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Abstract In science and engineering, we are often interested in learning about the
lifetime characteristics of the system as well as those of the components that made up
the system. However, in many cases, the system lifetimes can be observed but not the
component lifetimes, and so we may not also have any knowledge on the structure
of the system. Statistical procedures for estimating the parameters of the component
lifetime distribution and for identifying the system structure based on system-level
lifetime data are developed here using expectation—-maximization (EM) algorithm.
Different implementations of the EM algorithm based on system-level or component-
level likelihood functions are proposed. A special case that the system is known to be
a coherent system with unknown structure is considered. The methodologies are then
illustrated by considering the component lifetimes to follow a two-parameter Weibull
distribution. A numerical example and a Monte Carlo simulation study are used to
evaluate the performance and related merits of the proposed implementations of the
EM algorithm. Lognormally distributed component lifetimes and a real data example
are used to illustrate how the methodologies can be applied to other lifetime models in
addition to the Weibull model. Finally, some recommendations along with concluding
remarks are provided.
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1 Introduction

In science and engineering, systems are made up of different components and these
systems can be complex in form and structure. Reliability engineers and researchers
are often interested in the lifetime distribution of the system as well as the lifetime
distribution of the components that form the system. In many cases, the lifetimes
of a n-component system can be observed, but not the lifetimes of the components
themselves. This problem may arise when it is not possible to put the individual
components on a life test after the n-component system is already built. A system with
specified performance characteristics but unknown or unspecified constituents and
means of operation is also known as a black-box system. For example, an integrated
circuit (IC) is made up of different electrical components, such as transistors, resistors,
capacitors and diodes, that are connected to each other in different ways. Manufacturers
of IC are not only interested in the lifetime of the IC, but also the lifetime distributions
of the electrical components that form the IC. Once the IC is built, it may not be
possible to test these electronic components inside the IC individually. Therefore, in
this situation, the development of statistical inference for the component reliability
characteristics based on system lifetime data becomes necessary.

In recent years, parametric and nonparametric inferential methods for the lifetime
distribution of components based on system lifetimes have been developed by many
authors. Coherent systems (i.e., each component contributes to the functioning/failure
of the system and the reliability of the system is monotone) are commonly considered
in these studies. For nonparametric inference, Bhattacharya and Samaniego (2010)
considered the nonparametric estimation of component lifetime distributions from
system failure-time data, while Balakrishnan et al. (2011a) developed exact nonpara-
metric confidence intervals for population quantiles as well as tolerance intervals.
Al-Nefaiee and Coolen (2013) discussed nonparametric inference for system lifetimes
with exchangeable components. For parametric inference, Eryilmaz et al. (2011) con-
sidered the analysis of consecutive k-out-of-n systems with exchangeable components.
Ng et al. (2012) discussed the estimation of parameters in the component lifetime dis-
tribution under a proportional hazard rate model. Balakrishnan etal. (2011b) developed
the best linear unbiased estimation method for the location and scale parameters of the
lifetime distribution of components based on complete and censored system lifetime
data. Zhang et al. (2015) discussed different estimation methods for the parameters
when the component lifetime distribution is in the location-scale family of distribu-
tions or log-location-scale family of distributions. In these existing works, the structure
of the systems under investigation was assumed to be known. However, in some prac-
tical situations, the system of interest is a black box, in which case there is a lack of
knowledge on the system’s internal structure. System identification is the subject that
tries to estimate a black box based on observed experimental system lifetime data.
There is a rich literature on system identification based only on data (data driven)
without having previous knowledge of the system (see, for example, Eykhoff 1974;
Ljung 1999; Tangirala 2015). In this paper, we are interested in developing statis-
tical inferential procedures for estimating the parameters of the component lifetime
distribution as well as for identifying the system structure based on the system-level
lifetime data.
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Based on the special features of the system lifetime data, we treat the system-
level data as incomplete data and apply the expectation—-maximization (EM) algorithm
(Dempster et al. 1977; McLachlan and Krishnan 2008) to obtain the maximum likeli-
hood estimates (MLEs). EM algorithm is an iterative method for finding the MLEs of
the parameters in statistical models that involve some unobserved latent variables. It is
based on the idea of replacing a difficult likelihood maximization with a sequence of
easier maximization steps which will ultimately converge to the value obtainable by
direct maximization of the likelihood. It is particularly useful for solving missing data
problems. EM algorithm has been widely used in lifetime data analysis, for example,
in the analysis of progressively censored data (Ng et al. 2002), for hybrid censored
data (Dube et al. 2011), and for left- truncated and right-censored data (Balakrishnan
and Mitra 2012). Based on the representations of the system structure, system signa-
ture (Samaniego 2007) and minimal signature (Navarro et al. 2007), we propose here
different ways of implementing the EM algorithm and evaluate relative merits of these
implementations.

The rest of this paper is organized as follows. Section 2 provides the details of
the form of system lifetime data and the notion of system signature. In Sect. 3, we
discuss the statistical inference based on maximum likelihood method and present the
framework of the EM algorithm when considering the system lifetime distribution
as a mixture distribution. Different implementations of the EM algorithm based on
system-level and component-level likelihood functions are presented in Sects. 3.1-3.3.
Then, in Sect. 4, we discuss the applications of the EM algorithm when the system
is known to be a coherent system with an unknown system structure. In Sect. 5, we
illustrate the methodologies by considering the lifetimes of the components in the
system to follow a two-parameter Weibull distribution. An illustrative example is
presented in Sect. 5.2, and a Monte Carlo simulation study is carried out in Sect. 5.3 to
evaluate the performance of the proposed implementations of the EM algorithm when
the component lifetimes follow the Weibull distribution. In Sect. 6, we consider the
case when the component lifetimes follow a lognormal distribution to further illustrate
how the methodologies can be applied to different lifetime models in addition to the
Weibull model. A real data example of water-reservoir control system is used to verify
the performance of the proposed estimation procedures. Finally, some concluding
remarks are made in Sect. 7.

2 System lifetime data and system signature

Let the random variable T be the lifetime of a coherent system with independent and
identically distributed (i.i.d.) component lifetimes X1, X5, ..., X, from a common
absolutely continuous cumulative distribution function (c.d.f.) Fx(-), probability den-
sity function (p.d.f.) fx(-) and survival function (s.f.) Fx () = 1 — Fx(-). We denote
the order statistics corresponding to the n component lifetimes by X1., < Xo., <

- < Xp:n- We shall further denote the c.d.f., p.d.f. and s.f. of the i-th order statis-
tic by Fi., (), fin(-) and Fin (), and the c.d.f., p.d.f. and s.f. of the lifetime of the
system T by Fr(-), fr(-) and Fr(-), respectively. Now, let us assume m indepen-
dent such n-component coherent systems are placed on a life-testing experiment and
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Fig. 1 A 3-component

parallel-series system @

©

©

their lifetimes are observed, with the corresponding ordered system lifetimes being
Tym < Tom < -+ < T

System signature (Samaniego 2007) is an index that characterizes a system without
using complex structure function. The system signature of a coherent n-component
system is a n-dimensional probability vector, s = (s1, 52, .. ., S,), defined by

s; = Pr(system fails upon the failure of thei — th component)
= Pr(T = Xi.n),

where 0 < 5; < 1,i = 1,2,...,n,and ) 7_;s; = l. System signature is a
distribution-free representation (Kochar et al. 1999) of the system structure meaning
that s does not depend on the distribution of the component lifetimes. For example, let
us consider a 3-component series-parallel system, as shown in Fig. 1. The signature
for this system is (1/3, 2/3, 0). Once we establish a system signature s, the distribution
function of the system lifetime 7" can be expressed readily in terms of s and Fy alone.
For a n-component system with i.i.d. components, the p.d.f. and s.f. of the system
lifetime T can be expressed as

n n

fr(0,s) =) si fin(t10) =) _s; (’Z)ifx<t|0>[Fx(r|0)]"—1[quw)]”—f ey

i=1 i=1

and
n n i—1
Frtlo,s) =Y siFin(tl0) =) sy (?)[Fx(flﬁ’)]j [Fx@O)I"7, (2
i=1 i=1 j=0

respectively, where @ is the vector of model parameters. For more discussions on the
system signatures and their applications, one may refer to Samaniego (2007) and the
references therein.

