The first,

d(t) ·
t∑

τ=1

[
θA(τ)− θB(τ )

]
, represents the dividends obtained on the net

positions held in theJ assets before trading, while the second,θA(t + 1) ·
2 That is,θA

j
(t + 1) andθB

j
(t + 1) areFt -measurable for allt = 0,1, . . . , T − 1.
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SA(t)− θB(t + 1) · SB(t), represents the cost to update the positions in the
J assets.

We denote byX� the set of all cashflow processes generated by the
feasible dynamic trading strategies via (1). In fact,X� is a polyhedral convex
cone in	L, whereL denotes the total number of nodes of the event-treeP

that, in our finite-dimensional setting, is informationally equivalent to the
filtration F. To see this, interpret any feasible dynamic trading strategyθ =
{θA, θB} as a column vector in	2J (L−sT )+ , with coordinates the realizations
of θ on theL − sT nodes ofP preceding thesT terminal ones. Likewise,
interpret the cashflow processxθ generated byθ as a column vector in	L,
with coordinates the realizations ofxθ on theL nodes ofP. On comparing
with (1 ), it is readily seen thatxθ =Mθ for someL× 2J (L− sT ) matrix
M, which we refer to as thepayoff matrix associated with the price-dividend
system

(
SA, SB, d

)
.3 Therefore, we have

X� =
{
x =Mθ

∣∣ θ ∈ � ≡ 	2J (L−sT )+
}

which shows thatX� is indeed the polyhedral convex cone spanned by the
columns ofM.

To define the arbitrage opportunities that may arise in our securities
market with bid-ask spreads, we denote by−c ∈ 	2J (L−sT ) the first row of
the payoff matrixM, that is,

−c = (−SA1 (0), . . . ,−SAJ (0),0, . . . ,0, SB1 (0), . . . , S
B
J (0),0, . . . ,0

)
and byM̃ the submatrix ofM formed by the remainingL−1 rows, so that

M =
[−c
M̃
]
.

For a feasible dynamic trading strategyθ , therefore, its initial cost is given
by −xθ(0) = c · θ , while M̃θ represents its future cashflow, that is, the
cashflow generated from time 1 on.

3 Thepayoff matrix M is formally defined as follows. Denote bySA
j
(f t
k
), SB

j
(f t
k
) and

dj (f
t
k
) the realizations of

(
SA, SB, d

)
on theL nodes ofP. For fixedt ∈ {0, . . . , T − 1},

k ∈ {1, . . . , st } , j ∈ {1, . . . , J }, letLt =∑
τ≤t sτ , and consider the column vector in	L

with components all equal to zero, except for the one with index(Lt−1 + k), which is set
equal to−SA

j
(f t
k
), and those with indices(Lτ + h), with τ = t + 1, . . . , T andf τ

h
⊂ f t

k
,

which are set equal todj (f
τ
h
). Let this vector be the(J (Lt−1 + k − 1) + j)-th column of

M. Moreover, consider the column vector of	L with components all equal to zero, except
for the one with index(Lt−1 + k), which is set equal toSB

j
(f t
k
), and those with indices

(Lτ + h), with τ = t + 1, . . . , T andf τ
h
⊂ f t

k
, which are set equal to−dj (f τh ). Let this

vector be the(J (L− sT )+ J (Lt−1+ k− 1)+ j)-th column ofM. All columns ofM are
obtained by lettingt vary in {0, . . . , T − 1}, k in {1, . . . , st } andj in {1, . . . , J }.
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Definition 1. A feasible dynamic trading strategy θ generates an arbitrage
opportunity at the given price-dividend system

(
SA, SB, d

)
if xθ = Mθ >

0.4 In particular, provided that Mθ ≥ 0, θ generates an arbitrage oppor-
tunity of:

1. the first type if M̃θ > 0;
2. the second type if xθ(0) = −c · θ > 0.

This definition extends the one standard in frictionless markets (see, for
instance, Ingersoll (1987)) to a securities market with bid-ask spreads. In-
terpreted, an arbitrage opportunity of the first type allows an agent with zero
income to consume a strictly positive amount in some node at some date
t > 0, while maintaining his consumption level non-negative anyway. An
arbitrage opportunity of the second type guarantees instead strictly positive
consumption at 0, and non-negative consumption at all other times.

Absence of both types of arbitrage opportunities, a minimal requirement
for the existence of equilibrium in any securities market populated by non-
satiated agents, is formalized as follows.

Definition 2. The price-dividend system
(
SA, SB, d

)
is arbitrage-free if

Mθ = 0 for all θ ∈ � such that Mθ ≥ 0. In words,
(
SA, SB, d

)
is

arbitrage-free if it does not admit arbitrage opportunities of the first or
second type.

It is readily seen thatSA ≥ SB is necessary for
(
SA, SB, d

)
to be arbitrage-

free.5 In words, the investors must pay at least as much to buy the assets as
they receive from selling them.

In the characterizations of absence of arbitrage opportunities supplied in
the next sections, we restrict our attention to securities markets that satisfy
the following requirement.

Condition 1 (The internality condition). For the price-dividend system(
SA, SB, d

)
, there exist feasible dynamic trading strategies θ such that

M̃θ >> 0.

In words, the internality condition requires the existence of dynamic trading
strategies whose cashflows are certainly strictly positive from time 1 on. As
we argue in the next section, this fact implies thatany cashflow available
after time 0 can be super-replicated by the cashflow generated by some

4 If a, b ∈ 	L, a ≥ b meansa− b ∈ 	L+, a > b meansa− b ∈ 	L+\ {∅}, a >> b means

a − b ∈ 	L++ ≡ int
(
	L+

)
.

5 If SA
j
(f t
k
) < SB

j
(f t
k
) for somej ∈ {1, . . . , J }, t ∈ {0, . . . , T }, k ∈ {1, . . . , st }, an

arbitrage opportunity follows from contemporaneously buying and shorting assetj at time
t in the nodek, holding this position untilT .
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trading strategy. We exploit this feature in setting up our linear programming
approach to absence of arbitrage in markets with bid-ask spreads.

We notice that the internality condition is a very mild requirement, sat-
isfied in particular when one of the assets has strictly positive bid price
process, and pays non-negative intermediate dividends and strictly positive
terminal ones.6 To the best of our knowledge, an asset that satisfies these
requirements is present in all the characterizations of absence of arbitrage
in markets with bid-ask spreads available in the literature.

Finally, we remark that the existence of second-type arbitrage oppor-
tunities implies the existence of first-type arbitrage opportunities if the in-
ternality condition holds.7 Therefore, a price-dividend system

(
SA, SB, d

)
that satisfies the internality condition is arbitrage-free as long as it is free of
first-type arbitrage opportunities.

3. Absence of arbitrage opportunities and linear programming

In this section, we use linear programming to characterize the absence of ar-
bitrage opportunities in the securities market with bid-ask spreads described
in Section 2. Given any column vectorm ∈ 	L−1, we consider the following
parametric linear programming problem:

min
θ∈	2J (L−sT )+

c · θ

s.t. M̃θ ≥ m.