Suppose m independent n-component systems with the same but unknown structure
are placed on a life-testing experiment and the censoring time for the k-th system is
7x. That is, the experiment is terminated at 7, = min{T}, i} for the k-th system. Let
dy be the censoring indicator, i.e., dy = 1 if T < 7 and d; = O otherwise. Then, the
observation can be expressed as Tk* =diTiy + (1 —dp)te, k =1,2,...,m, and we
denote the observed values as t,f =dity + (1 —di)t, k = 1,2, ..., m. In this paper,
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we consider the system structure to be unknown but unchanged over time, i.e., § is
considered as a vector of parameters. Our aim is to estimate the system signature s and
the model parameter @ simultaneously based on the censored system-based lifetime
data (t*,d) = ((t],dy1), ..., (t;,, dn)).

n

3 Maximum likelihood estimation and EM algorithm

Suppose U is the observed data which are generated from the distribution f(u|@),
and V is the missing data. Then, the complete data are (U, V) with a joint distribution
f(u,v|0) = f(v|u, 8)f(ul@), where @ is the vector of model parameters. The problem
of interest is to estimate the parameter vector 6. The log-likelihood based on the
observed data u is

£(0) =1n f(ulf). (3)

The MLE of 6 can be obtained by direct maximization of the log-likelihood function in
Eq. (3). However, in some cases, the direct maximization of the log-likelihood function
based on the observed data may not be straightforward. An alternative method to obtain
the MLE of @ is by applying the EM algorithm. Consider the log-likelihood function
based on the complete data (U, V) given by In f (u, v|@). The log-likelihood function
of (U, V) is in fact a random variable because V is unobserved. The EM algorithm
first takes the conditional expectation of the complete data log-likelihood with respect
to the unobserved data V, given the observed data U and the parameter estimate in the
h-th iteration 8. Let us define

00,0M) = Ey (lnf(u, Vi0)u, 0<h>) = /lnf(u, v|0) £ (vIu, §®)dv,

where f(v|u, 0" is the conditional marginal distribution of the unobserved data V,
given the observed data U and the current parameter estimate 0" . The evaluation of
the expectation Q(0, 87) is the E-step of the EM algorithm. The first argument 6
in Q(6, O(h)) corresponds to the variable that maximizes the function Q (6, ™), and
the second argument 0™ is treated as a constant in each iteration.

Then, the M-step of the EM algorithm maximizes the expected log-likelihood func-
tion obtained from the E-step, i.e.,

0"+ = arg max 06,0M).

The MLE of the parameter vector  is obtained by iterating the E-step and the M-
step successively until convergence. Each iteration in the EM algorithm is guaranteed
to increase the log-likelihood. Detailed discussions on the convergence of the EM
algorithm can be found in Dempster et al. (1977) and Wu (1983). An estimate of the
asymptotic variance—covariance matrix of the MLE of parameter vector #, denoted by
é, can be obtained by inverting the observed (local) Fisher information matrix (see,
for example, Zhang et al. 2015)
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0=0

826(0)>

lu® = <_3030T

While the EM algorithm is used to find the MLE of @, an alternative way to obtain

the observed Fisher information matrix is through the use of the missing information
principle (Louis 1982; Tanner 1993):

Observed information = Complete information — Missing information;

that is,
Iy (@) = Iw,v)(0) — Iyu(d),
A a2
where Iy v)(@) = Ey (—%)‘0 . is the complete information and

A 2
Iviu(@) = Ey <—%)’0 . 1s the missing information. In the following
subsections, we describe different approaches of implementing the EM algorithm
based on the censored system-level lifetime data.

3.1 EM algorithm based on system-level likelihood function

Based on the censored system lifetime data (¢*,d) = ((t,d1), ..., (t,,dn)), the
log-likelihood function is

€0.5) =) diln (Z s,-f,-;n(rm) +Y (1—dp)ln (Z sl-F,-;n(mo)) @
k=1 i=1 k=1 i=1

The MLEs of # and s can be obtained by maximizing the log-likelihood function in
(4) with respect to 6 and s. However, direct maximization of (4) with respect to 6 and
s simultaneously is not an easy task, especially when the number of components 7 is
large. For this reason, we consider an alternative iterative procedure in which we fix
one parameter vector at a time and maximize the log-likelihood function with respect
to the other parameter vector.

First, we consider the parameter vector # to be fixed (i.e., assume that @ is known)
and then maximize the log-likelihood function with respect to s. Here, maximizing

n
Eq. (4) with respect to s with the constraint Y s; = 1 can be done by maximizing
i=1

> diIn (Z s,-f,-;n(tkw)) +Y (1—d)n (Z SiFi:n(Tk|0)>
k=1 i=1 k=1 i=1
—U(Zs,-—l), 5)
i=1
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where v is the Lagrange multiplier. Taking the derivative of Eq. (5) with respect to s;,
and setting the derivative to 0, we obtain

S fin (110 S Fin(ti10)
- +) (-4, = —v=0, 6
,; Y 51 frn(110) ];( k)Zf’:1S1Flzn(fk|0) ’ ©

fori =1, ..., n. Multiplying both sides of Eq. (6) by s;, and summing over all s;, for
i=1,...,n,wecan obtain v = m and

1 [ & si fin (tc10) - 5i Fizn (1110)
= — """+ l—d) = |> 7
m |:,€2=; kzlzl 1 frn(t16) I;( k)zlzl SlFl:n(Tk|0):| @

fori =1,...,n.

Second, we consider the system signature s to be fixed (i.e., assume that s is
known) and then maximize the log-likelihood function with respect to 6. Taking the
first derivative of £(8, s) in Eq. (4) with respect to the parameter , we obtain

8E(0 s) i - Si fin(t10)  01n fi,(110)
=\ X s fin(t16) 30
S i Fin(nil0)  01n Fry(vil6)
(1—-d - . 3
; . (Z D=1 51 Frn (tk10) 30 ) ®)

i=1

Defining
i fin (|0 - F 0
5100, 5) = <o Jen U G0, = ST @O
Zl:l Slfl:n (tk|0) Zl:l s1Fpn (Tklo)
fork=1,...,m, i =1,...,n, Eq. (8) can be rewritten as

aeo “ " a1In fioy (1|0
( 5) Z (Zaki(o,s) nfa.o(m ))

i=1

“ - d1n Fy, (i 10
+ 20 -d) (Zsk,(o >“—0(”")>
k=

i=1

Here, the observed data U is the system lifetimes or censoring times t* =
(t1 , t2, ..., ty) and the censoring indicators d = (dj, ds, ..., dy), and the miss-
ing (unobserved) data V is the number of failed components at the time of the system
failure for each of the m systems. Let the number of failed components at the time of
the system failure for system k be I and I = (11, I», ..., I,;). Here, I can be consid-
ered as the latent variable and the complete sample for the system-level EM algorithm
is (U, V) = (t*,d,]).
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With an initial estimate of the parameter vector @ and an initial estimate of the
system signature s, say 6 © and 5@, respectively, and the estimates at the A-th iteration
(O(h), s(h)), the (2 + 1)-th iteration of the EM algorithm based on the system-level
likelihood function can be described as follows:

E-step Evaluate the conditional probability of latent variable I as

Pr(ly = i|Ty = 1, 07, s™) = 5,07, s™)
h
_ Sl-( )fi:n(tkla(h))
- h
Y™ frn(109)
Pr(ly = i|Ty > %, 07, s™) = 5, (0™, s™)
5" Frn (110"
(h
Z[ 1S )Fln(fkw(h))

fordy =1, 9

fordy =0, (10)

k=12,...,m,i = 1,2,...,n. Then, we obtain the expectation of the
complete data on system-level log-likelihood as

00,07, s") =" "di8i (0", s In fi.n(Tx = 1)

k=1 i=1

+ Y (=& (07, s™)In Frp(rc16). (1)

k=1 i=1

M-step Step 1. Maximize Q(0, @™, sMyy in Eq. (11) with respect to 6 to obtain
PICEROP

Step 2. The updated estimate of s can be obtained as
l m
st = — Z [dida 0P s®) + (1 = dbu @™, 5™, (12)
m —

fori=1,...,n.

The above E-step and M-step are repeated until convergence occurs to the desired
level of accuracy. The MLEs of the model parameter # and the system signature s
based on the EM algorithm are the convergent values of the sequence 0™ and s,
respectively. In the following comparative study, we denote this implementation of
the EM algorithm based on system-level likelihood function by EM-sys.

3.2 EM algorithm based on component-level likelihood function

Due to the complexity of the distribution of order statistics, maximizing the function
in Eq. (11) usually does not yield an explicit solution. The EM algorithm will lose its
advantage if the M-step in each iteration is not straightforward. Therefore, we consider
here a different way of applying the EM algorithm by considering the component-level
likelihood function.
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When all the n component lifetimes in a system are observed, finding the MLE is
simply reduced to maximizing the likelihood function based on a complete sample
from the component lifetime distribution fx, which is a much simpler problem because
computational algorithms to compute MLEs of parameters of commonly used lifetime
distributions are well-known.

Consider a single n-component system, say system k, with system lifetime 7 = #;
and the system fails due to the failure of the I;-th ordered component failure. Let
Xr = (Xk1, Xk2, - - . , Xkn) be the vector of the n component lifetimes in system k. If all
the n component lifetimes in system k are observed, the log-likelihood function can
be expressed as

6(0) =) In fx(x410). (13)

j=1

If the lifetime of system k is observed as Ty = fi, then the system lifetime must
correspond to one of the n component lifetimes, i.e., fr = Xi(J:n)- In this case, the
number of component failures at the time of the system failure (/i) and the lifetimes
of the other n — 1 component lifetimes (xk(l;n), Xk(2:n)s « o> Xk(It—1:n)s Xk([+1:n)s - +»
Xk(n:n)) can be considered as missing data and the EM algorithm can then be applied
in this framework. On the other hand, if the lifetime of system k is right censored
at 7y, then all the n component lifetimes, xr = (Xk(1:n), Xk(2:1)» - - - » Xk(n:n))> Can be
considered as missing data and the EM algorithm can then be applied. We will describe
now the ways of handling these two situations in the following subsections.

3.2.1 Observed system failures

Suppose the lifetime of system k is observed as Ty = t;. For notational simplicity, we
use Xg| < Xk2 < ... < Xp(f—1) < tk = Xkl < Xk(L+1) < ... < Xk to denote the
ordered component lifetimes in system k. Let us further denote the observed system
lifetime by Uy, i.e., Uy = Ty, the missing data by Vi = (Vk1, Vi2), where Vi1 = Ik
is the number of component failures at the time of the system failure and Vo = (Xk1,
X2, o Xi(tu—1)> Xk(I+1)s - - -» Xkn) 18 the vector of unobserved component lifetimes.
From Eq. (13), the log-likelihood function of the complete data (U, Vi1, Vo) for
system k is

L (0|Uy, Vi1, Vi2)

= L 0T = xpp Ly Cokts - ooy Xk(lu=1)s Xk(Tg+1)s -+ > Xkm))
Ii—1 n

= > Infx(xj10) +1In fx(16) + Y In fx(xij16). (14)
=1 j=It1

As mentioned in Sect. 2, the EM algorithm first takes the conditional expectation
of the log-likelihood function based on complete data with respect to the missing data
(Vk1, Vk2). Suppose the estimates of  and s after the /-th iteration are 6 " and s™,
respectively. We then need to evaluate the function
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0@, (0™, 5M)y)
= Ewy,vio)lue (ﬂk(olUk, Vir, Vi) lug, 00, S(h))

= Evpiu [Evk1|(vk2,uk) <£k(0|Uk, Vit, Vi) lug, 0%, S(h)>] N C )
We first consider the inner layer of the expectation
Ev(Vie.up <5k(0|Uk, Vit, Vi) lug. 0%, s(h)>

n
=Y Pr(ly = ilTi = . 0" s") 00Uk Vin = It =i, V). (16)
i=1

Next, we consider the outer layer of the expectation in Eq. (15). The conditional
distribution of the first (I; — 1) ordered component lifetimes, given #, is i.i.d. random
variables from a right-truncated distribution

Ix (xxj10)
8rRx (xXjl0, tx) = ————=, Xkj < Ik,
! Fx(110) "
forj=1,..., Iy —1; see Arnold et al. (1992). The outer layer of the expectation of

the log-likelihood in Eq. (15) with respect to the components failed before the system
failure (i.e., X < t) can be written as

t

Exjx<i[In fx(x|0)] = / In fx (x10)grx (x]6, )dx.

Similarly, given the lifetime of the system k, f, the last (n — I} ) ordered component
lifetimes are i.i.d. random variables from a left-truncated distribution

Sfx (xij10)

= , Xkj > I,
Fx(110) "

grx (xxjl0, 1) =

for j =Ix+ 1, ..., n;see Arnold et al. (1992). The outer layer of the expectation of
the log-likelihood in Eq. (15) with respect to the components survived at the time of
system failure (i.e., X > f) can be written as

o0
Ex|x=[In fx(x]0)] :/ In fx(x|0)gLx(x|0,r)dx.
t
Then, Eq. (15) can be expressed as

010, (@™, sMy)

n
=Y pr <1k — T =1, 0P, s(h))
i=1
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Tk
[(i -1 / In fx(x10)grx (x10", r)dx + fx (116)

+(n—1i) / In fx(x10)grx(x|0™, rk)dx] : (17)
13

3.2.2 Censored system lifetimes

Suppose the component lifetimes in system k are x; = (xk1, ..., Xkn), and the sys-
tem lifetime T} is right censored at time t;. Let Ay be the random variable that
denotes the number of failed components in system k before time 7x. Ay is a dis-
crete random variable with support on {0, 1, ..., n — 1}. In this case, the observed
data are Uy = 1 and the missing data are Vi = (Vi1, Vi2), where Vi = Ag
and Vio = (Xi1, -+, Xiays Xk(Ag+1)s - - - » Xkn). From Eq. (13), the log-likelihood
function of the complete data (U, Vi1, Vi2) can be written as

n

Ag
G@\Ur, Vir, Vi) = Y _In fx G 10) + Y In fx(uagom10).  (18)
j=1 J=Ar+1

As in the case when the system failure is observed, the conditional distribution of
the first A ordered component lifetimes, given the censoring time 7, are i.i.d. random
variables from a right-truncated distribution

grx (xkjl0, o) = SxC16) Xpj < Tk
” Fx(mlo)' ™7 "
for j =1, ..., Ax. Given the censoring time of system k, 7y, the last (n — Ay) ordered

component lifetimes are i.i.d. random variables from a left-truncated distribution

fx (xx10)
Xiil0, k) = =————, Xpj > Tk,
8rLx (X0, &) Pty Y
for j = Ax 4+ 1,..., n. Suppose the estimates of § and s after the A-th iteration are

0" and s, respectively. We then need to evaluate the function

010, @™, sMy)

n 1 Tk
= Y Pr(Ap = ATk > 7, 07, s™) [x / In fx (x10)grx (x|8"), 7¢)dx
: _

=0 o0

+(n—2) / In fx(x|0)grx(x|0™, rk)dX] , (19)
Tk

where
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00y _ Pr(Ag = A, T > 7|0, s )

Pr(Ty > fk|o<h> s(h)

_ = s () @l )P Uy (w01 ey
Fr(t 10", s™)

Pr(Ar = MTi > e, 0™, s

8¢ (o(h) (h))’
(20)
a1- Z?:l sl(h)) is the probability that the system did not fail due to the i-th ordered

component failure, i = 1,2,..., A, and (K)[Fx(tk|0(h))])‘[}7“x(rk|0(h))]”’)‘ is the
probability that A-out-of-n components are failed at time .

3.2.3 Implementation of the EM algorithm

Based on the results presented in Sects. 3.2.1 and 3.2.2, when the system signature s
is unknown and given the estimates of @ and s after the /-th iteration are 8" and s,
respectively, the (k& + 1)-th iteration of the EM algorithm on component-level can be
described as follows:

E-step Compute the conditional probabilities &g; (O(h), s™Y in Eq. 9) for dy = 1,
i=1,...,nand s, @", sM)in Eq. (20) fordy = 0, % =0,...,n — 1,
k=1,...,m. We then have

0@, 0", s") = "d Y 50", s")

k=1 i=1

173
x [(z‘ —1) / In fx (x|0)grx (x10™, t)dx + fx (110)

+(n —i) / In fx(x10)grx(x|0™, rk)dx}
173

m n—1
+ Y (U —=dp) Y 850", ™)

k=1 r=0
x [x / i Fx(x10)grx (x|0™, 7)dx
+(n—2) / In fx(x10)grx(x|0®, rk)dx} : 1)
Tk

M-step Step 1. Maximize Q(0, @™, s™)) in Eq. (21) with respect to @ to obtain
0(h+1);