(P|m|)

To interpret this problem, recall thatc · θ is the initial cost of the feasible
dynamic trading strategyθ , while M̃θ is the cashflow generated byθ from
time 1 on. Moreover, observe thatm can be interpreted as a generic cashflow
available from time 1 on. The feasible set of problemP[m] then collects all
the feasible dynamic trading strategies that super-replicatem, in the sense
of generating a future cashflow at least as large asm. The solutions toP[m],
therefore, are the feasible dynamic trading strategies that super-replicatem

at the minimum initial cost.
ProblemP[m] extends to a general finite-dimensional framework and

to a general class of assets, similar problems analyzed in the literature. In

6 To see this, letSB
i
>> 0,di(t) ≥ 0 for t = 1, . . . , T −1, anddi(T ) >> 0, and consider

the dynamic trading strategyθ such thatθA
i
(1) = T , θB

i
(t+1) = 1 for all t = 1, . . . , T −1,

and all the other components are equal to zero. Using (1) to compute the future cashflow
generated by this strategy one hasxθ (t) = SB

i
(t)+ (T − t +1)di(t), t = 1, . . . , T −1, and

xθ (T ) = di(T ), from which the internality condition follows.
7 To see this, letθ be such that̃Mθ >> 0, andθ ′ be a second-type arbitrage opportu-

nity. For λ = max
(
0,− xθ (0)

xθ ′ (0)
)
, then,θ + λθ ′ is a first-type arbitrage opportunity since

xθ+λθ ′(0) ≥ xθ ′(0) > 0 andM̃ (
θ + λθ ′

) ≥ M̃θ >> 0.
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particular, our approach extends both Dermody and Rockafellar (1991),
who consider a non-stochastic term structure model with bid-ask spreads in
which only buy-and-hold strategies are allowed, and Bensaid et al. (1992)
and Edirisinghe et al. (1993), who analyze binomial models with a bond
and a stock, and in which only the stock has a positive bid-ask spread. Our
approach also extends the model of Naik (1995) in which, although the
information structure is a general event-tree, one asset is a pure discount
bond with zero bid-ask spread, and there are no intermediate dividends.8

Below we use first the minimum cost problemP[m], and then its dual
P ′[m], to provide alternative characterizations of absence of arbitrage in
securities markets with bid-ask spreads.

3.1. Absence of arbitrage opportunities and minimum-cost
super-replication

To present our characterization of absence of arbitrage based on the mini-
mum-cost super-replication problemP[m], it is convenient to denote its
feasible set by�m, that is,

�m =
{
θ ∈ 	2J (L−sT )+

∣∣M̃θ ≥ m
}
.

Under the internality condition,�m is non-empty for any choice ofm,9

so that, for any future cashflowm, there exists a feasible dynamic trading
strategy that super-replicates it.

Our first result characterizes absence of arbitrage opportunities both in
terms of existence of optimal solutions toP[m], and in terms of properties
of the value functionalπ : 	L−1 → 	∪{−∞} associated toP[m], defined
as

π(m) = inf {c · θ | θ ∈ �m }.
In words,π(m) is the minimum cost at which the future cashflowm can be
super-replicated. For future reference, we observe thatπ is sub-additive and
strictly positively homogeneous, that is,π(m + m′) ≤ π(m) + π(m′) and
π(λm) = λπ(m) for anyλ > 0,m,m′ ∈ 	L−1.10

8 See Cvitanic (1999) for a survey of the literature on the continuous-time counterpart of
P[m].

9 To see this, letθ be such that̃Mθ >> 0, and, given anym, let λ ∈ 	+ be such that
λ min
t>0,h

xθ (f
t
h
) ≥ max

t>0,h
m(f t

h
), with m(f t

h
) the realization ofm onf t

h
. Thenλθ ∈ �m since

xλθ (f
t
k
) = λxθ (f

t
k
) ≥ max

t>0,h
m(f t

h
) ≥ m(f t

k
) ∀ t > 0, k.

10 Indeed,�m+�m′ ⊂ �m+m′ for allm,m′ ∈ 	L−1, so thatπ(m+m′) ≤ c · (θ+θ ′) ≤
c ·θ+c ·θ ′ for all θ ∈ �m, θ ′ ∈ �m′ , which impliesπ(m+m′) ≤ π(m)+π(m′). Moreover,
π(λm) = λπ(m) for anyλ > 0,m ∈ 	L−1 since�λm = λ�m.
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Theorem 1. The following statements are equivalent for any price-dividend
system

(
SA, SB, d

)
that satisfies the internality condition.

1.
(
SA, SB, d

)
is arbitrage-free.

2. The value functional π is real-valued, strictly positive, i.e., π(m) > 0
for all m > 0, and satisfies π(0) = 0.

3. Problem P[m] admits optimal solutions for all m ∈ 	L−1. Moreover, if
θ∗ is an optimal solution to P[0] ,then xθ∗ = 0.

4. Problem P[0] admits optimal solutions θ∗, all of which satisfy xθ∗ = 0.

Proof. 1→ 2. Under the internality condition, to show thatπ is real-valued
we only need to show thatc·θ is bounded from below on�m for allm ∈ 	L−1.
To see this, givenm ∈ 	L−1, let θ ′ ∈ �−m, that is,M̃θ ′ ≥ −m. For any
θ ∈ �m, then,xθ+θ ′(f t

k ) = xθ(f
t
k )+xθ ′(f

t
k ) ≥ 0 for all t > 0, k. Therefore,

since by assumption there are no arbitrage opportunities, it must be the case
thatxθ+θ ′(0) = xθ(0)+ xθ ′(0) ≤ 0, so thatc · θ = −xθ(0) ≥ xθ ′(0), which
proves thatπ is indeed real-valued. To see thatπ(m) > 0 for all m > 0
and thatπ(0) = 0, we show first thatπ(m) ≥ 0 for anym ≥ 0. Indeed,
givenm ≥ 0, we haveM̃θ ≥ m ≥ 0 for all θ ∈ �m and hence, since by
the no-arbitrage assumptionMθ ≥ 0 impliesMθ = 0, it must be the case
that−c · θ ≤ 0, so thatπ(m) = inf {c · θ | θ ∈ �m } ≥ 0. We immediately
getπ(0) = 0 on noting that, sinceθ ≡ 0 ∈ �0, we haveπ(0) = inf {c · θ
| θ ∈ �0 } ≥ 0. To show that isπ strictly positive, we observe that the linear
objective functionc · θ is bounded from below on�m if and only if there
exists an optimal solution toP[m]. Thus, form > 0, there exists a strategy
θ∗ such thatc · θ∗ = inf {c · θ | θ ∈ �m } = π(m) andM̃θ∗ ≥ m > 0. But
then−π(m) = −c · θ∗ < 0, i.e.,π(m) > 0, since otherwiseMθ∗ > 0, a
contradiction to the no-arbitrage assumption.