Step 2. The updated estimate of s can be obtained by Eq. (12)fori = 1,...,n
The MLEs of the model parameter # and the system signature s can be obtained
by repeating the E-step and M-step until convergence occurs to the desired level of

accuracy. In the following comparative study, we denote this implementation of the
EM algorithm based on component-level likelihood function by EM-comp.
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3.3 Alternate implementation based on component-level likelihood function

Suppose a Type II censored system lifetime data, t = (f1, < togy < ... < brm),
r < m, are observed. According to the results in order statistics (Arnold et al. 1992,
pp- 23), the censored system lifetimes 7y 1.y, - . ., I;y:m have the same distribution as
order statistics Zi.un—r, -+« » Zim—rm—r, Where Zy, ..., Z,_, are generated from

fr@)

——, I > lrm.
1 — Fr(tym) "

gL(z|trm) =

Then, the distribution of order statistic 7} 4 ;. is simply

(m—r)!
(= Dlim —r — j)!
X g1 (Zltrm) G L Eltrm) ™ (1 = GLltr)™ ™ 2 > tram,

g(r+j):m(Z|tr:m) =

j=12,...,(m —r), where G (z|t;sn) = ftf;m g1 (x|trm)dx. The expectation of
Ty j:m can then be expressed as

00
E(T(rJrj):m) = / Xg(r+j):m(x|tr:m)dx’ Jj=1L....m—r
tr:m

Once we have the expectation of the censored system lifetimes, those expectations
could be used to replace the censored system lifetimes, i.e., assuming the observed
system lifetimes tobe Ty, . . ., Tromy E(Tr1:m), - - - » E(T}:) as an approximation.
The theoretical basis of this approximation is approximating E[ln f7(T)|T > ty.]
by In fr[E(T|T > tr,,)] based on the first-order Taylor expansion of In f7(7T) at
E(T|T > ty.,). Then, the EM algorithm discussed in Sects. 3.1 and 3.2 can be applied
withd; = 1,...,d, = 1 on the system lifetimes. We denote this implementation of
the EM algorithm by EM-exp.

4 Coherent systems with unknown structure

In the preceding sections, when the system signature is unknown, we have developed
different implementations of the EM algorithm for the estimation of the model param-
eter @ and the system signature s, but we did not put any restriction on the estimate
of the system signature except y _; §; = 1. However, in practice, if we have the
information that the observed system lifetimes are coming from a coherent system
with n components, there are a limited number of possible system signatures that need
to be considered. For example, if the system is a 3-component coherent system, then
there are only 5 possible arrangements, as shown in Table 1.

If the system is a 4-component coherent system, then there are 20 possible arrange-
ments (Navarro et al. 2007, p. 184). Therefore, we should take into account the
restriction on the limited possible system signatures in the parameter estimation pro-
cedures. This can be achieved by applying the proposed EM algorithms with known

@ Springer



82 Y. Yang et al.

Table 1 All possible 3-component coherent system

System System lifetime System signature

Series min(Xy, X», X3) = X3 s1=(1,0,0)

Series-parallel (X1, max(X2, X3)) 5o =(1/3,2/3,0)

2-out-of-3 max_(min(X;, X;)) = X2:3 s3=(0,1,0)
I<i<j<3

Parallel-series max (X, min(X7, X3)) 54 =(0,2/3,1/3)

Parallel max(X1, X2, X3) = X33 s5=(0,0,1)

system signature for each of the possible system signature and then choose the system
signature that results in the largest likelihood value. Specifically, if there are L possible
system signatures, s;,/ = 1,2, ..., L, we can apply the proposed implementations
of EM algorithms by fixing the system signature as §; to obtain the MLE of # as ) Is
I =1,2,..., L, and then computing the value of the log-likelihood in Eq. (4) as
Z(él, s7). Then, suppose

.....

the final estimates of the parameter vector and the system signature will be él* and
87+, respectively.

5 Weibull distributed component lifetime data

To illustrate the methodologies developed in the preceding sections, we consider the
lifetimes of the components in an n-component system to follow a two-parameter
Weibull distribution. Then, Monte Carlo simulations and a numerical example are used
here to evaluate the performance of different implementations of the EM algorithm in
obtaining the MLEs of the parameters in the subsequent sections.

5.1 Implementations of the EM algorithm

Suppose that the component lifetimes follow a two-parameter Weibull distribution
(see, for example, Weibull 1951; Murthy et al. 2004; Rinne 2010) with c.d.f. and

p.d.f.
X o
Fx(xla, B) =1 —exp [— (E) i| , x>0

and fy(x|a, ) = = <%) ) oo,

X

respectively, where o > 0 is the shape parameter and 8 > 0 is the scale parameter.
The log-transformation of the component lifetimes follows the smallest extreme value
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(SEV) distribution. Let W = In X be the log-lifetime of the component. Then, the
c.d.f. and p.d.f. of the log-transformed component lifetimes are

w—
FW(wlu,a)zl—exp{—exp[ :“,—oo<w<oo
1w wep
and fy(wlp,0) = —e @ exp[—e g ],—oo<w<oo,
o

respectively, with location parameter —oo < u = In 8 < oo and scale parameter
o=1/a>0.
The p.d.f. and c.d.f. of the i-th order statistic W;., are, respectively,
n\ . . _
Jin(wlp, 0) = (i)l (Fw(wlw, o))~ fw(wlp, o) (1 — Fy (wlp, o))"~

e e
* {1 —er [_e"p(w;M)]}” o <w<oo  (22)

n

and Fio (wlp, 0) = Y (’;)[Fw(wm, o)'[1 — Fy(wlw, o))"

I=i

) -enl-on(2)])
) R

where —00 < u < oo and o > 0. Here after, we consider the log-transformed system
and component lifetimes instead of the original lifetimes as it is more convenient. For
notational simplicity, we still use X to denote the log-transformed component lifetime
and T to denote the log-transformed system lifetime, unless stated otherwise.

In the following subsections, we illustrate different implementations of the EM
algorithm described earlier in Sect. 3 when the component lifetime distribution is
Weibull. The algorithms and the required computational formulae for the conditional
expectations are presented.

5.1.1 EM-sys algorithm

The EM-sys algorithm is realized by directly applying Egs. (22) and (23) to the algo-
rithm described earlier in Sect. 3.1. Suppose the estimates of the parameter vector and
the system signature in the /-th iteration are, respectively, 8% = (1™, o) and s™.
Then, the (& + 1)-th iteration of the EM-sys algorithm can be described as follows:

E-step Evaluate the conditional probability of I in Eq. (9) by plugging in the p.d.f.
in Eq. (22) and the c.d.f. in Eq. (23);
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M-step Step 1. Maximize Q(@, @™, sy in Eq. (11) with respect to « and o to
obtain "tV and ¢ "D,
Step 2. Obtain the updated s by Eq. (12).

5.1.2 EM-comp algorithm
Suppose a sample w = (wy, wa, ..., w,) follows SEV distribution with location

parameter p and scale parameter o. Then, the MLEs of & and o can be obtained by
solving the following equation (Lawless 2011):

n . 15 1<
5 = Ziziwiexpwi/s) 1 3w, (24)
> iz exp(w;/6) "3

and then substituting the solution & into

A= 61In |:% gexp (%>:| . (25)

The M-step of the EM algorithm based on component-level likelihood function can
be simplified to solve Eq. (24).

In order to compute the conditional expectations in the E-step, we consider arandom
variable Zj that follows a left-truncated SEV distribution with truncation at time #;
(see, for example, Ng et al. 2002). The p.d.f. of Z; is then given by

fx@klp, o)
I — Fx(tlp, o)

_ explexp(§0)] exp| P _exp (F2EY ] o=
O_ O_ O_ ) k k’

—oo<u<oo,0 >0,

f7, k| Zk > tg, u,0) =

where & = =L

Let Z; = Z"U_“ and nx = exp [exp(ék)]. Then, the p.d.f. of Z; could be expressed
as

f2: GH\ZE > &k, 0) = neexp [z — exp(zp) ], 2 > &, —00 < pu < 00,0 > 0.

The moment generating function of Z, conditional on Z,f > &, is given by

o HptDE

Mz(s) =ml(s+ 1,8 =T+ 1) |m— Y ————
k S Ts+p+2)

s

where I' (o) = fooo u®~te~"du is the gamma function and I' («, x) = fxoo u* e~ tdy
is the incomplete gamma function. Then, we have the following expectations:
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EZ|&k, i, 0]l =0 Eg 1k + I,
E[e?%|&, p, 0] = "/  Ep ot
and E[Zye? /% g, u, 0] = e [0 Er3x + wER 2], (26)

where

ER,l,k =E (Z]f|%_k9 M, J)

X et DE Y (p 4 2) I (D&
=yDm+ Y —————— — &+ v (D] ———,
= T(p+2) S T(p+2)
Epox =E (eZZ|gk, W, 0)
= et 41
and Egsr = E (Z,fezﬁék, W, a)
X Dby (p 4 3) I L +2)E
=yQm+ Yy —————— —[&+ V()] Z
= Tp+3) < I'(p+3)

() = % In I" (x) is the digamma function.
Similarly, let Y; be a random variable with a right-truncated SEV distribution at
time 7. The p.d.f. of Y} is then

Sx Okl o)

Fx (tx|w, o)

= : eXP[yk_ —eXP(yk_ )},
o[l —exp(exp(&k))] o

Vi < tg,—00 < U < 00,0 > 0.

SroOklYr < tg, p,0) =

IfY*—

can be expressed as

1

[1 — exp(exp(§x))]
Vi > &, —00 < < 00,0 > 0.

Fre GEIYE < & p,0) = exp [v¢ —exp(y))]

The moment generating function of Y;*, conditional on Y,:‘ < &, is given by
My;(s) = (i = D7 e (s + 1) — Mz ()]
The conditional expectations of interest are then given by

EYilék, u, 0l =0Er 1k + 14,
E[e"/7|&, n, 01 = e Ep ok
and E[Yie'™™ |, u, 0] = e [0 EL sk + nEL2A], 27)
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where

Ep ik = EXY] &, 1, 0)
= (i — D7 [my (D) — E(Z{ &, 1. 0)],
Epox = E@% &, p, o)
= o = D7 [ = E@ g 1. 0) |
and Ep 34 = E(Y;'e" |, 1. 0)

= o = D7 v @) - EZpeH g n.0)].

As mentioned in Sect. 3.2, suppose system k failed at time #;. Then, the components
still working at time #; have the same distribution as the random variable Zj, and the
components failed before time #; have the same distribution as the random variable
Yy. If system k is censored at time 7%, with E,:‘ = T";“ , the above formulations are
still applicable.

Following the notation and setting described earlier in Sect. 3.1, the (h + 1)-th
iteration of the EM-comp is as follows:

E-step Evaluate the conditional probabilities 8;; (u”, o™ s in Eq. (9) for i =
1,...,n, and &, (u™, o™ s™M)in Bq. 20), for A = 0,....,n — 1, k =
1,...,m;

M-step Step 1. Update the estimates of the parameters by Eqgs. (24) and (25) as

e _ S (akin® @ sDy) S (o1 ki o™ s9)

Sy (o2 k™, ot s0y) mn
n () ok
and ) = oD 1 iy (e k™, o™, s™))
mn ’
where

n
ikl ®. o™ s = di Yy | Eok.ilpn™ o™ s®)
i=l
n—1

+(1=d0) Y Ecith, Au®, o™, s™),
A=0

forl =1,2,3, and

Eoi(k,iln® o™ s®) = 5;(u®, o™ s™) [(z’ - DEWilg, n™, 0 ™)
i (0= DEZilge n®, 0 ™)),

Ec,l(k, MM(h), a(h), s(h)) — 5/€x(ﬂ(h)s a(h), s(h)) [)»E(Yklélf, l/«(h), a(h))

+ (1 — MEZi &, n®, a““)] ,
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Eoalk,iln® 0™ s) = 55 (u®, 0™, s™) [ = DEE""" g, n®, 0P
+ e/ 4 = DEEA g 1,6 ™)],
Ecal, Ap®, o™ sy = 56 (4 50 gy [AE(eYk/a(’” &5, 1@, g ™)
+ = WEE " g P ™)
Eoall,iln®, o, s = 5 (u®, 0, s®) [ = DEXe™ " e, n®, o)
+ e 4 = DEZke? 7" g, i, 6 )]
and E 3(k, Au®, 0™ s®)y = 55, (u® g™ M) [AE(YkeYk/a“"@, u® M)

+ 1= DEZke 7" gy @0 ™))

Step 2. Update s 1 by Eq. (12).
5.1.3 EM-exp algorithm

The algorithm of EM-exp based on Weibull distributed component lifetimes can be
described as follows:

E-step Step 1. Evaluate the expectations if the system lifetimes #; are censored, for
k=r+41,...,m, obtaining the pseudo-complete system lifetimes 71, 7, . . .,
Iy, E(Tr+l)» ooy E(Tw);
Step 2. Evaluate the conditional probabilities d;; (,u(h), o™, s(h)) in Eq. (9)
fori=1,...,n,k=1,...,m;

M-step The same as the M-step in Sect. 5.1.2 withdy = 1 fork =1,...,m.

5.2 Illustrative example

A numerical example is given here to illustrate the three different implementations of
the EM algorithm: EM-sys, EM-comp and EM-exp, proposed in Sects. 3.1,3.2 and 3.3
by assuming the component lifetime distribution to be Weibull. A sample of m = 30
system lifetimes was simulated from a 4-component system with system signature
s = (1/4,1/4,1/2,0), and the component lifetimes follow a Weibull distribution
with scale parameter 8 = 1 and shape parameter « = 1. In other words, the logarithm
of the component lifetimes is assumed to follow a SEV distribution with location
parameter ;4 = 0 and scale parameter 0 = 1. The ordered log-transformed system
lifetimes are presented in Table 2. We consider the estimation of parameters and
the system signature when the system structure is unknown with different censoring
proportions in the following subsections.

We are interested in estimating both the system signature s and the model parameters
u and o. We apply the three different implementations of the EM algorithm proposed
in Sects. 3.1, 3.2 and 3.3, and the numerical maximization to obtain the MLEs based
on the dataset presented in Table 2 with censoring proportions g = 0, 10 and 30%.
We consider four different combinations of initial values for these algorithms:
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Table 2 Logarithm of m = 30 simulated system lifetimes of a 4-component system with system signature
s = (1/4,1/4,1/2,0) when the component lifetimes are from Weibull(1, 1)

—4.5469 —4.4799 —3.9642 —3.2333 —2.8369 —2.6229 —1.7921 —1.4315 —1.2964 —1.2523
—1.1188 —1.1021 —1.0527 —0.8610 —0.5840 —0.5731 —0.3609 —0.2885 —0.2457  0.0230
0.1509  0.2665 03275 0.3735 0.3877 0.4422  0.4823 0.5025 0.6734  1.1459

i) 09 = @®, 69y =(0,1),s© = (0.25, 0.25, 0.50, 0.00);
(i) 0@ = (@, 60y = (2,3),s© = (0.25,0.25, 0.50, 0.00);
i) 09 = (1 ©,6©) = (0, 1), s = (0.40, 0.30, 0.20, 0.10);
iv) 09 = (1@, 60y = (2,3),5® = (0.40, 0.30, 0.20, 0.10).

The algorithm is considered to have converged when
max ("D — W), 150D — g M 50 5" =1,2,3,4) < 1075,

The parameter estimates (say, 0= ({1, 6)) and the estimate of system signature § of
the three different implementations of the EM algorithm and the parameter estimates
obtained from direct maximization of the log-likelihood function are presented in Table
3. In addition, to assess which method results in estimates with the largest likelihood,
the values of the log-likelihood in Eq. (4) are evaluated at the parameter estimates and
are denoted by E(é, §). The largest value of 6(9, §) for each setting is marked with an
asterisk *. We can observe from Table 3 that different initial values (8, s(©) result
in different estimates of the parameters and the system signature. The initial value of
the system signature, s(?, plays an important role in the resulting estimates, especially
in the estimation of the system signature. It is noteworthy that the elements set to be
zero in the initial values of the system signature s© will never become nonzero in
the algorithm, and hence, the final estimate of those elements is always equal to zero.
From Table 3, the estimate of @ is very close to the true value when the censoring
proportion is small, regardless of the initial values. We will further investigate the
effect of the initial values on the final estimates by using a Monte Carlo simulation
study in the following section.

For Type II censored sample, the first r-out-of-m system failures are observed, and
thus, we define the censoring proportion by ¢ = (m — r)/m. For Type II censored
sample with r = 27 (i.e., ¢ = 10%) in Table 2 with initial values (2?, 6 @) = (2, 3)
and s(¥ = (0.25, 0.25, 0.50, 0.00), the implementations EM-sys, EM-comp and EM-
exp take 78 iterations (in 17.54 s), 1 76 iterations (in 1.06 s) and 205 iterations (in 1.22 s),
respectively, to converge to the final estimates. In this example, we can see that the
implementations of EM algorithm based on component-level likelihood function, EM-
comp and EM-exp, take less time to converge to the final estimates. This is because
the M-step of EM-sys requires a two-dimensional numerical optimization, while the
M-step in EM-comp and EM-exp only requires solving one nonlinear equation.