2→ 3. That there exists an optimal solution toP[m] for all m ∈ M is an
immediate consequence of the fact thatπ is real-valued, so that the linear
objective function inP[m] is bounded from below on the polyhedron�m. In
particular, given any optimal solutionsθ∗ toP[0], we havec·θ∗ = π(0) = 0
andM̃θ∗ ≥ 0. Let, then,m ≡ M̃θ∗ and supposem > 0. Sinceθ∗ ∈ �m

andπ is strictly positive, we havec · θ∗ ≥ π(m) > 0, a contradiction to
c · θ∗ = 0.

3→ 4. Obvious.

4→ 1. Suppose thatMθ ≥ 0 for someθ ∈ �, i.e.−c ·θ ≥ 0 andM̃θ ≥ 0,
so thatθ ∈ �0. Since the optimal value ofP[0] is 0, it must be the case
thatc · θ ≥ 0 holds as well, which impliesc · θ = 0 which, in turn, implies
M̃θ = 0, that is,Mθ = 0. ��
Theorem 1 characterizes arbitrage-free securities markets with bid-ask
spreads from two perspectives: the minimum cost of super-replication, and
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the trading strategies that attain it. From the minimum cost perspective, the
equivalence of statements 1 and 2 shows that absence of arbitrage oppor-
tunities is characterized by the possibility ofsuper-replicating any future
cashflow at a finite minimum initial cost. The minimum cost is strictly pos-
itive for future cashflows that are certainly non-negative, and positive with
strictly positive probability, while it is zero for the null future cashflow. As
a consequence, the sub-additive value functionalπ is in fact sublinear, that
is, for all m ∈ 	L−1 we haveπ(λm) = λπ(m) for any non-negative λ.
Therefore, it may be cheaper to super-replicate a portfolio of cashflows than
its components separately, and this is so because some positions in theJ

assets may cancel in super-replicating the portfolio, hence reducing the cost
of dynamically rebalancing these positions. Also, we remark that the equiv-
alence of statements 1 and 2 in our Theorem 1 extends the equivalence of
statements (1) and (3) in Theorem 2 in Naik (1995) to the case in which a
zero-coupon bond is not available, all assets are subject to bid-ask spreads,
and intermediate dividends are accounted for.

From the perspective of the strategies that attain the minimum cost, ab-
sence of arbitrage opportunities is characterized by the fact that exact repli-
cation at zero cost is the optimal way to super-replicate the null future payoff,
as witnessed by the equivalence of statements 1 and 4 in our Theorem 1.
The equivalence of statements 3 and 4, moreover, shows that the optimal-
ity of exact replication at zero cost as the way to super-replicate the null
future payoff guarantees the existence of minimum-cost super-replicating
strategies forany future cashflow.

It is also interesting to compare our result with the case in which the
bid-ask spreads are zero, that is,SA = SB . In this case, the coneX� of
cashflows generated by the feasible dynamic trading strategies is in fact a
linear subspace of	L. Therefore, the value functionalπ is actually linear
on the projection ofX� on	L−1, that is, on the set of future cashflows that
can be exactly replicated. In turn, this implies that the minimum cost way
to generate a future cashflow at least as large as one that can be exactly
replicated is indeed exact replication, or otherwise arbitrage opportunities
would arise.11 In the caseSA > SB , instead, there may very well exist future
cashflows for which strict super-replication is cost-optimal even when exact
replication is available. Formally, this means that, for some future cashflow
m, problemP[m] may admit optimal solutionsθ∗ such thatM̃θ∗ > m

even if M̃θ = m is feasible. Typically, such situations occur when the
bid-ask spreads are so large as to make a super-replicating strategy, which
usually requires a low volume of transactions, cheaper than the strategies
that imposes a high volume of transactions to exactly replicatem.12

11 If SA = SB , givenm ∈ 	L−1 andθ feasible such that̃Mθ = m, the strategyθ∗ − θ

would generate an arbitrage opportunity ifθ∗ was a solution toP[m] for whichM̃θ∗ > m.
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Finally, for a better comparison with the literature we provide a charac-
terization of absence of second-type arbitrage opportunities based only on
problemP[m]. In particular, on inspecting the proof of Theorem 1, it is read-
ily seen how the facts thatπ is real-valued, semi-positive (i.e.,π(m) ≥ 0 if
m ≥ 0) andπ(0) = 0 are all direct consequences of the absence of second-
type arbitrage opportunities. In turn, the requirement thatπ is real-valued
constitutes, together with the linearity of the objective function and the fact
that the feasible set is a polyhedron, a condition sufficient to guarantee that
P[m] has solutions for anym. Finally, since by Definition 1 any arbitrage
opportunity of the second type is generated by a strategyθ such thatc ·θ < 0
andM̃θ ≥ 0, and since the set�0 of feasible programs forP[0] is a cone,
the fact thatP[0] admits solutions is readily seen to imply the absence
of second-type arbitrage opportunities. We summarize these arguments as
follows.

Corollary 1. The following statements are equivalent for any price-dividend
system

(
SA, SB, d

)
that satisfies the internality condition.

1.
(
SA, SB, d

)
is free of second-type arbitrage opportunities.

2. The value functional π is real-valued, semi-positive, i.e., π(m) ≥ 0 for
all m ≥ 0, and satisfies π(0) = 0.

3. The problem P[m] admits optimal solutions for any m ∈ M .
4. The problem P[0] admits optimal solutions.

When the securities market is only assumed free of second-type arbitrage
opportunities, therefore, any future cashflow can still be super-replicated
at a finite minimum initial cost. Moreover, the value functionalπ is still
sublinear, which shows that our Corollary 3 constitutes an extension of
Theorems 3.1 and 4.1 in Dermody and Rockafellar (1991) to the case in
which prices and dividends are stochastic, and dynamic trading is allowed.

3.2. Absence of arbitrage opportunities and underlying frictionless
state-prices

It is well-known that, in the caseSA = SB of zero bid-ask spreads, absence of
arbitrage opportunities is characterized by the existence of state-prices, i.e.,
strictly positive vectors with first coordinate equal to one, andorthogonal to
the cashflows generated by the feasible dynamic trading strategies (see, e.g.,
Duffie (1996)). To provide a similar result for the case of positive bid-ask
spreads, we first define a suitably extended notion of state-prices.

12 See the examples in Bensaid et al.(1992), Edirisinghe et al. (1993), and Naik (1995). We
remark, however, that the presence of bid-ask spreads per se does not rule out the optimality
of exact replication (see, on this point, Theorems 3.2 and 3.3 in Bensaid et al. (1992)).
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Definition 3. We define the underlying frictionless state-price vectors (UF
state-prices) for

(
SA, SB, d

)
as those vectors ψ ∈ 	L++ with first coordi-

nate 1 such that ψ · x ≤ 0 for all x ∈ X�.