Since these three proposed implementations of the EM algorithm converge to
different values, to evaluate the correctness of the estimates obtained by these imple-
mentations, we compute the values of the log-likelihood function in Eq. (4), 6(@, s)
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Table 3 MLEs obtained by three different implementations of the EM algorithm with unknown system

signature
q (%) Implementation i o s 6(9, )
0O = (0, 1),s® = (25, 25, 5,0)
0 EM-sys 0.0025  1.1675  (0.3719,0.0054, 0.6226, 0.0000)  —50.5854
EM-comp/EM-exp —0.0004  1.1678  (0.3729, 0.0000, 0.6271,0.0000)  —50.5779*
10 EM-sys 0.0081  1.1915  (0.3660, 0.0064, 0.6277, 0.0000)  —51.2285
EM-comp 0.0046  1.1913  (0.3673,0.0000, 0.6327, 0.0000)  — 51.2209*
EM-exp 0.0232  1.1535  (0.3853,0.0000, 0.6147, 0.0000)  —51.2289
30 EM-sys 0.1366  1.3421  (0.3554,0.0317,0.6129, 0.0000)  — 50.6604*
EM-comp 0.1075  1.3400  (0.3589,0.0002, 0.6409, 0.0000)  — 50.6653
EM-exp 0.1779 12146  (0.4240,0.0001, 0.5759, 0.0000)  —50.7007
00 = (2,3),sO = (25, 25, 5,0)
0 EM-sys 0.0034  1.1676  (0.3714,0.0076,0.6211, 0.0000)  —50.5884
EM-comp/EM-exp —0.0004  1.1678  (0.3729,0.0000, 0.6271,0.0000)  —50.5779*
10 EM-sys 0.0084  1.1916  (0.3659,0.0069, 0.6272, 0.0000)  —51.2292
EM-comp 0.0046  1.1913  (0.3673,0.0000, 0.6327, 0.0000)  — 51.2209*
EM-exp 0.0232  1.1535  (0.3853,0.0000, 0.6147, 0.0000)  —51.2289
30 EM-sys 0.1315 13419  (0.3558,0.0266, 0.6176, 0.0000)  —50.6611*
EM-comp —0.237 23526  (0.0000, 0.1914, 0.8086,0.0000)  —50.7275
EM-exp 0.1786 12148  (0.4238,0.0010,0.5752,0.0000)  —50.7004
00 =,1),s®=(4,3,2.1
0 EM-sys 0.0162  1.1644  (0.3656,0.0385, 0.5925,0.0034)  —50.5835
EM-comp/EM-exp —0.0004  1.1678  (0.3729,0.0000, 0.6271,0.0000)  —50.5779*
10 EM-sys —0.7414  1.1930  (0.2598,0.0068, 0.1432,0.5902)  —51.1351
EM-comp —0.7456  1.1949  (0.2609, 0.0014, 0.1462, 0.5915)  —51.1337*
EM-exp 0.0233  1.1535  (0.3852,0.0002, 0.6146, 0.0000)  —51.2291
30 EM-sys —0.6633 13368  (0.2183,0.0797,0.1659, 0.5362)  —50.6486
EM-comp —0.6617 13350  (0.2222,0.0695,0.1757,0.5326)  —50.6443
EM-exp —0.5370 12351  (0.2740,0.0164, 0.2558,0.4538)  —50.6405*
00 =2,3),s® =(4,3, 2.1
0 EM-sys 0.0025  1.1675  (0.3719,0.0055, 0.6226, 0.0000)  — 50.5854*
EM-comp/EM-exp  0.7165  1.1846  (0.4840, 0.5160, 0.0000, 0.0000)  —51.3797
10 EM-sys —0.7391 11925  (0.2619,0.0010, 0.1505, 0.5866)  —51.1328*
EM-comp —0.7453  1.1949  (0.2613,0.0000, 0.1478,0.5909)  —51.1331
EM-exp 0.7590  1.2039  (0.4913,0.5087, 0.0000, 0.0000)  —51.8952
30 EM-sys —0.6619 13365  (0.2175,0.0823,0.1640, 0.5361)  —50.6492
EM-comp —0.6617 13350  (0.2222,0.0695,0.1757, 0.5326)  —50.6443*
EM-exp 0.1786 12148  (0.4238,0.0010, 0.5752,0.0000)  —50.7004

and compare these values. These values of the log-likelihood function are also pre-
sented in Table 3 with “x” to indicate the largest log-likelihood among the three
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implementations. We do observe that these values of log-likelihood based on different
implementations are quite close to each other.

5.3 Monte Carlo simulation study

In this subsection, we evaluate the performance of the proposed implementations of
the EM algorithm using Monte Carlo simulation. Once again, the component lifetime
distribution is assumed to be Weibull, and hence, the logarithm of the component
lifetimes follows SEV distribution. Without loss of generality, we set © = 0 and
o = 1 in the following simulation studies.

5.3.1 Coherent systems with unknown system signature

In Sect. 4, we described the procedure to estimate the parameter vector and the system
signature when we have the information that the systems are coherent systems. A
Monte Carlo simulation study is conducted here to evaluate the performance of the
proposed implementations of the EM algorithm in correctly identifying the system
signature.

We consider the 3-component coherent systems with sample sizes m = 10 and
100. The five possible coherent systems and their corresponding system signatures
are presented in Table 1. We generate samples of m system lifetimes with system
signature s;, [ = 1,2,3,4,5, presented in Table 1. Then, we apply the procedure
described in Sect. 4 to obtain the estimate of #. Since all three implementations of the
EM algorithm converge to the same value when the system signature is assumed to be
known, we present the results based only on EM-comp in this simulation study. The
simulation results were based on 10,000 Monte Carlo runs.

The obtained results are summarized in Tables 4 and 5, where the sample sizes are
m = 10 and 100, respectively. The values in Tables 4 and 5 represent the percentages
that the data sampled from the row category have the largest likelihood value assuming
it is sampled from the column category. For example, the cell in row 1 (Series) column
2 (Series-parallel) in Table 4 is 0.292, which means of the 10,000 iterations that the
data are generated from a series system, the value of the likelihood of a series-parallel
system is the largest 2920 times compared to the other four likelihoods (series, 2-out-
of-3, parallel-series and parallel systems).

From Tables 4 and 5, we observe that the EM algorithm could not correctly detect
which system the data are generated from when the sample size is small (say m = 10).
When m = 100, the percentage of correctly detecting the system structure increases.
It may also be seen that when the sample size is small, the most unlikely choices are
parallel-series and 2-out-of-3 systems.

To investigate this problem further, a sample of size 30 was generated from a series-
parallel system with signature (1/3, 2/3, 0), and with log-transformed components
following a SEV distribution with location ;& = 0 and scale o = 1. The EM algorithm
is then used to estimate the parameters © and o for each of the five possible system
signatures separately. Figure 2 presents the p.d.f. of the log-system lifetime for each
of the possible system, when log-component lifetimes follow SEV distribution with
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Table 4 The proportion of correct detection of system signature when the sample size is 10

Generated from Identified as

Series Series—parallel 2-out-of-3 Parallel—series Parallel
Series 0.295 0.292 0.076 0.033 0.304
Series—parallel 0.285 0.313 0.075 0.037 0.290
2-out-of-3 0.271 0.195 0.081 0.044 0.409
Parallel—series 0.239 0.171 0.082 0.045 0.462
Parallel 0.122 0.227 0.123 0.044 0.484

Table 5 The proportion of correct detection of system signature when the sample size is 100

Generated from Identified as
Series Series—parallel 2-out-of-3 Parallel—series Parallel
Series 0.392 0.349 0.193 0.027 0.039
Series—parallel 0.119 0.525 0.131 0.030 0.195
2-out-of-3 0.211 0.079 0.329 0.135 0.247
Parallel—series 0.093 0.030 0.258 0.188 0.431
Parallel 0.057 0.021 0.227 0.163 0.532
~
o
0 94
£ ° —— Series
@ w_| | Series-})aral[el
= o -—— 2-out-of-3
= — Parallel-series
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Fig. 2 Distributions of log-system lifetimes, when log-component lifetimes follow SEV distribution with
n = 0and o = 1, based on different system signatures

uw = 0 and o = 1. Figure 3 presents the estimated system lifetime distribution
by assuming different underlying system structures and the parameter estimates are
also presented. From Fig. 3, it can be seen that the estimated distribution of the log-
transformed system lifetime under different assumptions is very similar, even when
the parameter estimates vary.

5.3.2 Unknown system signature

Simulation studies are used in this subsection to evaluate the performance of the
proposed methodologies. The log-component lifetimes in the system with system
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Fig. 3 Estimated f7 () with parameters estimated from different system signatures

signature s = (.25, .25, .5, 0) are generated from SEV distribution with u = 0 and
o = 1 with sample size m = 20, 30, and proportion of censoring g = 0, 10, 30, 50%.
Different initial values are considered. The stopping criterion used is

max(|u<h+1) (h)|’ |&(h+1) "(h)| |A(h+1) _ §(h)|,i =1,2,3,4) < 1074

The simulation results are based on 10,000 Monte Carlo runs, and these results are
presented in Tables 6 and 7. We have also considered different system signatures in
the simulation study, and since the results demonstrate similar behavior, for the sake
of brevity, we only present here the results for s = (.25, .25, .5, 0). The average of
parameter estimates and the mean square errors (MSEs) of the estimates were obtained.
Moreover, the values of the likelihood function in Eq. (4) were evaluated with the
estimates of the component lifetime distribution parameters and system signature, i.e.,
E(é, §). The proportions of cases in which the implementation results in estimates with
the largest likelihood function among the three proposed implementations, denoted as
“Prop”, are also presented in Tables 6 and 7. The obtained results are presented in
Tables 6 and 7 in which the starting values of (i, o) and s are {(0, 1), (.25, .25,.5,0)}
and {(0, 1), (.1, .4, .3, .2)}, respectively. The results for starting values {(1, 2), (.25,
25,.5,0)}, {(1, 2), (.1, .4, .3,.2)} are not presented here for the sake of conciseness.

It is observed that those estimates obtained from the three implementations of the
EM algorithm depend on the choice of the initial values, especially the initial value
of the system signature, when the system lifetimes are Type II censored. When the
censoring proportions are small (say, g < 30%), the effect of the initial values to the
final estimates is relatively small, and the three proposed implementations EM-sys,
EM-comp and EM-exp all give quite similar estimates which are indeed close to the
true value.

For the cases when the true value of the unknown system signature is used as the
starting value of the EM algorithm (see Table 6), EM-sys has the largest proportion of
times that the likelihood function is the largest in most of the cases, especially for small
censoring proportion g < 10%. For the estimation of the parameters of the component
lifetime distribution, EM-exp gives the smallest MSEs in most of the cases.
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Table 6 Estimates of the parameters and the proportions of Z(é, §) being the largest based on EM-sys,
EM-comp, EM-exp when the starting values for (i, o) and s are (0, 1) and (.25, .25, .5, 0), respectively

q (%) Implementation [ o Ave. of § Prop
Ave. MSE  Ave. MSE
m =20
0 EM-sys —0.0004 0.0661 0.9345 0.0543 (0.3293,0.1533, 0.5173, 0.0000) 0.582*
EM-comp/EM-exp —0.0031 0.0637 0.9376 0.0499 (0.3246, 0.1545, 0.5210, 0.0000) 0.418
10  EM-sys —0.0750 0.0756 0.9484 0.0774 (0.3252,0.0624, 0.6124, 0.0000) 0.485*
EM-comp —0.0904 0.0783 0.9639 0.0679 (0.3061, 0.0597, 0.6341, 0.0000) 0.207
EM-exp —0.0247 0.0620 0.8950 0.0621 (0.3465, 0.1050, 0.5483, 0.0000) 0.308
30  EM-sys —0.1497 0.0977 0.9213 0.0979 (0.3210, 0.0099, 0.6690, 0.0000) 0.462*
EM-comp —0.1824 0.1176 0.9705 0.0798 (0.2819, 0.0037, 0.7144, 0.0000) 0.275
EM-exp —0.1204 0.0819 0.8192 0.0858 (0.3526, 0.0495, 0.5978, 0.0000) 0.263
50 EM-sys —0.2813 0.1885 0.8792 0.1187 (0.2799, 0.0045, 0.7155, 0.0000) 0.436*
EM-comp —0.3131 0.2158 0.9715 0.0848 (0.2237, 0.0005, 0.7758, 0.0000) 0.267
EM-exp —0.3002 0.1664 0.7450 0.1225 (0.3117,0.0618, 0.6263, 0.0000) 0.297
m = 30
0 EM-sys —0.0067 0.0597 0.9652 0.0484 (0.3200, 0.1441, 0.5360, 0.0000) 0.555*
EM-comp/EM-exp —0.0100 0.0568 0.9678 0.0445 (0.3159, 0.1457, 0.5384, 0.0000) 0.445
10 EM-sys —0.0768 0.0654 0.9793 0.0679 (0.3136, 0.0693, 0.6171, 0.0000) 0.516*
EM-comp —0.0819 0.0661 0.9806 0.0589 (0.3057,0.0599, 0.6344, 0.0000) 0.205
EM-exp —0.0221 0.0547 0.9212 0.0535 (0.3464, 0.0970, 0.5565, 0.0000) 0.279
30  EM-sys —0.1349 0.0798 0.9614 0.0866 (0.3142,0.0190, 0.6668, 0.0000) 0.463*
EM-comp —0.1598 0.0927 0.9943 0.0763 (0.2884,0.0102, 0.7014, 0.0000) 0.294
EM-exp —0.1005 0.0643 0.8564 0.0702 (0.3569, 0.0372, 0.6058, 0.0000) 0.243
50 EM-sys —0.2434 0.1366 0.9328 0.0992 (0.2789, 0.0076, 0.7135, 0.0000) 0.458*
EM-comp —0.2692 0.1562 0.9943 0.0802 (0.2420, 0.0011, 0.7569, 0.0000) 0.269
EM-exp —0.2643 0.1300 0.7987 0.0937 (0.3142, 0.0285, 0.6572, 0.0000) 0.273

For the cases when the starting value of the unknown system signature is different
from the true value (see Table 7), EM-exp has the largest proportion of times that
the likelihood function is the largest when the censoring proportion is moderate to
large (¢ > 30%). EM-exp also gives the smallest MSEs for the estimation of the
parameters of the component lifetime distribution in most of the cases. If the estimation
of the parameters of the component lifetime distribution is the major focus, we would
therefore recommend the use of EM-exp method.

6 Lognormal distributed component lifetime data

In order to illustrate how the proposed methodologies can be applied to different
lifetime models in addition to the Weibull model, we consider the case when the
component lifetimes follow lognormal distribution in this section. The component
lifetime X is assumed to follow a lognormal distribution with c.d.f. and p.d.f.
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Table 7 Estimates of the parameters and the proportions of 2(9, §) being the largest based on EM-sys,
EM-comp, EM-exp when the starting values for (i, o) and s are (0, 1) and (.1, .4, .3, .2), respectively