In contrast with the case of zero bid-ask spread, under positive bid-ask
spreads the state-prices are only required to have a non-positive inner product
with the cashflows generated by the feasible dynamic trading strategies.

Recall now thatX� is the convex cone generated by the columns of the

payoff matrixM, andM =
[−c
M̃
]
. Hence, the set) of UF state-prices for(

SA, SB, d
)

takes the following form:

) =
{(

1

ψ̃

)
∈ 	L

∣∣∣ ψ̃ ∈ 	L−1
++ , (1, ψ̃T )M ≤ 0

}

=
{(

1
ψ̃

)
∈ 	L

∣∣∣ ψ̃ ∈ 	L−1
++ , ψ̃TM̃ ≤ c

}
.

(2)

Consider then the dualP ′[m] of problemP[m], that is,

max
φ∈	L+

φ ·m

s.t. φTM̃ ≤ c.

(P ′[m])

On comparing the representation of) in (2) with the feasible set+ ≡{
φ ∈ 	L−1

+
∣∣φTM̃ ≤ c

}
of P ′[m], it is immediately seen that the existence

of UF state-prices for
(
SA, SB, d

)
is equivalent to the existence of strictly

positive vectors in+.We exploit this fact to characterize absence of arbitrage
opportunities in terms ofUF state-prices for

(
SA, SB, d

)
, and to establish

interesting relations betweenUF state-prices and the value functionalπ of
problemP[m].
Theorem 2. Under the internality condition, absence of arbitrage opportu-
nities is equivalent to the existence of UF state-price vectors for

(
SA, SB, d

)
.

Moreover, if
(
SA, SB, d

)
is arbitrage-free, then,

) =
{(

1
ψ̃

)
∈ 	L

∣∣ ψ̃ ∈ 	L−1
++ , ψ̃ ·m ≤ π(m) ∀m ∈ 	L−1

}
, (3)

π(m) = sup
(1,ψ̃T )∈)

ψ̃ ·m ∀m ∈ 	L−1. (4)

Proof. We assume first that
(
SA, SB, d

)
is arbitrage-free, and show that

then+ contains a strictly positive vector. To show this, given anyt ≥ 1
andk, consider the (primal) linear programming problemP[1f t

k
], where1f t

k
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is a vector whose(Lt−1+ k)-th entry is 1 (Lt−1 = ∑
τ≤t−1 sτ and sτ ≡

card(Pτ )), while all other entries are zeroes. By statement 2 in Theorem 1,
the valueπ(1f t

k
) of the objective function at any optimal solution is strictly

positive. Therefore, by the duality theorem of linear programming (see, for
instance, Luenberger (1973)) the dual problemP ′[1f t

k
] admits an optimal

solution, sayφ(t,k), such thatφ(t,k) · 1f t
k
= π(1f t

k
) > 0. Then, letting̃φ ≡∑

t,k
1

L−1φ
(t,k), we see that̃φ >> 0 since each of its components is a sum of

non-negative terms with at least one of them different from zero. Moreover,
φ̃ ∈ + since+ is manifestly a convex set.

Conversely, to prove that the existence ofUF state-price vectors implies
the absence of arbitrage opportunities, we first argue that, under the inter-
nality condition and the assumption that) �= ∅, the (obviously non-empty
and closed) set+ is compact. Under the internality condition, indeed, there
exists a feasible dynamic trading strategyθ such thatM̃θ >> 0, so that
0 ≤ φT (M̃θ) ≤ c · θ for all φ ∈ +, which shows that+ is bounded. From
the continuity of the linear objective functionφ ·m, therefore,P ′[m] has an
optimal solution for anym. By the duality theorem of linear programming,
the primal problemP[m] then has solutions for anym, so that the value
functionalπ is real-valued. Since the objective function of the dual problem
P ′[0] is identically zero on+, clearlyπ(0) = 0. Moreover, the existence
of a strictly positive element of+ guarantees that the optimal value of the
objective function of the dual problemP ′[m] is strictly positive whenever
m > 0, which implies thatπ is strictly positive. This shows that statement 2
in Theorem 1 holds and hence proves the equivalence between) �= ∅ and
absence of arbitrage opportunities.

Finally, (3) is based on the fact that, for anyψ ∈ ) such that̃ψ · m ≤
π(m)∀m ∈ 	L−1, we have

(
ψ̃
)T M̃θ ≤ π(M̃θ) ≤ c·θ for anyθ , and hence(

ψ̃
)T M̃ ≤ c, while (4) follows upon observing that(1, αψ̃T+(1−α)φT ) ∈

) for anyφ ∈ +, (1, ψ̃) ∈ ), 0 < α < 1, and that(αψ̃ + (1− α)φ) · m
converges toφ ·m asα goes to zero. ��

Relations (3) and (4) in Theorem 2 allow us to better explain and motivate
the termunderlying frictionless used for the state-prices in). To this end,
observe first thatψ = (1, ψ̃T ) ∈ ) can be interpreted as a state-price vector
in a securities market with zero bid-ask spreads, andψ̃ ·m as the arbitrage
value of the future cashflowm in that case. To see why, denote byψ(f t

k )

the coordinates ofψ ,13 and consider the securities market with zero bid-ask

13 That is,ψ(f t
k
) denotes the coordinate ofψ corresponding to the nodef t

k
of the event-

treeP.
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spreads in which the ex-dividend prices of theJ assets are as follows:

Sj (f
t
k ) =

T∑
τ=t+1

∑
f τ
h⊂f t

k

ψ(f τ
h )

ψ(f t
k )
dj (f

τ
h ), k = 1, . . . , st , t = 0, . . . , T − 1.

(5)

If in the payoff matrixM we setSAj (f
t
k ) = SBj (f

t
k ) = Sj (f

t
k ), it is readily

checked thatψ becomesorthogonal to the columns ofM, hence, to the lin-
ear space generated byM. This means thatψ is in fact a state-price vector for
the securities market with zero bid-ask spreads in which the realizations of
the ex-dividend price process are governed by (5). Therefore,ψ̃ ·m is the ar-
bitrage value ofm in this market with zero bid-ask spreads. Now interpret the
minimum costπ(m) for super-replicatingm under positive bid-ask spreads
as the value ofm, in the sense of the maximum price at which an investor
would be willing to take a long position in an asset with future cashflowm.
The results in Theorem 2 can now be interpreted as follows. First, (3) shows
that the elements of) are the state-prices that, in a securities market with
zero bid-ask spreads, would assign to the future payoffs an arbitrage value
lying below (hence, underlying) the value assigned to that cashflow in the
case of positive bid-ask spreads. Moreover, (4) shows that the value ofm un-
der positive bid-ask spreads,π(m), is the supremum of the arbitrage values
assigned tom in the case of zero bid-ask spreads. These results, furthermore,
show that theUF state-prices defined here constitute the finite-dimensional
counterparts of theunderlying frictionless linear pricing rules introduced by
Jouini and Kallal (1995, 1999) to characterize absence of multiperiod free
lunches in infinite-dimensional models of securities markets with positive
bid-ask spreads and other frictions.

For a further comparison with the literature, we use the dual problem
P ′[m] to provide a characterization of absence of second-type arbitrage
opportunities only. To this end, we define asemi-positive UF state-price
vector for

(
SA, SB, d

)
as any vector in	L+ with first coordinate equal to

1 and with a non-positive inner product with allx ∈ X�. A semi-positive
UF state-price vector, therefore, satisfies the same properties as aUF state-
price vector, except that only weak positivity is required. The following
result is then an immediate consequence of the duality theorem of linear
programming, and of the fact that the existence of semi-positiveUF state-
prices is manifestly equivalent to+ being non-empty.

Corollary 2. Under the internality condition, absence of second-type arbi-
trage opportunities is equivalent to the existence of semi-positive UF state-
price vectors for

(
SA, SB, d

)
.

On comparing with Dermody and Rockafellar (1991), it is readily seen
that their model is a special case of ours with no uncertainty, and in which
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only buy-and-hold strategies are allowed. Therefore, our notion of semi-
positiveUF state-price vector coincides with their notion ofcurrent term
structure packet. This is why our Theorem 1 and Corollary 2 constitute
generalizations, to the stochastic case in which dynamic trading is allowed,
of their Theorems 4.5 and 3.2 respectively.

4. Absence of arbitrage opportunities and martingales

We now provide a characterization of the price-dividend systems
(
SA, SB, d

)
that are arbitrage-free based on martingale processes. To better compare our
results with the existing literature, we discuss separately the general case in
which the bid-ask spread is positive for all assets, and the special case in
which one asset has zero bid-ask spread.

4.1. The general case

To establish our results, given anyF-adapted and strictly positive processξ ,
we define the	J -valued andF-adapted processSξ as follows:

Sξ (t) =


1

ξ(t)
E

[
T∑

τ=t+1
ξ(τ )d(τ )

∣∣∣∣ Ft

]
t = 0, . . . , T − 1

0 t = T .

(6)

We interpret the componentsSξj (t) of Sξ (t) as ex-dividend prices for the
J assets in a securities market with zero bid-ask spreads, but otherwise
identical to that with positive bid-ask spreads.14 We denote by

(
Sξ , d

)
the

price-dividend system of this securities market with zero bid-ask spreads,
and observe that the processξ is, by construction, astate-price deflator
for

(
Sξ , d

)
(see Duffie (1996)). We recall then that, in the case of zero

bid-ask spreads, the existence ofstate-price deflators is a necessary and
sufficient condition for absence of arbitrage opportunities (Duffie (1996),
Theorem 2C). This fact allows us to assert that (a)

(
Sξ , d

)
is an arbitrage-free

price-dividend system with zero bid-ask spreads, and (b) for any arbitrage-
free price-dividend system(S, d) with zero bid-ask spreads, but otherwise
identical to that with positive bid-ask spreads, there exists anF-adapted and
strictly positive processξ such thatS = Sξ , with Sξ defined as in (6). We
exploit these facts in the following characterizations of absence of arbitrage
opportunities in securities markets with positive bid-ask spreads.

14 That is, a securities market with the same probability space, same information structure,
same number of assets, and same dividend process of the securities market with positive
bid-ask spreads.



Arbitrage, linear programming and martingales in securities markets 95

Theorem 3. The following statements are equivalent for any price-dividend
system

(
SA, SB, d

)
that satisfies the internality condition.

1.
(
SA, SB, d

)
is arbitrage-free.

2. There exists an F-adapted and strictly positive process ξ such that the
process Sξ defined in (6) satisfies SB ≤ Sξ ≤ SA.

3. There exists an arbitrage-free price-dividend system (S, d) with zero bid-
ask spreads such that SB ≤ S ≤ SA.

Proof. As explained above, the equivalence of statements 2 and 3 follows
directly from Theorem 2C in Duffie (1996). Therefore, we only need to es-
tablish the equivalence of 1 and 2. To this end, suppose first that

(
SA, SB, d

)
is arbitrage-free so that, by Theorem 2 in this paper, it admitsUF state-
prices. Then, given anyUF state-price vectorψ , let ξ be theF-adapted
process with the following realizations on the nodesf t

k of the event-treeP
informationally equivalent to the filtrationF:

ξ(f t
k ) =

ψ(f t
k )

P (f t
k )
, ∀ k, t. (7)

In the above expression,ψ(f t
k ) denotes the(Lt−1+ k)-th coordinate of the

UF state-price vectorψ , that is, the coordinate corresponding to the node
f t
k of P, andP(f t

k ) denotes the probability of that node. The processξ

defined in this way is strictly positive since theUF state-prices are strictly
positive by definition, and the probabilityP is strictly positive on 2�/{∅} by
assumption. We show now that, if this processξ is used in (6) to defineSξ ,
thenSB ≤ Sξ ≤ SA. To see this, we exploit the characterization of the set)

of UF state-prices supplied in ( 2), and the construction of the payoff matrix
M described in Section 2, to observe thatψ ∈ 	L++ with first coordinate
1 is aUF state-price vector for

(
SA, SB, d

)
if and only if it satisfies the

following set of inequalities:

ψ(f t
k )S

B
j (f

t
k ) ≤

T∑
τ=t+1

∑
f τ
h⊂f t

k

ψ(f τ
h )dj (f

τ
h ) ≤ ψ(f t

k )S
A
j (f

t
k ),

j = 1, . . . , J, k = 1, . . . , st , t = 0, . . . , T − 1.

(8)

In fact, system (8) is equivalent to

SBj (f
t
k ) ≤

[
ψ(f t

k )

P (f t
k )

]−1 T∑
τ=t+1

∑
f τ
h⊂f t

k

P (f τ
h )

P (f t
k )

ψ(f τ
h )

P (f τ
h )
dj (f

τ
h ) ≤ SAj (f

t
k ),

j = 1, . . . , J, k = 1, . . . , st , t = 0, . . . , T −1;
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exploiting (7), we see that this implies that

SBj (f
t
k ) ≤

1

ξ(f t
k )

T∑
τ=t+1

∑
f τ
h⊂f t

k

P (f τ
h )

P (f t
k )
ξ(f τ

h )dj (f
τ
h ) ≤ SAj (f

t
k ),

j = 1, . . . , J, k = 1, . . . , st , t = 0, . . . , T − 1.

Observe now that the quantity that lies betweenSBj (f
t
k ) and SAj (f

t
k )

in the above relation is a realization of the random variable
1

ξ(t)
E

[
T∑

τ=t+1
ξ(τ )dj (τ )

∣∣∣Ft

]
. Therefore, absence of arbitrage opportunities

implies that the componentsSξj (t), j = 1, . . . , J , of the processSξ obtained
by using in (6) the processξ defined via (7) satisfy

SBj (t) ≤ S
ξ

j (t) ≤ SAj (t),

j = 1, . . . , J, t = 0, . . . , T − 1.
(9)

Relation (9), together with the assumptionSBj (T ) = SAj (T ) = 0 for all j ,

and the fact that by constructionSξj (T ) = 0 for all j , allows us to conclude
that 1→2. To establish the converse implication, given anF-adapted and
strictly positive processξ such thatSξ defined in (6) satisfiesSB ≤ Sξ ≤ SA,
letψ be the vector in	L with the following coordinates:

ψ(f t
k ) =

P(f t
k )ξ(f

t
k )

ξ(0)
, ∀ k, t.