q (%) Implementation [ o Ave. of § Prop
Ave. MSE Ave. MSE
m =20
0 EM-sys —0.2851 0.1655 0.8557 0.0709 (0.2837,0.1778, 0.2406, 0.2979) 0.547*
EM-comp/EM-exp —0.1733 0.0881 0.8902 0.0562 (0.2837, 0.1871, 0.3633, 0.1659) 0.453
10 EM-sys —0.5180 0.4093 0.8568 0.0856 (0.2486,0.1779, 0.0301, 0.5434) 0.386
EM-comp —0.5056 0.3942 0.8521 0.0795 (0.2507, 0.1820, 0.0258, 0.5414) 0.156
EM-exp —0.0895 0.0885 0.8334 0.0753 (0.2241,0.2722,0.1521, 0.3515) 0.458*
30  EM-sys —0.6846 0.5942 0.8613 0.1064 (0.2135, 0.1326, 0.0096, 0.6443) 0.356
EM-comp —0.6833 0.5935 0.8593 0.0902 (0.2090, 0.1383, 0.0031, 0.6496) 0.109
EM-exp —0.2068 0.0979 0.7480 0.1118 (0.2382, 0.1706, 0.2247, 0.3664) 0.535*
50 EM-sys —0.8829 0.9016 0.8683 0.1343 (0.1671, 0.0930, 0.0033, 0.7367) 0.352*
EM-comp —0.8965 0.9337 0.8871 0.0936 (0.1464,0.1084, 0.0001, 0.7451) 0.323
EM-exp —0.3230 0.1418 0.6689 0.1550 (0.2222,0.1371, 0.3570, 0.2835) 0.325
m = 30
0 EM-sys —0.2835 0.1555 0.8780 0.0585 (0.2830, 0.1607, 0.2704, 0.2859) 0.504*
EM-comp/EM-exp —0.1625 0.0796 0.9052 0.0482 (0.2954, 0.1598, 0.3920, 0.1528) 0.496
10 EM-sys —0.5265 0.4142 0.8887 0.0729 (0.2435, 0.1638, 0.0601, 0.5326) 0.427
EM-comp —0.5069 0.3932 0.8814 0.0697 (0.2483, 0.1678, 0.0580, 0.5259) 0.155
EM-exp —0.0791 0.0871 0.8423 0.0684 (0.2336,0.2736,0.1343,0.3584) 0.418*
30  EM-sys —0.6896 0.5992 0.9155 0.0923 (0.1999, 0.1399, 0.0199, 0.6403) 0.382
EM-comp —0.6870 0.5972 0.9105 0.0816 (0.1991, 0.1447, 0.0082, 0.6480) 0.098
EM-exp —0.2131 0.1000 0.7632 0.1031 (0.2473,0.1616, 0.1898, 0.4012) 0.520*
50 EM-sys —0.8783 0.8790 0.9283 0.1176 (0.1608, 0.0995, 0.0073, 0.7324) 0.344
EM-comp —0.8855 0.8982 0.9307 0.0900 (0.1544,0.1045, 0.0003, 0.7408) 0.061
EM-exp —0.3356 0.1489 0.6977 0.1341 (0.2276, 0.1038, 0.3277, 0.3408) 0.595*

o

Inx —
Fx(x|p,0) =@ | ———| an
o o

1 Inx —
Ix&xlp,0) = —¢ (—) x>0,
ox

respectively, where ¢ (z) = e’(zz/z)/m is the p.d.f. and @(z) = ffoo ¢ (u)du is
the c.d.f. of the standard normal distribution, exp(u) is a scale parameter and ¢ > 0
is a shape parameter. The log-transformation of the component lifetimes, W = In X,
follows the normal distribution with location parameter © € (—o0, 00) and scale
parameter o > O.

Based on a complete sample of the log-lifetimes (wy, wo, ..., w,) from a normal
distribution, the MLEs of ; and ¢ can be simply obtained as

o [ 12
Q= - Z w; and 6 = - Z(wi - . (28)
i=l1 i=l1
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respectively.

Following the formulations presented in Sect. 5, to implement the EM-comp algo-
rithm, the expectations of a truncated normally distributed random variable are needed.
Let Z; be the left-truncated normal random variable at time #, and Yj be the right-
truncated normal random variable. The required expectations could be obtained as

E(Zlék, w.0) = 1+ o M),
E(Z{\&k, . o) = 0[1 + &EAED] + 2o (&) + 12,
E(Yilék, w,0) = nu — or(—&)

and E (Y2 &, 11, 0) = 02[1 — EA(—E)] — 2o h(—&k) + 12,

where & = "‘ 5=l and A(s) = 1"5;:()?) is the hazard function of the standard normal
distribution.

The Step 1 in M-step at the (4 + 1)-th iteration of the EM-comp can be described
as follows:

M-step Step 1. Update the estimates of the parameters by Eq. (28) as

1 m
ph+D — [ * k1™ g™ M ]
- E_ py (k™ o™, s7))

12
1 m
and o1 = |:m_ p3 k™, g™, 5™y — (M(h+1))2:| :

where
n
Pkl ™. o™ sy =di Y ES k. iln™ o™, s™)
n—1
+ (1 —do) Y EL k™, 0™ M),
=0

E} Gk, iln®, 0™, s®) = 8 (u™, 0™, 5™ [(i - DE &, n™,0™)
i+ (1= DEZ I n® 0 ™)
and E%, Gk, 1n®, 0@, s®) = 55, (u®, 00, s0) [2E @158 1, 0P
+ 1= WEEZ g 1 ® e ™)),

forl=1,2

Here, we present a real data example to illustrate when the component lifetimes
follow a lognormal distribution. The failure times of a simple software control logic
for a water-reservoir control system presented in Pham and Pham (1991) and Teng
and Pham (2002) are used here to illustrate the EM algorithm. Water is supplied via
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Table 8 Failure times of water-reservoir control systems and the 2 components (software versions) in the
system (Teng and Pham 2002)

Fault no. 1 2 3 4 5 6 7 8 9 10
Component 1 1.2 2.8 8.4 10.0 16.4 20.0 244 280 292 312
Component2 3.6 8.4 128 144 17.2 18.0 200 232 252 280
System 3.6 8.4 128 144 17.2 20.0 244 280 292 312
Fault no. 11 12 13 14 15 16 17 18 19 20
Component 1~ 340 360 36.8 392 40.0 44.0 448 540 560 624
Component2 284  30.8 312 348 36.4 36.8 380 392 416 420
System 340 360 368 392 40.0 44.0 448 540 560 624
Fault no. 21 22 23 24 25 26

Component I~ 80.0 92.0 99.6 100.0+4 100.0+  100.0+

Component2 464 59.6 624 988 99.6 100.0

System 80.0 920 99.6 100.0+ 100.0+  100.0+

+ The failure time is right censored

a source pipe controlled by a source valve and removed via a drain pipe controlled
by a drain valve. There are two level sensors in the control system that maintain the
water level between the high and low limits in the water reservoir. The water-reservoir
control system achieves fault tolerance by using a two-version programming software
control logic in which the system fails only when both of its components (software
versions) fail. The control system can be treated as a two-component parallel system
with system signature s = (0, 1). The original dataset presented in Table IV of Teng
and Pham (2002) contains the failure times of the two individual components. In order
to verify the performance of the proposed estimation procedures discussed here, we
assume that the system failure times are observed, but not the individual component
lifetimes and the component lifetimes follow a lognormal distribution. The dataset is
presented in Table 8.

Since the complete component lifetimes are available, we can obtain the estimates
of the parameters based on the component lifetimes as i = 3.4608 and 6 = 0.9582.
The standard errors of (i and & obtained from the method using the missing information
principle described in Sect. 3 are 0.1336 and 0.0981, respectively. In this example,
we can observe that the parameter estimates based on system-level data (Table 9) are
close to the parameter estimates based on component-level data, while the system-level
data contain less information compared to the component-level data. As expected, the
standard errors of the estimates based on system-level data are larger than those based
on component-level data.

7 Concluding remarks
In this paper, we develop the EM algorithm for estimating the parameters of the

component lifetime distribution and the system structure simultaneously based on
censored system-level lifetime data. We propose three different implementations of
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Table 9 MLEs obtained by direct maximization and the proposed EM algorithms with known system
signature based on the data in Table 8

/i (SE) 6 (SE) 1B, s = (0,1)
Max-11 3.0100 (0.1924) 1.1086 (0.1677) —33.5466
EM-sys 3.0103 (0.1924) 1.1086 (0.1676) —33.5466
EM-comp 3.0101 (0.1924) 1.1087 (0.1677) —33.5466
EM-exp 3.0133 (0.1910) 1.1022 (0.1653) —33.5474

the EM algorithm based on the system-level likelihood function and the component-
level likelihood function. These implementations are illustrated when the component
lifetimes follow a two-parameter Weibull distribution. The performances of these three
implementations of the EM algorithm are evaluated by Monte Carlo simulations. As
shown in the simulation results and the illustrative example given in Sects. 5.2 and 5.3,
the final estimates depend on the initial value of the system signature. Among the three
different implementations, EM-comp is the one that is most computationally efficient.
Overall, we recommend the use of EM-exp method for estimating the parameters when
we have no information on the system structure or when the censoring proportion is
large. If one is more concerned about the computational efficiency, the EM-comp
method is the best choice.

Since the estimate of the system structure is dependent on the initial estimate, if
more information could be collected, for example, if one can use autopsy on some
of the failed systems in order to observe the number of failed components, then a
better estimate of the system signature can be obtained and used as an initial estimate.
However, when little or no information is available on the system structure, we would
suggest using different system signatures as the initial value for the EM algorithm and
then comparing the resulting estimates. It will be of practical interest to see how a
reliable starting value can be obtained for the implementation of the EM algorithm.
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