Such aψ is clearly strictly positive and with first coordinate equal to 1.
Moreover, by working backwards along the lines used to establish 1→2, it
is readily seen that such aψ satisfies (8) and hence is aUF state-price vector
for

(
SA, SB, d

)
. Therefore,

(
SA, SB, d

)
admitsUF state-prices so that, by

Theorem 2, it is indeed arbitrage-free.��
The characterization of arbitrage-free price-dividend systems with bid-ask
spreads supplied in Theorem 3 has the following interesting consequences.
First, our result shows thatany arbitrage-free price-dividend system with
bid-ask spreads can be obtained from an arbitrage-free price-dividend sys-
tem(S, d)with zero bid-ask spread by substitutingS with bid and ask prices
SA, SB that leaveS in the middle. Conversely, whenever the price processS

of an arbitrage-free price-dividend system(S, d) with zero bid-ask spreads
is replaced by bid and ask pricesSA, SB that leaveS in the middle, and
the dividendsd are left unaltered, the resulting price-dividend system with
bid-ask spreads is arbitrage-free.
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4.2. A special case

For a better comparison with the literature, we now consider the case in
which Condition 1, the internality condition, is replaced with the following
requirement.

Condition 2. One of the assets in
(
SA, SB, d

)
, say asset 1, has null bid-ask

spread, strictly positive price process, and pays non-negative intermediate
dividends and strictly positive terminal ones. Formally, SA1 = SB1 ≡ S1 � 0,
d1(t) ≥ 0 for t = 1, . . . , T − 1, and d1(T )� 0.

Since Condition 2 implies the internality condition,15 the following is in fact
a special case of the framework considered so far.

We now denote bŷθ = (θ̂A, θ̂B) the feasible dynamic trading strategy
that is required to buy one share of asset 1 at time 0, to reinvest the dividends
in asset 1 itself, and to leave the other assets inactive. Formally,θ̂ satisfies
θ̂A1 (1) = 1, θ̂A1 (t) = [S1(t)]

−1 d1(t)
∑t

τ=1 θ̂
A
1 (τ ), and all other components

equal to zero. Using (1) to compute the future cashflow generated byθ̂ , we
see thatxθ̂ (t) = 0 for t = 1, . . . , T − 1, andxθ̂ (T ) = d1(T )

∑T
t=1 θ̂

A
1 (t)�

0, that is,̂θ is a self-financing strategy with strictly positive terminal payoff.
We then define thevalue process of θ̂ to be the followingF-adapted process
V :

V (t) =
S1(t)

t+1∑
τ=1

θ̂A1 (τ ) t = 0, . . . , T − 1

xθ̂ (T ) t = T .

(10)

SinceS1 >> 0 and
t+1∑
τ=1

θ̂A1 (τ ) ≥ 1 for all t = 0, . . . , T − 1, the value

processV is strictly positive. The following result establishes a property
of the value processV that becomes useful in our last characterization of
absence of arbitrage.

Lemma 1. If
(
SA, SB, d

)
satisfies Condition 2, then any UF state-price vec-

tor ψ ∈ ) satisfies16

ψ(f t
k )V (f

t
k ) =

∑
ω∈f t

k

ψ({ω})V ({ω}), k = 1, . . . , st
t = 0, . . . , T − 1.

(11)

15 To see this, simply replaceSB
i
(t) anddi(t) with S1(t) andd1(t) in the argument in

footnote 6.
16 In (11), {ω} represents the generic terminal node of the event-treeP informationally
equivalent toF.
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Proof. We first observe that, by backward induction, establishing (11) is
equivalent to showing that∀ψ ∈ ) we have

ψ(f t
k )V (f

t
k ) =

∑
f t+1
h ⊂f t

k

ψ(f t+1
h )V (f t+1

h ),
k = 1, . . . , st
t = 0, . . . , T − 1.

(12)

To establish (12), we recall that allψ ∈ ) satisfy (8) in Theorem 3. This,
together with the fact thatSA1 = SB1 ≡ S1 under Condition 2, shows that all
ψ ∈ ) satisfy

ψ(f t
k )S1(f

t
k ) =

T∑
τ=t+1

∑
f τ
h⊂f t

k

ψ(f τ
h )d1(f

τ
h ),

k = 1, . . . , st
t = 0, . . . , T − 1,

which is equivalent to (see Girotto and Ortu, 1996)

ψ(f t
k )S1(f

t
k ) =

∑
f t+1
h ⊂f t

k

ψ(f t+1
h )

[
S1(f

t+1
h )+ d1(f

t+1
h )

]
,

k = 1, . . . , st , t = 0, . . . , T − 1.

(13)

Recall now that̂θ = (θ̂A, θ̂B) is the dynamic trading strategy such that
θ̂A1 (1) = 1, θ̂A1 (t) = [S1(t)]

−1 d1(t)
∑t

τ=1 θ̂
A
1 (τ ), and all other components

are zero.We then multiply both sides of (13) by
∑

f t
k⊂f τ

r
θ̂A1 (τ+1, f τ

r ), where

θ̂A1 (τ + 1, f τ
r ) is the generic realization of the random variableθ̂A1 (τ + 1),

and exploit the definition ofV in (10) to obtain

ψ(f t
k )V (f

t
k ) =

∑
f t+1
h ⊂f t

k

ψ(f t+1
h )

·
[S1(f

t+1
h )+ d1(f

t+1
h )

] ∑
f t
k⊂f τ

r

θ̂A1 (τ + 1, f τ
r )

 ,

k = 1, . . . , st , t = 0, . . . , T − 1.

Observe then that the quantity
[
S1(f

t+1
h )+ d1(f

t+1
h )

]∑
f t
k⊂f τ

r
θ̂A1 (τ+1, f τ

r )

is a realization of the random variable[S1(t + 1)+ d1(t + 1)]
∑t+1

τ=1 θ̂
A
1 (τ ).

To establish (12), therefore, one only needs to show that

[S1(t + 1)+ d1(t + 1)]
t+1∑
τ=1

θ̂A1 (τ ) = V (t + 1) for t = 0,1, . . . , T − 1.

To do so, one exploits the facts thatθ̂ is self-financing, that is,xθ̂ (t) = 0
for t = 1, . . . , T − 1, thatV (T ) = xθ̂ (T ) = d1(T )

∑T
t=1 θ̂

A
1 (t), and that

S1(T ) = 0. Indeed,[S1(T )+ d1(T )]
∑T

τ=1 θ̂
A
1 (τ ) = V (T ) is an immediate
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consequence ofS1(T ) = 0. Fort < T − 1, instead, from the self-financing
condition and the definition of generated cashflow process in (1) we have
0 = xθ̂ (t) = d1(t + 1)

∑t+1
τ=1 θ̂

A
1 (τ ) − θ̂A1 (t + 2)S1(t + 1), which implies

thatd1(t + 1)
∑t+1

τ=1 θ̂
A
1 (τ ) = θ̂A1 (t + 2)S1(t + 1), so that, again using the

definition ofV in (10), we have

[S1(t + 1)+ d1(t + 1)]
t+1∑
τ=1

θ̂A1 (τ )

= S1(t + 1)
t+1∑
τ=1

θ̂A1 (τ )+ θ̂A1 (t + 2)S1(t + 1)

= S1(t + 1)
t+2∑
τ=1

θ̂A1 (τ )

= V (t + 1)

which shows that (12) holds for allψ ∈ ), and establishes our claim.��
Now, given any probabilityQ equivalent toP ,17 we use it together with the
value processV to define theF-adapted and	J -valued processS(Q,V ) as
follows:

S(Q,V )(t) =

V (t)EQ

[
T∑

τ=t+1

d(τ)

V (τ)

∣∣∣∣ Ft

]
t = 0, . . . , T − 1

0 t = T .

(14)

Once again, we interpret the componentsS
(Q,V )
j (t) of S(Q,V )(t) as the ex-

dividend prices for theJ assets in the case of zero bid-ask spreads, and
denote by(S(Q,V ), d) the resulting price-dividend system. In this case, it
is readily seen that the gains process of(S(Q,V ), d) denominated in units

of V ,

{
S(Q,V )(t)

V (t)
+

t∑
τ=0

d(τ)

V (τ)

}
, is by construction aQ-martingale. There-

fore,V satisfies the definition ofnuméraire for the price-dividend system
(S(Q,V ), d) with zero bid-ask spreads, andQ of equivalent martingale mea-
sure associated with the num´eraireV (see Girotto and Ortu (1997, 2000)).
We then denote byQ(V ) the set of probabilitiesQ equivalent toP such that
S(Q,V ) lies inside the bid-ask spread of

(
SA, SB, d

)
, that is,

Q(V ) = {
Q ∼ P

∣∣ SB ≤ S(Q,V ) ≤ SA
}
,

and establish our final result.
17 Since by assumption,� is finite andP is strictly positive on 2�/{∅}, in this framework
Q is equivalent toP as long as it is itself strictly positive on 2�/{∅}.
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Theorem 4. If
(
SA, SB, d

)
satisfies Condition 2, the following facts hold.

1. The set ) of UF state prices is in one-to-one correspondence with the set
Q(V ) via

ψ(f t
k ) =

V (0)

V (f t
k )
Q(f t

k ),
k = 1, . . . , st
t = 0, . . . , T

(15)

Q({ω}) = ψ({ω})V ({ω})
V (0)

, ∀ω ∈ �. (16)

2. Statements 1 to 3 in Theorem 3 are equivalent to the existence of a proba-
bility Q equivalent to P and such that the process S(Q,V ) in (14) satisfies
SB ≤ S(Q,V ) ≤ SA.

3. If
(
SA, SB, d

)
is arbitrage-free, then

[−π(−m), π(m)] = cl

{
V (0)EQ

[
T∑
t=1

m(t)

V (t)

] ∣∣∣∣∣ Q ∈ Q(V )

}
,

∀m ∈ 	L−1.

(17)

Proof. To establish the first fact, forQ ∈ Q(V ) observe that the vectorψ
with coordinates given by (15) is manifestly a strictly positive vector in	L

with first coordinate equal to 1. By the argument in the proof of Theorem 3,
to show that suchψ is aUF state-price vector we only need to show that it
satisfies the following set of inequalities:

ψ(f t
k )S

B
j (f

t
k ) ≤

T∑
τ=t+1

∑
f τ
h⊂f t

k

ψ(f τ
h )dj (f

τ
h ) ≤ ψ(f t

k )S
A
j (f

t
k ),

j = 1, . . . , J, k = 1, . . . , st , t = 0, . . . , T − 1.

To see this, we substitute
V (0)

V (f t
k )
Q(f t

k ) to ψ(f t
k ) in the above relation and

rearrange to obtain the following equivalent system:

SBj (f
t
k ) ≤ V (f t

k )

T∑
τ=t+1

∑
f τ
h⊂f t

k

Q(f τ
h )

Q(f t
k )

dj (f
τ
h )

V (f τ
h )
≤ SAj (f

t
k ),

j = 1, . . . , J, k = 1, . . . , st , t = 0, . . . , T − 1.

(18)

Observe now that the quantities that lie betweenSBj (f
t
k ) andSAj (f

t
k ) in (18)

are the realizations of the random variableV (t)EQ

[
T∑

τ=t+1

dj (τ )

V (τ)

∣∣∣∣ Ft

]
. By
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reference to (14) we see that the vectorψ with coordinates given by (15)
being aUF state-price vector is equivalent to requiring that

SBj (t) ≤ S
(Q,V )
j (t) ≤ SAj (t),

j = 1, . . . , J
t = 0, . . . , T − 1,

(19)

which holds true sinceQ ∈ Q(V ). This shows that (15) defines a mapping
of Q(V ) into), a mapping which is injective since, for anyQ1, Q2 ∈ Q(V )

such thatQ1({ω}) �= Q2({ω}) for someω ∈ �, thenψ1({ω}) �= ψ2({ω})
wheneverψ1,ψ2 are associated withQ1,Q2 via (15). To complete the proof,
we need to show that the mapping introduced by (15) is onto). To this end,
given anyψ ∈ ) we defineQ via (16). SinceV andψ are strictly positive,
clearlyQ({ω}) > 0 ∀ω ∈ �. By (11) in Lemma 1 and the fact that the first
coordinate ofψ is 1, we have

∑
ω∈� Q({ω}) = 1

V (0)

∑
ω∈� ψ({ω})V ({ω}) =

1
V (0)V (0) = 1, so thatQ is indeed a strictly positive probability on 2�\{∅}.
We show now thatQ ∈ Q(V ), that is, that the processS(Q,V ) obtained
from Q via (14) satisfiesSB ≤ S(Q,V ) ≤ SA. To this end, sinceSBj (T ) =
SAj (T ) = 0 ∀ j by assumption, andS(Q,V )

j (T ) = 0 ∀ j by construction, it is
enough to show that the components ofS(Q,V ) satisfy (19) or, equivalently,
(18). To see this, we exploit (11) in Lemma 1 to obtain

Q(f t
k ) =

∑
ω∈f t

k

Q({ω}) =
∑
ω∈f t

k

ψ({ω})V ({ω})
V (0)

= ψ(f t
k )V (f

t
k )

V (0)
,

k = 1, . . . , st , t = 0, . . . , T − 1.

(20)

Substituting (20) into (18), we see thatQ belongs toQ(V ) as long asψ
satisfies

SBj (f
t
k ) ≤ V (f t

k )

T∑
τ=t+1

∑
f τ
h⊂f t

k

ψ(f τ
h )

ψ(f t
k )
dj (f

τ
h ) ≤ SAj (f

t
k ),

j = 1, . . . , J, k = 1, . . . , st , t = 0, . . . , T − 1,

that is, as long as theψ used to defineQ in (16) is indeed aUF state-price
vector. The proof is then completed upon observing that, by (20),

ψ(f t
k ) =

V (0)

V (f t
k )
Q(f t

k ),

that is, theUF state-price vector associated withQ via (15) is theψ used
to defineQ in (16).

Fact 2 is now an immediate consequence of Fact 1, of the observation
that Condition 2 implies the internality condition, and of Theorem 3. Finally,
Fact 3 is an immediate consequence of Fact 1, of (4) in Theorem 2, and of
the setQ(V ) being convex. ��



102 F. Ortu

We conclude by observing that, since anyQ ∈ Q(V ) is a martingale mea-
sure associated with the num´eraireV in a securities market with zero bid-
ask spread and such thatSB ≤ S ≤ SA, we can interpret the quantity

V (0)EQ

[∑T
t=1

m(t)

V (t)

]
in (17) as the arbitrage value of the future cashflow

m in any such market. Therefore, (17) supplies the martingale counterpart of
the characterization of the value functionalπ(m) as the least upper bound of
the arbitrage values assigned tom in the securities market with zero bid-ask
spreads underlying(SA, SB, d) supplied by (4) in Theorem 2.

4.3. Comparison with the literature

It is now useful to compare Theorems 3 and 4 with the martingale-based
characterizations of absence of arbitrage opportunities in securities markets
with bid-ask spreads of Naik (1995, Theorem 2), and of Jouini and Kallal
(1995, Theorem 3.2).

Naik, in particular, considers an event-tree securities market model with
bid-ask spreads in which the assets pay no intermediate dividends. One of
the assets, moreover, is a pure-discount bond with zero bid-ask spread, with
time t price denoted byS0(t). Naik shows that absence of arbitrage opportu-
nities is equivalent to the existence of a probabilityQ equivalent toP such
thatSB(t) ≤ S0(t)EQ [d(T ) |Ft ] ≤ SA(t) for t < T . Comparing with our
results, we see that our Theorem 4 extends Naik’s Theorem 2 to the case of
intermediate dividends, and of an asset with zero bid-ask spreads required
only to pay non-negative intermediate dividends and strictly positive ter-
minal ones. Our Theorem 3, moreover, also relaxes the requirement of the
existence of an asset with zero bid-ask spreads.

Jouini and Kallal consider instead a model with an infinite-dimensional
state-space although they maintain the no intermediate dividends assump-
tion and they require the pure-discount bond with zero bid-ask spread to
have constant unit price.Also, they restrict dynamic trading to self-financing
strategies. In this framework, Jouini and Kallal first characterize absence of
multiperiod free lunches, the infinite state-space counterpart of absence of
arbitrage opportunities, in terms of existence ofunderlying frictionless lin-
ear pricing rules (see their Theorem 2.1, Proposition 3.1 and Lemma 1).
In Theorem 3.2, then, they establish the following three results. First, they
show that absence of multiperiod free lunches is equivalent to the existence
of a processS that lies inside the bid-ask spread and is a martingale with
respect to some probabilityQ equivalent toP . Second, they establish a
one-to-one correspondence between the set of such probabilitiesQ and the
set of underlying frictionless linear pricing rules. Third, they characterize
the minimum cost for super-replicating a future payoffm as the supremum



Arbitrage, linear programming and martingales in securities markets 103

over the set of probabilitiesQ of the expected values ofm. Since absence
of multiperiod free lunches is equivalent to absence of arbitrage opportu-
nities if the state-space is finite, and theUF state-prices introduced in this
paper are the finite-dimensional counterparts of Jouini and Kallal’s under-
lying frictionless linear pricing rules, our results provide finite-dimensional
extensions of the results of Jouini and Kallal. In particular, our Theorem 3
extends the first result in their Theorem 3.2 to the case in which, although
the number of states is finite, intermediate dividend payments are accounted
for, non-self-financing trading is permitted, and a positive bid-ask spread is
allowed on all assets. Our Theorem 3 extends instead the other two results of
their Theorem 3.2 to the case of intermediate dividend payments, non-self-
financing trading, and an asset with zero bid-ask spreads required only to
pay non-negative intermediate dividends and strictly positive terminal ones.

5. Conclusion

In this paper, we have supplied several characterizations of absence of arbi-
trage opportunities in a securities market model with bid-ask spreads. First,
we have defined the linear programming problemP[m] that computes the
minimum cost to super-replicate a future cashflowm. In Theorem 1, we
have characterized absence of arbitrage in terms of properties ofπ(m), the
value functional ofP[m], and of existence of optimal solutions toP[m].
Next, we have defined theUF state-prices for

(
SA, SB, d

)
and, in Theorem

2, we have employed the dual ofP[m] to show that absence of arbitrage
is also equivalent to the existence ofUF state-prices. We have then sup-
plied a martingale-based characterization of absence of arbitrage. Specif-
ically, we have transformed theUF state-prices into state-price deflators
and, in Theorem 3, we have employed these state-price deflators to show
that

(
SA, SB, d

)
is arbitrage-free if and only if there exists a price-dividend

system(S, d) which has zero bid-ask spreads, is itself arbitrage-free, and
satisfiesSB ≤ S ≤ SA. Finally, we have considered the special case in which
one of the traded assets has zero bid-ask spread, and distributes a strictly
positive dividend at liquidation and non-negative dividends otherwise. We
have denoted byV the value of the self-financing strategy that is required
to buy one share of this asset at the initial date, reinvesting the dividends
received over time. In Theorem 4, we have obtained two further results for
this special case. First, we have established a one-to-one correspondence
between the set ofUF state-prices and the set of strictly positive probabili-
tiesQ such that, if all prices and dividends are denominated in units ofV ,
the conditional expected value computed underQ of the cumulative future
dividends lies inside the bid-ask spread. Moreover, we have shown that the
minimum costπ(m) for super-replicating a future cashflowm is the supre-
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mum over all such probabilitiesQ of the expected value ofm denominated
in units ofV .

To conclude, we observe that our results can be employed to provide
arbitrage-based bounds on the prices of derivative securities in the presence
of bid-ask spreads. Given a derivative security with future cashflown, for
instance, it can be shown that the minimum costπ(n) to super-replicate
n must constitute an upper bound to the derivative’s bid price, if second-
type arbitrage opportunities are to be prevented. Likewise,−π(−n) must
constitute a lower bound to the derivative’s ask price to prevent second-type
arbitrage opportunities. A detailed analysis of this and other related results
is presented in Baccara and Ortu (2001).
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